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MaTeMaTn4eCKUU MUP

@I/IJIACOBCKaH MeJaJb — BOCIINTaHHUKY MOCKOBCKOIT
MaTeMaTIICCKOI IITKOIBI

B. 1. Aproann

Bo Bpems nepemonnn otkpeiTinsa Mexgynapogaoro Marematndeckoro Kounrpec-
ca, coctosiBiierocs B Pepamne ¢ 18 mo 27 aBrycTa 1998 rona, 6L1an oraamienbl mMeHa
4 gaypearoB megaian Puiagaca. Oauna w3 HUX — BocnuTaHHUK MoCKOBCKOTO YHUBED-
curera Makcnm JIboBnd KoHuesund (ceitdac paGoratomnii B MHeTuTyTe BRicImx
Payunsix Uccaegosannii B Piop-ciop-NUeerT mog Paprkem).

PuagcoBcKUME 3T Mefadn Ha3BaHBI B 4YeCTh KaHAJACKOTO MaTeMaTHKa
Tk, 9. Puanca (1863 — 1962 rr.), GriBuiero npezugertToM Marematndeckoro Kon-
rpecca B TopouTo B 1924 rogy. Puagc mpemgoXnI UCHONB30BATH COKOHOMJEHHBIE
opraumzaTopamu Konrpecca 2500 KaHaICKAX AOMIAPOB JId TOTO, YTOOHI BO Bpe-
MA Kaxgoro KoHrpecca (koTopble TPOBOAATCA pa3 B YeTHIPE Tofa) HArPaX1aTh
OBYX MaTeMAaTHKOB 30JOTOU MeJajblo B 3HAK NMPU3HAHWSA WX BBIIAIOMINXCA 3aCAyT
MUPOBBIM MaTeMaTHIeCKIM COOOIIeCTBOM. PPl 5TOM 3aciyron camTaeTcsd KaK pe-
[lIeHWe JaBHO CTOSBIIEH MPOGJIeMBI, TaK U CO3[aHWE TEOPHUH, MPOJAralollell HOBBIe
nyTn. PopMyaupys TPUHIUILL, IO KOTOPBIM Oy ayT OoTOUpaThCsa aaypeaTsi, Puiagc
MOYEPKHYI, 9TO Mealdb [TOJKHA ObITH HE TOJBKO NPH3HAHMEM yXK€ TOCTUTHYTO-
ro (4To, KOHEYHO, HTPAET OCHOBHYIO DOJb TIPH BEIGOPE MENAANCTOB), HO W 3aJ0TOM
Gy IyIIMX JOCTIKEHNH (KaK caMoro MeJalncTa, TaK i ero TOCIeoBaTe el ).

XoTsa moaoGHbIE cToBa 0 Oy AymInX ycrexax 6bLIN U B 3aBetmannn Po6esst, nx Tpak-
TOBKa HOOEJEBCKUM 1 (PUJIICOBCKUM KOMUTETAME pazin<dHa. PUIICOBCKAE MeTadn
[PHCY K TA0TCA TOABKO MOJOABIM MaTeMaTHKAM (0T CTaphIX OXKHAATH HOBHIX JOCTH-
KeHNI pucKoBaHHO). Paunnas ¢ MockoBckoro Korrpecca 1966 rojga, TepMuH «MOIO-
MO MaTeMaTHK» TOYHO ONpejeleH KaK «<MaTeMAaTHK, KOTOPOMY B TO[ TIPUCY XK TEHITS
HcnoJHAeTCA He Gofee copoka Jgems. M. Koruesnd (cMm. doTo 1) ponuics 25 aBrycra
1964 ropa.

CaenyeT 3aMeTUTh, 9TO UCIOMB3YEMBIE B PA3HBIX 0OCTOATENBCTBAX OMPEIeIeHNA
MOJIOJIOTO MaTeMaTHKa CIILHO pazanvatorcda. Panpumep, MockoBckoe MaTeMaTm e~
CKOe 0BIIIECTBO eXKETOMHO MPUCY XK TAET [BE IPEIBLITANHO MPECTHKHBIX MPEMUN MOJIO-
OBIM MaTeMaTHKaM, KOTOPBIM HCIIOJHAETCA B T'OJI MPUCYXK AeHUSA He Gojee TPUAIATH
JaeT. BugnMo, Takoro e MpUHNNA TpUepKNBaeTcs EBpomelickoe MaTeMaTHIeCcKOe

MaTemaTuyeckoe npocseueHme, cep. 3, Bbin. 3, 1999(7—20)
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Puc. 1. M. JI. KonneBuv Puc. 2. DurrcoBckad Meranb

obtiecTro (mpemun KoToporo KoHieBnd 651 y10cToeH Ha epBoM EBpornetickom Ma-
TemaTHIeckoM Kourpecce B Papmxke B 1992 roay).

I'pynna ¢ppannysckux mMaTeMaTHKOB, 00beNHEHHBIX TCeBAOHNMOM Pypbaxm,
CIMTAET MaTeMaTHKa MOJOABIM [0 NATHIECATH JeT (eCan OH He KOKOTH3HPOBaH
paHbIIe). Kokoruzanua') cocTonT B TOM, 9TO MaTeMaTHKa, MOIOLOCTH KOTOPOIO
BBI3BIBAET COMHEHWS, 3ACTABASIOT BHICAYIIATEH, B MPUCYTCTBUN MPeAYIPEX TeHHBIX
KOJLTET, IMHHENIIIee ONpeefeHie HOBOTO MATEMATIHYECKOT O TIOHATHS, COCTABICHHOE
TaK, 9YTO HUYTO, KPOMe HYJIS, 3TOMY OINPeIeNeHnio He yIoBaeTBOpsieT. Eean ncnerry-
eMbIll BCKpranT: «Po Beab 5To HyIb!»y — To OH cHaceH, ecau HeT — KOKOTH3UPOBAH.

P. KypaHT, 3HAMEHNTHIH HEMENKNH (BIOCAEJCTBHN aMEPHKAHCKNH) MaTeMaTHK
BBEJ CBOE ONpejleJeHie MOJIOOT0 MATEMATHKA: MATEMATHK CINTAETCA MOJOABIM, €C-
JU OH B CAMOU HEMOAXOSIeN 06CTaHOBKE TOBOPUT O MaTeMaTuke. Po 3ToMy ompe-
Jeaernio KypaHT ocTaBajics MOJIOABIM JO CaMOH CMepTH (B BO3PACTe BOCBMUIECATH
YeTBIPEX JeT).

Pocae cmeptn Puangca ero 3aBelnanne yBeJUYINIo OpeHAZHAMEHHBIA IS HAT DA~
KaeHusa GOHT, W Mefandb (KOoTopyio BuepBhie npucyauian Ha Korrpecce B Ocio B
1936 roay) crara cOmpoBOXKAATHCA NMpeMmuel. PepBoHadalbHO pasMep MPEeMHH CO-
ctaBaan 1500 xamancknx moamapoB. Paumnaa ¢ mockoBckoro Konrpecca 1966 r.,
6marogaps aHOHHMHOMY BKJagy B PuagcoBckuil (hOHJ, HUCJIO MPUCYXKTAEMBIX Ha

1) Ha.BBa.HI/Ie7 BHIUMO, IPOUCXOAUT OT ITPEBHETO 06BI49ad MOANHe3UIICKIX IIeMeH UCIIEITHIBATh CTa-
PHUKOB, CHOCOGHHI I OHU €I11e IIPUHOCHUTH IIOJB3Y IVIEMEHHN: CTAPHUK TO/XKEH TOoCTaTh KOKOCOBBII opex
C BEPUINHEL KOKOCOBOI IIaJbMBbI, KOTOPYIO BC€ ILJIEMA IIPW 3TOM TPACET ...
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xax oM KoHrpecce Memagell yBeAndeHO [0 YeTHIPEX U pa3zMep MPEMHH CEMYac CO-
cTaBageT yxke 15000 kaHaICKUX MOIIAPOB.

Wz coBeTckux maTemaTunkoB PuancoBckoll Menaan 6vuin ygoctoensl C. P. Po-
Bukos (1970), T'. A. Mapryauc (1978), B. T'. dpundeassy (1990), E. U. 3eapma-
HOB (1994).

Pungcockunn kKomuTeT HazHadaeTcs WcnomaureasbibiM KomureTom Mex nyma-
poauoro Matematudeckoro Coroza, mabupaembim ['enepaabronn Accambieen Coroza
pa3 B deThipe roga. o 1994 rona npesngent Cotosa 6b11 1 ipeacegaTeseM PUIgacoB-
CKOT'O KOMHTETA.

PuigcoBCKad MeJalb H3roTaBInBaeTcsA 13 3000Ta (14 KapaT) Mo IpoekTy CKyIb-
nropa P. T. Makkensu (cM. poTo 2). Pa aumesoil cropore Megaan nmMeeTcs (TIPHITH-
chiBaeMas ApXuMeny) HaAMuch Ha JaThHE “Transire suum pectus mundoque poltri”
(«IPEB3ONTH CBOI HYeJIOBEUECKYIO ONDAHNYEeHHOCTE W TIOKOPNTH BCEMEHHYIO)) 1 W30~
6paxenne Apxumena, a Ha oGopoTe Haamuch — “Congregati ex toto orbe mathematici
ob scripta insignia tribuere” («MaTemaTuKH, cOGpaBIIMEC CO BCETO CBETA, YECTBY-
0T 3aMedaTelbHEIN BKIA] B o3HaHuA ). Vva Puagca aurge vHe ynomsauayto (Puanc
BO3paxkad Obl W TPOTUB HA3BAHUA MeAJN MO ero NMEHN — OHO HPUHATO YXKe TOCTe
ero CMepTH).

Konnesu+ siBasgeTcsa SspKkuM OpeCTABATENEM MOCKOBCKOW MaTeEMATHYIECKOH KO-
abl. Pombrratock gaTh xoTs Obl HEKOTOPOE MPECTAaBIEHHE O MATEMATHIECKUX M0-
cruxenusx M. KonneBuya. Posbias 1acTh 3THX JOCTHRKEHII OTHOCHTCA K MOJOTOM
06macTH, KOTOPYIO MOXHO Ha3BaTh KEAHMO60U MAMEMATMUKOU.

KpanToBas MaTeMaTnka BO3HUKJA MO BJINSHUEM KBaHTOBOW (puamku. B 60ib-
[ITHCTBE CAYYaeB Pevb MEeT 31eCh He O MPUMEHEHNAX MATEMATHIECKAX PE3YILTATOB
K HCCIeJOBAHNIO (DH3MHIECKNX ABICHHH (XOTA 5TO U HE HCKIIOYaeTCA), a 06 06paTHOM
BAUSHUEN (PU3MHeCKUX UAel Ha pyHIaMeHTaJIbHenIme 001acTn MaATEMATHKH.

OO6BIYHBIM TPU3HAKOM KBAHTOBOCTH ABJSETCSA MPUCYTCTBHE B TEOPUU OJTHOTO WIH
HECKOJIBKUX TapaMeTpoB. B GoablmHCTBe ciyvaeB mapaMeTp ONUH, OH 0G03HAYIaeTCS
6ykBOH h (M 9acTO HasbIBaeTCA MOCTOAHHON Paanka). Ppn cTpemieHnn mapameTpa
K HYJIIO KBaHTOBag MaTeMAaTHKA BHIPDOXKTAETCA B OOBIYHYIO. Y IUBUTEAbHBIM BBIBO-
JOM U3 UCCAeJOBAHUHI TOCJAETHUX NECATHIETHH ABASETCS TOT (PakKT, ITO Golee WIH
MeHee BCA MaTeMaTHKa JOMYyCKaeT COMJAacOBAHHYIO NepOPMAIINIO, TIOCIe KOTOPOU BCE
MaTeMaTHYeCKe MOHATHA TPHOGPEeTAT COBEPIIEHHO HOBBIA CMBICI, HO COOTHOIIIE-
HUA MeXJy HUMH (C COOTBETCTBYIOIINMHI M3MEHEHNAMH) COXPAHAIOTCA N B HOBOM,
mpoaeOPMIPOBAHHON TEOPHH.

Paunnas ¢ o6BIYHBIX (POPMYJ U MPOM3BO/IS TOCAeIOBATEIBHOE KBAHTOBAHIE, Ma-
TeMATHKN TPUILIH K Macce HOBBIX (POPMYJ, HOTraJaThCs O KOTOPHIX HHBIM TyTEM
BPS I BO3MOXKHO.

Takum o6pazom, GoJbinas 1acTh KBAHTOBOW MAaTEMATHKH SBAAETCH TAJEKO MIY-
M pa3BuTHeM Teopun Boamyinenuii. Co Bpemen pator P. deirmana cTamo scHO,
9T0 (pyHIAMEHTATLHBIM OOBEKTOM BCAKON TEOPHHI BO3MYIUIEHNH ABAAOTCA rpadbl (B
IpOCTeNIIIeM caydae — TaK HasbiBaeMble AnarpaMmel Pefiimana). Pa a3bike rpados
aarebpa CTAHOBHTCA ME€OMETPHEN, ITO OTKPHIBAET HOBBIE BO3ZMOXKHOCTH.

Ppocrenimumu npuMepamn rpadoB ABAAIOTCA MHOTOYTOIBHUKN WIH KBaApaT C
ero gByMmsa anaroHaaamu. I'pad (cM. puc. 3), mo onpefeneHHo, COCTONT N3 BEPIIHH
(Tovek) u pebep (COEAMHAIMINK 5TH TOYKN OTPE3KOB); UHUCIO T€X N APYTHX OOBIMHO
KOHEYHO.
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AVAVAWN

Puc. 3. Caszuble rpadbl ¢ TpeMA BEPIIHHAMH U TpeMA pebpaMu

Baxneitmum goctmxkennem M. Kornepnda ABiageTcd BBeeHIE UM B MATEMATHKY
byHIaMEHTAILHOI O HOBOI'O 06heKTa — KOMILIEKca I'padob. KoMILekcaMn B MaTe-
MaTHKE Ha3BbIBAIOTCA MHOCOMEpHBIE 0606meHnda rpagob. Pogo6HO JeTCKOMY KOH-
CTPYKTOPY, KOMILIEKC COCTOHT He TOJIBKO 3 BEPINHH U pebep, HO BKIIaeT TaKKe
IBYMEpHBIE, TPEeXMEPHBIE H T. I. DJIeMEHTHL.

MaTeMaTHKN Ha3BIBAIOT MOUKAMU (OTPE3KAMHI M T. A.) 0OBEKTH M060i TpUpo-
abt (o caoam 'manGepTa — «HaTpUMep, MUBHBIE KPYXKKN W JABKHY ), BaXKHbI JNIIH
COOTHOIICHNA MEXK Iy HIMI.

«Toukamm» Kommaekca rpagob KoHIeBrYa ABIAIOTCA CAMHI BCEBO3MOKHDIE I'padbl
(c MaTeMaTHIeCKOU MeJaHTHIHOCTBIO MOKHO YIOMAHYTH, 9TO OTPE3KH, COETNHAIO-
IIFe BepIINHY ¢ caMoll co60lL, 3/1eCh He JOMYCKaloTCA, XOTA B MaTeMaTHIeCKOH o6mmell
Teopun TpadOB TaKMe METIU W PACCMATPHBAIOTCA).

Ompeenenne «OTPE3KOBY, COENUHAIIINK TaKie «TOYKM (Ipadkl), «rpaHedy, co-
eIMHATOIINX «OTPE3KM», I T. JI. BHOCHT B MHOXKECTBO BCEBO3MOXKHLIX Ipad OB Ipe3BhI-
JallHO BaxkHYyI0 (M paHee He M3YUeHHYIO!) KOMOMHATOPHYIO CTPYKTYPY — CTDYKTY-
py KoMmiLtekca KoHIeBHYa, OKa3aBUIyIOCA OYeHb IIOJE3HON B GOJBIIOM WHCIE 3a7ad,
Ha IIEPBBII B3MVIAJ He MMEIOMNX K I'padaM H KOMOHHATOPHKE HHKAKOTO OTHOIIE-
HIA.

Pepednciio UL HEKOTOPHIE 3a4a9l, KOTOphle KOHIEeBHTY yIaloch pelluTh Ha
5ToM myTH. Peppad 3a/ata OTHOCHTCA K KIACCHYECKOI Teopun yaioB. Yaisr®) (MaTe-
MATHKKW OOBIMHO 3aBA3BIBAIOT WX Ha 3amknymotl BepeBke (cMm. puc. 4), paccMaTpuBas
BCEBO3MOKHBIE BAOKEHUSA OKPYKHOCTH B TPEXMEPHOE MPOCTPAHCTBO) HATAIN CHCTE-
MaTH9IeCKHN M3y9aThCA B cepequHe 19-ro Beka, HO B MCKyCCTBe BCTPedaqlCh 30T 0
1o aToro (eM. oo 5).

Teopus y3/10B BO3HUKIA B CBA3M ¢ MPeTIoA0KeHIeM KelbBIHA, 9TO Pa3Inana aTo-
MOB OIPENEIAIOTCA Pa3AHIUAME BXOJAMNX B HX COCTAB MUKPOCKONHICCKIX Y3JOB.
PTo 6LL1 ABHLIN IIaT BIEpe[ IO CPaBHEHNUIO C ApeBHel Teopmel Jlykpenus, KOTOpLIR
O6BLACHA PA3INIAA ATOMOB TeM, 9T0O MATEMaTHKH Telephb ONHCHIBAIOT KAK Pa3InIuA
MeZ Iy TpeMs THIAMHA MOBEPXHOCTEH — Ia KX, KOMOMHATOPHBIX (MMEIONINX Y3JIbl )
I TOTOJOTMYECKIX (JOMYCKAIONINK, IO BEIpaKeHNo JIYKpelns, Tak ke 0 3a0CTPEHHEBIE
KDIOYKH).

[lna pasauveHnd y3/0B, KOTOPHIE HElb3A IIepPeBecTH APYT B Apyra HeIpephIBHOI
necopManmeil 63 paspesaHuA BepeBKH, MaTeMaTHKN M306pell MHOXKECTBO Pa3HO-
06pa3HEIX HHBAPUAHTOB. IHBaApHAHTHI y3/I0B — 3TO A0KAAbHO NOCTNOAHHbIE PyHKYUU

2) Teopus y3i10B — TeMa aToro HoMepa «Maremarudeckoro npocsemenusy. CM. c. 56 — 126. —

Ipum. ped.
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Puc. 4. Ppocrenmmn yzerx

PDoTo 5. Yser Ha cagaMaHpe — TOTeMe (ppaHIy3ckoro kopoaa Ppannucka I (3a-
Mok Azait se Pugo)

Ha MIPOCTPAHCTBE BIOKEHUH OKPYKHOCTH B TPEXMEDHOE TTPOCTPAHCTBO. XOTA MPOCT-
PaHCTBO BIOXKEHUH U ABAAETCA GECKOHETHOMEDHBIM, MCCaeOBaHNe (PYHKINN HA HEM
OKa3LIBAETCA NOCTATOYHO MWHTEPECHOW M He BIIOJHE Oe3HaTe:KHOU MaTeMaTHIeCKON
3amaden.

B 1989 roay mockoBckuin maTtemaTnk B. A. BacuibeB BBIZeam cpemnm Bcex WH-
BApPUAHTOB y3JOB UHBAPUAHMbL KOHEUHO20 NOPAJKA, 3aHUMAIOIINE B TEOPUH HHBa-
PHAHTOB Y3JI0B TakKoe XKe (PyHIaMeHTAIbHOe MECTO, KaKoe 3aHMMAKT MHOTOWIEHBI
B 06BIYHON Teopuu GPyHKIUU. Temeph 3TN WHBAPHAHTHI HAZBIBAIOTCA UHEAPUAHINA-
MU Bacuavesa, m uM TOCBSAIIEHO MHOXeCTBO Tiyb6oKnx paboT Bo BeceM mupe. Mex iy
mpounM, guiagcoBckuii komnTeT Konrpecca B [lropuxe (13 KOTOporo s BHIIIEA Kak
OBIBIINN HAYYIHBIN PYKOBOUTEND CBOEIO YUeHNKA, ABAABIIET OCS KAHNIATOM Ha Me-
Jajlb) MOYEMY-TO TPONYCTHJ BacmibeBa TpH BHIGOpe MeganincTos, a B 1998 romy
BacuapeBy yixe 65110 Goablile COPOKa J€T.

Texundeckne gocTmxenns KoHIeBIYa MO3BOJWIN €My [aTh SBHOE BBIpaKeHIe
Ui BCeX MHBApPMAHTOB BacmibeBa B BHje KPATHBIX WHTEMPAJIOB 110 COOTBETCTBYIO-
M KOH(UTYPAIMOHHBIM MTPOCTPAHCTBAM. PTu QOpPMYaBl SABASIOTCA T'DAHIHO3HBIM
060611eHTeM 2eKTpoanHaMIYeckol (opmyabl [aycca, Beipaxaroiiein KoahduimeH-
THI 3allelleHnsA (CM. puC. 6) ABYX 3aMKHYTHIX KPHBHIX B TPEXMEPHOM IPOCTPAHCTBE
B BH/e JABONHOIO MHTerpada (Ko PUIHEHT 3alellIeHnd onpeenseT (aarebpantde-
CKO€) 9HCIO MPOXOXKAEHIH OTHON KPHUBOH CKBO3b APYTYIO TIPH HX PAcTACKHBAHUH B
yIAJdeHHBIE TacTH TPOCTPAHCTBA).

Mexay mpodmM, B 3TOU TEOPHH [0 CHX TOP OCTAeTCS OTKPBITHIM OCTPEHIIHH
BOIPOC: MO3BOJAIOT JH HallleHHble HHBAPHAHTH PA3IHIHTh At00bie IBa y3aa (Heme-
hopMEpyeMBIe APYT B Apyra 6e3 caMolepecetdeHui)?
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Puc. 6. Janenaenus fByX KPUBBEIX ¢ KO3(PPUIIHEHTAME 3alelIEHHA OJUH H HY.Th

OduruasbHo HAy9IHBIM PYKOBOIUTENEM AUcCcepTalnn KoHIeBIYa cauTaeTcs pa-
Goratoumit B Porne Jlon 3arup, Ho cam KoHIeBHY Ha3BaJ CBONMH YUUTeNAME (TIPH
HarpaxIeHUN ero npeMueil EBpPOMENCKOrO MaTeMaTHYIeCKOTO OGIIECTBA MOJOIBIM
MaTeMaTnkaM Ha mepBoM Eppomeiickom MaTtemaTtuvueckom Konrpecce 1992 roga B
Papmxke) N. M. Teasdanga, 10. . Manuna, B. 1. Apaoasga. Pozxe Konuend no-
YePKUBAJ, KaK MHOTOMY OH HAYHMJICA TakxXKe y 6ojee MOJOABIX MOCKOBCKIX MaTeMa-
TukoB: A. lorwaposa, A. Peitiumicona, B. A. I'muztypra, P. ®enruna, M. Kanpamosa
Uy MHOTHX JAPYTHUX.

Onpnaxaer B Matematndeckom UucTuTyTe Maxca Paanka B Ponme gupexTop
MuctuTyTa, npodeccop . Xupuebpyx (nHOCTpaHHbIH dieH PAP u oquH u3 caMbIx
3HAMEHUTEIX MaTeMaTHKOB HAIIIETO BPEMEHH ), CIPOCH MeH#A: MovYeMy 5T0 KoHIeBHY
O CUX TIOp He 3alUTHI quccepTannn’! /laBaiiTe 3aBTpa yCTPOUM 3aIIUTY — Sarup, A
1 BBl cocTaBUM KIOpH, BCE MBI XOPOIIIO 3HAEM €r0 3aMevaTeabHble PAGOTH I HATTUIIIEM
oT3wiBEL. Po wepes nBa mHA mocae samuThl MakcuM ToBOpHUT: 3HaeTe, a paboTa-To 06
yaaax 6buta HeBepHas! Toabko uTo ua FapBapaa npuiies koarpupumep Pap Parana,
OH TIpaB — MOs MHTer padbHas GopMy.ia s HHBApUAHTOB BacmibeBa He MOXKET OBITH
BepHoit! UcnpaBienne onmbKu 3aHAMO ellle HECKOABKO [HeW; UCIpaBieHHas popMyaa
BepHA, MOKa3bIBaeTcsA MOYTH TaK XKe, KaK W WCXOJHad HeBepHad (KOTopasd MpocTo
peliaeT HEMHOI'O APYTYIO 3amady). B ycaosuax PoHHa Bce 5TH BOJHEHHA HE MMENN
HHKAKOT'O TPaKTUYeCKOT O 3HAYMEeHNsA s olleHKN paboT KoHmeBnva: BceM 6BLIO SCHO,
9TO OHU 3aMevdaTeqbHbl U 9TO ObLIO OBl HEMENO TPeboBaTh OT HETO TPATHTH BPEMS
Ha oopMIeHIE TUCCEPTALNN U HYJHBIE GIOPOKPATHIECKHE TMTPOIETYPHI.

A Bcerja BcoMWHAK BTY 3alUTy, KOTJa CTATKHBAIOCH C HAIIMME MOCKOBCKHMHU
mopsigkamu. Temepsb, KOrjga Bce MOCKOBCKIE 3apILIATHl CTAJIN HEPAZININMBIME GeCKO-
HEYHO MAJLIMHU, MHOTHE TAJaHTINBEHIINE MOJOIBIE MATEMATHKN TPEITOMNTAIOT HE
TPaTUTh BpeMsA Ha GIOPOKPATHYIECKHE TPOLENYPhI OPOPMIEHNUS W 3AlIUTHL THCCEPTa-
U M OCTAKTCSA HEOCTENEHEHHBIMU; BHICBOOO UBIIIEECS BPEMsT OHU HCHOJAB3YIOT I
HOBHIX OTKDPBITHH. VIMEHHO K 5TOW KaTEeropHl MOJOABIX MOCKOBCKHX MaTEeMaTHKOB
otHocuTca u Makcum Konmepn+.

Popazurenbno, ¥T0 ngen oqHOrO TPOUCXOK JEHNA MOZBOMAIOT MATEMATHKAM De-
[IATH COBEPIIEHHO HE CXOIHBIE MEX Ty COGOHM Ha BUJ 3aa4n.

Pocrpoennas Konnesusem Teopusi mosBoamia €My AaTh ABHBIE WHTETPaJbHBIE
dopMyaBl He TOJBKO [ WHBAPHAHTOB BacmibeBa y3a0B, HO W i KBaHTOBAHIS
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Puc. 7. BemecrBeHHas 0 KOMILIEKCHAA OKPYXKHOCTD

ckobok Pyacconma. HieHB pAAOB, BHIpaXaloMMX Takoe KBAHTOBaHWE, HyMepyIOTCA
rpadavu. KosdpduiimeHT, ¢ KOTOPHIM B P BXOAUT TAHHBIN WIEH, BHIPAXKAeTCA MH-
TerpaJjoM 1Mo KOH(PUTYPAIMOHHOMY TPOCTPAHCTBY, COCTABIEHHOMY I3 BIOXKEHNN MHO-
JKecTBa BepIIWH T'pada B MI0CKOCTh JlobadeBckoro. PoannTerpaibHoe BEIpakKeHne,
KOTOPOE HYXKHO MHTeTrpPUpPOBaTh, MOPA3UTENBHO MOXOXKE HAa TMOJUHTErPAJBHOE BbI-
paXeHmne, TOCTaBAAIONIee MHBAPUAHTH BacuiabeBa y3/10B, 1 HHTETPAPOBATEH B 060MX
cayvaax NPUXOAUTCA MO KOH(MUTYPALIMOHHOMY ITPOCTPAHCTBY.

3ajada 0 HAXOXK IeHHN KBAHTOBAHUA CKOGOK PyaccoHa (T.e. KITacCHYeCKOH Mexa-
HUKW) — OJIHA M3 CTAapeHIInK 3ajJad KBAaHTOBOH MaTeMaTHKH, KOTOpas BO3HUK/IA —
B cllerKa ApYyroil (hopMyJaHpOBKe — BMeCTe ¢ KBAHTOBON MeXaHMKOH (T.e. yXK HU-
KaK He TO3XKe TPUANATHIX TofoB). Ppu sToMm 1o padorhl KoHIeBHYa He TOIBKO He
OBLIN M3BECTHBHI HAIIeHHBIE UM ABHBIE (DOPMYJIBI YHUBEPCATBLHOTO KBAHTOBAHNA, HO
MOABEPraJoCch COMHEHNIO U CaMO €r'0 CyIleCTBOBAaHHUE.

PriTe MoxkeT, HanboIee ApKHUe TOCTUXKEHUS COBPEMEHHON MATEMATHKH CBA3AHBI
C UleAMH KBAaHTOBOHW TEOPHUH TOJS, TPOHU3BIBAIOIINME CTOJb pa3zHble 06aacTH Ha-
VKH, KaK TeOPHUs 9HCEeT, TEOPHs YeTHIPEXMEPHBIX MHOT006pasnii, aarebpanmdeckas
FeOMeTpUA W CHMILIEKTHYECKAA TONOJOTHA (T. €. TONOJAOrNA (PasoBHIX MPOCTPAHCTB
KJIACCHYIECKOH MeXaHHKH).

Konuepuvy npunaanexaT 1 3Mech GyHIaMeHTATbHBIE DE3YIBTATH, TO3BOJIMBIITE
PEITh TPYAHBIE 3aa9l. YKe B CBOEH AUCCEPTAINN OH JOKA3aJ MOPa3NTEIbHY O TH-
moTe3y amMepukaHckoro ¢usnka P. BuTTena, cBA3aBIIyI0 TOMOJOTMYECKTE XapaKTe-
PUCTUKHU TPOCTPAHCTB MOYIeH aarebpanviecKnX KPUBBIX ¢ OTMEYEHHBIMI TOYKAMMT
CO 3HAMEHNTHIM ypaBHeHUeM KopTepera — ne dpusza TeopHN MeIKOU BOJIHI.

Asrebpamdeckne KPUBBIE — 3TO KPHUBBIE, 3aaBaeMble aqrebpan<ecKuMu ypaB-
HEHUAME, BPO/e OKPYXKHOCTH, 3afaBaeMoli ypashenuem x” + y* = ¢ (puc. 7). Kowm-
IJIEKCHBIE BEKTOPHI, YAOBJAETBOPALIINE TON06HOMY ypaBHEHNIO, 06pa3yoT B ILIOC-
KOCTH JIByX KOMILIEKCHBIX MePeMeHHBIX (Z,Yy) (T.€e. B BEIIECTBEHHO YeTHIPEXMEPHOM
IPOCTPAHCTBE) BEMIECTBEHHO ABYMEPHYIO PUMAHO8Y noseprHocmb. PanpuMep, ¢koM-
IJIEKCHAA OKPYKHOCTBY, ONpe/lelecHHAad TeM K¢ ypaBHEHHeM, YTO U BellleCTBEHHAA, HO
C KOMILIEKCHBIMI & U Y, TPEJACTABISET COOON C TOMOMOTUIECKON TOYKN 3PEHUs -
auaap. [lobasasasa aBe «GecKOHeMHO-YAaJeHHBIEY TOUKNA, MATEMATHKN TOJYYaIOT PH-
MAaHOBY TIOBEPXHOCTH OKPYKHOCTH, TOMOMOTHIECKH SKBUBAJEHTHY O OOBITHON cdepe.

Poaee croxmuble ypaBHeHUA IPUBOJAAT K 6ollee CIOKHBIM MOBepXHOCTAM. Pampn-
Mep, ypaBHeHIe TpeThell cTenenn y”> = 3+ ax 4 b TPpUBOIUT K IOBEPXHOCTH TOPA —
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Puc. 8. BGLHGCTBGHHE:LH H KOMILJIEKCHaA 3JUINITHY9eCKad KpHBad

Puc. 9. PoBepxHOCTH poJja TpH (cgepa ¢ TpeMA pydKaMi)

TaK Ha3bIBAEMOU 3.44unMuueckoli Kpueot, TeOMeTPU KOTOPOH NI'PAET DEIIAIIYIO
POJb B HEJaBHEM PEIIEHNN 3HAMEHUTOHN npobaeMbl Pepma, TaHHOM aHTIHACKAM Ma-
TemaTHkoM A. Yaiticom (puc. 8).

Ppu mamenennn xo>pduiimeHToB ypaBHEHUS KPUBasd MOXKET BHIPOXKIaThca. Pa-
MpUMep, TOD, 3aJaHHBII TPUBEEHHBIM BHIIIEe YPaBHEHIEM TPETbEN CTEMEHH, BBIPO-
Knaerca B cdepy npu 4a® — 276% = 0 (korga MHOrOW/IeH B NPABOl YacTU ypaBHEHUA
HMeeT KpaTHBIe KODHH).

Bce koMIeKCHBIE KPHBHIE (BEIECTBEHHBIE TOBEPXHOCTH) C TOTMONOTHEN chephl
OIMHAKOBHL (MEPEBOAATCA APYT B APYT'a B3MMHOO THO3HAYHBIMH KOMIIEKCHO-TJIAJKI-
ME oToOpaxeHnAMn). Po Topos (a Takke n 6olee CIOKHBIX KPHBHIX POa ¢, TOIY-
qaeMBIX 13 cdephl IPHUKJICHBAHIEM ¢ pydek; jad Topa ¢ = 1) muoro (puc. 9). Bee
KPHUBBIE POfa ¢ TOMOMOTHYECKH OJMHAKOBBI, HO OHH Pa3JUYal0TCA KOMILIEKCHBIMI
CTPYKTYPAMI: OHY MOXKHO OTOOPa3nTh IaKO Ha APYTYIO B CMBIC/IE BEMECTBEHHON
TeOMeTPHH, HO, BOOOIIE TOBOPS, HE B CMBICJE KOMILIEKCHOM.

PpocTpaHcTBO CyIIecTBEHHO DPa3iMYHBIX KPHBBIX POJa § MMEET BENECTBEHHYIO
pa3mepHoCcTh 69 —6 pm ¢ > 1w 2 mpu ¢ = 1. PTo mpocTpaHCcTBO NMeeT eCTeCTBEH-
HYIO KOMILTEKCHYIO CTPYKTYDPY, W €ro KOMILIEKCHAS Pa3MePHOCTh pPaBHA 3¢ — 3 TpH
g>lulopug=1,0mnpug=0.

PpocTpatcTBO KiIaCCOB 3KBUBAMEHTHBIX KPUBBIX HAZBIBAETCA NPOCTMPAHCIEOM
Modyaetli KpUBBIX. PTo mpocTpaHCTBO He KOMIAKTHO: TPU H3MEHEHUN KPUBOU OHA
MOXKET BBIPOXKIATECA (B 3TOT MOMEHT DOJ ¢ YMEHBIIAETCH, HAPHMED, TOD MOXKET
BHIDONTECA B cepy). KoHIeBHTy NpHHAJIEKHT BaXkHEHIIee TOHATHE CTAGHILHOT'O
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Puc. 10. BexkTopHoe niose ¢ AByMs Puc. 11. BexTopHoe noue 6e3
OCOGBIMH TOIKaMH Ha cepe OCOGBIX TOYEK Ha TOpe

0TOOPaKeHNA KOMILIEKCHON KPUBOM C OTMEYEeHHBIME TOIKAaMHU B KOMILIEKCHOE MTPOCT-
PaHCTBO, MO3BOMUBIIEE TTPABIILHO KOMIAKTH(GHIINPOBATHL IPOCTPAHCTBO 0TOOpaKe-
HIH (IyTeM HoGaBleHusA «GeCKOHETHO-Y IATCHHBIX) BEIPOK IEHHBIX KPHBBIX) W 3aTeM
OPHMEHNTD K MOXY9eHHOMY KOMIAKTHOMY (XOTA M He COBCEM IMaJKOMY) KOMILIEKC-
HOMY MHOT'006pa3’io MOTY4Ile MeTOAbI COBPEMEHHON TOMOJIOTIH.

Ppocrefitmit mpuMep 3/1eck — TPOCTPAHCTBO ¢ep ¢ HeTHIPbMA (YIOpPALOUEH-
HBIMH) OTMEYeHHBIMH TOYKaMHU. PTO MIPOCTPAHCTBO €CTECTBEHHO OTOXAECTBIACTCA
co cepoit 6e3 Tpex Todek (KOTOphIMI MOXKHO cunTaTh 0,1 n 0o Ha chepe Pumana).
[lelicTBUTENLHO, IEPBEIE TPH TOYKH MOXKHO MoMecTHTh B 0,1 1 00 COOTBETCTBEHHO
[IPH TIOMOIITH O IXOAMIETO APOOHO-THHENHOT O TpeobpazoBannsa cdeprl PuMana (Te-
PEBOJIALIET O KOMILIEKCHOe 4ncio 2 B (az+b)/(cz+d)). HeTBepras Touka onpegensdeT
TOra Kaacc cepbl ¢ OTMedeHHBIMEI To9KaMn. P pu KoMmmakTudukanum chephl 6e3
Tpex TodYeK MOoMydaeTca MpocTo obLMHas cdepa.

B xa1accmveckoil TONOMOrWH Taa Kne MHOT000pa3nsa KAacCH(pUIUPYIOTCA IPH O~
MOIIN WX WHBAPUAHTOB — XapaKTePUCTUIECKHX THCEN. P pOCTENINM WHBAPHAHTOM
ABageTcs qucao Pilaepa (M silepoBa XapakTepUCTHKA) , H3MEPAIONIAA TPENATCTBIA
K OJIHOBPEMEHHON HUT e He Mcuezarolelnl gedpopmanun MHOroobpasud. /ledpopmanma
3a/1aeTCsA BEKTOPHBIM OJeM Ha MHOTooGpasnn (puc. 10), comocTaBIAoIINM Kaxk 101
TOYKe CKOPOCThH €€ NBUXKEHHUs. P pu TONBITKE TOCTPONTEL HEHyJeBOe ToJe Ha cdepe
(naw Ha M0G0 TOBEPXHOCTH POJja GOMBIIET0 e INHNIILI) MBI OOHAPYKIBAEM, ITO HOJIe
6e3 0COGEIX TOYEK TTOCTPOUTH He yjgaeTcd. Polee Toro, airebpandeckoe (CIHTaEMOE
CO 3HAKaMH) 9HCI0 0COOGBIX TOUYEK OKAa3bIBACTCA HE 3aBHCAINNM OT MOJA, HO 3aBHCH-
MM JUIIL OT MHOT006pa3ns. PanpuMep, Ha MOBepXHOCTH Cephl C ¢ PyIKaMK 5TO
wmcao pasHo 2 — 2g. Jlas Topa (¢ = 1) 7o 4dmcao papHo Hyaro. W felcTBATENBHO,
TOP MOXKHO CIABHTaTh 10 cebe Ge3 HelMoABHKHBIX Todek (puc. 11). Pa cdepe uncio
0COBBIX TOYEK JIOGOT0 TOMA (CINTAEMBIX CO 3HAKaMH) paBHO ABYM. Pofe poBHO ¢
MBYMA 0COOBLIME TOYKaMu m306paxkeno Ha puc. 10.

Tucao 0coBBIX TOUEK TOJA (CINTAEMBIX CO 3HAKAMHN) HAa3BIBAETCA XapaKTEPHCTH-
9eCKMM MMEHHO TI0TOMY, 9TO OHO He 3aBHCUT OT TOJIA W ABJIAETCA XapaKTepUCTHKON
MHoroo6pasud. Kpome 5IIepoBoll XapaKTEPUCTHKN, UMEIOTCA U ApPYTHe XapaKTepH-
crudeckne gucaa. OHU oNpeAensoTcs 6ollee AN MeHee TaKNM XKe Coco6oM (rpy6o
TOBOpA, TOJIEN 6epPeTCA HECKOIBKO M 0CO6ble TOYKH ONpPeNefaloTcs HeCKOAbKO MHa-
Te).
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B ommcantnoM BHIIIE TPOCTERIIEM CIyYae MHOT006pa3ua MOIYIeH chep ¢ IeThIPb-
MfA OTMEYEHHBIMH TOYKAME €UHCTBEHHBIM XapaKTEPUCTHICCKIM YUCAOM ABIAETCA
5TIepoBa XapaKTePHCTHKA (paBHAs [IBYM), €IHHCTBEHHBIM TOJEM — KaCATEABHOE
cpepe moie, XapaKTEPU3YIOIIee CKOPOCTh JBIKEHUA 9€TBEPTON TOUKE (PN BCEBO3-
MOJKHEIX €€ MOMOKEHHAX ).

Ecaun BMecTO WeThIpex TOUEK B3ATH GOJbINE WIH BMECTO C(ephbl B3ATH MOBEPX-
HOCTH 6OJABIIEr0 poJja, TO BOSHHKHET MHOTO XapaKTEepPUCTHYECKUX Huced, 0606Ia-
IOIUX DIIEPOBY XapaKTepucTuky cdepbl. [l onmcanna Bcex >Tux dncea Burren
MPEVIOKII TOCTPOUTE TO HUM (DYHKITHIO, UCTIOAB3YA UX B KadecTBe KOd(POUITHEHTOB
CTENMEeHHOT O psAjga (Mocie TOAXOAANIEH HOPMUPOBKT). MeX 1y 9acTHBIMH TPOW3BOI-
HBIMU TIOJTY9eHHON QPYHKINN GBLIO HKCIEPUMEHTATLHO 0OHAPYKEHO CTPAHHOE COOT-
HOITIeHHE

Uy = Butly + Ugge.

Pro coornomienne Ghio 3a cro Jget go Toro obuapyxeno [. Kopreserom u
I'. ne ®pusom B COBEPIIIEHHO APYTOH TEOPUN — B TEOPUH PACIPOCTPAHEHHA BOJH HA
MeakoBoabe. O THO U3 TOPa3uTENbHBIX OTKPHITHHA MATEeMATHKH MOCAETHUX eCATUIE-
THI (¥ HCTOKOB KOTOPOT'O CTOAT MONBITKA P. dPepMu HCIOMB30BATE KOMIBIOTED IS
MOIeIUPOBAHNA H MPOBEPKH I'MIIOTE3 CTATHCTHYECKON (PUNKIN) COCTOUT B yHHBED-
CATBLHOCTH H>TOT'O (BIOJHE WHTETDUPYEMOTO) YPABHEHWA MATEMATHIECKON (PUBMKM.
OTKpBITHE HEOKUAAHHBIX CBA3EH MEX Iy Pa3HOPOAHBIMEU MATeMATHIeCKAMHA TeOPH-
AMU WTPaeT B MaTeMaTHWKe TaKyio Xe PoJb, KaK, HAOPUMep, OTKPBITHE CXOJICTBA
MeX Iy BOCTOYHBIM GeperoM AMepHKH 1 3amafHbIM GeperoM Adpukn (npuBeiiiee K
COBPEMEHHOI II06aTBHON TeKToHIKe minT?).

B caydae cBazum Mex [y XapaKTepPUCTHIECKUMU 9UCIAMU OPOCTPAHCTB MOIYJICH
KPHUBBIX C OTMEYeHHBIME TOYKAMU U AUQ(epeHITHATLHBIM YpaBHEHHEM TeOPUH Med-
KOBO[IbA, POJIB MIOGATHLHON TEKTOHUKYM UT'paeT KBaHToBad rpapuTanud. Onaaxko du-
3WK BuTreH (KcTaTw, ToXe yAOCTOEHHBIN MaTeMaTnKaMu PUIICOBCKOH MeIalIn) He
JOKa3aJI CYIIeCTBOBAHIE 3TOH CBA3M, & JINIIE TOIMETHI €€ (MT0, KOHETHO, TOXKE OYeHb
BaXHO W B CIydae TeOJOIHH COOTBETCTBYET BKIAJy BereHepa).

JokazaTeabcTBo THIOTE3B BuTTeHa (moTpeboBapliiiee TOCTPOEHHA GOMBIION HO-
BOI MaTeMaTH9ecKoil Teopnn) — 3acayra M. Kornepnda.

Noctuxenns KoHieBuva cyecTBEHHENITNM 06Pa3oM UCTIOMb30BAINCH B PAJIe He-
TABHUX PaboT, MOCBAMIEHHBIX PEIIEHUIO ellle HeCKOAbKUX BaKHENIINX 3a1ad U3 pas-
HBIX obaacTel coBpeMenHol MaTeMmaTuku. OIHON W3 TaKWUX 3aad ABUIOCH JOKa3a-
TeJLCTBO MUIIOTESBI «3ePKATBLHON CHMMETPHUNY, BRIABUHYTON duankamu. Pra rumore-
3a yCTaHABIMBAeT yANBHTENBHYIO CBA3E JBYX COBEDIIEHHO PAa3lINIHBIX (H HA MEPBHIH,
I Ha BTOPOH Banaaj) obaactell MaTeMaTnkn. Onaa n3 o6aacTell — 5TO CHMIUIEKTH-
qeckas TeOMETPHS, T.e. KIacCudecKad MeXaHHKa MaMUIbTOHOBBIX KOHCEPBATUBHBIX
cucteM (6e3 anccunannu sHeprum). Jpyrad o6aacTh — TeOPHA KOMILIEKCHBIX MHO-
roo6pasuil (MHOIOMepPHBIX OGOGIIEHNH PUMAHOBHIX MOBEPXHOCTENH, O KOTOPHIX IILIA
pedb BHIIIE).

ABneHne 3epKaTbHON CUMMETPHH COCTOUT B TOM, 9TO CHMILIEKTHYECKAsA DeoMe-
TPHUA OJHOT'O MHOTOOGPA3HsA OKa3bIBACTCA CBA3AHHON C KOMILIEKCHOH TeOoMeTpHen
npyroro. CHMIUIEKTHYECKas TeOMETPHA STOr0 BTOPOTr0 MHOT006PA3Usi OKAa3bIBAETCA
IpU 5TOM CBA3AHHOW TaKWM Xe 06pasoM ¢ KOMILIEKCHOH TeOMEeTpHeH HCXOJAHOTO.

3)llcTokoM KoTopoll ToCTy»Kuma Teopud gpeiidha MaTepUKOB HEMEI[KOTo reodusnka Berexepa
(1880 — 1930), cozgaBmero ee B 1912 r.
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Puc. 12. PGHOFZ[BI/I)KHBIG TO9KH CUMILIEKTHYIE€CKOr o OTOépa)KeHI/IH KoJiblia B ceba

MaTeMaTuveckas TeOPHUsi 3TOTO ABJIEHHS CO3jJaHA [PYTHM BOCIHTAHHUKOM MO-
CKOBCKOH MaTeMaTH9ecKol mkoqabl, A. P. T'uBenTaneM (KOTOPOMY 5 GBI TOXe TIPUCY-
. PuafCcOBCKYIO Menadhb), HbiHe paGoTatomnM B Pepkin. OH ncrmoabzobad, cpean
npodvero, goctmkenns Konnesma.

Jpyrofi ceHcammell MOCAeTHETO TOA ABIIOCH JOKA3ATEABCTBO (HECKOABKIMHE
rpyNIamMi MaTeMaTHKOB, PabOTAIINX B PA3HBIX cTpaHax) cTapbix (1965) rumoTes
O HETOABMAKHBIX TOYKAX CHMILIEKTOMOP(UIMOB, T.€. O MEPUOUIECKUX [BUKEHIAX
B COOTBETCTBYIOUMX TaMHIJIBTOHOBHIX CHCTeMaX (HApPHMED, B HEGECHOH MeXaHWKe
WIN B TeOpUN ycKopuTedei). Teopus cTabuIbHEIX 0TOCPaKEHHH KPHBHIX, TOCTPOEH-
Had KoHmeBuYeM pa i 1OKa3aTeabCTBa THOOTE3H BUTTeHA, OKa3a/1ach MoJe3HENIIM
TeXHUYIECKIM CPEJICTBOM TIPH MCCJIETOBAHUN 3TOT'O BOMPOCA CUMILIEKTHYECKOH TOMO-
JOTHH.

ToT pakT, 9T0 KOMIIEKCHAA T€OMETPHUA JOCTABAAET MOJEIHBIN WHCTPYMEHT MC-
caieIOBaHUA BOITPOCOB CUMILIEKTHYIECKON TOMOJOT U, OBLI BIIEpBBIE OGHADY XKEH JEeHH-
rpaackuM MaTemaTnkoM M. JI. I'pomoBbIM, HEIHE padoTatonM Bo Ppanmnuu. To, ¥To
OoH — He PUIICOBCKIN JaypeaT, BCeTfa MeHd yauB/saio. Jlymaio, 970 570 0ObiACHIET-
cA MPHYHHAMIE He HayIHODO XapakTepa (CHIrpalao poak, 9To Poccus He mogjepxalia
poccuiickoro martematuka ['poMoBa; PUIICOBCKINT KOMUTET Beerfa GBI OU€Hb O~
TH3UPOBaH, KAK DTO U OMHUCAHO B HEJABHO OMyOJHKOBAHHBIX MeMyapax tiIeHa 3TOro
KOMUTETA, H3BECTHOTO aHTHCEMUTA U 3aMedaTenbHOro matemaruka Jl. C. PorTps-
THHA).

P pocrenimuin mpuMep TeOpeMBI O HEMOMBUAKHBIX TOYKAX B CHUMILIEKTHIECKOU TO-
moJoruH GBI yKasaH ellle PyaHkape (B ero IOCMEPTHOM «IIOCTETHEN T'€OMeTPHYECKON
TeOpEMEY): €CTH KPYT'OBOE KOMBIO OTOGPAKEHO Ha cebs Tak, 9TO IPAHHTHBIE OKPY K-
HOCTH TIOBOPAYNBAIOTCA B Pa3Hble CTOPOHBI, a ILIOWMIAMN O0OIacTel COXPAHIIOTCA, TO
Takoe 0TOOpaXkeHNne HMeeT He MeHee IBYX HETOBIKHBIX Towek (puc. 12).

P e6oabinoe pasMbILieHne TOKA3BIBAET, 9TO 3TOT (PAKT BHITEKAET W3 CJeAyIOMIENn
6oJiee OOIIEN TeOpPEMBI: COXpaHAIINee MJOMANN oTobpaX)eHne Topa B cebs MMeeT
HE MeHee TPeX HEMOBUKHBIX TOYEK, €CN OHO He CABUTAET C MECTa (IEHTP TskKe-
cTuy Topa. Ppm 5TOM 4YmCI0 HEMOABUKHBIX TOYEK JayKe He MEHBINE YETHIPEX, €CIH
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Puc. 13. Oyoknua BHICOTH HA TOpe U ee 9eThblpe KpHTHIEeCKHe TOIKH

YIUTHIBATE BBIPOXK I€HHBIE TOYKH (B KOTODHIX CIMBAETCA HECKOMBKO HETIOTBHKHBIX
TOYeK) ¢ X KpaTHocTAMH. Tncaa 3 n 4 37eck — 5TO HaNMeHbIINE YHCIa KPUTHIe-
CKHUX TOUeK (CImTad i MaKCHMYMbI, H MUHUMYMBI, H CE/JIa 1 T. II.) TJa KO dyHKIHNT
Ha Tope (MX He MeHBIIle YeTHIPEX, €CIH CINTATh ¢ KPATHOCTAMH, W HE MEHEe TPEX M3
HIUX TE€OMETPHYECKH PA3IHIHEL).

Payka o kpuTudecknx TovUKax raagkux QYHKOUN HasbiBaeTca meopueti Mopea —
Jocmepnura — HTnupeavmarna no umenn amepukanckoro (M. Mopc) u poceniicknx
(JI. A. Jiocreprnk u JI. T'. llHupeapMan) MaTeMaTHKOB, TOLY YHBIINX OUEHKN CHU3Y
VI IHCceN KPUTHYeCKHX TOUeK M060i (GyHKINN (Ha MOBEPXHOCTH WIN HA MHODO-
o6paznn GOMBIIEro YHCHa W3MEPEHHI) depes3 TOMOJOINYeCKe HHBAPHAHTHL — TaK
HaspiBaeMmbie uncaa P. Pertu B cayvae Teopum Mopca. Pampumep, cymma wmcea
PerTu Topa paBHa “eTBIpeM, MO3TOMY (PYHKIHA HA TOPE NUMEET He MeHEee MeThIPEX
(yauTHIBag KPATHOCTH) KPHTHYIECKHX Tovek (puc. 13).

l'umoTessr CUMILIEK THYIECKON TOTOJIOTHH, O KOTOPHIX IILIA PEYh, YTBEPK JAIOT, ITO
TOYHO TaKWe JKe OeHKH CHU3Y, KaK JJsA IHcaa KPUTHYeCKNX TOYeK IIaJKuX (hyHK-
U, CIPAaBEIJIUBEL U [ HETOMBUKHBIX TOYEK CHMILIEKTOMOPMGI3IMOB (ha30BBIX MPO-
CTPAHCTB, OMPE/ENSIeMBIX CHCTEMAMI TaMIIBTOHOBLIX Au(pepeHIINATbLHBIX YPaBHe-
HUH KJIACCHYIECKON MEXAaHWKW. PTH HEMOIBUKHBIE TOYKH WM 3aMKHYTHIE OpOHTHI
OKAa3LIBAIOTCA KPUTHIECKIMI TOYKAMH COOTBETCTBYIOMIEH «(DYHKIINIY HA GECKOHEU-
HomepHoH MHOT006pasun. CTabmiabHble oToOpakeHnd KoHlepnda (BMecTe ¢ Teopuei
I'poMoBa I ero moceoBaTeNel) OTKPHIBAIOT 3aMeTaTelbHY 0 BO3ZMOKHOCTE PACIpo-
cTpaneHua Teopun Mopca Ha GeCKOHETHOMEDHBIH cIydail B CHTyalud, rie (Kak u
B KBAaHTOBOH TEOPWUW TOJS, NI HYKJ KOTOPOHU 5TH CTabUibHbIe 0TOOpakenns G-
a1 W306peTeHb) OOBITHAA TEXHIKA BAPNANNOHHOT O HCYHCAEHNA 1 PYHKIHOHAILHOTO
aHaam3a He paboTaeT.

Emie Tpu wenapuume patorhl KoHIeBHYa Tak:Ke MOCTABIAAIOT HEOKUJaHHBIE CBs-
31 MEXY COBCEM DazHBIMU OOIacTAME MaTeMaTuKu. PepeknanbiBaHmsa OTPe3KOB —
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Puc. 14. PeperaagpiBaHne Tpex OTPe3KOB
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KJIACCHYIECKUN TIPUMeD B TEOPUH THHAMUYECKHX CHCTEM, TePEMENTUBAHNUA H ¢Xa0Cay.
Pazo6meM oTpe3ok Ha HECKOABLKO 9acTel, TepecTaBUM WX B KAKOM-IUO0 MOPAIKE U
CHOBa CKJIEWM B OTpe3ok. PoBTOpsa 5Ty Tpolenypy MHOTO pa3, MBI 3aCTaBUM Ka-
KAYIO TOYKY OTpeska OIyXKAaTh MO HeMy 6ojee WA MeHee XaO0TUIECKUM 0GpasoM
(puc. 14).

Mockosekuit MmaTemaTuk A. B. 3opuu (ceitvac paGoratoumii B Perne, B Ppera-
HIT) OGHAPY KNI B KOMIBIOTEPHBIX SKCIEPHMEHTAX MOPA3HTENbHBE ACHMITOTIIECKIE
CTATUCTHYIECKHE CBOUCTBA HTOrO MepeMelnBania. P T ¢cBOHCTBa OKa3adNCh YHUBED-
CATBLHBIME B TOM CMBICAE, 9TO aCAMIOTOTHYECKOE TIOBEIeHNEe OTKAOHEHUN OT CPeTHIX
OKAa3aJ0Ch He 3aBHCAIINM OT [JIHH OTPE3KOB PasbueHns (IpH MOYTH JI060M HX BHIGO-
pe), XOTA M CHABHO 3aBUCAIINM OT BH/a TEPECTAHOBKH YacTell HCXOJHOTO OTPE3Ka I
OT YHCaAa pazpe3aHui.

AHamusupysa BMecTe ¢ 3opudeM 5TH acuMITOTUKH, KoHmeBud oGHADYKII, ITO
OHW TeCHEHIINM 06Pa3oM CBA3AHEL ¢ TeoMeTpuel (6g—6)-MepHBIX IPOCTPAHCTB MOTY-
Jell PUMAHOBBIX MOBEPXHOCTEN MOAXOAAIIErO POa ¢, 0 KOTOPHIX MOBOPUIOCH BHIIIE.
Pra cBA3b cOBepIIEHHO MOpasUTENbHA, JaXke eCAU y9eCTh, 9TO HepeKIafbiBaHuA Ghi-
an BBefieHB (B 1963 1'.) IMEHHO B KadecTBE MOJEMN A HCCIAENOBAHNA 3PTO THIECKIX
CBOWCTB TICEBJOMEPHOANIECKAX NTHHAMUIECKAX CHCTEM, 3aMaHHBIX TaMUIbTOHOBBI-
MU BEKTODHBIME MOJAMU Ha PUMAHOBBIX TIOBEPXHOCTAX POJa ¢, GOMBIIETO eJUHUIIE.
Pro 6vl1a offia W3 UCXOMHBIX 3a4ad NCEBIONEPUOIUIeCKON TOMOJOTHH — MOJO 0N
obJaacTy HAyKW, 3HaYeHe KOTOPOH A Teopun noBepxuoctein P. depmu B dusnke
TBEPJOr0 Teda GBLIO BIOCASCTBAN 0GHAPYKEHO B 3aMedaTeAbHBIX paboTax yIuTeas
A. B. 3opuua, mockoBckoro maremaTtnka C. P. PoBukoBa, ¢puigacoBckoro memasm-

cra 1970 .

Croas ke mopasuTelbHa HegapHo oTKphiTad M. KonieBndem (BMecTe ¢ MOCKOB-
cknm MaremaTnkoM 0. M. CyxoBbiM, HBIHe paboTatoumM B KeMOpujKe) yHUBED-
CAJbHOCTEH CTATUCTUYIECKNX CBOUCTB MHOT'OMEPHBIX IIETTHBIX APO6Gel.
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Lennoll apo6blo HasbLIBaeTCA BEIpaKeHIE BHAA a —+ 1/(1) +1/(c+.. )) Bonpoc
O CTATHCTHYECKHX CBONCTBAX MEABIX 9Hced (a,b,c¢,...), BXOAANNX B Pa3iokKeHNe B
menHyto apobp cayydanHoro uncaa, ouin pemer K. P. layccom n P. O. KyzpMmuabiM.
Ilo »Toro Bompoc o6cyXKgaqacs MBeJACKUM acTpoHoMoM X. ['mibaeHOM ¥ B ACKHME
matemaTukamu A. Bumanom u T. Ppogenom. BaxuocTs 5Toro Bonpoca o6bsAcHgeTCA
TeM, 9TO CTATUCTUKA Pa3JOKEHUN CAyYalHBIX 9HUCe] B MEHbIe IPOOH CKa3bIBAETCH
B HeGeCHON MexaHNKe Ha Pe3OHAHCAX MeXKAY ABHKEHUAMH ILIAHET U acTEePOUIOB,
Oy IyH9u CYyIIECTBEHHON /ISl YCTAHOBJEHNA YCTONYNBOCTH KaK ITAHETHBIX CHCTEM, TaK
U MYy9YKOB YaCTHIl B YCKOPUTEIAX U JaXe IIa3Mbl B TOKaAMaKax, YIPaB/dsd 3a0IHO 1
MOTOKAME KOCMUYECKIX 9aCTHIl, OTBETCTBEHHBIX 3a MOJAPHBIE CUSIHIA.

Konnesu+ ¢ CyxoBbIM 06BACHIIN, KaK aHadoru4dHbIEe Teopun [aycca — Kyzbpmu-
Ha BOMPOCH 06 YHUBEPCAMBHON CTATUCTHUKE M8 MHOTOMEDHBIX [IENHBIX APOGEN CBsi-
3aHBl C TeOMeTPHel MPOCTPAHCTB MOJYJIEN DPENMIETOK B €BKJINJIOBOM ITPOCTPAHCTBE
(m3yvaBiielicsa, MeXAy MOPOYHM, JPYI'HM MOCKOBCKNM JaypeaToM Megaan Puijca,
I'. A. Mapryancom, HBIHe paboTalOMIAM B Meabckom yuupepcutetre B CIITA). Popa-
3UTENBHO, ITO, B oTam«ne oT ['aycca, aBTOPHI JOKa3BIBAIT CYUECTNE06AHUE YHUBED-
CAJBHON CTATHUCTUKH, BOBCE €€ He Haxo/s1. Bompoc o IBHOM BHIYHCAEHUN CTATHCTHKH
Konnepnda — Cyxosa (160 ¢ HOMOIIBIO CYyMMIPOBaHHA COOTBETCTBYIOIIHX PALOB 1O
moamaorapudMam, aun6o XoTs Obl MPAMBIM KOMIBIOTEPHBIM MOIEINPOBAHIEM COOT-
BETCTBYOIINX 3a/a9 [ETOYNCIEHHOTO JMHEHHOTO MPOrPaAaMMEUPOBAHUA, K KOTOPOMY
[0 CYUIECTBY OTHOCHTCSA TeOPHs MHOT'OMEDHBIX HEMHEIX APOGEN) 0CcTaeTcsa MoKa OT-
KPBITHIM U JK[eT 3HEPTUYHBIX MCCJAeOBATENEN.

YIoMsAHY B 3aKIIO9€HNE COBMECTHYIO paboTy KoHIeBUYa ¢ MOCKOBCKIM MaTeMa-
tkoMm C. A. PapanHukoBbiM (HbiHe paboTaoimmM Bo PpaHINn) 0 TeOMeTPIH Kay-
CTHK W BOJHOBBIX (PPOHTOB 3aja¥ I'e€OMETPHUYECKON ONTHKN, BAPUAIMOHHOTO MCHH-
CJEHNsT U TEOPHUH ONTUMAJLHOTO ylpaBiaenus. Pra paboTa obbsicHMIA 3aTaf09HBE
CBA3H 5TOH 06JacTH MaTEMATHKH C Teophel (pPOGEHNYCOBHIX CTPYKTYD (pasBHTON
MOCKOBCKIM MaTeMaTHkoM P. A. Jly6poBuHbIM, HEHe paGoTatomnM B Tpuecte), BHI-
POCIIIEN, ONATHL-TaKM, 3 KBAHTOBOU T€OPUU T'DaBUTAIINH.

Ppannyssl OOBITHO cpazy ke BHIOMPAOT CBOUX (PUIJICOBCKUX JaypeaToB B Aka-
nemuio HayK. Ppumep M. KoneBrva moxkaseiBaeT, 9T0O MOCKOBCKASA MaTeMaTHIECKasd
ITKOJIa MTPOOMKAET aKTUBHENIINM 06pa3zoM paboTaTh, IpUYeM BOKDPYT TaKUX JIHTe-
poB, kak Konmepud, cobuparoTcs, HeCMOTPsA Ha TeorpadgudecKyio pasobIIeHHOCTS,
GOJIbIIINE U CHIBHBIE KOMTEKTUBHL. 2Kaibk TOIBKO, 9TO MOMyIeHHBIE TMH 3aMeTaTe b
HBle JOCTHXKeHHsA (KOTOpPbIe A MOMBITAICA XOTA Obl OTYACTH ONNCATH BHIIE) Y HAC
MaJIo M3BeCTHHI, a KoHmeBnd gaxe He 6611 m3bpan B PAP.
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Huxoaan Hopucosua Bacumibes
A. A. Eropos

28 mas 1998 roga ckomwaaca Puxomann PopucoBmv BacmibeB, 3aMevaTeabHBIN
MaTeMaTHK, BHECIINH HEONEHUMBIN BKJIA[ B 1640 MATEMATHIECKOTO MPOCBEIIEHTIS.
Pro 6bin genoBek yauBuTEeabHON 106pOTHL, 06asHIA U HEYTacafollel MoaogocTn. Bee
€ro 3BaJn 1Mo nMenn — Kous.

Kouasa Bacunbes poamiacsa B Mockse 8 aBrycTa 1940 roga B ceMbe ¢ TiybOKUMUT WH-
TeJMNTeHTHEIME KOpHAMEI. Ero oTen Popuc Penoposut BacmibeB ObLT m3BeCTHBIM
HHKEeHEPOM-CTPOUTENEM, OCHOBATENEM IIKOJIBl MHKEHEPOB-CTPONTEIEN MTPOMBIILIEH-
HBIX coopy:KeHni. Poprc PegopoBut mepexni cbiia, OH CKOHYAJICS B BozpacTe 95 meT
qepes TPHU ¢ HeGOMBIINM MeCAIa MOCIe er0 CMEPTH.

Matb Koaun, Puna PukomaeBua Jleccur, Takxe 6blna WHKEHEPOM-CTPOUTENEM,
KaHIIMIATOM TEXHUIECKNX HAYVK.

P. P. BacuabeB poamics u MPOXKUA BCIO CBOIO KU3Hb B OJHOM M3 KPACHBEMIINX
yroakoB Mockee — ua Codmiickon HabepexHon, npsamo HanpoTuB Kpemus. Ero
JeTCTBO TPOILIO CPENU KHUT, B KPYI'y HNIHPOKO 0OpPa30BaHHBIX JMIOAEN, JOOAMNX W
ray6OKO 3HAIOMINX NCKYCCTBO, 0COOEHHO MY3BIKY. B Tpaqunuusax 3Tol ceMbl COXPaHs-
Jach faxe TaKasg TUKOBUHKA [ HAIETO BPEMEHH, KaK JOMAIllHee MYy3UIIMPOBAHIE.

Bes o6cTranoBka ceMbl u ceMelinoe okpyiKenne npubuian Kome 6e3ympedHbiil BKYC
 TOHKOe MoHuMaHme KpacoThl. OH IeHNI KpacoTy U B NCKYCCTBe, I B MATEMATHKE,
yBJledeHne KOTOPOU MPHUIILIO K HEMY B cTapimx kiaccax. Koas zanmmasncs mMaTema-
THKOW CaMOCTOSATENBHO, He UCIBITHIBASA MMOCTOPOHHETO BIANAHUSA, He TOCEIas MaTe-
MaTHYecKe KPYXKKHA W HE YIaCTBYA B OMMMITHATAX.

3aKOHYNB ¢ cepeOpAHON Mefadbio mKoay B 1957 rogy m oqHOBpEMEHHO MY3bI-
KaJabHOe yumianiie mpu MocKOBCKON KOHCEPBATOPUHN, OH OKAa3aJcs Mepejl BHIOOPOM —
MaTeMaTHKa WIH MYy3BIKa.

Pobenuaa maremaruka, n Kojis crad cTy 1eHTOM TepBOTO Kypca MeXaHHKO-MaTe-
MaTndeckoro daxyabTeTa MI'Y. Bee maAThH JeT oH yumiaca 6aecTsille.

Oxonyns yauBepcuTeT B 1962 roay, oH cpa3y ke MOCTYIHIA B aClTUPAHTYPY MeX-
mata MI'Y, a mocie okoHYIaHNA acCTUPAHTYPH CTal PaboTaTh B MeX(aKyIbTETCKON
aabopaToOpuu MaTeMaTHd9ecKux MeTonoB B Guogorun MIY | rge m Tpymmics go mo-
CAeJHAX MHEW CBOEU JKIT3HI.

KPyKKI 1 OJUMINA TbI

Paunnas ¢ 1 kypca, Komus Britoumics B paboTy Oprkomutera MOCKOBCKON MaTe-
MaTH9ecKol ommMmmmanel. M ¢ Tex mop Bee ronel (3a nckaodenuem 1980 — 87 rr.) on
OBLI cpeu OpraHm3aTopoB oauMIna . OH IPUIYMBIBAI 32 1a491, yIaCTBOBAJI B COCTa~
BIEHWN BAPUAHTOB, IPOBePKe paboT, 06CY K ACHIN PE3YIBLTATOB U MIPUCY XK JEHIH TPe-
muit. O TOM, KaK 5T0 MPOUCXOAUIO, OYeHb XOPOLIO U APKO HAIMCAaHO B KHurax [7] u [8].

Moaoable MaTeMaTHKn (CTYIeHTHL W ACHHPAHTH), YBAEYeHHO paGOTABIIHE CO
IKOTBHUKAMI, BCETa OTIMYAINCH OOJBIION CBOGOION BATJVIAJOB, HE3ABHCHMOCTHIO

MaTemaTuyeckoe npocseweHue, cep. 3, Bbin. 3, 1999(21—28)
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CYyXKIeHUH W OTPOMHON TpeIaHHOCTRIO Hayke. UBobonHas aTMocdepa coOGpannit Opr-
KOMUTETA OIUMITHAIE, HE3ABICHMOCTD €r0 OT a IMHHUCTPAINN YaCcTO BHIZLIBAJIN He-
VIOBOJBCTBIE MAPTUUHOTO M KOMCOMOJBCKOTO HadalbcTBa. OHO OTKa3BIBAIOCH CHI-
TaTh OIUMINATHYIO IeATeIbHOCTE obiecTBeHHON paboTon. OIMH 13 TaKImX HaYalb-
HuKOB TpsiMo 3asgBua: «Kakas ke 3To ofiecTBenHas paGoTa, eciii BHI ee JeacTe
paaun coOGCTBEHHOT O Y AOBOIBCTBHA Y

B Te roaer MockoBckas oammmnuaga Kak OBl TOABOANIA UTOTH pabOTHI MIKOIh-
HBIX MaTeMaTHIeCKuX KpYKKoB npu MI'Y B Tedenue yuebuoro roga [7]. PykoBoguin
KPYXKKaMU CTYIeHTH U aCIUPAHTHI, MHOTHE 13 KOTOPBIX CTAIN HbIHE N3BECTHERIITIMI
MmaTeMaTnkamu. [locraTodno HazBaTh B. 1. Apmoabga, A. A. Kupuaiosa, P. P. Kon-
crarTnrOoBa, A. M. OaeBckoro, /. P. ®ykca. PouTn Bce y9acTHUKN KPYKKOB O~
TaJl CBOU [JOJATOM SBUTHCS HA OJUMIHANY W HOOGUTHCA TaMm ycmexa. Po okoHIaHum®
OMUMINABI KPYXKKOBIBI MTOICIUTHBAIN KOJIMIeCTBO IPEMUN W CPABHUBAJIN yCIEXH
CBOET0 KPYXKKA C yCIIeXaMi «KOHKYPEHTOBY.

Ocenbio 1958 roga Koas Hawad BMecTe C aBTOPOM 3TOU CTATHU BECTH OJHY W3
CEKINT MIKOABHOTO MATEMATHIECKOT O KPYXKKa. KpyXKok okazaJjcs cuibHBIM. Bo Bes-
KOM CJIydae, OH XOPOIIIO BHICTYIAM Ha OIUMINAIaX, MHOTHE I3 €70 YIaCTHIUKOB CTAJIN
BecbMa ycremto paboratrmyn MaTemMatnkamu. Pro C. Teasdang, P. 3uranrupos,
M. Kaxpgan, A. Karok, 1. /1. PoBukos u apyrue.

EE *k koK

Puorpadma Komm Bacuabera ¢ 1958 1o 1979 roma HeoTAeanMa OT MCTOPUH He
Toabko MockoBekux, HO 1 Becepoccuiickux, a 3aTem Beecotosnbix oanmmuan. Poapo6-
HO C MCTOPUEN OJUMITHA] MOXKHO MO3HAKOMUTHCS 110 MPENUCIOBAI K KHUTE «3aa4n
Bcecotoztbix maremaTudeckux oaumnuan [6]. Padora B Oprrkomurere MocKOBCKOI,
a 3aTeM B XKIOPH U MeTOAMdeCcKon Komuccuu Beepoceniickon u Beecotozuon oanmima i
c6mmznaa Komto BacuabeBa ¢ Beanvannimm maTeMmaTnkom coppemertoctn A. P. Koa-
MoropoBeiM. AHpell PukosaeBrd qoarue roabl BO3TJIABIAI METOINYECKTE KOMUCCHT
MaTeMaTHIECKNX OIUMITNAl U HEOJAHOKPATHO pykKoBomma xiopu Quaumnuansr. Koge
MOCYACTANBUIOCH He pa3 GBITH 3aMecTuTeleM AHApes PukoraeBm+a.

C cepemabt 60-x roaos llerTpanasabiin oprkoMuTeT BeecorozHON ommMnra bl pac-
cotan B o6JacTH W pecnybanku GpOIIIOPHL ¢ 3ajadaMil, PEKOMEHTOBAHHBIME [T
06MaCTHBIX U pecnybankaHcKux oammmnuan. Muoorme Takme moabopkm 6bLIM cOCTa-
Baersl P. P. BacuabeBbim. PTo, KoHewHO, He 3HAYMUT, ¥TO BCe 3aga9u OBLIN UM TPH-
ayMmanbel. ETo aBTOpcTBO — B X cocTaBieHnn. PTo 611 orpoMuBIT TPYA. B moa6op-
KaX COMepkKaJnCh OPUTHHAJBHBIE 3390 PA3HBIX YPOBHEH — OT JErKHX O BEChHMa
Tpyaueix. Cpenu 3agad 6bLIn 3ajga4qu 1mo adarebpe m reoMeTpun, He 3abbiBajach U
TpaIUIUOHHAS (OMUMINAJHAAY TeMaTnka. PpakTudeckn BO Bcex OOIACTSAX W pec-
nybankax CCCP Ha onmMmmagax MCIOMB30BAINCEH 3ada¥N U3 3TUX MOA00poK. MHe
KaxkeTcs, 9T0 ObLIO ObI TIOJAe3HO cO6PATH BMECTE BTH MajleHBKIE OPOITIOPHL U H31aTh
UX OTJeNLHON KHIKKOI.

KypHAT « KBAHT»

B 1970 rogy A. P. KoaMoropos cTaf mepBBIM 3aMeCTHTENEM TWIABHOT O PEIAKTOPA
Kypraaa «KBauTy, a Koasg — daeHoM pefkosaerun m pyKOBOAUTENEM pa3ena ¢3a-
navank KBaHTay — OAHOTO M3 TJIABHBIX U, TOXKAJYH, CAMBIX 3HAMEHUTHIX Daz/ej0B
3TOT0 XKYypHAJIA.
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Pamo ckazaThb, 9To nmea co3TaHNUA MOMYAAPHOT O PUBNKO-MATEMATHIECKOT O Ky P-
HaJjga I MKOJLHUKOB POIUIACE ellle B cepeanue 60-X TOMOB B KOMJIEKTUBE MaTeMaTH-
KOB 1 PUBNKOB, 06be TMHUBIINKCA BOKPYT oanMnuna i bl. Koaa BacuabeB 6bLT 0 THAM U3
CaMBIX HACTOWYHUBHIX W YIIOPHBIX CTOPOHHUKOB DTON WAEU, TaK ITO co3nanne «KpaH-
Ta» — 3TO BO MHOI'OM U €T'0 3aciayra.

Kax pykopoganTens «3agadnnka KBanTay, oH IPHIYMBIBAECT 3a a9, IPUTIEM ero
3aa4N BBIJEAAIOTCA OTTOYEHHOCTHIO (POPMYJINPOBOK U PEMIEHNI, TIAYOWHON W CBs-
3AME ¢ «60IBIIoNY MaTeMaTHKON. QAUMIHA B U 3aHATHS MATEMATHKON OBLIN TOT 14
JeTOM TPECTUKHBIM, U OYeHb MHOTHE ITKOTBHUKW, CTYAeHTH, TIPeNoAaBaTeNn MPH-
CHLTAJN B PEIAKINIO IPUIYMaHHBIE MU 3a1a4u. Po3ToMy OH mMeeT Heqo ¢ OrpOMHOR
mouTon. EcTecTBenHO, GOABIIMHCTBO I3 MPUCHLIAEMBIX 3a a4 ObLIN, CKAXKeM TakK, He
OPUTHMHAJBHEL 1 MaJo WHTepecHbl. OHAKO CPeu HUX TIOMA TAJICh U BIOOJHE TOCTOMH-
Hble BHOMaHUSA. Kojia Kak HUKTO MOr «o6paboTaThy 3amatdy, HAUTH Hambogee MPH-
BIEKATETBHYIO (POPMYJIUPOBKY, OOHADY KUTH BO3MOXKHBEIE 0606INEHNA U JaJbHeHIee
pasBHUTHe CIOXKeTa 3a4a9l (O9eHb YacTO 33,0340 «3aJadHIKa) COCTOAT U3 HECKOTBKHX
MYHKTOB, MOCAEJOBATEILHO YCIOKHAIINK U pa3BnuBaomnx gadyry sagadmn). Pako-
Hell, 9acTo OLIBAJO TaK, YTO aBTOPCKNE PeIleHWA BIOJHE XOPOIIMX 3alad OKa3bl-
BAJNCh OE3BIIeNHBIMA ¥, 9TO HA3bIBAETCH, TYNBIMHA — HAMpPUMeD, JOCOBOW CUeT B
3aadax 00 NeOMETPHH, He MO3BOJSIONINT TO-HACTOSIIEMY Pa3obpaThCa B CYIIECTBE
neaa. Pocae Koannonr 06paboTku MHOTTE 3a0a4i CTAHOBIINCH HACTOAIIAME COKPO-
BHIIAME (pazyMeeTcd, o (HOPMYIHPOBKAMH HX YCIOBHH CTOAA MOAIHCH aBTOPA,
Tak 4To ydacTue Koam ocTaBanoch «a Kaapom»). OueHb MHOTTE HAIHCAHHBEIE WM
pellleHnA COMPOBOXK AAIOTCA KOMMEHTApPHEM W JIUTEPATYPHBIMI OTCHITKAME [T TeX,
KTO 3axodeT TAybxke pazobpaThca B mpobieme.

Koauna patora B «KBanTe» He orpaHmyYmBajiach «3agadHukomy. OH — aBTOD
6oJiee TpuAUATH cTaTel, 63 COMHEHUsA, BXOAAMNX B YUCAO JYUIIMX TyOINKAIui
«KBanTay. PexoTopbie nz HuX cOGpaHBl B BHIIIEANEN TOCMePTHO KHUTe «M36panmbie
craTbuy [10]. MHOrMEe cTAThU HATIMCAHBL UM B COABTOPCTBE € U3BECTHBIMU MaTeMaTH-
xamu. JacTo 6BIBaJO TaK, 9TO MPUCIAHHAA B PeJaKIINIO CTaThA OblTa WHTEPECHA TIO
TeMe, HO TIO UCTIOJHEHNIO HIKAK He COOTBETCTBOBAJAA HI ypoBHIO «KBanTay, HU cTHIIO
3TOr0 KypHada. B Takux cayvasx Puxoaan PopucoBu« nmpuauMadics 3a mepeaenky,
B pe3yabTaTe KOTOPOU MOSABIAIACH PKasd, MHTEPECHAS CTAThA.

YMeHme BUIeTh TVIABHOE W TOHKHH BKYC COYETAINCH B HEM C JUTEPATY PHBIMU CITO-
cobuocTaMu. ETo cTaThn Hammcanbl MPpeBOCXOMHBIM f3bIKoM. Ko obaagan peakocT-
HBEIM JapOM MPO3PATHO U 9€TKO U3MATaTh CaMble CJAOKHBIE MATEMATHIECKTE CIOXKETHI.
3Hag 3TO €r0 YMeHNe, MHOT e MATEMATHKHN IPUHOCKHIN B PEJAKIIHIO CBOM CTATHU U
npocuan Koo moMods goBecTn ux «10 yMay. OH HHKOTJa B 3TOM He OTKaz3bIBaJ, a
B HEKOTOPHIX CIYIaAX MOJTHOCTBIO TIEPENNUCHIBAI CTATHIO, IPUYeM HEPEAKO ero POlb
HACTOMBKO MPEBBLIMIANA YUCTO PeNAKTOPCKYIO, ITO aBTOPHI CaMU MPOCHIN €TI0 CTATh
WX COABTOPOM.

B To Xe Bpemsa oH ymend, He MPWINHAA OOMUABI, HO JOCTATOYHO TBEPIO OTKJIO-
HATH CTATbU B TeX CIyYadx, KOTAa OHU ObLIN MaJOWHTEPECHB WA HENPUTOTHBI A
MyOAUKAINW B XKypHAaJe IId MKOALHUKOB.

C nepBBIX JHEH cyIlecTBOBaHUA «KBaHTay He 6BLIO HI OJHOTO KPYITHOTO COOBITHA
B JKU3HU KYPHAIa, B KOTOPOM OH He TPUHAMAJ OBl yIacThA. «KBaHT» OBIT €70 BTOPBIM
JOMOM, & OH OBLI €r0 [TVIION.
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Pukoaain PopucoBu+ camrai, 9To B cucTeMe HayIHO-MOMYJISPHBIX W3 JaHUH TOJ-
JKeH CYIIeCTBOBATH XKy PHAJ, TPOMEKYTOYHBIN IO CBOEMY YPOBHIO Mexk 1y «KBaHTOM)Y
7 9UCTO HAYYHLIMHA XKypHajsamu. UMeHHO mO3TOMY OH CTad OJHUM W3 TVIaBHBIX WHU-
INATOPOB BO3POXKAeHNA cOOpHUKOB «MaTeMaTndeckoe mpocBelieHney, OB AepKa-
TeqaeMm TpanTa PPPU, npennaznadeHHOTO IIA MOAAEPKKNA 3TOTO W3 NAHUSA, BOIIET B
PEIKOMIET U0 HOBOM cepun «MaTemMaTndecKoro NpOCBEIIEHUS .

B3MIUI n APYTUE IMIKOJIBI

Bo Bropoit moaoBure 1963 roga Havamach MOATOTOBKA K co3paHmio BcecowzHon
3a09MHON MaTeMaTHdecKon mKoJabl. Fe cozmareas M. M. leapdang npusiek cBoero
acnmpanTa BacuibeBa K paszpaGoTke mMporpaMM U BCTYIHTeAbHOTO 3ajganus. C Tex
TOp W JIO TOCAeTHUX JTHeN cBoell ku3Hu Puxoaann PopucoBut 6bin 6e3 nmpeyBeanydenHns
xatodeBon purypon B BAMII. [lo mocaenuux nuewr cBoen Ku3Hu o 6vLI wieHOM P a-
YYIHOTO COBETA I METOANYMECKON KoMuccuu. M HaMCaHbl fecATKH yIeOHBIX 32, TaHuT
1 GPOIIOP, OTPOMHOE KOJIMYeCTBO CTATEH /I YIUTeNel U MKOJABHUKOB. ExkeromHo B
TedeHMe 35 JeT MO ero PyKOBOJACTBOM pa3zpabaThIBAINCh BCTYNUTENLHBIE 33 aHNA
B B3MII.

Kuauru Puxoaas Popucosnva, nanncanuwre mas B3MII, mapecTHBEl HE TOIBKO B
Poccuu. B 4dacraocTu, kuura «Ppsamble u KpuBbley [4], HamucaHHas UM BMecTe ¢
B. JI. I'yrenmaxepom, B 1980 roay 6vLia TmepeBefeHa Ha AHTJIHHNCKUH U MCTAHCKUH
A3LIKN W3JaTeabcTBOM «Mup», a B 1982 roay mamana B HexocmoBaKuy Ha TeIICKOM
azeike. Kanra P. P. Bacuabera, B. JI. I'yrenmaxepa, 2K. M. Pa66ora u A. JI. Tooma
«3a0vHble MaTeMaTUYecKne oauMnuansy [1] — npeBocxogHbIl 06pa3el] MOmyaspHOI
JUTEPATYPH IS IIKOABHUKOB. KHNTa Tex Xe aBTOPOB «3ajadl YCTHOIO BK3aMe-
Ha 00 MaTeMaTukes [9] okazasach oUeHb yjadHOl. B TedeHme HeCKOJIBKUX JET OHA
pacceutatack yaennkam B3MI u cuapHO momoraa WM mpu HOATOTOBKE K YCTHBIM
BCTYINTETHHBIM 3K3aMeHaM B BY3HI CaAMOT'O BBICOKOTO yPOBHsA. B maabHelllleM oHa
mocay Kmiaa o6pas3oM s IPYTUX aBTOPOB, MUCABIINX Ha 3Ty TeMmy. KK coxameHHIo,
5Ta KHUTA C TeX TIOp HU pa3y He MepPen3IaBajiach M Celvac ABAAETCA IPE3BHIYANHON
6UbANOT padpUIECKOR PEIKOCTHIO.

B Tedenne muorux jget Pukoaain PopucoBmd npuauMan ydacTue BO BCTYIUTENb-
HBIX 9K3aMeHax B mkoay-uaTepHaT npn MT'Y (HbiHe mkoxa nM. A. P. Koamoroposa).
OH mpuAyMBIBaJI 3aJa¥i 1A 3K3aMeHa, ObLT OJHUM W3 JYYIINX T00pOKeIaTeIbHBIX
5K3aMEHATOPOB. XapaKTePUCTUKN TMePCIEKTHB abuTyPHEHTOB, NaBaeMble MM TOC/e
SK3aMeHa, O9€Hb TOYHBI U MPAKTUYECKN BCEra MOTBEPK JAMNCH TIPU [TAJbHENIIEM
uxX OOyHeHHUH B ITKOJE.

B 70-e — 80-e roger Pukonan PopucoBud nputsa ygactue B paboTe MHOTHX J€T-
Hux mxoa: nox Mocksoint, B Kapeann, B Tamxkukucrane n apyrux. OH BEIUKOJETHO
qUTal JeKIHH W TPOBOAMI 3aHATHA. KaX bl pa3 OH OPUAYMBIBAJ CIIOCO0 M3IOKe-
HIsI, COOTBETCTBYIOIINHA YPOBHIO ayANTOPUN, HO He HAHOCAIINN ymiepba TiayOmHe u
COJIePKAHMIO JeKInn. Sl Heo THOKPATHO MPUCYTCTBOBAJ Ha €0 JEKIUAX U BCET A TI0-
Jydai UCTHHHOE yIOBOJBCTBHE OT MAacTEPCTBA JEKTOPA.

Typaupr ['OPOJTOB U APYTUE COPEBHOBAHUA

B 1979 roay 9WHOBHUKW OT MPOCBEIIEHNA PA30THAJN BCe TOTJalllHee Kiopu Bcee-
corozron oanmmnuansi. 1 Torga P. P. KoHcTaHTHHOB MpeMIOKII TPOBOANTH HOBYIO
OMUMIINA Y, OPTaHU3aUsA KOTOPOU Oblia OBl MOMHOCTHIO B PYKaX MaTeMaTHIeCKON



Huxourrair Hopucopuv BacuibeB 25

OOIIeCTBEHHOCTN W He 3aBucenqa Obl OT Mpom3Boia YMHOBHUKOB. Tak pommaca Typ-
aup ['opogoB — HBIHE OMHO M3 CAMBIX YBayKaeMBIX COPDEBHOBAHWUE B HAIlleW CTpaHe U
3a py6exkom. Ponrpo6Ho o HeM pacckazaHo B ctaThe P. P. KoncrtanTtunopa «Typaup
FOPOJIOB W MaTeMaTHYeCKad OJnMIHafas’).

Pukoaait PopucoBud cpa3sy ke MOAXBATUI WAEK W CTAJ OTHUM W3 BEAYIINX OP-
TaHW3aTOPOB DTOT'O MeXKTYHAPOMAHOT O TypHUpa. UMeHHO OH CHITpaJd OCHOBHYIO POIb
B BEIpaboTKe (POPMEI IPOBEIeHNA TYPHHAPA, BO MHOT'OM ONPENeNNI CTUIb U YPOBEHD
3a /a4, HeOJHOKPATHO yvIacTBOBal B paboTe JeTHux Koupepentui Typrupa ['oponos.

C 1994 roga B Poccun npoBoanTcs CopocoBckas OJUMINA T ITKOILHIKOB IO Ma-
TeMaTHKe, pusnke, xuMmun u Guomoruu. Puxogan PopucoBuv 10 mocaeHux Mecsies
CBOEN KW3HW aKTHBHeHInM obpazoMm paGoTaa u B >Ton oammnuage. OH mpuagyMad
HEeCKONBbKO KPACUBBHIX 3aiad, NIPUHWMAJ YIacTHe B COCTABIEHNN BapWAHTOB U MPO-
BepKe paboT.

B mocaennne mecATmIeTHA CTaAdW BechbMa TONMYJIAPHBIMU HayJIHbIEe KOHMEPEHINN
IKOTHHUKOB. Pukonan PopucoBud Ha MHOMMX Takmx KOH(PEDPEHINAX OBLT HIEHOM
xwopu. Ero cygeiicTBo Bcerga 6bimo gobpoxkenaTeabHbiM u deTkuM. OH Bcerga Ge-
ceoBal ¢ JOKIaMINKaAMU, OOBACHAI UM BO3MOXKHOCTHU PAa3BUTHUA TeM WX JTOKJIATOB.
P anboaee naTepecuble TOKJIAIBI IO €70 MPEACTABICHUIO OBLITN OMTYOJNKOBAHL B KYP-
Hajge «KBaHT».

B »Tux xpaTkux 3aMeTKax HHU cjloBa He cKazaHo o HaydHou pabore P. P. Bacu-
abeBa. Ent mocesinena cratbs A. M. JleorToButa B 5ToM HOMepe «MaTeMaTHeCcKOr 0

OpoCBEIEHUAY 2) .

N3BPAHHBIE 3A1A4YN H. H. BACUJBEBA

Koasa mpugymas orpoMHOe KOMMYECTBO 3afad Ui OJUMIHAL CAMOTO Pa3HOTO
YPOBHA — OT 06MacTHBIX U pecnybankanckux 1o MockoBckux, Beecotosubix u Bee-
poccuiickux. PekoTophle m3 ero 3amad CTAJIN OJUMIINATHOW KJIACCHKON, M3BECTHEI
[MOYTH BCEM yYacTHHKAM M OpTaHH3aTopaM oMuMOuaj (IpaBja, JaleKo He BCe 3Ha-
10T, 9T0 uX aBTop — P. P. Bacuibes).

31eck mogo0paHBl CPABHUTENBHO cTapble 3amadn Pukomas Popucosmwa. Pogee
HOBBIE HETPYAHO HAWTH, 3arVISHYB B «Jagadauk KBanTar. PpakTudeckn B KaxmIoM
HOMEPE KYyPHAJIa eCTh Ju60 ero 3a1atn, An60 HANUCAHHBIE UM PEMIEHNS, OYeHb 9aCTO
PacCKpBIBAOIIe U YIayb Isaioliine HCTHHHYIO CYTh 3a1a4, HX CBA3M C APYTUMHI Tpobie-
Mamu. PpemiaraemMble 3a1adm UMeOT KpacuBble (DOPMYJIMPOBKH U OY€Hb 3JIeraHTHHIE
OCTPOYMHBIE DEITEHTS.

1. (¢ABTOGycHas 3ama49as.) k deloBeK exaiu B aBTo0yce 6e3 KOHIyKTOopa. MapecT-
HO, YTO HH y KOTO U3 TMacCaX)mpoB He ObII0 MoHeT KpymHee 20 Kom. M3BecTHO
TaKXkKe, ITO KaXK B MacCCaX)nup YIVIATAI 38 TPOe3 T U ToJAyqua caady. [Jokaxu-
Te, YTO HaUMEHBIIlee HUCAO0 MOHET, KOTOPOe MOTVIO A 3TOro noTpeboBaThCA,

paBuo k + [lcéli} (B 1961 roay B o6patiieHnu GbIIH MeJHBIE MOHETH JOCTO-
uHCTBOM B 1, 2, 3 m 5 KoII., a TaKXe «cepebpsaubier — Geqble MoHeTHI B 10, 15

n 20 xorn. B aBT0Gyce 6e3 KOHAYKTOpa MoJaraioch 6pOCUTH B Kaccy 5 KOm. B

1) MaremaTunueckoe npocsemenne. M.: MITHMO, cep. 3, o, 1. 1997. C. 164 — 174.
2)Om. c. 29-32.
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atobom Habope m oTopBaTh GmaeT. MOXKHO 6BLIO TaKXe 6POCUTH, HAPUMED,
20 kom. u oTopeaTh 4 GuaeTa.)
(XXIIT Mockosckas MamMemamuneckas oaumnuadaq)

(«Kopo6ouka BacmibeBas.) Kak Ha10 pacnofoXuTh B TMPOCTPAHCTBE MPAMO-
VTOJALHBIN Tapa/ieJenune], IToOb IIOMalb €0 TPOeKINH Ha TOPH30OHTAIb-
HYIO TJIOCKOCTH Oblia HanGOJBIIeH.

(XXV Mockosckas mamemamuneckas oaumnuadaq)

(«T'yastotme gxeHTIBMeHBD.) Po amnee gauaonn 100 M HAyT TpH TKEHTILMEHA
co ckopoctsamu 1, 2 u 3 kM/4 coorBeTcTBeHHO. [TOAA 10 KOHIA AJLICH, KAXK LI
U3 HAX MOBOPAYUBAET W UAeT Haz3aj C TOH JKe CKOpPOCThIO. [okaxure, €TO
HaleTCd OTPE30K BpeMeHN B | MWH, KOrJa Bce Tpoe OyAyT UATH B ONHOM
HaTpaBICHIH.

(«KBaapaTel B IpAMOYroaBHIKey.) B mpaMoyroabHuk co croponamu 20 n 25
6pocator 120 xBagpaToB co cropononn 1. /lokaxuTe, 9T0 B OPAMOYTOJBHUK
MOXHO TOMECTHTH KPYT THaMeTpa |, He MepeceKalonuicsa Hil ¢ OJHUM U3 KBa-
IpaToB.

(Pepsas Beepoccutickaa oaumnuada, 1961 200, Mockea)

(«ZKyk».) Pa mrockocTn HapucoBaHa ceTh, 06pa3oBaHHAA U3 TPABUIBLHEIX IIle-
CTUYTOJBHUKOB co cToponon 1. 2Kyk, ABHTasch MO JWHUAM CETH, IPOIOI3 M3

Puc. 1. CeTr U3 H1ecTuyrosHUKOB

yaaa A B yzen B mo kpardanmemy nyTu, paBaomy 100. [okaxunTe, 9T0 moao-
BUHY BCEro MYTH OH IMOJ3 B OJHOM HAIPABICHUH.
(Hemsepmas Beepoccutickaa oaumnuada, 1964 200, Mockea)

(«Mrpa Bacuaberas.) Panucano 20 wmcen: 1, 2, ..., 20. J[Boe nrpatoumx mo
OdepeN CTABAT TEPe] STHMH THCIAMH 3HAKH «+) WIH «—» (3HAK MOXHO CTa-
BUTH Mepej MOGEIM CBOGOJHBIM IHCAOM). PepBBIi CTpEMUTCA K TOMY, 9TOGHI
mociie PacCTaHOBKH Beex 20 BHAKOB CyMMa BCex duces 6bLIa KaK MOXKHO MEHBIITE
mo Moayaro. Kakyn HamGOMBIIYIO MO0 MOAYII0 CYMMY MOXeT 06eclednTh cebe
BTOPON UT'POK?

(Tecmas Beepoccutickan oaumnuada, 1966 200, Boponex)

(«®Purypucteis.) Pocae BeicTymaennit 20 ¢UrypHcTOB Kax bl w3 9 cygeil mo
CBOEMY YCMOTDEHWIO pacipefeiseT cpein Hux mecta ¢ 1-ro mo 20-e. Oxa-
3a/M0Ch, 9TO y KaXJ0T0o (PUI'yPHUCTA MeCTa, MPUCBOEHHBIE €MY Pa3HBIMH CY-
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10.

11.

-O0—0—0—0—0—0—8—0—0—0—0 (=0
-0—0—0—e—e—0—e—e—0—0—0 =1
-O0—0—0—0—0—0—0—0—0—0—0 { =2
O0—e—e—0—e—0—e—0—e—e—0 =3
-———0—0—0—0—0—0—0—0 { =14

Puc. 2. Puc. 3.

ObAMHE, OTJANYAIOTCA He Gojee veM Ha 3. PojcanTaeM CyMMBI MeCT, TOJYYeH-

HBIX KaXKIBIM (PUTYPUCTOM, W PACTIOIOKNAM DTH YUCAa B MOPATKE BO3pACTAHNA:

e1 < g <eg <o K eag. Kakoe nanboablilee 3HaYeHNE MOXKET UMETH €17
(Bmopas Beecowsnas oaumnuada, 1968 200, Jlenunepad)

(«PasHOUBETHEIN MHOT'OYTOJMBHHKY.) BepIIMHEL MPaBIIBLHOTO N-YTOJBHEKA MO~
KpallleHBl HECKOABKUME KpacKaMn (KaKjas OTHOH KPAacKoH) TaK, YTO TOYKH
OJHOT'O U TOT'O XKe I[BeTa CAYKAaT BEPIINHAME TPABIIBLHOTO MHOT OYT OJBHIKA.
JlokaxuTe, 9TO Cpen 3THX MHOTOYTOJLHIKOB HAWAYTCA MBAa PABHBIX.
(Hemsepmas Beecowsnaa oaumnuada, 1970 200, Cumdeponoav)

(«PepBHEIE ceTmy.) B GeckoHedHON HeNMovKe HEPBHBIX KICTOK KaX1as KICTKA
MOXET HaXOAWTHCA B OJHOM W3 [BYX COCTOAHWUH: (IIOKOW» W «BO30YIKEHUE).
Ecan B gaHuBIl MOMEHT KJeTKa BO3GYAMIACH, TO OHA MOCHLIAET CUTHAJ, KOTO-
PHIH Yepe3 eMHNUILY BDEMEHH (CKaXkeM, depes OJHY MIULTHCEKYHAY) TOXOMUT 0
ofbenx coceiHUX ¢ Hell KaeTok. Kaxgas KieTka BO36YKIAETCA B TOM W TOIBKO
B TOM ciydae, eclii K Hell NPUXOAUT CUTHAJI OT OJHOW U3 COCENHUX KIETOK;
€CaIU CUTHAIBI TPUXOAAT OJHOBPEMEHHO ¢ JBYX CTOPOH, TO OHU MOTAIIAlOTCA, U
KJIeTKa He BO30yxK qaeTcsa. Panpumep, ecian B HAYaJIbHBIN MOMeHT BpeMenn ¢ = ()
BO3OYIUTH TPU COCEeNHUE KACTKW, a OCTAIbHBIE OCTABATEH B MOKOE, TO BO36Y-
KJeHIe OyleT pacHpoCTPAHATHCH, Kak Mokazano Ha puc. 2. (BosbyxaeHHEble
KJIETKH — 9epHHIE. )

PycTh B HadaapHBIn MOMeHT BpeMenn { = () Bo36yK TeHa TOIBKO OHA KIETKA.
CKOTBKO KIeTOK Oy 16T HaXO MU THCA B BO30Y K IEHHOM COCTOSHNUN Yepe3 15 mMcex?
qepes 65 mcek? wepes 1000 mcex? wgepes ¢ mcek?

Yro 6ygeT B TOM cilIydae, ecid IeMovKa He GeckKOHeIHAasds, a COAEPKUT BCETO
N KIeTOK, COeJHHEHHBIX B OKPYXKHOCTH (puc. 3), — GyeT au Bo30YXK TeHme

O AePKUBATHLCA GECKOHETHO NOATO MM 3aTyXHET?
(3adaunurx Keanwma, M19)

(«Papannenrenunensy.) B npocTpascTBe 3a1aam 4 TOYKN, He JdeXallie B OJHOH
mIocKOCTH. CKOMBKO CYINIECTBYET PA3INIHBIX HAaPALIEAeTTNIeN OB, I KOTOPBIX
STH TOYKH CJAYXKaT BEpIINHAMEA?

(Cedbmasn Beecowsnas oaumnuada, 1973 200, Kuwunes)

(«BexTophi».) Pa miockocTH gaHbl BEKTOPH a4, b, ¢, d, cyMMa KOTOPHIX papHa 0.
Hokaxure, 4T0

la| + 6]+ lel +|d] > la+d| + |b+d| + |e+d].

(Jecamasn Beecowsnan oaumnuada, 1976 200, Jyuwarnbe)
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EE *k koK

Bcio coto TBopueckyio xuzHb Pukoaain PopucoBny paGoradn: mucasa craThi, KHI-
U, PeIlaf U MPHUIYMBIBAJI 3a,1a%H, 3aHIMAaJICA HayKou. Tpy o cebe TpeacTaBuTh, 9TO

BCe,

WM CO3JaHHOe, — Mel0 PYK OJHOT'O HejJoBeKa. KTo yXod — orpoMHad moTeps

[T BCEX €T0 Mpy3el, NI fefa MaTeMaTHIeCKOT O TPOCBEIIEHTS.
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A. M. JleouToBnu

PepBhie nHayuHble pezyabTaThl 661N TOaydeHbl P. P. BacuabeBbiM, xorga oH etre
6511 cTyaenToM. Toraa ero mHTEpecHl B OCHOBHOM OTHOCHINCH K (PYyHKITMOHAIBHOMY
aHaam3y. YKe Ha IIePBOM KypCe OH CTaJ aKTHBHBIM yd9acTHIKOM cemuHapa A. P. Kou-
MoropoBa. 3aTeMm ero yuntenamu ctain . E. lluaos u U. M. Teabdang. B 310 Bpems
6BLIa clefaHa ero nepBasg paborta o C*-aarebpax.

B 1966 roay P. P. BacuabeB mocTynua Ha paboTy B MeKDaKyIbTeTCKYIO Ja-
6opaTopuio MaTeEMaTHIeCKHX MeTOH0B B 6uotorun. OH cTal OJHUM U3 TEPBHIX €€
COTpYIHUKOB. JlaGopaTopus 6blaa o6paszosana mo nanimaTuse . M. Teabdana (ko-
TOPHI U CTal ee 3aBeAYIOMINM) [PH aKTHBHON MOJJepkKKe PEKTOPa YHUBEPCHTETA
1. I'. Perposckorol).

MecTto paGoThl okazajock O¥eHb yaadHbiM; Hegapom P. P. BacuabeB mpopaGo-
Taa B 1abopaTopuu (3aTeM HHCTHTYTe) A0 caMol cBoell koH4unHEL. . M. Teabdany
cobpaJ 3/ech BMeCTe pAl CHIbHBIX MaTeMaTnKoB. Moxuo nazBaThk umena C. I'. ['un-
auknna, [I. P. ®ykca; nozxe mospmanck /. A. Kaxgam, . P. Pepamrenn. B aa6o-
paTopuu mapmia ovdeHb MpyXKeckas, 100poxkeaaTeabHasd I B TO JKe BpeMs TBOpUeCcKasd
aTMocdepa.

P. P. BacuabeB crana paboTaTh B IpyIille, BO3TIABISEMON 3aMevaTelbHBIM MaTe-
matukoMm M. U. Parenxum-1llanupo, HecomueHHo, okazaBmmmM GOMBIIOE BANAHIE HA
€r0 TBOPYECKHH MOYepK. PTa rpynna 3aHmMaJach TeOpHEH aBTOMATOB W MaTeMa-
THYECKUMI MOTEAAMI OUOJTOTMMecKIX MpolieccoB. O MHON W3 MEeHTPAJbHBIX TEM I
5TOU TPYIILI CTAJIO H3ydeHNe MApPKOBCKHX IIEMeN OMpEeIeJeHHOT O THIAa — Cayvaii-
HBIX CP€[l € JOKATBHBIMHI OTHOPOAHBIME B3aNMOIeHCTBAAMI. AKTHBHBIM YIaCTHIKOM
ameck, Hapsagy ¢ O. P. Crasckoin, A. JI. Toomom, ctax P. P. Bacuares. On moay<mn
DA APKUX Pe3yabTaTOB, 9aCTh M3 KOTOPBIX COCTABIIN COJeP:KAHUE €ro KaH I IaT-
CKOU [umccepTaiinu, 3amuiinerron B 1971 roxy.

KoncTpykumsa caydailHBIX Cpejl ¢ JOKAJTBHBIME OJHOPOJTHBIME B3aMMOIeHCTBHA-
MU BHadYaJe MOABIIACE KAK MaTeMaTHIeCcKasd MOIeab paboTh HEMPOHHBIX ceTell. Po
3aTeM OTHU 3ajJadl CTAIH YHCTO MaTeMaTHIecKnMu. Po cBoeMy cofepXkKaHWiO OHH
O6MUMBKN K TAKUM ITPIJIOKEHNIM TEOPUH MapPKOBCKIX IIEMel KakK MaTeMaTHIeCKoe 060-
CHOBAHWE CTATHCTHYECKON (DUBUKU W TEOPHs TPOCAMUBAHUA. POYTH OTHOBPEMEHHO
CAYIAWHBIME CPEJAMU € JOKATBHBIME OJHOPO THBIMU B3aWMOAeNCTBUAMEA 3aHNMAIACEH

1) O groBpemeHHo 6BLIa cozgaHa n MexbaKyIbTeTcKas 1a60paTopui 6HOOPTaHMYecKON XMMIH 1
MOJIEKYIAPHOU 6uostornu nog pykosogcreoM akagemuka A. I1. Ilerozepckoro (k ee o6pasoBaHmio
Takxe akTneHoe oTHomeHne nMean 11. I'. Ilerposcknit u U. M. T'ensdang). Buocregcreun (B 1974
rogy) aTu 1abopaToOpUHH 06BEJMHIINCE, MaJOINC/IcHHad MeXKdaKyapTeTcKas JabopaTopus cTala
OTZe/OM MaTeMaTHIeCKUX METOAOB B Guosornn 6onsmoil MexdakyabTeTckon saopaTopnu (cen-
4Yac OHa Ha3HIBAETCA MHCTHTYTOM dusnko-xumudeckon 6uomornn uM. A. II. Ilerozepckoro MI'Y).
Wnes cosmanusa 3Tux maopaTopull 0Ka3alachk O9€Hb IIJI0 TOTBOPHOU, M B HACTOAIIEE BpEMA HHCTHTY T
um. A. I1. Tlenozepckoro umeeT, GHITH MOXKET, CHIBHEUNINE COCTAB GUOJOTOB B HAIEU CTPaHE.

MaTemaTuyeckoe npocseweHue, cep. 3, Bbin. 3, 1999(29—32)
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mkosa P. JI. [Jlo6pyimmaa, HO B HEll pacCMaTPUBAINCH He TUCKPETHBIE CETH, & Helpe-
DPBIBHBIE MApKOBCKIHE TTOJSA.

PpuBenem mpocTenmii npuMep 3aga9u O CIYIANHBIX CPeIax C JOKAIbHBIME OI-
HOPOJHBIME B3aHMO/JIEHCTBUAME — TaK HA3BIBAEMYIO 32129y O JaMIOIKaX).

B »Toil 3a1ade aBTOMATH ((IAMIIOYKIY) PACIOJOKEHBI B MEIBIX TOYKAX MPAMOT.
Bpems gucKpeTHO. ABTOMATEl MOI'YT HAXOAUTHCA B ABYX cocTodrnax: 0 u 1 («wiam-
MOYKa He TOPUTY WM «TaMIOYKa NopuT»). Ec/u B TPEABIIYIINE MOMEHT TaHHAT JaM-
MOYKA W COCEHSIA CJEBA TOPETHN, TO B TEKYIINA MOMEHT OHA 06SI3aTeTBHO TPOI0J-
XKaeT TopeTh. Ecim e B IpeIBIAVINNT MOMEHT XOTs OBl OJHA W3 HUX He TOpeia, TO
B TEKYIINI MOMEHT OHa GYJeT ropeTh ¢ BEpOATHOCTHIO p, 0 < p < 1 («wiammodxa
CIIOHTAHHO 3aU0PAeTCA € BEPOATHOCTHIO p»). PpefnonaraeTcs, 9TO COCTOAHNUA BCEX
aBTOMATOB B HACTOANIAI MOMEHT IPHHIMAIOTCA HE3ABHCHMO JPYT OT Apyra (a ToJb-
KO B 3aBHCHMOCTH OT COCTOSHHI aBTOMAaTOB B MpeABIAYIINI MoMeHT). Takne cTo-
XacTHUYeCKIe TPABUIa MOBENEHNsT aBTOMATOB OMPEIeISIOT MAapKOBCKIAN omepaTop P
(ApYTUMHE CIOBaMW, MapKOBCKYO LENb) ¢ KOHTHHYAJBHBIM HHCIOM COCTOAHUH; Ka-
K JI0€ M3 TAKHX COCTOSHUU LEMHN — 3TO COBOKYIHOCTH COCTOSHUH BCEX aBTOMATOB
MPAMOM, T. €. 6eCKOHETHAS MTOCAEIOBATENBHOCTEN U3 Hydeh u equHun. O4eBUHO, 9TO
COCTOAHNE BCEH MEMOUNCIEHHON TPAMOT «BCe eIMHUIBI TOTIONIaoIee (TTepeBOINTCA
MapKOBCKHM oTiepaTopoM P B ce6s). PToMy HOTJIOMIAIIIEMY COCTOAHIIO OTBEYAET
JUCKpeTHasA (aToMapHasd) Mepa, COCPEJOTOYEHHAA B TOM COCTOAHNE (BCE € TMHUIIB;
5Ta Mepa MHBapHaHTHA OTHOCHTENBHO ollepaTopa P*| gBolicTBeHHOTO P (3TOT Omlepa-
Top P* melicTByeT Ha MHOXKECTBE Mep, ONPEeIeJeHHBIX Ha MHOKECTBE BCEX COCTOAHIN
HETOUNCAEHHON TIPAMOI).

CrpammBaeTcs, eCTh JH APYyTHe WHBApPUAHTHBIE MePHI, KpoMe 3Tol? OKazbiBaeT-
Csl, OTBET 3ABUCHT OT 3HAYEeHNA BepOsATHOCTH p. UMeHHO, 145 GOJIBIINX P €CTh TOIBKO
5Ta MHBapHAaHTHAA Mepa (COCPeIOTOYEHHAA B COCTOAHUH ¢BCE €ANHNIBN), I €CIN B
HYyJeBOI MOMEHT COCTOAHNA BCEX ABTOMATOB PaBHEL 0 (¢Bce JaMIIOYKH He TOPAT) ), TO
C TeveHMEM BpeMeHHU foist eqmHuI 6yaeT crpemuTbed K 1. CoBceM He Takas CHTya-
WA Ipn Maaex p (570 66110 fokasano BHadade M. I'. llampmanom, zatem A. JI. To-
oMoM). B 5TOM ciIydae, ecii MBI HAMHHAEM H3 COCTOSAHUSA «BCe HYJIH», TO TOJA € THHAL
B 10001 MOMEHT BpPEMEHHN OCTaeTcsi Majgon. B mpemene, korga BpeMs cTpeMUTCI K
6ECKOHETHOCTH, MBI BBIXOANM Ha HEKHH CTAIMOHAPHBIN (MUTAIOIINIY PEXIM pabo-
THI JamMnovek. PToMy pexmMy oTBedaeT HEKOTOpas WHBapHaHTHAsS Mepa. PTa Mepa
HE COBIAJaeT C MEPOU, COCPENOTOYEHHON B COCTOSHUN «BCE €NUMHUIILIY, OHA OygeT
He JAUCKpeTHA, a HempepbiBHA. Takum o6pazoM, mMeeT MeCTO sBJeHNe Tuia hazo-
BOrO mepexoja. KpuTudeckoe 3Hadenne p, Ipu KOTOPOM TPOUCXOANT 3TOT (HazoBHIN
mepexo 1 (M3MeHeHHe YHCIa MHBAPDHAHTHBIX Mep), MpUOIN3HTeIbHO paBHO 0,3.

¢3amada O JaMIIOYKaX» eCTECTBEHHBIM 06pa3oM 0606MIaeTCA B Pa3HBIX HaIpaBJe-
HuAx: (1) 9wcio aBTOMATOB, OT KOTOPHIX 3aBHCAT (BEPOATHOCTHEIM 0GPa3oM) co-
CTOSHEE JaHHOT'O aBTOMaTa i, MOXeT OBITH GoJblle, 9eM 2 (HO BCerja KOHETHO —
YCJIOBHE JOKAJIBHOCTH), W JJIA KaKJOT0 HaGopa COCTOAHUH ITHX COCETHIX aBTOMATOB
3aaeTCA CBOS BEPOATHOCTH TOTO, YTO JaHHBIH aBTOMAT OKa)XeTcs B cocTosHumm |
(Ipu¥eM 5TH BEPOATHOCTH HE 3aBHCAT OT HOMeDa i Ha MPAMOI — YCIOBHE OJHOPO/-
HOCTH); (2) BMECTO IENOYHCICHHON TMPAMON MOXHO PacCMaTpPHBATH MHOTOMEpHBIE
pemeTKH; (3) 9YHCAO COCTOAHHN aBTOMATa MOXKET GHITH Goablne ABYX. Jlid TaHHON
CIy9ailHON CPeJibl W3 TAKNX aBTOMATOB (T. €. PN PUKCHPOBAHHBIX BEPOATHOCTAX Tie-
PEXO/I0B) BO3HHUKAET DA €CTECTBEHHBIX BOIMPOCOB: HMEET JH MECTO SPrOJHTHOCTH
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(eTMHCTBEHHOCTh MHBAPHAHTHON MEDEHI); €CIN HET, TO KAKOBO MHOXKECTBO WHBAapPH-
AHTHBIX Mep; XapaKTep 3aBUCHIMOCTH WHBAPHAHTHBIX Mep OT BEPOATHOCTEN TEPexoaa
(MMeeT a1 MeCTO aHATHTHIHOCTE); 06Ja 1af0T JIH 5TH HHBAPWAHTHEIE MEDEI ¢XOPOIIN-
MI» CBOHCTBAMMI THIIA MApKOBOCTH (HIM GJIM3KOIO K MapKOBOCTH, HO Gojee CIOKHO
OIPeeIAeMOTO CBOHCTBA TMGGCOBOCTH ).

B sagavax o cIyqaiHBIX cpefax ¢ JOKAIbLHBIME OTJHOPOIHBIMHI B3aNMO JeUCTBHAMMI
P. P. BacuibeBbIM 6LLIN TTOAYYEHBl PE3YALTATE B JBYX HaIIpaBIeHHAX. Bo-TepBHIX,
UM OBLIO JOKa3aHO, ITO MPH AOCTATOYMHO MIMPOKAX TPEAMON0KEHIAX THBAPHAHTHAL
Mepa aHAIUTHYECKHA 3aBHCHT OT BEPOATHOCTEH mepexoda. B wacTHOCTH, 5TO chpa-
BEIJANBO B cAytdae «3aJa<di O JaMIOYKax»y — HelpephIBHAA NMHBApHAHTHAA Mepa IIPH
MaJbIX P aHAJIATHIECKH 3aBUCAT OT p. MeTom, KOTOPBIM 5T0 6BLIO JOKA3aHO, MOXKHO
Ha3BaTh (TeOMETPHUYIECKIM», OH O6JAM30K K KOHTYPHBIM MeTogaM B Mogean Mammura,
KOTOpHIE HCIONB30BaMn B cBonx padorax P. JI. To6pymmH, f. I'. Cunait n apyrue (B
JacTHOCTH, UMeHHO TakuM oGpaszoMm A. JI. Toom gokaszada cyiiecTBoBaHWe HETPUBHI-
aJbHOW MHBAPpHAHTHON MEPHI IPH MAJBIX P B ¢3agatde o JaMIIOYKax», O 9eM YIOMUHA-
70¢k BHe). Bo-BTophix, P. P. BacuibeBbiM GBUIO H3YYeHO, TPH KAKHX BEPOATHOCTAX
mepexo/ia WHBAPHAHTHAA Mepa OyzieT MapKOBCKOH WM THOGCOBCKON (3aMeTHM, 9TO
I «3a a0 O JaMIOYKaX» DTO He TaK — HelpepbiBHAA MHBapUaHTHAA Mepa B 3TOM
claydae JOBOJBLHO-TAKHU (ILIOXaA» M HUKAKHM YCJIOBHAM THIA MapKOBOCTU MU TU66-
COBOCTH HE YIOBIETBOPSET).

Y P. P. BacuabeBa ecTh ele psiji paboT MO MapKOBCKUM IENAM, He CBS3aHHBIX
HEMOCPECTBEHHO CO CIYIalHBIMI CpeJaMHu ¢ JJOKATLHBIME O HOPOHLIMI B3aNMO JeH-
CTBHUAMH, HO OJAM3KUX K HAM IO IyXY.

P. P. Bacuabes pa6oTan B 6MOJOTTIeCKOM HHCTHTYTE W IOTOMY MHOTTE eT'0 pabo-
THI HHAUIIHPOBAHBI TPAKTHIECKIMH 3a JavdaMiI — OTHOCAIINMIICA K OMOJIOT I, XM,
¢usnogornn. B MaTeMaTHIecKOM OTHOIIEHIN HEKOTOPBIE N3 HIX HOCAT BEPOATHOCT-
HBIH XapakKTep, APYTHe OTHOCATCA K AMHAMIYEeCKIM cucTeMaM. MHor 1a Heo6Xo mMo
OBLLTO TPUMEHNTDH TUCACHHOE MOIEINPOBAHNIE.

ManoxuM BKpaTie pe3yJbTaThl Hocieqneil pa6ors P. P. BacuibeBa (oTTHCKH
KOTODON TOABHINCEH 3a MECAI 10 €ro CMEPTH, KOTJa OH yXKe Jdexal B 6oapHmue). Fe
BO3HUKHOBEHNUE CBA3AHO C MPAKTHIECKON 3aatdell O KAeTOTHBIX KYIbTYpax, UMEHHO,
BBLIACHEHUH TOT'O, HMEIOT JH KJAETKH B OJHOCIOMHBIX KJAETOYHBIX KYIbTYpax TeHeH-
MO K HAJETaHuo ApyT Ha ApYyTra Wil, Hao6opoT, K oTTaJlKnBaHmio. MaTeMaTmdecKast
TOCTaHOBKa COCTOUT B caefyiomeM. PycTh mMeeTcs HEKOTOPOE GHCIO (PUTYP, CAY-
YafHO PACTIONOKEHHBIX B TIOJE 3peHns (9TO0HI ¢lelaTh MaTeMAaTHIECKYO OCTAHOB-
Ky 60jiee TOYHOMH, IPEANOIAraeTCA, ITO TOJAe 3PEHNA ABIACTCA TOPOM — KBapaTOM
mwIomaan 1 ¢ 0TOX eCTBIEHHEIME MPOTHBOTOIOKHBIME cTopoHamn). CrpammBaercs,
KaKoOBO paclipejiefleHne CyMMBI ILIOITa el ToMapHbIX mepecedennit puryp. Jlerko su-
IeTh, 9TO CpefHee 3HaTEHNe IJOMIA N TepecedeHnA IBYX CAYIalHO PacloJoKeHHBIX
$UTYp PaBHO NPOM3BEJEHHUIO TIOMATeH HTHX GUTYD (HATOMHUM: MpefrofaraeTcs,
YTO MJIOMAAEL TOJA 3peHnd paBHa 1). PosToMy cpejHee 3HaUeHNe CyMMBI IUIOMIAfEN
TMOMAPHBIX TepecedeHnil N (PUTYp PaBHO CYMMe IPOU3BeJeHNN MIOIIA el 3 THX PUryp.
JoBepuTenbible HHTEPBAILL AIA CYMMBI ILIOIIAged MONAPHBIX HepecetdeHni Caydan-
HO PaCIoOJOXKEHHBIX (PUTYP HAXOAATCA depes AUCIEePCHH ILIOMIa el MepecedeHn IBYX
¢uryp. B orandme oT cpeJHUX 3HAYMEHUN, >TH JUCIEPCAN 3aBUCAT He TOJBKO OT ILIO-
magen puryp, Ho u oT uX (popMbl. BcTaeT Bompoc 06 olleHKax 5TUX JUCIEPCHR. 3 eCh
BO3HHUKAET eCTeCTBEHHAd THUIOTE3a O TOM, UTO AAA ABYX PUryp (PUKCHPOBAHHON
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TIOIIA TN AUCTIEPCUA MaKCUMAaIbHA B TOM CIydae, KOT 1a (GUTYPHI ABJAATOTCA KPYTaMH.
Pro yTBepxkgeHne («M30MePUMETPHYECKOTO THA») GBUIO JOKA3aHO, MPaBja, HEMHO-
ro B ocaabiennoM BapuanTe, P. P. BacuibeBriM. B 9acTHOCTH, U3 eT0 pesyabTaTa
BBITEKAET, ITO HTO YTBEPXK AHINE CIPABEINBO, ECIN OHA U3 GUTYP BBEIIYKIA (XOTA
Ha CaMoOM [lefle 5TO TOKa3aHo A Gojee MMPOKOro Kiaacca Guryp). JokasaTeabcTBo
TeOpPEMHBI HOCHUT B OCHOBHOM I'€OMeTPHYECKNN XapaKTepP, HO MPH 3TOM HCIOAB3YIOTCA
KpacuBBle TOUYHBIE (POPMYJILI, WHOT 1a OYeHDb HEOXKU NaHHBIE.

CkaxeM HeCKOIBKO cJoB o cTmie P. P. BacuabeBa kak MaTemaTnka.

Ero oramvana mCKAOYNTENHLHO CHIbHAA TeoMeTpHUdecKad WHTYUINA U B TO Ke
BpEMS CKJIOHHOCTH 1 K KOMOMHATOPHBIM coobpakennaMm. OtdeHb BaXKHa I HETO GbI-
Ja BCTeTHYecKas CTOpPoHa. B ero mokasaTelbCTBaxX BCe BPEMSA MPOABIAIOCH CTPEM-
JeHe K KPacoTe, CBOT'O POJa My3BIKaIbHOCTE. (Pajo ckasaTh, 9To ero omimdana i
MY3BIKATbHOCTD B OOBITHOM CMBICTE CJIOBA; BOOOIIE, My3HIKAAbHOCTE Y HET'O TPOABJISA-
Jach BO BCEM — WU B JUTEPATYPHBIX BKycax, W B XKWU3HU, U B MaTeMaTuke. Poxaiyn,
OH OBLI CAMBIT MY3BIKAIBHBIN Y€T0BEK M3 MOWX 3HAKOMBIX — XOTS (pOpPMaJbHBIE MY-
3BIKAJBHBIE 3HAHNA Y HEKOTOPHIX 3 HHX MOTJIH GHITEH U GOIbIIIHE. )

Pesagoaro go cmeprn, xorjga Koas roxuics B GOABHALIY (M3 KOTODOH OH TakK H
He BHIIIEJ ), BPAT TIPH OCMOTPe CIPOCII €70, XOPOIIO 1 OH CABIIINT. Kold oTBeTHI,
9TO CO CAYXOM Yy HErO BCe B MOPAKe, TMOTOM HOMOJYAl n ckazamd: «Cayx y MeHs
abCOMOTHBINY (M 5TO AeHCTBHTENBRHO OBUIO Tak). Tak BOT, B MaTeMaTHKe ¥ HENO GBLI
abCOMOTHBIN U CIYX, W BKYC.

P. P. BacunbeBa oTanvana 3aMevaTe bHad ClIOCOGHOCTD BHIJEMNTH TVIABHOE B pac-
CYyXKJIeHUAX, YBUJETh B HEM T€OMeTPUIECKYIO OCHOBY, faxke ecan GOPMAIbLHO TeoMe-
TPUM B JOKa3aTelbCTBe U He PUTYPUPOBato. PorToMy ovMeHb 9acTo mocie o6CyXK fe-
HUU ¢ HUM [OKAa3aTelbCTBA CHIBHO YITPOIIAJIICE.

Bot Tunwyunaa xapTtuna. Pponcxoant cemuuap. [JoKiamdnK pacckas3biBaeT TIOXO
u HerousATHO. Koast Bpome 6v1 He cayinaeT, 9y Th an He cnuT. CaymaTenn He TOHIMa-
10T, HEMOBOMBHBI DTUM, TPebyIoT, 9TOOH AOKAATINK TOBOPUI NOHATHeE, OOBACHUI
cyTh feda. Po y nokaajdmKka 3TO He TOAy9aeTcA (4acTo MOTOMY, 9TO JOKIATINK 1
caM He [OHIMAET, B 4eM 3Ta CYyTh — YBHL, 5T0 9acTo GkiBaeT). I BAPYT pasnaeTcs ro-
Jgoc Koan, oH ToACHAET cKa3aHHOe TOKJIATINKOM, U BCE BCEM CTAHOBUTCA MOHATHBIM.

Po-Buanmomy, Takad cmoco6HOCTH YBUAETH CYTh Jeja MPUBOANIA K TOMY, ITO
JacTO B €ro paboTaxX BOZHUKAIN KPACUBBHIE TOUHBIE (POPMYJIHI.

A BOT IpoMO3/IKHe OUEHKH M PACCYXK/EHHA — BTOrO OH HE MIOGHIA (XOTA 4acTo
OHW GBIBAIOT HEOOGXOAMMBIMI).

P. P. Bacunbes 6bl1 09eHb KOHTAKTHHIM YeJOBEKOM, O¥MeHL MOOPOKeNaTeTbHBIM
K IPYTUM, ¢ HUM OBIIO OYeHb MPUATHO BMecTe paboTaTh. PaBepHoe, MOo>TOMY 60b-
[10e KOJWYeCTBO U3 ero paboT COBMeCTHHIE. A ellle MMeeTCs 3HAYNTENbHO GOJbIlee
qncao paboT, B CO3MAHNN KOTOPHIX OH IPUHUMAJ yJIacTHe TIpH WX 06CyKAEHUAX, HO
dopMaTbHO ABTOPOM He TMCIUJICA.

ABTOD 3TOH CTATBHU XOPOIIO 3TO 3HAET MO CBOEMY ONBITY, MOCKOABKY, HABEPHO,
GBI caMBIM G6am3KIM K Kodte (B OTHOIIEHNH MATEMaTHKH) TeI0BEKOM, CAMBIM YacTHIM
ero coaBTopoM. Po ryaBHoe MpHW 3TOM faiKe He 3TH COBMeCcTHBIe paboThl. PakTute-
cku Bce pabOTHI aBTOpa — COBMECTHBIE, HECOBMECTHHIE — 06cy X gaqanch ¢ Komel,
TIPONCXOANAA UX CBoeobpasHad «obKaTKay. M 3To TpuBOANIO, HECOMHEHHO, K Y.IY HIITe-
HIO KadeCcTBa PaGoT (ONATH JKe M3-3a CHOCOGHOCTH Koam yBUAeTh CyTh fela, H3-3a
€ro BCTETHYECKOT'O YyBCTBA).



Eprenun Muxammosu Jlan auc

Eprennit MuxainoBug Jlanauc 661 ofHEM U3 Tex, Gaarogaps KOMY IIECTHeCH-
ThIe HAZBIBAIOTCH «30JOTHIMI T'OJAMH MOCKOBCKOU MAaTEMAaTHKIT.

OH mocTymma Ha MexXMaT 3a MeCSIl M0 CBOEro BoceMHajauaTwaeTus B 1939 r. u
OBLI TIPU3BAH C MEPBOTO Kypca B apMmuio. Pavanacy Putckas BoniHa, u 'ens Jlanguc
y49acTBOBaJ B Hell ¢ mepBhix gHenn. OH OblT oOMoOpoXeH um paHeH Ha Kapeabckom
nepemreiike. EBrenntt Muxanmopud npornen Bcio Beankyio OrevecTBennyio Boiny,
Harpaxaer opgerom Kpacuoro 3uamenn n megamamu. B mae 1945 roga on Borea B
Pepawn u 3anoMHII €10, TpeBPAIleHHBIM B Pa3BadlHbl. B TOM Xe roly OH BepHYJCA
B YHUBEPCHUTET.

OO6BIYHO TTePePHIB B 3aHATHAX MAaTEMATHKON MaXke HA [Ba I'0/la BOEHHOH CJIyKOBI
marybHO CKaz3bIBAeTCA HA TBOPYECKUX CHOCOOHOCTAX cTyleHTa. EBrenmin Muxaiimo-
BUY, TOCJE MIECTH JeT BOWHBI, BEPHYJCA HA MeXMaT, HoJHbH cmi. OH pacckazbiBad,
9TO IyBCTBOBAI cebA B TO BpeMmd, KakK JKuHH 13 «1001 HOumy: «dTo mpuka)eT MoOI
MOBEMNTENb: TTOCTPOUTD ABOPEN WAN PA3PYUINTh TOPOITH

On magaa paborats o pykoogcTBoMm A. C. Kporpoa, cBoero apyra um cBepcT-
HHUKAa, KOTOPHIN GBI NeMOOMIM30BaH M3-3a PAHEHWH W YYHIACA Ha HATOM Kypce, KO-
raa Jlaranc Bepuyacs Ha mepBwii. Pa crapmmx xkypcax Eprennn MuxaiaoBud crada
yaerumkom u apyrom Weana l'eoprumeBmtda Perposckoro. CoenmusiBiuiags ux apyxba
mpojomKkanack o Kouua naeil Msana leopruepuwa (1973 r.). B 1945 rony Esrenuit
MuxaiioBud clejal CBOK TePBYIO HayvIHYIO paboTy; K OKOHYaHWO (pakyibTeTa B
1950 T. om mammcaa yxe maATH paboT mw B 1951 T. moayuma mpemuio MocCKOBCKOT O
MaTeMaTHIECKOT O O6IIECTBA.

OnHako B 3TH rofbl, B pasrap «GophOBl ¢ KOCMOMOJNTU3ZMOMY, MIyTh B acOUpaH-
Typy EBremmio Muxaimopudy 6b1 3akpbiT. Pe ymamoch eMy ycTpouThCcsS UM Ha pa-
60Ty mo cnenmaapHocTH. OH GBI HAKOHEI[ IPUHAT HPENofaBaATEleM MATEMATHKE B
Koty pabotent mogomexu. Cpasy mocae cmeptu Crannaa, B MapTe 1953 1., PeTpos-
CKUU TPETOKIA eMy 3allliTHTh KaHIWJIATCKYI ANCCEPTAINIO, KOTOPYK EBrenuin
MuxaigoBu+ 1 3allUTII B Mae TOro Xe roja. Pocie sToro mourn 45 set EBrenui
MuxamaoBud paboraa na mexmare MI'Y. Peckoabko meT on paGoTan mapasieabHO
B rpynne Kponpoga 8 UTP® (MucruryT Teopermdeckonn u PKcmepuMeRTAIBHON
Pusuxu). Pro 6blTa ofHA U3 MEPBHIX TPYII, paspabaThBabimx B Poccun ocHOBHI
HaYKI, KOTOpas Telephb HazbiBaeTcsa “Computer sciences”.

EBrennit MuxaiigoBrd cozgan GOMBIITYIO MKOJAY; K YHCAY €I'0 YIeHHKOB MPUHA -
JEKUT U aBTOP »TuX cTpok. OH y49ua HAC He TOJBKO MaTeMATHKe, HO U TOMY, KaK
6BITE HesoBeKOM B MaTeMaTHKe. YUNI HE CJIOBAMH, a CBOEH MOBCETHEBHOU KUZHBIO.

B nocaenane rogsr Esrennit MuxaiioBud MHOT O 60Jie. YKe Ha BOCBMOM JeCATKE,
C Pa3pyYIIEHHBIM 3JOPOBbEM, OH TPOIOIKAI HECTH TOJHYIO MPO(ECCOPCKYIO HATPY3-
Ky, KaK HecC ee BCIO XKu3Hb. EBremmin MuxaiimoBuu ckoudadics 12 mexabpa 1997 r.
PpegcraBiennbie gatee MaTepuadbl — CKPOMHAS MaHb €ro MaMSITH.

). C. UHavawenko
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[Tamaru E. M. Jlaguca
M. JI. I'epep

Japauc mobua Monapta m Pymkuna. I B Hem camom 6bina yaAWBATeNAbHAA JET-
KOCTDb W TPOCTOTA, HANOMUHABIIIAA MOIIAPTOBCKYTIO MY3BIKY WAW MYMIKWHCKWE CTHXM.

PTa gerkocTh m mpocTOoTa, MATKOCTH, OT3BIBYNBOCTE, peaKas 106poTa M UCTUH-
Had UHTEATUTEHTHOCTD CO3MaBalll BOKPYT HET'O 0cobYIo aypy W NMPUBIEKAIN K HEMY
JoIen.

MBI TO3HAKOMUANCE B 55-M TOAy, ¢ 56-To rofa A4 CTal er0 YIeHIKOM 1 C TeX CAMBIX
OP HEM3MEHHO OIIyIIaJ HeOORTallHO BHUMATENBHOE U OaroXeraTeabHoe OTHOIIe-
HEe K cebe.

C muMm Bcerga 6v110 xopotmo. B paGore oH 6vl1 TpeGoBaTeneH, HO MIEAP HA MO-
xBaJbl. B 6eme MOXKHO OBLITO TBEPAO PACCINTHIBATEH HA €TI0 MOJAEPKKY U ydIacTHe.
Bwmecte oTabixaTh (Hanpumep, B Tpakae, rie BO BpeMs JOJATHX JOJOYHBIX IPOTYJIOK
OH HECITENIHO PACCKAa3bIBAJ O KU3HW W O BOWHE, O MaTEMATHKE W MaTEMAaTHKAX, MIN
GecefoBAT O My3bIKe, O IPOINTAHHEIX KHITAX, 14 MaJO JH O 9eM ellle) OBLIO IPUATHO
W HAKOT' 1a He CKYJHO.

WNHuorga 3amevaTensbhble KadecTBa Jlaugnca ofopadnmBaiack KOMIYECKOH CTOPO-
woti. B 50-e romb1 ¢ HUM COBEPIIIEHHO HEBO3MOXKHO GBLIO XOMUTH IO MEXMATY: MEPE
Kaxk oW ABEPBIO OH OCTAHABINBAJICH U ITponyckai Tebs Breper. A BuipaGoTad crerm-
AJBHYIO CTPATETHIO: 1 BCTABAJ MOYTH 9TO MO CTOMKE «CMUPHO» B METPE OT [IBEPH, U
OH BBIYYMICSA BXOAUTH MepBBIM. Po mondac on 06 >ToM 3a6bIBag, a A yiKe 3HAT, ITO
OH YMeeT, W TOT'/[a MbI CTATKNUBAJINCEH B MBepAX KaK ManuaoB n Ynvmkos.

Ppo Pymkuna u npo cruxu. Pepsoim yuntenem Jaumguca 8 MI'Y 6vt1 A. C. Kpon-
poa. OH GBI BHIJAIONINMCS, TATAHTINBENIINM MaTEMATHKOM, HO TIOTOM 6pPOCHI He-
onyOANKOBAHHBIME DA TOTOBHIX Pab0T W TOBOPUI: (IIYCTH CYIIEHBIE CeJelKN MOKa-
3BIBAIOT TEOPEMBI, HYKHO 3aHUMATHCA [ETOMY, T.€. 3aHNMATHCA BBIMUCANTETEHBIMI
marmmaamu. ¥ Kpoupona 6blia MedTa — HAUCATh TPOTrPaMMy, KOTopas Moraa Obl
MOHMMAThL HeaTanTHpoBaHHBIE TeKCTH. OH (QopMyJanpoBad 3ajady TakK: B MAIINHY
HYXHO BJIOKUTH TekcT «OHErmHay, a MporpaMMa MoJkKHa OBITH TAKOW YMHOM, ITO-
6Bl OTBeYaTh Ha BOMPOCH «10 aHkeTey OHermua. Peusb mnura o ToM, 9TOGCH HAy9INTH
MAIlIHY BBIAEAATEH CMBICT U3 TEKCTA.

Korga Esrennii Muxaiinond ¢ Popeit Kauem (ctygenrom MI'Y), ¢ nodeprio —
Jlenot Jlananc (Torga IMKOJIBHUIEH, — HO yXKe He Takoll MaleHBKOH, Kak Ha (o-
TO, a TMOCTapIle) U ¢ ee ONHOKIACCHIKAMH TNCATH MTPOTPAMMY, COTHHABIIYIO CTHXI,
O 3TOrO OHE, KOHEYHO, He gomuwrn. OHE momwin mo 6ogee MPOCTOMY TYTH, H B CJIO-
Bapb MAaIlUHBI 3AJ0KIIN MHOTO HEOOBIJEHHBIX, MMCTO MO3THYECKUXK, CJOB; MAIINHA
dabpukoBaia AOBOJIBHO NPUATHBIE BUPIIH, T'e 9acTO YIOTPeOIAIoCh cioBo «Hyly.

PasnocToponne criocoGHBIN YemoBek, Jlangnc obaagas HezaypsaqHBIM XY T0KECT-
BeHHBIM TaganToM. B 60-m romgy ou npuses ¢ KaBkasa xaptuny «Kpoupos, Panbpyc
u abpukocy. Ul HaBepHOe Y MHOTHX XPAaHATCS WX HOPTPETHI M MOPTPETHl WX AeTel

MaTemaTuyeckoe npocseweHue, cep. 3, Bbin. 3, 1999(34—42)
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pabdoTh Jlamgmca. Y MeHs ecTh HapucoBaHHBIE uM B Tpakae mopTpeT MOen TOYKH
Npmr.

YyTh gaablile g MOKaXy CTpaHWIKY W3 UepHOBWKOB Jlammuca, m Tam 6yaeT Ha-
6POCOK K MOPTPEeTY CKPUIMAadkn — 3HaKoMoll Errenma MuxanmoBuda.

Janguc menna xopoinyo myTKy. CaM Jo0mI My THTh, TPUYeM CrtocoboM, HeTpa-
JUNWOHHBIM A MexMaTa. Pa MexmaTe yMeloT MIyTUTh, HO MY TKHA DTH HOCAT YacTo
u3aeBaTeabCKI xapakTep. A y Jlanguca 6puin qo6peie myTKn. BoT mo6uMbIT aHek-
noT EBrenns MuxaiiioBuda «Ipo KopoJs meTepSypaKCKOro SHammapaas:

— Kopoasa meTepOypxckoro 6uiaanapaa THTEPBLIONPOBAIN MO TTOBOY TPOIMBOB
Pocdop n [lapganenisr: kak HE3aMeTHO TPOBECTH 1O HuM pycckuii ¢gpaoT? Kopoab
6umamapga cupammBaeT: «MoxeT GbITE, HOUBIO?Y PeT, Helbasi MOTOMY-TO U TOTOMY-
TO. ¢A ecam MOTUXOHBKY 7» PeT, HeBo3aMoxkHO. «Py, TOr 1a HITYIEM He MOT'Y TIOMOYb . . .»

K Jlargucy mocTosgHHO OGpalllalich 3a COBETAMN — CaMBIMI pasubiMu. OH mo-
MoraJa 6e3oTkasno. Po mHoTrga, — KoTma BOmpoc OBLI Y& COBCEM He TO ampecy, —
q9yBCTBYA ceba 6eCCUIBHBIM TTOCOBETOBATH YTO-HUOY b NMYyTHOE, PACCKa3blBaJa 3TOT
aHEKOT.

Muorue momuaT xapTuHkKy Jlanmguca «OmepaTopbl B CBepTKax», BHCEBIIVIO HA
xadenpe auddepeHnaIbHEX ypaBHeHN. Peds 1ura 06 omepammn cBepTKHA *, a Jlan-
IUC HAPHWCOBAJ NeBOYEK-OMEpATOPOB 3a MyabToM PBM m cBepTKH, TepeBs3aHHBIe
aerTouKamu. Ydennia Jlanauca Jlena CuTHUKOBa MOCBATHIA 3TON KapTHHKE CTHXMH,
KOHYAaBIINECA TaK:

MammnaHOe BpeMA A Tpady He 3p4,
TO B MOUCKaX, TO B HAXOIKaX.

N mummn omepaTopbl MyYaT MeHS:
OHHU OCTAIOTCA B CBEPTKAaX.

Y Eprenms MuxafisoBuva 6plia TPUBBIYKA — 3aBA3LIBATH HA HOCOBOM ILIATKE
y3edkn Ha maMATh. Pepenko 8 MI'Y on BHHUMAN W3 KapMaHa TIaTOK W C HelOyMe-
HIEM Pa3TJsAIBIBAT Y3€JIKI: C Bedepa Ha 3aBTPpa OBLIO HAMEYIEeHO 9TO-TO CeaaTh — HO
a10?! 6 okTabpa 1971 roga mer mogapuan Jlaugucy obuneubil arb6oM k H0-reTuio,
rjle ¢ MOJOABIM a3apTOM OTKIANKHYJNCH Ha BTY NPUBHIYKY. Pa omHOW m3 cTpaHui
aabboMa — MO 3ar OJOBKOM

«Brimucka us IPpOTOKOJa 3aceTaHns IOOMIENHON KOMUCCHI)

wn myHKTH 1, 65 1 50 (MMeHHO B TaKOM MOPA/KE), B KOTOPHIX COMEPKATOCH CIETY-
olTee:

m. 1 rracui: «POMHETE 0 TOM, 9TO OJHH YeJOBEK HE MOXKET BCe MOMHNTHY (BTO-
pad — YyTh NepenHadeHHas — JacTh dTOTo adopuaMa 6blna XopoIlo n3BecTHa JlaH-
aucy eire co cryaendeckux jet oT Camn Jlyuua: qen JlyHma, BoeHHBIN Bpat, cepami-
csl Ha JEeHIINKA, KOTOPBIA OMMH GOTHHOK MOBAKCHI YEPHON, & TPYTON — KOPHYHEBOM
KPACKOH; JeHINK 0COPOHAJCH, TOBOPA, 9TO OJHH YeJOBEK He MOXKET BCe 3HATH);

B 1. 65 maBagock obemmanne — K 65-aeTmio Eprenns MuxanioBm+ia CKOHCTPYHPO-
BaTh moayaBToMaT «CaMOpPa3BA3BIBAIOIINECH Y3ETKNY;

B 1. 50 roBopmIock: K H0-1eTHo MOqapuTh 0OUAAPY 7 Y3eIKOB HAa MaMAThH U [el-
CTBYIOIIYIO MOIeNb moayaBroMaTa «Curaamy.

Ponapku Gbiim mpemnoHeceHBI BMecCTe ¢ aqbboMom: «Curaamy — 370 GBI HAPY Y-
HBIE YaChl, KOTOPBIE 3BOHILIN, KOTa HYKHO; 7 Y3€IKOB TeUCTBUTETHHO OBIIN 3aBA3a-
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HBI Ha GOJABIIIOM HOCOBOM TUIATKE, N B KaXKOM y3elaKe Oblia yMak)Ka ¢ KaKOU-Hu6Y b
MoJe3HOU nHpOpMAIHel, WHOT Ja COBEPIIEHHO HECYCBETHOMN.

Panpumep, Tam 6bLT perenT, KaK BHIBOAUTH C IIeAKa TATHA OT NuBa. AGCOTIOTHO
PaBHOAYIIHBIA K aJKOT Of0 JIaH T1C 0O9eHb CMESICH , Pa3BsA3aB 3TOT Y3€JI0K U MPOINTAB
BIOXKEHHYIO B Hero 3ammcky. Emre Jlanamcy dpe3BbIdaiiHO MOHpaBWIACH HAIlA PEKO-
MeHganusa: «Ecan BbI moliMaeTe ca0HA 3a 3aHIOI HOT'Y, a OH CTaHeT SpPLIKATHCA, He
VIIOPCTBYHTES.

Pa gpyron crpanune namero ambboma Erenmin MuxanmoBm+ o6HAPYXKUI BOT
qTO!

Xoporto B Temabix Mopsix. Ocobenno Ha opabae. Ocoberno mexay Omgec-
con m CeBacTonomem. Koraa mope cmokonro. M Korja elie — Ha BCAKWI caydal —
paboTarT yCIOKONTENN KAYKH . . .

Pro — «cropusa o Tom, kax Jlangmc B Uugmitckuit okean xommay. OHa mOI-
JUHHASA, T.€. OH U BUPAMB OTHPABIICST B TAKYIO 3KCIIENUIINIO Ha OKEAHCKOM JalHEDe
«Akagemnk KypuaTosr. OgHako Hemogaxeky oT Ogecchl Ha Kopabie (B CIOKOHHYTO
moroay!) HCOBITATN MPOTHBOKAYedHBE yCTPOHCTBA. Polydmiach MoaHAA WIIIO3MA
OKeaHCKOTO IITOPMa, I — BITOJHE HACIAJUBIINCE STHM HCKYCCTBEHHBIM IITOPMOM —
Jlanauc gaaplie He Toexad ... Po, MeX Ty mpovnM, 3a Bpems npebeiBanus Ha «Kyp-
gaToBey oHN ¢ Mropem dPapaxesbiM (paGoTasinm BMecTe ¢ Jlanamcom B TTP de)
Hanucaan ais cygopoin PBM mapurammonnyio nporpammy «lllTypmams, koTopas mc-
MOMB30BAacCh U B TOM ILIABAHWUN, U TIOCJE.

PaaBanne, ¢ Toukn 3penns EBrenms MuxaijgoBuda, 6BLIO TIOATOTOBIEHO W3 PYK
BOH 1I0x0. OH TOBOPHJI MHe, 9T0 ¢CTPAIIHO Paspyralcay ¢ 9eloBeKoM (He Oy1y Ha-
3BIBATH €ro (HaMIINIO), OTBETCTBEHHBIM 3a MOATOTOBKY SKcmeauinn. Pa caMoM-To
nelqie, TOBOJBHO PE3KO MPePBaB Telae(hOHHBIN PAa3roBop, JlaHquc BeXIMBO MOTPOIIAJICS
U TIOBECHI TPYOKY.

A BOT, KCTaTH, ellle OJHA WCTOPHUs, HAYAJI0 KOTOPOU TOXKEe COBEDIIEHHO HE Xa-
PaKTepHO [ HEM3MEHHO fAeiukaTHOTo EBremms MuxaiioBmyda. Pnmson cessan c
sremmott I'epeepa — Jlangncay, o6o61eHeM JarpaHKeBCKOT TEOPEMBI O CPETHEM HA
cayvan (QYHKOUH HECKOAbKUX TepeMeHHBIX. A mpmmen k Jlangucy cnaBaTh acmu-
PaHTCKHUW OTYeT IPO AUBU3OPHI U TeopeMmy Pumana-Poxa. PpuBeikimmi Kk ToMy, 9T0
EBrennit MuxaiiioBud Bcerma MPOABIAN HEMOIeTBHBIN HHTEPEC K COOECETHUKY, HA
3TOT pa3 £ ¢ yIuBJIeHNEM OOHAPYXKUJA — OH ABHO He CJAyIIaeT MeHH.

Bckope auBm3ophl 6bliM OTCTABIEHBI B CTOPOHY, U JlaHamc coobuma MHe 3a71a-
9y, HaJ KOTOPOHW OH PasMBIIUIAL. 3ajada MHE MOHPABUIACh, W Mepe3 mapy AHEH d
OPEJIOKII HIe0 PelleHns: HyKHO MPOBECTH MHOTO TOHKHX TPYGO€eK (HHTerpal
O MOBEPXHOCTH KayKAOH PaBeH HYJI0), H KaXKAYI TPYyOGOUKY MePeropoiuTh B CBOEM
MecTe. Jlanguc yxacHO o6pagoBajcsa 3TON KOHCTPYKIuU. Tak BO3BHUKIA HaIla «Ma-
KapoHHaA JeMMay.

B amp6ome x H0-meTuio 6bimm He TOAbKO myTKW. Panpumep, Tam Obita GoTO-
rpadpusa Pyrara OxymKaBbl ¢ THTApOU W HOANNCH: BYIb 3/M0POB, MKOJAP! [lasa
Jlauauca (momasiiero Ha GUHCKYIO BOHHY MPaKTHYIECKH CO MIKOIBHOH CKaMbI, a MO-
TOM MPOIIEJIIErO W BCIO OTEYeCTBEHHYIO) W BOeHHBIE MecHH Pynarta OKyIKaBbl, 1
ero moBecTh «Pyap 3n0poB, mkoaapy u3 « Tapycckux crpanniy 6BLIN OPOTH.

Peutn B ansGome n 23 TIPOBJEMBI (23 — kak y T'mas6epral), 1oBoabHO TOYHO
oTpaXxaBire pa3noobpasme nHTepecoB Jlananca:
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. Povemy y denoBeka JfeBasg pyka Takas ke, KaK mpaBas?

. Kak jgeunts pak?

. PoaroToBien au sBoJtonrell MO3T KOIIKH JJISA PEIIeHNs MaTeMaTHIeCKUX 3 at?
. Kak ycTpoena mamaTh?

. MaremaTudeckue KO U CY OB HX BOCOIUTAHHIKOB.

. Y7o Takoe 3ApaBBII CMBICA?

. Aukera o Tekcry «EBrenmit Omnermms.

o T B N L S S N

. Pporpamma «O6o61mennan Pepesamckads.

©

. Pporpamma «I'eomeTpuss.

10. ImaraocTuka.

11. «Kormewkas.

12. Kak 3amucbiBaTh JOKa3aTEIbCTBO?

13. O6paTHas 3a1a9a CENCMOIOTUN.

14. Povemy GBIBAIOT 3eMIETPACEHNA W KaK NX MPENCKA3BIBAT.
15. MexaHuaM IBUKeHWSA KOHTUHEHTOB.

16. Puoreomnenos.

17. [IzeTa-dpyHKnud.

18. YeTrIpe Kpackm.

19. Oukanr.

20. Hucao gericTBUi.

21. Cozmanne 6BICTPOIENCTBYONINX MAIITHH.

22. Kakyio n3 ocTaBIIIXCA MPoOaeM Ha3BaTh 22-17

23. CyuiecTBYIOT JU B IPUPOJE MATUYUKH CAYIaAHHBIX THCEa’

Ppumevanme k mpobaemam 8, 9, 11, 19 m 22. Pepezanckasd — aBTOpP CTaporo
IIKOABLHOT'O 3aa9HNKa To apudMeTnke, mpobieMa 8§ — HamHcaTb NMPOrpamMMy, Ko-
Topas pelrana Gbl apndMeTHHeCKNe 3aJa4i 0 TEKCTaM YCIOBHH (XOTA GBI aJanTn-
poBaHHBIM). Ppobiaema 9 — HammcaTs TporpaMmy, KoTopas pelliaia OBl MIKOIBHBIE
3aadqn 1o TeoMeTpun. Ppobiema 11 — oOBACHUTE, Kak ABHXKeTCA (XOAUT, Geraer,
OpHITAET) JOMAIIHAA KollledKa (i, B 9acTHOCTH, HapucoBaTk Ha PBM MyabTduasm,
WLTIOCTpUpPY oI 570 apuxkenne). [Iukasl B npobaeme 19 — 5To npefenbHble THKIBL
cucteM auddepeHINaIbHEIX YPABHEHHN C MOJANMHOMUAJIBHBIME MPABBIME YaCTIMM.
P akonen, nmpobaema 22 nHamoMuHaeT: KaK HH pPazHoo6pas3Hbl OB WHTepechl JlaH-
amca, BCe-TaKi B OCHOBHOM B 3PeJible TOJBI OH 3aHUMAJCA YPABHEHUAME € 9aCTHBIMHE
MPOU3BOAHBIME — a HTO HAMpaBJeHNe B IPUBEAEHHOM CIINCKe HE OTPAaXKEHO BOBCE . . .

P pu Bcelt myTiimBocTH HEKOTOPHIX (POPMYINPOBOK , IO-MOEMY , HAIITH 23 TPOBIEMEI
HETLTOXO CMOTPATCA W CEMYac . . .
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... Tenepp — emre ogra cTpaHmYKa M3 aab60-
ma #Ha b0-aetme. Pykon Jlangmca mammcano, xo-
ro (Kaknx wWroAbHUKOS — YyYaCTHHKOB cmydeH-
yeckozo cemmHapa) JlaHAUIC TPOCHT MPOMYCTHTH
Ha MexMmaT 13 centabpa 1961 roga. B cnucke —
mo anadasuty: Nocud Pepumrreitn, Cama ['epo-
unmyc, Jeus Jumanos (sro Jleonny Makap-Jlu-
MaHOB, (haMu/InA cokpaieHa), I'puira Mapryamc,
Popsa Ppanos, Boaunk Pumman. Bece onn craan
MaTeMaTHKaMI, HEKOTOPhIE — BCEMUPHO U3BECT-
ubivu; Carra [epornMyc cenadics BIOCTeCTBIT
cBAmeHHOCaY KuTeqeM, ['pumra Mapryaunc craa
duagcosckum Jgaypeatom, Boank dPuinman, aB-
TOp T-MeTOfa B MaTEMATHIECKOU Teo(pu3nKe, K
HECYACTHIO, YMED COBCEM MOJIO THIM.

OTMedy, KcTaThm, 9TO BCe TMEPEYNCAEHHBIE
MIKOIBHUKN OBLIN YYaCTHUKAMHI MIKOJBHOTO Ma-
TEeMaTHIECKOTO KPYKKa ¢albdar, KOTOPHIN Bel
Pux. Puk. KoucrantunoB. B <axbdas, a moTom
B «GeTay XOIWAN W ApyTHe CHIBHBIE KPYKKOBITHI,
nanpumep, Censs Bumnk.

O6parato BHEMaHNE Ha CBA3b HTOTO CIOXKETA € H-BIM TYHKTOM (Mpo6IeMoil MaTe-
MaTHYIECKUX KO 1 HX BHIMYCKHHKOB).

... B anp6ome Ha H0-1eTHe MBI clleTKa JeTKOMBICAEHHO faan oGelanne CKOHCTPY-
npoBaTh K 6b-teTmio Jlamguca moayaBToMmaTr «CaMopasBasbiBaolmeca y3eakms. U
BOT, mpourio 15 meT, n Hago 66110 06elane Kak-TO BHITOJHATE.

Py 49ro x, Mb1 mpuaymann, — Kak. Bo-TlepBBHIX, MBI OO3BOHIIN ADY3€H W 3Ha-
KOMBIX OOWIApa W MOMPOCHIN KaXJOTO MOCAaTh JIaHIICY MO3APaBUTEIBHYIO OT-
KPBITKY — ¢ 00f83aTelbHBIM YCAOBHEM: TaM JOMKEeH OBLI MPHUCYTCTBOBATE (Y3€J0K
Ha TaMATby. KakuxX TOABKO Y3JI0B U y3€JKOB He TPUHECAN MOYTAJbLOHBI EBreHmio
MuxaiioBu+y B Te HU: 3€Ch OBLIN I MOPCKHE Y3JbI, U Y3Jbl — 0COOBIe TOYKN Au-
depeHNATBHBIX ypaBHEHNT . . . OTKPBHITKH TPUXOUIN HECKOIBKO JHEN, MadKaMI —
5T0 GBLIO 310pOBO!

Bo-BTophix, MbI npenogarecan Jlanaucy mepeBSHHBIM Me™ U CITHIIBL C TOSCHUTENb-
HBIM TEKCTOM:

Onuu y34b1 pybUTH € II€9a CIOAPYYIHER ¢ TOMOIIBIO Meda,
A s Apyrux Med He TONUTCS — WX Pa3BA3aTh MOMOTYT CIHIIHI.

W, makoHel, MBI TTPUTOTOBMWIN HOBBIH adbboM ¢ (poToKapToOIKaMu camoro JlaH-
amca, ero npysel W y4eHHKOB. PTo 6bui, coGcTBeHHO, He aabbOM, a TeTpajlb i
pucoBanus. Pa 06/0kKe MBI HATHCAJH:

Terpanb
yaermnka 1-ro kaacca MocKOBCKOI MaTeMaTHYeCKON MIKOJIBI
E. M. Jlananca.

JlaHaMC OTEHNT 3Ty HAAUCEH CIETY: HeTAPOM OH OBLT MATEMATHKOM NEPE020 KAAC-
ca. 371eCh YMECTHO BCIIOMHHUTH HEKOTOPBIE €TI0 CEHTEHIINU MPO PabOTH PA3HBIX JIO-
ner. A momuto, Kak mpo AgerbcoHa-BelbcKOTo OH OYeHB cepbesHo ckazaa: «PTo
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MaTeMaTHK MmiocTuio Poxmeiny. A mpo HekoTophie paboTh roBopui: «Pe muccepra-
nust Pumanay. Uan: «Pe xyxe apyruxs. . .

Amsbom x 65-metuio Jlanguca oTkpbiBadcs Goabium mopTpeToM EBrenms Mu-
XalJoBIYa, W MO HUM ObLI0 Hamncano: «P oz apasigem!y PoroM v nBe yHUKAJIBHbBIE
dororpadun: moaoble Kporpon u Jlanauc (Bckope mociie BoaBpallieHns ¢ GpoHTa)
u Kypc Jlarguca y craporo 3ganua yHuBepcuTeTa (KoHen 40-X 1010B).



Hamara E. M. Jlaggmnca
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M. JI. I'epep

Eme OJIUH TIOPpTPET JI&H,Z[I/IC& pacmoJaraJca Ha CTpaHHIEe C 3al'OJOBKOM

¢AcmpaHTH, 3AMUTHBINNE [THCCEPTAINN.»

Tam pykon Jlammguca 6vinm Beimmcawbl 26 daMmanii — cjieBa MEPEIUCAAINCE
23 xaHgugaTa, cipaBa — 3 mokTopa: Xyaan-Bepenos, I'epsep, Pospyszos. Brocae-
CTBUW TOABUJICS JOTIOJHUTEMBHBIN CINCOK — CJeBa Mo6aBWIOCH ellle 9 KaHIMmIaTOB,

cnpaBa — 6 mokTopoB: M6parumos, Mame-
poB, ['puropwsan, Pagupampuam, Yepem-
HBIX, WabsiiieHKo.

BoT kapTunka, KoTOpyio i yKe yIOMHUHAT
paHbIlle. PTy «IOYMepKyIIKy» MBI BKIIOYIH-
JU B adbboM Tak XKe, KaK NYITKHHUCTHI
BKJIOYAIOT B COOpaHWA COYUHEHWH CTpa-
HUIBI PYKOTNHCEH ¢ PUCYHKAMH Ha MOJAX.
Toabko Jlanguc prcoBasa He Ha MOAAX, & HA
JUCTKE € KaKUM-TO CAYIAHHBIM MeYaTHBIM
TEKCTOM — MPOCTO HOTOMY, 9TO TaM elle
OCTaBAJIOCH MHOT'O CBOGOTHOT O MeCTa.
Bugure, KpoMe sckuza K MOPTPETY 3HAKO-
MOH CKpHUTAYKW, TaM (HaMUInm: ApPHOIbT,
Ouaennnx, Wipnn, BaitaGepr ... A HuXe mwH-
TepecHas 3arajKa:

5 7 5
795 9 19 95 9 7

970 GBI HTO 3HAYUIO — UTO HTO 3a CTPaH-
Hble dmcaa? A »To — 4mcao TpyG opraHa
B MOCKOBCKON KOHCEPBATOPUU — CTOJBKO,
CKOJMIBKO UX BUIHO W3 3aJa.

Cpenn mpounx B adbboMe 6butn u Mon 2 ¢oTorpadun: a Ha JarpHem BocToxe,
Ha (POHE OUPOMHON OKEeaHCKOH BOMHEIL, W f Ha BEPTHKAIBLHOW cTeHe (A GBI TOTAa
TOHEHBKHI 1 yMel Jla3aThk 1o cTeHaM). M mox auMn — obparenne k Jlanaucy:

KOF,Z[& 3aXJeCThIBaeT XKHU3Hb MEHA OI'POMHOIO BOJHOIO
WJIN OTBECHOIO CTEHOIO MEPErOopaXKmWBacT MY Th,

CTPEMJIIOCH CMATEHHOIO AYIION
A kK Bam (a He K KOMY-HHOYB).

B xax o uryTke ecThb M0Js MIyTKH, HO TEEPhb — Y€PE3 MHOT'O J€T — 5 TOBOPIO BTH

CTOBA €Ille CePhE3HEN, eM MPeXIe . . .
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U} BbICTyHJIeHI/IIU/I Ha 3aceJaHINn MockoBckoro
MaTEMaTITICCKOI'O O6LH€CTB&, ITOCBAIICHHOM ITaMATH

E. M. Jlananca

M. U. Buniuk: A 6ew1 apyrom Esrenms Muxaiaopuva Jlananca. Mer BeTpeTuance
c auM B 40-x rogax. OH BepHyJCS W3 apMUl, B TEMHACTEDPKe, HA CTAPBIN MeXMaT.
Ero martemarudeckoe gapoBanme cpa3y OBLTO 3aMeYEHO, W i MOYYBCTBOBAJ HeOOBIK-
HOBEHHOT O YemoBeka B HeM. C Tex mop Hallla Apyk06a npojgoiaxanack. Mur paGorann
CHavaJga B pa3HBIX HHCTUTYTAaX, IOTOM Ha MexMaTe, Ha Kadenpe nuddepeHInaibHBIX
YPaBHEHUH, W BCerja BMecTe 00CYXK JaJl BCe BOBHUKAOIINE BOMPOCH.

EBrennit MuxaiiioBud, Kak cero s OBIJIO BUIHO U3 TOKIAOB, GBI BHITAOIIITMCS
MaTeMaTHKOM, O9eHb TAJaHTINBLHIM. B ero paboTax Bcera 1yBCTBOBAJIOCH CTPEMIIE-
HIe pemaTh TPy Hble 1 Tiaybokne zagaqn. OH He OO MPOCTHIX 3a0ad U He CTpe-
MILICA K TOMY, 9TOOBI ¥ Hero Oblo MHOTO patoT. OH 0YeHb [EHII HOBBIE HAIPaBJIe-
HIsT, HOBBIE MBICAH, 9TO-TO HOBOE, C MBIOMHUHKOW, Y€T'0 PaHbIlle He OBLIO, T. €. TO, 9TO
KaK pa3 XapaKTePHO /Ui Halllell MOCKOBCKON MaTeMaTHIECKON MTKOIBI.

Eprennit MuxaitgoBud, KpoMe TOrO, 9TO GBI BBHIAAIOMIMMCT MaTEMATHKOM, GBLI
MEACTBUTENBHO GOJBITNM qeT0BeKOM. P a0 ckazaTh, 9TO MBI C HIM 9aCTO Pa3roBapi-
BaJl Ha pazHble MaTeMaTHIeCKHEe TEMBI i, KOHEYHO, KOHCYJIbTHPOBAINCH TIO APYT UM
BOIIPOCaM, KOTOPHBIE ¥ HAC BO3HUKAJM.

Y mac B Mockse 6bima Torjga 6oJbliiad, BBEIJAIONIAACA MaTeMaTHIecKad MIKOMA.
KoncyapTamnuio mo BOZHHKAONINM MaTEMATHIECKHM BOPOCAM MOYKHO OBLIO TOJIY-
9UTH B ANTHOM Pa3roBOpe, WU MO TeledOHy, WA HA MexMaTe. f MOMHIO, YTO KOT'a
YTO-TO HYXKHO OBLIO Y3HATH M0 AuddepeHnnaIbHBIM YPaBHEHUAM, MBI 06paIainch
x EBrenmio Muxaitmosuay. OH, Korga K HeMy OOpaIaJnch ¢ BOIPOCOM, OYeHB 3TO
cepbe3Ho BocmpuHuUMaJ. PoMHIO, s mepel] HUM MOCTAaBUI 3a1a9y, CBA3aHHYIO C HEM-
HEMHBLIMU YPABHEHUAME BTOPOro nopsjaka. OH o49eHb 06PaIOBAJICsH, KOT A €€ PEIIL.
PozBonma, u cam mpubexana Ko MHE JOMOU, I PAacCKa3aJ pellleHne >Ton 3aga4du. Bor
TyT BugeH EBrennit MuxanioBu+, Kak OH OTHOCHICH K APYTHM, KOTJa €r0 O YeM-
TO CIIPAIINBAJIN, I HACKOJIBKO OH TOTOB OBLI BCETJa MTOMOYh, I KAK-TO OTBETHTH Ha
BOIIPOCHI, KOTOPBIE MY 3aaBaJH.

Mui, Korga mpenogaBaJdn Ha MexmaTe, Ha Kadeape auddepeHIuaJbHBIX ypaB-
HEHUN, YacTO COBEIIAMNCH 0 TejdehOHY, KaK YNTAaTh KYPC YPABHEHHH C 9aCTHBIMUI
TIPOM3BOAHLIMHI, KaK YATATH CIMENKYyPCH U T. 1. Y Hac 1Mo TededoHy obpazoBalcs Ta-
Kol cBoeoGpasHbIll ceMuHap. MBI B Havase ydeGHOTO roga 0OBIYHO 0GCYXKIagn TO,
Kak OyjgeM 9UTaThb CBOU KYDPCHI, W 3aTeM, KOUJa BO3HHKAJIN B TedeHNEe rofga Apy-
T'He BOIPOCH], MBI TOXe WX ¢ HM ob6cyxgaan. W Bcerga 5To GBLIO s MeHS OYeHB
TTOJIE3HO.

MaTemaTuyeckoe npocseweHue, cep. 3, Bbin. 3, 1999(43—48)
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Mur wacTo Bemomuuaan cioBa UBana ['eopruesm+a PeTpoBckoro, KoTOpHI TOBO-
DI HaM, KaK Ha o YuTaTh: «Pe duTaiTe MHOT 0, a nTanTe BHATHOY. OcoBeHHO 9acTO
MBI UX BCIIOMWHAJM, KOT1a HAYWHAIN CIOPUTH, 9TO JyHIlle YnTaTh. MBI HE YKIATHI-
BAJINCH IO BPEMEHH, TIOTOMY YTO MporpamMma Kypca audpepeHInalbHBIX YPaBHEHUT
¢ YaCTHBIMH TPOM3BOJHBIME Oblia o4eHb oOmupHO#. (M neficTBuTenBHO, 3TO BHI-
o n3 kuurnu WBana [eoprueBnya m Apyrux mnocoOmil, 9T0 TPYAHO OBLIO YIOKHUTHCH,
OCHOBATEJBHO M3Jarad Bech MaTepnal.) Korjga Mbl 06CyXK aldl BOIPOC, 9TO MOXKHO
OMyCTUTh, a uTo HeT, EBrennnn MuxalltoBu, BCIIOMUHASA 3TH CJAOBa, TOBOPHII, 9TO
HE TaK BaXHO MPOYHTATH MOAPOOHO, a BaXXHO MPOYNTATH TakK, ITOOHI 3TO [OILIO,
M BOCIOUTHIBAJO ayUTOPHIO NOMKHBIM obGpazom. Bor TyT Bugen Eprennn Muxaii-
JOBWY, KaK mocaegaoBaTent UBana ['eoprueBn«a, Bugen ero riayGoKui u BAYMYIUBBIT
O IXOT.

Esrenunnn Muxaiiopudw Jlaugic Bcerga Bell He TOJBKO OCHOBHON ceMEUHap (BIo-
CIEICTBIN OH Bell ero ¢ Baagumupom AnekcanaposindeM KoHApaTbEBBIM), HO TaKKe
BCe BpeMs (M 5TOMY OH MeHs HAy9ua) Bel MPOCEMUHAD A CTYAeHTOB, HadWHAA C
1-ro u 2-ro kypcoB. Pa npocemunape EBrennit MuxaimoBud mpeaiara IpoCcThe 3a-
Jadi, MOTOM OOCYK A PEIeHNsT STHX 3ajJa4, — U O¥YeHb MHOI'O CaM PacCKa3bIBaJ
u3 pasHbBIX obaacTell MaTeMaTHKH. PTo Moram OBITH He TOMBKO AudhepeHnnanb-
Hble ypaBHeHus. PTo Gblra Teopus GYHKINN, O KOTOPOU CET'O/THS MHOTO TOBOPMJIOCH,
Teopus QPYHKINHA KOMILIEKCHOTO TEPEMEHHOT O, TeoMeTpus, fudpepeHInasbHas reo-
MeTpus — IieJble pazjelbl W3 3THX obJacTell MaTeMaTWKu OH majarat. Momosgbre
JIOIU W3 Toja B FOJ POCIN, MHOTHE W3 HHX MOoCcTynadun K Esrenmio MuxanmoBudy
B acIUpaHTypPy, CTAHOBWINCH YIATCHUKAMHI €r'0 OCHOBHOI'O ceMUHapa, a OH caM Ha-
YHMHAJ BCe CHAdYaj a Ha HOBOM MPOCEMUHAPE [ CTYAEHTOB MePBHIX KypcoB. Taxkmm
o6pa3oM cozaBanach MaTeMaTndeckasa mkoaa E. M. Jlanauca.

EBrennit MuxaiiioBrd 6B HACTOABKO BHUMATETEH K MOJOJBIM JIOJAM, ITO 3TO
CTAJO yIKe M3BECTHO BCEH HAIIEN MOJIOEXKN, I O9€Hb MHOT'O CTY€HTOB 3alIHCHIBAIOCH
K HEMY KaK K HAY9IHOMY PYKOBOIUTENIO, YTOOH yIUThCA ¥ Hero. M cosnannas mkosa
MOMY YIIa MEPOBOe TIpIm3Hanue, a caM EBrennnn MuxaiimoBud, Kak pyKOBOJUTETE 3TOM
IIKOJIBI, CTad 06Pa3oM BHIMATEIBLHOTO U 9y TKOT'O PYKOBOJUTENSA MOJOIBIX JIOMEH.

A xoTen 6b1 ckazaTh Takke, 4T0o EBrenmio MuxaiaoBudy OBLI TPUCYIL XY IOKe-
crBenubIll TadanT. OH do0uil u moaMedad Bce KpacuBoe. W3BecTHO, ITO OH yMela
XOPOIIIO PUCOBATH U faXe MucaTh MacaoM. Korga HyKHO OBLIO cleqaTh KOMY-HUOY T
00mIeHOe ToCAaHme, TO Beeraa Ha Kadeape npocuan, 9106w EBrennit MuxanioBu«d
HapPUCOBAJ TOPTPET IOOWIApa, ITO OH U JeJal ¢ GOMBIION OXOTOM.

A noaxen ckazarh, 9rTo EBrenmii MuxaijioBu+d HUKOTga He Aeiat 3aMevdaHWh
KakuM-To JoaaM. U oH HaBcerga ocTalcs B Halllel MaMATH 9eTOBEKOM OYEHB [0-
O6pBIM. Y Hac Bcerna Mmepe/ TJIa3aMu ero YALIOKa, a B MaMATH — ero 6JaroxeraTe b-
wocTh. U 5ToT 06paz EBrenus MuxanmoButa aBiseTcs 14 HAC, B KAKOM-TO CMBICIE,
HETIOBTOPUMBIM O6PA3IOM YeJOBEKA, BBHITAIOIIErOCT MaTeMaTHKa, OYeHb TaJaHTIN-
BOT'0O, 0O9€Hb NIIYOOKOT'O I BMECTE C T€M O49€eHb f06POro u 6J1arokeIaTeabHOT 0 KO BCEM
TeM, C KeM OH UMed feo. Bee, 9T0 OH co3jaa B MaTeMaTHKe, GE3YCIOBHO, OCTAHETCH
HaBCera B HayKe, a ero o6pa3 OCTaHeTCs BCerja C HaMU, Ha BCIO JKI3Hb.

B. JI. Apia3apPoB: Pto 6wo B 60-e rogei. EBrenuntn Muxaimosud paborant B
UTP®P, B maTemaTndeckon JgadopaTopun, koTopon 3aBegoad A. C. Kponpon. Oun
6BLI TPO(ECCOPOM, CTAPIINM HAYIHBIM COTPYIHUKOM. 3aadi MOABIAINCE y (PU3H-
KOB, a MATEMATUKH JOMKHBI OBLIN NX KaK-Obl «06MaTeMadnBaTh, I 3TO HE CBOTHIOCH



E. M. Jagguc 45

K TOMY, 9T0GBI DEMINTE TPABHIBHO MOCTABIEHHYIO 3a1a4dy (KakK pasz ¢ 5TUM (QPU3NKN
YaCTO CaMH HEILIOXO CIIPABJAINCE). B CIOKHBIX CAy9adX XOPOIINH PE3yAbTAT IOJY-
qaJcs TOJBKO, eCAW MAaTeMATHK W (PU3WK CTABWIN 3amady coBMecTHO. BakHenmmmi
THT 3a4a4d, KoTopble pemaanck B WTPdPe, 570 — o6cdeT TpaeKTOPUH 9acTHUIl B BO-
MOPOMHBIX KaMepax, BEIACHEHHE IO TPAEKTOPUAM, KAKHe PeaKINMH MPONCKO TN TIPH
CTOMKHOBEHNN YaCTHUIl. P porpaMMel mis 5TuX 3a1a4 OBLIN JOBOABHO caoxkHbe. 1 EB-
reanit MuxaioBUY MPOSIISAL TIPH 3TOM TY CAaMYI0 H300peTaTedbHOCTD, KOTOPYIO MBI
BUJIeJU Y HETO B YNCTO MaTeMaTuvdecknx paborax. Prumm mporpaMmmamn, KOTOpPBIe
Jeraanchk B 63-M, 64-M rogax, IpONOIKAINA MOAB30BaTHCA U B 80-x. PTo danTacTm-
YeCKUH CPOK KW3HU LI TPOrPaMM.

Pa6ora 06 AVL-jgepeBe 1o cux mop BXOIUT B A000H JOCTATOYMHO COMUAHBIN yae6-
HuK nHQOpMaTHKN. CMEITHO, YTO U Y HAC Teneph 3TH OYKBBHI MHUIITYT MO-JATHHCKH,
xoTa ABJI — sTo A geapcon-Bearsckuit u Jlanguc.

Mui Torjga 3aHUMAINCH TPOTPAMMHBIME 3a/a9aMi, B KOTOPHIX Ha MO OBLIO 3amMo-
MWHATH YUCaa U ApYrue O6BeKTH, U MOTOM WX JKe W MCKaTh. MOXHO 3aloMHHATH
006BEKTHI B TOPsAIKE MOCTYILIEHI, HO TOrAa A0JATO 6yIeT WX MCKaTh. A MOXKHO 3a-
MOMUHATE TO-XUTpoMy. KoHedHo, aydiiie BCero 3amoMuHaTh 06 BEKTH, KOTOPHIE YIIO-
pagosensl. Torga momck 3aHmMaeT POBHO JorapudgM oT obiero ducia o6beKToB. Po
TYT BO3HHKAEeT TPYIHOCTH: MCKaTh JETKO, a M06aBUTH HOBBIN OOBEKT Tak, 9TOOBI
HE PazpYIINTh MOPAIOK, TPYAHO. B Te rofbl MOABIAIOCH MHOTO paboT O TOM, KaK
YCTPOUTH TaKyl CHCTEMY, 9TO6BI 6BLIO U UCKATH OBICTPO, W BCTABAATEH OBICTPO —
MBI HAa3BIBAJW TAKWe CHCTEMBI (TEKYIIUMH CIPaBOYHBIMIY. Pa cemunape Kporpona,
B KOTOPOM MBI BCE y9acTBOBAJN, KTO-TO U3 ACOUPAHTOB PaccKa3ajl aMepPUKAaHCKYIO
paboTy, B KOTOPOH «CHpaBOYHBIEY CTPOWINCH B BHUJE fAepeBa. Brpodem, m 10 3TO-
O TPEACTABIATE «CIIPABOYHYIO» MHate, 9eM B BH/e AepeBa, HUKOMY W B TOJOBY HE
MPUXOMUIO. A B TakoM jlepeBe OYeHB XOPOINO UCKATH.

Pa cemmuaape HaMm pacckaszalu, ITO eClIl BCe UCXOABI PABHOBEPOATHEI, TO, BOOOIIe
TOBOpA, TYJAATH 10 TAKOMY [EPEBY, W €I'0 CTPOUTH, U H06ABIATH MOXKHO TOCTATOYTHO
6ricTpOo. 'nybura mepeBa 6yaeT, KaK MPaBMWJIO, PABHATHCA JOrapudgMy OT ducaa Bep-
IIIH, W 3Ta K€ BeANYnHa Oy eT PaBHATHCA KOAMYECTBY OIEPAINi, YXOAAIINX KaK Ha
MOWCK, TaK W Ha MEPECTPOUKY JepPeBa.

EBrenunit MuxaimoBu+ ckazas, 9TO €CJIH B CPEIHEM 3TO TaK, TO MOJKEH OBITH CIO-
co6 TOCTPOUTH fepeBo, ITOOH Beerga 3TO Oblmo Tak. M oH Gpojma mo JecTHUIAM,
KOpHJOpaM W MEepexojgaM HaIllero 3MaHusd, fyMaJ n BpeMs oT BpeMeHu ropopmi: «O,
yiKe MpUIyMaa’y 3a HIM Xoaua A geabcon-Beabckuil, n KaxX bl pa3, Korga Jlamamc
YTO-TO TPHUYMBIBAJI, OH JOTOHSJ €ro W cTpoua KouTpupumep. W Tax oHm xommin
IBe HeNeNn APYT 3a APYTOM W NPHUAYMBIBAIHN: JlaHIuc — aaropuTM, A 1eibcoH —
npoTuBopevaniui npuMep. Pox KoHer y 060oux co3anock BoedaTaeHe, ITO OHHI 0~
[IUIA 10 TAKHX AJATOPUTMOB, IS KOTOPHIX KOHTPIPUMED MPHAYMBIBATH BCE TPYIHEE
u TpygHee. W mocae 3TOro oHW BABOEM MOCTPOWIN MPAaBUIBHBIN adropuTm. Cendac
3TO MOXKHO PAaCcCKa3aTh 3a TPH MUHYTHI, TaK TO MIPOCTO U KpacuBo. PacckazaTh Tak,
9TOOHI 6BLIO BUAHO, ITO MO-APYTOMY U OBITH HE MOMKET.

Y Jlananca 6blna Takad MpUCcKa3ka, Takoe M0ONMOe BEIpaKeHne, 9TO MaTeMaTHKA
MOXHO y3HATBH IO TOMY, CKOJIBKO BPEMEHHU OH COTJIACEH AYMATh HaJ OJHONU 3aTaded.
Ecan on cormacen myMaTh JOCTATOYHO AOATO, TO OH JAuUOO yiKe MaTeMaTHK, Au6O
MOTEHINAJIBLHBIN MaTeMaTHK. A ecjin HET, TO U TOBOPUTH HE O UEM.
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H. H. KoucTaHTuHOB: f mozmakommiaca c Jlanaucom B 50-M romy, HA BTOPOM
Kypce, KOT[[a 3aHUMAJCH B ceMmHape, KoTopbin Kporupon ¢ Jlanaucom Beiu ais BTO-
pokypcankoB. CeMuHap OBLI, B OCHOBHOM, IO TEOPHH (DYHKIWH [TeHCTBUTEABHOTO
MEPEMEHHOT 0, XOTA 9acTO BHIXOWI 3a 5T pamku. Y Esrenma MuxaiioBuda GbLia
Torfga AbuMas TeMa «/leCKpUNTUBHAA TeOPUsS MHOXKeCTB U (pyHkumiy. MHorma Ha
ceMmHape OBIBAJN MOMEHTHI, KOTIa OfHA 3ajada KOHYMIACH, a APyrasd He Ha9aaach.
W roraa Jlarauc roBopma: «BoT s xody pacckazaTh PO AeCKPUITIIIIO) .

P ozixe MHe s acIIpaHTCKOT O 3K3aMeHa HY KHO OBLIO H3yInTh cTaThio A. A. Jla-
nyHoBa mpo A-mHOXecTBa B Ycmexax Maremarmdeckux Payx. Ona Gbuta mamuca-
Ha JOBOABLHO CIOXKHO. JlaHAWC MHe TOT[a paccKasad yIWBUTETHhHO KPACHBO U MPO-
CTO OCHOBHOU CTep:KEHBb HTOW TEOPHH — SKBHBAJIEHTHOCTBH TPEX OlpefgeteHuin A-
MHOXKecTBa. MHe »T0 odennb monpaBmiaock. Powmuio, kax Jlapamc oxapakTepru3oBas
51y Teopuio. OHa, TOBOPWI OH, KPacHBa W U3SAIIHA, Kak Mysbika MomaprTa. Po mo-
aymaB, ckazaqa: «Per, moxaayi, Myspika MomapTa CIWIIKOM cepbe3Ha s TaKOT O
cpapaenns. Ckopee — Kak Mysbika Poccunmy.

B cemmaecsaThie TOABI IPyITa MOJOABIX MOCKOBCKIX MAaTEMATHKOB, B OCHOBHOM,
MpernoaBaTelell MaATEMATHIECKAX IIIKOJ, OPTaHM30BAIA €KEeTOIHBIN JeTHUH TPY 0~
BOU MaTeMaTWydecKuiu Jgarepb B Pcrommn. Onnax el Tyga npuexaa E. M. Jlanmguc
¢ aouepbio Jlenon. Ouu xwminm B majiaTkax, kak n Bce. 2Ku3nb B mamatke EBrennsa
MuxaiioBu+da HUCKOIBKO He CMyIIaga. PHLTO OIIyIIeHe, 9TO OH BOCIPHHIMAET HTO
KaK HEYTO ecTecTBeHHOe. B marepe GbLIO MOBOJBHO MHOTO MAaTEMATHYIECKHX 3aHsi-
THH, W HAa OJHOM m3 HUX JlaHAWC TpOYMTAN A IIKOALHUKOB JEKIH: «P pumene-
HITE 30J0TOTO CeveHnsi B 6ubanoTedHoM deier. Pedn mnia o c6ataHCHpoBaHHOM fepe-
Be — HemaBHell Torga pabore I'. M. Aneabcon-Beabckoro m E. M. Jlanguca. Panmo
CKa3aTh, ITO 3Ty JEKIHIO He OYeHB-TO MOHAIN IMKOALHUKN. EINHCTBEHHBIN, KTO €€
¢ mepBOro pasa moHsa, 61 'putma PeIGHUKOB, KOTOpOro, f AyMaio, MHOTHE 3HAa-
oT. ['oBopsiT, ¥TO 5Ty paboTy MOXKHO paccKasaTh 3a TPH MHUHYTH. MoxkeT GBHITH,
5TO M BEPHO, HO BCE-XKe, BHUANMO, JKeJAaTeJbHO, ITOOBl y caymaTens Oblia K 3TO-
MY BPEMEHU Cepbe3Has MOATOTOBKA, HAPUMED, BHICIIIee MaTeMaTHIecKoe 06pazoBa-
HITE.

OTMedy HHTEPECHYIO eTadb. K0ax03 maa HaIlleMy Jarepro JoIa Ib i TeJery, ITo-
6Bl MBI MOTJIN €3 UThH 3a TPOAYyKTaMu. I TyT BHISCHIIOCH, COBEPIIIEHHO HEOXKHTAHHO,
aTo Jlanguc 60MBIION CIENUAINCT TO JOMIALAM — OH pasfupadcd B HOX He XYyXKe
KOJXO3HBIX KOHIOXOB. A 1eio B ToM, 4T0 Jlanamc Bo BpeMsi BOMHBI GBI KOMAH JUPOM
apTIILIEPUNCKOTO B3Boda. TATiIoBon cuion 6vuin Jjotmagun. VI B mepronq HEKOTOPOTro
3aTHIIBA OCHOBHAA 3a60Ta 6bLIa 0 doinaaax. Py, u Bojen-HeBoaen Jlan ucy mpuiniock
CTaTh GOJBIINM CIENHATACTOM IO YXO/V, TOAKOBBIBAHBIO I dncTKe. KcTaTn, mKoab-
HUK, KOTOPOMY B HAIlleM Jarepe ObLIo MopydeHo paboTaTh C JOMA b0 — KOPMUTH,
3ampAraTh U e3[0UTh 3a MPOAYKTAMH — HUMENI 3BaHWEe «KIAIMERCTEDy, W 3TO OYEHb
3abapaano Jlanauca.

Onprax g Mel ¢ Jlagaumcom mepexonuan yamity. Yauna 6blia COBCEM IIycTas, HO
rpe-To exasa Mammaa. f roBopro: «Poigem, ycmeemy. «/la, KoHEIHO, ycneeMm, HO y
MeHA eCTh NMPUBBIYKA MPONMYCKAaTh MAIAHRY. fl He X0Uy 3Ty NPUBHIYKY Pa3pyIIaTh.
Takon mo1x0,1 MoKa3aJacsa MHE WHTepeCHBIM. I 5 o myMas, 9T0 Bellb, HA IO XKe, 9eTOBEK
MPOIIIEN B BOUHBI, I OCTAJCA [eAbIM. Py, MOHATHO, 9TO 3/1eCh, MOXKEeT OBITH, Be3eHUA
90%, HO elle CKOMBLKO-TO W yMEHHUA OBITH OCTOPOZKHBIM.
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Onraxaor Jlangne, 6yay<an cTygeHTOM, H0akKeH ObLT caaTh crenkype J. A. Jlo-
crepunky. OHEH BCTPeTWINCH B Ha3HAYeHHOE BpeMs, JIIOCTEpHUK 3ajaji BOIPOC U
KyJa-To Bbiea. Bckope oH BepHyJcd, HO He HavaJd dK3aMeHa, a CTaJd pPasToBapwh-
BaTh ¢ JIaHAMCOM O pa3HBIX TOCTOPOHHUX Belax. PTo Annaock 0KoJo daca. P akoHer
JIfoCTepHUK HETEPIEMINBO MOCMOTPEN Ha Yachl U ckazal: «Py kyga xe on mpomaa?s.
«KTo-To momken momouTu?y — cupocua Jauguc. «Py koHewHO, T e XKe TOT CTYAEHT,
KOTOPOT'O MBI C BAMHE [OJXKHBI 3K3aMEeHOBATH ». Polyvmics ovepeTHON aHEKJOT MPO
Jocrepauka. A geino B ToMm, uTO JlaHIMC, BO-TIEPBHIX, BBHITJSAIEI HAMHOTO CTapIIe
OOMBIINHCTBA OJHOKYPCHUKOB, a BO-BTOPBIX, OH TOCTOAHHO BBICTYTAJ Ha HayIHBIX
ceMuHapax, 1 B HEM NPUBBIKJIN BUAETH B3POCJAOT0 MaTeMaTHKA.

JI. A. KpoHPo: W3 Bcex MPUCYTCTBYIOIIMX 3/€Ch, HABEPHOE, A GOJBIINE BCEX MO
BpeMenn 3Hato l'emio Jlanamca. Mul ¢ HUM mocTynuan B yHuUBepcuTeT B 1939 romy.
Po mammx manbunmiek B 39-M, B ceHTAOpe, 3abpaan B apmuio. U lena cTanx yuanThea
B YHUBEPCHTETE yXKe TOCTe BOIHHI.

f 6ruta KeHa (Temeph HasbiBatochk Bropa) Kporpoga A. C. Mer ¢ Tenell Guian
OYeHb OJAU3KN, B KAKOM-TO CMBICAE faike cyeBepHO Oamaku. [Jlenb poxgenus [enn
Janguca 6 okTsaops, A. C. Kpoupoa ymep 6 okTabpsa. Pouim u gpyrue moanbie co-
BIIATEHIA.

Onna comectras pa6ora Kponpoga u Jlaumginca ocrazach HEM3BECTHOU, TOTOMY
9TO OHA HHUTJe He MybankoBadach. OHEU BIBOEM HAINCAJIN OYEHb XOPOIIMH yieGHUK
I MKOJBHUKOB M MEPBOKYPCHUKOB MO TeOpun (PyHKIWH [TeHCTBUTEABHOTO Mepe-
MeHHOT 0. PTOT y4e6HUK XpaHUTCA Y MeHA AOMA, U A AyMalo, 9TO KOT 1a-HuOY b €Tro
onybaunKyIo.

Wz Bocmomuuanuit Eprenus MuxaimoBuda o BOUHE s MOT'Y PACCKA3aTh O/IH HIIH-
304. Kak maBecTHO, OH OBLI B pacdeTe, The Oblia Tymika u gormagn. O THAK B HEMIIBI
HACTYIAaJN U yKe BOILIN B OMHY JepeBHIO. A mMylka HAIMX CTOsIA HA KPAK JTepeB-
Hu. Pamm copammBaioT y cBoero HadaJabcTBa: « ATo HaM JeaaTh ¢ mymikon’». 1 BoT,
HaKOHEIl, TIOAYYaloT TPUKa3 B30pBaTh NyIIKy. Ee B3opBaam. ¢A moToM, — roBopuT
lensi, — s audero #e momuoy. Ero KoHTy3mI0 mpu 5ToM B3pbiBe. Korga oH odHyJICs,
OH YBH/eJ, ITO JeXKUT ¥ 0609nHBl. BOKPYT CTOHYT paHeHbBIe, a HEMIIBI UAYT IO 10~
pore m ux mpucTpeanBatoT. I'eds npurBopmicsa MepTBbIM. U ecan 6b1 He 6BLIO 3TON
xouTysun, l'ens Jlangnc 6611 661 celivac ¢ Hamu. Ero 310poBbe OBLIO OYeHb CHIBHO
TOJOPBAHO HTON KOHTY3UEH.

A. JI. Mbiukuc: A suao EBrenus Muxaiimosuga ¢ 1946 r. Torga s 6611 accucTen-
TOM Ha Kadenpe qudepeHnaIbHBIX ypaBHeHl MexmaTa MI'Y u Bea mpakTudeckue
sarsaTuA, a Eprennit MuxaiioBud 6611 CTYIeHTOM BTOPOTO Kypca. S yxe cabimaa o
Moero apyra A. C. Kporpoa, ¥pe3BbI9aiiHO SPKOTO YeJ0BEKa W TATAHTINBOTO Ma-
TeMaTHKa, 9TO ¥ HEro MOABUJICA BECHMA CITOCOGHBIN YI€HUK, KOTOPBIHA IO AKIIOTIIACH
K ero mayunon pa6ore. Eprennit MuxanmoBud OBl fTajke cTapiie, deM AjgekcaHap
Cemenond (Ha 16 jgHell), HO W3-3a BOWHEI 3aepKajaca ¢ yaeGoi 1, TaKUM 06pa3oM,
Ha MEPBOM HTalle OKazajcs ydeHnkoM Ajekcanapa CeMeHOBHYA.

Aproputer EBrenns MuxaiaoBuda cpen cTyAeHTOB Obln obmenpmsnan. P ampu-
Mep, TTOMHIO Takol anu3o[. JlekTop B Kypce nudpepeHIInaIbHBIX yPABHEHUH 10K~
3biBag Teopemy Peano mo meTony Peppona, HO Kak-TO O¥eHB YK T'pomMo3nxo. EB-
reanit MuxaimoBud TpUAyMaid YOPOIIEHHE DTOrO NOKA3ATeIbCTBA W paccKaszald 06
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5TOM CBOUM OfHOKYypcHumKaMm. Korga s mpuHUMAaJ SK3aMeH, OfHA CTYIeHTKa, KOTO-
POH mOTAJCSA 3TOT BOMPOC, CIpocmia: «A MoxkHO a 6y1y pacckazbsiBaTh 1o Jlanaucy ?»
Poay4ms coraacme, oHa XOPOINO M3JI0KMAIA JOKA3ATEMALCTBO.

Pocae nybaukamun pa6oT B obaactn «iauctoiny TP /AP, Esrernn MuxaiitoBud go-
BOJBHO GBICTPO Tiepelied K AudQepeHnagbHBIM yPaBHEHUAM — O0COOEHHO, C TaCTHBI-
MU TTPOM3BOAHBIMI. PT0 HampaBieHme n CTAJI0 B JadbHEHIIEM [ HETO Mpeobia nato-
M. O moctynua B acnupadTypy K W. I'. Perposckomy. Powmmio, kak Usan 'eopru-
eBIY, OHNMas (POPMATBHBIA XapakTep »Toi mponeaypsl, mopyduma O. A. Ouennux u
MHe TpUHATH y EBrerms MuxanmoBuda acnupaHTCKUN 3K3aMeH 10 TEOPUHN Y PaBHEHUT
€ 9aCTHBIME TTPOM3BOMHBIMI. A MBI K TOMY BpeMeHH OBLIN YiKe BCE TPOE MPY3bAMEI U
OaBHO Tepenun Ha «Thhy. Mel ¢ Oabron ApceHbeBHON 3a/aBafll BOMPOCHI, CTAPAsicCh
«ToIIOBUTEY EBrenns MuxaiaoBnva Ha 4eM-HUOY b, HO JOATO HUKAK HE MOTJIH 3TO-
ro caeraTb. OIHAKO HaMaTaoInX GBIIO IBOE MPOTHB OJHOTO, I B KOHIIE KOHIIOB MBI
MOMMAaJH €r0 Ha TOHKOM BOIIPOCE, CBA3AHHOM C XapaKTePOM H30JUPOBAHHBIX OCOOBIX
TOYEK TapMOHUYIECKON (PYHKIINN, 9eM 1 OBIIN MOJHOCTHIO yIOBIETBODEHEI.

Otmeuay, aTo y UBana ['eoprueButa y4eHNKOB OBIJIO MAJIO, & CYMEBIINX MPOABATH
cefsi B MaTeMaTHKe — U COBCeM MaJjo. CaM OH Kak-TO CKazajg: «Y MeHS TOJIBKO
YeOBEK MATH BHIIUIO B JIOAN.» — U, KOHeYHO, EBrenntt MuxaimoBud GBI OHIM 13
uux. UBan ['eoprueBnd He GBI PYKOBOAWTEJSEM B Y3KOM CMBICAE, OH JaBad TOJIBKO
cambie ObIIIe YCTAHOBKH, MIPEJOCTABIASA CBOUM yYeHUKAM TOJHYIO CBOGOIY; CKOpee,
OH CTapaJcs MepeaaTh CBOU B3TJVISAABI HA PAa3JIMTHbBIE BOMPOCH MATEMATHKN U KU3HH.
Takol MeTo[ XOPOIIl TOABKO M 60jee CUIBHLIX acmupaHToB. OTYacT MOSTOMY, a
OTYACTH U UW3-3a CBOUX BHIJAOIINXCSA cnocobnocTel, EBrennit MuxaigoBud 10BOIBHO
OBICTPO CTAJN CAMOCTOATETBHBIM YIEHBIM.

Pagmo ckazaTth, wro EBrennnn Muxanmosu« Jlanaunc, 6y qy<u cTy1eHTOM, TOBOIb-
HO OBICTPO TIEpeIles K NCCAeTOBATENBCKON MeATETBHOCTH. Y HETO OBLIN CEpPbe3HbIe
paboThi, coBMecTHBIE ¢ Kpoupogom. PoToMm oH M0BOJABHO GHICTPO MEPEKTIOYMMICA HA
YPaBHEHUS C YaCTHBIME TPOM3BOAHBIME U cTafd yderukom U. I'. Perposckoro.

B To Bpems Ha MexmaTe aKTHBHO paboTal 3aMedaTelbHBIN CEMHHAD IO TEO-
pUH ypaBHEHWH C YaCTHBIME TPOU3BOAHBIME, KOTOPHIM pykooguian C. JI. Cobomes,
M. T. Perposekuit w A. P. TuxoHOB (0GBIYHO MX TEPEYHCIAIN B TAKOM TOPSAJKE,
o pocTy). PTo 6buI HEHTpP, BOKPYT KOTOPOTO TPYNIHPOBAINCE HCCAEJOBATENN He
TOABKO w3 MOCKBBI, HO U U3 ApPYTUX ropogoB. Papsany ¢ xopudgesmu, B HeM aKTHBHO
paboTana IpPYXKHBIH KOMIEKTHB MOJOALIX MaTemMaTukoB: M. . Bunmk, O. A. Jlagei-
xKenckasg, O. A. Quentnuk u apyrume. PTo 6bu1 poMaHTHYECKUT TEPUO: MBI AKTHBHO
paboTanan, HeMeJJIeHHO MeMMJINCh APYT C APYTOM Pe3yabTaTaMu, 00CY K Jall WX, CTa-
paJnch TOMOYb APyT APYTY.

EBrenunit MuxaiiioBud GBICTPO BOIIEN B 3TOT KOMIEKTUB, COXpaHsd B paboTe CBOI
XapaKTEePHBIN CTHIb, 0 KOTOPOM A yXKe YIOMAHYJI. Boobilie, s fyMaio, 9TO B MEPOBOI
MaTeMaTHKe CPEIN COEMNATINCTOB IO TEOPUH YPABHEHUH ¢ TaCTHBIME MTPON3BO THEIMI
TPYJHO YKa3aTh JIOJel, CTOMb COBEPIIEHHO BJIAJEIOIINX KadeCTBEHHBIMI METOTaMM
n yMeoumMn ux 3pQeKTUBHO MPUMEHATH, Kak EBrennn MuxaiioBud.

EBrennit MuxaimoBud oTan<dancs pOBHBIM, 10OPOKeIATEIbHBIM XapakKTepOM, OH
OBLI ICTHHHO WHTEMLIUT €HTHBIM YeJ0BEKOM, S HU Pa3y He CJBIIIAT, 9TOOB OH TOBBICHI
roJOoC Wi KOMY-HUGY b cTporo BhiroBapuBai. CBeTibiin obiank EBrenuns Muxaitmro-
BUYa BCET/[a B MOEU MaMATH.
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Demuke KaenH n ero spaanreHcKas IporpamMma

(k 150-1eTHIO CO JHA POXKJEHHA YIEHOIO)

P. X. Poszos

Ppaanrenckas mporpamMMa OTKpPBLIa B MOHATHH TPYIIBI Mpe-
0o6pa3oBaHUl Te V3Jdbl, KOTOphle CKPEIIAIOT BCE Pa3HOBHIHO-
CTH TEeOMETPHH W BMECTe C TeM ONPEeAeIA0T OTANINTEAbHEIE
0COGEHHOCTH KaXK oW W3 HUX; B DTOH IIPOTpaMMe BOIPOC ¢«ITO
TaKoe TeOMETPHATY CTABUTCA U IMOJYydaeT OCHOBOIIOJIAT AIOIIITI
OTBET.

Tepman Betiav

B uctopum reomMeTpun He MHOT'O UM€eH U COOBITHH, TPUHIUIHAILHO N3MEHIBIITIX
HAIN TTpecTaBIeHns 06 5TOl BeTBH MAaTEMATHKN W PaTUKAJLHO TOBIUABIINX HA €€
najdbHennee pasBuTre. K 9uciay TAKOBHIX 0e30 BCAKMX COMHEHHH CJIEyeT OTHECTH
Pennkca KreliHa u ero paaHTeHCKYO MPOTPaAMMY .

XIX Bek ¢ MOJHBIM TPABOM MOXKHO Ha3BaTh BEKOM paciiBeTa reomerpun. Umerto
K 3TOMY BEKY OTHOCSTCS BHLAamoImecs reomeTpudeckne padorsl K. Naycca, P. Pu-
mana, P. Peabtpamu, A. Pyankape ... Po maxe ma ¢ome Bcex nx 6AUCTATEIBHBIX
MOCTHIKEHUH ABa COOBITHUS OKa3alNCh ONCTHHE 3MTOXAMBHBIME: OTKPBITHE HEEBKJIN 10~
Bout reomeTpun [ayccom, Jlo6adesckum, Pottan n pazpaborka Kaerinom TeopeTnko-
TPYMIOBOTO MOAX0Aa K T€OMETPHH.

B okTabpe 1872 roga monojgon Hemernknii MaTematnk Pemnkc Kaenn (1849 —
1925) BeTymaa B JOMKHOCTE npodeccopa Ha GuaocodckoM pakyabTeTe PpiaHreH-
ckoro yHuBepcuTeTa. COTACHO CyIeCTBOBABIIEH B Te BpeMeHa (M COXpaHAIOMIENCA
MOHBIHE B PiAJjle YHIBEPCHTeTOB ['epMaHun) TPa NN, HOBEIH TPoheccop MOMKeEH GBLI
MPOYNTATEH BCTYUTEMBHYIO JEKIIHIO, B KOTOPOU HAIJIEKAIO H3TOKUTE IPOTPMMY €T'0
HayIHBIX HccaegoBanmii. P o deknun Kienna, ozaraasiaennon «CpaBHATEIBHOE 060~
3peHNne HOBEHIINX MeOMETPIYECKIX NCCIAeJOBAHNI (1 cpasy Ke BBHINYIIEHHON B BH /e
HeBOMBIION GPOIIIOPH), BHITIATA 3aBIIHAA 104 HABCEra 3aHATH MOYETHOE MECTO B
HCTOPUH MaTeMaTnueckon Hayku. OHa W3BECTHA HBIHE TOJ HMEHEM HPJIaHTE€HCKOM
nporpaMMmel. M3BecTHBIN amepukaHckuin reomerp [lxyaman Kyammx ckasan kak-
TO, YTO 3pJaHTeHcKad nporpamma KieliHa NoBIndAIa Ha TeOMETPHYECKOe MBIILTEHTE
6oablne, deMm qgobasg apyras paboTa co BpeMeH EBKaImaa, 3a HCKIAOYMeHHEM paboT
Tlaycca m Pumana.

(JTekums P. KuefiHa Ha pycckoM si3blke BIepBble omybankoBana B 1895 1. e
MTOMHBIN TEKCT OBLI MOMEIEH TakKe B MaJOJOCTYITHON celvac 3aMevaTelbHON KHUTE

MaTemaTuyeckoe npocseweHue, cep. 3, Bbin. 3, 1999(49—55)
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uz cepun «Kmaccuku ecrecrBosmanusmy). C Tex mop, HACKOIBKO HAM H3BECTHO, Ha
PYCCKOM fI3bIKe dpJaHTeHCKasd IporpaMMa GoIblile He MepensfaBaiach. )

Mo @. Kienina paznoobpasHble reoMeTprYecKne QakThl U TEOPHH He 0O0bLe UHA-
anch equnon Kounennuen. Cam P. Kaelin Tak nucaa o6 >ToM:

«l'eomeTpus, equuaas MO CYIMIECTBY CBOEMY, MPHU OBLICTPOM CBOEM pa3-
BUTHH B IIOCJAeTHEE BpeMdA CAMIIKOM YK pas3apobuiack Ha PAJ NOYTH pas-
JEMBHBIX TUCHUILUINH, KOTOPBIE TIPOOMKAT Pa3BUBATHCA B 3HAYUTEABHON
CTelleHN He3aBUCHUMO JPYT OT APyra.»

YHUBEPCATBHYIO KOHIENINIO «eJUHCTBA T€OMETPHNy, OOIINI IPWHIAI, OXBATHI-
BAIOIINH BCe ee BeTBHU, BIEPBBIE yBUIeA U eTKO chopmyanpoBan Peanke Kienn. B
OCHOBE er0 KOHIIEIINN JeKUT Ujesd, CBA3aHHAA C MOHATHEM I'PYIIIEL TpeoGpa3oBaHu
n KJaccupuKanmell IPYNIOBHIX CBOUCTB. PTo (hyHIaAMEHTAIbHOE OTKPBHITHE TPE[-
cTaBiasgeTca TeM Gojee 3aMedaTeNbHBIM U YANBUTEAbHBIM, YTO camMa 1o cebe Teopus
IPYIN KakK OTAeTbHBIN pa3jen aireSphl B TO BpeMs (GaKTHIECKH €llle He CIOKIIACH.

Bot kax ¢popmyaupyet P. Kaeltn B 5pJaaHr eHCKON TPOTrpaMMe IEHTPATbHYIO MPO-
OeMy TeoMeTpHun:

¢/laro MHOTOOGpa3me W B HEM T'pYyIna nMpeoOpa3oBaHUl; HYKHO HCCIe-
IOBAThH Te CBONCTBa 00pa30B, MPUHAIIEKAIINX MHOT000Pa3nio, KOTOPhIe
He M3MEHSIOTCA OT MpeobpasoBaHWi IPYIH . .. TpebyeTcs pasBuTh Teo-
PUIO WHBAPHAHTOB 3TOU T'DYIIBL.»

Wrax, BeTBH TeOMETPUN PA3INYalOTCA WHBAPUAHTAMN COOTBETCTBYIOMIEH TPYIIITBI
npeobpaszoBanni. I'. Bemis mmca:

«Ppranrenckas mporpaMMa . .. JOCTHUTaeT CBOETO OMHOTO TPOABIEHUA
HMEHHO B T€OPHUHU T'DPYII JUHEHHBIX TPeobpPaz0oBAHNN N WX MHBAPUAHTOB.»

Ppu sToM mmeeTcs cBoeoGpasHas mepapxXusd WHBAPDUAHTOB: B TPYIINE JIBUKEHUN
€BKJINJOBOI IIOCKOCTH MHBAPUAHTOM CBSI3aHBI ABE TOYKH, B IPYIIIe MOA06UA — TPH
TOYKH B OOIIEM MOJOKEHNH, B TpyIiie adPUHHBIX MTpeo6pa3oBaHuil — TPH KOJINHE-
apHBIE TOYKH, B TPYIIE MPOEKTUBHBIX MPeo6pa3oBaHUil — 9YeThIpe KOMJINHEeAPHBIE
TOYKH ... Takum 06pa3oM, HA OCHOBe I'DYIIOBOTO MOAX0/Ia OKA3BIBAIOTCA O0OheN-
HEHHBIMU TaKIe, Ka3aJ0Ch Obl, PA3JUIHbIE TJIABEI T€OMETPUN, KaK eBKJINI0Ba, adduH-
Had W MPOEKTUBHAA reoMeTpnn, reoMmerpnn JlobadeBckoro u Pumana u 7. 1. Mer He
6y IeM 3ech Godiee TOAPOGHO yIAyOAATHCS B IPUHINNNAIBHBIE HAYTHBIE [eTAJN KOH-
uenunn P. KieliHa, peKOMeHIyA 9UTATENO (KaK ONBITHOMY, TaK H HAYNHAIOMIEMY )
MO3HAKOMUTHCA C HIMU 0 HeJaBHO MosiBuBINencs Gaectsmien kaure B. B. Ppacoaosa
1 B. M. Tuxomuposa?).

WNnen P. Kaetina 6plIM BOCHPUHSATH MHOTHMEI BHIJAIOMINIMUCS MaTeMaTHKAMM.
Tax, B 1886 r. Codyc JIu (1842 — 1899) B cBoell craThe «3aMedaHuA Ha paboTy
leapmroasna ,,O dakTax, Jexamnx B OCHOBAHUN TeOMETPHUH "y TTHCAJ:

«3HaMeHuTas pabora l'elbMroablia ... pacCMaTPUBAET 3a0ady, CTOSA-
IIyI0 B TeCHEHIed CBA3W C HOBOW TeOpHeHn T'pyNI mpeobpazoBanui. Po-
6y XK faeMbliit KIIelHOM, i TO>TOMY PEITuACA TPUMEHUTH K DTOH . .. 3amatde
MeTO/BI MOEH TeOpHuH MpeoGpaszoBaHm.»

1) 06 ocnopanmnsx reomerpun. C60pHIK KIacCHYeCKUX paBoT 1o reomerpun Jo6adeBcKoro n pas-
BUTHIO ee ngel. — Pegakuma u scrynuTeabHasa cratba A. P. Popaena. — M.: IN'ocrexuzgar, 1956.
528 c.

2)Hpaconos B. B., Tuzomupos B. M. I'eomerpua. M.: MIIPMO, 1997. 352 c.
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(Ynomsnyras pabora I'epmana Teabmroabna (1821 — 1894) 6ruta omyGankoBaHa B
1868 r. m mpegcTaBasiaa cOGOM OMHY U3 TEPBHIX TMOMBITOK MTPOABUHYTHCS 11O MY TH aK-
CHOMATHYECKOTO 060CHOBaHHA IreoMeTpui.) Tepes 15 deT nocse myGankalum spaaH-
TEeHCKOW MPOTpaMMBI MBICJB O paBHONpaBHOCTH reoMeTpuil EBkina u JlobadeBckoro
CTAHOBHUTCA OTHYeTIHBO AcHOH. Aupu Pyankape (1854 — 1912) B cBoem counnernu «O6
OCHOBHBIX THHOTe3ax reoMeTpuny (1887) Bhipasma ee «mo Kieliny» Tak:
¢ ... l'eomeTpusi ecTh He 9TO WHOE, KaK M3ydeHNE HEKOTOPOHW IPYMIBI
NBIIKEHWH, U B DTOM CMBICIE MOXKHO CKa3aTh, ITO CIIPABENIMBOCTD TeOMe-
Tpun EBKINIA HUCKOIBKO HE TPOTHBOPEYUT CIPABENINBOCTH T'€OMETPHH
JloGateBcKkoro, TaK Kak CyIIECTBOBAHIE OHOW T'DYIILI BIOJIHE COBMECTH-
MO C CYIIeCTBOBAHUEM [IPYTOIL.»
Caenyromuil mar B paspurun reomerpun ciaenan Pan Kapran (1870 — 1953). B ero
TpakTaTe « leopua Tpymnm u reoMeTpusy Ha OCHOBe cuHTesa uaen Kaelina n Pumana
DPa3BUBAIOTCS HOBBIE HATIPABJAECHNA B T€OMETPUHU. P pecTaBasgeTcs YMECTHBIM BOCIIPO-
u3BeCTH 3Mechk BhickazbiBanue P. Kaprana, onpegeasiomee cyTs oTkpoitus P. Kieii-
Ha:
¢ ... OcnoBras uges P. Kmeina mMoxeT GBITH cBsizaHa ¢ HamboJee
OPEBHUME TOHATHUSME HayKu. PieMeHTapHAas reoMeTpHA M3ydaeT CBOU-
cTBa (PUTYP, He 3ABUCAIINE OT UX MOJOXKEHNA B MPOCTPAHCTBE, ... OCTa-
IOIecs WHBAPHAHTHBIMI OTHOCHTETHEHO HEKOTOPOHW COBOKYITHOCTH Ipe-
obpazoBaHuil, 06pa3yIoMienl TPYIIY ABUXKEHWH ... PpoekTHBHAS reoMe-
TpHUs, . .. ¢ TOYKHN 3penns Kienna, naysaeT CBONCTB (pUTy D, HHBApHAHTHEIE
OTHOCHTEIBLHO HEKOTOPOU COBOKYITHOCTH . .. NMPOEKTHBHBEIX MpeobpazoBa-
Huil, obpasyomux Tpynny. Boobile Beakas rpymna HeMPepBIBHBIX Ipe-
o6pazoBaHUH ONPEeNENdeT CAMOCTOATENLHYIO TeoMeTprio. PTa reomeTpus
u3ydaeT CBOWCTBa (PUTYD, HHBAPMAHTHBIE OTHOCHTENBHO Tpeobpazo-
BAHUH TPYIIIEL . .. »
Ocobyto poab B sBoaonnn reoMeTprn XIX cTOJeTHS CHITPAJIO PA3BUTHE TPOEK-
THBHOU reoMeTpuu. PpiaHreHckas mporpaMMa OTKPBIBAETCA CAEAVIONEn (hpasoi:

«Mexay nmpuobpeTeHUAMH, CACTAHHBIMU B 0O6JaCTU TeOMETPUM 33 TO-
caieTHEe TISATHIECAT JeT, Pa3BUTHE MPOEKTUBHON I€OMETPUHN 3aHNMAET Tep-
BOE MECTO.»

B men me cregyeT ycMaTpuBaTh HEJOOIEHKY 3HAYEHUA OTKPHITHA TeoMeTpun Jloba-
4eBcKOTO (HamoMHEM, 9T0 Tpy s «O Hagaxax reomerpuim P. 1. JoGadeBckoro BhIen
B cBeT B 1829 1., 3a 43 To1a — MeHee, 4eM 3a MoJaBeka — 10 peun P. KﬂeﬁHa). Tem
6omee, aTo nMerHo P. Kieli# BepBble HAyIHO 060CHOBAI HE3aBUCHMOCTE €BKJINJOBA
naToro mocryaara. B 1871 r. BeimLIa ero cTaTha «O Tak HazBIBacMON HEEBKJIH JOBOI
TEeOMETPHI, B KOTOPOHU OH TaK ONUCHLIBAET MCTOPUIO POXKJAEHIA HOBOU T'€OMETPHM:
«"aycc HazBaJ 5Ty reoMeTpHIO HEEBKJN JOBOR; OH MHOT'O 3aHIMAJCA €0,
HO, K COXAJEHUIO, HUTEro He OMyOANKOBAI O HEH, KPoMe HEKOTOPLIX Ha-
MekoB. K 5Tol ke HeeBKANAOBON TeoMeTpuH Ipuiin JlobadeBcKui, Ipo-
deccop maTemaTnkn KazaHcKoro yHUBepcuTEeTa, M, HECKOILKAMHI 'O aMI
mo3XKe, BeHTepckuil MaTeMaTnk f. Poaban.»
(Keratn, yxe B 10l crarhe P. KieliHa MOXKHO yCMOTPETD ABHEBIE TIONMBITKA CBA3ATH
reoMeTpHIECKIE CBOICTBA CO CBOUCTBAMHU JWHEHHLIX IPEOoOpa3zoBaHW, MMEHHO IX
MOJIOKHUTH B OCHOBY TeOMETDPHYECKHX paccMoTpenuil.) Kak mapectro, P. Kiefiry



52 P. X. Posos

OPHHAIERUT TPOEKTHBHAA HHTEPIPETANA HEEBKANJOBOH TeOMETPHH (IIOCKOCTH
Jlo6agesckoro). B 1889 — 1890 rr. on unTan B ['eTTHHI €HCKOM YHUBEDCHTETE AEKIHI
IO HEEBKJMIOBOU MEOMETPHN; BO3MOKHO, CETOMHA He BCE MOMHAT, YTO BTH JEKIUN

3 gaBaJlCh I Ha PYCCKOM H3BIK63).

Puckonbko He yMagsad 3HaMeHAA TTOBOPOTHOTO B UCTOPUN HAYKHA OTKPLITHAA HEeeB-
KJIU JOBOU T€OMETPHUH, CIEAYET COTVIACHTRLCA, ITO MPOEKTHBHAA T€OMETPHA ABIACTCA
oJHON M3 Hambojee TPUHOUIHAJLHO BaXXHBIX W HEOXKHJAHHO NPUIYAIABLIX MaTe-
MaTHIecKnX Teopui. EcTh Bce ocHOBaHUA MpeAmnoJaraThb, ITO K CBOEH KOHIIENTII
P. Krenn npuimien B pesyabTaTe 0OCTOATEIBHBIX U MJOJOTBOPHBIX HCCACIOBAHIN B
sTon obgacTu. PeTpyaHo 3aMeTHTh, ITO caMa HpJiaHTeHCKas MporpaMMa B Ompeje-
JEHHOM CMBIC/IE ABIAECTCA THMHOM IMPOEKTHBHON T'€OMETPHN, OYPHO Pa3BHBABIIEHCA
B XIX Beke.

CaeyeT KOHCTATHPOBATD, ITO B HACTOAIIEE BpEMS MPOEKTUBHAS [€OMeTPHA OTO-
NBUHYJIACH HAa BTOPOH MaaH. Il BOT pe3yabTaT: Ha MHOTTX MAaTEMATHIECKUX (PaKyTh-
TeTax YHUBEPCHTETOB CHCTEMATHIECKOE MJIOKEHNE MIPOEKTHBHON reoMeTpHE (Kak,
BIIPOYEM, U BHICIIEH MeOMETPHH) JaBHO YK€ HE JaeTCA, & MIA GErIoT0 O3HAKOMIECHIA
¢ ee 6a30BLIMU TIOHATHSAMHE BBHIIEAAIOTCA ABE — TPH JEKIUHN B KYpPCe aHAINTUIECKON
reomeTpun. PTo 0vMeHb XKadhb, MOCKOIBKY TPOEKTHBHAA T€OMETPUA U HBIHE MOTIa OBl
HMEThH NCKAROINTETBHO BaXkHOE 00pa3oBaTeabHOE 3HAYEHNE 1A MAaTeMATHKOB (1 1a-
Ke 06MIeo6pasoBaTelbHOE 3HAYEHNE 114 TYMaHUTADHER). PanpumMep, B yIOMAHY TOR
Boimre kaUTe B. B. PpaconoBa m B. M. TuxomupoBa pacckaspiBaeTcsa O TOM, KaKyIo
POJb ChHITpaJja MpOeKTHBHAsA TeoMeTpus B HaydHol xkusuu A. P. Koamoroposa.

Ppaanrenckas mporpamma npeacTabiseT coboil GrecTAIME o6pa3el Toro, Kak
MOXKHO U HYKHO JOCTYITHO M3JaraTh niaybokme Muican. PTo nponsBefenne, Kak m MHO-
rue paboThl KIACCUKOB HAYKHW BTOPOH MOJOBUHBI XIX — mepBOl MOTOBUHL X X BEKOB,
COJIEPKUT KAKOU-TO HeMepeIaBaMBIil apOMAT JMYHON HETOPOILINBON Hecenbl ¢ TnTa-
TejeM, KPACOYHBIX ACCONMAINN W MONYTHHIX 3aMedaHull, HeOKI JaHHBIX aHAJOTHH 1
TOHKHX HAMEKOB, CDABHUTEIHHOT O aHaMm3a (PaKTOB, aprYMeHTOB, coobpaxkennin. P pu
HM3J0KEHNH OPTaHIYIHO OMUCHIBAETCA NCTOPHUSA HAYTHOTO MOUCKA M CHENNpUKa MaTe-
MaTHYIECKOTO MBIILIEHNSA, TETATBHO PACCKA3BIBAETCA O MPEAINIECTBEHHNKAX U My TAX
oOpMIIEHNA WAEN, PACKPBIBAETCA TIPOIECC MATEMATHYECKOT O TIO3HAHIA.

P. Kaeltm kak OBl BefleT MOBEPUTEIBHYIO CIOKOWHYIO 6ecely CO CBOMME KOJLTE-
raMm, COTOCTABIAET pPe3yabTaThl, 06cyxgaeT Touku 3penus. C. Ju u P. Kaebm,
JI. Tecce n K. 2Kopgan, A. Koan u P. Jlarepp, M. Hlaas u KO. Patoxkep, K. llTaysr
u P. Peinxapar, I'. I'paccman n A. Ppuiib — Bce oHE, ceroqHA M3BECTHBIE KaXK JOMY
WM TOYTH 3a0bIThle, — OBLIN COBPEMEHHUKAMH WJIN MOYTH COBPEMEHHUKAMME, APY-
3bAME U 3aNHTEPECOBAHHBIMI TOHMMAIOITNME JIO TbME. BOoT oqmH Toabko npumMep —
nonoanerne, Kotopoe P. Kiaenn mocuntan o6g3aTelbHBIM CAelaTh YKe MO3Ke, TIPH
mepens TaHum:

¢3aBepIias 5Ty MepenevaTKy 3PJIAHCeHCKOW MPOTPAMMEI, S OXOTHO
yKaxy eie Ha paboTel Mebuyca (KoTOpEIE i cCaM OCMBICATT B HX BHY TPEH-
Hell CBS3W JWINb TOCJAe TOro, kKak B 1885 — 1887 romax mpuHsAI ydacTme
B W3JaHWH COODaHWA ero COYHHEeHWH ... ). Mebuyc eme He 3HAT 0OIIe-
0 OIpelefeHns TPYIIHI, a TakKe MHOTUX TeOMeTPUYeCKUX MpeobpazoBa-
HUW ... ; OMHAKO OH, PYKOBOJCTBYSACH BEPHBIM UyThEM, PACIOJIOKII CBOM

3) Kaetin . Peeskangosa reomerpus. M.—JI.: I'TTU, 1936. 355 c.
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ciAefyiole APYT 3a APYroM reoMeTpudeckue paboThbl UMEHHO TaK, Kak
3TO COOTBETCTBYET OCHOBHBIM HJEAM MPOTPAMMEIL.»

B Takom ke yamBHTEIBHOM CTHIE TEMIOTO PAacCKaza O JUIHOCTAX MaTEMATHKOB U
06CTOATENBHOT O M3JIOKEHNS UX WU HAMNCAHA W KHUTA «JIeKInu 0 pazBUTHN MaTe-
marukn B XIX crozetnm® | KoTopyio mo mpaBy MOKHO GBLIO GBIl HA3BATH «HCTOpPHELT
MaTEMATHKH C YeJOBEIECKUM JHUIIOMY.

Ppaanrenckas mporpaMma, MOMHMO CBOETr0O YHCTO HAYYIHOrO 3HAYEHWS, OKa3a-
Jla 3aMeTHOe BANsAHNE Ha Pa3BUTIE FeOMeTpHYecKoro obpasoBanus. BeipaGoTanHnas
P. KaeliHoM KOHIIEMINSA T€OMETPUIECKON HAYKI BO MHOT OM OIPEIESIOT MOCTPOEHIe
1 COMepKAHNE MPOrPaAMM KYyPCOB T€OMETPHHU B BBHICIIIEH IITKOJE.

P. Kaetin 6bLT He TOMBKO BBLIAKIINMCA YI€HBIM, HO I TAJTAHTINBBIM MOy IAPH3a-
TOPOM MaTEMATHIECKON HAYKH, GAeCTAMNM MeIaroroM, rayboKnM i OPUT HHATBHBIM
mccaeIoBaTeNeM MPOOIeM METOANKH TIPENOIaBaHNd MATEMATHKHN B CPEIHEN IITKOJE,
MOCAeOBATENBHBIM PehOPMATOPOM BCEro MaTeMaTHdeckoro obpazoannd. /locTa-
TOYHO HAITOMHUTE, ITO 3aMevaTelbHasd KHUTA «PiaeMeHTapHas MaTeMaTHKa ¢ TOYKI
3pennsa BEICIIEi?) | mpecTaBIAIONIAL COGOM Kype €ro JeKImi Aad Gy AYIINX yHmTe-
Jell MaTeMATHKN, U CETOHS OCTAETCA KIACCHIeCKNM PYKOBOJICTBOM A KaXKJA0TO,
KTO TIOXKETaeT BCephe3 pazobpaThCs B HAYYHBIX OCHOBaX (MKOJIBHOW MAaTEMATHKIL.
Pra kHUra 1Mo cBoeMy coO/lepKAHNO, MaHEPE TOJa9N MaTepHaaa, CTUIIO M3J0KEHUA
CeroHa MOTIa 6Bl OKa3aTh HEONEHNMYIO TOMOIIL BCEM, KTO 3aHIMAETCA MaTEeMaTH-
“ecKuM 06pa3oBaHmEM ITKOJIBHUKOB, I OY€Hb Kadb, 9TO B yIeOHOM MPOIecce HAIINX
MearormvIeCKNX BY30B OHA HE 3aHMMAaeT NOCTONHOTO MeCTa.

P pekpachon miatocTpalinell BceMupHoro npusHanus apTopuTeTa P. Kieitna kax
mejarora n BEICOYANIIEN OIEHKN ero paboT, KACAIOUINKCA MPEeMoIaBaHmd MaTEeMaTH-
KI, ABJASETCA ciefyonmi ncropudecknin pakt. 90 deT Tomy Hazam, B anpeae 1908 r.,
a IV Mex nyHapoHOM KOHT'Decce MaTeMaTHKOB, TPOXOoAuBIIeM B PuMme, 6bi1a o6pa-
3o0BaHa MexqyHapogHas KOMECCHA IO TpenogaBanmio mMaTemaTukn. U ee mepBbIM
PpesugenTom craa nmenno Pemnke Kiaer.

BrpoteMm, B 3paaHT eHCKON TPOTpaMMe TIeJar OT MIeCKIM TpoHaeMaM aBTOD He y e~
asieT ocoboro BHuMaHNs. TeM Gomee NHTEPECHB HECKOIBKO NMEIOINXCA TaM 3aMeva-
HUI, KOTOPHIE B KAKOU-TO Mepe PacCKPHIBAOT TOUKY 3perus P. KaeliHa Ha oT/jeJbHBIE
BompocH mpernogaBanmsa. OH BeCbMa OIPeIeJeHHO BBICKA3BIBAETCSA O BaXXHOCTH TPH
0o6yveHNN ONUPATHCA Ha UCTOPUIO HAYKHM, YKa3bIBasd, 9TO CJAeOBATH TOMY IIYTH,

¢«IIO KOTOPpOMY 1IIJIa HayKa B CBOEM pa3BUTHH, ... IIPH U3JOXKECHNUUN ABJIA-
eTcA OOBITHO CaMBbIM BBIT'O THBIM?» .

BnocaegcTeum o emie ToUHee CPOPMYAUPOBAT ITY MBICTD:

« ... PpemonaBanme mMaTeMaTnK’, KaK W BOOOIIe BCAKOE MPENMONaBa-
HUE, ... MOJXKHO WATH MO TOMY XKe caMOMy IyTH, IO KOTOPOMY BCE “eJIO-
BEYECTBO, HAYMHAA CO CBOEI'0 HAMBHOT'O MEPBOOBLITHOI'O COCTOAHNA, HOILIO
IO BEPIIHH coBpeMentoro suanusa! ... PaydHo ofydaTh — 3HAYAT yIUTH
qeJOoBeKa HAYYHO AyMaTh, a He OIVIyIIaTh er'o ¢ caMOor'o HavdaJa XOJoj-
HOW, HAY9IHO HANPIAKEHHON cucTeMaTnkon. CylllecTBeHHOE TPENATCTBHE K
pacnpocTpaHeHNIO TAKOI'O €CTECTBEHHOI'O U MOMCTHHE HAayIHOI'O MeTOona

1)
5)

Kaetin @. Jlekuun o pazButuu maremMaTuku B XI1X croaerun. M.: Payka, 1989. 456 c.
Kaetin . PremenTapHaa MaTeMaTHKa ¢ TOIKH 3peHud suicimen. M.: Payka, 1987. T. I. «Apud-
MeTHuKa, aarebpa, anaauss. 431 c. T. II. «'eomeTpus». 416 c.
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o6yteHnss mpecTaBisieT cob0l, HECOMHEHHO, HETOCTATOK B 3HAKOMCTBE C
HCTOPHUEN MATEMATHKN.»

P. Kaeltn coBcem 6erao 3aTparuBaeT B HPAaHT €HCKON MPOTpaMMe U OJUH I3 IeH-
TPaJbHBIX BOIIPOCOB METOANKN MPeNojaBaHUA MaTEeMaTUKH — BOINPOC O NapMOHHU-
9eCKOM COOTHOIIEHUHN MeX Yy HalVldAHBIM, HHTYUTUBHBIM 1 (hOPMabHBIM, aHAJINTH-
veckuM. Cienys soruke nmpogeccHOHAIBHOTO YIEHOT 0-MaTeMATHKA, OH COBEPIIEHHO
CIIpaBeIINBO 3aMedaeT, ITO

«MaTeMaTHIECKIIT nopeaMeT Heab3dA €llle CIUTaTh OKOHYaTEeJABHO pa3pa-
6OTaHHbIM, IIOKa OH HE CTaJ JOI'MYECKN OYEBUIHBIMY .

U B To ke camoe BpeMsi cO Beell y6eK IeHHOCTBIO OMBITHOT O TPETOfaBaTENA TOT9ep-
KWBaeT, 9TO HaIVIATHOCTH

¢B TIeJarOTUYIeCKOM OTHOIIEHNN HYXKHO MEeHUTHL OYeHb BBEICOKO. ['eome-
TpUYecKas MOJelb, HAPUMED, C 3TOH TOYKH 3PEHUs OYeHb MOYYUTeAbHA
U UHTEPECHA).

Pozxe . Kaelir He paz BosBpalajics K 3TOMY BOIPOCY, 0OCTOATENBHO OOBACHSIA,
9TO KOHKPETHO OH MOHUMAET IO IPUHIUIIOM HaIVIATHOCTH U KaK BUIUT €ro peajn-
3alMIO B Ipollecce Mpeno/jaBaHnA.

B cBoux paborax P. Kaetnr moapo6HO 1 06CTOATENBHO PA3BUBAET OPUTMHATE-
HBle B3TJAILI HA MaTeMaTHdeckKoe obpaszoBaHme. B mx ocHOBe gexkaT Takume pyH-
JaMeHTaJbHBIe TONOXKEHNA, KaK 06A3aTeJbHOCTh HMPUCIOCOOIEHNA K «IIPUPOTHBIM
CKIOHHOCTAM MOJOJOT 0 dejioBekay (Beipakernne P. KuaeliHa) n mocToAHHON opHeHTa-
N Ha TCHXOJOTHYeCKNe 3aKOHOMEPHOCTH YCBOEHHS MAaTeMaTHYeCKUX 3HAHUH, He-
06XOIMMOCTD TONJIMHHOTO YCBOEHNA Waen (DYHKINOHAJTBLHOW 3aBUCHMOCTH U TWIy6O-
KOT'0 pa3BUTuA HPYyHKIMOHAJBHOT'O MBIILIEHNA, LleJecooOpa3sHoCTh peannsanun pysn-
OHU3Ma B TIPENOfaBaHNN IIKOJALHON MATEMATHKH, MPEKIe BCEro — IMTKOIABHOTO KYD-
ca TeoOMeTpUN, MOJE3HOCTH MINPOKOI'O O3HAKOMJCHUA C NMPUJIOKEHUAME MaTeMaTHKN
u T.7x. Panpumep, oH BBICTyIAJ 3a CBOOOMHBIN BHIGOD YYEHHKOM ['YMaHUTAPHOTO
WIN €CTECTBEHHO-HAYYHOT'O M MaTeMaTH4decKoro o6pa3oBaHUA U TeM CaMbIM CTOSJ
dakTUIeCKn y NCTOKOB HAeN ryMaHu3alnn obpasoBanusa. MHorme ero ocHoBomosa-
raole WIel W KOHIENINN MEPECTPOUKHN CPETHErO W BHICIIETO MATEMATHYIECKOTO
ob6pa3oBaHUA XOPOIIO M3BECTHHI, OOIIETTPU3HAHBI, COXPAHAIT 31000THEBHOCTh U B
Hallle BpeMsA — HO BcCe ellle O¥Y€Hb MaJeKN OT BOIIOMICHUA B JKU3Hb.

U B zakiiovdenmne — ele IBa MHTEPECHENIINX BHICKA3BLIBAHUA M3 3PJIAHT€HCKOH
mporpamMMbl. BecbMa akTyaJqbHO 3BYYHT MPU3LIB €€ aBTOPA PACIIMPATH CBA3N MeXK-
Iy Pa3inYHBIMHU pa3jiejaMyi MaTeMaTUKH U TeM caMbiM oforaiaTh BO3MOXHOCTH
TBOpYecTBa U yraybaaTh NOHUMaHUE Pe3yJabTaTOB:

«CrnenmaancT Mo MaTeMaTHYeCKON (PU3MKe MOCTOSHHO YKJIOHIETCS OT
TeX MPEUMYIIeCTB, KOTOPBIe MOXKET NOCTaBUTH €My BO MHOTHX Caydadx
CKOIBKO-HNOY b BEIpaboTaHHOE NIPOEKTHBHOE BO33PEHHUE. )

Wnes HeoOXOMUMOCTH TECHOTO B3aUMOJEHCTBUS W B3aUMOIOHUMAHUA PA3INIHBIX
BeTBell MaTeEMATHKIN, MATEMATHKOB W MPHUKJIAJHIKOB BCerja Oblia OvueHb OJM3Ka
d. Kanetiny u BeAdeckn uM mpomnaraHgnpoBatack. OdeHb TIyOOKNM MpeNCTaBAAETCA
U Apyroe MoloXKeHNe, Kacaollleecs B3auMOOTHOIIEHUA HAYIHOT'O U IICUXOJOT MHeCKOT O
B I'eOMEeTPHUYEeCKOM BOCTIPUATHMN:

«Peab3sg ¢ MaTeMaTUYIeCKON TOYKM 3PEHUS ... HOMEIIATH KOMY OBI TO
HM OBLIO yTBEPXKAaTh, 9TO MPOCTPAHCTBO NMeeT cOOCTBEHHO HeThIpe W/IN
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MPOU3BOABHO MHOTO H3MEDEHWUH, HO ... MBI B COCTOSHHHN BOCHPHHUMATH
TOJBKO TPH.»

23 oxTabdpsa 1897 roga poccuiickoe mepuoautieckoe m3ganue «PoBocTn n 6upxepas
razeTay MO3HAKOMILIA CBOUX YUTATENEN CO CIEAYIONINM COOOIIEHNEM 13 YHUBEPCUTET-
CKOU XKU3HU:

(KA3AHB. B rogopmmay poxaennsa Jlo6atueBcKoro B aKTOBOM 3alie yHU-
BEPCHTETA COCTOSIOCH TOPKECTBEHHOE 3acefnaHme (PU3NKO-MaTeMaTHIe-
CKOr0 06IIecTBa [JI MEPBOT O TPUCY K AeHnd npeMun nmMenn JoGadeBcKoro
npodeccopy Jleanuurckoro yaupepcutera Cammycy, 3010TOH MeIaln —
npogeccopy l'erruurenckoro yamBepcureTa Penukcy Kiaenmy. Yaern 06-
mecTBa PellHTap AT NMpeaiokma BOUTH ¢ XoAaTancTBoM B MUHHCTEPCTBO
HaPOIHOT'O ITPOCBEIIEHNS O BBEIEHNN HEDBKJIN,IOBON I'€OMETPHN B Kypc 006-
1ero o6pazoBaHmA.»

Ceroasi, CTO J€T CIyCTs, BTO COOOIIEHNE BBI3BIBAET OCOOBIN MHTEPEC KaK KI-
BO€ HMCTOPUYECKOE CBUAeTEALCTBO MpUMedaTenbHon BeTpedn nMmern P. JlobadeBckoro
u P. Kaelira, 0puvy auBoOro mepemaeTeHns cy 506 UX (QPyHIaMeHTAIbHEIX padoT
H TOrO CHENUATBLHOTO BHUMAHUA, KOTOPOE POCCHUCKAA HAyIHO-TeIarormdeckas 06-
[IECTBEHHOCTDH BCET1a CIIENMNAIbHO Y618 TeOMeTPHYECKOMY IIKOJBHOMY 06pa3oBa-
HUIO.
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1. BBEIEHUE

Ppapogurenem Teopuu ysaop apisgerca K. P. Tayce, KOTOPBII BBEIBEJ 3aMeda-
TeJILHYIO HHTErPadbHyIo (GOPMYIILY Add Yucia 060pOTOB OJHON 3aMKHYTOH KPUBOU B
IPOCTPAHCTBE BOKPYD APYIOH, a TakiKe OCTABUI B CBOMX 3AIMCHLIX KHIKKaX MHO-
TOYNCAEHHBIE PUCYHKH Y3J0B 6e3 KoMMeHTapreB. CHCTeMaTHYIeCKOe pa3BUTHE TeO-
pum y37a0B Hadagock ¢ 1880-x rogoB, KoTrga HECKOJIBKO MAaTEeMAaTHKOB B (PU3NKOB C
GOJBLIIIM DHTY3Ua3MOM 3aHAINCHL COCTaBJAeHHeM TabJull Y3J0B [OJ BAUAHIEM HUIel
sHaMeHUTOro (msuka Y. ToMmIcora (BIOCAeJCTBIH H3BECTHOTO Kak Jopd KeabBuH)
O TOM, YTO Y3Jbl JOMKHEL B3aHMHO OJHO3HAYHO COOTBETCTBOBATEL XUMUYECKUM BJe-
MeHTaM. Bckope BBIACHHIOCH, 9TO 5Ta Hied ObLIa OMUGOYHON, B XUMUKU BOCTOPIKE-
crBoBaga Teopud /1. 1. MengeneeBa, u JUIIb MHOT'O IIO32Ke OBLIM OTKPBITHL PeaJbHBIE
€CTeCTBEHHO-HAayYHble TPIJIOKEHNA Teoprn y3a0B (cTpoenne moaekya JPK, ruapo-
JAMHAMHUKA, (peppOMarHeTHKH | T. f.). BrpodeM, B Halllell cTaThe MBI He COBHPaeMCs
3aTparuBaTh IPUKIAJHBEIX TeM U OyeM PacCMaTPUBATh y3Jbl KaK YHCTO MaTeMaTH-
qecKHU 0ObEeKT.

Teopusa yzjaop — ogHa u3 Haumbojee NPUBAEKATEILHLIX 00JacTell MaTeMaTHKH.
[ljs1 5TOro ecTh HECKOAbLKO NPUYMH:

> Teopuwm yanaoB HemHOTEM 60dee 100 JeT, 9TO, MO-BUAMMOMY, ABIAAETCA BO3pac-
TOM pacIBeTa HAYYHOU TEeOPHH.

> PpeameTom Teopunm siBAseTCH y3ea — MPOCTON W HATISTHBIL OOBEKT.

> TeOpI/IH y3J0B TE€CHO CBA3aHa IIOYTH CO BCEMH obracTaMn MaTeMaTUKH, 1 B
Hen YCIIEUIHO pa6OTaIOT reOMETpPpHUIECKHUE, aﬂre6paﬂquKHe 1 aHaJUuTHYIeCKHe
IIOHATUA 1 METOLI.

MaTemaTuyeckoe npocseweHue, cep. 3, Bbin. 3, 1999(59—93)



60 C. B. dyxuu, C. B. YuyTos

> B Teopunm y3m0B 10KazaHO MHOT'O COAEPKATENbHBIX W TPYAHBIX TeOPEM, HO MO
CHX TOP CYIIECTBYET MHOT'O OTKPBITHIX TPO6IeM ¢ TPOCTON (hOPMYIUPOBKOMN,
WHBIC U3 KOTOPHIX CTOAT yikKe TeCATKN JeT.

[eab 5Toi CTATHH — PaccKa3aTh O TOM, UTO TaKoe y3el W KaKhe eCTh CIOCOOHI
Paclo3HATh, OJUHAKOBLI MM DA3IWIHLl MBa JAHHBIX y3aa. PapAmny ¢ MOHATHAMEI U
TeopeMaMU KAaCCHIeCKON TEOPHH Y3J0B, B CTAThE YIOMHHAIOTCA HEKOTOPHIE JOCTH-
KEHUS MOCAeJHAX JeT (MHBapuaHThl Bacuibea, dexan1poBhl yaabl). Pe mperenmys
HHKOMM O6pa3soM Ha TOJHOTY M3JOKEHUA, Mbl OTCHLLIAEM 3aMHTEPECOBAHHOTO THTa~
Tens K kHuraM Anamca [1], Ppaconosa n Cocunckoro [22], Kpoysana u Pokca [7].

2. IIOHATHUE Y3JA

Y3eqa — 3TO Taanmkasd 3aMKHYTasd HecaMOIepeceKaloasacad KpuBas B TPOCTpaH-
crBe. MBI OymeM Bcerja mpeanofaraTh 3Ty KPHUBYIO TapaMeTPH30BaHHOW u Gosee
TOYHO OlNpefeNeHne yaaa (GopMyanpyeM Tak.

ONPEAEJEHUE. Y3e4 — 3TO TIaIKoe BIOXKEHIe OKPYKHOCTH S' B TpexMepHOe
npocTparcTBo R3, T.e. Geckomeuno muddpepennupyeMoe oTobpaxenme f : S —
R3, KoTopoe IIepeBoANT pa3HEle TOIKH OKPYXKHOCTH B Pa3HEe TOUKH IPOCTPAHCTBA,
npuyem BekTop ckopoctu f'(u) ne o6paraercsa B 0 Hu npu Kakom u € ST

Eciu BEIGpaTh cCTeMy KOOpAHHAT B IIPOCTPAHCTBE, TO Y3eI MOXKHO 3aJaTh Ha-
6OpOM U3 Tpex NIaJKuX mepuogmdeckux GyHkuui z(u), y(u), z(u).

Prumer 1. Tpusuaavrviti y3ea

r = cosu,
y = sinu,
z = 0.

Prumer 2. Tpuaucmuur

z = (24 cos3u)cosu,
y = (24 cos3u)sin 2u,
z = sin3u.

MubI 6ygeM Bcerfa CIUTaTh Y3JBl OPUEHMUPOSAHHBIMU, CINTAA MOJOKITEILHEIM
HaIpaBJIeHIeM 06X0/a y3/Ja TO, KOTOPOE COOTBETCTBYET BPAIICHHIO IIPOTHB IacOoBOI
cTpeaKu Ha napameTrpusytomeli okpyxuoctn ST = {(cosu,sinu)|lu € R} C RZ

2.1. U3oTonusa

I'nagkaa samkHyTasd KpuBad, pacCMaTpUBaeMasd caMa Mo cebe, MOXKeET CIYyKHUTH
npeaMeToM auddepeHIInaIbHON TeOMETPHHN, HO HE TOMOJOTHH. 1 0no4o2uneckoe mo-
HATHE y3Ja Ioapa3yMeBaeT, 9TO Y3/Ibl PACCMaTPUBAIOTCA C TOYHOCTBIO IO €CTEeCTBEH-
HOI'O OTHOUIEHUA SKBUBAJECHTHOCTH, MONEJIUPYIONIETO Te Ipeobpa3oBaHnsa, KOTOPbIE
MOXKHO (PU3MYECKN TPO/IeJaTh ¢ KYCKOM BEPEBKH, KOHITBI KOTODPOU CBA3AHHI.

OTPENEJNEHUE. [ aadkas uzomonus ysaa K, zadannozo kak omobpaxncenue f :
St — R3, — smo eaadkoe cemeticmeo yzaos f, maxoe, umo fo = f.
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Taadkoe cemeiicmeo omobpaxcenuti, W omobpaxcenue, 24a0K0 3A6UCAUWEE OM
napamempa, — 3TO, TOBOPA (POPMAIBLHO, TIaJKoe oTobpaxenme F : ST x I — R3 rae
I — oTpesoxk umcaoBon ocu. Ecian zadukcnpoBaTh BTOPON apryMeHT O0TOGpaKeHN
F, mpujaB eMy 3HadeHHe v, TO MEl IOIYINM oTobpaxenue f, : ST — R3,

P anpumep, dopmyant

z = (v+4cos(3u))cos(2u),
y = (v4cos(3u))sin(2u),
z = sin(3u)

sagaoT IpH v € (1, 4+00) TIaIKyI0 H30TONHIO PACCMOTPEHHOTO BHIIIE TPHINCTHHKA,
OTBeYAIOIIETO 3HATEHNTO v = 2!

& &

v=1,2 v=1

Ppu Beex 3HaYeHUAX v > 1 570 GyeT HecaMolepeceKaaicsa BIOKeHHAs KPHBad,
a TpH v = | Ha Hel NOABUTCA TPONHAA TOYKA, & IMEHHO, COBIIAYT 3HadYeHuA (&, Y, 2)
ag u=n/3, u=muu=>5r/3.

[lBa y3/1a HA3BIBAIOTCA IKEUSAAEHMHBLMU, ECIH OT OJHOTO K APYTOMY MOXKHO Tie-
peiTn TJa Kol nzoTonnei. Pa prucyHke n3o6pakeH TpUMep DMIaJKOH H30TOIHN Y374,
HA3BIBAEMOT'O 60CbMEPKOU:

JlegpopManua BOCBMEDKH B ee 3epKaJbHBIH 06pa3

v =2

TpuBHATBLHEIN y3ed (WIH Hey3ed) — 3TO y3ed, SKBHBAJEHTHBIH MIOCKON OKPYXK-
HOCTHU W3 mpuMepa 1.

Wmest mepen raazaMu PUCYHOK TPUBHAJBHOTO y3ja, WHOW pa3 OBIBAET JOBOJIBHO
TPYJAHO MOHATH, YTO OH TPUBHUAJEH.

R

TpuBHAJLHBIE Y3JIBI

AJropuT™M pacrmo3HaBaHUs TPUBHAJBLHOTO yaiaa BIepBbie paspaboran B. Xaken
[14] B 1961 roay. Aaroputm XakeHa paboTaeT CAUIIKOM MEIJICHHO U TOXTOMY HHKO-
rj1a He peaqn30BEIBAICA Ha KoMmbioTepe. CoBceM HegaBHo (npenpuaT 1998 roga [5])
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Jx. Pupman u M. Xupin npuayMaan ApYyTOHd airOpuTM, KOTOPHIH, CYAd MO BCEMY,
y2Ke IMEeET CMBICI 3allpPOr PAMMIPOBATH.

2.2. OPUEHTALUA

Y3eq — 3TO OpHEHTHPOBaHHAA KPUBasd B OPHEHTHPOBaHHOM mpocTpaHcTBe. OT-
paxkeHne OTHOCHTENBHO TMIOCKOCTH MeHsAeT OpHeHTAaInIo MpocTpancTBa. UaMenenne
HalpaBIeHns 06X01a KPUBOHW Ha MPOTHBOIOIOKHOE MEHSET OPUEHTAINIO KPUBOH.

EcTecTBeHHO BHIIEMNTH KJIACCH Y3J0B, KOTOPbHIE OCTAIOTCA SKBUBAJCHTHLIME cebe
npu Takmux npeobpa3oBaHUAX.

OHPE,I[EJ[EHI/IE. Yzea HazbIBaeTCA 3EPKRAAbHBIM, €CJIN OH DKBHUBAJECHTEH CBOEMY
3€PKaJbHOMY OTPaXxXKeHHUIO.

PruMmEP 1. ¥Yszen «BockMepKkas 3epkajeH. PTo gokazbiBaeT M30TONNA, TPUBETEH-
Had Ha PUCYHKE BHIIIE.

PruMEP 2. TpuaucTHUK He ABAAETCA 3€PKATBHBIM Y3JIOM:

> ap

JIeBBIIT TPHIHCTHHK Bpapemi TpurnctHUK
Prot dpakT 6ymer noxazan B pazuaene 4.2.

ONPEAEJEHUE. Y3ea Ha3blBaeTCs 06paMUMbIM, €CIU OH DKBUBAJIEHTEH CBOEMY
obpaTHOMY, T.€. TOMY XK€ Y31y, TPOXOAUMOMY B 06paTHOM HallpaBJICHNUN.

PruMEP. TpunucTHuk o6paTnM, Tak Kak HampaBieHme 06X0na MOKHO 3aMeHUTH
Ha obpaTHOe TIaBHEIM moBopoToM Ha 180° Bokpyr ocu Oz (B NpHBEJIEHHOM BEHIIIE
TPUT OHOMETPHYECKOM MPEeJCTABIECHNH ).

YTPAKHEHUE. PpoBepbTe, YTO y3ea «BOChbMepKay TaKkKe O6pPaTIM.

Cpenn y3i0B, nuMeonnx He Gojee 8 mepeceveHnil, eCTh TOJBKO OJNH HeOOpaTH-
MBI 5T0 y3end 817 (CM. TabauIy y3/710B B TIPHIOKEHIH).

PacnoznaTh, o6paTum au JaHHBIN y3erd, HenpocTo. PepBoe cTporoe moxasaTeinb-
CTBO HEOGPATHMOCTH GBIIO TPOBEJEHO TOAbKO B 1962 rony (mpumep TpoTrepa [26]).
O61tero aaropuTMa Uit PEIeHns 3TON Mpo6JeMbl He HAEHO 10 CHX TIOP.

2.3. KoMImo3uuua ysJioB

CyliecTByeT eCTECTBEHHBIN CIOCO6 CTPOUTH Gollee CAOKHBIE V3Bl M3 TBYX 6odee
npocThiX. [las 5Toro Kaxmblll W3 [BYX Y3JI0B HYXKHO Pa3pe3aTh B KAKOM-TO MECTE,
a MMOTOM NPUKJIENTDh ABa KOHIIA OJHOTO y3/da K ABYM KOHIIAM Apyroro. Bece aTo mamo
JeraTh JOCTATOYMHO OCTOPOXKHO: CHaYada HYXKHO IIyTeM TJIafKOW M30TONUH MPOIe-
dopMmupoBaTh 06a TaHHBIX y3Ja TakK, YTOOBI I KAKOU-TO PETYIAPHON TPOEKINH
Ha IJIOCKOCTH HallleJlcA MUCK, BHYTPHM KOTOPOI'O HAIW Y3Jbl UMeaun Obl BU, YKa3aH-
HBIU Ha CJAeYIOIIEM PUCYHKE CJAEBA, a 3aTeM M3MEHWTh WX BHYTPH 3TOTO [HCKA, KAK
MOKAa3aHO cIpaBa. PocKoabKy MBI paccMaTpUBaeM OPHUEHTHPOBAHHBIE V3B, CKIEHKY
MOXKHO TTPOU3BECTH TOJBKO OJHUM CHOCOOOM.
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CBA3Hag CyMMa y3J0B

Jlerko nmouATh, uT0 cymma K17 Ko nByx y3a0B K1 u Ko He 3aBHCHT OT TOYEK pas-
peza (BooOIle, Bce TOYKH y3/1a PABHONPABHEI MEXKAY COGOH OTHOCHTENBHO TIaNKIX
H30TOINI).

Ecan npegcTaBiasTh cebe CBA3HYIO CYMMY Y3J0B KaK YMHOXK€eHWE, TO TPUBAAIbHBIT
y3eqd UrpaeT, O9eBUAHO, POab eAnHubl: K# K = K gra motoro K.

Y3en HA3BLIBAeTCA NPOCMBIM, €CIT €T'0 HeAb3A MPeJICTAaBUTHL B BUJe CYMMBI IBYX
HETPUBHATBHBIX y3J0B. PpOCThie y3abl BHIMOAHAIOT POJMb MPOCTHIX HMHCEN B apudMe-
THKE: OKa3BIBAETCs, ITO JIOOGOU y3el MOXKHO MPENCTABHTEH B BH/E CBA3HOU CYMMBI
HECKOJIBKUX MPOCTHIX, W MPUTOM OTHO3HAYHO.

Po sTon mpuvmie B Tabannax y3JoB, COCTABIEHNEM KOTOPHIX MATEMATHKN 3aHI-
MatoTca ¢ 1880-x TonoB, MPUBOAATCA TOJABKO TPOCTHIE yaabl. K HacToAleMy BpeMeHN
COCTaBJEHB! TIOJHBIE TAOJNIBI BCEX MPOCTHIX Y3JI0B, KOTOPBIE MOMYCKAIOT PEryJIsip-
HYIO MPOeKInio ¢ He Goaee deM 16 Toukamm nepecedernns (k. Xocr, M. Tucarysir,
k. Yuke, 1997). B Tabauuax y3a0B IPUHATH 0003HAYEHNA BHAA Ny, T N — GHCIO
Mepecevdennil, M — HOMED IO MOPSAAKY CPEIN BCEX Y3JOB C N MEPECETEHMAMM. Y3JH,
MOMY IAOIITINECH APYT OT ApyTa 3aMeHOW OpHeHTAINN WA 3€PKAIbHBIM OTPaXKeHIeM,
B TabJMIIax y3JI0B HE PA3ImdaroTCA.

Ppu cocrapieHun Tabaull y3/10B JOIH 9acTO TOMYCKaJl OMMOKH (I HEMYJPEHO).
CaMBIl 3HAMEHUTHIA CIyYall Takoro poja — 3TO napa Pepko, mBa SKBUBAJEHTHBIX
IPYT APYTY yada, KOTOpble B TedeHme 75 JeT, HavunHad ¢ 1899 romga, canranaunch pas-

awanbv. Bor om: / /\ \/\,
&
> S

Bapa Bepko

O6HApPY KNI WX SKBUBAJEHTHOCTH FOPUCT W3 PBIO—I/UIOpKa K. A. Pepro B 1974
rogay. CodeTanne «lOpuUCT-NPO(QeCCHOHAN U OTHOBPEMEHHO MATEMATHK-TIOOUTETE) HE
HePBHII pa3 BCTpedaeTcs B HCTODHN MaTeMaTHkn (BcnomuuTe Phepa Pepmal) n
BCerjia MPUBOJAUT K HOBHIM OTKPBITHUSIM.

B Ppumoxenun npuBegera Tabamia TpOCTHIX Y3I0B [0 8 caMOMepecedeHni BKIIO-
qnTeabHo. [las paboTh ¢ yaiaMu yI0GHO TMOIB30BATHCS KOMIBIOTEPHBIMHI IPOTPaM-
MaM® # TabaulaMi, KOTOpble HMeIOTCA Ha HECKOABKWX WWW-cepBepax (CM., HalpH-
Mep, [24]).
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3. IUATPAMMBEI

B mpunmmne, d060H y3el MOXHO 3ajaTh ABHBEIMH (opmyramu z(t), y(t), z(1)
B BH/E TPHIOHOMETPHICCKIX MHOI'OWICHOB. PpUMep IIpejcTaBlcHIA B TaKOM BHE
OJHOTO y3aa (TpuamcTHUKA) GbLT MpUBejeH Bbime. ToT (hakT, 9To At ao6oro ysaa
HallJeTca SKBHBAJCHTHLI eMy TPUTOHOMETPHIECKHI, BEITEKAET U3 TOT'0, 9TO AF00bIE
nepuoudeckne pyHkunm x(t), y(t), z(t) MOKHO ¢ MOGOH CTENEHbIO TOTHOCTH TPH-
6IH3HTE TPUTOHOMETPHICCKAMIE MHOIOWICHAMH, T. €. KOMOHHaIIAMH sin kt 1 cos k.

Pago, ofHaKO, 3aMETHTE, 9TO He CYHIeCTBYET HHKAKOIO pa3yMHOI'0 crocoba pac-
HO3HATEL SKBHBAJICHTHOCTEL UM JOKA3aTh HESKBHBAJCHTHOCTDL Y3J0B, 3aaHHLIX AB-
HEIMEI (bOpMyJdaMH. Bce cIoco6bl 3aMaHnsA y3JI0B, ¢ KOTOPBLIMEH MOXHO PEAJbHO pa-
60TaTh, IMEIOT KOMOGHHATOPHBIN XapaKTep. B 3ToM pasfele MBI pacCMOTPHM ABa
Takux crnocoba: (KaaccuiecKne) MMArPAMMbI Y3J0B W J€KaHAPOBO NpPeJCTaBICHIE.

3.1. TUATPAMMA Y3JA

Juaepamma y3aa — 3TOT TOT €CTECTBEHHEIN CII0CO6 M306paKeHIA y3/1a Ha ILI0C-
KOCTH, KOTOPBIM MBI Y€ MOJb30BaJiCh Ha NpelblIyIINX pHCyHKaX. L'oBopa Goee
hopMaJbHO, AHATpaMMa y3Ja IpecTaBageT coboil TaaTKyo KPHBYIO Ha IIOCKOCTH,
He HMEIONIYI0 APYTHX OCOGEIX TOYeK, KpOoMeé KOHETHOrO HHCIa IPOCTEIX JBONHBIX
Todek (TaM, rfe MPOUCXOJUT TPaHCBEpCAAbHOE caMollepecedenne), N CHAbKEHHYIO
B KaxKJOI ABOIHON TOYKE ONHNM GUTOM NOIOJHNTEILHON HH(GOPMALNH, YKA3BIBA0-
UM, KaKasd U3 JBYX BeTBeH B DTOU TOYKe ABIACTCA nporodom (T.e. JeKAT CHU3Y),
a Kakas neperodom (T.e. TEKHT CBEPXY).

YUT06LI HapHCcOBATL AWArpaMMy JaHHoOTo yara f @ S' — R3 myxHO ero HeMHOTO
HOIIEBEANTD, T. €. ITOABEPIHYTH M30TONNN, GAH3KON K TOXK IeCTBEHHON, ¢ TeM, ITOGLI
ero mpoexnuda 7o f : S' = R3 — R? ma BLIGpaHHYIO ILIOCKOCTE CTala peaytaApHot,
T.e. (1) BekTOp mpomsBogHOl (7 o f)' Hurge He obpamaica 661 B 0 u (2) HuKakasd
TOYKa He mMesda 6bI 6ojee NBYX Mpoo6pazoB. OYeBHAHO, YTO DTOr0O BCErja MOXKHO
NO6UTHCA MaJoil M30TONHeH, He BHLIBOJAIIEH 3a Mpelelbl KAAcCa SKBHBAJCHTHOCTH
yaaa.

A A &

Beperyaapuaple npoeknnn Beryaapuble npoeknnn

Ppu mzoTonmmm yzaa B MpOCTpaHCTBE €ro AnarpaMMa MOXKeT MeHATLCA. PTn mame-
HEHUsI MOTYT OBITh ABYX NPUHIUIHAJTLHO Pa3JUaHLIX BUIOB. Bo-TepBLIX, mumarpam-
Ma yaJa, KaKk TaajKad 3aMKHyTad IIOCKad KPHBad, MOXKeT MpeTepleBaTh NAOCKYIO
uzomonuio, T.e. TOBEPraThCA BO3JAeICTBUIO CEMENCTBA B3aNMHO OTHO3HATHBIX Mpe-
06pazoBaHNN MIOCKOCTH, TJIa KO 3aBHUCAIIETO OT IapaMeTpa.

Bo-BTOpEIX, BO3MOXHEI nepecmpotiku duazpammol, KOrJa oHa MEHAET CBOH THII,
HalpuMep, MoKazaHHbIE Ha CaeqyIOIIEN CTpaHule nepecmpotixu Petidemeiicmepa.

K. Peligemeiicrep — aBTOp NepBOil KHUTH, MOCBAMEHHON NEJUMKOM TEOPUH y3J0B
(1932). B Hell gokaszaHa claegyiolias TeopeMa: dee duaepammvl 3adawom odur u mom
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EBiockaa mzoronnsa JuarpaMMbl
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Bepecrponkn Berigemercrepa

Jce yzea moeada u moavko mozda, Koeda om 00RO U3 HUT MONCHO nepelimu Kk dpyeott
nocpedemeom naockur uzomonuti duazpammvl u nepecmpoek Petidemeiicmepa.

C TouKm 3peHUs COBPeMeHHOUW Teopuu ocobeHHOCTeH Teopema PelimemeiicTepa
MOBOJBLHO OYEBUIHA: ACHO, 9TO JIOOYIO TWIAAKYI0 H30TOMHWIO Yy3Jda B MPOCTPAHCTBE
MOXKHO HEMHOT'O HOIIEBETHTL TaK, 9TO OHA CBEJETCA K TMOCAEOBATEILHOCTH HAeMEH-
TapHBIX TEPECTPOEK YKA3AHHBIX TPeX THUMOB. PoJIpo6GHOro JoKazaTelbeTBa HTOTO
YTBEPXKAeHUsA Mbl TPUBOAUTE He Gy IeM, OTCHLIAaA 3aMHTEPECOBAHHOIO TUTATENA, Ha-
npumep, K Kuure [22].

PPUMEP. PpeBpainenne BocbMepKH B €€ 3epKaJbHBEIN 06pa3, MOKa3aHHOE HA PH-
cyHKe BiiIe (c. 61), TOMIMO TIOCKNX M30TOMNH, COAEPKUT CAeJYIONUYIO HOCTEN0Ba~
TeJbHOCTE HepecTpoek Pemnmemenicrepa: 11, 111, 111, 1, I, II1, II.

OO6BACHIM, B KAKOM CMBICJE HATPAMMA MOXKET PACCMATPUBATHCA KaK 9HCTO KOM-
OUMHATOPHBIN cIIOCcOb 3aMaHusa KJIAacCa SKBUBAJEHTHOCTH y3Ja.

JuarpamMma ysia, paccMaTpUBaeMas ¢ TOYHOCTHIO 10 IIOCKNX M30TONNH (raa, -
KX fgedopMalnili B IIOCKOCTH), COMEPKNT cleayoulyio nadopmanmio: (1) B Kakom
HOpsAAKe BJAOAb KPUBOH CIeYIOT TOYKH caMollepecedenns, (2) Kakasd BETBb KPHBOH
B TOYKe caMollepeceveHNs ABIAECTCA IPOXOOM, a KaKad IMePexo oM.

Mg KoqupoBaHUsA TMIOCKIK 3aMKHYTBIX KPUBBIX YAOOHBIM WHCTPYMEHTOM ABJSA-
0T 2ayccoébt duazpammbl. Pa camMoM fefe, rayCccoBBI AWATDAMMBL GOJBIINE TPUCTIO-
cobJieHBbl 1JId OTMCAaHUA 3aMKHYTHIX KPUBBIX Ha cdepe, HeXean 3aMKHYTHIX KPUBBIX
Ha MIOCKOCTH. ITOGH K HIM TIEPENTH, MBI CeJaeM CaeIyIoIIee MPOCTOE HAOMIO JEHNE.

BwmecTo miaockux amarpamMm y3aa MOXKHO PACCMaTPUBATL chepuidecKkne, U 3TH TBa
moaxoaa abCoMOTHO KBUBaTeHTHE. Cheputdeckasd quarpamMmma IMoIy9aeTcsa Kak mpo-
exnua yaaa Ha chepy S° C R3, comepxkaliyio HaII y3el BHYTPH, 3 IeHTpa chephl,
ecan 3Ta NPOEKINs peryaspHa. PpokanrsiBasg cepy B KAKOU-TO TOYKE, MBI OJY TaeM
u3 chepUHIecKon AUArPAMMEL TIOCKYIO.
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Cdpepudeckas quarpaMMa BOCEMEDKH

Kaxk srnepseie samerna emje K. &. Tayce, a BrnociegcTBun (BILIOTH 10 KOoHIAa XX
BEKa) 3aHOBO OTKPHIBAIN MHOTHE JADYTHe MaTeMATHKH, 3aMKHYTHIE cCaMOIlepeceKaro-
[IeCs OPUEHTUPOBAHHBIE C(PEPUIECKHE KPUBBIE ¢ TOYHOCTBIO MO TJIA KON M30TOMNN
Ha MOBEPXHOCTH C(pephl OJHOZHAYHO KOIUPYIOTCA MOCPEICTBOM [THATPAMM CJIEIYIO-
IIETO BHU/IA.

ONPEAEJEHUE. 'ayccoBa amarpamma MOPsSAKa 1 — 3TO OPUEHTHPOBAHHAA OK-
PYXKHOCTB, HAa KOTOPOHW OTMEYEHHl 21 Pa3iWmdHBIX TO4YeK, pa30uTHIX Ha Maphl, W HA
Kax oW M3 1 XOPJ, COeUHSIOMNX TapHble TOYKN, YKA3aHO HAPABJEHHE.

OmnuiieM MOCTpOEHNME TAYCCOBON AUArpPaMMBbI KpUBOW. Pa oKpyXHOCTH, KOTOpas
mapaMeTpHU3yeT JaHHYIO KPUBYIO, HYKHO OTMETHTH MPOOOPA3bl BCEX TBOMHBIX TO-
Y€K U COEMHUTH KaXAVI0 mapy mpoobpa3oB OJHON TOYKH Xopaoi. Pamnpasienne Ha
XopJax BuIbupaeTca TakK. Pa moBepxHOCTH cdephbl eCTh BIOJHE ONpeeleHHOe TOM0-
KUTeJIbHOE HalpaBleHne BpallleHus (IPOTHB YacOBON CTPENKH, eCln Ha cdepy CMo-
TpeTh cHapyXku). [Ba KOHIA XOPABI COOTBETCTBYIOT JBYM BETBAM KPHBOI B OKPECT-
HOCTH JABOWHOU TOYKH. PoloXuTeabHBEIE HATPABIEHUA DTHX BeTBEN 06pa3yiOT YT O,
Tak BoT, HampaBJeHme Ha XOPJe COOTBETCTBYET MEPEXOAY OT OJHOU CTOPOHHI yTJia
K IPYTOH B MOMOKUTEILHOM HAIIPABICHIH.

d b
c b
d a
a c
Bri6op manpapaenus xop bl

Nudopmanua o mpoxogax W TepexoJax COMEPKUTCA B oCHAUWEHHOU 2ayccosol
duazpamme: T0 3HAUUT, ITO AOMOJHUTETHHO Ha KaXKJOH XOp/e CTaBUTCA 3HAK (49,
eclW OHa HAIIpaBleHa OT Tepexona K MPOXOoy, i 3HaK «—» B o6paTHOM caydae. Jlerko
BUETH, 9TO 3TOT 3HAK COBHATAET CO 3HAKOM AOKAAbHOU 3AKPYNEHHOCTMU TBOWHON
TOYKH, KOTOpasd ONpeaeadeTca CAeAYIOMNM PUCYHKOM.

AN /
AN /

+1 -1

JlokanpHaAg 3aKpyY9I¢HHOCTD

BoT npumep amarpaMMbr yajda @ COOTBETCTBYIOMIEN OCHAIIEHHON T'ayCCOBOM Ana-
IPaMMBbL:
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[lmarpamMma yaJjaa o rayccoBa AHarpaMMa

Pekoroprie maTemaruku, sanpumep, M. Poask u O. Bupo, mpumensitor apyroe
IPaBUIO PACCTAHOBKH CTPeNoK Ha xopjgax (cMm. crarbio IO. PypmaHa B JaHHOM BhI-
mycke, c¢. 94— 115). O6a mpaBuia paBHOCHIBHEL, HO HAIlle HMEET TO MPEHMYIIECTBO,
9T0, 3a0bIBad O 3HAKAX HA XOpJax, HO COXPAaHsI HAPHNCOBAHHBIE HA HUX CTPENKH, MBI
MOMYIaeM KJIACCHYIECKYIO TayCCOBY NUATPAMMY, ABIAIOIIYIOCS MOJHBEIM HHBADHAHTOM
OPUEHTHPOBAHHON CPepUIecKON KPHUBOIL.

3.2. JIEXKAHAPOBBI Y3JIbI

PpegcraBienne y3/10B MIOCKAMHA JHarpaMMaME — CAMBIN €CTECTBEHHBIN W UCTO-
PUYMECKH MEPBBIN coco6 HATJIATHOTO 3aJaHusa Y3J0B. B 5ToM pazjele MBI TIpUBeIeM
ApyToe mpejcTaBleHne, KOTOPOe B MOciAeIHAE T'ONBl Bce HoJbllle TPUBIeKaeT BHIMA-
HUE CHEIAAINCTOB.

Ppenmonoxum, 9To0 Ha MIOCKOCTHU BBIIeNeHO HEKOTOPOE HANpaBieHUe, KOTOPOE
MEI 6y IeM Ha3BIBATH BEPTHKAIBLHBIM (HATPUMED, HalpaBIeHHe OCH OpANHAT B JeKap-
TOBOH CHCTeMe KOOPJHHAT).

OHPE,I[EJ[EHI/IE. prOHmOM Ha3bIBacTCA 3aMKHYTasd KpHBas Ha INIOCKOCTH 6e3 BED-
TUKAJBbHBIX KaCaTeJbHBIX, BCE 0co6eHHOCTH KOTOpOfI HUCYEPNBIBAIOTCA HOJIyKy6I/I‘Ie—
CKIMM TOYKaMM BO3BpaTa (K‘JHO6CLMU) u ITpOCTBIMIT ,Z[BOf/iHbIMI/I TOYKaMH.

Poaykybudeckas TouKa Bo3BpaTa — DTO TOYKA, BOAMZN KOTODPOHU HAIlla KPUBas
JOKaTbHO BHILIAANT KakK NOTyKy6udeckad mapaboda y° = x> B OKpECTHOCTH Hadala
KoopauHAT. PTo caMblil 06Nl BH TOYKH Ha MapaMeTPH3OBAHHON KPHBOH r(t), B

KOTOpPOI BeKTOp I’ obpalaeTca B HyJdb, a BeKTopHl 7' n v’ HexolrnmHeapHEL.

3AMEYAHUE. PasBanue «ppoHTY HCHOIB3YETCA TO TOW MPUYHUHE, 9TO DKBUIH-
CTaHTH A1 KPHBOH OOIIETO MOMOKEHUA Ha TIOCKOCTH (HATPUMED, BJIHICA) HMEIT
TOMBKO OCOGEHHOCTH YKAa3aHHBIX TUIOB. A DKBHINCTAHTa — 3TO KakK OBl PPOHT CBe-
TOBOH BOJHBI, CXOIAIIEH M3 JaHHOU KPUBOM.

OO6bsACHUM, B YeM COCTOUT CBA3b MeXAy (PpOHTAMHU U y3JaMHU. 3a0JHO MBI Pac-
cKayeM, oTKyaa GepeTca TpeboBaHNe OTCYTCTBUA BEPTUKAJbHBIX KaCaTEIbHBIX.

PpoHT — HTO KPHBas Ha INIOCKOCTH, CKakKeM, ¢ KoopauHaTaMu (&, y). Jobapiss K
HUM ellle TPETHIO KOOPMHATY Z, PABHYIO TAHTeHCY yIrJia HaKJIOHA KPUBOU B MaHHOM
TOYKe, Ml HOIYYHIM KPHBYIO B TpexXMepHOM mpocTpaHcTBe R3. Ecam Ha mcxomHOIM
KPHBOU €CTHh TOJBKO MPOCTHIE MBOWHBIE TOYKW W KJAKOBBEI, TO TOJyYeHHAd KDPUBas
B IPOCTPAHCTBe 6yJeT TIaIKuM y3aoM. TanTeHc yria HaKJIOHA ONpefeleH BCIOTY,
MMOCKOJBKY HeT BePTHKAJBHBIX KacaTeJlbHBIX.
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Ecmn oTkazaThbca oT TpeboBaHUSA OTCYTCTBUA BEPTUKAIHLHBIX KacaTelbHBIX, TO
yIOJ HaKJIOHA KPUBOU OygeT MPUHUMATH 3HAYEHUsS HE B TOYKAX MPSMOU, a B TOY-
KaX OKpyXKHOCTH. TakmM o6pa3zoM, B 5TOM cIydae MH HOIYYHM y3el He B R> a B
TpexMepHOM MHOToo6pazmu R? x S| mpeacTapasiomeM coboll MOTHOTOPHE.

OnuiieM Termeps COOTBETCTBHE MeX Ay (PPOHTAMHU U y3JdaMi B TePMUHAX IHa-
rpaMM.

Po ¢ponTy amarpamma mpeicTaBAgeMOTO WM y3ida cTponTca TaK. Bce Touxm
BO3BpATA HYXKHO IIPOCTO CIVIAAUTh, & MPOXO /Ll I TIEPEXO bl B JBOMHBIX TOYKAX OMpe-
IEeJIUTh TakK: 66M6Eb Kpueol, udyuyas u3 Ae6020 HUNCHEZ0 Yead 6 NPasbili eeprHut,
scezda ssasemca neperodom, a dpyzas eemsb — nporodom. Tak Kak GpOHT He UMe-
€T BEPTHKAIBHBIX KACATEIBHBIX, TAKOE Paz/leJeHre BeTBEH KOPPEKTHO OIMPEIENeHO.

o <O X XA

Boctpoenne amarpaMMbl 10 (ppOHTY

O6paTHO, O AHArpaMMe MOXKHO MOCTPOUTHL (PPOHT HPEJACTABISEMOTO €10 Y3Ja.
PpuBenem muarpammy B ofIlee TOMOXKEHNE TaK, 9TO B JABOWHBIX TOYKAX HU OHA
3 KacaTelbHBIX He 6yIeT BepTUKAJBHON. Pociie 3TOro 3aMeHNM BCe TOYKH C BEPTH-
KaJbHBIMI KacaTEAbHBIMI Ha TOYKH BO3BPATa, a TBOMHBIE TOYKH, B KOTOPHIX TEPEXO
uMeeT HallpaB/JeHHNE «ceBepo-3alaj —oTr0o-BOCTOKY, IpeobpasdyeM Tak, KaK IOKa3aHO

Ha pHUCYHKE.
X oo 2

Boctpoenne ¢pponTa o gmarpaMme

TeM caMBIM MBI TOKA3aJM, 9TO BCAKUH Y3€d MOXKHO MPeACTaBUThH (pporHTOM. Pa-
npuMep, Ha clAeAyoleM pucyHKe n3obpaxeHbl HPOHTHL U AUarpaMMBbl I€BOT'O U Mpa-
BOI'O TPHJNCTHHKA (ClAeBa Mo (PPOHTY MOCTPOEHA AHarpaMMa, a ClpaBa, HaoGopoT,
o auarpamMme — (QPOHT):

i
)

JIeBBIIT TPHIHCTHHK Bpapemi TpurnctHUK
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Yaen, npefcTaBACHBIN (PPOHTOM, HABBIBACTCA AEHCAHIPOGHIM Y3AOM. AHAIOT me-
pecTpoek PeliemelicTepa st JeKaHIPOBHIX Y3JI0B, OMICHIBAIOIIIX TOMOJOT TIECKY IO
SKBUBAJEHTHOCTD ABYX V3JOB, B ABHOM BH,Ie OLIT BLITIAcaH coBceM HenaBHO /I. P. Pyk-
com u C. JI. TabaunukoBeiM. Po>TOMY mepeducieHHBIE B CIEAVIONIEH TeOpeMe Mepe-
CTPOWKE MBI 6yIeM Ha3BIBaTh nepecmpotikanu Pyrca—Tabaunurosa.

TEOPEMA (/. P. ®yKc, C.JI. TABAYHUKOB [13]). Jea dponma npedcmasan-
10M IKEUBAACHIMHBIE Y346l 0200 U MoAbKo mozda, Koeda om odnozo Pponma k dpy-
20MY MONCHO Nepetimu KOREUHOT NOCAEA06AMEADHOCTBIO CACOYIOUWUT NEPECMPOER:

1)/\‘4/')< AU N <2 /AN

S <
X X
[

ONPEJNEJEHVE. B oTindne oT NpHBeJIeHHON BEIIE SKBHBATCHTHOCTH (TOTOMIO-
PHYECKON) CKaXkKeM, 9TO JBa JEKAHIPOBHIX Y3714 A€HCAHOPOBO IKEUEAAEHTNHBL, ECIH
oT (ppOHTA OJHOTO M3 HUX MOXKHO MEPENTH K (PPOHTY APYTOrO MPH MOMOIIH TOJIBKO
TIEPBLIX Tpex nepecTpoek Pykca—TabadHnukosa.

B xaxaoMm kjaacce TOMOJOTUYECKN DKBUBAJIEHTHBIX Y3J0B CYIIECTBYeT HeCKOHEY-
HO MHOT'O JIeZKaHAPOBO He SKBUBAJEHTHBLIX Y3J0B. Panpumep, cieayiomnme mBa GpoHTa
OPeJCTABIAIOT ABa Heyala (TPUBHAABHBIX y37a) H MOTOMY TONOJIOTHIECKH OHI SKBH-
BaJeHTHH. Pa pucyHke mokazaHa TakiKe TOCIeNOBATENbHOCTE TepecTpoekK Pykca—
TabaurnkoBa, mepeBOAANIAsA OfuH GPOHT B APYTON.

<><><>< <><><
5<><>< @<><

Tonosorudeckas >KBHBAJICHTHOCTE ABYX HEY3JOB

B paznmene 4.4 mMbl goKaKeM, YTO 3TH ABa Hey3la JeXKaHAPOBO He DKBUBAJCHT-
HBEL. PTO o3HavaeT, ¥To Mobad mMocaeoBaTeAbHOCTE epecTpoek Pykca — Tabawnn-
KOBa, TMEePEBOAAIIAS ONUH (PPOHT B APYTOH, 00A3aTEABHO COMEPKUT XOTA OBl ONHY
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nepectpoliky Tuma 4). Mbl npuBetem Takxke Teopemy f. PamambGepra, omnchbiBa-
OUIYIO JIEXKAHIPOBY 5KBUBAJEHTHOCTH CPeNU TOMOJOIMYEeCKN TPUBUAIBHBIX Y3JOB.

4. ITHBAPUAHTHI

Mag Toro, 9To6Bl MOKa3aTh, YTO ABAa y3Jda DKBUBAJECHTHLI, HOCTATOYHO TIPelh-
ABUTH M30TONMIO MEXKIy HUMU, 3aJaHHYIO, HalpUMep, MOC/AeI0BaTeILHOCTBIO Iepe-
cTpoek PelieMelicTepa s COOTBETCTBYIOMINX JAUATPAMM.

CTaHgapTHBIM IPHEMOM J0Ka3aTelbCTBA HESKBUBAJEHTHOCTH, KAK B TEOPHUH y3-
JOB, TaK U BoOOIIe B MaTeMaTHKe, ABAACTCA UCIOJAB30OBaHNE NHBAPUAHTOB.

4.1. OBUIEE NOHSATHUE NHBAPMAHTA

JlommycTuM, B KaKOM-TO MHOXKeCTBe X 3aaHO OTHOIIEHNE 3KBUBageHTHOCTH. OTO-
6paxennme X — A Ha3BIBAETCSA UHBAPUGHTLOM, ECIN OHO TPUHUMAET PABHBIE 3HATEHIA
Ha daeMeHTax X, DKBUBAJCHTHBIX MeX Ay cobon. B kadecTBe A MOXKHO HCTIOIB30BATH
MHOXECTBO MPOM3BOJABHON mpupoabl. Ecan A cocTonT m3 duces, TOBOPAT O HCJAO-
BBIX WMHBAPUAHTAX; €CJAN W3 MHOT O4JIEHOB — O IOJAMHOMMAJAbHBIX NHBAPUAHTaX, 1 T. I.

Ponarme nuBapmanTa peaibHO paboTaeT B TeX clydadx, KOTJa B MHOXKeCTBe X
OTHOIIEHNE YKBUBAJEHTHOCTH YCTPOEHO JOCTATOYHO CAOKHO, a B MHOXKecTBe A mpo-
OJaeMa paBeHCTBA PeIIaeTCA JOCTATOMHO IPOCTO.

PruMEP 1. [IBoiiHOoe OTHOIIEHINE KAK MHBAPHAHT YeTBEPKH TOYEK HA MPAMON
OTHOCHTEIBLHO OTOOPAKEHNH EHTPAIBHOTO TPOEKTHPOBAHIISA.

PacemoTpum muOXKecTBO X, 2J€MeHTAMU KOTOPOT'O ABISIOTCA YIIOPAIOYCHHBIE
JeTBEpPKH TOYEK Ha mpaMon. [Be derBepkm, Ay, Az, As, Ay m By, By, B3, By, 6y-
IeM CINTATh SKBUBAJEHTHBIMEI, ECAN MPAMEIE, UX COJIEPIKAIIE, MOKHO PACIOMOKNTH
Ha MJIOCKOCTH TakKuM 006pazoM, 9TOOH HeHTpadbHAas TPOEKINA 3 HEKOTOPOM TOYKI
JIOCKOCTH TepeBoamaa A; B B; maa Bcex i = 1, ..., 4.

By B, B3 By

EBusaaenrroCTH ABYX 9€TBEPDOK OTHOCHTEJABHO HGHTpaJIbHOI;I npoeknguu

3AJAUA. JJoKaKHUTe, 9TO OJHY HeTBEPKY MOMKHO MEPEBECTH B APYIYIO TOTIa U
TOJNBKO TOT 4, KOT'/1a BHIMOIHACTCA MPOMOPIIA
Al—A; Ai—As _ Bi—Bs B —By
Ay — A3 " Ay — A3 By —Bz By— By
Al — Az AL — Ay
Ay — Az T Ay — Ay
uek) ABIAETCA HHBAPUAHTOM YIOPA TOYEHHON YeTBEePKH TOYeK Ha MpAMoil. Peayabrar

Mur BUANM, 9TO BETUITHA (dsotinoe omuowerue Yembiper mo-
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MPEeIbIIVIIER 3aaql TMOKAa3BIBAET, ITO STOT WHBAPDUAHT OYeHB CHJABHBIA: €CIH €0
3HA4YeHNA Ha ABYX dJIeMEHTaX COBIAMAIOT, TO CAMMU 3JAeMEHTH SKBUBAJCHTHBI MEXK Ty
co6on. UaBapuanT, 06Ja a0 TAKIM CBONCTBOM, HA3BIBAETCS NOAHBIM.

Takwum o6pazom, TBOIHOE OTHOMIEHNE YETHIPEX TOYEK ABAAETCA TOTHBIM HHBAPH-
AHTOM OTHOIIEHNA MPOEKTUBHON 3KBUBAJEHTHOCTH.

PPuMEP 2. PusepoBa xapaKTepUCTHKA IBYMEDHOU MOBEPXHOCTH, IPEACTABIEH-
HOW B BU/e TPUAHTYJIANNN.

BeAkyo KOMIAKTHYIO JBYMEPHYIO MOBEPXHOCTE (cdepy, TOp, AHCK, JeHTy MéEGn-
yca H T.TI.) MOXKHO Pa3pe3aTh Ha TPEYTOABHUKN TakK, ITO J0BE JBa TPEYTOILHIKA
au6o BooObIre He TepeceKaioTcsa, AnH60 WMeoT OJHY o6uIyio BepmmHy, Aubo ofHy 06-
mryio cTopony. Takoe pazpesanne Ha3bIBaeTCA MpuaHaysayuet TOBEPXHOCTH.

KowmbunaTopHoe 3a1adme TPUAHTYAALINN COCTOUT B TOM, UTO BCe BEPIINHBI HY-
MepYIOT, a 3aTeM YKa3bIBaloT, KAaKHe TPOUKHN HOMEPOB OTBEYAIOT IDAHAM TPHAHTY-
JATANA.

Ppumep. Tpuanryasunsa (1,2,3),(1,3,4), (1,4, 2), (2,4, 3) sagaeT chepy:

T

Tpuanryaanud cgpepbl

Piiseposoii zapakmepucmuroti TPHAHTYIAINN HA3BIBACTCA 9UCIO f — € + v, TJe
f — "mcao rpaHen (TpeyroJbHWKOB), e — [ncao pebep (CTOPOH TpPeyTroJbHWKOB),
¥ — 9HCIO BEPIINH.

dyHIaMeHTAIbHAL TeopeMa KOMOHHATOPHOH TOMOJIOIMH TVIACHT, 9TO 3iIepoBa
XapaKTepUCTHKA He 3aBUCAT OT BEIGOpa KOHKPETHON TPHAHTY.IALNHE, 8 OIpPeIelAeTCA
TOMOJOTMIECKAM TUIIOM camMol noBepxHocTh. CilenoBaTelbHO, SiJepoBa XapaKTeph-
CTHKa ABIACTCA NHBAPHAHTOM IIOBEPXHOCTH, PACCMATPUBACMON KaK TOIIOJOTHIECKOE
IPOCTPAHCTBO.

NsBecTHO, 9TO JM06ad KOMIIaKTHaA OPHEHTHPYEMad IIOBEPXHOCTE 663 Kpad mpe-
cTaBageT coboll cepy ¢ pyIKaMH, IPUYeM €CIH § — 5TO 9HCIO0 PYy9IeK, TO 3HIepoBa
XapaKTepUCTHKa paBHa 2 — 2g. Takum o6pa3oM, silIepoBa XapaKTepUCTHKA ABJIACTCA
HOJHBEIM TONOJOIHIECKHM HHBAPHAHTOM KOMIIAKTHOH OpHEHTHPYEMON MOBEPXHOCTH
6e3 kpad. 14 IPOM3BOJBHLIX KOMIAKTHLIX JBYMEPHLIX MOBEPXHOCTEN MBI HOJYIHM
HOJHEBI HHBAPHAHT, €CIH K SIICpOBOI XapaKTepUCTHKE Jo06aBHM ellle NBE BeJHINHbL:
UCAO KOMNOHENM KpaA (MPUHUMAET HATYDAAbHBLIC 3HATEHUSA) U OPUCHMUDYEMOCTb
(MpuHMMAaeT 3HAYEHNA B MHOXKeCTBe {7a, HET}).

3A1AYA. PpoBepbTe, 9TO caeyiolne MBe TPUAHTYIANNE 3a0af0T TTOBEPXHOCTH
€ OMMHAKOBOH BIIEPOBON XapaKTEPUCTHKOW, HO TOMOJOTMYECKH HEDKBUBAJICHTHEIE:
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4.2. IHBAPUAHTHI Y3JIOB

NuBapnanThl, TpAAYMaHHBIE TIOTBMU AAA PA3JUYeHNA Y3J0B, TOUCTUHE HENCUN-
CIMMBI.

Padmem ¢ xpaTkoro onmcanms HeCKOJABKUX 3aMevYaTelbHBIX NHBAPWAHTOB, UT'Da-
OIINX N0 Pa3HBIM NPUYUHAM BaXXHYIO POIb B TEOPUU Y3JOB.

g

Hucao nepeceuenuti, T.e. MUHUIMAJBHOE HMHCAO TBOWHBIX TOYEK HA [UATPaMMeE
yaaa.

B xakoMm-To cMBICIE WHCIO TEpecedeHNH MOKHO CINTAaTh MEPOH CJIOKHOCTH
yaaa. Yadpl ¢ 9UCAOM MepecedeHni | wim 2 BCce TPUBHAJILHBI. P pocTenmmmi
HETPUBHATBHBIN y3€Jl — TPUINCTHUK — HUMEET WHCJAO TepeceveHnil, paBHOE 3,
H ¢ TOYHOCTBIO [0 3ePKAIBbHOIO OTPAKEHNA DTO eNUHCTBEHHBIN Y3€el C TpeMs
MepeceveHIAMMA.

B Tabautax ysapl TpaaUIHOHHO YIIOPAAOMUBAITCS MO YHCAY MEePECEedeHIH.

Tonoaozuueckuti mun donoaneHus — TOMHBIA MHBAPUAHT HEOPUECHTHPOBAHHO-
ro y3Ja.

PTo Teopema l'opaana-Jlioke, nokazannas Toabko B 1989 rony, xoTa mpobiema
6BlIa mocTaBleHa ellle B Hadajde XX Beka. Teopema 3By4InT Tak: ecau donoare-
nua R3\ Ky uR3\ Ky deyr y3.406 2omeomopPrvt, mo camu y3.avt 5K6UG AACHMHDL
€ MOUHOCMBIO JO OPUEHMAYUY Y340 U OPUEHMAYUU NPOCTPAHCMEA.

Pod yana — HaNMeHBIINH PO €70 MOBEPXHOCTH SefipepTa (cM. cTaThio B. Ppa-
conoBa B HacToOAIIeM cOOpHIUKe, ¢. 116— 126).

I'pynna yzaa — dpyHIaMeHTAIBHAS TPYIIA TOMOJOTHYIECKOTO MPOCTPAHCTBA
R3\ K (gonoanenus K yaiy B npocTpaHcTse). PTa rpynma cocTONT U3 KIaccoB
SKBUBAJEHTHOCTH 3aMKHYTHIX TIyTeH, HAYMHAKIINXCA U 3aKaHINBAIOIINXCA B
OIHON H TOM Ke ToUKe (IPYNIoBad olepamni — HOCIeJOBATEILHOE TPOXOXK Je-
Hie nByX myTeil). CylecTByeT TPOCTON alrOPUTM 3aJaHUA TPYIIBL y3aa MpH
MOMOIIH O6PasyoNHK W OTNPeIeNAIINK COOTHOIIEHIH (CM., HampuMep, [7]).

P eskBuBaseHTHBIE Y3IBI MOTYT HMETEH H30MOPQHBIE TPYIIBL. Panpumep, rpym-
bl 6a0yIIKHHA Y3744 U CKBEpP-y3Ja N30MOPQHHL:

e FEUERN
_ —_—

Basymikun yaer CkBep-yzea
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O6a 5Tu yaaa cocTaBHBIE: OHHU TOMAYYAIOTCAd KOMIIO3UNNEN MBYX TPUANCTHUKOB
(ABYX JEBBIX WIH JA€BOT'O U TPaBoro). HTepeCHO OTMETNTh, YTO A MPOCTHIX
y3J0B TOJOCHBIN TpUMED HEBO3MOXKeH. PTO BHTekaeT m3 Teopembl 'oprana—
Jlioke, chopMyaUpOBAHHON BhIllle, U caelytolieil TeopeMbl [29]: Ecau 2pynnw
d6Yr NPocmuLT Y3408 UZOMOPEGEHBL, MO MU Y346l UMEWM 20MeOMOpPHblE JO-
NOAHEHUA.

4.3. PoauHoMm [2KOHCA

Oco6oe 3HAYEHNE B TEOPHH Y3J0B WI'DAIOT WHBAPDHAHTHBIE TOJUHOMBL, T.€. WH-
BapMaHTHl Y3J0B, IPUHUMAIOIINE 3HAYEHNA B KOJbIle MHOTOWIECHOB OT OJHOTO KN
HECKOJIBKUX MEPEMEHHBIX. PepBHII M3 MOIMHOMHAJBHBIX WHBAPUAHTOB OBLI BBeTEH
Ik, Anexcangepom B 1920-x rogax. Koncrpykuns Asekcangepa TOBOJBHO CIOKHA.
B mocaemrme rogbl MOABHIOCH MHOXKECTBO DPAa3JUYHBIX WHBAPUAHTHBIX TOJMHOMOB,
I KOTOPBIX CYMIECTBYIOT TPOCTHIE AT OPUTMBI BHIYHCACHNA UX 3HAYEHWH MO Ana-
rpaMme yaaa. I3 HUX MBI IpUBEEM ONIPefeNeHIe TOJBKO OHOTO: moanHoMa [ KoHca.
(OnpeneneHne n OCHOBHBIE CBONCTBA APYTHX MOJHHOMOB MOXKHO HANTH, HAIPUMED, B
kaure [22]).

Poaunom [lxoHca ompefenseTcs Mo AmarpaMme y3Jia MOCPENCTBOM HECKOABKUX
MPOCTHIX MPABII. 3aMeTHM, ITO moanHoM [IKoHca Heo6XOAUMO OMPENEaTh CPaszy
U Y3JO0B U 3ayendeHuti, TOCKOJIbKY HPH HNEPECTPONKAX AUArpaMM, KOTOpHIE (u-
TYPHDYIOT B IPUBEJEHHOM HIKE PEKYPPEHTHOM cooTHOIIeHHN (1), muarpaMma yaia
JETKO MOXKET IPEBPATUTHCA B JUATPAMMY 3alleTlJIe s . SalellIeHne — 3TO MHOTOKOM-
MOHEHTHBIN y3€eJ, T.€. Habop HECKOABKUX 3aMKHYTHIX TVIAJKUX KPUBLIX B TPOCTPAaH-
CTBe, pACCMATPUBAEMBIX ¢ TOYHOCTBIO M0 raaqkon maoTonnn. Kaxmad KOMIOHEHTa
3alleleHns MOXeT OBIThH 3ay3/ieHa Kak caMa ¢ CO0OH, TaK W ¢ APYTUMH KOMITOHEH-
TaMu. SallelaeHns m300paxaioTcs Ha IIOCKOCTH MPH TIOMOIIN TAKIX YK€ TOYHO Tra-
TpaMM, ITO U Y3JbI, C €IUHCTBEHHOW Pa3HUIEN, UTO MIOCKAA KPUBasd, COCTABIAIONIAL
AUArpaMMy, MOXKET COCTOSATH M3 HECKOABKNX KOMITOHEHT CBA3HOCTH.

ONUPEAEJNEHUE. Poaunom Jsnconca V — 5T0 JOPaHOBCKMN TOJUHOM OT ITEPEMEH-
HOW \/t, OTpeesieMbIll COOTHOIIEHMAMU:

W v ) = () = @ = ()

@ v((O)=1.

Jopanosckum noauHomom OT TEPEMEHHON, CKaXeM, &, Ha3bIBA€TCA TOJMHOM OT
mepeMeHHLIX & 1 £~ |. Taxum o6pazon, moamaoM JIKoHCa IpeJcTaBIgeT coOBO HeKo-
TOPYIO JUHEHHYIO KOMOUHAIINIO TTOJOKUTENALHBIX U OTPUIIATETLHBIX MOMYIETBIX CTe-
meHel OGYKBHI t.

Cootrotrernne (1) cBAsbiBaeT MeX 1y coboll moanHOMEL JIKOHCA TPeX 3alelIeHH,
KOTOpBIe BHYTPH HeGOJBINOTO IIapa BHTIAAAT, KAK HAPUCOBAHO Ha KapTHHKAX, W
COBEpIIIEHHO OAWHAKOBHL BHe »Toro mapa. CooTHomeHre (2) TIacuT, 9TO MOJIHHOM
JlKoHca TpuBHAIBHOTO y3aa pabeH 1. Mcmoabsysa coorHomenne (1) pekyppeHTHO,
MOXKHO BBIMUCANTE ToJduHOM [[XKoHca A060r0 yala Wil 3alelieHis My TeM CBeJIeHus
ero K HadalbHOMY yciaoBnio (2). PazyMeeTcs, Ha 1o ellle TOKa3aTh, 9TO PE3yABTAT He
3aBUCHT OT MOCAEOBATEIBLHOCTH NEUCTBUN, a TakyKe, 9T0 moauHoMm JIKomca ompe-
JeJSeTC M3OTOMMYEeCKUM KJIACCOM yaJa, T.e. He MeHsAeTcA TpH mepecTpolikax Peii-
neMelicrepa. PTo gellcTBUTENBHO TaK, HO JOKA3aTeAbCTBA MBI TIPUBOAUTE HE Gy 1eM.
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Poaunom [I:xomHca obiaagaeT MHOTUME 3aMe9aTENbHBIMI CBOUCTBAMI. Y TOMSHEM
cleIyIOIINeE.

> ,HJIH 3aHeHJIeHHﬁ C HeYeTHbIM YUCJIOM KOMIIOHEHT (B TaCTHOCTH, OJaA y3JIOB) BCe
cTeneHn HepeMeHHOﬁ { B MOJMHOME ,H)KOHC& oedanle, a 0Jasd 3aHeHJIeHHﬁ C Y€THBIM
YUCAOM KOMIIOHEHT — NOJYLEJNLBIE.

> Poamnom J[loHca CBA3HOU CYMMBI Y3J0B paBeH NMPOM3BENEHUIO MOIMHOMOB
[xKoHca craraeMbIX.

> Pomamaom /IxoHca He MeHAeTcA Mpu OOpAIIeHNN y37da, T.e. TPU 3aMeHe Halpa-
BJIeHNA 06X0/a Ha IPOTUBOIONOXKHOE.

PecmoTps vHa TO, uTO MoaunoM /l:KoHCA «He YyBCTBYET» OPUEHTAIINN CAMOT'O y3-
Ja, OH IyBCTBYET OPWEHTAINIO MpOoCcTpaHcTBa. PanpuMep, oH MO3BOMAET OTANIUTH
JEBLI TPUJINCTHUK OT MPABOT O, Y€T0 HEAB3S CeJaTh P TOMOIIN TOJTHOMA AJek-
carfiepa. Celldac MBI TpoenaeM HEOGXOMUMBIE A STOTO BHIKJIAJKH, HAYHHAS C BBI-
qHCAEHUsT TOMMHOMOB [IKOHCA TTPOCTENINX 3alelJIeHnN.

(OO) i
efictBurentHo, coraacuo (2) V (O()) =V (m) = 1. Torga (1)

maer t=h —t = (112 — =12V (Q O) , OTKYJla U CAeJyeT OTBeT.

v (CD) -

PpI/IMeHI/IM (1) K MCXOMHOMY 3alEeNIEHHIO:

v (D) - (CD) == v (D).
Po v () ==t/ +17112) no mymery (i), a v (Y ) = 1 coraacno

(2). CrenoBaTenbHo,

4 (Q@) — (M2 Y M 2y = M 2 g0,
(iii) (OO) =52 _y=1/2

AHaJOTUYIHO TPEABIIYIIEMY

v (QD) - (QD) =@ - (AD).-

CaenoBaTenbHo,

(OO) t1/2 t—1/2) _ t—z(t1/2 _|_t—1/2) — _y-5/2 -2
v (C()\b) =t 417 47
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Ncnoapsys (1), nonygaem:

)+ () e ()

Nanee, V' ((@\)) = 1 o (2), xak moanaoM [IJKOHCA TPUBHAIBHOTO Y3712, a
Vv (&) =V (C@) = —t=%/2 —¢=1/2 o (iii). CrenoBaTennbHo,
v (CL\ ) — 42 _ t—l(t1/2 _ t—l/z)(_t—s/z _ t—1/2) IR PSS

() e
T A R

V(&) =1 mo (2), (C“@) :V ) :—tl/z—t5/zno(ii).
Pooromy V (CQB) =24t (2 — ) (P ) =t P -

s Pa3angaus IMOJNHOMOB ,H)KOHC& JIEBOI'O U IMMPaBOT'O TPUIHUCTHUKOB BBITEKACT UX
HEBKBUBAJECHTHOCTD.

4.4, JIEXZKAHIPOBBI NHBAPUAHTBI

PpuBenem ompefenerre nByX MPOCTENINNX WHBAPUAHTOB JeEXKAHIPOBOU 3KBUBa-
JEHTHOCTH (BPOHTOB (T.€. JEKAHJPOBHIX Y3J0B, CM. pasfen 3.2): uncao MacaoBa p
u uncao PeHHekeHa (3, KOTOpBIE HE SABIAAIOTCH TOMOMOTHYECKUMI WHBAPDUAHTAME B
TOM CMBIC/IE, ITO UX 3HAYEHUA Ha TOMONOTMYECKN 3KBUBAJIEHTHBIX y3JaX MOI'YT pa3-
andaThbcAa. Ppu cMmene opmenTannm dpoHTa umcao MacioBa MeHAET 3HAK, a IUCIO
Pennexena e mamendeTcs.

ONPEAEJEHUE. TovYky Bo3BpaTa HA30BEM ROAOHCUMEALHOU, €CIN B €€ OKPECTHO-
CTH OPHEHTANNA WIeT C HIXKHEN BETBHU HA BEPXHIOK, U OMPUYAMEAbHOT B TPOTUBHOM
caydae.

= =

FBoupoxureasape ToUKH BO3BpaTa OTpI/IHaTGJIbeIG TOYKH BO3BpaTa
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Hucaom Macaosa p(L) nexangposa ysia L Ha3HIBA€TCA MOJIOBHHA PA3HOCTH MEXK Y
HHCIOM TIOJOKUTENBHBIX W MHCIAOM OTPHIATENBHBIX TOYEK Bo3BpaTa GppoHTa L.

ﬂ(L):%#<+# > ~# <—# >

ONPEAEJEHUE. [[BolHYO TOYKY (PPOHTA HABOBEM NOAOMCUMEALHOU, €CAU OPH-
EeHTANNN [TBYX BeTBel (DpOHTA B HEN HANPABIEHHI B Pa3HBIE MOMYIIIOCKOCTH, U OMpPU-
yameabHotl B IPOTUBHOM caydae. Pockodbky GpPOHT He NMeeT BEPTUKATLHBIX Kaca-
TeABHBIX, TAKOE ONpeJIeJHIe 3HAKA [TBOMHON TOYKHA KOPPEKTHO.

w2 =X

FBomoxurensusre ﬂBOIZHbIG TO9IKH OTpI/IHaTGJIbeIG ﬂBOIZHbIG TO9IKH

Hucaom Pennexena F(L) mexanaposa ysia L Ha3bIBaeTCA PA3HOCTD MEXKIY THCIOM
MOMOKUTENBHBIX U YUCAOM OTPHUIATETHHBIX ABOWHBIX TOYEK, VBEANYMEHHAA HA MTOJO-
BUHY 0O6IIeT0 Yncaa ToYeK Bo3BpaTa gppoHTa L:

B(L) = # >O§ —# >®< o < >

YUPAXKHEHUE. [lokaxure, 9o qucia u(L) u (L) — aexaHApOBE HHBAPHAHTHL.

(Vrasarue. PpoBepbTe, 9TO OHN He MeHAIOTCA pH epecTpoiikax Pykca—Tabad-
HUKOBA.)

[. Penneken [6] gokaszad, aro uncao S(L)+|u(L)| He MeHBIIe 51IepOBOH XapakTe-
PHUCTHKH TPOM3BOILHON TTOBEpXHOCTH 3efipepTa yaaa L (cm. craThio B. PpacosoBa B
JaHHOM BBITycKe, c. 116-126). Ycunenune sToro HepaBeHCTBa CM. B cTaThAx [12, 23, 9].
(Ppedocmepencenue. B cratbax [6, 12, 23] ncnoapsyercsa TpOTHBOMOMOKHOE HAIIEMY
coraaieHne 06 OpPUEHTAINN OOBEMIIONIETO TPOCTPAHCTBA, TOITOMY COOTBETCTBY-
IOIl[ie HEPABEHCTBA B HUX MMEOT MPOTUBOMOJOXKHBIN 3HAK. MBI HCIOAB3yEM 37eCh
corJiallietie, oCIIENPHHATOE B TEOPHUH Y3J0B. )

Jlist e aHAPOBBIX Y3J0B MOXKHO IMTOCTPONTH TEOPHUIO MHBAPUAHTOB KOHETIHOT O 1O~
psAjKa, aHAJOTHYHYIO TEOPHH NHBApNaHTOB BacuibeBa U2 clefyoomero pasena (cM.
[12]). Ppu sTom p umeer mopsgok 0, a § — nopsagok 1. W, 9To camoe yIHBHTENE-
HO€, BCE OCTAJBHBIE JI€XKAH IPOBBI MHBAPUAHTHl KOHEYHOT O MOPSA KA, OTANIHBIE OT [ T
[, ABAAIOTCA WHBAPHAHTAME TOMOJOTMYECKON 3KBUBAJEHTHOCTH, T.€. WHBAPUAHTHEI
TaKXkKe W OTHOCHTEJIbHO deTBepTOon MepecTponkn Pykca—Tabavnnkosa.

ucaa MacioBa n PenHekeHa IBYX HEY3JOB (TOMOJOTMYECKH TPUBHAJIBHBIX Y3-
7OB), TIPHBEJEHHBIX B KOHIE pazjela 3.2, BEIMUCAAIOTCA Ha PUCYHKe Ha CIeAyIOMen
CTpaHuIE.

Pasauvne g u f ama 5TUX HEY3I0B JAOKa3BIBAET WX JM€XKAHIPOBY HE3KBUBAJEHT-
HOCTb.
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Hucna Macmosa u BennekeHna AByX HEY3JOB

TEOPEMA (PamamsEPT([11]). [Jea aexncandposuir nHeysaia aexcandpo6o sKeusa-
Aenmubl moada u moavko moeda, Koeda onu umelm odunaroswvie uucaa Macaosa u
Pennerena.

JoBOIBHO A0AT0 6BLI OTKPBIT BOIPOC 06 aHaJore TeopeMbl Panambtepra mis mpo-
u3BOJbLHBIX y3i0B. Penasuo 10. Yekanon [8] npeayoKua HOBLII MOIIHBIN HHBADUAHT
JeXKaHIPOBON YKBUBAJCHTHOCTH U JOKA3aJ, 9TO CAEAYIOIINe IBA y3Jaa JeXKAH TPOBO He-
SKBUBAJEHTHDI, XOTA TOMOJOTUIECKH OHI SKBUBAJECHTHBI I TMEIOT OJNHAKOBLIE THCIa
Maciaosa u Pennekena.

2% o

Bbapa HexanoBa

M&1 ocTaBisseM NTATEN0 B KaMeCTBe YIIPAXKHEHNA MTPOBEPKY TOTO, YTO TH IBa
y3Ja TOTIONOTWYeCKN DKBUBAJIEHTHRI I UTO UX dncaa MaciaoBa paBubl 0, a gucaa Pen-
HeKeHa paBHBEI —1.

5. HBAPUAHTHI BACUJIBLEBA

WNuBapuanTel BacuabeBa mpeacTaBasioT coGO CaMBIil MOIITHBIN W, B M3BECTHOM
CMBICJIE, CAMBII MMPOCTON KJIACC YHCAEHHBIX MHBAPUAHTOB Y3JO0B.

5.1. IHBAPUAHTBHI BACUJBEBA

NuBapranTh BacmibeBa (MHBapHaHTHI KOHEYHOTO THNA) MOABHINCH OKoo 1990
roja B padorax B. BacuabeBa (cMm., Hanpumep, [27]) mo TOTOIOr U ANCKPUMHHAHTOB
B 6eCKOHEYHOMEPHBIX MPOCTPAHCTBaXx oToOpaX)eHmin. PToO He ONMH KaKOU-TO WHBa-
puaHT, KaK moamHoM JIJKOHCa, a IMeablil KiacC WHBAPHMAHTOB, BHIAEASEMBIN ONpee-
JEHHBIM CBOHCTBOM.

Vcxonnas uges 3akaogaeTcsa B TOM, ITO HYKHO BBECTH B PACCMOTPEHHE, TOMITMO
OOBIMHBIX Y3JO0B, €Ille TaK Ha3bIBaeMbIe 0COObIE Y3.bl, W OMPEIETUTE MPOIOJKEHIE
HHBAPUAHTOB, OMPEIeJeHHBIX TMePBOHAYAIBHO s OOBIYHBIX y3JOB, HA MHOXECTBO
BCeX OCOOBIX Y3JO0B.

OUPEABIEHUE. Ocobblm y340M HazblBaeTcd Tiajgkoe oTobpaxenue K : St —
R3, aprdromieeca BIOKEHNEM BCIOTY, KPOMe KOHETHOTO THCIA TPOCTHIX JBOMHEIX TO-
4eK (T.e. TOYEK TPAHCBEPCATBHOTO CAMOIIEDECEUEHNH).
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MHuox)ecTBO BceX OCOOBIX Y3JI0B ¢ 1 IBOMHBIMU TOYKAMH, PACCMATPUBAEMBIX C
TOYHOCTBHIO 10 W3OTONNH, MBI 0603HaYMM 4epe3 [X,. B qacTHOCTH, X)) — >TO MHOXKe-
cTBO (KIaCCOB SKBHBAJIEHTHOCTH) OOLIYHBIX y3/10B. PykBoil X' 6e3 nHgeKca MBI Oy 1eM
ob6ozHavaTh 06BeqHEHNE BCeX A,

Muarpamma ocoboro yana oTaMIaeTcA OT JUATPAMMBI OOBIYHOTO y3Ja TeM, UTO
Ha Hell, KpoMe TOYeK MTPOX0oa I IePEXOa, eCTh ellle TOYKH CaMOIMePecedeHns, KOTO-
pBle Ha PUCYHKAX MBI Oy1eM n306pakaTh KUPHBIMI TOYKaM. P ocKoabKy KacaTerb-
HBIE K JBYM BETBAM KPHBOU B ABOMHOW TOYKE y3Ja PA3inydHBI, X MOXKHO CINTATH
Pa3NIVYHLIMA U Ha AWarpaMMe.

Bot npumep ocoboro yzaa ¢ ABYMs IBOMHBIMEI TOYKAMU:

Kax gy qBolHYIO TOYKY 0cOGOTO y3iaa MOXKHO paspeuwiums MTBOAKUM 06pazoM:

— C\ !

K= X
K-

> IIOJOXKUTEJIBHO

> OTpuuaTeJIbHO

YTPAKHEHUE. PyTeM BpallleHUs TOJOBHLI W ABWMKEHUA JAncTa OGyMarum B TpO-
cTpaHcTBe ybeauTech B TOM, 9TO 06e onepalliil KOPPEKTHO oNpeeeHbl Ha N30 TOMNN-
YeCKUX KJIaccax y3J0B W IPH 3TOM He 3aBHCAT OT BHIODAHHOW HA y3je OpUeHTAINH.

ONPEAEJEHUE. Pycrs f: Xy — A — HeKOTOPBIN HHBapWaHT y3Ja0B. Ppodoadice-
Hue uneapuanma f wa ocobvie yzavt — 3710 pyukuua f : X' — A, coBmajgaromras Ha
Xo ¢ [ u yaoBaeTBopsiomas coomuowenuo Bacuabesa

I ‘ ,‘>=f<(§>,‘>—f<(x,‘>

B >Tom cooTHOIeHNN QUTYPUPYIOT TPH OCOOHIX y3da, TMArPAMMBI KOTOPHIX COBTIa-
JalT MeXTy cobol BCooay, KpoMe ykKazaHHOTO (pparmenTa. Oba yamaa, CTOSIINE B
MpaBOH YaCTH, UMEIOT HA OMHY TBOMHYIO TOYKY MEHBIIE, T€M Y36/, CTOAMINN B JEBOM
qacTH.

Poabsysick 5TUM COOTHOIIEHNEM PEKYPPEHTHO, BCAKUE WHBAPDUAHT, 3aMaHHBIN
TTePBOHAYANBLHO Ha OOLITHHIX Y37aX, MOXKHO MPOAOMKITHL HA MHOXKECTBO BCEX OCO-
OBIX Y3JO0B.

PruMEP. CocunmTaeMm 3HaMeHIe TPOJAOIKEHHOrO M0 BacuabeBy moamaoma [ xoH-
ca Ha ocoboM yaJe, IPUBEAEHHOM BHIIIE B KadeCcTBE NpUMepa.
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ONnPEAEJEHNE. WNuBapuanT [ : Ay — A HazwpiBaeTca uneapuanmonm Bacuavesa
nopAgka < 1, €Clu ero Ipojo/zKeHHe Ha MHOXKECTBO OCOOBIX y3/0B oOpalllacTcAa B
HYJb Ha BCeX y3lax, UMelomux 6ojee 9eM 1 TOYMEK caMOIlepeceyeHN.

MuoxecTBO V,, Bcex mHBapnaHToB BacmibeBa mopagxa < n obpasyeT auuetiHoe
npocmMpaHcmeo, TaK KakK JUWHEHHAsd KOMOWHAINSA HECKOIBKHX TaKWX WHBapPUAHTOB
BceT a IPUHAIIEKNT V,. Pac B mepByIio odepent 6yaeT WHTEPECOBATEH BOMPOC, TeMY
paBHa PazMEPHOCTH 3TOro mpoctpaHcTBa dp, = dim),, T.e. CKOIBKO CYIIECTBYET
JAMHETHO HE3ABUCHMBIX (CYUIECTBEHHO PA3INYHBIX ) HHBADHAHTOB BacuibeBa JaHHOTO
MOpAIKA.

PruMEP. PpocTpancTBo V) OJHOMEPHO U COCTOUT TOMBKO W3 KOHCTAHT.

B camom gene, ecim f € Vy, To f obpalmaeTcs B Hyab Ha JIO60M 0cO6OM y3le,
HMeIOIeM XOTsA OBl OAHY [TBOWHYIO TOYKY. B CcmiIy ompejefeHns, >TO 3HAYUT, 9TO
3Hadenne f Ha OOBIYHOM y3Je He MEHAETCS MPU 3aMeHe JI060T0 TPoXo1a Ha TePEXO.
Po Takumu geiicTBuAME 000N y3€a MOKHO PACIyTaTh, T. €. CBECTH K TPUBHAILHOMY
y3ay. 3HAYNT, 3HAYeHNe HAIero mHBapuanTa f Ha A000M y3ije PaBHO €0 3HAYMEHUIO
Ha TPUBHUAJLHOM y3Je 1, TakuM o6pa3oM, f eCTh KOHCTAHTA.

AHagoruvHOe YTBEPXK JeHIE NMeeT MeCTO U i NWHBapuaHToB BacuibeBa mopsi-
ka 1. ETo 10Ka3aTelbcTBO HEHAMHOT O CJAOKHee TTPEeIbIAYIIEr0, M MBI OCTaBAAEM €T0
9UTATENO B Ka9eCcTBE yIPaKHEHNA.

3ATAYA. [lokaxuTe, 9TO TPOCTPAHCTBO Vi COBIaJaeT ¢ Vy.

Pociae 5>TUX ABYX NPUMEpPOB CAEAVIONMEA (PaKT KaxKeTCA HeOXKUJaHHBIM, He TaK
au’?

PruMEP. PpoctpanctBo Vs aBymepHo. Kpome KoHCTaHT, OHO CONEPKUT ellle
OJIMH HETPUBUAJIBLHBIN OA3UCHBIN 3JIEMEHT.

ABHoe onMcanme HETPUBHAIBLHOT O WHBapuaHTa BacuabeBa mopsigxka 2 MOKHO Hall-
Ti B cratbe K). Pypmana B 3ToM BRIycKe, ¢. 94-115.

Ppuunny, mo xkoTopol HeTpuBHAJbHBIE MHBAPWAHTH BacmibeBa HOABISIOTCA
TOJBKO B TIOPATKEe 2, MOXKHO OOBACHUTE caeqyiomum oGpaszom. PycTh v — wHBapmanT
Bacuapena mopsinka n. PaccMoTpuM ero 3HadeHns Ha 0COOBIX yaaax, HMEOINX POBHO
n IBOWHBIX TOUeK. B cmity cooTHomenns BacuabeBa n BBUAY TOro, 9T0 v obpaliaeTcs
B HYJb Ha JIOOOM y3/e, ¥ KOTOPOTO GOMbIIe, 9eM N ABOHHEIX To4eK, 3HadeHne v(K)
He M3MEHUTCA, ecan y3ed K MOoJABEPrHYTH TPOM3BOALHON AedhopMalni (BKI0OYAA 3a-
MeHBI TIPOXO/IOB Ha MEPEXOABl  OOPATHO), IPH KOTOPOH ABOWHBEIE TOYKH OCTAIOTCH
Ha MecTe. CrefoBaTenbHo, 3Haderne v(K) 3aBUCHT JHIIL OT TMOPAIKA, B KOTOPOM
npu o6Xoe y3aa Ha HEM BCTPEYalOTCA [TBOMHBIE TOYKH.
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Ecan gBofiHasg Touka ofgHa (@), TO OHA MOXKET BCTPETHTHCA TOABKO Tak: ad. Ecian
Ke NBOMHEIX ToUeK ABe (@ 1 b), TO €CTH [ABe CYMIECTBEHHO Da3iHYHBEIX BOZMOXKHOCTI,
a mMeHHO, aabb n abab. Pasauanbie BapmaHTHI YepeJOBAaHUA JBOUHBIX TOYEK IMPH
o6xofe yata yao6Ho n3obpakarh TpagiaecKi TOCPEICTBOM XOPIOBBIX AWATDAMM.

OTPENEJEHUE. Xopdosasa duazpamma CTEIEHH N — HTO OPUEHTUPOBAHHASA OK-
PYXKHOCTB, B KOTOPOU TTPOBENEHBI 1 XOPJ[, BCE KOHIIBI KOTOPHIX PA3IMTHH.

WNuvivu caoBamu, XopjoBad AMarpamMMa — >TO HEOPHEeHTHUpOBaHHAA TayCcCcoBa ANa-
rpaMMa. XopJAOBBE IHATPAMMBI PACCMATPUBAIOTCA KaK 9UCTO KOMOMHATOPHBIA 00 H-
€KT: PacCTOAHNE MeXK Ty KOHIIAaMH XOpa 1 (hopMa XOpJ He UMEIOT HUKaKOT O 3HAYeHNA,
BaXKeH JNIIb MOPANOK, B KOTOPOM Maphl TOYEK, COeNUHEHHBIX XOpJaMi, CIeAYIOT IO
Kpyry. XopAoBasd AuarpaMma — 3TO TO JKe caMoe, UTO CIOBO B aadaBuTe u3 n 6YKB
ai, ..., dn, BKOTOPOM Kaxkaad 6yKBa BCTpedaeTcA POBHO ABa pa3a. Takme caoBa pac-
CMaTPHUBAIOTCA ¢ TOYHOCTBIO M0 IMUKINYECKUX TTepeCcTaHOBOK BXOJAAININX B HUX OYKB
1 TPOM3BOJBLHON MEPEHYMEDAINN MEPEMEHHBIX A1, - .. , Upn.

PrPuMEPHI. CyiecTByeT
1. oiHa XOpgoBasdA AWarpaMma cTelmeHu 1: @;

2. IBe XOPOBLIe AMATPAMMBI CTeMeHn 2: @, @;

3. IATH XOPJAOBLIX NAATPAMM CTeTeHN 3: @, O:D, @, @, @

(PoxpasymeBaeTcs, 9TO Ha BCEX ITHX DPHCYHKAX OKPYKHOCTH OPHEHTHDPOBaHA
[IPOTHB YACOBON CTPENKI. )

Kaxgomy ocobomy yaay K, uMerOIeMy n TBOUHBIX TOYEK, OTBEYAET OMPEIeNeH-
Had xopjoBas anarpamma X (K) cremenn n.

PruMEeP. [laa ocoboro yaia, TpUBeIeHHOT O BLHIIIE B KaYeCTBe TIPUMEpA, TMeEM:

X =

Pycres CD,, — MHOXeCTBO BCeX XOPAOBBIX AWarpamMM cTemeHn n. Mx «mcio
#(CD,) maeT oleHKY CBePXY Ha 3a30p MEXIY PasMePHOCTBHIO TPOCTPAHCTBA V, U
paszMepHOCTBIO TpocTpancTBa V,_1 C V,. B caMoMm neje, MBI TOTBKO 9TO OOBACHM-
J1, KaK 1Mo WHBapuaHTy BacuibeBa mopsaaka n mMocTpouTh GYHKIINIO HAa MHOXECTBe
XOPJOBBLIX AMarpaMM mopAgka n. Ecianm 0603HaYuThL TPOCTPaHCTBO BCeX (PYHKITHNA Ha
MHOXKeCTBe XOPAOBBIX AWMarpaMM TMopagka n €depes F,, TO MBI MOJAyYIaeM JHHETHOE
oTobpaxenne

oV, = Fn.
Yemy paBHO AAPO HTOrO JHHEHHOTO OTOOPaXKeHUA, T.e. KakKie WHBapHaHTH Bacu-
AbeBa TpUHUMAIOT 3HadeHme ( Ha BCeX yadax, UMEIOIIX POBHO 1 JBOWHBIX TOYEK?
Po onmpepneaennio, 3To nEBapnanTH BacniabeBa mopagka < n— 1. Hrax, agpo Hamero
0TOOpaXeHusA paBHO B TOUYHOCTH V,_1, I MBI UMeeM JHHEHHOE BIOKEHHE (haKTop-
npoctpancTBa Vy, /Vy_1 (nHBapnanToB Bacuibena nopsagka < n, paccMaTpHBaeMBIX
¢ TOYHOCTBIO O MPHGABIEHIA HHBAPHAHTOB HopsAgka < n — 1):

o Vn/Vn_l — Fn.
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OTcroga caeayeT, 9TO Pa3MePHOCTH BCEX TPOCTPAHCTB V,, KOHEYHBI, IPUTeM
dimV,, /Vs-1 =dimV,, —dimV,,_1 < dimF, = #(CD,,).

A gemy paBeH o6paz oTobpaxkenns o7 Kak MOXHO 0XapakKTepH30BaTh (DYHKIINH
Ha MHOXeCTBe XOPAOBBIX AuarpamMm, IpHHa/Iex)alme o6pa3y 3Toro oTobpaxeHns,
T. €. MPOUCXOAIINE 13 HHBApHAHTOB BacuiareBa? Takme GyHKINN HA3BIBAIOTCA 6€-
CO6BLIMU CUCTREMAMU, A OTBET Ha 3aJaHHBIN BOIPOC MAeT CJAeAyIOIad TeOPeMa.

TEOPEMA BacnabEBA-KOHUEBWYA. (1) (B.Bacuaves) Beakas BecoBas cHCTe-
Ma yAOBJICTBOPACT
(a) ONHOMIEHHBIM COOTHOIIEHIAM

)=

(6) IETBIPEXIJICHHBIM COOTHOIIECHUAM

(2) (M. Konyesuu) Jobas pyrkuna aa MmaoKecTBe CD,y, yI0BIETBOpAIOIIAL ) 1
6), IPONCXOAUT M3 HEKOTOPOro MHBapuanTa Bacuabeba mopsaka < n.

Pa pucyrkax XOpJOBBIX NHArpaMM MyHKTHDHBIE JHHUH O3HAYAIOT, ITO B DTHX
MeCTax MOT'YT BCTPeYAThCA ellle KaKne-To (HeHapHCOBaHHBIE) XODBI, ONHI U Te JKe
[UIA BCeX MUATPaMM, BXOANINX B JaHHyo Gopmyay. Pa ydacTkax OKpyKHOCTH, H30-
O6paXkeHHBIX CIVIONIHON JUHUEH, Bce NMEIOMINECH XOPIbl 9eCTHO YKa3aHbI.

Urak, wrobw onpegeants «ncao d, = dimV,, — dimV,_1, HY)HO COCTAaBUTH U
DEIuTh CUCTEMY JWHEHHBIX YpaBHEHUU, B KOTOPOU HEU3BECTHLIE — HTO 3HAYEHUA
BECOBOU CHCTEMBI Ha XOPJAOBHIX JUarpaMMax CTEemeHH 1, a YPABHEHHS HOJYIatoTCsa
U3 BCEBO3MOXKHBIX 1- M 4-9IEHHBIX COOTHOIIEHUN. BMecTo TOro, 9To6hl TOBOPHTD
0 3HaYeHUAX QPYHKINH HA MHOXKECTBE JHarpaMM, MOXHO B Ka9eCTBE HEM3BECTHBIX
B3ATH CAMU DTH JUATPAMMEI, paCCManI/IBaﬂ X Kak GYKBHI HEKOTOPOT'O HOBOT'O aJ-

daBuTa @ O::O @ . (B caMoM Jeite, 4eM 5TH GYyKBHI XyKe JATHHCKHX HJIN

rpevdecKux? )

OTPENEJEHUE. Ppocmpancméo xopdoswbir duazpamm A, — 3T0 JHHEHHOE TPO-
CTPaHCTBO, TOPOXAEHHOE BCEMM XOPAOBBIMU JMarpamMMaMi CTENeHW 7 IO MOIYJIIO
OJTHOYJIEHHBIX W YETHIPEXIEHHBIX COOTHOIIEHNT

Wuasge rosops, A,, — >T0 TPOCTPAHCTBO PEIIeHNH OAHOPOJAHON CHCTEMbI JUHENHBIX
YPaBHEHUH, COCTOAIIEN M3 BCEX YKAa3aHHBIX COOTHOIIEHNH, OTHOCUTENBHO Habopa He-
M3BECTHBIX, COOTBETCTBYIOUINX XOPIOBHIM JAUarpaMMaM CTEIEHN 7.
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PPUMEPHI. 1. Ppocrpatctso A HyaAbMepHO, B60 OHO TOPOXK JEHO OTHUM HJe-

MEHTOM @, KOTOprﬁ PaBE€H HYJIIO B CUTY 1-41eHHOT O COOTHOIIECHNA.

2. PpocrpancTBo As uMeeT pazsMepHOCTH 1, TTOCKOABKY =0, a HeTPUBHUAIDL-
HBIX 4-WIeHHBIX COOTHOIIEHUN B TOM ciIydae HeT. B kadecTBe 6a3MCHOTO 3ie-

MeEHTa MOXHO B3AThb ® .

3. PasmepnocThb ipocTpancTBa A3z paBHA YUCTY CBOGOAHBIX TEPEMEHHBIX B CHCTE-
Me JUHENHBIX ypaBHEHTN

{0 -+
TO ecThb 1. PepBbIe TPl YpaBHEHUA BBIMHCAHHON CHCTEMEL CYThb OQHOYJEHHEBIC
COOTHOUICHU, TOCJENHNE IBa — YE€TBIPEXYJCHHBIC. PasucubiM saemernTom Mo-

Keoel

KET CIHYyXKHUTH IuarpamMmma @ nian @

4. Jasg mpocTpaHcTBa A4 MBI TPUBEIEM JHUITH OTBET, He BHIMACHIBASA CUCTEMY YpPaB-

meawii: dim 44 = 3, a B kadecTBe 6aswca MOXKHO B3ATEH JAHATDAMMEI @, @

N

C pocToM n YHCAO TEpEMEHHBIX W YPABHEHNN B CHCTEME /S ONpEeIeJeHns pas-
MEepPHOCTH MpocTpancTBa A, oYeHb GBICTpo pacTeT. VCnoab3ysa onucaHHbli TpAMON
MOAXO/, HAa KOMIbIOTEpe yIaloCh COCUHTAThH pasMepHOCTh u 6asuc A, TOIbKO s
n < 9 (arober HaiiTh nochenree 3nadenne dim.Ag, /I. Pap-Parany npuuuiock B sH-
Bape 1993 roaa ofoMKNTE s CBoell pabodenl CTAHIWH HAa HECKOJABKO MHEH MOTIOJ-
HUTeAbHO 32 M6 onepartnpHON mamaTH). K HacTOAIIEMy BpeMeHH TOYHBIE 3HAYEHIA
pPasMepHOCTH TMPOCTPaHCTB A, U, cliefloBaTeqbHO, V,, H3BeCTHH 0 n = 12:

n|0|1(2]3|4] 5 6| 7| 8 9 10 11 12

dmP, |00 |1 |1[2] 3 5| 8|12 18| 27| 39| 55

dimA, |1 {0 |1 |13 4| 91427 | 44| 80 | 132 | 232

dimV, | 1|1]2]|3]6|10|19 ] 33|60 | 104 | 184 | 316 | 548
Orser gass n = 10, 11 u 12 noayden fAnom Kuaiiccaepom [16] B 1997 rogy c

HCTIOAb3OBaHTeM Gojiee TOHKOH TEeXHWKU, O KOTOPOW MBI PpacCKaKeM B CJAeNYIONeM
pazgene. Tam xe 6yaeT 0ObIACHEHO, 9TO Takoe P, u Kak mo wuciam dim P, MOKHO
HaliTu unciaa dim A, .
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5.2. AJITEBPA XOPJOBBIX AUAT'PAMM

OKasbBaeTcs, 9TO JAydille HOHATH YCTPOWCTBO JMHHEHHBIX NpocTpancTs A, u
JaJgblile TPOIBUHYTHCA B KOHKPETHBIX BBIMUCICHUAX IOMOIaeT MYyJAbTUIMINKATHBHAA
CTPYKTYpa, KOTOpPad UMEETCS B MPAMON CyMMe BCeX NMPOCTPAHCTB XOP/OBHIX [Ha-
rpaMm

o0
A=PA=Asheds. ..
n=0
PpouzBenenne aByx XOPAOBHIX [AHarpaMM OTpefesdeTcs Tak: JBe OKPYXKHOCTHU
Pa3pBIBAIOTCA N CKJACUBAIOTCA B OJHY:

DD Bub- B

XopgoBas gumarpaMma, KOTOPad MOJYy9IaeTCs B MPaBOH 9acTH 3TOTO COOTHOIITE-
HIsL, 3aBUCAT, BOOOIIE TOBOPS, OT TOTO MeCTa, T'lle Pa3phIBAIOTCA OKPYIKHOCTI. 3a-
MeYaTelBHO, 9TO ¢ y49eTOM 4-4/eHHBIX cooTHoUeHnH (B dakTopnpocTpatcTse A)
YMHOXEHNe oNpeie/ieHO KOPPEKTHO, T. €. He 3aBUCHT OT IIPOU3BOJA B ONpEIeleHNN.

3A0A49A. [lokaxuTe 3TOT BakKT.

Takum 06pazoM, GeCKOHETHOMEPHOE TTPOCTpaHCcTBO A ABIseTCA aarebpoi (cka-
KeM, Ha[l MOJeM DAlNOHATBHBIX THCET).

OxaseiBaeTcs, 9T0 B 5TON adrebpe MOKHO BHIIEIUTE CIETHOE CEMENCTBO DIEMEH-
TOB, TaKOe 9TO BCAKHH 3JIeMEHT aareSpbl OMHO3HAYHO 3AIUCHIBAETCA B BUIE MHO-
rowIeHa OT >TUX HJEMEHTOB. 3HavdnT, A dakTudeckn npeacTaBiseT cobol aarebpy
MHOT OYJIEHOB OT 6eCKOHETHOT'O YUCAA MMeEPEMEHHBIX.

BriGop Taxoro cemeiicTBa 06pazyiolNinX OCHOBAH HA CAEAVIONINX COOOPaKEHNAX.
[l mo6oro n B mpocTpancTse A, ecTh 3aMevdaTelbHOE JHHEHHOE TIOATPOCTPAHCTBO,
Ha3bLIBAEMOE NPOCMPAHCMEOM NPUMUMUSHBIL ddemenmos 1 obo3zHadaemoe P,. Ecan
B KaX JOM TpocTpancTBe Py, n =1, 2, ... BEIOpaTh 100601 6a3uc, TO nX 06be[UHEHTE
MOXKET CJAYKUTH CHCTEMON 06pa3yIoinX NOJUHOMIATLHON aare6pst A. OmuiiieMm oauH
3 cnoco60B MOCTPOEHNA TPUMUTHBHOT O TPOCTPAHCTBa P, .

ONUPEAEJNEHUE. Juazpamma Pelinmana cTemeHN n — 3TO PETYIAAPHBIN TpeXBa-
JEHTHBIN Tpad ¢ 2n BepUInHAME, B KOTOPOM BHII€JeH HEKOTOPHIH OPUEHTHPOBAHHBIN
UK/, HA3BIBAEMBIN nemJaeti Yuicona, m B KaXK[OW BEePIINHE, He JeXKAIlel Ha HeTie
Yuiacona, 3ajaH TUKIMIECKUN TOPAIOK BHIXOIANINX U3 Hee pebep.

XopaoBele HATPAMMEL ABIAIOTCA YaCTHEIM ciydaeM nuarpamm Pefiamana (y HEX
BCe TpexBajeHTHBIE BEPIINHEL JeKaT Ha eTae Yuicona). Kaxayio auarpammy Pefi-
HMaHa [ MOXHO NMPeBPATHTh B JHHEHHYIO KOMOWHALNIO XOPAOBHIX auarpamm p(f),
MHOT'OKPATHO IIPUMEHAA cJAeAYIolIee COOTHOIEHNE A PaspelleHnA TPOUHBIX TOUEK,
CMeXHBIX ¢ IeT/Ied YUJICOHA:
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PrPUMEP.

@ - -
ol )- (&) - )
:_2( _ ):—2

Cmenenv cBA3HOU aAmarpaMMbl PellHMaHA — 3TO MOMOBHHA OOIIErO HYHCIa BEp-
mnH rpaga. Ecan ®,, — MHoXKecTBO Beex quarpamm PeriiMana cTemenn n u f € @,
To p(f) MOXHO paccMaTpUBaTh Kak »leMeHT mpocTpancTBa A,. Juarpavva Peiin-
MaHa HAa3BIBAETCA C6A3HOU, €CIN COOTBETCTBYIOMINN Ipad 0CTAeTCA CBA3HBIM TIOCTE
OoTOpacEIBaHUA METAN YUICOHA.

ONPEJNEJEHVE. PpocTpaHCTBO IPUMHUTHBHBIX 5aeMeHTOB P, (n > 1) — 570 an-
HelHadA 060M09Ka 21eMeHTOB p(f) nas Bcex cBA3HBIX guarpamm f € &,

PpPuMEPEI. Ppocrpancrso P; = A; HyJeBoe.

PpocrpancrBa Po u P3 0JHOMEDHBI U COBIATAIOT, COOTBETCTBEHHO, C TPOCTPAH-
crBamu As m As.

B TpexmeprOM mpocTpaHcTBe A4 TPUMATHBHOE TIOTPOCTPAHCTBO Py IBYMEpPHO

1 IMMOPOXKAECHO >JAeMEHTaMMI @ — @ n @ — 2@ .

PaBorarTh ¢ TPUMUTHBHBIME TOATPOCTPAHCTBAME P, TpoIle, TOTOMY YTO OHH
HAMHOTO MeHbIe, 9eM A, . Ppemonoxnm, 9T0 MBI HAIILTH Pa3MepHOCTH Bcex P, 1o
Kakoro-To Mecta. ClipanmBaeTcs, Kak TOT/Ia HAUTH HavaJbHBIN YIacTOK MOCAe0OBa~
TeapuocT dim A, 7 Poscanm 5To Ha mpuMmepe.

Jlomyctum, Mbl 3HAeM, €To 3Havenus dimP, mag n = 1,2,3,4,5,6,7 paBHHI
0,1,1,2,3,5,8. Pycts ps — Gasucubiii daeMeHT Po, ps — Oa3ucHbIN dieMeHT Ps,
a 6asucel MPOCTpaHcTB Py 1 Ps CyTh COOTBETCTBEHHO P41, Paz U P51, P52, Ps3. CTeme-
HBIO dJeMeHTa p € P, Ha3BlBaeTCA UNCIO N, a CTENeHb NPOU3BEJeHUA paBHA CyMMe
cTemeHel COMHOXKUTeNEH. PocMoTpuM, Kakiie MOKHO COCTABATH MOHOMBI U3 AaHHBIX
6A3NCHBIX DJAEMEHTOB [0 CTENeHH 7 BKIIOUNTENBHO.

Monombi crenenn 4: p2 (Bcero 1).

Monowmbr crenern 5: paps (Bcero 1).

Mouombi crenenn 6: p3, p2) papar, papaz (Bcero 4).

MouoMmEl cTenenn 7: P%Ps, P2Ps1, P2Ps2, PaPs3, PaPal, Pspaz (Bcero 6).

Pasuc mpoctpancTsa A, cocTaBAAIOT caM¥l TPUMATHBHBIE DJIEMEHTH U UX MPOM3-
BejleHnsA cooTBeTCTBYIomIer crenenn. /lasn = 4,5, 6, 7noaygaem: dim Ay = 2+1 = 3,

dimAs =3+1=4, dimAs =54+4=9, dimA; =8 + 6 = 14.

OxasbiBaercs (510 oTKpHLT P. Boxkeab [28] B 1995 roay), 9To B MpoCTpaHCTBE
BCeX NPUMHUTHBHHIX 31eMeHTOB P = B> P, ecTh ellle BHYTPEHHAA MYJIbILITKATHB-
Hadg cTpyKTypa. UMenno ona u mozBoamia fA. Kuaiiccaepy B 1997 roay pazpaGoraTts
HOBHIN, GoJee 3(PpeKTUBHBIN AJTOPUTM HaXOXdeHns 6asunca B MIPOCTPAHCTBE MHBaA-
puanToB BacuiweBa u npeszonitu pexopq /. Pap-Parana 1993 roga.
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6. IHTErPAJ1 KOHIIEBUYA

Nurerpas Konuesnua uzobperen B 1992 roay [18] kak cpeacrso mokazaTeib-
cTBa cpopmyanposarnoi Bhime (c. 81) Teopemel BacuabeBa—Kouuepnwa. OH ABaA-
eTcsi fajgeko maymmM o600IIeHneM WHTerpaJbHon (opMmyabl ['aycca, BeIpaxaromein
K03(p(PUIMEHT 3alleNIEHNsT IBYX 3aMKHYTHIX KPUBBIX B IIPOCTPAHCTBE.

PpejcraBuM TpexMepHOe mpocTpaHcTBo [R3 Kak mpaMoe MpousBeIeHIe KOMILICKC-
wont npamon C ¢ koopAWHATON z W BellleCTBeHHON npsiMon R ¢ KoopamaaToln . Bao-
xuM yael K B mpocTparcTeo R3 = C, x R, Tak, 9To6H KoopamHaTa t 66118 DyHK-
nnerr Mopca Ha K. PTo 3Ha"nT, 9To BO Bcex TodKax, rje ¢ Kak (pyHKIUA mapame-
Tpa Ha KPHUBOU WMeeT HYJEBYIO NMPOW3BOAHYIO, €€ BTOpas MPOU3BOAHAA HE [OMKHA
o6paliaThcsa B HyJb, a 3HAYEHHA ¢ BO BCEX TAKNX TOYKAX (KPUMUUECKUE 3HAUEHUA)
MOJIKHBI OBITH PA3IUTHBEl MEXIY COOOM.

ONUPEAEJNEHUE. Humeepaa Konyesuua yziaa K — 5TO CIeAyONNI SIeMEHT IO~
noJuennsa A aare6phl XOPAOBBIX JUATPAMM:

S 200: 1 Z 1 n dz; —dz}
m=0 P={(2;,2})} j=1
tmin<t1<  <tm<tmax ’

tj HEKPUTHUYICCKUE

Ponoanenue A aarebpot A — 5To, MO oNpeeseHnio, MHOXECTBO BeeX 6eCKOHed-
HBIX (GOPMATBHBIX PAJOB BUAA ) Cpy Uy, TJE Cpy € C — "mciennbIe KOXOUIIEHTH,
a am € A,y — dIeMEHTBl TPOCTPAHCTBA XOPIOBBIX AMATDAMM CTENEHH M.

6.1. WHO IS WHO B UHTEI'PAJIE KOHIIEBIYA

lleticTBUTENBHBIE YHCAA {yyin U tax CYTh MIHIMAJBHOE N MAKCHMAJIbHOE 3HAYEHUA
dyukunu ¢ Ha K.

O6nacTh MHTEr PUPOBAHUS MPENCTABAAET COG0U M-MEPHBIN CUMILIEKC i, < 11 <
< -oo <ty < tmax, Pa3ETEHHBIN KPUTHYECKUMHI 3HAYEHUAMHI HAa HEKOTODOE YH-
CIO CBA3HBIT KoMnowenm. Panmpumep, NI cAelVIONIETO BIOXKEHUA Hey3aa W m = 2
06JacTh UHTEIPUPOBAHUA COCTOUT U3 IIECTH KOMIIOHEHT CBA3HOCTHU U BBITVIAAUT TaK:

t ts
Foa |~ ‘
ul | 4
to |- ==
nigEn
b tor ter ot

rcao craraeMelX B IO BIHTET PAJILHOM BBIPAKeHHH IIOCTOAHHO /I KaXkK TOH KOM-
HNOHEHTHI CBA3HOCTH, HO MOXKET OLITh Pa3iMYHLIM A4 Pa3HLIX KOMIIOHEHT. acTb
y3da B HOJOCE, 3aKIIOYeHHON MeXYy ABYMA KPUTHYECKHMHU yPOBHAMHE (hbYHKIUH f,
npejcTaBageT co6oll Habop KPHBBIX, KaxkKJad N3 KOTOPHIX OJHO3HAYHO HapaMeTpH-
30BaHa mepeMenHoil . B kaxgoil miockocrn {t = ¢;} C R? BriGepem meymops o-
YeHHYIO Mapy PasImTHBIX Touek (zj,1;) u (z},1;), nexammx Ha yzae K. Oboznatnm
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wepes P = {(z;,2})} cucremy ms m Taxnx map gaa j = 1,...,m. Pox maTerpasom
CTOMT CyMMa IO BCeM CllocobaM Bbibopa cucTeMbl P. B mponzBoabHON CBAZHON KOM-
MOHeHTe 06JacTH MHTET PUPOBAHNA (PUKCAIAA CUCTEMBI P 03HAaYaeT, ITO JJIA KaxXK 101
IepeMeHHOH {; BHOpaHa HeKOTOpad Iapa BeTBell yala B COOTBETCTBYIOIMIEH IIOIOCE
IpOCTPaHCTBA.

B npuBejeHHOM BhIlle MpUMepe WA CBA3HOU KOMIOHEHTHI {{min < {1 < i,
te, < lz < lmax} €CTb JUIIL OJHA Tapa TOYEK Ha ypoBHAX {t = {1} u {t = t»}.
CaefoBaTeabHO, AIA 5TOU KOMIOHEHTHI CYMMa MO HHTErpajJoM COCTONT TOMBKO W3
OfTHOTO caaraeMoro. PanpoTuBs, maasg KOMIOHEHTHI {tmin <t <y, te, <t < tCQ} y
HAC MO-MPEKHEMY eCTh JHIUIb OJUH BLIGOD HA yPOBHE {t = {1 }, HO WIOCKOCTE {t = 15}
nepecekaeT yzea K yxe Mo 9eThIpeM TOYKAM, MOSTOMY MBI HIMEEM (;1) = 6 BO3MOXK-
HBIX Tap (22, 25) 0 06lllee IHCIO CAATAEMEIX PABHO IIECTH.

Jas gaumoro Bui6opa cucreMsl P cuMBoa ‘|’ o6o3HadaeT IUCIO TOUEK (25, 1;) HIn
(z},tj) n3 P, B KOTOPBEIX KoopAWHaTa { yObIBaeT PN ABUKEHWHN TO Y3y B MOJOKN-
TelbHOM HallpaB/JIeHUN.

Sadukcupyem cucremy map P. Paccmorpum yzen K Kak OpMEHTHPOBAHHYIO OK-
PYKHOCTB 1 COE/IMHIM Ha Hell Touk™ (2;,1;) u (z},1;) xopgamu. Poay«mnres xopgosas
amarpaMma ImopAgka m. PTa xopnoBasd guarpaMMa ABAAETCA 3JeMEHTOM aareSpol A,
KOTOPBIII MEI 0603Ha49aeM depe3 Dp. Pa clegyomeM pHCYHKe NIA KaKJOU CBA3ZHON
KOMITOHEHTHI OKa3aHO OHO 13 BO3MOKHEIX pa3bUeHHIl Ha Maphl, COOTBETCTBYIOMAL
Xop/oBasA AuarpamMma co 3HaxoM (—1)¥ 1 ykazaHo €mca0 caraeMbIx TIOBIHTeT DATh-
HOT'O BBIDAkKEHUsA (HEKOTOPBIE I3 KOTOPHIX PABHBLI HYJIO B CHIY OJHOYICHHOT'O COOT-
HOLIIEHTA ).

; (—1)2®; ; (—1)2@; ; (—1)2@;

1 cnaraemoe 6 craraeMbIX 1 cnaraemoe

: (—1)1®; | O
6 craraeMbIx /
I - =00

1 cnaraemoe 36 caaraeMbIx

Pa Ka)K,Z[Oﬁ KOMIIOHEHTE CBA3HOCTH II€PEMEHHEIE Z; n Z/' ABJAIOTCA T'VIa IKUMNT

J
. i dz; — dz}
dbynkuuamu nepemennon t;. Poncrapiaas oTu GyHkuum B BhIpaxkeHue H —_—,
MBI TTosyvaeM AuddepeHInaIbHY0 HOPMY OT IEPEMEHHBIX 1, . . ., {y, ONPENEICHHY IO
Ha CUMIIJIEKCE B M-MePHOM TTPOCTPAHCTBE DTUX MePeMeHHLIX. Fe U ciaenyeT MpomHTe-

rpupoBaTh. PTo gact Kos(uimeHT npr COOTBETCTBYIONUIEH XOPJOBON JUaTPaMME.
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Onmcannas KOHCTPYKINA pabdoTaeT MpH Bcex 3HadeHnax m > 0. [Jaa m = 0 no
OIPEJeNeHII0 TIONAraoT, 9TO MONYYUTCA XOpAoBas AnarpamMma mopaika 0 (oKkpyx-
HOCTE 63 X0, peACcTaBIAOmAs e THHIIHBIN IeMeHT aare6per A) ¢ Koadduimnen-
TOM 1.

6.2. YHUBEPCAJIbHBIII NHBAPUAHT BACUJILEBA

MoxHo foKazaTh, 9To WHTerpanl Z(K), BO-NePBHIX, CXOAUTCA A JOGOTO y3-
Jla, PaCMOJOKEHHOTO B IPOCTPAHCTBE YKA3aHHBIM BHIIIE CIIOCOGOM, a BO-BTODHIX, He
MeHSeTCH MPH TJIa KX W30TOMUAX Y34, TPH KOTOPHIX COXPAHAETCA TUCJAO KPUTHIE-
ckux Tovek pyHKUuu t. BBumy TOro, 9To y3ea — 3aMKHYyTasg KpUBasd, MOABIATHCA 1
HCYe3aTh KPUTHYECKNE TOYKH MOTYT TOMBKO mapamu. QKa3bBaeTcs, YTO IPH 3TOM
BhIpaxeHue 7 (K ) MeHAeTCA BIOJIHE ONPeIeIeHHEIM 06pa3oM, a IMEHHO, ecan y3el K
moaydaeTcsa u3 yaaa K gobGaBieHHEM Mapbl COCENHNX KPUTHIECKUX TOYEK, TO MMEET
MeCTO PaBeHCTBO

Z(Ky) = Z(K) - Z

O6oznaunm wepes H BXOAAMNN B 5TY (POPMYIy TPHBHAJTBLHBIN y3ed, BIOXKEHUE KO-
TOPOT'O0 B MPOCTPAHCTBO MMEET IBa MaKCHMyMa W ABa MUHHMYyMa, M PacCMOTPUM
BBIpaKeHNE

. (K
I(K) = 25
Z(H)!
rae ¢ obo3zHavdaeT UUCAO KPUTHIECKHX TOYeK (PYHKUUU ¢ Ha K, a wacTHOEe — 3TO

neaenue B anaredpe A, ocymecTsiasemoe na ocnose npasuiaa (1 +a)™t =1—a+a?—
—a® .. ..

N3 ckasanHOTO BHIIE sicHO, 9TO [(K) He MeHseTCA TaKKe WM TPH NOGABICHHN
(n ypanenun) map kputHdecknx Todek. Ciaegoarenpro, I(K) mpeacrabiager cobo
HACTOANNN WHBapuaHT yaia. OH HA3BIBAETCA YHUBEPCAAbHBIM UHSApuaHmom Bacu-
AbE6 G, TTOTOMY 4TO (B M3BECTHOM CMBIC/E) BCe MHBAPHAHTH BacuibeBa BXOIAT B HET'O
KaK KO3(PPUIUEeHTHI.

WMcexoaubiit naTerpat 7 (K ) HasbIBaIOT €llle npedeapumedbHolin unmezpatom Kon-
yesuua, a MoANpaBiIeHHOe Bhipaxenne [(K) — oxonuameabHblu unmeepaiomn Kou-
yesuuda.

PPuMEPHI. Pycts O — Heyzen, BIOKEHHBIH B TPOCTPAHCTBO KaK OKPYIKHOCTb,
cTodAmas BepTuKaabHo. Torga:

Z(0) =1,

1(0) = 1/Z(11),

I(H) = Z(H)/(Z(H)?) = 1/2(H).

Pocrennne nBa oTBeTa coBmagaioT. PTo HeyauBuTe bHO, BeAb | — WHBApWAHT
yaaa, a yaael O uw H 5KBUBajJeHTHH. B caenyiomeM MyHKTe pedb MOHeT HMEHHO 06
3TOM BBIPAaKEHUN.

6.3. MHTETPAJ KOHIEBUYA [/ HEY3JA

I/IHTeraJI KOHHCBI/I‘I& — JOBOJBHO-TAaKHN CAOXKHBIA 00heKT. B Tedenne Heckoan-
KX JeT HUKTO He YMEJ BBITHCAATE €I'0 faXKe M1 TPUBUAJbHOI'O y3Ja: OBLIN 3BECTHERL
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JUMb KO3(MMUIHEHTH TPH HEKOTOPHIX XOPAOBBIX AHarpaMMax B O€CKOHETHOU CYM-
Me. (KoHedHo, 3/jech IMeeTCsA BBUY OKOHYATeNbHBI nHTerpat Konuesnva [(0), n6o
npegBapuTenbHeil Z(() paBeH OpocTo |, Kak MBI yXKe OTMeqadn. )

B 1997 rogy noseunack runoresa JI. Pap-PaTana ¢ coapropamu [3] (fokasanHas
B 1998 rony B patoTe [4]) o ToM, 4eMy paBHA BCA CyMMA:

oQ o0 1 o0
I(O) = exp Z banwa, = 1+ (Z bonwon) + 5(2 bonwan)® + ...
n=0 n=0 n=0

31ech by, — moduduyuposannvie uucaa Pepryaau, T.e. KodPOUITHEHTHI cleAyIoMero
paga Teimopas:
z/2 z/2

0o 1 _
an 1 € — €

E Obznx = 2111 713/2 ,

e

(ba = 1/48, by = —1/5760, ... ), a Wy, — Koaeca, T.e. AHATPAMMEI BHJA

o= (0 w= T e ﬁ

P pomspeenns koJec, BOZHUKAIOIINE TP BEIMUCIEHNN SKCIIOHEHTH Yepes psif Tei-
Jopa, MOHMMAKTCA KaK HECBA3HOE OOBLeNWHEHHe AMarpaMM, a caMu Kojeca (H HX
00BeANHEHNA) HHTEPIPETHPYIOTCA KaK JANHEHHEE KOMOHHAINH nrarpaMM PefiHMa-
HAa, PABHEIE CPeJHEMY apHPMETHIECKOMY TI0 BeeM (2n)! ciocoGaM MPUKJIENTE TeT/I0

Yuiacona K OTHOBAJEHTHBIM BEPHIMHaM KOJIECaA.
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Ecmn mpucTtanibHO MOCMOTPETH HA DTU PUCYHKHU, MOXKHO YOeAUTBCA B TOM, UTO
16 caaraeMBIX BHIDHCAHHOW CYMMBI 3KBUBAJEHTHBI TEPBOW Auarpamme, a elle 8 —
BTopoit. PpuBois momqo6Hble WICHBL, TOMYTaeM:
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Paspeinerre BHYTpeHHUX TPOWHBIX TO4YeK gmarpamMMm PelHMaHa MO TPABIIY, OIN-
caHHOMY Ha c. 83, IPUBOAUT K TaKOMY OTBETY:
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Pono6HEIM 06pazoM (TOIBKO MpOIIE) MO)KHO HaWTH BHIDAXKEHIE Yepe3 XOPIOBhIe
JUarpaMMbl TakxkKe IS MOHOMOB wp U w3. PoJCTaBIAA HailleHHble BbHIDAXKEHUA B

pan

1 5 1

16082 T a0 WA T

1
I0)=1+ et
MBI TOJIYSIUM CAEAYIOMNHA PE3yaAbTaT.

Peckoneunntii pad, evipancarwuuti unmezpaa Konyesuua om Heyzaa, HAUUHAEMCA

mar.
10) =1 2 () — o 09 + o 4B + s A% + -
o 24 5760 1152 2880

Bce xoadpdumnmenTs 3TOTO pAga palnoHAJBHBI. PToT (akT BepeH And JAi060TO
yaaa. OH MOKA3bIBAET yAUBUTETBHYIO CBA3b MEXK Y TEOPHUEN Y3J0B U apu(MeTHKOMN.

7. SBHAMEHUTBIE NPOBJEMBI TEOPUU Y3J0B

B »Tom pasnene mbl mpuBoAuM HOPMYITPOBKYN HECKOIBKINX 3HAMEHUTHIX MTPOo6IeM
Teopun y3J40B. PekoTophie 3 HUX He MO TABAINCH PEIIEHNIO B TeUeHNe TeCATKOB JeT
1 OBLIU pellleHbl CPaBHUTENbHO HEJTaBHO, & HEKOTOPBIE OTKPHITHL O CUX IIOP.

7.1. PENIEHHDLIE IIPOBJEMBI
1. Cywecmsyiom au neobpamumvie ysan? (Pemena nomoxuTeasHo B 1962 rony
[26]).
2. Onpedeasemes au KAACC IKEUSAAEHMHOCTIU HEOPUEHMUPOEAHH020 Y3aa K mo-
noaozuueckum munom eeo donoanenus R3\ K ? (Pemena nosoxureabuo B 1989

rony [13]).

3. B komnre nporuoro Beka P. TedT chopmyanpoBas HECKOIBKO 3HAMEHUTHIX T'H-
1oTe3, ABe U3 KOTOPHIX COBCEM HelaBHO ObLIN NOKA3aHbBI, a OJJHA ONIPOBEPTHYTA.
B mepBHIX ABYX MHIOTE3aX Pedb HAeT 06 aabTePHHPOBAHHBIX AUarpamMMax (Ta-
KWX, ¥ KOTODPHIX TIPH JBIKEHHN 1O Y37y TPOXOIBI B TIEPEXOBI 9ePENYIOTCA).

T'unoresa 1. Pedyyuposannas, m. e. He umeouwans 6uda

A X B

AALMEPHUPOSAHHAR OUAZPAMMA UMEECTN. HAUMERBULEE 603MONCHOE WUCAO TOUER
camonepeceuenua cpedu cexr duazpanm dannozo ysaa. Pra runoresa nokazaHa
He3aBICHMO B Tpex paborax [17], [25] m [21].

T'nmoresa 2. (Tait flyping conjecture). Om oduoti asvmepruposanrnoti duazpam-
ML Y340 K dpyeold MOdNCHO nepetdimu nocaedogameabHOCMbI0 NEPESoPauusaHuti
caedyrouwezo suda:

Y >
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Pra runoresa gokazana B 1993 roxy [20].

lunoresa 3. Y3ea, dag Komopo2o MUHUMAABHOE WUCAO NEpeceueHuti HeuemMo,
6ce2da 3ePRAACH, M. €. IKGUBAACHMER CE0EMY 3EPRAIbHOMY ompadcenuio. Pra
runoTe3za mpocyecTBoBaga 104 roma m 6bLima ompoBeprHyTa ToAbko B 1994
roay M. Tucarysiitom (omybankosaso B [15]).

Cyuwecmsyem au at2opumm pacno3Ha6aAHUA, K6UEAACHMHBL AU 06a JAHHBIL
ysaa, no uxr duazpamman? Ppobiema peiiena NoJokuTeIHHO. B mociename To-
JbI H306peTeHO HecKoMbKO Taknx aaropntvos (C. B. Mateeen, /:k. Pupman,
E. ®omuneix, U. JpHENKOB). Pano TOAEKO OTMETHTE, 9TO TTOJHOE JOKA3aTe b
CTBO MPaBUJIBHOCTH AJTOPUTMa MPOBEIEHO JUIb [ OJHOTO UX HUX, CAMOT O
TPYAOEMKOT O U HMEOIIET O YHCTO TEOPETHIECKOe 3HaYeHme. PonqpobHoCcTH cM. B
crarbe [19].

7.2. PEPENIEHHBIE IIPOBJEMBI

Kax pacnosname obpamumocmyv ysaa?

Pyems C(n) — wucao pasauunuls npocmbly HEOPUEHMUPOEAHHBIL Y3406 C MU-
HUMAAbHBLI vucaom nepecevenuti n. Kax sedem ceba dynryus C(n) ¢ pocmon
n? Ppo Hee oveHb MaJo M3BecTHO. PalpmMep, Ao CHX IIOp HET CTPOTOro J0-
Ka3aTelbCTBa, 9T0 C'(n) MOHOTOHHO BO3PACTaeT ¢ POCTOM N, XOTH ITOT (QakT
Ka)KeTcs OdeBHAHBIM. Pa kommbioTepe HafifeHbl 3Hadenna C'(n) mia n < 16
(nocaenune Tpu 3HadeHns Hauun B 1997 rogy Xoct, Tucarysit n Yuke [15]):

3145|167 8] 9| 10| 11 12 13 14 15 16
11123721 |49|165|552|2176|9988 | 46972 | 253293 | 1388705

Ecau nexomopuiti yzea umeem dee duaepammvt Ky u K_, komopwie noayua-
lomea dpye uz dpyea 3amenoli 00no20 nporoda Ha neperod, Mo 6E€PHO AU, UNO
ydasenue amoii deotinoll mouru npucodum K pacnadenuio yzaa Ha Jee KOMNO-
HEHMbL C8AZHOCTIUY

Ppasda au, umo uucao nepeceuenuti adoumueHo ommocumeabto ceA3H0T cym-
uvt y3.406: (K19 Ka) = ¢(Kyp) + ¢(K2)?

Cywecmeyem au HEMPUSUAAbHbIL y3ea, noaunom Jxconca Komopoeo paser 1,
m. e. noaurnomy Joconca mpusuaarozo ysaa? [JokasaHo, 9TO IPUMeEp, eCaN OH
CYMIECTBYET, AOMKEH OBIThH TOCTATOTHO CAOKHBIM: THCIAO TEPECETeHNH TaKOT O
yaaa He MeHble 18 (cm. [10]).

Paiimu oepanuuenue ceepry Ha uucao nepecmpoer Petidemeticmepa, nepesods-
wur 0dny uz deyr dannunir Juazpamm ysasa 6 Opyayio.

Pattmu xkpumeputi npocmomul Yy34a 6 MEPMUHAT €20 JUazpammbl.

Heasemea au ynusepcasbuviti unsapuanm Bacuavesa noanblm uH8apuUaHmMoM
(opuenmuposanmozo) yzaa? To ecTh, BepHO 1M, 9To ecan jgBa ysaa Ki m K
PasInYHBl, TO HaleTCA HHBAPHAHT KOHEIHOT'O MOPAJKA v TaKo, 9To v(K1) #

;é 0(1{2)7
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9. Bepno au, umo unsapuanmor Bacuavesa pasauuarom obpauwjenue y3aa? Mnbivm
CJIOBAMHE, CYIIECTBYET JII [Iapa B3anMHO 0OpaTHBIX yaios K, K’ HesKBHBaJCHT-
HBIX APYT APYTY, W TaKoW HHBapHaHT Bacuabera v, aro v(K) # v(K')?

PToT BOpPOC mOMycKaeT ClAeAyIONIYyI0 KOMOMHATOPHYIO (POPMYIUPOBKY: cyuje-
emeyem au ropdosad duazpamma, KOMoOPas HESKEUEAACHMHA CE0EMY 3EPKAAb-
HOMY OMPANCEHUIO NO MODYAN0 f-uaeHHblr coomuouerut? UaBecTHO, 9T0 Takas
auarpaMMa, ecim OHa CYIIeCTBYET, MOJKHA WMETH CTelleHb He MeHbIIe 13.

IIPUNOKEHUE. TABJIUIIA Y3JIOB

B Tabantue mpuBeneHb BCe TPOCTHIE HEOPUEHTUPOBAHHDBIE Y3JBI C INCIOM TIepece-
YeHUI, He TPEBOCXOIAIINM 8.

TR LEE

81c

: 19 82c

(I
oo
(3]
=
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r[[JII/IHHBIG KpHUBbIC, I'ayCCOBBI JUal'PaMMBbI 1
NMHBapHaHTbI

0. M. Bypman

Kpusas ecmsb caed deuscyueiica mouru. ITO yTBEPK TeHIe KaXKeTCsA HaM CeroqHsa
MPOCTHIM U €CTECTBEHHBIM, HO [ er0 POPMYJINPOBKE MaTeMATHKaM TOTPe6OBaIOChH
HE OTHO THICAYENETHE. DOMBITKA OOBACHITE, YTO TAaKOe KPIBasd, HMEeTCA B «Jadazaxs
EBkanga, Ho Toapko B Konie XIX Beka panmyscknin maTeMaTnk Kammia zKopgan
copMyaupoBas MpUBeAeHHOE BHIIE ONpeNeNeHe — MEPBOE, Y IOBIETBOPSAIOIIEE CO-
BPEMEHHBIM CTaHIapTaM MaTeMaTH9ecKOH cTPOrocTH (MpaBja, CleayeT 3aMeTHTh,
YTO CaMH TN CTAHAAPTH POJIINCH MPUMEPHO B TO ke BpeMs). To XKe caMoe mpo-
HCXOIUT W C M3ydeHWeM CBOUCTB KPHUBHIX — O HHX HEMAJO OBLIO M3BECTHO YIKE B
QPEBHOCTH, W BMECTE C TeM COMBIINHCTBO PE3YIBLTATOB, H3IATaeMBIX B 3TOH CTAThHE,
OBLIO TIOIYYE€HO TPU—TIATEH JeT Ha3al.

Dalra cTaThsA MOCBAIIEHA, B OCHOBHOM, TeopuH AedOpMAalWil MJIOCKHX KPUBHIX.
Mur m3yvaeM BONpOC, KOTJIa ABe KPUBBIE MOXHO HEMPEPHIBHO TPOaehOPMUPOBATH
OpyT B ApyTa, N Kakine COOBITHA — HAIPUMeD, TPOWHBIE CAMOIEPECETEHNA — MOTYT
wian o6s3aHBI MPOMBOUTH TIPH Takon fedopMalnm. JTa 3aada OKa3bIBaeTCsI BECBMa
HHTEPECHOH M HEMPOCTOM, 1O CJAOKHOCTH He YCTYTAIMIEH TeOpHH y3a0B (06 y3rax
cm. cratbio C. B. Myxuna u C. B. YIMmyToBa B HacTosAmmeM cOGopHEKe, ¢. 59-93).
Y3JIBI U TIOCKWE KPUBHIE BOOOIIIE CBA3AHBI MEXK Ty COG0N MHOKECTBOM Pa3HOOGPa3HBIX
CBA3ell — Ha HEKOTOPHIX M3 HUX MBI KOPDOTKO OCTAHOBHMCA B KOHIIE CTATBHH.

OCHOBHBIM «T'epoeMy Halllel CTaThl ABIAAIOTCA TaK HAZBIBACMBIE JAUHHBIE KPUEGDLE.
Ux ompeenenre npuBoANTCS B Hadage pa3jieia 1; B 3TOM XKe pa3jesie BBOAUTCS ONUCA~
HHe KPUBBIX C TIOMOIIBIO CIEMNATBHBIX CXeM, HA3BIBAEMBIX 2aYCCO6bIMU JUAZPAMMAMY.
B pasgenax 2 m 3 MBI OTipefiefisieM ¢ TIOMOIIBIO TayCCOBHIX AUATPaMM pazHoo6pasHble
MHBAPUAHTHl KPUBHIX; B OOMBIIEN OOIIHOCTH MOJYYeHHBIE MHBAPUAHTHI HCCIETYIOTCA
B pazfene 4. 3aKAOYATENBHBIN Pa3 e b TOCBSAIeH 0600IMIEHNSM BBEJeHHBIX HHBAPH-
aHTOB Ha Apyrue OOBEKTHI, TECHO CBA3aHHBIE C [UIMHHBIMA KPUBBIMEU — 3aMKHY THIE
KPHUBBIe, IIOCKHE JEXKAH TPOBBI (DPOHTHI W Y3JIHI.

Mur mpefmosaraeM, ITO YUTATENb TAHHOW CTATHU 3HAKOM C OCHOBaMH Audde-
PEHINAIBHOT O NCINCACHUS U JUHERHON aare6pel. TexcT, HabpaHHBI MEIKAM IpuQ-
TOM, — B OCHOBHOM 3TO [OKa3aTelhCTBA TEXHUIECKUX YTBEPKJACHUN — MOPOH Tpe-
6yeT 3HAKOMCTBaA ¢ 60Jiee CAOKHBIM MATEPHAJIOM. DEKOTOPBIE MIPOCTHIE, HO CKYYIHBIE
MOKa3aTeIbCTBA MBI OMYCKAeM BOBCe, OTCHUIAA YNTATENA 3a MOAPOOHOCTSIME K CITe-
MUAIBHON JUTEPATYPE.

1. TAYCCOBBI JUAT'PAMMBI AJUHHBIX KPUBHBIX

DadHeM ¢ onpeefeHuil. Da3zoBeM daurHot Kpusot Taa Koe 0ToOpaKenne IPAMON
B miockocTh () = ((t),y(t)), t € R, obrajgaoliee cIeyOMNME CBOHCTBAMI:

MaTemaTuyeckoe npocseweHue, cep. 3, Bbin. 3, 1999(94—115)
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Puc. 1. Epumep AIHHHOH KPUBOH

1. DpousBogutie pyuxumii #(t) u y(!) HI Opn KakoM ¢ He OGpaIIAOTCA OJHOBDE-
MEHHO B HyJb: V1 (a:’(t))z + (y’(t))2 > 0.

2. Oput < —1mut> 1 eemonnensl pagercTea x(t) =1 u y(t) = 0.

3. Bcm ¢t € R m ty € R obaajgaoT TeM cBolcTBOM, 4To %(t1) = z(l2) u
y(tl) = y(tz), TO —1 < tl,tz < 1

CpoiictBo 1 ozHadaeT, 9To o6pa3 [IIHHHON KPWBOH (MHOXKECTBO TOYEK
{(z(t),y(t)) |t € R}, T.e. TO, 9T0 MBI OOBIYHO NPUBBIK/IN HA3HIBATE ¢KPHBOIY ) ABIA-
eTcd TaagkuM. JleficTBHTENBHO, B KaxAol ero Touke (z(1),y(t)) ompegeneH Heny-
7eBOH KacaTenbHEIN BekTOp (2(1), ¥ (1)), ompegeastoumii o THO3HAYHO HAIIPABJECHIE
KacaTeabHol npsamoi. CBolicTBo 2 ozHavaeT, 4To BHe oTpeska { € [—1,1] mmuHuas
KpuBad BefeT cebd CcTaHTapTHBIM 00pa3oM — JABHKETCA BAOIb OCH abCIUCC C elu-
HUYIHON CKOPOCTHIO (MOATOMY KPUBYIO U HA3BIBAIOT [UIHHHOI).

DapHl 11,13, O KOTOPBIX HAET pedb B CBONCTBE 3, HA3BLIBAIOTCA, IO OYEBHIHBIM
NpUIUHAM, MOUKAMU CAMONEPECENEHUA JIUHHON Kpuiol . CBoncTBO 3 o3HavaeT,
9TO BCe TOYKHU CaMollepecedeHUs JexaT Ha orpeske [—1,1], — miaumHHas Kpubas
He mepecekaeT cebA Ha TOM yvacTKe, I'je OHa HAeT BOAbL OCH abCIUcC. DazyMe-
eTcA, HUITO He 3alpemaeT MMHHOW KPUBOH IIepeceKaThCA C OChIO abCIuce W MpH
t € [—1,1], u Boobme, — npu t € [—1, 1] qaunHasg KpuBas MOXKeT BecTH cebs BechbMa
HEMpOCTHIM 06pa3oM, CM., HAITPUMED, pHC. 1.

Yurarensb, osnakomusinmiicsa co cratbenn C. B. [lyxuna nu C. B. YmyToBa, 3HaeT,
KaKyIo BaXXHYIO POJIb UT'PAIOT B TEOMETPHU COOOPaKeHHA «OOIIEr 0 MOJOKEHIA) , MOKa-
3BIBAIOIINE, YTO MHTEPECYIOUMI Hac 00BeKT (y3el, 3aleluieHne, JeXaHIpoB PPOHT,
JIMHHYIO KPHBYIO H T.1.) MOXKHO CKOIb YTOHO MAJBIM IIeBeIeHeM TTPHBECTH K BH-
1y, He cofepkKallleMy CIOXKHBIX ocobeHHocTel. /IId MIMHHBIX KPUBLIX HEOGXOAUMOE
yTBepXK IeHle BBITIAANT CJAeIYIONAM 06pa3oM:

[MPEANOXKEHUE 1. Beakyio daunHylo Kpusyio v MOMCHO CKOAb Y2oOHO MAA0 NO-
we6eAUMb MAK, YMOobGbl NOAYUUMD JAUHHYIO KPUEYIo Yo, obaadaiowyio caedyouumu
ceolicmeamu:

1. Kpusas vy umeem xoneunoe (603MONCHO, PASHOE HYAIW) UUCAO MOUEK CAMONE-
peceueHuA.
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2. Bce mouru CaMOnepeCe”eHUﬂ KpUGOﬁ ’}/0 npOCmble - pa6€Hcm6a
2(t1) = x(t2) = 2(t3), y(t1) = y(t2) = y(ts)

He 6bINOAHEHBL HU Jad Kakoth mpotiku paziuunbis wucea t1,t,t3 € R.

3. Beau ty,ty — mouka camonepeceuenus kpusoti vy, mo eexmopui ('(t1),y'(t1))
u ('(t2), ¥ (t2)) He KoaauneapHbl.

WNubiMu coBaMu, B KaXJOW TOYKe CaAMOTepecedeHus MepeceKaioTcs JUIlb JBe
BETBI KPUBOH W KacaTelbHEIE K 5THM BETBAM He COBIAJAIOT (TOBODAT, ITO caMOTie-
pecedeHne mpancsepcaabho). Kpupble, o6afaloline CBORCTBAME KPHBOT Yy H3 Tpe/I-
Joxenusa 1, 6ygeM Ha3bIBATDH KPUESHIMU 06UE20 NOAOIHCEHUA.

[llokasbiBaeTcs peiokeHne 1 ¢ MTOMOIIBIO OJHOTO YPE3BBIMANHO BAXKHOTO YTBEDP-
KjaeHus — TeopeMmbl ToMma o TpaHcBepcaabHOCTH. HHTATEAb MOKET MO3HAKOMUTHCA
¢ Teopemon Toma no kuure [1].

DyCTh Tenephb vy — KpUBasd OOIIero moJoxenusa. M306pas3umM BeIecTBEHHYIO OCh
IR B Buge MpAMON W OTMETHUM Ha HTOW MPAMOU BCe TOYUKHU f1,1s caMolepecedeHus
KpHUBOW §y — ux 6yeT, Mo CBOUCTBY | KPUBBIX OBIIETO MOJOKEHUA, KOHETHOE HHUCIO
map. Touxn, mpuHa qIexaliue OTHON U TOU XKe mape, COeTMHNM TYTOH. IO CBOUCTBY 2
pasHble AYTHU He UMEIOT OOGIINX KOHIIOB.

CpoticTBO 3 MO3BOJIsIET MPUNKACATEH KaX ol Ayre ducio 1. A mmenHo, paccmo-
TpUM 9ncaa tq,ts, COeIUHEHHBIE YTOU — T. €. OTHOCAIINECS K OMHON TOYKE caMole-
pecedenus. YMOPAJOUYUM WX IO BO3PACTAHHUIO — TYCTh, Hampumep, {1 < ts. BexTo-
pet (2'(t1), 4 (1)) m (2'(t2), ¥ (t2)) He KoIIMHEAPHBI W MOYTOMY 06pa3yioOT Ha ILIOC-
KoCTH Gasuc. DPUMHUIEM Ayre 9ucio +1, ecaum 5ToT GazWC «IpaBBIdy, T.e. BEKTOD
(2'(t2), ¥ (t2)) momydaerca u3 Bekropa (2’ (1), y (1)) moBopoToM (Ha yroa, MEHBIIHIT
PasBEPHYTOrO) NPOMUE waco60ti cmpeakt (I COOTBETCTBYIONINM DaCTAKEHHEM, KO-
HewHO). B mpoTuBHOM ciy€ae — ecin GasucC «IeBBIHY — MPHIHIIEM Ayre 9uciao — 1.

DodyydeHHas KOHCTPYKIWA — MPAMAA ¢ OTMEYeHHBIME TOYKAMI, KOTOPBIE TTOTap-
HO COeAUHEHBI TYyraMi ¢ NPUOUCAHHBIMUA UM YHcIaMu 1 — HasbiBaeTcA 2ayccosoti
Juaepammoti’) pIHHHON KPUBOIT 7.

Aycrh 'y u I's — gBe rayccoBBl guarpaMMbl I a1 < dg < --- < an, by < by <
< -+ < by — cooTBeTcTBYIOMNE HAGOPHI KOHIOB AyT. MBI 6yeM roBOPHTE, 94T0 1'y
u 'y sreusasenmuel, ecin TOYKH @; U d; COCAMHEHBI AYyTOH TOrJa M TOJBKO TOI'Za
(mpm Tex Xe i U j), Korja JYTOU COeUHEHEl TOUKN b; U b;, IpHIeM 3HaKH 0GEUX AYT
copmagaoT. UHLIME cToBaMU, SKBUBAJEHTHBIE [AYCCOBBI THATPAMMBL HE OTIHIAIOTCA
HI 3HAKAMI, HI B3aHMHBIM PACTIONOKEHNEM AYT (XOTA N MOT'YT OTIHIATHCA KOHKPET-
HBIMH 3HAYeHUAME TTapaMeTpa ¢, TPH KOTOPHIX MPOHCXOAAT CAMOIePeCcedeHHn).

OkasbiBaeTcs, TayccoBa AHarpamMMa, B3ATad ¢ TOTHOCTHIO N0 SKBHBAJEHTHOCTH,
AKKYMYyJaupyeT B cebe MpaKTHYeCKU BCIO CYIMIECTBEHHYIO HHMOPMAIWIO O NTHHHON
KPUBOIL:

[MPEANTOXKEHUE 2. Pycmb 41 u s — dee daunnble Kpusble obue2o nosoicenus,
2ayccosbl Juazpammsbl KOmopwur skeusasenmuwt. Toada cywecmeyiom zaadkoe 63a-
uMHO odHOZHAUNOE npeobpazosanue naockocmu O u zaadkoe 63aumMHO OIHOZHAUHOE

D1lo umenn K.-®. Taycca — snamenuroro matemarnka XVIII — nauana XIX B., 3acay:ublie-
ro TpHU XKU3HU HAMMEHOBAHWE ¢(KOPOJA MAaTEMATHKOBY. | [aCKOMIBKO M3BECTHO aBTOPY 3TOW CTATHH,
K.-®. I'aycc uccaegopanneM IJINHHBIX KPUBLIX HE 3aHUMAJCAH.
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Puc. 2. BocTpoeHune KpuBOH IO €€ MayCcCOBOH JAUHAT DAMME

npeobpazosanue nPAmoli @, daf KOMOPLIL 6bINOAHEHO PAGEHCINEO
Vie R 7(l) = 2(n(e)))- (1)

Do-apyroMy paBeHCTBO (1) MOXKHO BHIDasHTh TaK: Ha ILIOCKOCTH H HA MPAMON
CYIIECTBYIOT, MOMEMO CTaHJapTHBIX, APYTHE CHCTEMBI KOOPAMHAT — Ha, ILIOCKOCTH
B 0ofIIeM clydae CHCTeMa KOOPJAHNHAT KPHBOJAHHEHHAA — TaKHe 9TO KPHBaA Yo 3a-
[UCHIBAETCA B OTHX CHCTEMaX KOODAWHAT TeMH ke BhpaxeHusmu (z(t),y(t)), daro
KpuBad y; — B cTaHJapTHOH. VHBIME cIOBaMH, IMpeaIokKeHne 2 yTBEpPXKIaeT, ITO
rayccopa JHarpamMma coAepKuT BCo HH(GOPMAaINo o JITHHON KPHBOIl Ha IIOCKOCTH,
He 3aBHCAINIYIO OT BEIGOPA CHCTEM KOOpIHHAT.

AKKypaTHOe [0Ka3aTedbCTBO MPENIOKEHNS 2 MOBOJABHO TpyaoeMko. Wgeio ero,
OJTHAKO, TIOHATEH HECTOXKHO. [lelcTBUTENBHO, MyCTh HAM 3adaHa rayccoBa [THmarpaM-
Ma KPUBOH 7. Dy /eM CTPOUTH KPUBYIO v cieqyionmM obpaszom. Jpu t < —1 kpusas
MPOBOUTCA OJHOZHAYMHO — JABUKETCA BIOAb OCH abCIHCC C eMUHUYHON CKOPOCTHIO.
DPOJOMKAM ABUKEHNE MO TeX TOpP, MOKa Ha IayCCOBOHU AmarpaMMe He BCTPETHT-
cA Komenl A kakom-uHumbyahL ayru. Ecanm komen, A — JeBHIH, TO caelaeM Ha KPHBOI
OTMETKY U TIPOJOJKNAM [BUKEHWE, He Tepecekas yiKe MPOBENEHHON YacTH KPUBOM.
Ecan xomernpy A — mpaBelil, TO HallJeM OTMETKY, COOTBETCTBYIONIYIO JJeBOMY KOHITY B
TOHU XKe caMoU NyTH. 3a HeGOJBINOe BpeMs 10 TOYKN A 3arHeM KPHUBYIO TakK, 9TOOBI
NPUOANBUTHCA K DTOH OTMETKE, TIO-TIPEXKHEMY He TIepeceKkas yiKe MPOBefeHHON YacTh
KPHBOI; Tpu 3ToM 3Hak ayru AB mokasbiBaeT, ¢ KaKOW CTOPOHBI HYXKHO MPHOINM-
KaThCsd — cIpaBa Wan cieBa. B MomeHT Bpemenu A TepeceveM KpHUBYIO B TOUKE,
OTMEYEHHON B, I TPOJOIKIM ABUKEHNE, CAENYA TEM XKe TPABIIAM.

Konewno, B mporecce Takoro mocTpPOeHHS Yy HAC OCTAeTCS 3HAYNTESbHAsd CBO-
6oma MeRCTBUN — «IPUOANKATHCA K OTMETKE) U (MPONOIKATE JIBHKEHUE) MOKHO
MO-pa3HOMY. YTBepK/eHNE TPENTOKEHNA 2 3aKJII0YAaeTCA B TOM, 9TO 3Ty CBOGOIY
JEACTBUII MOXHO CKOMITEHCHPOBATH BHIGOPOM TIONXOMAIIET0 TPeobpaszoBaHus IMIOC-
xoct . DpeobpazoBanne IPAMON ¢ OTBEYAET 3a TO, IYTO LIS 3KBUBAJEHTHBIX MayC-
COBHIX [WArpaMM IepecedeHrne MOXKET MPONCXOANTH B pPa3Hble MOMEHTHI BPEMEHH.
DPpUMED TOCTPOEHHA KPUBON O (0MeHb TPOCTON) TaycCoOBOH AuarpaMMe MpHBEAEH
Ha puc. 2.

DpeToKeHNe 2, OMHAKO, HE YTBEPXKIAET, 9TO MO 6CAKOU TayCCOBOU MHarpaMMe
(T.e. IPAMON ¢ TOYKAMHE, TyTaMi U 3HAKAMW) MOXKHO TTOCTPOUTH KPUBYIO. DPUINHEL
3TOr0 60MTee MIN MeHee ACHBI I3 TTPUBEIEHHON M€ TOKA3aTeIbCTBA: MOXKET OKA3aTh-
Cs HEBOBMOXKHBIM JOCTHYhL OTMeTKH B, He TepeceKkas MpH 3TOM KPUBYI. Ja pHC. 3
MpUBENEH TPUMED TAyCCOBOUM AUATPAMMBI, HE COOTBETCTBYIONIEH HUKAKOW KPUBOM.
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Puc. 3. BepeamnsyeMasa rayccoBa AnarpaMMa

l'ayccoBwl AmarpaMMBbl, TOMYYAIONINECA KaK T'ayCCOBBEl ANAaTPaAMMBl KPUBBIX, Ha3biBa-
IOTCA Peaaudyemblmu.

DpelcTaBIAeT HHTEPEC BOMPOC O TOM, KaK IO TayCCOBOW MUarpaMMe ONpeIenTh,
peaanmzyema ona mian HeT. OTBeT maeTCs CJAeAYIOMIEN TEOPEMON:

TEOPEMA 1. I'ayccoea duazpamma I' peaausyema moada u moavko moeada, koada
das kaxcdott ee dyzu AB 6bIN0AHERO PAGERCMEO

Z e(A) =0
AN

1 B

Pucynor nod 3HaKom cymMuposaHus 03HAUAEM, UMO CYMMa OEPEMCA NO 6CeM dyeam
A, npaswti Koney komopwr HarodumcA mencdy mouxamu A u B (a aeswii — ede
yeodno); £(A) — znar dyeu A.

Wpes moxazarenbcTBa TeopeMbl 1 TakoBa. Kax jon Tovke repecedenns oTpe3ka KPUBOK
¥ MeXJy TOYKOU B U TOYKOU, pacooKeHHOU HEMOCPENCTBEHHO mepel A, COOTBETCTBYET
NpaBbill KOHET Ayru, jJexanmi Mexay B u A. CymMa 3HAKOB Takux Ay PABHA WHIEKCY
MepeceveHns OTPE3KAa KPUBOM U yXKe TPOBEJEHHOr0 ydacTKa Kpuon. O4UeBHAHO, YTO s
TOTrO, YTO6H TOYKN A 1 B M0OXKHO GBIIO COETUHATE, He TIEPECEKAs YKe MPOBEIEHHY O KPUBYIO
MOIIOTHUTEIHPHO, HeOOXOANMMO U TOCTATOYHO, ITOOH 3TOT MHAEKC PaBHANCA HYJIO.

Takwmm o6pazom, 1aaeKo He BCe TayCCOBBI AUArPaMMBI peaan3yeMbl. Ob1ee qmcao
KJIACCOB HKBHBAJEHTHOCTH TayCCOBBEIX AHArDaMM ¢ 1 AyraMu pasHo (2n)!/n!; Bbran-
ciienre obIIero 9ucia KJIacCOB DKBUBAJEHTHOCTH PEATU3YEMbBIX TayCCOBBIX AUaTrpaMM
¢ n ayramu (T.e. GHCAa THIOB MIWHHBIX KPHBBIX C N CAMOIEPECEYeHNAMN) — Hepe-
[IeHHA 3a0a9a. DPUBEIEM [ CDABHEHNS Pe3yIbTaThl KOMIBIOTEPHBIX BEIYUCIEHUN,
npunanrexamue C. M. I'ycettn-3ane u P. C. [lyxuny:

Yucao gyr 11 2 3 4 5 6 7
Bce amarpammbr 2 | 12 | 120 | 1680 | 30240 | 665280 | 17297280
DeannmsyemMble aquarpammer | 2 | 8 | 42 260 1796 13396 105706
Yucao nyr 8 9 10

Bce amarpammbr 518918400 | 17643225600 | 670442572800
DeaqnsyeMble MuarpaMMbl 870772 7420836 65004584

2. T'oMOTOIIUN U UHIEKC YUTHU

T'omomonueti IIMHABIX KPUBLIX Ha3LIBACTCA CEMEICTBO JIMHHLIX KPUBBIX Yy, He-
OpepBIBHO 3aBucAlnx oT mapamerpa 7 € [0, 1]. MubiMu caoBaMu, pedb HAeT O He-
NpepLIBHON MedopMalui KPUBOH Yo B KPUBYIO 71 . DOAIEPKHEM, 9TO FOMOTOIHA PH-
cyHKa 4 (He3aKOHHa», TOCKOJIBKY B Hpomnecce ee (Ha cpejlHell KPUBOW) BOZHHKAET
ocTpme — To4Ka, B kKoTopol 2’ () = ¢/ (t) = 0.
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Puc. 4. «beszakonnag» roMoTonusA
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Puc. 5. JlokaipHble KATACTPOMHI TPH TOMOTOIMHAAX

Kpusrie v, B 0fIIeM cayvae He MPeNOAaTalOTCAa KPUBBLIME OOIIETO MOTOKEHNU.
DoJee TOTO, KAK MBI BCKODe YBUIUM, faXke €CAU Yo W 7] — KPHUBBIE OOIIETO TIO-
JOXKeHWsA, TO, KaK MPABUIO, HEBO3ZMOXKHO (ITOMIEBEIUTEY TOMOTONHUIO v, TaK, ITOOHI
BCe KPUBBIE CTaJAN KPUBBIMU OOIIETO TTOJNOKEHUA: HapyIIeHne OOIHOCTH MOJOKEHNA,
KOTOpOE, COTJIACHO MPEMIOKEHNIO |, MOXKHO MIEBETEHIEM YVIAJNTh I KOHKDPETHOM
KPUBOW vr,, HEU30€KHO TPHU DTOM TOSBUTCA y KPUBOU 7Y, C APYLUM, OJIU3KUM K Ty,
3HavYeHNeM TTapaMeTpa 7. TeM He MeHee, ¢TeopeMa 06 06IIeM TOJOKEHNN, AHATOT WY~
Had MPeJIOKEHNIO 1, CyMecTBYeT W Mg TOMOTOIHMA:

[MPEANTOXKEHUE 3. Beakyio 20Momonuio v, OAUHHBLE KPUGHLT MOJICHO CKOAb Y200-
HO MAAO NOULEGEAUMb MAK, YMOBBl ELINOAHAAUCH CACOYIOUUE YCAOGUA:

1. Jas scex 3nauenutl napamempa T, KPOME KOHEUHO20 HAGOPA T, ..., Ty ¢KAMG-
CMPOPUUECKUT ZHANEHULY, KPUEHIE Yy — O06UE20 NOAOWCEHUA.

2. Ppu npoxode kancdozo uz kamacmpo@uueckur 3HANEHU HAPYULEHUE 0BUHO-
CMU NOAOHCEHUA 60HUKAEM MOABKO 6 0JHOT Mmouke Kpusoti u npuHadaelcum
K 0JHOMY U3 MPEr Munos, u306pancennvly Ha puc. 5.

KaTacTtpodbl, n3obpaxkennbie B cTOIOIAX HA PUC. 5, HA3BIBAIOTCSA COOTBETCTBEH-
HO MPOXOKAeHNEM TPOWHON TOYKH, TOMYTHHIM KacaHmeM U MpoTHBokacanmeM. Mme-
eTcA B BUY, YTO 3TH KaTacTPOMbl MOI'YT IPOUCXOMUTH B JIO60OM U3 NBYX BO3MOMKHBIX
HapaBIeHNH — TakK, TP KacaHWH YHCAO TOYEK CAMOTIEPeCEeYeHNsT MOXKET KaK yBe-
JUYUBATHLCA Ha 2, TaK W YMeHBbIIAThCA Ha 2.

Opeaioxkenne 3, KaK W MPeIJIOKeHNe |, ABAAETCSA CIeCTBHEM TeOpeMBl Toma o
TPaHCBEPCAJIBHOCTH.

DacCMOTPHUM TeePh BANSHIIE TOMOTOMNN HAa TayCCOBHI MarpaMMbl KpuBBIX. Oe-
BILJHO, 9TO Ha ydacTKax mapameTpa T € (T, Th+1), TJA€ KPHBasA Y, OCTAETCA KPUBOH
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SOHyTHOC KacaHUue ngTI/IBOKacaHI/Ie
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Puc. 6. lI3meneHme rayccoBbIX JHATDAMM HOPH KaTacTpogax

00IIero TOMOKEHNS, €6 T'ayccoBa AWArpaMMa 3aMeHAeTCA Ha DKBUBaJeHTHYIO. MBI
He OymeM B [TaJbHENIIEM Pa3indaTh SKBUBAJEHTHBIE TayCCOBHI JUATPAMMBI; TaAK 9TO
OyaeM cuuTaTh, YTO Ha MHTepBa/JaxXx MeXAy KaTacTpodaMu TayccoBa AMarpaMmma
KPUBOU He MeHAeTCS.

VaMmeHenne rayccoBoil guarpaMMbl IIpH KaTacTpode 3aBUCUT OT THIIA KATaCTPO-
dul. DadHeM co ciaydas KacaHud — CAUAHKA ¥ MCYE3HOBEHUA IBYX TOYEK CAMOIEpe-
cevenud. /IBe 6iauzKie TOYKU caMollepecedeHna N306paXKaroTcd Ha JuarpaMMe JBYMA
Gamskumu ayramu, AB u CD, npudem Mexay A u C' (1eBEIME KOHIAMH), a TaKkKe
Mexay B u D Apyrux KOHIOB AyT HeT. Docje KaTacTPOopLl o6e Ayru UCIe3ai0T. Je-
TPYJAHO BAAETH — 5TO 0O6CTOATEALCTBO Oy [T HEO JHOKPATHO UCIOAL30BAHO B Jadb-
HenteM — 9To 3Hakn Ayr AB um C'D o6A3aTelbHO TPOTHBOMOMOKHLI. CyIIeCTByeT
[Ba BapHaHTa DPACHONOKEHHA KOHIOB CAWBAIONINXCA AyT Ha NpAMOH (puc. 6). Opu
OJHOM U3 HUX AYLHU IIEePEeCeKaloTCd — DTO COOTBETCTBYET CAyYalo MOILYTHOI'O Kaca-
HufA. DPH APYroM OJHA I3 YT «06beMIeT» APYTYIO — 5TO clydall IpOTHBOKACAHIA.
DazyMeeTcd, IIPOLECC MOXKET HPOUCXOAUTHL U B 0O6DATHOM HANpaB/JIeHUU — BMECTO
HUCYE3HOBEHNUA MOJYIUTCA POXKJIEHNE NBYX OIH3KUX YT,

B karTacTrpode NpoxoxkeHus TPOHHON TOYKH yIAaCTBYIOT TPHU TOYKH CaMOIEpe-
ceveHNs, W, KaK CAeJCTBUe, TPHU AyTru rayccoBon gmarpammsr, AB, CD u EF. Otn
AyTH GIU3KN B TOM CMBICHe, 9TO HX KOHIBI pa3sOHBAIOTCA Ha «OIU3KHe» Tapbl (Ha
puc. 6 — (A, C), (B, E) u (D, F)), Mexy KOTODEIMI HeT KOHIIOB (TTOCTODOHHIX)
AYT. DPpU IPOXOXK JeHUU TPOMHOH TOYKM KOHILI IYT' B KaxKAoH «OJAM3KOH» Iape Me-
HAIOTCA MeCTaMU; 3HaKH AYD coxpaHdaiorcd. KOHKpeTHOe pacloqoKeHne U 3HaKu AyT
OpU IIPOXOXK JeHUU TPOHUHOH TOYKH MOLYT OLIThL Pa3iMYHLIMU — OHH 3aBUCAT OT
OPHEHTAINI CTOPOH «HCYE3alOMIEr0 TPEYrOJALHUKA) Ha PUC. D U MOPAAKa, B KOTOPOM
KpUBasg HPOXOAUT 2TH CTOPOHLL. Depebop BOZMOKHEIX CIy4aeB IIOKa3LIBaeT, YTO BCe-
ro cyliecTByeT 8 BapHaHTOB — OHHU IOKa3aHLl Ha puc. 0; 31ech Bezge ¢ = £1.

DPUMEPOM TIPHMEHEHUA MPeJIoKernsa 3 (1 06pa3ioM Toro, Kak BooOIle TpHMe-
HAIOTCA MOJOGHBIE ¢TeOPEMBI 06 OBIIEM TOJOKEHNNY) ABIACTCA CleAyIOlIee BaXkHOE
yTBepXK JeHue.
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Puc. 7. BpuMephl KpHBHIX ¢ pa3THIHBIM HHIEKCOM YHTHI

TEOPEMA YuTHH? . Pycmo Yo U1 — dee 2omomonmble daunmvie kpussle, a 'y
u I'y — coomeememeyowue zayccoswvt duaepammsl. Tozda cymma 3naros ecer dye
na duaepammar I'y u T'y cosnadaem.

JTOKA3ATEJNLCTBO. DYyCTh v, — TOMOTOINS, COENUHSONIAA KPUBBIE Yo U 1.
MoxHO cInTaTh, ITO 3Ta TOMOTOINA ¥ AOBAETBOPAET YCAOBUAM Mpenaoxennsa 3. Tem
CaMBIM B IIPOIIeCCe TOMOTONNHN FayCccoBa quarpaMMa KPpUBOU IPeTEPIEBAET KOHETHOE
KOJUYIECTBO MEPECTPOEK, THIIBI KOTOPHIX OMUCAHBI BHIIIE. DPH MEPECTPOUKE, COOT-
BETCTBYIOIIEH MPOXOXK AEHUIO TPOWHON TOYKHU, 3HAKW YT Ha TayCCOBOW AMarpamMMe
HE MEHAIOTCS BOBCE — MEHAETCS TOMBKO MX B3aMMHOE DPACHOJOKEHHe. DPH Iepe-
CTPOWKAX, COOTBETCTBYIONINX CAMOKACAHWIO, MOSABIAIOTCA WM MPOMAafaioT IBe AYTH
PaBHBIT 3HAKOE8 — CJENOBATEIbHO, CyMMa 3HAKOB BCE PABHO OCTaeTcsA mpexuen. O

DOCTPOEHHBIN HHBAPHAHT — CYMMAa 3HAKOB AyT MayCCOBOU MHATPAMMBL — HA3bI-
BaeTcA uHdekcom Yumuu KpuBou. MBI MoKazaau, 9TO OH OJAUHAKOB ¥ TOMOTOMHBIX
KPHUBBIX; OTCIONA HEMEJJICHHO CIEIyeT, ITO KPUBLIe, N300paXKeHHble Ha PUCYHKE 7,
MONapHO HETOMOTOIHEL.

OkasbiBaeTcs, WHIEKC YUTHU MOXKHO BHIMHCAUTH U He 06paliasgch K rayCcCOBBIM
AnarpaMMaM (B 9acTHOCTH, M3 3TOTO CIEAYeT, 9TO OH ONpejeNeH He TONBKO [
KPHUBBIX OOGIIETO TOTOKEHHA). A MMEHHO, PACCMOTPHUM KacaTeJbHBIN BeKTOp v(t) =
(2'(t), ¥ (t)) x xpusoit . CoraacHo cBORCTBY | 5TOT BEKTOD HUKOT Ja He 0OpalaeTcs
B Hy/Ib. DO CBOHCTBY 2 MIHHHOH KpWBOH BekTop v(t) mpu t = 1 mt = —1 ogwHaKOB:
v(=1) = v(1) = (1,0). Tem cambiM, moka t mpoberaet oTpesok [—1, 1], Bekrop v(f)
OTHCHIBAET HA MJIOCKOCTH HEKOTOPYIO 3aMKHYTYIO KPUBYIO, He MPOXOAMIYIO depes
HAYaJI0 KOOPAWHAT. DOJHOE YUCAO0 06OPOTOB, KOTOPOE MeJaeT >Ta KpUBad BOKPYT
HAYaI0 KOOPAHHAT (0GOPOTH MPOTHB 9aCOBOI CTPENKH CINTAIOTCA C ILIOCOM, MPO-
THB — C MIUHYCOM), Ha3bIBAETCA UCAOM 6PAUEHUA KPHBOM 7.

I/IHBIMI/I CI0BaMM, 9IMCJIO BpallleHsA MOXKHO OIIpeAeJUTh KaK SJEMEHT beHrZ[a.MeHTaJIBHOIU/I
rpymer 71 (R?\ {0}) = Z, coorBercTRyIommit kpusoit v(t). TuTaTemns, HeaHAKOMEI ¢ MO
HATHEM (PYHAAMEHTAILHON TIPYINIEI, MOXKET IMO3ZHAKOMHUTLCA C HEUM IO AI060MY y€UeOHHKY
Tomosoruu (HanpuMmep, o KHure [3] wiM o 3aMedaTelbHON KHUre [4], W31aHHON B cepuu
«Pubnnoredxa Kpanty).

TEOPEMA YNTHN (MPOAOJIKEHUE). Jucao spawenus Kpusot pasHo ee uHoeK-
cy Yummnu.

Mubr g0KaXKeM 3Ty 9acTh TeOPeMbI HECKOJABLKO TIO3 THEe.
BaxHocTh WHAeKca YUTHH (dncia BpalleHHA) Kak HHBAPWAHTA JIHHHOH KPHBOI
MO TIEPKUBAETCA TeM OOCTOATENBCTBOM, 9TO OH ABIAETCSH, 110 CYTH, €JUHCTBEHHON

2)la camom mejde YUTHU B CBOeH 3HaMeHHUToU pabore [2] paccMaTpuBaJ He NJIMHHBIE KPUBHIE,
a 3aMKHYTEIE, OTHAKO €r0o TEeOpeMa, BMECTE C JOKa3aTeJbCTBOM, OCTAETCA BEPHOU U /i HAIIEro

caydad. O 3aMKHYTHX KPUBBIX MBI HEMHOI'O CKaykKeM B pasgede 5.1.
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XapaKTEePUCTUKON AMMHHOU KPHUBOH, COXPAHAIOMIENCA TIPH TOMOTONNAX. A WMEHHO,
HMeeT MeCTO YTBepkKaeHne, o6paTHOEe TeopeMe YUTHH:

TEOPEMA YNTHN (OKOHYAHUE). Pycmb JAuHHblE KPUSHIE Yo U Y1 MAKOSHL, 4IMO
uxr wucaa épawjenus cognadarom. Tozda kpuswle Yo U Y1 20MOMONHDL.

JOKA3ATENBCTBO. PerpysHo BHgeTh, 4To BekTOp-GyHKImA v(t) = (a(t),b(t)) Toraa
U TOABLKO TOrfa MOKeT OLITL IpeicTasiena B suge (z'(t),y'(t)) ans mekoTopon maMHHON
xpusont (t) = (x(t),y(t)), Korja BHIIOIHEHBI CleIyIOIUME YCIOBUSA:

vie([-1,1] o(t) #(0,0), (2)
v(=1) =o(1) = (1,0), (3)
/1 a(t)dt = 2, /1 b(t) dt = 0. (4)

—1 —1

PycTe Teneps vo(t) m v1(¢) — BeKTOP-PYHKIIAN, COOTBETCTBYIONINE JIMHHBIM KPUBBIM Yo H
Y1 ¥ UMeolINe oIMHAKOBOE YHCI0 BpalleHus. TpebyeTcs noKa3aTh, 9TO MOXKHO IIOCTPOUTH
romorommmmo v (t), 7 € [0,1], B KoToOpoll Kaxgas Kpusas v-(t) yjoBreTBOpseT ycaoBusM (2)

u (4).
PaccmoTpum gms kax goro BekTopa (p,q) BekTOp-dyHKIMIO Vy (%), onpegencHAy0 Ha
otpeske [1 — |p| — |g|, 1] m o6aagaomyio crenyommMm CBONCTBAME:

Vi Vpg(t) £ (0,0),
Va1 = Ipl = lal) = Via(1) = (1,0),

1

[ V=)
|pl—1ql

4ucio Bpauterus Vi g = 0.

P ockompky “mcna BparieHns BeKTOp-QyHKIAN vo(t) m v1(¢) coBIafaloT, MOKHO TTIOCTPO-
UTH ToMOTONUIO wr(t) Mexagy HuMu, obiaafamoulyio ceoicreamu (2) u (3), Ho He obnaga-
011y10, Boobliie roBops, ceonicreoM (4). Pycrs f_ll wr(t)dt = (pr,qr). Pea orpanundenns
OOBLIHOCTH MOXKHO CIMTaTh, 4T0 w,(t) = (1,0) npu ¢t € [1 — |p;| — |¢-|, 1]. Torga onpegennm
HOBYIO [OMOTOIHIO v (¢) dopmyon

U-,—(t) _ { ’w-,—(t), t€[=1,1—|p-| —lg-],
Vorgr (), t€[L—|pr| = lar|,1].

OueBUIHO, IOCTPOEHHAS TOMOTONNUS Y AOBJIETBOPSiET BCeM ycaoBuaM (2)—(4). O

Teneps MBI MOXKEM JI0Ka3aTh BTOPYIO YaCTh TEOPEMBI YUTHH — OHA CJAeAyeT W3
TpeThen. [lelcTBUTENBHO, pACCMOTPUM HAabOp KPUBLIX ..., Y _1,¥q, Y1, ..., m306pa-
JKeHHBIX Ha puc. 7. Uagekc YuTHu KpuBoi 1, paBeH k; HETPYIHO BUAETH, ITO TAKOBO
JKe U ee YHCJAO BPAIIEHNUs. DYCTh TeMeph k — WHCAO BpaIleHNs KaKon-1u6o NINHHON
xpuBoit v. Uz TpeThell 9acTn T€OpeMbl YUTHHU CAENYET, ITO 7y TOMOTONHA KPUBOM 1 .
Do TOoT[a W3 MEPBON YaCTH TEOPEMBI CJAeAYeT, YTO WHIEKC YUTHH KPUBOU < TaKOM
XKe, Kak n Y g, T.e. ToXKe paBer k. Teopema YuTHH noxazaHa. |

3. CTPAHHOCTDL, J* n J~

Taxum o6pa30M, MHBaApUAHTHL IJUHHBIX KPUBBIX C TOYHOCTBIO 4O I'OMOTOIINN UC-
YEPIBIBAOTCA UHICKCOM YuTHu. DoBLie MHBApPUAHTEIL ITOABJAAOTCA, €CJIU MBI paCcCMO-
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N 7SN N
P Q R

Puc. 8. BzanMmHOe pacrnoJjoxenne napol Jyr

TpuM 6oJee y3KMe KIacChl KPUBBIX U, COOTBETCTBEHHO, YMEHBIIINM HYHUCIO pa3pelleH-
HBIX ToMOTOMNNI. B 5TOM ciiytae KpUBBIE, KOTOPBIE paHee CINTAINCH TOMOTOIHBIMI,
MOT'YT CTATh HETOMOTOIHBIME, I TEOPHUA CTaHET 6ojee COMePKATEALHON.

Yae Bcero paccMaTpUBAT TPH BApHAHTA TAKNX TEOPHIH:

1. Teopuio KpUBHIX G€3 TPOUHBIX TOYEK.
2. Teoputo KpuBHIX 6€3 TMOMYTHHIX KaCAHUMN.

3. Teoputo KpuBkIX 6€3 TPOTUBOKACAHUNA.

DoKaykeM, 9TO BCe DTH TPHU TEOPHH HE CBOAATCA K TEODHUH pazjena 2, WHBIME
CJIOBaMM, YTO B HUX NMEIOTCA WHBAPUAHTHI, OTAMYIHLIE OT WHAeKCA YUTHH.

Bce >tu waBapmanThl 6yAyT BLIPAXKATLCA Yepe3 TayCcCOBLI AMATrpaMMBI POPMY-
JaMU, TOXOXKUMU Ha GOPMYIy AJaA WHAeKca YUTHHU, HO TOJBKO CyMMUpOBaHue 6yaeT
MPOUCXOAUTH IO BCEM napam AyT Ha muarpamme. CyMIecTBYIOT TpH criocoba B3amM-
HOT'O PACMOJOKEHNA TMaphl YT — OHMW YKa3aHbl Ha PHUC. 8.

dycte @ — oAWH W3 TUMOB PACIOMOKEHUs TMaphl OyT, a 7 — KpuBad o6IIero
MOMOKEHNA. DACCMOTPUM BEJIUIHHY

() = DY e()e(h). (5)

(A1,20)=5

3neck cymMma GepeTcs Mo BeceM mapaM ayT (Ap, Az) Ha TayccoBOH AmarpaMme KPHBOH
7y, oTHOCAUmMcA K Ty ®; ¢(A) osHadaeT 3HaK Ayru A. Takum o6pa3zoM, MBI HMeeM
1A Kax ol KpuBoi vy BeawdwHel P(y), Q(y) n R(7). Beegem emme Beamanny S(v),
paBHYI KOAWYeCTBY AYyT Ha AWarpaMMe, HE3aBHCHMO OT WX 3HaKoB. Beamunny S(7)
MOJKHO PacCMAaTPHBaTh KaK YaCTHEIN CAydail BeAndnH (5) — B 5TOM ciydae HYXKHO
CYUTATh, 9T0 cyMMa B (5) GepeTcs Mo BceM mapaM cosnadaiouwus 1yr Ay 1 Ag.

Bemununubr ®(y) npegcraBidioT coboll QYHKINH HA MHOXKECTBE KIACCOB BKBH-
BAJEHTHOCTH KPUBHIX OOIIero modoxkenns. Bece pyHKIUN Ha 5TOM MHOXKECTBE, Ove-
BUHO, 06Pa3yIOT JUHEHHOE MPOCTPAHCTBO. DACCMOTPUM B HEM TOAIPOCTPAHCTBO
(KoTopoe MO TMpHYMHAM, H3TaraeMbIM [O3XKe, HazoBeM Gs), HaTAHyTOe Ha (DYHK-
mnn P, Q, R, S; npousBoibHasg PYHKIUA U3 HTOCO MOATPOCTPAHCTBA HMeeT B
f=aP +bQ + cR+ dS. DaccmoTpuM, Kak MeHseTca quciao f(y), Korjga Kpupasd
mpeTepleBaeT OHY U3 KAaTacTpod, ONMHCAHHBIX B pazjeie 2.

Dpu KaracTpode MOMYyTHOrO KacaHud (poXkJeHNe ABYX GAM3KHX TOYEK caMolie-
pecedeHns) TOABIAIOTCA BE HOBHIX TYTH, A1 U A2, PACIOIOKEHHBIX M0 THIY Q. Da-
306beM Bce Maphbl AyT Ha AnarpaMMe KpHBOH v (mocae karacTpodbl) Ha 4 Tuna:

1. Daphri, B KOTOpBIE He BXOAUT HU A1, HI As.
. Daphl, B KOTOPHIE BXOANT A1 U €Il OJHA AyTra, OTIANYHASA OT A1 U Ag.

2
3. Daphl, B KOTOPBIE BXOAUT Ay U €Il OJHA AyTa, OTIANYHAS OT Ag U Ap.
4

. Sapbl (Al,Az), (Al,Al) n (AQ,AQ).



104 IO. M. Bypman

Dapul THHa | BXOAAT B CyMMY, ONpeeldoNylo sHadenne (GpyHKIUA [, Kak [0,
TaK H 1ocjie KaTacTpodbl. D0oToMy IpH BeHucieHnn pasuocTd f(ymocae) — f(Ymo)
TaKune TMapkl MOXHO HE YINTHIBATD.

Mexny mapamMm THNa 2 W HMapaMu THIOA 3 MOXHO YCTAHOBHTL B3aWMHO OJHO-
3HAYHOE COOTBETCTBUE, 3aMeHsAA B KaXKJIOU mape THIA 2 IYTY Ay Ha AYTY Ag. Dpu
5TOM COOTBETCTBHHU THUII Mapbl HE MEHAETCA, MOCKOABKY MYTH A1 U As — «OIU3KHEy,
MEXKIy UX COOTBETCTBYIONMMH KOHIIAME HET KOHIOB APYTHUX AyT. DPOM3BEJeHIE XKe
3HAKOB MEHAETCS Ha IPOTHBOIONOKHOE, TOCKOABKY 3HAKH AYT A1 M Ay pPas3/JmaHBL.
Do>TOMY BKJa/bl, BHOCHMBIE TapaMn THIOB 2 n 3 B pasHocTh f(Ymocae) — f(V10),
COKPAIIAIOTCA.

TeM caMBIM eIMHCTBEHHLIN BKJAa B Pa3HOCTL BHOCAT TIapbl THIA 4, He WMeloIne
COOTBETCTBHN B AUarpaMMe KPHUBOH 10 KaTacTpodbl. DOCKoabKy £(A1)e(A2) = —1,
BKJIag paBeH 2d — b.

A kaTacTpodbl MPOTHBOKACAHUA PACCYXKJAEHUA COBEPIIEHHO AHAJOTHYIHEI, 32
UCKJIIOYEHNEM TOTO, 9TO AyTH A1 U As pacnofoxensl mo Tumy R. MaMenenne smagennn
gyukmum f OpH TaKou KaTacTpode paBHO, TeM caMbIiM, 2d — c.

Opu KaTacTpode MPOXOXK JeHNA TPOHMHON TOYKH CYIIECTBYET HECKOABLKO BapHUaH-
TOB paclloJOKeHNA W 3HAKOB AyT, cM. puc. 6. Tak xe, kKak m aaa KaTacTpod ca-
MOKAaCaHWA, yCTaHABINBAETCA, 9TO BKJAaJ B PaA3HOCTh BHOCHTCA TOJBLKO MapaMu IyT,
yIacTBYOIINX B KaTacTpode. DeTPyAHO MIPOBEPUTH, 9TO eCIH KaTacTpoda IPONCX0-
JNT B HAIPABIEHHN «CJeBa HATPaBO» Ha puc. 6 (MBI 5y 1eM TOBOPHTD, ITO TTPOHCXOTHT
MOMOKUTENBHOE MPOXOXK AEHIE TPOHHON TOYKH), TO M3MeHeHHe 3HadeHNus (yHKIHNT
paBHO a + b — 2¢, HE3ABUCUMO OT KOHKPETHOT'O PaCIONOKEHUA JyT.

OpuUpaBHUBad HYJIO COOTBETCTBYIONINE PAa3HOCTH, MBI MOXKEM OTOOpaTh B MPO-
crpancTBe Gy (byHKIUH, OCTAIONNECH HEM3MEHHBIMU MPH ONpPeNeleHHbIX THIAX Ka-
TacTpod, U, TeM CaMBLIM, OCTPOUTH TIPUMEPLI MHBAPUAHTOB B TPEX TEOPHAX, yKa-
3aHHEIX BHIIIE.

De3yAbTaTHl DTUX BLIYHCJAEHUI MBI CBE/IeM B TEOPEMY:

TEOPEMA 2. 1. Ppocmpanemeo gynryuti f € G, ocmanowurca uHeapuanm-
HBLHU NPU nepecmpotike caMoKACanus, J8YMEPHO U Nopodcdeno PyHKyuaMU
W2=P+Q+R+S uSt=0Q+ R+ S/2. 3nauenue nepeoti us smur Gynx-
Yuti He UBMEHACICA MAKICE U NPU NPOTOANCIeHUU MPOTHOt MOUKY, d ZHAUEHUE
8MOpotl YEeAUNUEAEMCA HA €OURHUYY NPU NOAOHCUMEABHOM NPOTONCOEHUL.

2. Ppocmpancmeo gynkyud f € Go, ocmamwwuzca uH6APUAGHMHBIMU NPU Nepe-
empotike npoxoscdenus mpotinoti Mouky u npu nepecmpotike NONYmMHo20 Ka-
canus, deymepno u noposcdeno Pyrryuanu W2 u J~ = 4Q+2R+2S. DPynryusa
JT yseaunusaemca Ha 2 npu npomusoKACARUU ¢ NOABACHUEM JBYT HOBHLT MO-
UEK CAMONEPECEUEHUA.

3. Ppocmpancmeo gynkyud f € Go, ocmawowurca uHEAPUAGHMHBIMU NPU NeEpe-
empotike npoxodjcdenus mpotinoti mouku u npu nepecmpotike npomusokaca-
Hua, deymepro u nopodxcdeno Gymuryuamu W2 u Jt = —4Q —2R— S. Pynryus
JT yeeaunwusaemca na 2 npu NONYMHOM KACAHUU C NOASACHUEM OSYT HOGHIT
MOUEK CAMONEPECEUEHUA.

Teopema 2 moKa3bIBaeT, ITO TEOPUH KPUBHIX 6€3 TPOWHBIX TOYEK, 6e3 MOMy THHIX
KacaHuil u 6e3 TPOTHBOKACAHWN 6orade, ¥eM MPOCTO TEOPHUS [IINHHBIX KPUBBIX —
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Puc. 9. Hapapnanro: St, Jt o J~

3MIeCh €CTh HOBbIE HHBAPUAHTHIL. Ja puc. 9 m306paxeHbl Be KPUBHIE, HMEOIINE OIH-
HAKOBLII HHIEKC YHTHH, HO pasHble mmBapuanTol St, JT m J~. OTcioga cienyer,
9TO OHW HEMOMOTOIHBI HA B OJHOW M3 Tpex Teopui. WHBIME cJIOBaM#, UX MOKHO
COEIMHUTH TOMOTOIIMEN, HO B IPOIECCe TAKOU TOMOTONNHN 0643aTeIbHO BCTPETATCA
TPOUHBIE TOYKMN, OMYTHHIE KACAHUSA W MPOTHBOKACAHIIS.

Dyuxnna W2 mpejcTasiageT coboll, Kak HeTPYJHO BUETh, KBaApaT HHAeKCa YUT-
HIT. DT0 OOBACHAET €€ MHBAPUAHTHOCTH ITPH BCEX KAaTacTPodax, a TakxkKe TO, 9TO OHA
ABJSETCA €INHCTBEHHON, ¢ TOYHOCTBIO [0 MPOMOPUHOHAJLHOCTH, QYyHKINEH n3 Go,
ob6maqalell TaKIMM CBOMCTBOM. T0 KacaeTcsi BEIGOpa BTOPOH Ga3nucHON (pyHKIIWNH,
St, JT 1 J™, B COOTBETCTBYIOMIX MOAMPOCTPAHCTBAX, TO OH O6YCIOBJIEH CJIe Y IOMIIM
06CTOATENBCTBOM.

Da MHOXeCTBe [IMHHBIX KPUBBIX MOYKHO OMPENENNTh ONEPALNIO NPAMOL CYMMBL.
Dpamad cymma KpuBbIX Y1 (1) = (a1 (t),b1(t)) mw y2(t) = (a2(?), b2(t)) »Tro xpusas y(t),
3aaBaeMasd PABEHCTBOM

bl

(t,0), t<-lut>1
(%al(%—l— 1) — %,b1(2t+1)), ~1<1<0,

(%az(% — 1)+ 5, ba(2 - 1)), 0

v(t) =
1.

V/a\

t

V/a\

n def K
HBIMU CJIOBaMW, KPUBAasAg ¥ — <1 + Y2 OPOXOMUT cHadata 1, a 3aTeM Y2. Koad-
dunrerTE B POPMYJIe BEIZBAHBI HEOGXOANMOCTHIO COBMIOATE YCAOBUA HOPMUPOBKI.
layccoa amarpaMma TpAMON CyMMBI HOJIYYAeTCA, ¢ TOTHOCTHIO N0 HKBUBAJICHTHO-
CTH, (IIPUCTABJICHUEM) TayCCOBON JUArPAMMBI KDHBOU <2 CIIpaBa OT T'ayCCOBOW MHa-
rpaMMbl KPHBOU 41 .

Brraucanm Teneps snavenne pyukuun f € Go Ha KPUBOHU 71 + 2. Daphl, obe 1yru
KOTODHIX JIeXKaT B TayCCOBOH JHarpaMme KpHBOIH ¥1, aayT B cymMe f(71); mapsi, obe
JAYTH KOTODHIX JIeXKaT B TayCCOBOH AnarpaMme KPUBOH vz, gaayT f(y2). Ecan ogHa

OyTa Maphl JeXUT B AWarpaMMe KPHUBOW 71, a Apyras — B AuarpaMMe KPHUBOU Y2, TO
oHE 06pa3yioT mapy Tuma P. J03ToMy MOIyYaeM

fn+72) = fln) + Flv2) + aW (1) W(y2),

rge W — ungekc Yurau. Pynkuun f € Ga, masg koTopbix @ = 0 (1 TOABKO OHH),
obaanaroT coiicTBoM agantusHOoCcTH: f(vy1 + v2) = f(v1) + f(v2). Pymkmmn St,
JT 1 J~ agguTuBHLI. Dojee TOro, CBONCTBO af HTHBHOCTH BMECTE CO CBOHCTBOM
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MHBAPHAHTHOCTH MPH KaTacTpodax cOOTBETCTBYIOIUX TUIOB ONpeIeaaeT HyHKIUT
St, JT,J” € G2 OHO3HAYHO C TOYHOCTHIO O MPOTMOPUNOHATBHOCTH.

Depporadarbuo dbynKmun St (HasbiBaeMad cmpannocmbio Kpusoil) m JE Goum
ompegenentl B. . ApHoabnoM B cTaThe [5] akcmoMaTndeckn — Kak GyHKINH, o0aa-
JalolIne CBOMCTBAME, YKAa3aHHBIMH B TeopeMe 2, W CBOWCTBOM ajAUTHBHOCTH.
layccoBbI qUarpaMMBbl B OTIpeJeJeHIN He y9IacTBOBANN; IPOGIeMa TP 3TOM COCTOS-
Ja, BO-TIEPBHIX, B TOM, 9TOObBI OMICATEL 63 UX yIaCcTHsA, ITO TAKOe ([OJOKNTEABHOES) I
<OTPUIATENLHOE) TIPOXOXK TeHNe TPOUHOH TOYKH, H, BO-BTODHIX, B IOKa3aTENLCTBE Cy-
[IECTBOBAHUA W €JHHCTBEHHOCTH TaknX (GyHKINI. DepBOHAYAILHOE JOKA3aTENbCTBO
CYNIECTBOBAHUA HE NABAJO ABHOW (POPMYJIbI, TTO3BOABIIEN BHIYUCANTH HHBAPUAHTHI
St w J* 1o Buy KOHKpeTHOI KPHBOi. DepBhie ABHbIe (hOPMY.IBI GLLIH 0Ty IeHEl B Pa-
6orax O. Bupo [6] n A. Ilymakosuda [7] (B 9acTHOM ciydae Takxke P. Aukapan [8]).
DOoJX0[, W3IaracMblil B JAaHHOH CTaThe, NPHHAMIEKRUT M. DoAKY; 3HATHTEIbHAA
4aCTh COJEPKAHUA CTATHH 3aMMCTBOBaHA W3 €ro padoThl [9].

4. 'AYCCOBBI HHBAPUAHTHI BBICHIUX ITOPANKOB

Do aHajoruu ¢ nEBapuanTamu P, (), R, S mpeapiayIIero pasgeia MBI MOKeM OTIpe-
JeIUTh WHBAPUAHTH BBICIIUX NOPAAKOB. [lad >TOro clelyeT paccMOTPETH BMECTO
map gyr HabOpHI U3 N AYyT. DTH N YT MOTYT OBITH PACIOJIOKEHBI HAa TPIAMON pas-
JUYIHBIMU criocobaMu; B MHUCJAO cIOCOOOB pacCHooXKeHNA MBI OyjeM, KaK U paHblile,
BKJIIOYATE W TaKMe CIOCOOBI, T/le HEKOTOPBIE AyTH COBMAMAIOT. JTH CHOCOGHI ecTe-
CTBEHHBIM 06pa3oM n306paxxaroTcda B BUE T'ayCCOBBIX UAarpaMM, e, B OTINYIAE OT
rayCcCOBBIX AWArpaMM KPUBBIX, JOMYCKAOTCA KpaTHbe ayru. O6o3HAYNM MHOXKECT-
BO T'ayCCOBLIX JHaTpaMM ¢ JyTaMu CyMMapHOW KpaTHOCTH n cuMBoaoM A, . Kax gon
munarpamme & € A, cooTBeTCTBYET DYHKITHA

o(y) = Y. e(A).e(h) (6)

A1y An)=®
3/1ech ¥ — JAaNHHAA KpuBas OOIIEro TMOJOXKEHNA; CYMMUPOBAHNE MPOU3BOIUTCA MO
BceM HabopaM W3 n YT, PACHONOXKeHWe KOTOPHIX COOTBETCTBYeT nuarpamme P;
£(A) — smak ayrm A. Kak m B mpefplayiieM pasjefe, MBI PAcCCMOTDHM JHHEHHOE

IPOCTPAHCTBO Gy, MOPOKAeHHOe BeeMu (yHKunaAMu Tuna (6) ais & € A, ; snemen-
THI TPOCTPAHCTBA G, OyAeM Ha3bIBAThL 2ayccoeblui GyHryuimu Topagka n. MoxHo
TakKXKe PacCMOTPETh JAUHeHOe npocTpancTBo G, = @) _, G, rayccoBbix dyHKImil
nopsAaka He Bbillle n. Ecin rayccoBa QyHKITUA ABAAETCA WHBAPUAHTOM OJHOHW U3 Te-
OpHIl, OMMIMCAHHBIX B pa3fese 3, TO MBI OYIeM HA3BIBATH €€ TayCCOBBIM MHBAPHAHTOM.

Teopusa TayccoBbIX MHBAPHAHTOB N-OT0 MOPATKA BeChbMa HAIOMHHAET TEOPHIO
2-ro mopsKa, paccCMOTpeHHYIO B pazfgeie 3. Teopuio yao6HO cTpomTh mOCIe0Ba-
TeABHO, «MHAYKIUEH 1O Ny, BBUAY CIEIVIOMETro dakTa:

[MPEANTOXKEHUE 4. Pycmb v uy1 — d6e 20M0OMonnuie kpugble 06iue20 noaoice-
HUA, MAKUE YN0 NPU 20MOMONUU Y, MENCIY HUMU NPOUCTOIUM POSHO 00HA Kama-
empoda munos, onucanublr 6 npedaoxncenuu 3. Pyemv ® € G,,. Tozda cymecmayem
eayccosa Pynxyus ¥ € Gy maxas, umo ®(y1) — ®(y0) = V(yo). Pynryus ¥ we
3a6uUCUM OM KpusulxT Yo U Y1, a moavko om gynryuu @ u muna kamacmpodui. Jas
ramacmpod camoracanus moxcro evibpamv ¥ € G, _o.
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JlokazaTeabCcTBO MPEMJIOKEHNST COCTOUT B ABHOM mocTpoernn dpyukinn ¥. Owe-
BILJHO, 9T0 JOCTATOYHO pa3obpaTk ciaydail, korjga ® — pyukuua Tuna (6).

[TOKABATEJbCTBO. DpeANooXnM CHadada, 9TO MPOUCXOMUT KaTacTpoda Mo-
IMyTHOTO CaMOKAacCaHHA C BO3HMKHOBEHHEM IIaphl TOYEK CAMOIIEPECEYeHUA, KOTOPEIM
COOTBETCTBYIOT AYTH A1 B Az. Kak m B paszgene 3 zaMeTwM, 9TO BKJAajg B pa3sHOCTh
D(y1) — ®(yp) BHOCAT TOMBKO HAGODHl W3 N YT, cojepikallne Kak Ay, TaK U Ag.
DOCKOMLKY 3HAKH YT A1 U A TPOTUBONOMOXKHLL, BKJAa OT KaXkJoTo TaKoro Habopa
paBeH B3ATOMY CO 3HAKOM MIHYC IIPOH3BEICHHIO 3HAKOB BCeX NyT Habopa, KpoMe A1 1
Az. DosTOoMY B KadecTBe DyHKUHN ¥ B 5TOM ClIydae MOKHO B3ATh CYMMY (CO 3HAKOM
MWHYC) BCEX TONIMATDAMM AnarpaMMbl @, MOSyHalOMINXCA NX Hee BBIKUbIBAHHEM
napel Iyr, pacloJoXeHHBIX IO TUILY ( W TAKHX, ITO MEXKAY HX COOTBETCTBYFOLIIMIE
KOHIAMH HeT KOHIOB APYTHX Ayl (M60 TONBKO TakWe Mapbl Jyr MOTYT COOTBET-
CTBOBATH A; M Ag). B caydae KaTacTpodbl MPOTHBOKACAHIA CHTYAINS aHAJOTMTHA,
TOJBKO BBLIKHALIBATE HYXKHO TApHl, pacloJokKeHHbIe Mo THIy R.

[na xaTacTpodbl IPOXOKNEHHA TPONHON TOYKH PaccyXJeHHA aHAJTOrHIHBL
TpyAHOCTD 3J6Ch 3aKI09aeTCA B TOM, 9TO MePECTPONKH IayCcCOBON AHarpaMMbl MPH

Takol KaTacTpode MOTYT ObITh Pasiu<dHBIMI — cM. puc. 6. Deboabinon mepebop
MOKAa3BIBAET, TEM He MeHee, 9T0 PyHKINA ¥ BO Bcex caydadx MOIyIaeTcA OfHa U Ta
Ke. O

Dpennoxenne 4 MO3BOJsSET B MPUHIAIE TEPEYNCINTh MayCCOBBI MHBAPUAHTHI 1O~
PAIKA N B KaX IO U3 TPEX TEOPHH, OMMCAHHBIX B Hadale pa3jeia 3. [lelcTBUTEABHO,
A Kax ol TayccoBonl guarpamMmbl & € A,, MOXHO BHIYHCANTL GyHKIIO W 115 Ka-
Kjgoro Tuma xaracTpodsl. Torga yciaoBme Toro, 9To QyHKUus f = Z‘I»eAn agpd
HHBapWaHTHA NPH KaTacTpodax TaHHOTO THTA (T.e. ABAAETCA WHBAPWAHTOM COOT-
BETCTBYIOIUIEH TEOPHN) MPEBPAIIACTCA B CHCTEMY JINHERHBIX YPAaBHEHHN Ha Koo -
MUEHTHI (¢p. YCJOBUE aJIUTUBHOCTH, OMIMCAHHOE B pa3jefie 3, TPUBOIUT K MOTIOIHI-
TeJbHBIM YPABHEHIAM.

CaenyeT, 0THAKO, IMeTH BBIY HEKOTOPBIE TPYIHOCTH, KOTOPHIE ¢He BUIHBIY JJIS
GYHKIII BTOPOTO MOPSKA, HO TOABIAIOTCA, KOTJa TOPATOK CTAHOBUTCSI GOJBIIIM.

Bo-niepBrix, 1Be QYHKINN Pa3du<¥HBIX TOPAIKOB MOTYT COBIATATH. :JTO CBA3AHO
¢ reM, uTo 3Hak ayru £(A) = +1 = £3()\), u nosromy TpoilHag Myra SKBUBAJIEHT-
Ha OJWHAPHOW. Janpumep, GpyHkuusa u3 Gz, COOTBETCTBYIOIIAA AUArpaMMe C OJTHOMI
TPOUHOW YT OI, SBASETCA MHBAPUAHTOM BO BCEX TPEX TEOPHUAX — 3TO MPOCTO WH-
nexc YutHu. YTobb m36exaTh 3TOr0, MBI OYIeM PACCMATPUBATEL BIPEIb ayCCOBHI
QuarpaMMbl ¢ KDATHOCTBIO AyT He Gogee 2.

Bo-Broptix, Ha mpocTpancTse ), G, BCEX TayCCOBBIX (pyHKINIL HMEETCA ecTe-
CTBEHHOE YMHOXKeHHe. DeTPYAHO BUAeTh, uTo dyuKIuA OV, rae & € Gy, a ¥ € G,
npuHajtexkuT Giir. Tounee, @V ecTh cymMma Bcex gamarpamm ua k + [ ayr, nomyda-
foruxcst obbegnaenneM guarpamMm @ u W; npu 5ToM KOHIBI AyT, npuHa mrexammx P
u ¥, gepeayorcs Mexay coGOM BceMU BO3MOXKHBIME criocobamu. Taxkum ob6pazom, B
D, , G» uMeeTCA CTPYKTYpa IpajynpoBaHHoro koasla. Bcan dyrxnun & u ¥ asri-
0TCA WHBapUaHTaMU KaKou-Huby b Teopun, To ®W Toxke, pazyMmeeTcs, MHBAPUAHT.
DTOT WHBAPUAHT, OHAKO, HE ABJASETCA B PA3yMHOM CMBICJTE (HOBBIMY.

TpeTbs, u Hanbojee CyIeCTBEHHASA, TPYJHOCTD 3aKIIOYAETCS B TOM, 9TO CYyMMa
f= Z‘I»eAn agp® ¢ HeHyIEBBHIMU KOX(DPUINEHTAME MOXET TOPOXKAATH (PYHKINIO HA
KPHUBBIX, TOXKAECTBEHHO PAaBHYIO HYJIO. JalpuMep, paBHbI HY/I0O GYHKUUM Z4 U 7 _
TPETHETO MOPAIKA, COOTBETCTBYOIINE tHarpaMMaM Ha puc. 10 (cuMBoa 2 o3HadaeT
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AYTY KPATHOCTH 2), — 3TO ClefyeT U3 YCIOBUA PEaln3yeMOCTH TayCcCOBON nuarpam-
MEl (Teopema 1). CooTBeTCTBEHHO PaBHEI HyIIO0 W Bee pyHKuNM Buga 74P, nuda seex
rayccoBbIX QyHKIII O.

DpHUBeNEM PEIYIBLTATH KOMIBIOTEPHBIX

2 2 BBIMHCJIEHNN NHBAPUAHTOB TPETHErO MO-
m m panka. Becero 3geck umeercs 21 quarpam-
Zy - Ma (BKatodad guarpammer puc. 10). PyHk-

U, ABJIAIOIMINECS NHBAPUAHTAMH BO BCEX
Tpex Teopusx, 06pa3yloT HPOCTPAHCTBO
pasmeprHocTH 7. B HeM comepXuTcs OmHOMEPHOE MOAMPOCTPAHCTBO, MOPOXKJIEHHOE

KyboM WHIeKCa YWTHHU; JOTMOJHUTENbHOE MIeCTUMEPHOEe MPOCTPAHCTBO 06pa3yioT
GYHKIINM, TOXKJCCTBEHHO paBHBIE HYJIO.

Puc. 10. PyaKnun, paBHbIE HYJIIO

WHBapWaHTH TPeTHETO TOPAAKA THIIA CTPAHHOCTH (He M3MEHAOIINECS PN ca-
MOKACaHNAK, HO W3MEHAIOIINECA MPH TPOXOXKJEHINH TPOHHBIX TOUYeK) 06pasyioT -
THMePHOE TPOCTPAHCTBO. [IByMepHOe MOANMPOCTPAHCTBO B HEM 0Opa3yOT a1 InTHB-
Hble HHBAPHAHTHL. [[ByMepHOE TOAIPOCTPAHCTBO TIOPOXK JEHO «CTAapBIMITY MHBAPHAH-
TaMn — KyOGoM WHJeKca YWTHW W NPOU3BeNeHNeM WHeKCa YWUTHW Ha CTPAHHOCTD.
Ocraabhble 4 MEBapUaHTa, BKAOYad 004 alIUTHBHBIX, — HOBHIE.

NuBapuanTH TpeThero mopaaka Tuma JT (BbIZepKnBaloIne Bee TepecTPOKH,
KPOMe TIOIYTHBEIX KacaHWil) 06pasyioT TPEXMEPHOE MPOCTPAHCTBO. Da3nc B HEM CO-
CTaBIAIOT Ky6 WHIeKca YWTHH, TpOU3BeJeHne WHAeKca YUTHU W mHBapuanTa JT (B
CMBICHe pazjiena 3), W HOBHIM afANTHBHBIA HHBAPHAHT.

NHBapWaHTH TpeThEr0 TOpAAKa THIA J~ (H3MEHAIOTCA TOJBKO PN MPOTHBOKA-
CaHNAX) 06Pa3yoT ABYMEPHOE MPOCTPAHCTBO. DA3NC B HEM COCTABIAIT Ky HHIEKCA
YuTHU U ipon3sBeienne nwHeKca YuTHu u J . Takmm o6paszoM, HOBLIX THBAPUAHTOB
Trma J~ B TPeTheM TIOPATKe He OABAAETCA; TaKKe HeT W alJNTABHLIX HHBAPHAHTOB.

Poaydennnin pesyabTaT MoKassBaeT, 9TO PA3IMYINE MEXKY KATACTPOMAMHU TIOMY THOT'O
KacaHUs T TIPOTUBOKACAHWS BBelAeHO HemapoM. Pa camMoMm jdelle Teopnn KpWBHIX 6e3 MOMYT-
HBIX KACAHWN U 6€3 MPOTUBOKACAHUN PA3JUIalOTCa KOPEHHBIM 06pa3oM. Teopus KpuBBIX 6e3
MOy THHIX KACAHWUI TECHO CBA3aHA C APYTUM 3aMevaTelbHBIM Pa3eloM IeOMEeTPUU MATBIX
pPa3MepHOCTEN — TEOpUEN JeKAHAPOBHX y310B. AHanmorudnsie uaTepnpeTanuu J —-Teopun
HEW3BECTHHI.

C pocToM n pazMepHOCTH MPOCTPAHCTB W pa3Mephl CHCTEM YPaBHEHHUN JJIA OMACA-
HIfA TayCCOBBIX HHBAPHAHTOB GBICTPO PACTYT; TOYHBIN OTBET HeW3BeCTeH (IO Kpafi-
Hell Mepe, aBTOpPY MaHHOW cTaThh) naxe npu n = 4. Tem Gosee 3aMevaTeNeH Pe3yIb-
TaT, mofydeHHBIH B 1997 1. A. MepkoBuiM (cM. [12]) # TOKa3BIBAOIINI, YTO B TEOPHN
KPHUBEIX 6€3 TPONHBLIX TOYEK I'ayCCOBEIX MHBAPHAHTOB OCTATOYHO S MOJHON KAac-
cupuKaLum:

TEOPEMA 3. Pyemb yo u y1 — dée daunnvle xpuswvie obueco nososcenus. I o-
MOMONUA Yy 6€3 MPOUHBIL Mouek, coeduHAWAA Yo U Y1, cyuecmeyem mozda u
moavko moada, kozda das Kaxcdozo zayccosa unsapuarwma X muna cmparHHocmu
swinoanero pasencmso X (vo) = X(y1).

Den3BeCTHO, BepeH AU aHAJOTUIHBIH PE3YALTAT IS TEOPUHN KPUBLIX G€3 caMOKa-
CaHmil.
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5. OBOBIIEHUA 'AYCCOBBIX UHBAPUAHTOB

(CxeMa olIpeleleHIsT THBAPUAHTOB KPUBBIX € IIOMOIIIBIO TayCCOBBIX AHATPAMM OKa-
3BIBAETCA YPE3BBIYANHO IO JOTBOPHON. D0OM00HEIM 06pa3oM MOKHO OIPEIeTnTh HH-
BapUaHTHl He TOJBKO A JINHHBIX KPUBBIX, HO M A APYI'UX O0O0BEKTOB, TaK WU
WHaYe CBA3AHHBIX C KPUBBIMU.

YT1ob6B1l onpeneanTh TaycCOBHI (GPYHKINN Ha KAKOM-IUGO MHOXKECTBe OOBHEKTOB,
HYXHO MPOIENaTh CAeNYIOMINe NeHCTBIS:

1. JokazaTh 1A >TUX O0OHEKTOB aHAJOT MPEeATOXKeHNA 1, T.e. OMUCATEH COBOKYTI-
HOCTBH OOBEKTOB «OOIIErO MOMOKEHUAS .

2. [lna o6beKTOB OBIIET O MOJOKEHNA MTOCTPOUTH KOMOWMHATOPHOE ONMMCAaHMe, aHa-
JOTUYHOE TayCCOBBIM AWarpamMmaM. zKesaTeabHo MPW 3TOM [OKa3aTh aHAJOT
MPEeITOKEHNA 2 — 3TO MacT HaJeXaAy, 9TO TMOCTPOEHHBIH KJIACC TayCCOBBIX
dyHKIII Oy 1eT 10CTATOYHO GOTATHIM.

3. OmucaTh TOMOTOINI O6IlIel"O ITOJIOKEHM A (T.e. JOKa3aTh aHaJoI' IIpealIoXxKe-
HHA 3) 1 U3yHYUTH, KaK TP TaKNX I'OMOTONNUAX MEHAIOTCA I'ayCCOBBI AUarpaM-
MBI.

Dociie >TOr0 BBIYHCIEHNE TAYCCOBLIX NHBAPUAHTOB, T.€. OTOOD U3 YHCAA IayCCOBBIX
QYHKINI TeX, 9TO He MBMEHSIOTCA MPH TOMOTONNAX, CBOIUTCA, KaK U JJIA TINHHBIX
KPUBBIX, K PEIIEHNIO CHCTEMBI JUHENHBIX YPaBHEHUN HA KOIPPUIMEHTHI.

DpuBefeM PUMePEI 06 BEKTOB, I KOTOPHIX 3TY TPOTPaMMY yAaeTcs B TOU WJIH
HHOW Mepe OCYIECTBUTE.

5.1. 3AMKHYTBIE KPUBLIE

3aMKHYTOI KPUBOH Ha ILIOCKOCTH Ha3bIBAETCA TWaJKoe OTOOpaKeHHme OKpPY K-
noctu B naockocTb Y(t) = (z(t),y(t)),t € S, obaanaiouiee Tem CBOHCTBOM, YTO

v (l‘/(t))z + (v (t))z > 0. DocregHee ycaoBre, KakK U AJA JIAHHBIX KPUBBIX, 06ecIIe-
YMBaeT BO3MOXKHOCTE OJHO3HATHOO ITPOBEIeHNA KacaTeabHON B TI000N TOIKe 00pasa
KPHBOI, T.e. TIaJKOCTh KPUBOH B OOBITHOM CMBIC/IE CIOBA.

Teopusa 3aMKHYTBIX KPUBHIX BeCbMa GJM3Ka K TEOPHH JIMHHEIX KPUBLIX. B 9acT-
HOCTH, JJIA 3aMKHYTEIX KPHBBEIX OCTalOTCA BEPHBIMH, BMECTE C NOKAa3aTeqbCTBAMI,
npenaoxenns 1 m 3. /1 3aMKHYTEIX KPUBBEIX MOXKHO TaKkKe ONpefeJuTh THCI0 Bpa-
MIEHHA CIOCOBOM, OTHCAHHBIM Ha cTpaHnie 101 (6e3 HCMIOAB30BAHEA MayCCOBBIX Jna-
rpaMM), i BTOpas 9acTh T€OPEMbl YNTHH [ HUX TakXKe BepHA — YHCIO BPAlleHIA
ABAAETCA eINHCTBEHHON XapaKTEePUCTUKON 3aMKHYTON KPUBOHU, COXPAHAIOMIEHCA IPI
BCEX TOMOTOIHAX.

1A TOCTpOeHNns TaycCcoBOl AUArPaMMBI 3aMKHYTON KPUBOW OOIIEro MoJIOKEHWA
HAPHCYeM OKPYKHOCTE (KOTOpyRo mpoberaeT mapaMmeTp ¢ B oToGpaxennu (1)) u
OTMeTWM Ha Hell mapbl 3HadeHnd ({1,1s), 441 KOTOpHX Y(t1) = v(t2). OTMedenHEBIe
naphbl 3HAYeHNH COeAMHNM xopaamu. [l MOJHOW aHAJOTMU C JJUHHLIMEA KDPUBLIMHE
HYJXHO ellle TTPUIKNCAaTh XopAaM 3Haku. TyT, oqHaKo, MBI CTAIKHBAEMCA C TPYTHO-
CTBIO: JJIA ONpeeleHuA 3Haka TOYKH CaMONEpecedeHHs NCIOMb30BAICA JTHHENHLIN
NOPAIOK Ha TPAMOMN, HHLIMH CJIOBAME, YINTHIBAJIOCH, KAKOe M3 3HATeHHN 11,1y 60Ib-
IIe, a Kakoe MeHbIIe. Ja OKPYKHOCTH €CTeCTBEHHOI'O JMHENHOTO MOPAJKA TOYEK He
CYIIECTBYET, a B3aMeH MMeeTCA NUKANIeCKHN TTOPAI0K: MAIA Mper Pa3IudHbIX TOYEK
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A, B, C Bcerja MOXHO CKa3aTh, PaclloJOKeHbl OHH IO 9acOBOU CTPEJKe MIH MPOTHB.
OTO 06CTOATENLCTBO TIOACKA3BIBAaET CaAeayIomuil Buxon. OTMETHM Ha OKpPYXKHOCTH
CrenuadbHy 0 Touky O, U onpefennM 3HaK Xopabl ({1,%2) cnocoGoM, ONMHCAHHBIM Ha
crpannne 96, rae BMecTO ycaoBus i1 < ts morpebyem, uTober Touku O, 11,y 6BLIN
PacIloI0KeHbl TIPOTHE 9aCcOBOU CTPEJAKH. DJTHM 3aBepIIacTCA TOCTPOEHHE T'ayCCOBBIX
MMarpamMM T4 3aMKHY THIX KpUBLIX. [l KOppeKTHOCTH caefyeT, KOHETHO, 06aBUTh
B yCJIOBHE OOIMIHOCTH TOJOXKEHUsA KPUBOH TpeboBaHne, YTOOE oTMedeHHad Todka O
He OBLTa TOYKON CaMoIlepecedeHna — aHaJor TIpeIoKeHus | Mpu 5TOM OCTaeTca
BepHBIM. K CIHCKY «THMUYIHBIX KaTacTpod» OMOTONNH OOMIEro TOJOKEeHHs (Tpe-
TOXKeHHE 3) B 5TOM ciiydae f06aBUTCA ellle OJHA — MPOXOXK JeHIe OTMEYEHHON TOUKN
O depez TOYKy caMollepecedeHns.

OpuBeeHHAaA KOHCTPYKIUA MayCCOBHLIX AMATPAMM IO3BOJAET ONpPeNequTh Tayc-
COBBI (DYHKIIMU AT 3aMKHYTEIX KpHBBIX. OJHAKO €ClM MBI MONMLITAEMCA BBIPA3UTh
Yepe3 TaycCoBY AMarpaMMy KPHUBOH XOTs OBl ee WHJEKC YHTHH (YHCIO BpalleHHs),
TO MBI HATOJKHEMCA Ha HEOXKHUAAHHYIO TPYNHOCTDL: MpeiIoXKenne 2 AIA 3aMKHYTHIX
KpHUBEIX HeBepHO! [lellcTBUTENILHO, pacCMOTPUM Ha IVIOCKOCTH [TBE KPHBHIX. Jep-
Basg KpuBas 3ajaercd qopmyaoi v(t) = (cos?2mt, sin2nt) u npeacTaBageT coGoR
eMHITIHYI0 OKPYKHOCTE, TpoberaeMyto TOYKOHW IMPOTHB 9aCOBON CTPENKH 3a elu-
HUYHOe BpeMA. BTopasa kpuBad aABageTca 0OPa3oM MEPBON IIPH OCEBOH CHMMETPHH,
v2(t) = (cos 27mt, —sin 27t), u mpencTaBisgeT COGOH Ty JKe OKPYKHOCTE, HO MpoGera-
eMYIO TI0 9acoBOl cTpedke. ucio BpamleHuA y KPUBOH 71 paBHO 1, a y KpUBOM s
oHO paBHO —1 m, ciefoBaTENbLHO, >TH KpHUBEE He roMoTonHbl. O6e KpuBble, OTHAKO,
He UMEOT TOYEK CAMOIepecedeHnsa, W MOSTOMY UX I'ayCCOBBI ANArPaMMBl BHITVIAIAT
OJMHAKOBO — He CofepKaT HH OTHOM XOPIHI.

Yro6L MpeoqoIeTh 5TY TPYAHOCTD, BBEleM IOHATHE WHeKCa OTMEeIeHHON TOYKH.
st 3TOr0 paccMoTpuM BeKTOD 7 (1), COeNMHARIINT 0TMeYeHHY0 TOUYKY O ¢ TOYKON
¥(t), Te t npoGeraeT BCO OKPYKHOCTH, HadnHasd ¢ Toukn O U 3aKaHYINBasA B HEll XKe.
DockoabKy O He ABIAETCA TOUKOM caMoriepecedenns, (t) o6palaeTcs B HYIb TOJBKO
B HavajJe U B KOHIE MyTH. JO3TOMY MOXKHO ONpPEJEqUTh KOJMIECTBO 060POTOB BEK-
Topa r(t) BOKpYT Hadaja KOODAWHAT, KOTOPOE B TaHHOM ClIydae OYIeT ROAYYeAblM
YUCIOM. DTO 9UCIO W HA3BIBAETCA MHAEKCOM OTMedeHHON Touk: (. DPH rOMOTONHAX
KPHBOI, He 3a/eBalolNX OTMeYeHHYI0 TOYKY, €6 NHJIeKC He MEeHAETCA, a IPU IPOXO-
JKIEHUN OTMEeYeHHON TOYKH 9epe3 TOYKY CaMOllepecevdeHnA WHEKC YBeInIHBASTCA
Ha 1. DpaBmio BLIGOpa 3HaKa B 3aBUCHMOCTH OT 3HaKa TOYKH CAMOIIEpeCcedeHna H
HalpaBJIeHAA TPOXOXKAeHIA INTATeIb 663 TPyja YCTAHOBHT CaMOCTOATENBHO.

TEOPEMA YUTHU AJIA3AMKHYTOW KPUBO. Hucao epaujenus 3amMxHymoti Kpu-
60U 06WE20 NOAONCEHUA PAEHO CYMME ZHAKOE 6cer TOPd Ha ee zayccosott duazpamme
NAC YOSOEHNDI UHOEKRC OMMEUEHHOT MOoUKU.

[lokazaTeabCcTBO TeOPEMBI MPOM3BOANTCA 1O CXeMe NOKAa3aTeTbCTBA TeOPEMBI
Yurau B pazjeie 2. CmepBa ciaefyeT MPOBEPUTH, YTO TpaBas YacTh PABEHCTBA B
TeopeMe YUTHN He M3MEHSETCA MPH THOUYHBIX MOMOTONHSAX KPUBOW — [T 3TOTO
HYXHO pa300paThcs CO 3HAKAMHU IPHU MPOXOXKJIEHNH OTMEYeHHON TOYKH Yepe3 TOYKY
caMolepecevennd, KaK yKa3aHO BEHIIIE. JOCae STOT0 HEOOXONUMO BHIOPATH AJaA Ka-
XKJaoro k € 7 cTaHAapTHYIO KPUBYIO WHAEKCA k M TPOBEPUTH [ Hee YTBEDXK IeHIe
TEeOPEMBEI.

Jlisi 3aMKHYTHIX KPUBBIX CYIIECTBYIOT aHAJOTH MOHATHNA CTPAHHOCTH W WHBAPH-
anToB J* (baxTHYeCKH, HEPBOHAYAIBHO 5TH HHBAPHAHTHI OBLIN ONpefeTeHbl TMEH-



JlinHHEBIE KpUBBIE, MayCCOBBI JHATDAMMbBI I HHBAPHAHTHI 111

HO /A 3aMKHYTHIX KPUBEIX). SIBHEIE (DOPMYJIBI MU 5THX WHBAPHAHTOB BKJIYAIOT,
MOMIMO CYMMUPOBAHHUSA 110 ONPEICIeHHBIM TTapaM XOpJ Ha TayCcCOBOW jAMarpaMme,
TaKkKe W (HErayCcCOBBIY TIEHbI, 3aBUCAIINE OT HHAEKCA OTMeTeHHOW Todukm. fBHbIE
dopMyaIB, a Takke 0OGCYXKJeHHE TEODHH WHBADHAHTOB BHICIINX MOPAJKOB MOXKHO
HaiTH B cTaThe [9]. Takke cyliecTByeT pasBuTas TeOPHA I'ayCCOBLIX MHBAPHAHTOB
MHOT'OKOMITOHEHTHBIX KPHBBIX, cM. cTaThl [9] u [11].

5.2. JIEXZKAHOIPOBBI ®POHTHI

DoHATHE JeKAHAPOBA (PPOHTA ABIAETCA ONHIUM U3 KIOYEBHIX TTOHATHN KOHTAKT-
HOW reoMeTpuu. UnraTenb, He 3HAKOMBIU C STHM 3aMedaTeAbHBIM Pa3IeoM COBpe-
MEeHHOU MaTeMaTHKW, MOXET HPONyCTHTEL TepBYIo (qpasy clenyiomiero absaia, T/1e
TaeTcs onpejefieHne, U CINTATh ONpeleJeHueM TO, ITO HAMCAHO B MaJbHEHIIeM.
Jly9mum BBIXOAOM, OJHAKO, GyIeT O3HAKOMUTBCA C OCHOBAMH CHMILIEKTHYECKOH W
KOHTAKTHON Teopuu — Hanpumep, no kuaure [13]; cm. Takxke cratbio C. B. [lyxuna
u C. B. YmyToBa.

JlexaugpoBbl GPOHTHl Ha TWIOCKOCTH 5TO, TO ONpEeIeHII0, TMPOEKIHN JeKaH-
IPOBHIX KpUBHIX B B3 co cTaHmapTHON KOHTAKTHON CTPYKTYpoll dz — pdq Ha maoc-
KOCTH (¢, 7). DTH OPOEKINH B OOIIEM TOJOKEHNH MPEJCTABIAT cOGON 3aMKHYTHIE
IOCKHE KPUBBIE ¢ KOHEYHBIM YHCJIOM TOYeK HEMMAJKOCTH (T.e. TAKMX TOYEK ¢, 9TO
(1) = y'(t) = 0). Bce TOUKM HErMaJKOCTH TMPEACTABIAIOT OGO MPOCTHIE TOYKH
BO3BpaTa, ycTpoenHbie, kak Touka (0,0) na kpusoit % = y3 (B noaxoAAWIell cucTEMe
KOOpAWHAT, pasyMeeTcs). KpoMe Toro, PpoHT nMeeT B 0OIIEM HOMOKEHHN KOHETHOE
YHCIAO TOYEK TPAHCBEPCATBLHOTO caMonepecedennsa. TUmuIHbIe TOMOTONNH JeXKaH PO~
BEIX (DPOHTOB OMUCHIBAIOTCA AHAJOTUYIHO MPEIOKEHNTIO 3. DOMUMO TPOWHBIX TOYEK
U caMoKacaHul, y (PpoHTOB ObIBAIOT KaTacTpodhl ellle ABYX THIOB — CaMollepece-
YeHHEe B TOYKe BO3BpaTa W POXJIeHHe (WIH, HAIPOTHB, YHUYTOXKEHHE) JBYX TOUYEK
BozBpaTa (puc. 11).

layccoBbl amarpaMMbl JeXaHAPOBHIX (HPPOHTOB ONPEAEAAIOTCA AHAJOTUIHO [Ha-
rpaMMaM TIOCKAX KPUBBIX U TPEJCTABIAIOT cO6OH OKPYKHOCTH, Ha KOTOPBIE HaHe-
CeHBI JaHHLIE MBYX TUIMOB — BO-MEPBHIX, 0603HAYEHBI XOPAaMU TOYKH CAMOTIepece-
YEHWSA, U BO-BTOPBIX, OTMEYeHbl TOYKHN BO3BPATa. SHAK XOPABI OMPEIeadeTCA TakK Ke,
KaK [Jf 3aMKHY THIX KPUBBIX — C TIOMOIIBIO BCIOMOTaTEAbHOW OTMedeHHON ToYKY O.

- -
-

Puc. 11. /JlomorauTepHBIE KATACTPOMDI JJIA JeXKAHAIPOBHX (PPOHTOB
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Toukam BozBpaTa TakiKe MOXKHO IPHINCAThL 3Haku. B Todke BozBpaTa y (ppoH-
Ta OJHOZHAYHO ONpejeleHa KacaTeqbHasd MpAMad. Ecinm paccMoTpeTh KacaTelbHbIN
BEKTOp K JeKaHIPOBoll KpuBoil B IR3, II CIpOeKTHPOBaTh €ro Ha MIOCKOCTE, TO IPO-
eKIUA B TOYKe BO3BpaTa OyAeT MeHAThH HallpaB/JeHie Ha MPOTHBOMOJI0KHOE. DacCMO-
TPUM TeNmepb ABe TOYUKHU i1,{s, JeXKallne BOJU3N TOYKH BO3BpaTa l.. YHOPAAOINM
HOMEpa TOYEK TaK, YTOOHI 1,%.,1s OLLIA PacIOJOXKeHBl TPOTHB IaCcOBOM CTPEIKH.
B o6ImeM mooxkeHNN KacaTelbHEE BEKTOPHE K (poHTY 7' (t1) 1 ¥/ (t2) HeKomIHHEAD-
HBI, U, CJ€I0BaTeIbHO, 0Opa3yloT Ha MIOCKOCTH 0Aa3nc. DPUIHIIEM TOYKe BO3BpaTa
t. 3HaK +1 mam —1 B 3aBUCHMOCTH OT TOT'O, ABAAETCA JU 3TOT OA3UC (MPABLIM) WA
«ieBBbIMY . O€eBHAHO, OT BHIGOPa TOUeK 1,12 (LOCTATOUHO CAM3KUX K 4 |) 5TOT 3HAK
He 3aBHCAT. 3aMeTHM Tak)Ke, 9TO 3HAK TOYKH BO3BpaTa HEe 3aBUCHT M OT BHIGOpa
oTMmederHon Toukn O.

DOCTPOEHHBIE TAYCCOBLI AUATrPAMMEI TO3BOJIAIOT ONPeAeATh T'ayCCOBHI (DyHKIIUN
MO CXeMe, M3J0KEeHHON B MpeAbIAYIINX pasjenax. JPU 3TOM MepPeMHOKAIOTCA 3HAKH
KaK XOpJ, TaK W TOYeK BO3BpaTa, W YINTEIBAETCA B3aNMHOE PAaCIOJOXKEHNE TeX W
MPYTHUX. DO3TOMY KOJBIO TayCCOBLIX (DYHKIIMU B JaHHOM caydae ob/anaeT GUrpairy-
MPOBKON — MO YUCIY XOpJ U 110 9UCAY TOYeK. B 9acTHOCTH, CYyIMIECTBYET eJUHCTBEH-
Had, ¢ TOYHOCTHIO 710 MPOMOPIHOHATLHOCTH, Tayccoba dyHkiug cucrenenn (0,1) —
CyMMa 3HaKOB BCeX TOYEeK BO3BpaTa.

TEOPEMA 4. Cymma 3nakos ecexr mouex 6o3epama aedlcandposa @ponma ne us-
MEHACTNCA NPU 20MOMONUAL.

JOKABATEJIBCTBO. Jpu KaTacTpode POXKIeHHA (YHNITOKEHHA) ABYX TOUEK
BozBpaTa (cM. puc. 11) gBe BHOBBL HOABAAROIINECA (YHHYITONKAEMBIE) TOUKE 0OA3a-
TeIBHO UMEIT PasHble 3HAKH. DPH KAaTacTPOdax MPOYMNX THIIOB COXPAHEHUE CYMMBI
3HAKOB OY€BUTHO. |

DOCTPOEHHBIN WHBApWAHT HasbiBaeTcA undekcom Macaosa nexangpoBa GpoH-
Ta. MoxkHO gokazaTh, ¥To mHAekC MacioBa um WHIeKC YUTHHU COCTABIAIOT MOJHYIO
CHCTEeMY WHBAPHAHTOB I'OMOTOINH J€XAaH TPOBHIX (PPOHTOB HA MJIOCKOCTH — CM., Ha-
npumep, kuury [13].

JlomoaHNTEeNbHBIE CBEIEHNS O TayCCOBBIX MHBapUaHTaX (PPOHTOB YNTATENb MOKET
novepnHyTh U3 crarbu [9]. B 4acTHOCTH, TaM NOKA3aHO, YTO MHBAPUAHT DeHHEKEHA
(cMm. o Hem B ctaTbe C. B. yxuna n C. B. ImyToBa) Takke ABJIAeTCA [ayCCOBBIM.

5.3. Y3JIbl U 3AUENJIEHIA

C ocHOBaMU TEOPHUH Y3J0B YNTATESb MOXKET O3HAKOMUTHCA 10 cTaThe C. B. [ly-
xuua u C. B. UmyToBa B HacTOsAeM cOOpPHUKE; MBI Oy IeM TOMB30BAaTHCA 0003HAYTe-
HUSAMEA 3TOU CTaThi 6e3 TOoAPOOHBIX Pa3bICHEHNUH.

N nea onpenenenna raycCOBLIX MHBAPNAHTOB Y3/J40B COCTOUT B TOM, YTOGHI pacCMO-
TPeTh TayCCOBBEI MHBAPHAHTH HX AHACPAMM (IPOEKIHI OBIIEro TOTOKEHNA Ha MLIOC-
KOCTB), He M3MEHAIINeCH TIPH NPeobpa3oBaHuAX el IeMelicTepa. DPH ITOM HEOO-
XOMUMO YYUTHBATE, KaKasd I3 BETBEH KPUBOW B TOYKE CAMOIIEPECETEHNA IUAT PAMMEBI
MPOXOAUT CBepxy. UTO6B OTPa3WTh Ha T'ayCCOBOHW AMArpaMMe COOTBETCTBYIOUIYIO
nHPOPMAINIO, OPHEHTHPYEM KaXKIVi0 IYTy — HApUCYeM Ha HeW CTPENKy, Hampa-
BIEHHYIO OT BepXHEH BETBU K HIKHEH.

Muarpamma y3jaa mpefncTaBideT co6G0I0 3aMKHYTYIO KpuByio. MBI, ogHako, mc-
TONB3yeM Pa3invdne MeXIY (MPOXOAaMUy W «IIePEXOTaMWy M ONMpeNeleHUA 3HAKaA
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Puc. 12. TpurncTHAK U €10 rayccoBa AHarpaMMa

TOYKH caMolepecedeHns (XOpbl Ha DayCCOBOH Anarpamme) 6e3 HCIOIb30OBAHHA OT-
MeYeHHOH TOYKH. A NMEHHO, MycTh ({1,13) — TOUYKa caMolepecetdeHus AUarpaMMbL:
z(t1) = x(t2),y(t1) = y(t2), mpudem z(t1) > z(t2) (T.e. BeTBB {1 WaET cBepxy). Torma
olipe/leJMM 3HAK MepecevdeHus Tak ke, Kak B pazfeie 1, cawras TOYKY {1 «IE€pPBOM»,
a TOUKY 19 «BTOpoi». Takol 3HAK 9acTO Ha3BIBAETCA aHMJIHHCKAM CIOBOM “writhe”
(to writhe — 6yxB. «kopuuTBCA» (0T 6OMM); HMEETCA B BUAY, 9TO B palioHe TOYKN Ca-
MOTIEpeCcedeHNA Y36 (H3BUBAETCA» B TOM WIH HHOM HampapieHnn). Taknm o6pasom,
MBI TTOJAYYaeM TayCCOBY MUATPAMMY JHATPAMMBI y3Ja — HaGop OPpHEHTHPOBAHHBIX
OyT, CHaGKEHHBIX 3HAKAMU. Da puc. 12 m306paxeHn yzea (TPUIUCTHUK» W T'ayCccoBa
JmarpaMma ero CTaHAapTHOW TPOeKITHH.

DaccMOTPHUM BIANAHUE TPe06pa30BaHmil Del feMelcTepa Ha IayCCOBHBI Al DAMMEI
Y3JIOB. DepBoe IpeobpazoBamue DeljieMelicTepa CBOUTCA, O9eBUIHO, K TOMY, ITO Ha
AnarpaMMe ToABAAeTCA (I, HAOGOPOT, NCYe3aeT) AyTra, MeX 1y KOHIAMN KOTOPOH
apyrux ayr weT. Jljas IINHHBIX KPUBBIX TAKOT'o OpeobpasoBaHuA He OGBLIO, U OBITH
HE MOTJIO, MOCKOJABKY CYMMa 3HAKOB BCEX NYT — HHAEKC YWTHH — COXPaHAETCA TIPU
Moot roMmoTonwn. TeM caMBbIM AJA Y3J0B He CYIIeCTBYET aHaJoTa HHIeKca YUTHA —
MPOCTPAHCTBO MAyCCOBBIX MHBAPWAHTOB MOpAAKa 1 mycTo.

[Ba npyrux npeobpazoBanus DeljgeMelicTepa TPEACTABIAIOT COBOU yKe N3BECT-
Hble KaTacTpodbl KPUBBLIX. EINHCTBEHHOE OTANYHE COCTOUT B TOM, 9TO OHU HPOWC-
XO/IAT TOABLKO MPH OTPEIeJeHHBIX COYeTAHNAX HATPABJICHUN 1 3HAKOB YIaCTBYIONIIX
B mpeoGpazopannu Ayr. Tak, mpw caMokacaHH! (BTOpoe TpeoGpasoBaHue Oelije-
MelicTepa) BO3HHKAOIINE (HAN HCYE3aOlIHe) JYTH UMEIOT OJHO H TO XKe Hampapie-
Hue W pasuble 3Haku. COUCOK BOZMOXHBIX KOMOWHAIIMN 3HAKOB W HAPABIACHUH YT,
YIacTBYIOIINX B TPETheM MpeobpazoBaHnu JefijeMeiicTepa (IPOXOK feHHE TPONHON
TOYKH), 6ollee JINHEH; TNTATENE, KeAAIMINH pazobpaThcsd B TOKa3aTeIbCTBAX IPH-
BOJIMMBIX HIKE PE3yIbTaTOB, MOKET COCTABUTE €0 CAMOCTOATEIBHO.

Kak u B cayvyae QIUHHBIX KPUBLIX, He BCAKASA MHATDAMMA CO 3HAKAMU W CTDEJ-
KaM§ peajn3yeTcs KaK rayccoBa AMarpaMma yaja. A WMeHHO, WMeeT MEeCTO TaKoe
YTBEPK TCHUE.

TEOPEMA 5. Pyems I' — 2ayccosa duazpamma nekomopozo ysaa u Y — xopda
na weti. Toada umeem mecmo pasencmeo:

2 oe= ) ¢
3dech cymmuposanue sedemes no 6cem ropdam, PAcnoAoHeHHbM MAK, KAK NOKA3AHO
Ha pucynraxr nod 3Hakamu cymmuposanus; € = 1 oznauaem snax ropdvl.
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Puc. 13. Hapapuaut BacuireBa nopsaika 2

Teopema b ABIAsAeTCA IPAMBIM aHATOTOM ((HaKTHYECKH CIeCTBHEM) TeOPEMbI |
MOKA3BIBAETCSA aHAJOTMYHO.

Bce m3BecTHBIE Ha HACTOAIINE MOMEHT WHBAPDUAHTHI Y3JOB SBISIOTCA HHBAPH-
aHTaMW KOHEYHOT'O THTa (HHBADWAHTAaMI BacuibeBa) HIN BHIPAKAIOTCA 9€PE3 TAKO-
Bhie — cM. 06 3ToM B cTaThe C. B. /lyxura u C. B. YMyToBa B HacTOsIIEM COOPHUKE.
e COCTaBIAIT UCKIIOYEHNS U TayCCOBBI HHBAPUAHTHI, BBUAY CJAEMYIOMIEN TEOPEMBI:

TEOPEMA 6. Beakuti 2ayccos uHE8ApUaAHM Y3408 NOPAIKA M ABAAECMCA UHEAPU-
AHMOM KOHEUHO20 MUNA NOPAJKG HE 6bLULE M.

JlokazaTeabCTBO BTON TEOPEMBI HECAOKHO, HO JOBOJIBHO JUIMHHO M3-3a HEOOXO M-
MocTH Tiepebopa GOTBINOT0 KOAnvIecTBa caydaeB. Ml He 6ymeM ocTaHaBINBATHCA Ha
HeM 1o apo6HO.

DenaBHo (B 1998 1.) M. T'ycapoB jgokasaa 9pe3BBIYANHO TPYIHYIO OGPATHYIO Te-
opeMy:

TEOPEMA 7. Beakut UHBAPUAHM Y3406 KOHEUHO20 MUNA ABAACMCA 2AYCCOBLIM.

ABHOe ommcaHme KoAbIla TayCCOBHIX MHBAPHAHTOB Y3JOB TMPENCTABAAET COOOM
3a/ady, aHAJOTUYHYIO COOTBETCTBYIOIIEH 3ajade s KPHUBHIX. JA3MEPHOCTH ITPO-
CTPaHCTB (H, COOTBETCTBEHHO, CAOKHOCTH BBIYNCICHUN) B CAy€ae Y3/0B BHIIIE, TaK
KaK TYT'U FayCCOBBIX AMArPaMM HMEOT HApPaBIeHNe, I T€M CAMBIM 9HCJIO [UATPAMM
¢ 3aJJaHHBIM KOJMYIeCTBOM IyT 6oabine. B HacToslee BpeMs M3BeCTHBI ABHBIE (hOD-
MyJBl [ WHBapHaHTOB BacuiabeBa mopaaxkos 2 u 3 (cum. [10]); MBI mpuBeneM 37mech
pe3yabTaT MIA WHBapuWaHTa mopAnka 2. JIiobombITHO, 9TO GOPMYIY MOXKHO CYIIe-
CTBEHHO YIIPOCTHUTH, ECIH BBECTH B TAYCCOBY ANATPAMMY y3Ja TOMOJHUTEIBLHBIN 3JIe-
MEHT — OTMeUeHHY TOYKY. BEIGOD TOH TOYKHN He BANAET Ha 3HAKH XOPJ (B OTIN-
THe OT OTMEYEHHON TOYKH Ha TayCCOBHIX AHAIDAMMaX 3aMKHYTHIX KPUBBIX), HO TIPH
BBIMHUCJIEHNN TayCCOBON (DYHKINN MOSBAAETCH BO3MOXKHOCTD YINTHBATH PACIOMOKe-
HIlEe 3TOW TOYKN OTHOCHTETBHO XOPJ. Ja3yMeeTC s, TayCCOBBHI MHBAPUAHTHI Y3J0B HE
JOJIXKHBI, B YaCTHOCTH, 3aBICETH OT BHIOOpA OTMEYEHHON TOYKH.

TEOPEMA 8. [ayccosa gynryus ®, coomeememsyrowan duazpamme na puc. 13,
ABAACMCA UHEAPUAHMOM Nopadra 2, npunumarowun 3nauenue 0 dag mpusuaabHo2o
ysaa u snauenue 1 dag mpuiucmuura.

OTMeTHM, ITO CYIIECTBYET POBHO OJNH WHBAPDHAHT MOPAAKA 2 C TAKUME CBOM-
cTBaMil (fokasaTeabcTBo cM. B craThbe C. B. /lyxuna u C. B. ImyTosa).

JMOKA3ATEJNBLCTBO. [lokaxeMm cHadamga, 9TO rayccoBa GyHKIng P melcTBUTETE-
HO SIBJAAETCA MHBAPHAHTOM. Je3aBUCHMOCTh P OT BHIGOpAa OTMEYeHHON TOYKH HETO-
CPEJCTBEHHO CJIEYeT W3 TEOPEMH 5. JpH MePBOM HpeobpazoBaHUm Jel IeMelcTepa
NOABAAETCA WIN HCYe3aeT XOpJa, He MepeceKaolasica ¢ NPOYuMHI XopgaMy Ha nua-
rpaMMe, — ACHO, YTO TaKad OlepaluA He BANAeT Ha 3HadeHnne GpyHxumnm P.
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DaccMOTPHM Telleph BTOpoe Mpeobpa3oBanne JellfeMelicTepa ¢ BO3HIKHOBEHIEM
napbl HOBLIX XOpJ. BoaHuKalolIe Xopabl 06a3aTelbHO COHAIIPABAeHLl I UMEIOT pas-
HbIE 3HAKI; MOTOMY BKIa[g B Beandnny ®(ymocne) — ®(Yxo) MOKET BHECTH TOIBKO
craraemMoe, B KOTOPOM 06e XOpAhl — BHOBBL BosHukmmme. O THAKO TaKoro claraeMo-
ro 6bITHL He MOXKeET, TaK KaK IIpU DOMOTOIHMH O6IIero IOJOKEeHUA caMoKacaHue He
HPOUCXOUT B OTMEYEHHOU TOYKE.

HnuBapuanTHOCTE ® IIpH TpeTheM IpeobpazoBaHul JellfeMelicTepa IpOBepAeTCA
AHAJTOTWIHO (XOTA 1 TpedyeT paz6opa GOMBIIEro KOTUIeCTBa CIyIaes).

Takum obpazom, rayccoBa GyHKINA ¢ — WHBAPUAHT y3Ja. YTBepXKIeHWE PO
HopsAAOK cienyeT u3 TeopeMbl 6. O4eBngHo, ®(TpuBHasbHbl y3en) = 0; paBeHCTBO
®(TpuancTHIK) = 1 TpOBePAETCA HEMOCPEICTBEHHBIM BBIUHCIEHIEM. d
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[ToBepxHOCTE 3emdepTa

B. B. IIpacoaon

Ppu maydeHnn cBOUCTB Y3/0B U 3allelIeHHI 9acTO OKA3LIBACTCA MOJe3HOH BCIIO-
MoTaTelbHasd OPHeHTHPOBAHHAA TIOBEPXHOCTD, HATAHYTasA Ha y3ea (3auemaenne). Ta-
KHX MOBEPXHOCTEN MHOTO, HO OGLIMHO pe3yJbTaT KOHCTPYKINN, OCHOBAHHOM Ha Of-
HOIl M3 5THX IOBEPXHOCTEH, He 3aBHCHT OT BHIGOpa IIOBEPXHOCTH. ToUHOE ommpefe-
Jenne Takoso. Pycrh L — opuentupopannoe zamemienue B S° = R3| J{oo} (opu-
eHTHPOBAHHOCTH O3HAYaET, 9TO Ha KaXKJOH KOMIIOHEHTE 3allellIcHIA 3aJaHa OpHeH-
Tauusd). Boseprrocmbio 3etigepma 3atennennsa L Ha3bIBalOT CBA3HYIO KOMIAKTHYIO
IBYMEpHYIO IIOBEPXHOCTEL B S°, KpaeM KOTOpOH clIyXHT L, mpmueM opueHTannda L
HHAYIUPOBaHa OpHeHTallell MOBEPXHOCTH.

TrEOPEMA 1. Y 06020 sayentenus 6 S° ecmb noseprrocmsv Jetifepma.

JTOKA3ATEJBLCTBO. PaccMoTpuM amarpamMmy ) opHeHTHPOBAHHOT O 3allelJIeHNA
L u yHUYTOXKNM TIepeKPECTKH [JHArPaMMBI, KakK 5TO mokazaHo Ha puc. 1. A mmenHo,
MBI 3aMEHAEM CIVIOUIHBbIE JUHUHN Ha NMYHKTHPHBIE, KOTOPHIE NPOBOAATCA €IUMHCTBEH-

U
/7
4 4
- -
—_—— —_— —_——
7

U
/

Puc. 1. YandToxKeHHe NepeKpecTKOB JHAT PAaMMBbI

HBIM CIIOCOG0OM COTVIACOBAHHO ¢ opueHTarmen sarerienus L. Pocie yuuaToxeHus
MEPEKPECTKOB oMY IaeTCa Habop 3aMKHY THIX HECAMOTIEPECEKAIOMINXCA 1 MONapHO He
MepeceKalouXca KPUBBIX Ha TOCKOCTH. PTH KPUBbLIE HAa3BIBAIOT OKPYICHOCMAMU
Jetipepma.

P rockne guckn, HATAHY THIE Ha OKPYKHOCTH 3efipepTa, MOTYT MepeceKaThes (01
Ha OKPYKHOCTBH 3elipepTa MOXKeT JeXaTh BHYTPH APYrof). Po BHyTpeHHHE TOY-
KH DTUX AUCKOB MOXHO CABHHYTH B HANPABIEHUHU, MEPIEHIAKYIAPHOM ILJIOCKOCTH
JAMATPAMMBL, TaK, 9TOGBI JUCKN CTAMH TOTAPHO HE TEPECEKAIOMMMICH (OKPYKHOCTH
3eiirepTa ocTarOTCA TPH 3TOM Ha MecTe). Pa KaX 1oM mepeKkpecTKe COeINHNM [C-
KU TIEPEKPYIeHHON TOJOCKOW, KpagMi KOTOPOU CJIYKAT BETBU 3allelICHIA HAT STUM
mepekpecTKoM (Ha pHc. 2 Takasd MOAOCKA 3alllTPHXOBaHA).

EcTecTBeHHBIE OpHEHTATINH THCKOB COMVIACOBAHBI C €CTECTBEHHBLIME OPUEHTAIUA-
MU TIOJOCOK, TOITOMY B Pe3yJabTaTe Mbl MOAydaeM OPHEHTUPOBAHHYIO TIOBEPXHOCT,
KpaeM KOTOpOU CAYKHUT OpueHTHpoBaHHOE salemenne L. Po sTa moBepxHOCTEH He
o6sa3aTedbHO CBA3HA. UTOGH MOAYUYHTH CBA3HYIO MOBEPXHOCTH, BO3LMEM J[BE CBA3HbIE

MaTemaTuyeckoe npocseweHue, cep. 3, Bbin. 3, 1999(116—126)
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Puc. 2. lIpurienBanne DOJOCKH K JHCKAM

KOMIIOHEHTHI, BEHIDEXKEM B KAXKJIOU U3 HUX MO MaJeHBKOMY [HCKY U COEINHUM BO3HUK-
1Ime Kpas TOHKON TpyOKou. B peayabTaTe IHCIO0 KOMIIOHEHT CBA3HOCTH YMEHBIITITCA,
MO3TOMY TIOCJ€ HECKOMBKUX TaKWX OMEPAINH MOMYINM CBA3HYIO TIOBEPXHOCTb. |

Posee moapo6roe obcyxjeHne 3TOr0 MOKA3aTENbCTBA W APYTHUX B3aMMOCBS3EN
MEX Y y3JaMU U JBYMEDHBIME MOBEPXHOCTAMHE pUBeaeHO B [1].

Poja y3J4A U IIPOCTHIE Y3Jlbl

PoBepxuocTh 3endepra yaaa K mpeacTapigeT cob60l KOMIAKTHYIO ABYMEPHYIO
OPHEHTHPOBAHHYIO MOBEPXHOCTH, KpaeM KOTOPOH CAYXKHT OJHA OKPYXKHOCTH. Ppu-
KJIeHB K KPal >TOH MOBEPXHOCTH MHCK, MOIYYIHM JIBYMEPHYIO IIOBEPXHOCTEL pPona ¢
(cepy ¢ g pyiukamm). Bodom ysaa K Ha3bIBaloT MUHUMAMLHBIN DOJ MOBEPXHOCTH,
MOXYIeHHON TaKuM 06pa3oM (MHHHMYM 31ech GepeTcs o BCeM MOBEPXHOCTAM 3ef-
depra yaaa K). Pox yaaa K 6ygem obosnagats g(K).

YTUPAKHEHUE 1. [lokazaTh, 9TO y3eJ TPHUBHAJEH TOTAa W TOJABKO TOT7a, KOT' A
ero pon pasen (.

YTUPAKHEHUE 2. [lokazaTh, 9TO poJi TPUIANCTHUKA paBeH 1.

YIPAXKHEHUE 3. JlokasaTh, 9T0 POJ TOPHYECKOT O yaja THIa (p, ) He MPeBoc-
xomuT (p—1)(¢—1)/2. (Topudecknii ysex tuna (p, ¢), Tje p 0 ¢ — B3aHMHO TIPOCTHIE
qncaa, sagaerca B S° C C? cucremoit ypasuennti |z| = |w|, 2P = w?. B geficTBuTess-
HOCTH POJ TOPHYECKOT O y37a THia (p, ¢) B TouHOCTH paBeH (p— 1)(¢ — 1)/2.)

Hns nByX opuMeHTHPOBAHHBIX y3joB K7 u K5 MOXHO ONpeNequTh UX KOMNO3U-
Yuto, W cea3nyo cymmy, K1# Ko mocpeacTBoM onepannn, n3o6pakeHHON Ha PUC. 3.

—— [{1#[{2

Puc. 3. CazHasa cymMMa y3J0B
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Puc. 4. /IBa napa/ieibHBIX JHCKA

Pedopmanabio K7 Ko MOXHO IpeAcTaBIATh TaK: MBI 6epeM BepeBKY U 3aBA3LIBa-
eM Ha OJHOM KOHIle y3ed K1, a Ha APYroM KOHIe y3el Ko 3aTeM KOHIIBI BEPEBKH
COEIMHAEM.

YUPAYKHEHUE 4. [lokazaTh, 410 y3abl K1# Ko n Ko# K dKBUBAJIEHTHEHI.
TEOPEMA 2. g(K1#K2) = g(K1) + g(K2).

JOKA3ATEJLCTBO. Pycts Fy m Fy — moBepxuOocTH 3elihepTa MUHUMAIBLHOT O
poaa aas yamoB K1 m Ks. PazBenem yaawslt K1 m Ks B pasnble CTOPOHBI, TaK HYTO-
6b1 moBepxHocTH Py m Py He mepecekanuck. PopepxunocTn Fy u Fs He pazbuBaioT
S3, mosTomy ux kpad K; m K, MOXHO COeIUHNTE AINHHON Y3KOH HOJOCKON; ITOGH
OPHEHTAINN TIOBEPXHOCTEN OKA3AJINCH COTVIACOBAHHBIMIU, MOJOCKY MOXHO TEpPeKpY-
THTH, B Pe3yJbTaTe TOIYYNM MOBEPXHOCTH SelidepTa pona g(Ky) + g(Ka) nua yamxa
K1#Ks. Pro osnagaer, uro g(K1#K2) < g(K1) + 9(K2).

PycTt Temeps P — mOBepxHOCTH J3elidhepTa MHUHHMAJIBLHOTO POJa IS y3Ja
K1#K,. N3 onpenencuna yana K#K» caenyer, 910 cymectByer chepa S C S3,
KoTOpad mepecekaeT K1# Ko poBHO B ABYX TOYKaxX U pasjeldeT yaael Ky u Ks. Po-
clle MaJoro IeBeleHns MoBepxXHocTel F 1 S? MOXHO CINTATEL, ITO WX TepecedeHIe
F () S? cocTonT u3 HECKOJIbLKUX AKX 3aMKHYTBIX KPUBBIX C1,...,C, U AYTH 7,
coeJUHAKIeH Toukn nepecedenna S° u Ki# K. Kaxag okpyKHOCTD ¢; pa3buBaeT
S? ma 1Ba OMCKa, OOWH M3 KOTOPHIX He CONEePKHT <. PToT mmck aaMeHAeM Ha IBa
MapalIeIbHEIX eMy JICKA, PACIOIOKEHHLIX [0 pa3HEle CTOPOHH oT S7; Ha puc. 4 >Tn
OUCKH 3allTpuxoBaHbl. MAnHAD, 3aKII0YeHHEBIN MeX Iy HOBBIMHU NUCKAMW, YHUYTO-
KaeM.

CrenaeM Takme MePeCTPOUKHN MOBEPXHOCTH F' 1/ BCeX OKPYKHOCTEN €1, ..., Cp.
B pezyabTaTe moay€dnM NOBEpXHOCTH, OTHA N3 CBA3HBIX KOMIIOHEHT KOTOPOU SIBAAET-
csl TIOBEPXHOCTBIO JelipepTa yaaa Ki# Ko, Obmmee qncio pydeKk BCeX CBA3HBIX KOM-
[MOHEHT TOJIYYEHHON TMOBEPXHOCTH He TpeBocxoauT ¢(F). JleHcTBHTENBHO, eCau Tie-
pecTpoliKa o MUCKY He HapyllaeT CBA3HOCTH MOBEPXHOCTH, TO MUCAO PYIeK yMEHB-
maeTcs Ha 1, a ecim MepecTpolKa MO AUCKY pa3bmBaeT MOBEPXHOCTH HA JABE CB3-
HBIE KOMIIOHEHTHI, TO OO0Illee YUCJAO PyUeK He maMmeHseTcs. UTak, MBI TOCTpOMIN A7
K # K, moBepxmocTE JeliepTa F’', KoTopad mepecekaeT S’ TOIBKO IO AyTe v I
g KOTOpOH BHITOMHAeTCA HepaseHCTBO ¢(F') < ¢(F). V3 MHHAMAIBHOCTH pofa
nosepxuoctu F' caenyer, uro g(F') = g(F) = g(K1#K2). Chepa S? pazéusaer F’
Ha MOoBepxHOCTH 3efihepTa A ya3aoB K1 u Ky, Posromy g(K1) + ¢(K3) < g(F')

o
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CHAEACTBUE 1. Fcau yaavt K1 u Ky nempusuaavnvr, mo yzea K1#£ Ko nempusu-
aAEN.

Ppexpe dem chopMyanpoBaTh ellle ABa CJAeACTBUA TEOPEMBI 2, BBEJEM TOHATHE
mpocToro yaaa. PerpuBnaabubiil yzea P Ha3BIBAIOT NPOCMbIM, €CIAU €70 HETB3S P
cTaBUTh B Buge P = K1# Ky, roe K1 n Ky — HeTpuUBHAJIbLHLIE Y3JEI.

CHEACTBUE 2. Fcau g(K) =1, mo K — npocmoi ysea.

CaeEacTBUE 3. Jhoboti ysea K moocno npedcmasumsd 6 sude K = Py - -#P,,
2de Py, ..., P, — npocmuvie y3avl.

JTOKABATEJLCTBO. Ecanm yzen K He IpoCTO’, TO ero MOXHO TIPEACTABUThL B BH-
ae K = K1# Ko, rae 1 < g(K;) < g(K). Teneph MOXHO BOCTIONB30BATHCA HHYKIHEH
MO poAy yafia, OCHOBEIBAACH Ha TOM, ITO eC/AHW pOJ y3Jia paBeH 1, TO ysea MpoCTOI.

d

TeopeMbl 0 CyIIeCTBOBAHUN U €IMHCTBEHHOCTH PAa3JOKEHUs HA MPOCThIE MHOKI-
TeJN BO3HWKAKT B PazHBIX cuTyanndax. Pambojee M3BECTHBIN IPUMED TEOPEMBI Ta-
KOT'0 pojla — OCHOBHAs TeopeMa apudMeTHKn. Kak mpaBmio, CyIlleCTBOBAHHE PAa3IO-
JKeHUs MOKA3BIBAeTCs MPOIIE, IeEM eIHHCTBEHHOCTE. P ampuMep, B OCHOBHON TeopeMe
apupMeTHKH CYIIeCTBOBaHNE PA3IoKeHNs odeBnAHO (ecau n =abwa > 1, 56> 1, To
a<nub< n) aeIlNHCTBEHHOCTE TpeSyeT HETPUBHAIBHOIO JOKa3aTelbCTBA (HAN-
GoJlee pacpoCTpaHeHHOE TOKa3aTelbCTBO OCHOBaHO Ha anaroputMme Epkanga). Pomee
TOT0, OBIBAIOT CHTYAINH, KOT'Ja Pa3JokKeHIe Ha MPOCTHIE MHOXKHUTEIN CYIIECTBYET,
HO He eIMHCTBeHHO. PanpuMep, aro6asd 3aMKHyTas ABYMepPHAs MOBEPXHOCTE TpPEICTa-
BIfETCA B BUE CBAHON CYMMEI HEKOTOPOT'O KOANIeCTBa TOPoB 12 1 MPOeKTHBHEIX
miockocTeit P2 (KoTopele yike He pasiaraloTcs B CBA3HBIE CyMMBI HETPUBHATILHBIM
o6pazom), Ho ipu sToM T2H# P? = P24 P24 P2

EnubcTBeHHOCTE paziokeHus Ha MPOCTHIE MHOXKUTENN HAPYIIaeTCs TakkKe B
KOJbIIaX Meabx aarebpamtdeckux ducena. PepBbiM 570 orMernma Kymmep, HO ero cra-
ThsI HEKOTOPOE BpPeMs He TIPUBJeKaia BHIMaHusa. Bckope mocie ee mybankatinm paH-
MYy3CKUH MaTeMaTuK Jlame Mpemokua «10Ka3aTeabcTBoy Pocaentein Teopembr Pep-
Ma, TIO TIOBOAY KOTOPOro JInyBmIIbE BO3pa3mi, 9TO OHO OMUPAeTCs Ha € TMHCTBEHHOCTD
DPa3JOKEHNUs Ha TPOCTHIE MHOKUTENN, KOTOPAs A KOMIUIEKCHBIX 9HCET HE OY€BH,THA.
Po Kot noggepxkaa Jlame u HekoTopoe BpeMsi OHI TBITATNCH TOKAa3aTh € THHCTBEH-
HOCTH Pa3fokeHnda. PTo mpomomkamsock 10 Tex mop, noka Kymmep e npucaaa Jlmy-
BIJLTIO CBOIO CTATBHIO, B KOTOPOH OBLIO MOKA3aHO, YTO PA3JOKeHNe He eJUHCTBEHHO.

Bepuemcs, ognako, K yaiaam. Ppeacrapaenne yana K B Buge K = Py# - -#P,, vae
Py, ..., P, — mpocThle y3Jabl, e[UHCTBEHHO B TOM CMBICTE, 9TO ecan Py# - #P, =
= @1 #  #Qm u Bee yaawl Py, () mpocThie, To m = n u P; = Qy(;), ve 0 € S, —
HEKOTOpasd MOACTAHOBKA. E TMHCTBEHHOCTD Pa3iokeHus y3aa K TOKasbIBaeTCH CJAOXK-
Hee, 4eM cylmecTBoBaHme. [lid moKazaTeabCcTBa eMHCTBEHHOCTH HAM TMOTpebyeTcs
CIeVIOIee YTBEPXK TEHIE.

TEOPEMA 3. Byems K = P#Q = Ki# Ko, npuuem ysea P npocmoii. Tozda
aubo K1 = PH#K] u@Q = K{# K2, aubo Ky = P#K), u Q = K1#K}.

JTOKA3BATEJBCTBO. PycTh S%Q 1 5%, — cdeprl B S, KOTOpEIe IepeceKaloT yaen
K poBHO B IBYX TOWKax U pasaeadioT y3ael P u (), K1 u Ky. Pociae magoro mesele-
HISA BTHX CPep MOKHO CINTATh, ITO MHOKECTBO S%Q () S%, cocTonT U3 KOHEYHOrO
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Sty Sko

K

Puc. 5. Cepeprr S%:Q m 5%,

A

B

Puc. 6. YHu4uTOoXKeHHe KPUBBIX, He pa3jgeidonux Todku A u B

qHcaa IVIaIKNX 3aMKHYTBEIX HeCaMOIIepeCeKalomnXC s (I/I IIOMMapHO HE MEpeCEKAIINX-

cA) KPHUBHIX C1,...,Cn. Pallla 3ajava 3aKI09A€TCA B TOM, YTOOB YHHITOXKHUTE BCe
KPUBBIE €1, ..., Cyp U CANATH Ccephl S%Q u 5%, nemepecekatoummucs (puc. 5).
Pycte A m B — Tovku mepecedenus cephl S%Q n yana K. Kaxnpaa xpusas

¢; JEXKUT HA S%Q, MO3TOMY OHa Jubo pazjelseT, aubo He pasfenseT Toukn A n B.
Kpussie, koTophie He pazgeadior Toukun A m B, Jerko yHHYTOXKAIOTCA; HAYMHATH
HYKHO ¢ TeX KPHBHIX, KOTOPHIE He COepKaT BHYTPH cebs NpYyrux KpuBHX (puc. 6).

Ppu yHu9TONXKEHNN KPUBBIX ¢;, Pa3feqsoninx TOYKH A u B, HyXHO BOCIOIB30-
BaTbca mpocToTon yaira P. Cdepa S%Q pasbmBaeT S° Ha IBa TPEXMEPHEIX IHCKA.
Pycte D3 — TOT U3 5THX AUCKOB, KOTOPHI conepKuT yzea P. PaccMoTpum Kom-
NOHEHTY CBA3HOCTH MHOKecTBa D3 () STy, conepxaiiyto Kpusyio ¢;. Pra koMnonen-
Ta CBA3HOCTH MOXKET OBITH NGO JBYMEPHBIM ANCKOM (puc. 7 (a)), Au6o UHIHHAPOM
(puc. 7 (6)). Bo BropoM ciiydae KpuBas ¢; YHIITOKAETCA BMECTE € €llle OTHOH KPHBOM
(BTOpBIM KpaeMm nminnApa). B neppom ciydae aBymephbiil auck D? mepecexaeT yaea
K poBHO B ofHOI TOYKe (MBI IpeAmoaaraeM, 9To o6a yaaa K1 n Ky HETpHBHAIBHEL;

2
512 S2
12 Sz
12

So Pl | )%

Dy Dy
(a) (6)

Puc. 7. IlloBepxHOCTH, HATAHYTaA Ha KPUBYIO ¢;
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Puc. 8. TpumuctHuk Ha TOpe

ecan OJUH W3 THX Y3J0B TPHBHAJEH, TO YTBEPXKJEHHE TeOpEMHBl O4eBHIHO). PTo
clieflyeT m3 TOro, 9To chepa S, mepecekaeT yaed K POBHO B ABYX TOYKax, a eciu
6b1 quck D? mepecekad yzea K B IBYX TOUKAX, TO OJUH U3 y310B K 1 Ko 6BLT GBI
TPUBHAILHEIM, a APYTOH coBnagan 6u1 ¢ P. Us mpocToTw yaaa P caenyer, ato B D%
OH TeINKOM PACIOOXKeH 110 OJHY CTOpPOHY oT aucka D?, mosrTomy muck D? MoxmO
YHOYTOXKUTE, VHUYTOXNB TEM CAMBIM KPUBYIO C;. d

PACCHIOEHHBIE Y35l

Yaenr K C S® Ha3LIBAIOT paccAoeHMbLM, eCIH CYIIECTBYeT CeMeHCTBO MOBEPXHO-
creit 3efipepra F,, ¢ € [0, 27), KOTOPBIe HeInKOM 3amoaHAlT chepy S°, mpudem
[IBE pasHble MOBEPXHOCTH MepeceKalTcs TOJbKO mo K.

TEOPEMA 4. TpusucmHux — paccAoerubiti yaed.

MOKABATEALCTBO. Cdepy S® = {(z,w) € C? | |2|* + |w|* = 1} moxno npejcTa-
BUTH B BHUje 0O0beJUHEHNA ABYX MHOXKECTB, 3alaBacMbiX HepaBeHcTBamu |z| < |w| u
|z| > |w|. Kaxgoe u3 >TUX MHOXKECTB ABJAETCH MOJHOTOPUEM; UX OOLIAA IDAHULA —
Top. Pa aToM Tope pacmonoxkeH TPIINCTHEK K, 3aJaHHBIN ypaBHeHHeM 22 = w?
(puc. 8). [as ofHOTO W3 MOAHOTODHN MBI TOCTPONM CEMEHCTBO 3AMOMHAIONINK €T
noBepxHocTel Gy, KazKad 13 KOTOPBIX I'OMeOMOPdHA MOBEPXHOCTH, H300paKeHHON
Ha puc. 9. Pocie sroro TpeGyemoe cemeiicTBo noBepxHocTell Ly, nerko 6y geT HocTpo-
UTb, 3aK/ICUB [Be KPYIJble ABIPKH B HoBepXHOCTH (7 JUCKAMHU.

Opgna us mosepxuocTell (7, m306paxeHa Ha puc. 10 (a); ee kKpall cOCTONT u3 yaiaa
K n nByx okpyxHocTeil Cq 1 Cy. UTo6H Gosiee feTalbHO OMICATE MOBEPXHOCTE Gy,

=

Puc. 9. Hacts nopepxuoctu F,
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Puc. 11. Tpu npoeknun Ha KOODJUHATHBIE IITOCKOCTH

MBI BOCTIOIB3YEMCS TEM, 9TO TOJHOTOPHE MOXKHO TIOIY YA TH 13 6ECKOHETHOT O TTPSIMOT O
KPYTOBOT'O MIJINHIpa O¥YeBUAHON (hakTopu3aluen. Pa moBepxHOCTH 3TOT0 MUINHIPA
TPHANCTHUKY K cOOTBETCTBYIOT fBe BIUHTOBHIE auHun (puc. 10 (6)). Pukcupyem misa
OUJIMHIpa ABe Mapajieabhble onmophbie mockocTu I1; u Iy u paccmorpum mosepx-
HoCTh (G’ COCTOAIIYIO 13 OTPE3KOB, MapPAMLIENLHBIX OTIOPHBIM ILIOCKOCTAM; KOHIIBI OT-
DPEe3KOB JeXaT MPH 3TOM Ha COCETHUX BUTKAX BUHTOBHIX JUHUEH. JacTh MOBEPXHOCTH
(' mzobpaxena na puc. 10 (6). 'panua mosepxocTn G COCTONT U3 JBYX BUHTOBBIX
JUHUU U TPAMBIX |1 1[5, IO KOTOPBIM OTOPHBIE TIIOCKOCTH KACAKTCS MOBEPXHOCTH
HIJTITH TPA.

PoBopaunBas omOpHBIE TJIOCKOCTH, MBI HNOTy9IHM CeMedcTBO ToBepxHocTen G
(yroa ¢ cOOTBETCTBYET ¥ IBOEHHOMY YTy TOBOPOTA OMOPHBIX MIOCKOCTEN). /IBe BIH-
TOBBIE JUHUHU CAYKAT OOIMINM KPaeM BCEX 3THX MOBEPXHOCTEN. PaccMoTpeB mpoekmm
Ha TPHU KOOPMHATHBIE TMIOCKOCTH, MOYXKHO MOKa3aTh, YTO [Be pa3Hble MOBEPXHOCTH
G|, He UMeIOT OBMMX TOYeK MOMEUMO WX OBMero Kpad. A WMEHHO, ecil TPOEKIHH
otpeskos AB n C'D, 13 KOTOPBIX cOCTOAT MoBepxHocTH (7, Ha Be KOODIUMHATHBIE
MJIOCKOCTHU MEPECEKAIOTCH, TO UX MPOEKINH HA TPETHIO KOOPANHATHYIO TIOCKOCTE HE
nepecekaroresa (puc. 11).

OdeBHIHO, 9TO Kax asg TOYKA MOBEPXHOCTH NIJINHPA MPUHAJJIEKUT HEKOTOPOH
nosepxHocTH (f,. Poxaxem, 9To m Kaxjad BHYTDEHHAA TOYKA T IMUINHIPA TOXKe
MPUHATEXUT HEKOTOPOU MOBEPXHOCTH G/w' PacemoTpum fas 5Toro HacTes moBepX-
HocT (') m3obpaxennyto Ha puc. 10 (6). Ppamasa [, mpoBeeHHas depes TOUKY &
napa/IelbHO OCH OUINHJAPA, lepeceKaeT 3Ty 9acTh noepxHoctu G poBHO B 0HON
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Cl CZ

Puc. 12. CemeHcTBO HOBEPXHOCTEHR B APYIOM HOJHOTOPUU

Touke z(0). PoBopadnsas nosepxaocTh G Tak, 9TO6H e Kpas ABUTAINCEH IO BHHTO-
BBIM JIHHHAM, MBI 6y IeM TTOIy9aTh TOUKH £ (@) € [ [ G/w (mod 27)» P € R. Touka z(p)
HENMpEPBIBHO 3aBUCUT OT ( U J06ad TOYKa MPAMON [, pacmosoXkena MeX Ay TOIKAME
z(27n) m (2n(n + 1)) gaa wexkoroporo n € Z. Postomy # = () AIA HEKOTOPOTO
peR.

Mp1 pazo6paanch ¢ OJHUM TIOAHOTOPUEM. Pa Apyrom IMOJHOTOPUHN OKPYKHOCTH
C1 n Cy BRINIAJAT Tak, Kak okazano Ha puc. 12. flcwo, 9To guckm, 3akaenBaomme
CeMeNCTBO TaKHX OKPYKHOCTEN, 3al0MHAIOT MMOJHOTOPHUE W MOMAPHO HE TTEPeCceKatoT-
cA. |

PECKOHEYHOE HUKJINYECKOE HAKPBITUE

Ocrapmasca 9acTh CTATbU NpefHa3HadeHa JJIA TeX, KTO 3HAKOM C BJIeMEHTaMK
TEOpUHN HAKPBITHIL.

Ecmn X — gocTaToqHo Xopoliee THHEHHO CBA3HOE TOMONOIMYECKOe IIPOCTPAHCT-
BO, TO s 060l noarpynnsl 1 C 71 (X, #¢) cyllecTByeT Takoe HaKpBITHE P : X —
X, uro p*ﬂ'l(f(,i‘o) =7, p(Z9) = ®g. JocTaTO9HO XOPOIINM ABIAETCA, HAIPHMED,
M060€ JOKaIbLHO JUHENHO CBA3HOE JOKAJLHO OMHOCBAZHOE IIPOCTPaHCTBO. Pac 6yaeT
B OCHOBHOM HHTepecoBaTh caydaii X = S3\ K, rge K — ysen, HO OUKIM9ecKue
HaKpHITHA yA06HO 06Cy INTh cpasy B OOMIell CUTYallH. _

PaxpbiTie p : X — X HasBIBAOT YukauueckuM, eclim moArpymna p,my (X, &g) C
71 (X, zg) HOpMagdbHad n daxToprpynma G = (X, xo)/p*ﬂ'l(f(, Zg) UMKIMYeCKas.
Ecmn G = 7, To HAaKpBITHE p HA3LIBAIOT YUKAUNECKUM Nopadka n, a ecam G = 7,
TO HAKPBITHE P HA3BIBAIOT GECKOHEURBIM YurAuueckum. VI3 cTaHJapTHHIX TeopeM Te-
OpUNM HAKPLITHU CJAeAyeT, 9TO HakpblThe p : X — X INKIN9IeCKOe TOTAa W TOJBKO
TOrja, KOrga rpyIlia aBTOMOP(H3MOB >TOT0 HAKPEITHA THKINIeCKad, TPHIeM IPyTI-
na aBTOMOP(pU3MOB AEHCTBYeT Ha HAKPBITHH TPAH3UTUBHO, T.€. JJIA JIOOBIX TOYEK
T1, ¥z € p~H(xo) cymecTByeT aBTOMOP(UIM HAKPLITUA, IEPEBONAIINN F1 B 2.

Just mukawdecknx HakpeITHI rpynmna w1 (X, zg)/p.m1 ()N(,i‘o) abejeBa, MO3TOMY
CpYIIIa Py Ty ()N(, Zg) coepxkuT KoMMyTaHT 7' Tpynmel w1 (X, 2g). PTo osHataeT, uTo
ecan 71 (X, xg)/7" = 7, To GeCKOHETHOE UKINIECKOE HAKPHITIE P X — X cymect-
BYeT W €NHCTBEHHO (C TOYHOCTHIO N0 SKBHBAJCHTHOCTN HAKDBEITHI). [leficTBHTENb-
Ho, ecim w1 (X, &) D 7 u w1 (X, zo)/7 = m (X, z0)/p-m1(X, Tg), TO pei(X, Zg) =

= ', a noarpynma p.m(X,%g) DO m(X,xp) OJHO3HAYHO 3alaeT HAKDHITHE.
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Puc. 13. llocTtpoenne 6eCKOHETHOTO ITHKJIHIECKOTO HAKPHITHA

Huxamaeckoe HAKPHITHE TTOPAIKA 12 B TAKOM CAy9ae TOXKE CYIIECTBYET U € THHCTBEH-
HO, IIOTOMY 4T0 B Z ecTh POBHO oaHa rpynna H, pis koropoi Z/H = Z,,, a uMeHHO,
H =nZ.

Ecin K — yaea B S, To dbyHjaMenTaqbHad Tpynna npocTpancTsa X = S3\ K
KaK pa3 m obaafgaeT TeM CBOWCTBOM, YTO (PAKTOPIPYIIa ee MO KOMMYTaHTY M30-
mMopdra Z. Posromy aaa X = S\ K ojHosHaIHO ompejeneHo GeCKOHEMHOe IIH-
KJAM9eCKOe HAKPHITHE P : X > X. PpocrpancTBo X yaA0OHO CTPOUTH C TIOMO-
IBIO HOBePXHOCTH SelidepTa yaaa K. PesapucuMocTh 5Toll KOHCTPYKINN OT BLIGOPa
MOBEPXHOCTH 3efidpepTa cliefyeT U3 TOro, 9TO IPOCTPAHCTBO X eJMHCTBEHHO (C TOY-
HOCTBIO JJO TOMEOMOPdU3MA).

Pycte F — moBepxHOCTH JelidpepTa yaaa K. Paspexem chepy S° mo F. B pe-
ayJbTaTe MOMyYuM 3-MepHoe MHoroo6pasue M3 ¢ xpaem F'H|JF~; kax ol Touke
a € F\ K coorsercTBylorT aBe Touknm at € FT mw a~ € F~ (BO3MOKHOCTH BHI-
6paThb 3HAKW + M — /s BCEX TOYEK COTMACOBAHHBIM 00pa3oM CiaeyeT M3 OpUeHTH-
pyemocTu moBepxHocTH F). BozbMeM cueTHOe MHOX)eCTBO dKzemmugpos M?2, i € Z,
TaKNX MHOTOOOpa3mil W OTOXKJIeCTBUM Fz’tl ¢ F (0TOXAeCTBIAIOTCS TOYKH a;"_l

I a; , COOTBETCTBYIONINE OFHOHN I TOH ke Touke). CXeMaTHYHO 5Ta KOHCTPYKIIHSI

nmsobpaxena Ha puc. 13. Poaydennoe mpoctpanctso X HakpbibaeT X = S3\ K.
Oro6paxenus M7 — ME’H, ¢ € 7, THAYIUPYIOT aBTOMODP)U3IM ¢ 3TOT'0 HAKPHITHA,
MpUY¥eM TPYIia aBTOMOP(PU3IMOB HAKPBITHA MOPOKTACTCA SJIEMEHTOM 0 U M30MOPQ-
Ha Z. Kpome Toro, rpynmna aBToMOPMIIMOB JelicTBYyeT Ha HAKPLITHH TPAH3WTHBHO.
Postomy p: X — X — 6eckoHedHOe MUKANIECKOE HAKPBITHE.

PeckonedHoe THKIMIECKoe HAKpHLITHe MpocTpancTBa S° \ K mcmoabsyeTcs s
MOCTPOEHNA BaXKHOT'O MHBapuaHTa y3ja K — moamaoma Asekcangepa. Kpome Toro,
OJTHO M3 MHOTHX BO3MOXKHBIX OIpefeqeHnit KOd(M(MUIMEHTA 3aleIeHIs TOXKE NCIOThb-

3yerT 6ecKoHETHOE OUKJINYIECKOE HaKPBITHE.

KOo3®»®UIUEHT 3ALEILIEHUA

Pycte J 1 K — opmeHTHpOBaHHEIE 3aMKHYTEe KpHBEIe B S°. Ppenmomaraet-
csl, 9TO 3TU KPUBBIE HE MEPECEKAIOTCA W HE MMEIT caMollepecedeHnit. PaccMoTpum
AUarpaMMy OPHEeHTUPOBAHHOT'O 3allellJIeHNA, COCTaBAeHHOT O M3 KpuBHX J n K. Py-
JeM obpalllaTh BHUMAaHNeE JUITH Ha Te TepeKpecTKr, TAe KpuBad K mpoxonuT HaT J.
Taxkue TepeKpecTKE GHIBAIOT ABYX THIOB (cM. puc. 14).

Jlist KaXk I0ro paccMaTpUBAEMOT'0O TepeKPecTKa BO3BMEM COOTBETCTBYIOIIEE 3HA~
denne ¢; = +1 u crOXKUM Bce Uncaa ;. PolydenHoe B pe3yabTaTe YNCAO HA3BIBAIOT
koaPuyuenmon sayendenus 3aMKEYTEIX OPHEHTHPOBAHHEX KpuBkix J 1 K B S° n
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K

K
e=+1 e=-—1

Puc. 14. Broi6op 3HaKA

o6oznaqatoT lk(J, K). B [2] nokazano, 9T0 Ko>pDOUIHEHT 3allelUIEHNA He 3aBHCHT OT
BHIGOpa auarpammsl sanemienns {J, K }; kpome Toro, lk(J, K) = k(K J).

N3BecTHO MHOTO APYTHX (SKBUBAJEHTHBIX) ONpeeneHni KoadpUInenTa 3amer.e-
Hud. MbL IpuBeieM JBa olpefeaeHuA Koa(hPUIHEHTA 3alelIeHId, IepBoe I3 KOTOPHIX
HCIIONB3YET MOBEPXHOCTh J3elidpepTa ABHO, a BTOPOE — HEeABHO, Yepe3 MOCPEACTBO
6eCKOHETHOT O THK/ANIECKOrO HAKPBITHA.

ONPEAEJEHUE 1. PycTes F' — moBepxHOCTH JelihepTa OPHEHTHPOBAHHOTO V3-
aa J. PyneM camTaTh, 9TO OpHEHTHPOBAHHLIA y3ea K TpaHCBepCalbHO MepeceKaeT
NOBEPXHOCTH F' B KOHEYHOM 9ncae To4eK. Kak Aol TOYKe MepeceveHna COMOCTaBIM
qucito ¢; = &1 mo cregyroneMy mpaBuay. SanaanM Ha TOBEPXHOCTH 3endepTa opH-
EHTALMIO, CIUTAA NOJOKUTEIHLHO OPHEHTUPOBAHHBIM perep {eq, e}, riae e; — BEKTOD
CKOPOCTH KpuBOH J, €3 — BEKTOD BHYTPeHHeH HOpMaJau (OH MepIeHUKYIAPeH e,
KacaeTcd ToBepxHOCTH F' u HampabieH BHYTpE F). PycTh €3 — BekTOp ckopocTH
kpupoii K B Touke a € K (| F, {€], €5} — momoknTeIbHO OpHEHTHPOBAHHEIN pernep
Ha noBepxtHocTu F B Touke a. Torga &; = +1, ecain opuentauus penepa {ef,eh, es}
COBNaJaeT ¢ OpHeHTaImell cdepkl S°; B mpoTmBHOM ciydae ¢; = —1. CyMMmy Beex
qKces €; Ha3HIBAIOT KO>(p(pUIMERTOM 3aleraennsa Kpubbix J u K.

ONPEAEJEHUE 2. PycTs p : X — X — GeCKOHEUHOEe IUKIMIECKOe HaKPBITHE
npoctpanctea X = S3\ J, ¢ — o6pasyonias TPyl aBTOMOPMHU3MOB 5TOT'O Ha-
KPHITHA (TaKUX 00pas3yoIiX IBe; KaKylo HMEHHO HY KHO BEIOPATE, MBI OOCYIHM 9y Th
nosxe). KpuByto K MOXHO paccMaTpHBATh Kak METII0 B X ¢ HAYAIOM 1M KOHIIOM B
Touke xg € K. Pyers #; € p~l(xg). Paccmorpum noanaTue netan K ¢ Hagagsom
B TO4YKe #1. PycThb &z — KOHel »Toro mofHATHA. Torga &z = o™ (&y). Hucao m
Ha3LIBAIOT KoM GUINEHTOM 3aleniennd KpuBuiX J n K.

Poxaxem, 910 onpesenenns 1 u 2 5KBUBAJeHTHBI HCXOTHOMY ONpPeIeJeHNI0 KO-
durmenTa 3aneniennsa. OTMETHM, 9TO B olipefefeHnn | ecTh 3aBUCHMOCTH OT BBEIGO-
pa moBepxHOCTH JendpepTa F', a B ompejiefeHnn 2 TAKOU 3aBUCUMOCTH HeT. PosTomy
JOCTATOYHO [OKa3aTh CJAEMYIONINE YTBEPXK [EHIIS:

a) A HEKOTOPOH MoBepXHOCTH Sefihepra I onpefeneHne | coBnagaeT ¢ MCXOI-
HBIM ompefeneHneM Ko>hPUINEHTa 3alelIeHI;

6) gasa d6OH MOBEPXHOCTH 3efidpepra F onpejenenne 1 coBmagaeT ¢ Olpeeme-
HreMm 2.

Pavnem ¢ 1oKasaTelbCcTBa yTBEPK AeHNA a). MOXHO cIHTATh, 9TO MOBEPXHOCTH
3eiipepra F' ysaa J pacroloxkeHa Hal IUNIOCKOCTHIO €rO MHATPAMMEL (3/16Ch MBI He
ofpalaeM BHUMAHUSA Ha TepeKPecTKN IuarpaMMbl y3aaa J, MOTOMY YTO MPOeKINA
kpuBoll K He mepecekaeT ux). MOXKHO TakXKe CINTaTh, 9TO Kpubag K pacroao-
JKeHa B IMIOCKOCTH [UATPAMMBI W JUIIb HA MEPEKPECTKAX MPOXOMUT O WJIH HAJ
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Puc. 15. Ilepecedenne yzuaa u moBepxHOCTH 3erpepTa

Zo

Puc. 16. Broi6op 3HaKAa

MIOCKOCThI0. B Takon curyarnun kpuBas K mepecekaeT MOBEPXHOCTH F' B TOYHOCTH
Ha TexX MepeKpecTKax, Ha KOTOPHIX KpuBasgd K mpoxoauT Hajg J. Ppu sTom 3nakm =+,
COOTBETCTBYIOIINE TOYKAM Hepecedenns K u F, coBmagaioT co 3HaKaMM, COOTBET-
CTBYIOUINMI TepeKpecTKaM AuarpamMMbl satenaenus {J, K} (puc. 15).

3aliMeMca Tellephb T0Ka3aTelbCTBOM yTBepKAeHnsa 6). Po Xo1y AokasaTelbcTBa
MEI BEIACHHM, KaKyIo IMEHHO 13 ABYX 06pasyIoMIX MUKIMIeCKON IPYIILL aBTOMOP-
GIM3MOB HAKPHITHA HYKHO BEIOUpaTh. PocTponm mpocTpaicTBo X € TOMOIIBIO MPO-
M3BOJBHON TOBepxHOCTH 3etipepra F yana J. PycTs cuavana kpuBag K mepecekaeT
HOBEPXHOCTL ' POBHO B OHON TOYKe, IpHYeM IepeceKaeT B HalpaBAcHHE oT F'T
K F~ (puc. 16). Torga ecam #; w &2 — Hadango M KOHEN MOAHATHA meTanm K, To
Iy = o(#1), rae aBToMOpdUIM 0 UHIYIHpOBaH oTo6paxenuamu M? — ME’H. Po-
STOMY 3HaKm moBepxHocTell Ft m F~ myxuo BLIGpaTh Tak, 9TOOLI HOJOKHTEILHO
OPHEHTHPOBAHHBIN perep Ha MOBEPXHOCTH F BMeCTe ¢ BEKTOPOM, HAMPaBIEHHBIM
or FT x F~, 06pazoBbiBaJ MOIOKUTEILHO OPUEHTHPOBaHHbI penep B S°. (BriGop
3HaKOB moBepxHocTell F'T m F'~ skBuBajtenTen BHIGOPY 06pasytomei o.) Ppu Takom
BBIGOpE 3HAKOB B OOIIEN CUTYAINN KOJMYIECTBO TOYEK HepecedeHns KpuBon K ¢ mo-
BEPXHOCTHIO F' (C y9eTOM 3HAKOB) PaBHO KaK MHJEKCY 3allelUIeHNsA, BBIMHCAEHHOMY
O OTpejiefeHnio 1, Tak W WHIEKCY 3allellJeHns, BEIYNCAEHHOMY TI0 OMpeIeqeHno 2.

CHIMCOK JUTEPATYPHI
[1] Bpacoaos B. B. Parasanas Tonoaorus. M.: MIIPMO, 1995.

[2] Bpacoaos B. B., Cocunckuti A. B. Yaabl, 3aleieHus, KOCbl i TPEXMEPHBIE MHO-
roo6pazus. M.: MIOPMO, 1997.
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Jlekrusa, mpounTanuas crygearam MaremaTtuvdeckoro Komnexxka HMY
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Pra mexims paccumTana Ha TeX, KTO HE 3HAKOM C TEOPUEN CAOKHOCTH BBIYHCIE-
uuii. PosTomy 3aeck 6ygeT pacckazaHO TOJBKO 006 OCHOBAX STOW TEOPHH W CAMBIX
TIEPBLIX e€e pe3yabpTaTax. Ppu 3ToM MBI OCTapaeMca MepeaaTh OCHOBHBIE MW, KO-
TOPBIMHU PYKOBOJACTBYIOTCA HCCAEAOBATENN B 3TOW 06JaCTH HAYKH.

CroxeTHON KaHBOU JaJbHEHIETO PaccKaza MOCTYKAT MCTOPUM, TPOUCXOIAIINE
C HEKOTOPHIM NepCcOoHaXkeM — HazoBeM ero M (oT cioBa «maTemaTnk»). W HadHeM
pacckas co Caeyolel NCTOPUH.

1. IIPEALICTOPUA

Opuaxaer M cugen goMa m THITAICA T0Ka3aTh HEKOTOPYIO (BO3ZMOXKHO BaXKHYIO,
BO3MOXHO HeT) TeopeMmy 1. OH HBITAICA TOKA3aTh 3Ty TEOPEMY B TedeHHe HeJE,
IBYX, MECATIA, . .. , HO HIYETO Y Hero He MOMyYaioch. B KOHIIe KOHIIOB OH He BBIAepiKad
U 3a/aJ BIOJHE eCTeCTBEHHBIN BOMPOC:

@ MOJCHO AU 6 NpuHyune dokazamv smy meopemy?
Bompoc 6bL1 06palliel HeM3BECTHO K KOMY, 1, CKOpee BCEero, yaeTel 6Bl B IPOCTPaH-
CTBO, ecii 6B MUMO He TPOXOMUA JPYTOH HAIl HepCOHAaXK, KOTOPOro Mbl 0603HATNM
6ykBoi JI, oT cioBa WIOTHKY.

J1 ycasnmaa Bompoc, 3aimen B KOMHATY W OOBACHII, 9TO TAKMMN BONPOCAME Ma-
TeMaTHKN HAYAJIl WHTEPECOBATHCA MpuMepHo ¢ Hadaqaa 20-To Beka. B obmiem Bumge
HTOT BONPOC BXOMUT B 3HAMEHUTYIO «IporpamMmy [miasbepTas, MOCBAIEHHYIO TOHSA-
THIO MATEMATHIECKOTO JOKA3aTElbCTRA.

Pra nporpaMMa, B 9acTHOCTH, BKJIIOYAIa TPU CASAYIONNX TYHKTA.

1) POPMAJNIATINA MOHATUA TOKA3ATEJILCTBA.

Pepen Tem Kak 3amaBaTh BOOPOCH O TOM, MOXKHO JU JOKa3aTh TO WA WHOE
yTBepXK AeHne, Heo6X0 MO 1aTh CTPOroe MaTeMaTHIecKoe onpeeleHne NoKa-
3YEeMOCTH.

MaTemaTuyeckoe npocseweHue, cep. 3, Bbin. 3, 1999(127—141)
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2) POJHOTA.

Pocre dpopmanuzanmm moHATHSA A0KA3aTeAbCTBA HYXKHO YCTAHOBUTH NOAHOMY
MOCTPOEHHON opmaabroti meopuu. PTo ozHavdaeT, 9T0 A1060€ HCTHHHOE yTBED-
x Jerne T TOMKHO OBITH JOKa3yeMBIM B Halllell popMaiusaun. B qacTHOCTH (B
CHIYy HEKOTOPHIX HCTOPWYECKHX MPHYHH), caMoro ['mib6epTa NpenMyIecTBeH-
HO WHTEPEeCOBaJ BOIIPOC O MOKAa3yeMOCTH YTBEPXK AeHNUA O HETPOTUBOPEINBOCTH
MaTeMaTHK®, (hopMaau30BaHHOT'O MOAXOAAIINM 06Pa3oM.

3) PA3PEMNMOCTB.

Caegymomell Ieablo HporpaMMBl GBLIO HOCTPOEHHE TAKOIO BLIMHCIATEILHOIO
ycTpolicTBa, KOTOpOe 110 BHEIIHEMY BUAY TeopeMbl ', 3allcaHHOl B HEKOTOPOM
bopMabHOM A3LIKE, OIpeJelalo Obl, ABIAETCA JU DTa TeopeMa J0KalyeMoil
(mpeamoaaraaock, 9TO B CHIY MyHKTA 2 IPOIPAMMBbI 9TO Gy1eT SKBHBATEHTHO
HCTHHHOCTH).

XopolIo W3BECTHO, 9TO TEPBHIN MYHKT MPOrPaMMBI OBLT YCIENIHO BHITOIHEH. B
HACTOSAIee BPEMA MOJ CJOBOM «TeopeMas GOMBIIHHCTBO MaTeMaTHKOB (XOTA He BCe
5TO MPH3HAIOT) MOHHMAET TO, 9TO MOXKHO N0Ka3aTh B TeOpHH MHOXKecTB llepmeno —
Ppenkes.

Xyxe 1eq0 o6CTOMAMO ¢ MOCAEAYIOMIMMEI IBYMsS MyHKTaMu. PepBBIM yaapoM, mo-
TPSACIIIM B CBOE BPEMS BCe MAaTeMATHYECKOe COOOIIECTBO, GBI MOy deHHBIN B 30-€
rogael peayabTaT Kypra ['€1es, yTBepK fafoluit, 970 HIKaKas J0CTATOYHO CHABHAS
TeOpHs € 3a,1aBAEMbIM SBHBIM CIINCKOM MHOXECTBOM aKCHOM He MOXKeT GBITh IOTHOMN.
Poaee TowHo, ecan Haima Teopus HEMTPOTHBOPEYNBA W B HEN MOXHO (POPMAIN30BATH
pPaccy X IeHns O HaTypPaJbHBIX 9HCIaX, TO CYIIECTBYET YTBEDXK IeHIe, KOTOPOE HEMb3A
HI [OKa3aTh, HI OMPOBEPIHYTH, 60/ee TOT'O, B KA¥YeCTBE MPUMepPa MOXKHO B3fATH HMH-
TepecoBaBiliee |mabbepTa yTBEpKAeHNE O HEMPOTHBOPEYNBOCTH PACCMATPHBAEMON
TeOpHun.

Mgt ceromts 3aHIMAaeMCs BEIMHCAEHIAMI, TO3TOMY s Hac GoJee HHTePeCHA TEO-
pema Yépua (1936). On goxazan, 9To He CYMIECTBYeT HUKAKOTO Al OPHTMA, KOTOPHIH
O YTBEPKJAEHNIO aBTOMATHYECKH MPOBEPA Obl, ABIACTCSI 3TO YTBEPKJEHUE TOKa-
3yeMBIM WU HET.

Wrak, wam matematux M ysrnaa ot goruka Jl, 1o B moaHon oGIIHOCTH OTBETUTH
Ha BOIPOC O [OKa3yeMOCTH MATEMATHIECKOTO YTBEDPK TeHIA HEBOZMOKHO.

BrpoteMm, K 5TOMy MOMEHTY y HETO yiKe Hadadl TOABIATHCA COMHEHHS B TOM,
9TO TeopeMa | MCTUHHA, W OH DEIINI 3aHATHCS MONCKOM KoHTpupuMepa. M moten B
KOMITBIOTEPHY O KOMHATY U HAMNCAJ TPOrpaMmy ] | TPOBEPSIOIIYIO MOCHET0BATENBHO
BCe CIIOBa [0 TeX TIOp, OKa OHA He HaWgeT NaHHBIE, Ha KOTOPHIX 1 He BeprHa. OH
3alyCTII CBOIO MIPOTPAMMY U CTaJ XK IaTh OKOHYAHUSA ee PabOTHI.

Pporpamma paGorana wac, aBa, feHb, HEJeTIO, ... . I cHOBa y MaTeMaTHKa BO3-
HHUK BOIIPOC, HA BTOT pa3:

ocmanosumcsa au I xoeda-nubyde ?
PasToT pa3 MaTeMaTuK yXke 3HAJI, K KOMY O6paTHTHLCSA C TaKuM BorpocoMm. OH HaIme
JOTHWKA U CIPOCHJ CYIIECTBYET JU CIIOCO0 Y3HATH, MPEKPATHT JU JaHHAS PO PAMMa
CBO€ BHITIOJIHEHNE WK XKe 6y aeT paGoTarh no GeckornewnocTu. U caopa JI gan Bmoste
KBaaunuInpOBaHHLI 0TBeT. Po Teopeme, mokazanuon Toiopmarom B 30-ble TOMH,
HE CYIIECTBYET aJrOPUTMA, OMPEIEASIONIEr 0, OCTAHOBUTCS JH KOTAa-HUOY b TaHHAd
mporpaMMa Wil HeT, T.e. MpobieMa OCTAaHOBKH HepaspeInMa.
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2. OTOPABHAA TOYKA

Pocae sToro mam matemaTnk ormpabmics gomoin. Kak 5To mHorga GeiBaeT, €ro
pebeHOK, M3YHAKIINA TeOMETPHIO B CEIBMOM WM BOCBMOM KJacce, TOMPOCHI Ay
TTIOMOYh clefaTh JoMalllHee 3aanne. B mapone 6BITYeT MHEHUE, ITO A0, 3aHIMA-
IOIIecs MaTEMATHKON, YMEIOT XOPOINO CYNTAaTh, PEllaTh KBapATHBIE YPaBHEHISA 1
pa3HBIe 3aMa9KH U3 3JIeMeHTapHOU T'eOMEeTPHH, 9TO HE BCErja COOTBETCTBYET Jeil-
CTBUTEIBHOCTH.

NTak, Ham mMaTeMaTHK HavYad peliaTh 3aJady, TPeATOKeHHYI0 CBOUM 9YajoM, U
MOHSJI, 9TO HAPOYb 3a0bLT M€OMETPHIO, KOTOPYIO yuma B mKoge. OH 0HAKO TTOMHILI,
9TO AO6YIO 3a1ady TeOMETPHI MOXHO 3alliCaTh B KOODMHATAX HA S3BIKE MEHCTBH-
TeNbHBIX HHCEJ.

U emy B rosoBy mpwHIies BOMPOC, a CYIIECTBYET JU YHUBEPCAJIBHBIN alrOPUTM,
PeIIaIINy TKOJBHBIE 3a /a9l 0 TeoMeTpun. Pocie pazroBopa ¢ JOTHKOM, OH 3HAI,
9TO eCU B TEOPUN BHIPA3NMBI HATYPAJbHBIE YHCIa, TO OHA Hepa3pemnMa. UaTynnmus
MOJICKA3BIBAJA, ITO Teopus, paboTaroias ¢ MeHCTBUTEMIbHBIMEI YHCJAAME, KOTOPBIX
ropasfio 6oJablle, TOMKHA OBITH YK TeM 6ollee HepaspemmnmMa. Bce XKe, 11 O9MCTKHI
COBECTH, OH PElInJ MO3BOHUTL JOTHUKY W yJIOCTOBEPUTLCA B 3TOM. Kak HU CTpaHHoO,
BBIACHIIOCH MpOoTHBOMoMoKHOe. Kaaccmvaeckmnit pesyabrar Tapckoro, mokazaHHBIN B
1948 Tonmy, yTBepXKAaad CyIIeCTBOBAHUE AJTOPUTMA, MPOBEPAIONIETO MOKA3yeMOCThH
YTBEDIK JeHHIT dIeMeHTapHoll reoMeTpui’).

MatemaTux obpagoBaica. EMy yXKe HaAUMHAIO Ka3aThCA, ITO OT JOTUKU HeT HU-
KaKOH TOJB3bI, & TYT 0Ka3aJ0Ch, 9TO JOIMKA HIMeET BeChbMa MPaKTHIHOE TPUMEeHEHTE
B peaJbHON JKIT3HI.

Wrak, M mompocua pebeHka MoqoXkaTh, a caM OTHPABUICS K TOPTOBIAM MPO-
rpaMmmHuOro obecrevenns. Tam on obuapyxmi gea CD-gmcka, mOCBAMEHHBIX pelire-
HUIO 3a/a4 IO 'eOMeTPHUHN, KOTOPhIe Ha3bIBAINCH COOTBETCTBEHHO

Tarsky for Windows 95 m Collins for Windows 95.
Pepsoin guck croua 30 y.e., Bropon — 300 y.e. EcrecrBenno, M monwrtancs mo-
HATH, YeM K€ BhI3BaHAa TaKas Pa3HUIa B leHe. Pukakux o6bsiCHEHNT OH He TIOJY I,
MO3TOMY OH Kymmi GoJee femieBbinl quck Tarsky for Windows 95.

M npumen gomoit, BctaBua CD B KOMOBIOTED H DI TPOBEPUTE MPOrpaAMMY Ha
3afadKe M3 MIKOABHOTO yuebHuKa. OHAKO cTaga TMOBTOPATHCA BCE Ta XK€ NCTOPUS.
Pporpamma paborana wac, nBa, ..., HO He TPOABJIAIA HUKAKOTO KeJaHWA BBHIIATH
pettieane. MaTeMaTWK TpepBaJ BHITTOTHEHNE TPOTPAMMBI W TIOMPOCHUI ee T0Ka3aTh
KaKyIo-HUOY Ib 3JEMEHTAPHYIO TeOPEMY, HAIPUMep O TOM, YTO CyMMa yIVIOB B Tpe-
yroabauke paBHa 180 rpagycam. Pe3yabraT He CHABHO M3MEHWJCA, W TPOrpaMMa
mpooJdXKaga TyMaTh dac, BTOPOH, CyTKH, apyrue, ... . Torga M mo3Bonma doruky u
HECKOJIBKO MOBHIMIEHHBIM TOHOM CHPOCHJ, MTO ke mpoucxoquT. JI oTBeTmI, 1T0 3TO
He ero npobaema. Tapckuil qokazaia TeOpeMyY O CYIIECTBOBAHIE AT OPUTMa, OH COBED-
LIEHHO YBEPEH, YTO aBTOPHI 3TOT'0 ANCKA 3aIIPOrpaMMUPOBAJIHN aJrOPUTM IPaBUIBLHO,
a 9TO MPOUCXOJNT fAagblile — He UMeeT HUKAaKOI'O OTHOIIEHUA HUA K MaTeMaTuKe, HI
K JIOTHKe.

DU Boob1me Ar06bix YTBEP XK IEHUN O BEIleCTBEHHBIX YUCIaX , HCIIOIL3Y IOMIX apudMeTHYIeCKTe oTie-
paly, 2/1eMeHTapHEBIE JOIMY9eCKHE CBA3KH (OTpHULjaHNe, KOHBIOHKINA, TU3BIOHKINA, UMIVIIKAIINA)
1 KBaHTOPEL [I0 MHOXKECTBY BCEX BEIIECTBEHHEIX YHCE: I BCeX (BEIIECTBEHHBIX HHCEN)), (CyIIe-
cTByeT (BEIECTBEHHOE YHCIO0), TAKOE ITO ... »; COBOKYIHOCTb TaKHX yTBEpXKI€HUI Ha3HBaETCA
anre6pon Tapckoro.
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U 510 Kax pa3 To MeCTO, T'/le HAaYNHAETCA TEOPUA CAOKHOCTH BhIYUCIeHUU. Pac
HHTepPecyeT He MPOCTO CYIIeCTBOBAHNE AJTOPUTMOB [ HAIlEl 3ajadn, a TO, Ha-
CKOJBKO OHU 3PGHEKTUBHHIL.

Koneuno, pacckazannasd UCTOPUA HECKOABKO CTUAN3OBAHA, HO, B OOIIEM-TO, TakK
U TTPOUCXOUIO PA3BUTHE WNCCIEOBAHNN, KOTOPOE TMIPHUBEJIO K COBPEMEHHOMY COCTO-
AHAO. B 9acTHOCTHU, TOT »Tal, KOTa CTaJ0 BHIKPHCTAIIN3OBHIBATHCA TOHMMAHNE
TOT'O, ITO OJHU AJTOPUTMEI MOT'YT OBITH JYHIIE APYIUX M 3TO CYHIECTBEHHO, TTPH-
wedaca Ha 60-ble Toabl. Torga crain TOABIATHCA HACTOALINE KOMIBIOTEPH! (OHH Ha-
3BIBAINCH TAKUM CTPAIIHBIM CJAOBOCOYETAHUEM: «JCKTPOHHBIE BHIMUCAUTEIBHBIE Ma-
wuHbh ), HanpuMmep, PPCM (MHorne B ayAnTOpHE U He 3HAIOT, HABEPHOE, 9TO 3TO
Takoe). CTano MOHATHO, 9TO HEOGXOANMO TOCTPOEHHE HEKOTOPOH MaTeMaTHIeCKON
TEOPUN.

3. IIAYAJA TEOPUU: OCHOBHBIE ITIOHATUA

JlaBaiiTe MoKa OCTABIM B CTOPOHE MCTOPUN U3 KU3HN MaTeMmaTnka M, moTom mer
K HEMY eIlle BepHeMcA He pa3.

Ponpo6yem maTh HECKOIBKO OMpPEETEHUN.

PepBoe mabaogenne, koTtopoe cheqans M, xorga merTascs pazobpaThCs B DTOH
TeOpHUM, COCTOUT B TOM, UTO MOAAB/ATIONIee GOTBITNHCTBO AJATOPUTMUYECKAX 32713t
MOXKHO TIPEACTABATEH B MOIXOSAIIEN KOMPOBKE KaK 3a,1a9H BHIYUCAEHISA HEKOTOPOTO
oTobpaxenus

40,13 = {0, 1)
MHOKeCTBA KOHETHBIX TBOWYHHIX CIOB B cebsa. IMeHHO TaKUMU 0TOOPaAKEHUAMI MBI
7 6yIeM 3aHUMATHCA.

Bropon Bompoc: Ha Kakux yCTPOHCTBaX MBI COGHPAEMCH BBIYHUCIAATH HAIlle OTO-
6paxenne? EcTh orpoMHoe paszHooGpasre W airOPUTMUYECKUX A3BIKOB, I KOMIBIO-
TePHBIX apXUTEKTYP, HO HACKOJABKO HaM 3TO BaxHO? VMeHHO OTBET Ha 5TOT BOMPOC
OTIMYAET TEOPUIO CJAOKHOCTH BBIYHUCIEHHN OT Pa3JUMIHBIX CMeXHBIX obmacten. Po-
3TOMY PacCMOTPUM 3TOT BOMpPoc Gotee TOAPOGHO.

B kavecTBe mpuMepa BO3bMeEM MPOTrPAMMY, C KOTOPOW Yallle BCET'O I CTAJKHBAET-
cA COMBIIMHCTBO MAaTeMAaTHKOB, KOTOPEIe He nporpaMmMupyioT. PTo TEX mpotueccop.
Bri6op TEX 31ech HUKAKOTO 0cO60T0 3HAYMEHNA HEe MMEET, TO JKe caMoe MOXKHO CKa-
3aTh W O APYTUX MpOTpaMMax.

Urak, mmeeTcsa HekOTOpoe oTOoOpakenne f, KOTOPOE B JAHHOM CJIydae IpeacTa-
BaAeT cobon 0TOOpaKeHne

‘paper.tex‘ — ‘paper.dvi‘,

mpeoSpasoBeiBaiolee haill paper.tex B Qain paper.dvi (o6a daina MBI paccMa-
TpHBaeM KaK JBa JIHHHBEIX TBOHYHHIX cl0Ba). PTo mpeobpazoBaHiie OCyIIECTBAACTCA
HEKOTOPHIM aJdTOPUTMOM texdvi.exe, 3aKOMPOBAHHBLIM /I BLITIOJHEHAA Ha 286-M
mpotieccope (Te, KTO MBITANCA HCTOAb30BaTh TEX Ha 286-M mpoliieccope, MOMHAT, KaK
5TO GBLIO).

Pac ceitqac maTepecyeT BpeMd (GbIcTpofelicTBne) paboTH airopuTMa. NMeHHO
TaKyl0, KaK TOBOPAT B 3TOU HAYKE, MEPY CAONCHOCTU MBI OyIeM paccMaTpPUBATH Ce-
TOJHA HYallle Bcero. PHBalOT U ApYTrHe XapaKTepHCTHKH (IaMATh — BTOpasd 110 3Ha-
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YeHHIO Mepa CIOKHOCTH), HO 3a HeJOCTATKOM BPEMEHH MBI WX HE CMOXKeM MOAPOGHO
o6Cy I Th.

PaspuTne TexHuKN, OTHOCSIEECH K PACCMATPUBAEMON HAMH 3aj1ate, IO IO TBYM
HampaBAeHUAM. Bo-TIepBBIX, T 3TO XOPOIIO BCe 3HAIOT, YAYYIIIAINCH TTPOIECCOPHI:

Intel 286, Intel 386, Intel 486, ...,
TMIOABAAMNCH ONH 3a IPYTUM Bce 6oJiece MOIIHBIE MOJeNN, BO3HNKAJIN Pa3zHooOpa3Hble
KOHCTPYKTOPCKWE YXWIIPEHUA, YCKOPAIONme nX paboTy, u T.n. Bo-BTophIx, yayd-
mIajca cam aJrOPUTM, MOABAAINCH €r0 BEPCUU
texdvil.exe, ..., texdviilO.exe,
CrpaBeqamBa, XOTA U ¢ HEKOTOPBLIMEU OT'OBOPKaMI, Takasd popMy.ia

<o6mee BpeMA pa60TH> = <qncno omeparnuin aJIl"OpI/ITMa> X <BpeMH Ha OTHY onepaumo>.

Yaydmenne o60ux 9IEHOB B 5TOU MPOCTON (OpMyJe — Belln Gojee-MeHee He3aBH-
cumble. I'py6o roBops, TporpaMMbl (software) oTBedalOT 3a IEpBBIE COMHOKUTEND, a
mpoteccopsl (hardware) — 3a BTOpOIL.

YTo 31eCh IPOUCXOINT ¢ MaTeMAaTHYeCKOH TOYKHN 3peHnd? Ecam y Hac mMeeTcA
KaKOH-TO aJTOpHTM, KOTOPHI HCIOAb3yeT ¢ oNepalfil, TO OT YIydIIeHnA GLICTPO-
MellCTBHA HAIlero IPOIleccopa BpeMsA pellleHuA Halllel 3a1adnl yMHOKASTCA Ha HEKO-
TOPYIO KOHCTaHTY.

PosToMy, 1 5TO 0¥9eHb BakKHO, B TCOPHH CJIOKHOCTH BHIMUCICHII CAOKIIACH Tpa-
IHIAA M3MEPATH BpeMA pPaboThl aArOpHTMa ¢ TOYHOCTBIO JO MYJAbTHILINKATHBHON
KOHCTAHTHI («¢ ToanocThIo g0 O(:)», Kak roBopaT mMaTeMaTnkn). Takol moaxosn mo-
3BOIACT HaM abCTpParupoBaThCA OT BHIGOPA KOHKPETHOU MOJEIH BLIMHCINTEIBHO-
r'o YCTPOICTBA, OT TOI'0, CKOJIBKO BPEMEHH 3aHIMACT BBIIOJHCHHE OJHON OIlepallni,
KaKylo CHCTeMY KOMaH] HMeeT HCIOAb3yeMasd HaMH MallhHa U T. I. VIMEHHO 5TOT
HOIXO U TI03BOJIAT HaM IIOCTPOUTD JOBOJIBHO KPACHBYIO MaTEMATHICCKYIO TEOPHIO.

TeopHs CAOKHOCTH BBITUCACHUH HECKOMBKO OTAMIAETCA OT BCEOOHEMIIOMEN (1o
ONpeeNeHnio) TeOPUH MapPKCH3Ma-JeHNHN3Ma (He BCe B ayAUTOPHH BHJIUMO 3HAIOT,
ITO BTO TAKOE, M 3TO XOPOUIO): €CIU B (DOPMYJIe €CTh JBa WJIeHA, I 33 BTOPON HAIla Te-
opus HUKAKOI OTBETCTBEHHOCTH HE HECET, TO 06 HTOM 3aABJIAETCA ABHO. Yy dIIeHIeM
IPOIECCOPOB 3aHUMAIOTCA APYTHE JIOJN, Mbl 3aHIMAECMCA Yy UIIeHHEM Al OPHTMOB
¢ TOYHOCTBIO [0 MYJIbTHIVIAKATHBHON KOHCTAHTHL.

Ppogoaxkum mocTpoenne crporoin Teopun. OaHUM U3 HEOCPEJCTBEHHBIX Mpe-
HMYIIECTB BBEJEHHOI O BBINIE COrMAIICHAA ABIACTCA TO, 9TO Hac He OYeHb 3a60THT
BLIGOp TOYHOW Mogean. Kak MpaBWiao, 0T CMEHBI MOAeIH (cefdac i MMeo B BHIY
y&Ke abCTPaKTHBIE MAaTeMATHIECKIe MOJENN) yaydlleHre NIl yXyIeHne TPOuCcX0o-
AT ¢ TOYHOCTBIO [0 MYJAbTHININKATHBHON KOHCTAHTHI, & MBI JOIOBOPHINCH 5TOTO He
3aMevaTh.

CranaapTHEIN CIIOCOG ONIPeeNeHNA BHIMUCINTEIBLHOR MOJIEAH COCTOUT B TOM, 9TO
IUIA CIOMHEHHA aJrOPHTMa y Hac HMeeTCA HEKOTOopad MalliHa ¢ aJpecyeMoll maMd-
TBIO, AYEHKH KOTOPOH MHAEKCHPYIOTCA HATypadbHBLIMH IHCIAME; B KaXK TOH AdeiiKe
MOXKHO XpaHUTh HaTypaJdbHbIe 9HC/Ia; MOKHO BLITOAHATE apudMeTHIecKIe elicTBIA
u T.1. [Jeraan 3eck Majlo HHTEPECHBI, TOTOMY 4TO Hatle Of-)-corialieHue mo3Bo-
JAeT 0 HAX 3a00TUTLCA He caumkoM. Ecam ke sameHnTD «¢ TodHOCTBIO 0 O(+)» Ha
caerka Gogee rpyboe (¢ TOIHOCTBIO 10 TTOJMHOMA), TO BOOOIIE BCE PeaquCTHIECKIE
BLIMHCIATENBHBIE YCTPOICTBa OKA3BIBAIOTCA SKBHBAJCHTHBIMIL.

Nrak, pukcHpyeM HEKOTOPYIO BHMHCINTEILHYIO MOJeb. Ecan ecTh Mammia M
KOTOpad BBIYHCAACT (PYHKIUIO f, W OIpeJeJeHbl BXOAHBIE NAHHBIE T — HEKOTOPOE
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JBOHUYHOE CIOBO, TOTJa MOXKHO OTNPENeINTh Hally OCHOBHYIO dyHKimio T(M, x) —
KOJMYIeCTBO ONepaluil (TakTOB), KOTOpEE TpebytoTca Mammnae M mis paGoThl Ha
BxoguoM ciobe z. Pynkuns T (M, z) HasvpBaeTCA cueHasusupyrouet Gynryued no
6peMEHY. BBITTOMHEHNS JIOOBIX DIEMEHTAPHBIX OMEPAIlHT

4. TEOPEMA OB YCKOPEHUU

JapafiTe Tenepb uaydaTs 57y dyakumio T(M, z). PepBoe, 9T0 NPUXOAUT B TOJO-
BY: ¥ HaC WMeeTCA aJrOpuTMHUYecKad 3ajgada f; maBaiTe BbHIGeDeM CAMBIN XOPOIIHI
AJITOPUTM LIS PEIEHNS STOH 3a1a41 I HA30BEM CJIOKHOCTBIO 3a1a9H CIOKHOCTH 3TO-
'O CaMOT'O XOPOIIErO AT OPUTMA.

OxaseiBaeTcsi, 9TO TAKOU HHTYUTHBHO OYEBHUIHBIA CITOCO6 MEUCTBUI, K COXKaJe-
HIIO, HEOCYIIECTBHM W Ha DTOT CYeT WMeeTca meopema Bawma o6 ycrkopenuu. B
BOJBHOW (POPMYJUPOBKE 3Ta TeOpeMa yTBEPKAAET, 9TO KaK OBl MBI HH TBITAJINCH
OTMpPENENATh MOHATHE (HAWAYYIIAA Mg JAHHOW 3aqadn MallnHay, Y HAC HUYEro He
moay«uTes (Mo KpaliHel Mepe I HEKOTOPHIX 3a1a¢).

Teopema Patoma oTKpHIBaeT ceprio TeopeM, JeXKAIINX B OCHOBE COBPEMEHHON
TEeOPUHN CAOKHOCTU BBHIMHUCIeHUN. Bce 3Tu TeopeMbl Oblin goKazaHbl B 70-€ TOMHI,
HampuMep, Teopema Piatoma 06 yckopenmnm — »T1o 1971 rox. Ppumepno B To Ke
BpeMSs MOSBIIACEH KOHIeNHs N P-TIOJHOTEL, N3I0KeHNEM KOTOPOW U 3aBEPIINTCA HAIIT
BBOJHBIN PAacCKa3 O TEOPHUHU CJIOKHOCTH BBIYHUCIEHUN.

[lasi maapHelero HaM MOTpebyeTcs ellle OJHO BaKHOe onpefencHue. PYyHKINA
T(M, ) ycrpoeHa odeHb HeperyasapHo. Paccmorpum npumep TEX npoteccopa. Jlas
IO IABJAONIET O GOMBITHHCTBA (PAWIOB MPOM30WAeT OCTAHOBKA B CAMOM HadaJje pa-
60THl U3-3a HECOOTBETCTBUA BXOAHOMY (opMmary TEX, a Ha Kakmx-To (anaax 3TO
BpeMS BO3MOXKHO OKaKeTCAa HeCKOHEIHBIM M3-3a 3allNKANBaHuA. B obmem caydae 3Ty
QYHKIINIO N3y 9aTh HIKAKON BO3MOXKHOCTH HE NMPECTABIAETCH, OHA CAUIIKOM PHIXIas.
Mu1 xoTuM U3BJI€Yh U3 Hee (DYHKIINIO HATYPAJbHOTO aPTYMEHTA, T. €. TOJAYINTh (PyHK-
IO 3 HATYPAJbHBIX 9HCET B HATYPAJIbHBIE MINCAA, KOTOPas OTpaxkaga 6bl TIOBe[eHIe
T(M, ). EcTb HeCKOMBKO CIOCOBGOB MOTOUTH K 3TOI 3aa4e. MBI 3eCh OrpaHNYNMCs
CAMBIM PACPOCTPAHEHHBIM, KOTOPBIN HA3BIBACTCA CAOHCHOCTND 6 HAUTYIULEM CAYUde.
Omna ompejensieTcs: CreAyOMEen POpPMyIon

ty(n) = max T(M, z).
lz[<n
Wz Bcex cioB 6GUTOBON [JIMHEBL, He TIPEBHIMIAIONIEN 72, BLIOMPaeM TO, Ha KOTOPOM HaIlla
MalmHa paboTaeT XykKe BCero (T. €. 1oJblie Bcero). Bpems paGoThl Ha TAKOM CJIOBE I
HA3BIBAEM CIAOKHOCTHIO ¢37(n). 3a BpeMd tas(n) MallnHa FapaHTHPOBAHHO 3aKOHTHT
paboTy Ha 11000M BXOJHOM CJOBe [JIMHBI, He TpeBHIIAIIei n. MoxeT, KOHEYHO,
CAYINTHCA, 9TO HA KAKHX-TO CAOBax paboTa 3aBepIINTCS PaHbIIE.

Mu1 mpuBO MM YTIIPOIIEHHBIN BapUaHT TeOpPeMBI PatoMa; Ha caMoM jefie, BMECTO
log? B HEll MOXHO B3ATH JIOGYIO ¢PazyMHYIO» CTPEMAIIYIOCH K HECKOHETHOCTH (hYHK-
U0

TEOPEMA (PuatoMm, 1971). Cywecmeyem makas svruucauman®  Pynwyus f,

umo 0byio mawuny M, eviuucasiowylo f, moxcno yckopume cacdyiowum o6pazomn:
cywecmsyem dpyeaa mawurna M', maroce sviuucamowas [ u makas, 4mo

2) Berancainmasn dbyHKIINA — 3T0 Takad GYHKIUA, KOTOPYIO MOXHO BEIMHCAUTE XOTA OB OTHUM

aJropuTMOM.



O ciaoxHOCTH BBIYHCACHUH 133

tM/(n) < logtM(n)
0daa noumu ecexr n.

PyHKIHA U3 TeOpeMbl PioMa — 5T0 HEKOTOpasA 5K30THKa (Kak cleayeT 3 (hop-
MYJMPOBKHN TE€OPEMBI, BpeMsA €€ BBIYMUCACHUA B HANXYIIEM clay4dae pacTeT OYeHb Obl-
cTpo s mo6oi MammHe ). OHa U3 «MAe0JOTHYECKIXy 3313 B TEOPHH CJAOKHOCTH
BBIMHCJIEHNN — 3TO CTPOUTH TEOPHUIO TaK, YTOOH TaKHe MaTOJOTMIeCKHEe SBICHUA B
HEN 110 BO3MOXKHOCTH He BOzHUKaJn. Teopema PatoMa mokazbiBaeTcs MOCTPOEHUEM C
TIOMOIIBIO TEXHUKN MUAar OHAJIN3AINN, 1 Modyvalonadca GyHKINA He UMeeT HUKaKoT O
OTHOIIEHNA K PeaJbHOU MPAaKTHKE BHIYHCACHUH WIH K OCTAJIbHOW MaTeMaTnke. Po
TeM He MeHee, MOCKOJBKY MBI CTPOUM MaTeMaTH4YeCcKYI0 TeOpHIO, HWYero He Ioje-
JA€elllb — MBI BBIHYXKI€HBI TIPU3HATH, YTO BRIOPAHHBIN MOAXON HE TOIUTCH A €€
mocTpoeHna. PyKHO IBUTATHCA AalbIIIe.

5. CJIOXKHOCTHBIE KJIACCHI

HNrak, MBI He MOXeM HaJZeAThCA Ha MOCTPOEHHE IIA KaxX oW (PYHKIHMH CaMON
JAYIIed MaIllnHbBL, BEIMUCAAIONIEN 5Ty (PYyHKINO. ATLTEpHATHBON ABIACTCA MOHATHE
CAONWCHOCMHO20 KAaacCccad — OTHO M3 ITEHTpPaJbHBIX HOHHTI/IfI A TEOPUHN CJOKHOCTH
BBEIYHCJICHNN.

Peckoabko BoibHadg aHagorud MoOxKeT OBIThH 3JeChb IIpOBeJcHaA C OIpeaeJeHUAMN
nHTerpata mo Pumany m mo Jebery. Ecim MBI He MoXKeM NPOWHTETPUPOBATH MO
Pumarny, To MBI MeHsIeM OCh 1 HadWHAEeM CyMMHUPOBAThH IO ApYyroi ocu. B mamen cu-
Tyaloun, €CJlu Mbl HE MOXKEM IJ5A df’)yHKHI/II/I CKa3aTh, 9TO TaKoe caMada XopoIllas Mallll-
Ha, TO rZ[ELBELI‘/,ITC TaK2>Ke CMEHUM OCH. PaCCMOTpI/IM MHOXKECTBO BCEX MallllH, KOTOPHIE
HacC yCTpauBaIT, I Ha30BEM KJacCC BCEX df’)yHKHI/Ifl, BBIMUCAUMBIX TaAKUIMH MalllMHAMM,
Kaaccom caodxcnocmu. Poxanyi, mpolle Bcero gaTh cpa3y KOHKPETHBIN IPUMED, TeM
IOJrO paccyKaaTh Ha 5TY TeMy:

DTIME(t(n)) ' {f|AM : (M serancaser f)&(ty(n) = O(t(n))).

PTo oamo u3 meHTpadbHBIX OMpeIeJeHnl B TeOPHUN CAOXKHOCTH. PykBa D osHadaeT
JAeTePMUHNPOBaHHEE alTOPHTMBI (GEIBalOT 1 Apyrue), TIME o3nagaeT poBHO TO, O
4eM Bl mogymanu. Ecanm y Hac ecTh mpomsBoJbHasd GMYHKUIHA ¢(n) oT HATYpPalTbHO-
ro aprymMeHnTa, TO MBI 06pa3yeM KJaacC CIOXKHOCTH, COCTOANINN U3 TaKux (pyHKINH,
I KOTOPBIX CYIMIECTBYET BHIMHCAAomaa [ Mammia M, Takasd 9T0 CHTHAJIH3UPYIO-
wasd GYHKINA [0 BPeMeHH OTpaHWYeHa HCXOTHOH PYyHKImeN (n) ¢ TOIHOCTHIO 10
MyJIbTHHJIHKaTHBHOﬁ KOHCTaHTHI. PpI/IBe,Z[eHHaH BBIIIIE TEOPEMA Paoma ClIpaBEIJIUBAa
TOJBKO OJ HEKOTOPBIX ClICHHUAJbHBIX df’)yHKHI/Ifl Po ecau mul xoTuM MAOCTUYb YCKO-
penms, ckaxeMm, B 10 pas, TO 3TO MOKHO CAeIaTh ¢ J000H (PYyHKIUEH — HAIPUMED,
OyTeEM YBCIUYICHUA KOJIUYIECTBA MAallIMHHBIX KOMAaH. Nmenno IIO5TOMY B HpaBOﬁ qa-
cTu onpefenenns cTonT O-60bIIOE.

Tenepb onpeneanM OAWNH M3 CaMBIX BaXKHBIX CJI0XKHOCTHBEIX KJIaCcCOB

P = | J DTIME(n").
k>0
Kaacec P —oTo Te df')yHKHI/H/I, KOTOPBIE MOXKHO BBEITUCJAUTDL HA HAIIUX MalllMHaX, 1 BpeMs

X BBEIYUCJAEHUA PACTET MOIMHOMHAIBHO ¢ POCTOM UIHHBI cjaoBa. OH O¥YeHb ya00eH U
€ MPAKTUYIECKON, U C TeOPeTUIeCKON To4UKN 3pernsa. C MpaKTUYeCKON TOYKN 3PeHusA
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3TO AOCTATOYHO XOPOIIasd allPOKCUMalnA (GbIBAIOT NCKIOYEHHA, 0 KOTOPHIX 6y 1eT
CKa3aHO HIXKe) KaIacca Tex GYHKINH, KOTOPEIE MO JAl0TCA BEMUCACHNIO 32 PeaabHOe
BpeMs Ha pPeaJbHBIX KOMIbioTepax. C MaTeMaTHYeCKOU TOYKH 3PEHUS DTOT KJIACC
6ecKOHeYHO YA06eH TeM, 9TO OH 3aMKHYT OTHOCHTeAbHO cymeprosunnu. Kax Mo
YBUANM JaJjbllle, UMEHHO 3TO 06CTOATEIBCTBO MO3BOAET MOCTPOUTH TEOPUIO BHIYH-
CAUMOCTH JIJIA 3TOT'O KJacca.

PriBatoT amasormvnble KIacchl A3BIKOB, KOTOPbIe MOXKHO PacIO3HATDH 3a DKCIO-
HEeHIIMAJIBbHOE BpeMA

EXPTIME = | J DTIME(2"),
k>0
TaK¥XKe€ MOXHO OIIpeNeauThb ,Z[BOfIHoe SKCIIOHEHIIaJbHOE€ BpeMsdA

nk
DOUBLEEXPTIME = |_J DTIME(2*")
k>0
" TaK JdaJiee.

6. TEOPEMA OB UEPAPXUU U CJOKHOCTbh 3JEMEHTAPHON
IF'EOMETPUH

Teneps maBaiiTe BepHeMcsi K Hainemy MaTemaTnky M. OkasbiBaeTcs, Bpems pa-
60THl aaropuTMa Tapckoro, ¢ moMoIpio kKoToporo M mertadcs pemaTs 3agadu 3Je-
MeHTapHOU MeOMeTPHH, He JeXUT HU B OJHOM U3 MPUBEJEHHBIX BbIlE KaaccoB. [l
HEro eCcTh TakKad HUXKHAA OlleHKa

2
tTarski (n) 2 22. }677,.

Kax BBl mTOMHEUTE, i pazpenmMocTin aarebprl Tapckoro mpogaBadjcs elle u JucK
Collins for Windows 95.

TEOPEMA (KoumnH3s). Aaeebpa Taperozo npunadaexncum DOUBLEEXPTIME.

Teneps M cmor nouaTs pasuuiy mexay stumu CD-ROM: Bpems paGoTsr aaro-
prtMa KoainHza HeM3MepuMO MeHBIIIE BpeMEHH PaGoThHl anropuTMa Tapckoro (xoTs
OHO BCe PaBHO MOXKeT OLITH OYeHb BEJNKO — OIleHKa BpeMeHW paboThl alropuTMa
MBOMHOW DKCIOHEHTON He TapaHTUPYeT HaM, 9YTO faxe TEOPEMa O CYMMe YIJWIOB Tpe-
YUOABHIKA OyeT NOKazaHa 3a BPeMs CYUIeCTBOBaHNA BCeleHHOM).

BosrukaeT Bompoc: a HeAb3dA JU €llle YAYYIIIUTH AJTOPUTM Pa3pPelInMOCTH I
aare6per Tapckoro? U 6odee obuinin BOMpoc: a HEAB3sA JH TO JKe CaMOe CIeTaTh BOOO-
1e ¢ Jao0bIM adropuTMoMm? Bapyr, HanpuMep, BesgKas BEIMUCAUMAA (DYHKIWA JEKUT
B kaacce P. Wan, mo xpaimen Mepe, Beakad pyuknna 3 DOUBLEEXPTIME gexut
B P.

JpyruMu croBaM®, BOIPOC B TOM, €CTb JU Y HAC TpeaMeT WMCCAeIOBAHWA, WJIH,
BO3MOXKHO, TeopeMma PaioMa 06 yckopeHUN MpUMeHUMa BoobIle KO scen HYHKIIAM.

Bropoit kpaeyroabHBIN KaMEHb TEOPHUH CAOXKHOCTH BHIYHCJIEHHN — 3TO MEOpeMa
06 uepapruu.

Kak u B caydae ¢ Teopemoll 06 yCKOpeHUHU, MBI MPUBOUM €€ JTajJeKO He B CAMOH
ofImen gpopme.

TeEoPEMA (XAPTMAHHC (1965)). P # EXPTIME.
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Takum o6pazoM, He BCe CIOKHOCTHBIE KJACCH COBMAJAIOT, TAK YTO MpEeJIMeT HC-
CIeJOBAHUA €CTh.

A He Mory oTkazaTh cefe B yAOBOJABCTBUE NPUBECTH HOYTH MOJHOE TOKAZATEThb-
CTBO 5TOW TeopeMbl. Fciau BH ellle mOMHNTE HaIllero MaTeMaTuka M, BTopolt MOMeHT
€r0 3JOKIOYEHUH COCTOAM B TOM, ITO OH CIIPAITHBAJ, OCTAHOBUTCA JU €TI0 TPOrPaM-
Ma kozda-nubyds. Celivac, HaydeHHBIN TOPLKAM OIBITOM, OH 3a4aJ TaKOU BOMPOC:

ocmanosumesn au sma npozpamma do Bosozo [oda?

BuisacuseTcesa, aTo ecan 1o Posoro I'oma ocTanqoch B TOYHOCTH 3KCHOHEHINAJLHOE
BpeMs, To »Ta 3agada u oTaeadeT EXPTIME or P. PoToMy 9To ecTh 0¥YeHb IIPOCTON
AJITOPUTM, TIO3BOISIONINN TPOBEPUTE, OCTAHOBUTCA JHU porpamma g0 Posoro T'ona,
a MMEHHO, HYXKHO TTPOCTO TOM0XK IaTh M0 HETO, U Bce caMo cobon pemmnresi. Teopema
06 mepapxum yTBEpKAaeT, ITO BTy 3aJa4dy HeJAb3A PEUINTh CYIleCTBeHHO OBICTpee,
9eM OIMCAHHBIM BHIIIE CIOCOOOM.

A, KoHewHO, clleTKa yTPHUPYIO, €CTh TaM W Koe-KaKWe TeXHWYeCKWe MeTatul, HO
CMBICJI COCTOUT UMEHHO B 3TOM.

1 Temephb Halm MaTeMaTHK OKa3aJjcs BIOJHE MOATOTOBAEH K BOCIIPUATHIO CJAENY-
TOIEN TeOpPEeMBI.

TEOPEMA (PumEP — PABUH (1974)). Aucebpa Tapckozo we npunadiencum
kaaccy P. Bpema pabomui aiobozo paspeuiaiowezo aszopumma das aseebpor Tap-
cK020 He menbue, uen 2°7, 2de € — Hekomopas Kowcmanmad.

Takas BeICOKAA HUNCHAA OYEHKE OOBACHAEST MPUIMHBI HEY ATl HAIlero MaTeMa-
THKA C TPAKTHIeCKIM pellleHneM 3anad B aare6pe Tapckoro.

Paubogee croxuas u, mo-BuAAMOMY, Hanbodee BaxHad 06JaCThb TEOPUH BHIYH-
CIIeHUN, CBA3aHa KakK pa3 ¢ NOKa3aTeJbCTBOM HUXHUX ONEHOK. B aHTJIOA3BIMHON JIH-
TepaType TOT pa3jel TEOPHUH CIOKHOCTH, KOTOPBIU 3aHHMAETCA KOHCTPYHPOBAHHU-
eM aaropuTMoB, Tak u HazbiBaeTca — “Theory of Algorithms”, a co6cTBenno mof
“Complexity Theory” moapasyMmeBaeTCs KaK pa3 MOCTPOEHNE HUKHNX OIEHOK. Takmm
06pa3oM, TeOpHs CAOKHOCTH MBITACTCA JOKA3aTh, 9TO HE CyIIecTBYeT d(hPeKTUBHBIX
AT OPUTMOB.

YKe Ha 3TOM MPUMepe BUIHBI IBE TPYIHOCTH, CTOSAIINE TEPE JIO TbME, KOTOPHIE
MBITAIOTCA JOKAa3BIBATh HIKHIE olleHKn. CMoTpuTe, O6blia TeopemMa Tapckoro, ee nbi-
TAJINCH YIYUIIATH, HO HIYETro He TOIYIadoch FECTeCTBEHHO GBIIO MPEATIOM0KNTE, ITO
5Ta olleHKa oNTuMalbHa. Pocie 5Toro npuayMann aaropuT™, OCHOBAHHBIN HA COBCEM
OpYrux uaesx. AaropuTMoB GBIBaeT MHOTO, allOPUTMBI OBIBAIOT CAOKHBIE, AJATO-
pPUTMBI GHIBAIOT pasHbie. A Bellb MBI OBITAEMCA J0KA3ATh, 9TO Godee dhPeKTUBHBINA
AATOPUTM He HNOABUTCA HUKOTAA, W MPH HTOM MBITAEMCA aHAIN3UPOBATHL CBOUCTBA
AJATOPUTMOB U3 JOCTATOYHO MIHPOKOTO KJIACCA.

7. CBOJIUMOCTDL M MOJHOTA

JlaBaiiTe TpoABUHEMCS [TAJbIlle B TOCTPOEHNN Halllel Teopuu. P OHATHE CIOKHOCT-
HOI'O KJ1acca OBLJIO BBEIEHO BOBCE HE /I TOT'0, YTOOBI SKOHOMUTH Ha (POPMYJANPOBKAX
TeopeM (B KOHIIe KOHIIOB, TeopeMmy Putnepa — PatuHa Mo)HO cHopMyInpoBaTh i 6e3
YIOMUHAaHUA KaknX Obl TO HU OBLIO CAOKHOCTHBIX KJIACCOB — JJIA 3TOrO JOCTATOYMHO
OCTaBNTH B ee (GOPMYAMPOBKE JHIIB BTOPYo Gpasy). PoHATHE CIOKHOCTHONO Kaacca
CTAHOBUTCA BaKHBIM B TOT MOMEHT, KOT'J[a Y HAC HOABAAETCA TIOHATHE C60JUMOCTIU,
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W 5TO BTOpOE NEHTPATbHOE MOHATHE COBPEMEHHON TEOPHUH CJAOKHOCTH BLIMHC/JICHMUI.
EcTh HeCKOIBKO BapHaHTOB OIpeleeHnA CBOJANMOCTH, A PACCKakKy JUIIEL 0 HanboJee
Ba)KHOM U3 HUX.

CpoamMmocTs o Kapmy. PTa ceogumocTs ycTpoena odenn npocto. /a1 nagana
3aMETHM, 9TO MBI 3aHUMAEMCS BEIYUCICHHEM (PYHKIHN, OTOOPaKAIONNX KOHETHDLIE
CJIOBa B KOHEYHBIE CJOBa. P0 BO MHOTHMX CJAyYadx OKa3bIBAe€TCA ropasjo yaAoOHee, n
2TO, KaK MpaBWo, He TPHBOANT K TIOTEpPe OOIIHOCTH, pacCMaTPUBAaTh TaK Ha3bIBae-
MEIE A3biKU. SI3BIK L MOXKHO paccMaTpHBaTh Kak MHOXKecTBO cioB L C {0, 1}* nn un-
TepnpeTHpOBaTh ero Kak oTo6paxenue Bufa ¢ : 10, 1}* — {0, 1}, Torna L = p~1(1).
Pepexo/ K A3BIKAM He CAWIIKOM HAC OrPaHUYMBAET: €CIU €CTh MPOU3BOIbHAA (yHK-
1A W3 CIOB B CIOBA, TO C HEH MOXKHO CBA3aTh TAKOH A3BIK — MHOXKeCTBO Tap (#,1)
Takux, 970 i-i 6uT f(x) paseH 1.

ONPEAENEHWE. fAseik Ly cBoanTea K sAzbiky Lo no Kapmy (o6osnagaeTcsa 5To
TakuM obpaszoM L, <, L), ecan cymecTByeT Takad dyukmus f ms P, 1To

Va:(x €Ly = f(x) € Ly).

CBOIMMOCTE MOXKHO PACCMATPUBATE KaK NCIOJIB30BaHIe HEKOTOPOH O AIPOT PaM-
MEI, TlepepabaThIBAOMIEN HCX THOE caoBO B f(#), K KOTOPOMY 3aTeM HYXKHO TpH-
MeHUTDh AJTOPUTM PACTO3HABAHUA TMPUHAAIEKHOCTH A3bIKY Lo. B »Tom BapmanTe
TIOHATHUA CBOAMMOCTH ob6pallleHne K TporpaMMe pacrosHaBanus Ly ocyllecTBageTCA
POBHO OJIMH Pa3, €C/JAN XKe pa3pelleHO HUCIOAb30BaTh B KavdecTBe MOAIPOrPaMMBL pac-
HO3HaBaHUe A3bIKa Ly CKOABKO YTOIHO pa3, TO MOIYyYaeTCA APYTad CBOAUMOCTE (10O
Teiopuary). Cefiqac 5To pasautdie HaM HEBaKHO.

OTHoleHe CBOUMOCTH — 5TO OTHOIIeHNEe npenmopsanka. OHo pedaeKcUBHO 1
TpamsunTHBHO. (CaMoe TWIaBHOe CBOUCTBO COCTOWT B TOM, 4TO eciu Ly € P, To u
Ly, € P. 3ech BaxXHO, 9TO KJIACC TOJMHOMOB 3aMKHYT OTHOCHTEABHO OMEPALIHH CY-
MEePIO3UINN.

P anpumep, EXP-cBoguMOCTS He ToayunTcesa. Pe 6y1eT 3aMKHYTOCTH OTHOCUTENb-
HO TaKOW CBOAUMOCTH. 3aMKHETCS BCe JUIIb HAa KOHEYHBIX GalllHAX SKCIOHEHT —
KIACCE SAEMEHMAPHBIT PERYPCUSHBIT PyrKyud.

Ecan roBOpUTH TOABKO O €CTeCTBEHHBIX KJIaccaX, B KOTOPHIX peafbHO €CTh XO-
TA OBl OTHA pa3yMHad PYHKINUA U KOTOPHIE 3aMKHYTHI OTHOCUTENBHO CyNepIO3UIIny,

o(1) o o
(logn) W KJacC KBasMJIMHEMHBIX (HYHKIIHT

TO eCTh ellle KJIAcC KBa3WIMOJNHOMOB 2
nlogo(l) n. KpazuanunenHbIMU (YHKIUAME Celdac HAYNHAIOT WHTEHCHBHO HWHTEepe-
COBATHCS, MOTOMY YTO CAUTAETCH, 9TO MO-HACTOSAIIEMY XOPOIINU aJTrOPUTM — 3TO
AJITOPUTM, KOTOPHIH pafoTaeT Kak pa3 KBa3MJIMHEHHOE BPeMs.

B aro6om caygae, kiacc P siBasgeTCHS HeHTPATBHBIM B TEOPUH, I MBI cerndac 6y aeM
paccMaTpuBaTh UMEHHO MOJNHOMHUAIBHYIO CBOTUMOCTD.

Jlerko BugeTh, 9To Kaacc EXPTIME 3aMKHYT OTHOCHTEIBHO STOW CBOJUMOCTH.
PosTomy ecTecTBEHHO TOCTABUTH BOMPOC, a CYIIECTBYIOT JHW B DTOM KJacce caMble
CTOKHBIE A3BIKW, T.€e. TaKhe, 9TO JIOG0U APYT O S3BIK W3 DTOrO KJaacca K HUM CBO-
auTcs. B aToMm caydae MOXHO peluTh Jato6yio 3aaady uz EXPTIME, ucnoab3ys mpo-
U3BOJBHBLIA AT OPUTM PACIO3HABAHUA [ TAKOTO CAMOTO CAOKHOTO S3BIKA W TIOJH-
HOMUATBHYIO CBOUMOCTD. fSI3BIKM 13 HEKOTOPOT'O CIOKHOCTHOT O KJAacca, K KOTOPLIM
CBOJUTCA OGO A3BIK W3 3TOT'0 KAACCa, HA3BIBAIOTCA NOAMbLMY (OTHOCHTEILHO JaH-
HOTO KJacca 1 JaHHOT'O THIIA CBOAUMOCTH). A eC/ii MBI OIYCTHM TpeSoBaHme IPHHAI-
JEeKHOCTH HAIEMY KJIACCY CaMOTO A3BIKA, TOJIYYIUM ONpejeleHne mpyonozo A3bIKa.



O ciaoxHOCTH BBIYHCACHUH 137

Teopema Purepa — Pabuna gokazbiBaeTcss nMeHHO TakK. BMecTo Toro, 9TOoGHI
MOKa3bIBATh HAIPAMYIO, ITO He CYIIeCTBYET MOJNHOMHUAIBHOT O aJdrOPUTMa A ajre-
6pet Tapckoro, nokaseiBaeTcd, 4To aqarebpa Tapckoro Tpyana ais kiaacca EXPTIME.
PosTomy moamHOMUAABHBIR aaropuT™M Aad adrebpu Tapckoro naBad Gbl MOIHMHOMU-
AJBHBIN aJTOPHTM U /IS BCEX OCTAMBHBIX 3aa¢ M3 3TOT'0 KJiacca. A MBI 3HAeM, 9TO B
EXPTIME ecTh 3afa4n, KOTOPBIE HEAB3A PENINTH 3a TOANHOMHUAILHOE BpeMs («ocTa-
HOBKa TporpaMMbl 1o Posoro T'ogas).

Takon cmoco6 paccyX JeHUI THITHYEH s TEOPUH CIOKHOCTH. MBI He MBITaeMcCs
IeRCTBOBATH «B M06», a CBOJAMM OJHY 3anady K apyrou. U, ecrecTBenHo, curyamus
Hambogee Xopolna, Korfa K JaHHOW 3ajate CBOJUTCA MHOTO APYTUX 3a0at I3 TaHHOT O
KJacca.

Ycrex 3TON HayKU ONPeNenseTCs TeM MPAKTHIECKUM 0OCTOATENBCTBOM, 9TO MO~
HBIX 3a/la¥ OKa3blBaeTCA MHOT'O B CAMBIX PAa3HBIX CUTYyaludax M oHU 6ojee ecTeCTBEH-
HBI, YeM npobjemMa OCTaHOBKH.

8. BCAKUN JU HOJUHOMUAJBHBLIA AJICOPUTM XOPOI?

Teneps camoe BpeMst BEpHYThCA K HallleMy GeTHOMY MaTeMaTuky M u morosopuThb
06 UCKIIOYeHNAX W3 TpaBmia «kiaacc P = kaacc 3pPeKTHBHO BEIMHCANMBIX (DYHKIINNY .
Kak-To M nonagobmiock mis KaKuxX-TO CBOUX IeJel PemaTh CHCTEMBI JHHEHHBIX
HEPaBEHCTB:

Jpyrumu ciaoBamu, eMy TOTpe6OBajics MakeT MPOTpaMM [ 3aja<€ JHHETHOTO
nporpaMMmupoBatns. CIennaincThl IO TEOPUH CI0XKHOCTH BEIMUCIEHNN Tepe MOKYTI-
KO MPOTPaMMHOTO ObecTiedeHns M3yvaoT anTepaTypy, u M, Haydenunbin npeasrry-
IIIM TOPBLKHM ONBITOM, CTaJ CJAefoBaTh >ToMy Tpabmiay. OH, KOHETHO JKe, CABIIIAT
PO CUMILIEKC-METOJ, KOTOPHIM MOAb3YIOTCS IS PEIleHns 3a/a4dn JUHEHHOTO MpOo-
TPaMMUPOBAHNUA TTOYTH BCIOAY, BKAIOYAsA BOSHHYIO Kadeapy MockoBCcKoT 0 yHUBEPCH-
TeTa. Po M of6Hapyxkuia cTaTbio, B KOTOPOH JA0Ka3BIBAETCS, 9TO CHMILIEKC-METOI HE
moamHOMHANEH. A mocie yroro Ham M o6Hapyxua n craTeio Xauuaxa (1979), B ko-
TOPOH OBLT MOCTPOEH MOJUHOMUATBHBIN AJATOPUTM LIS PEIEHUs 3a a9l JUHEHHOT O
nporpaMMmupoBaHtus. PosToMy, npuexaB Ha MUTHHCKAN paguOPHIHOK, OH MTOTMBITA-
cst HanTn 9T70-T0 Bpoge CD Khachiyan for Windows 95. K ero yguBmenuto, Hudero
moxoxkero He 6v110. Beé, 9To eMy mpejmaradni, 6BIIO OCHOBAHO HA CHMILIEKC-METO e
u ero Bapruanusax. OKasbBaeTCs, ITO XOTHA TEOPETHYECKH AJTOPHTM DEIIEHUs 34 1a-
1 JINHENHOT O TTPOTPAMMUPOBAHNISA CUMILIEKC-METOIOM DKCIOHEHITMAMBHBIN, & ajro-
put™ XadnusgHa MOJINHOMHUAJILHBIN, Ha TPAKTHKE MEPBBHI paboTaeT GBICTpee BTOPO-
ro. YTo6wl MOCTPOUTE MPUMED 3a4aYi JHHENHOTO MPOrPAMMUPOBAHNA, Ha KOTOPOR
CUMTITEKC-MeTOo ] 6yaeT paboTaTh AOATO, HYKHO OUeHb W OYeHBb MOCTApaTheA, a Mo-
JUHOMUAJTBHBIN AJdTOPUTM XadngHa paboTaeT MPUMEPHO OJMHAKOBO Ha JIOOOM BXOIe
(moKasaTelb SKCIOHEHTH 6, 9TO BeChMa ITIIOXO).

PTo camoe m3BecTHOe MCKIIOYMEHNE W3 TOT'O MPaBMWIa, YTO MOIMHOMHUAILHLIE AJ-
TOPUTMBI XOPOIIH, a dKCHOHeHINaAbHble — Toxu. Po »To mckaiovenne, Ha CaMOM
Jefe, TOATBEPXK JaeT MPABMIIO, TTOTOMY UTO, XOTA alTOPUTMOM XadunAHa HUKTO U He
MOMB3yeTCs [ PEleHns 3aMad JHHENHOT O MPOTPAMMUPOBAHNSA, BHIACHIIOCEH, ITO C
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TIOMOIIBIO 3TOT'O AJrOPUTMa MOXHO pellaTh TakKhue 3aa4dy, K KOTOPHIM C CUMILIEKC-
MeTO/IOM TIOACTYNIUTHCA B MPUHIINATIE HeBO3MOXKHO. P ampuMep, mycTh y Hac ecTh IPO-
M3BOJbHOE BBIMYKIOe Tedo K W 3amaHo HEKOTOPOe Hampabienme. PykHo MaKcHMu-
3MPOBATH 3HAYEHNE COOTBETCTBYIOIIEH anHenHon GopMbl Ha K. Ppo BeITyKIOe Teao
BBl HHYETO He 3HAETE: OHO 3aJaHO C IOMOIIBID YePHOTO AMMKA (WM, KaK WHOTJA
TOBODAT, opaky4a). To eCTh, ecaiit BB yKa3BIBAETE TOUKY P, TO ¢ HEKOTOPOH MOTPeEIIl-
HOCTBIO € MOXKHO CKa3aTh, JeXKUT JU TOYKA p B Tede K| a ecim He NeXKAT — TOAYIUTH
HEKOTOPYIO OTAeJsoIyi0 p oT K runepmiockocTk. OTBeT HYXKHO MOJIYYUTH C TOH
JKe TOYHOCTHIO. PUKaKol CHMILIEKC-MeTO[ 31eCh, MOHATHOE Melo, He paboTaeT —
BOOOIIe HET HUKAKUX BEPIINH, Tepe6OPOM KOTOPHIX 3aHNMAETCA CHMILIEKC-MeTOT. A
aIrOpUTM XadnsAHa U Ta HayKa, KOTopas U3 Hero BHIPOCIA, 3aMedaTelbHo (T. €. TMo-
JAMHOMHUAIBHO) ¢ TAaKIMHE 3aJa9aMi CIpaBIgeTcsa. Polb mapaMeTpa 1, OMHCHIBAOIIETO

pazmep Bxoja, 31ech urpaet d - (loge™!), rae d — pazmepHOCTB, a € — TOYHOCTH
BBIYHCJACHUA.
Takmx UCKIIOYEHNH W3BECTHO OYEeHB MaJfJo. BTOPON M3BECTHBIN MPUMED — MPO-

BepKa MpoCTOTH uncia. Kak mpaBuio, TOATBEPXK TaeTCA TE3NC, ITO €CAU § BaC MMe-
eTCsl aJTOPUTM, KOTOPBIN TeOPeTHYIeCKN paboTaeT XOPOIIO, W 3TO — aJTOPUTM I
HOPMAJBHOM 3a/a49l, KOTOPasd I B CAMOM Jlefe OTKYIa-TO BOBHUKIA, a He CKOHCTPYH-
poBaHa ¢ XyJAUTaHCKIMHU HaMePEHUAME, TO 3TOT aJropuTM 6yaeT Xopomio paboTaTh
u Ha TpakTuke. B 9acTHOCTH, MOKa3aTenb k B OlleHKe CKOPOCTH PabOTH aJropuTMa
n” 06EIYHO OKa3BIBACTCA HEGOIBIINIM, a KOT'Ja OH IIOHAYAIY BEINK, 6I'0 MOKHO yMEHb-
MIATH PA3INIHLIMA yXUMIPpeHUAMA. /11 Mo NaBAAIONIET 0 GOMBITIHCTBA €CTECTBEHHBIX
3a/ad MoKa3zaTedb He TPEBOCXOIUT 3.

9. IIEAETEPMUHUPOBAHHBIE BEIYUCJAEHUA
Po-Buanmomy, Te, KTO TpHUIlea HA DTY JEKINIO, XOTEIN Y3HATH YTO-HUOY b PO

caMyIo M3BECTHYIO OTKPHITYIO mpobieMy B »Ton obaactu P # NP. Yro Takoe P, s
yKe HeEMHOXKKO o6bsacHmI. Teneps maBaniTe 3animemcs NP.

Jlasi sToro omaTh BepHeMmcs K M. Poka oH pasbupancs B TeOpHH CIOKHOCTH,
€r0 CBHIH MOCTYNHWJI B YHUBEDPCHTET HA MEPBBIN KypPC W CTal W3yd9aTh MaTeMaTwH-
deckyio doruky. Maydennme mMaTeMaTwdecKoW JOTHKH, KaK M3BECTHO, HATMHAETCS C
TaKOU 3HAMEHUTON HAYKW, KaK MCYHUCIEHNE BHICKA3LIBAHUU. Y BaC MMeeTCS HEKOTO-
pad mpomnosnunoHasbHag popmyaa ®(py, ..., py), OHa HA3BIBAETCA TABTONOTHEH, €CIN
OHA MCTUHHA HE3aBHCHMO OT TOTO, 9TO MBI B Hee mojgcTaBuM. U oqHO m3 HempuUsaT-
HBIX YOPaXKHEHUH MPU 3aHATHAX STOW HAYKOU COCTOUT B TOM, YTO HYX)KHO BBHISCHUTH
IO BHIMTUCAHHOW TPOMO3UIIMOHAIBHON (POPMYJTe, ABISETCS OHA TaBTOJOTHUEH WIH HET.
VMenHO ¢ TaKuM BOMPOCOM M OOPATHJICA CHIH HAIIETO MaTeMAaTHKa K CBOEMY Mare.
M, ecTecTBeHHO, yKe HUKYa He TIO€XaJ, a CTad, KaK U MOCTYIAKT BCEr1a CIeNai-
CTHI IO TEOPHUH CJIOKHOCTH, THITATHCA TOMECTHTE 3a0a4y B OJNH M3 YXKe M3BECTHBIX
CITOKHOCTHHIX KJIacCOB. ITOOH HCIMOAB30BATH CTAH AP THEIE 0603HaYEHNs, O [€EM IO~
BOPHTH O ABOICTBEHHOM efi 3ajade SAT — BBHINOTHIMOCTHY): €CTh M XOTA GBI OJIH
HabOp TepeMeHHBIX, IPH KOTOPOM (hOPMYJIa NCTHHHA.

PaxaageiBasg 5Ty 3agady Ha HAIIy KapTHHY CJAOKHOCTHHIX KaaccoB, M yBummen
mepBeiM fetoM, 9To SAT € EXPTIME. Aaroputm pemrenus 3agadn SAT 3a sxcmo-
HEHINAJIBLHOE BPEMS OYEBH/IEH — BCETO BO3MOXKHBIX HaOOPOB 3HAYMEHNI MEPEMEHHBIX

3)SAT — o caosa satisfiability — BmImosHUMOCTS.
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2" a BpeMs BBIYUCAEHUA 3HAYeHNA POPMYJILI TPY 3aJaHHBIX 3HATEHUAX TepeMeHHBIX
moamHOMHuAABHO. Cle IO mar — KaacCupUIupoBaTh 5Ty 3a0a9y: JeXKUT JU OHA
B P, uan moana B EXPTIME? Pror Bonpoc, Bosuukmmi B Hadage 70-X TOZOB, 10
CHX TIOp OTKPHIT. PodeMy y crenuaincToB, TOTPATUBIINX Ha PeIleHNE STOH 3a a4n
nouTn 30 neT, He TOAyYIaeTCA TOCTPOEHNE MOIMHOMHUAILHOTO AT OPUTMAa, OOHACHUTH
CJIOKHO (#, BO BCAKOM Clly¥ae, HUKaK 3TO 0OBACHATE He Gepych). Po ToT daxT, 4To
He ToJaydaeTca JOKa3aTeJbCTBO MOJHOTHI »Ton 3agadn B EXPTIME, mekoTopoMmy
0OBACHEHNTO MO NaeTcsA. Ecam MBI TOCMOTPUM Ha HACTOAIINE dKCIOHEHITNAILHBIE a-
TOPUTMBI, HATIPUMED, Ha aJTOPUTM AJA aHagora aarebpwl Tapckoro Hal KOMILIEKC-
HBIMH YHCJAAMU, U CPABHUM C HUMM TO NETCKOE paccyXjaeHHe, KOTOpoe Mbl IPUBEIN
BBIIIIE, TO CPa3y HEBOOPYKEHHBIM TJIa30M BHU/THA PA3HUIA — OPUBEIEHHBIN AT OPUTM
nas SAT ucrmonb3yeT SKCIOHEHITHATBHOE BPEMS OFeHb CIab0 — TOABKO [ nepebopa
SKCIIOHEHITNATBLHOT O YUCAa BO3MOXKHOCTEH, ¢ KayK,0U M3 KOTOPHIX OH CIIPABAAETCA 34
MOJNHOMUAJBHOE BPEMH.

B3preiB B Teopun ci0KHOCTH BEIMHUCAEHNN HAMAJICA C TOT'O, 9TO GBLIO CPOPMYIUPO-
BaHO onpeeneHne Knacca NP, Kkak Kiacca A3bIKOB, KOTOPHIE paclo3HaoTcA nepebop-
HBEIMU aJropuTMamu. Poree HaydHO, TepeGOpHBIE aJr OPUTMBI Ha3LIBAIOT HeAeTEPMU-
HUPOBAHHBIMU ajaropuTMamu. NP — 5T0 Kiaacc 43bIKOB, KOTOPbIE MOXKHO Paclo3HaTh
3a HeleTEPMUHUPOBAHHOE TMOJIMHOMUAJbHOE BPEMA.

Temepb mamuM ompeleleHne 3TOTO Kiacca. B 3TOM omnpefeneHnn, KaK W B OIpe-
mejqeHun Kaacca P, 6yneT GurypupoBaTh CIOBO «MalllHa», COKPAIIEHHO MBI 6y 1eM
o6ozHadaTh ee PMT («HegeTepMuHHpOBaHHad MalinHa ThIODWHTa)); BOPOYEM, HC-
MOMB30BAHUE CJAOBA ¢MAIllHAY B 3TOM KOHTEKCTE MOYKET BBI3BIBATH y JMIOJEN, NMEO-
IINX OTHOIEeHNe K pPealbHBIM MallliHaM, HEKOTOPOe TyBCTBO HeyNOBOILCTBUA. Pon
HeJeTEPMUHIPOBAHHON MAIIMHOW MBI TOHIMAaeM TaKyIO MAIMHY, KOTopasd paboTaeT
KaK OGBIYMHO, HO B KAKOU-TO MOMEHT OHA MOKET HAPHUCOBATH B KAKOM-TO SMelKe 3HAK
BOIIPOCa W TocHe 3TOTo ee paboTa pasfensdeTcd Ha nBe BeTsu (0 mam 1:

1
? <
0

(B KJIeTKe OKaxeTcs 3anucanubiM anbo 0, aunbo 1). Pocae sToro MaimHa IpojoakaeT
patoTy. B Kakoll-TO MOMEHT OHa MOXKeT pa3JABOUTHCA ellle pa3. PosBaseTcsa nepesBo
BRIauCaeHnin. Broak xax qoit BeTBu gepeBa Buraucaennin PMT paboraeT kak o6prduOE
BBIMHUCIUTENBHOE YCTPOUCTBO, HO peayabTaT paboTel PMT zaBucut oT pesyabTraToB
paboTh Boab Bcex BeTBen. Oupenennm pesyabTaT paboTel PMT B caywae nposepkn
MPUHA ITEXKHOCTH CJAOBA & K A3bIKY L. Pa Kax 10 u3 BeTBel BHIYUCJIEHUS TOIY9aeTCH
OJUH U3 ABYX BO3MOXKHBIX OTBETOB: «ga» min «HeTy. PMT pacmosnaér asbik L, ecan
BCAKOE CJOBO & TMPUHANICKUT [ TOrAa W TOJBKO TOrja, KOTAa xoms 66l Ha odnot
BeTKEe BBIYUCACHUH TOMYYEH OTBET «1a).

Pponnmtoctpupyem BoamoxuaocTr PMT Ha nmpuMepe ¢ yripakHeHUAMEA Ha TPOBEP-
KY BBITOJHHMOCTH NPOTO3HIHOHAILHBIX hopMmya. JacTeHbKo, Korja cTyAeHT (10-
AMHOMHUAABHAA JeTEPMUHUPOBaHHAA MalllnHa THIOPHHTA) MPOBAIMBAETCA N HE MO-
JKeT PEeINTh 3a1a4dy, MPenoaBaTelb BEICTYIAET B POAN HEAETEPMUHNPOBAHHON Ma-
[IWHBl — OH MOKAa3bIBaeT (3arofs NPUTOTOBIEHHBIH) OTBET, KOTOPHIH JETKO MOKET
OLITH TpoBepeH. [Ipyrumu croBaMy MOXKHO ckazaTh Tak: PMT «cTpemuTesas moka-
3aTh yTBepXKJeHne ¥ € L, a B MOMEHT pa3IBOeHNA oHa 06JanaeT HeOoT DAHNIeHHBIMHT
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HHTENIEKTY AIbHBIMI BO3MOXHOCTAMI U BHIOWpAaeT HAWIYYIIANA BapuadT. Eciam cy-
[IECTBYET BeTKa BBIMHUCIEHUN, TPH KOTOPHIX OTBET «gay, To £ € L. B mporuBHOM
cllydae HUKaKOe BETBIECHHE HE TPHUBEAET K MOJOKNTEILHOMY Pe3yabTaTy (CIOoBO He
MPUHATEXKUT A3BIKY JUITb Toraa, kKorga y PMT meT HuKakoll BO3ZMOXHOCTH JOKa-
3aTh 06paTHOE).

Pe cnpammBaiite MeHst 0 ¢puzmKe mpolecca: Kak MPOUCXOJIUT TaKOe Pa3BOEHNE,
rjle HAXOJUTCSA TaKasd MallliHA, MOXHO JH €€ MOCMOTPETH ... TakWx MalllmH B pe-
agbHOCTH HeT. QJMHUM U3 CAMBIX 3HAYNTESBHBIX MOCTHIKEHUH B TEOPHH CJIOKHOCTH
3a MOCHEeHNE TOMBI CTAJO TO, YTO Oblaa c(POPMYJANPOBAHA KBAHTOBAS MOENb BBIMH-
caennii. KBaHTOBBIE KOMIBIOTEDPHI ABJASIOTCA OJHUM M3 KAHIUIATOB Ha POJb TaKOM
MAIlIMHBL B peaibHOM Mupe. Po KpaliHell Mepe, CyIIecTBOBaHNE KBAHTOBBIX KOMIBIO-
TepPOB HE BHIZLIBAET MPUHINIHAILHEIX BO3paXKeHNN y (PU3MKOB, a HaJeXK 1a HA MMUTa-
[0 HEJeTEPMIHIPOBAHHBIX MAIIMH KBAHTOBBIMI KOMITBIOTEPAME MTOKA He BBI3BIBAET
KaTerOPUYIECKNX BO3PaXKeHWH CO CTOPOHBI CIENNAJNCTOB B TeOPUHU CAOKHOCTH. Po-
Jee TOro, abCTpakTHBIE KBAHTOBBEIE KOMIBIOTEDHI ViK€ YMEOT DeIIaTh HEKOTODPHIe
BaKHeMIIe mepeGopHBIe 3aJatn, Takie, Kak (GaKTOPU3alma dncer’) .

Pomdepxuem errie paz, 9TO HeleTEPMUHUPOBAHHAS MAIINHA ABISETCS THCTO TEO-
peTHYecKnM MOHATHEM. Y 106CTBa OT BBEEHNA TAKOTO MOHATHA TOJYIal0TCA COBED-
[IeHHO (paHTACTHIECKHE.

PTo camas mepBas BLIMBINILIEHHAS MO Ieb, TOSBUBIIASCA B TEOPUH CJIOKHOCTH BhI-
qucaeHnil. B HacTOANME MOMEHT eCTh Macca TaKHX MOfeldel, Topa3no Golee CAOXK-
HBIX: WHTEPAKTHBHBIE JOKA3aTEeAbCTBA U T.T. PTH Mogeqn MOABIAITCA HE CAME IO
cefe, a ¢ Meablo OMpe/eJeHns CIOKHOCTHBIX KJAACCOB W MJA KIaCCH(PUKAINNA ecTe-
CTBEHHHIX 3a7ad.

WNuTynrusHo sicao, ¥to noustrne PMT nmpexpacto npucnocobieHo K MOIeINpOBa-
HIO TepebopHBIX aaropuTMoB. CoGCTBEHHO, YiKe TOKa3aHO, KaK 3TO AeaaTh. Fcian
y HAC €CTh aJrOPUTM, KOTOPHIN MBITaeTCA mepebpaTh HEKOTOPOe KOIMYeCTBO BO3-
MOXKHOCTEH, TO Hallla MAIllMHA MOXEeT yrajaTh, KaKas M3 BO3MOXKHOCTEH SBJISETCS
XOpOIIIell, a MOTOM HMETHPOBATE BTOPYIO YacTh (MOJHHOMNAIBHYIO TPOBEPKY KOH-
KPETHOr0 BapuaHTa). B 0o6paTHYIO CTOPOHY 3TO HECKOJBKO CIOXKHEE, HO BCE PABHO
npoctaTodHo npocto. Ecan y Hac ectb PMT, To ona mopox gaeT gepeBo BBIMHCIEHS,
1 TIepe6op HYXKHO MPOM3BOUTE 110 BCEM BO3MOXKHBIM BETBSIM.

CoBpeMeHHas TeOpPUsA CIOKHOCTH BBIYHUCIEHHN HAYalach ¢ pe3yabTaToB Kyka,
Kapma, JleBnaa (KOTOpPHIH mMoay<na mx HesaBucuMo) B Hadade 70-x rogos (1970-
1972). Pa cepus T€OPEM COCTOUT BOT B 4eM.

1. agada swnoanumocms (SAT) noana naa kiaacca NP (Teopema Kyxka). Takum
o6pazoM, 3ajada Hallero MaTeMaTnka M (MOXHO 1 MpHIyMaTh TOINHOMHUAILHBIN

aaropuT™ mas SAT) sKBHBaJeHTHA BOMPOCY: COBIATAIOT MU Kaacckl P uw NP (P #
NP). Ecin mOANHOMAAIBEHOTO allOPHTMa HEeT, TO 3TH KAACCHl He COBHANAIOT — HX
otaeasier zagada SAT, ecan XKe OH €CThb, TO MOXKHO 3(Pp(PEKTUBHO PENINTDH JTO6YIO
3afady w3 Kaacca NP. 3ajgada BEITOTHEMOCTH OTBevaeT 3a Kiaacc NP. I'py6o roeops,
NP — 5T0 He 4TO MHOeE, KaK 3aa4u, KOTOPbIe MOI'YT OBITH CBEJICHBI K BHITTOJAHUMOCTH
NIPONO3UINOHAIBHBIX (hOPMY.I.

2. EcTecTBeHHO, 9TO TaKOW PE3YJIbTAT MOXKET BHI3BATH HEKOTOPYIO PEAKIINIO OT-
TOPXKEHUA — HEe HACTOJBKO YK BaKHa 3a,da49a BEIIOJHIMOCTH, ITOOHI CTPOUTD LETYIO

Ila nocaegaem Mex gynapognom Konrpecce (Ilepann, apryct 1998r.) aMepukaHCKHI MaTeMa-

Tuk II. lop 6b1 yoocToeH 3a >TH UCCAeTOBAHUA MTPeMUU UM. |leBaHIUHHEL.
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TeopHio ee pellleHnsa. Po caeytommm maroM 6bira craths Kapma (1971), B KoTopoit
yxe 6bL1a ykazana 21 momnad 3amgata auasa kaacca NP. Bce ornm Mexay coboil 5KBu-
BaJEHTHHI.

B mactosiee Bpemsi cnucok NP-mMoJHBIX 3ajad, KOTOPblE BOZHUKAIOT OYKBAThb-
HO BO BCeX 00JACTSAX MATEMATHKH, COJEPKUT THICAYN 3aqaqd. Beze, rje BOZHUKAIOT
AJTOPUTMBI, BO3HUKAKT U TepebOpHBIE 3aga4dn. PTo HEYIUBUTENBHO, MTOTOMY TO
64BIIas 9acTh MTPOrPAMMEICTCKON PaboOTHL I COCTOUT B BEIOOPE BapHaHTa MOJYHIIE.
Y AMBUTEIBHO TO, 9TO 9aCTO, a MPAKTHIECKH — BCerAa (¢ HEKOTOPBIMH NCKIFOYeHHA-
MH) — €CJIH ¥ BaC €CTh KOHKPeTHasd IepeGopHad 3a1ada, TO €6 MOKHO CPABHUTETBHO
JErKO KJIaCCUPUINPOBATH — JAUG0 I Hee eCTh MOANHOMUAIBHBIN ajJrOpuTM, JAu60
OHA TIOJHA.

Takwum o6pazom cTpouTcsi Teopus nmepeCOpHBIX 3amad. 3-3a Toro, 9To mepeGop-
HBIE AJITOPUTMbI BO3ZHUKAKT TOYTH BCIOAY, OHa npuobpena 6oiblioe 3HaveHme. Po

MHEHUIO aMepIKaHCKoTo Tomoaora CMeina, Bonpoc P # NP 6ymeT oHUM M3 CaMBIX
BayKHBIX BOIIPOCOB MAaTEMAaTHIeCKOW HAYKHU CIAETYIOUETO CTOJETHSA.

BoTt w mogoliien K KOHIIYy pacckKa3z O TOM, UTO ABIAETCA, TaK CKa3aTh, ATPOM
TEeOPUHU CJAOKHOCTH BBIYHCIEHUN. Pe cTOMT MOHMMATH 3TOT paccka3 Tak, ITO BCA

Teopus CJAOKHOCTH 3aHUMAaeTCA TOMLKO JWIIL cooTHomenneM P # NP. Uagoxennas
cxXeMa HCCAeJOBAaHHI — KOoTopad o6beUHACT 3aJa49l B CJAOKHOCTHEIE KIACCHl I IIO-
TOM HCCIEAYeT 5TH 3aJavH ¢ ITOMOMIBIO HX CBOJUMOCTH APYT K APYTY — OKazalach
YAUBATEIBHO 3hpeKTHBHA I0JOTBOPHA B CAMBIX Pa3HBIX CHTYAlNAX.

PepedmncanM KOPOTKO HECKOABKO CaMBIX BaJKHBIX BO3MOKHOCTEH (IOMHUMO yikKe
YIOMAHYTHIX BbIlllé KBAHTOBBIX BBIMHCACHNUN).

PLiBaeT CIOKHOCTD aarebpamveckad. Ecam Hac HATepecyeT BLIYHCICHHE HEKOTO-
pOro NOJMHOMa, I MBI a6CTparupyeMca He TOALKO OT feTaell GHTOBOr O BEIIHCACHIA,
HO I OT TOr'0, KaK MPOM3BOAATCA apH(PMeTHYIeCKHe ONEPalii, TO BCE 3aBHCHT JIHIIb
OT TOT0, C KAKIMH THCIaMU IPOU3BONATCA apudpMeTHIecKne onepalun. Torga nimHa
BLIMHC/ICHNA ONpeeadeTcA KOAMIeCTBOM CAOKEHHI U yMHOKECHHIT,

PLIBaeT CJIOKHOCTH FeoMeTpHYIeckad — AUarpaMMbl BOpOHOT 0 U 6AH3KHE K HIM
BEIlH, O KOTOPBIX A TOBOPUTH HE Oy Y.

PoLiBaeT clIoXKHOCTL GyJeBa — OHa OTAMYAETCA OT TOrO, 9eM MbI 3aHIMAJNCh
cerojins, TeM, 4To Hac uHTepecyior dyuxuuu f : {0, 1}" — {0, 1}, onpenenerubie Ha
CJI0BaX (PUKCHPOBAHHON JIHHEL

B mro60oM 13 5THX pa3/leloB BO3HIKAET Macca IIOCTAHOBOK MHTEPECHEHINX 32, Kad
HMEHHO B paMKaX 5TOH oBIIell 1 1e0M0r N,

IITATOJAPHOCTH

A BeIpaxato raybokyio Gaarogapaocts M. P. Bamomy u M. B. ArexnoBudy 3a xBa-
AUGUIUPOBAHHY O TOMOIIL B IPUBEEHNN TAHHOM JEKINN K MPUTOTHOMY IS ITEHIS
Buay u mpod. J. Krajicek 3a psng menHBIx 3amMevdannii.



Ilo-HoBoMYy 0 cTapom: pparMeHTHI
KJIACCUYECKOU MaTeMaTUKA

Teopema zIKopgana

A. B. Yeprapckunu

I. CBOUCTBO «PA3BBUBATH» U IPYTUE TONOJOINYECKUE
CBOWCTBA

1. EJOE HE ECTb CYMMA CBOMX YACTEH. PTo Hafupiiee oCKOMHHY BBHI-
CKa3bIBaHUEe M3BECTHBIM KnGepHeTnkK M. MUHCKHR OCBEXMJI TaKOH WITIOCTPAIMEn:
HUKaKasgd 9aCcThb Or'pabl HE €CTh Or'pafa.

P a s3pike, KOTOPBIM MBI 6y IeM MOAB30BATHCA, YTO 3HAMAT: TOMOJOTHIECKIH 06pa3
OKPY2KHOCTH pa36HBaeT IIJIOCKOCTB, HO HUKaKas €ro 9acCTh IIVIOCKOCTH HE pa36HBaeT.

2. UTO 3HAYUT «PA3BUBATH»7 Tepmun «pazbuBaThy CBA3aH C OMHUM U3 IBYX
OCHOBHBIX TOTOJOTHYECKUX CBOUCTB MpocTpaHcTB. Mel He OyaeM mpuberaTh K 06-
[IeMY TOHATHIO TOMOJIOTHIECKOTO MPOCTPAHCTBA, ITOOH HE OTKJIOHATHLCS JAJEKO OT
HaIlell TeMBI, I OTPAHUYIUMCSA TI0IMHOKECTBAMH €BKJIN0BEIX nmpocTpancTs R”. Cob-
CTBEHHO, HAM HYXHa ILIOCKOCTH, HO MBI IO Mepe BO3MOXKHOCTH OyIeM KacaThCs U
06Imero cIydas TOMOIOTHIecKoro obpasa cdeprl S?~! B R”. PaockocTs 6ygeM 060-
anavaTh I1.

PoamuoX)ecTBO pazbusaem cBI3HOE MHOKECTBO, €CJH JONOJHEHTE K HEMY He CB3-
HO.

3. CBA3HOCTHL. Pamomunm, urTo cBasnocts X C R"™ mo ompefeieHnio o3Hava-
eT, 9T0 X HeJdb3s MPeNCTaBUTh O6beINHEHNEM [BYX HEMYCTHIX U He MEPECEKAIOIIIXCS
TOIMHOK€eCTB, KoTopeie omkpbimet 6 X . PoamuoxectBo A C X oTkpwiTo B X, ecin
OHO eCTb Tepecedenne X ¢ OTKPBITHIM MO IMHOXKeCTBOM IR™ ) a OTKpHITOCTE B R™ 03HA-
qaeT, YTO KaxkKJasd TOYKa HOAMHOXKecTBa R” JeKUT B 3TOM TIOAMHOXKECTBE BMECTE
CO CBOEN OKPECTHOCTBHIO, HAIPUMED, € MIAPOM C MEHTPOM B 3TOH TOYKE.

OTxpoeiTOE MTOAMHOXKeCTBO R™ CBSABHO TOTJa M TOABKO TOT A, KOT'[a OHO AUHETHO
€6A3HO, T.e. MOOBIE Be ero TOYKH COSIUHUMBI JeKallell B HeM npocmot dyeoti. B
KadecTBe TAKOU YW MOXKHO B3ATH JOMAaHYIO.

MaTemaTuyeckoe npocseweHue, cep. 3, Bbin. 3, 1999(142—157)
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CBOMCTBO CBA3HOCTH U TMOHATHE «PazbuBaThy ABAAIOTCH TOMOJOTMYECKUME U MO-
TOMY TO3BOJMAIT NOKA3bIBATH B IMPOCTHIX CAyYaAX TONOJOIMYeCKYIO HEOKBUBAJCHT-
HOCTH MHOXKeCTB. C TOMOIIBI0 aKCHOMBL [leleKnH 1a eTKO TPOBEPSIETCS, 9TO CBA3HBI-
MHE [OJIMHOXKECTBAMHI THCAOBOH OCH IR ABIAOTCA B TOYHOCTH HHTEPBAIBI (BKIOYAA
TOYKHN W HEOTDAHMYEHHBIE HHTEPBATBI — MOIYTIPAMEIE I camy R).

OTKpBITHE HHTEPBAJIBI TOTOJOTHYECKN OTANYAIOTCH OT 3aMKHYTBHIX W MOJYyOT-
KPBITBIX TeM, UTO KaXaad UX To4YKa pa3bupaeT Ji0OYIO WX CBA3HYIO OKPECTHOCTD.
OKpyXRHOCTH OTAMYAETCS OT JAIOOOT0 WHTEPBAJA TEM, 9TO HU OJHA €€ TOYKA ee He
pazbuBaeT. /IBe TOYKN OKPYXKHOCTEL pa3buBaioT. PTo MOXKHO Ha3BaTh OMHOMEDPHBIM
caydaeM TeopeMbl zKopana. Ppsamad He ToMeoMopdHA MIOCKOCTH, TaK KaK Kak aad
ee ToYKa pa3buBacT KaxX Iyl CBOIO CBA3HYIO OKPECTHOCTH, & TOYKH IIOCKOCTH, O4e-
BUAHO, He pa3buBaioT KPyroB, IEHTPaMU KOTOPBIX OHU CIYXKaT.

P anoMHmIM, 970 KOMIIOHEHTOH CBA3HOCTH (MM IPOCTO KOMIIOHEHTOMH ) MHOKECTBA
HasbIBaeTcA M060e ero CBA3HOE MOAMHOXKECTBO, He Jexalee B 60AbIIeM CBA3HOM IO IT-
MHOXKecTBe. Bcsikoe MHOXKecTBO pacmafaeTcsa B CYMMY MOTApHO HeMepeceKaloNmKCsa
CBOMX KOMIIOHEHT CBA3HOCTH.

4. KOMIIAKTHOCTb. BTopoe BaxHoe TOMOJIOTHYeCKOe CBOUCTBO — KOMITAKT-
HOCTH, OHO ONPENENAETCA C MOMOINBIO OTKPHITHIX TOKPHITHH. POKpBITIHE MHOXKECT-
Ba — 3TO CHCTeMa ero MOJIMHOXKECTB, Aaollad B 0ObeIUHEHUN BCE 3TO MHOXECT-
Bo. OTKpBITOE MOKPHITHE MHOXKECTBA X COCTOUT U3 OTKPHITHIX B X IMOJIMHOXKECTB.
MHOXKeCcTBO KOMITAKTHO, €CIN W3 KaXKJOTO €ro OTKPHITOTO MOKPLITHA MOXKHO BBITe-
JUTH KOHETHYIO TIOJCUCTEMY, ABIAIONIYIOCA TOKPpHITHeM. U3 MHTepBAJOB KOMIAKTHEI
TOMBKO 3aMKHYTHIE HHTEPBAILI (1 TOUKM). PTo — m3BecTHasA TemMa [efite—Popeisa—
Jle6era. Po Ha npsmol nMeeTCs MHOTO APYTUX KOMIAKTHBIX MOJAMHOXKECTB, HAIIPH-
Mep, 3HaMeHNTOoe KaHTOPOBO MHOXKECTBO.

Boobiiie, xoMmakTHBIE TOAMHOXKeCTBA R™ 3TO B TOYHOCTH TTOAMHOXKECTBA, ABJIA-
IOLINECH OJHOBPEMEHHO 3aMKHYTBHIME M OTDaHNYeHHBIMH. (3aMKHYTHE IO IMHOXKe-
CTBa — 3TO JONOJHEHNA K OTKPHITHIM. OHEU XapaKTepU3yIOTCSI TEM, 9TO COAEPKAT
BCe CBOWM Mpe/eJbHBIE TOYKH, T.€. TaKue, B JIOGOU OKPECTHOCTH KOTOPBIX MMETCA
TOYKH JaHHOTO MHOXKecTBa. OTpaHHYeHHOEe MHOKECTBO — MHOMKECTBO, COEPKAIITE-
ecs B IIape KaKor o-HAOYJb pamyca.)

5. KOHTUHYYMbI. O6a cBONCTBa — CBA3HOCTH M KOMIIAKTHOCTH — BBIPaXKa-
IOT HENPEPHIBHOCTH MHOXKECTBA (B OTINYHE OT HEMPEPHIBHOCTH oTo6pakenns). OHn
ABJAIOTCA TOMONOTHIECKIMI, T. €. COXPAHAITCA MPH IoMeoMopdn3Max (B3alMHO O/
HOBHAYHBIX U B 06€ CTOPOHBI HENPEPHIBHEIX 0TOOpakeHNAX). Pa caMoMm nere oHm
COXPAHSATCS MpH M060M HenmpepbiBHOM oTob6paxenuun. O6paTHoe, BOObIEe TOBOPS,
HEBEPHO, B YeM YUTATENh MOXKET YOEIUTHCSA Ha MPOCTHIX IMIPUMEPAX: Pa3PHIBHOE OTO-
O6paKeHne MOXKET COXPAHATH CBA3HOCTH U KOMIAKTHOCTb.

MHuoX)ecTBO U CBS3HOe, W KOMIIAKTHOE OTHOBPEMEHHO HA3BIBAETCS KOHIMUHYYM-
oM. PenpephiBHEIN 06pa3 KOHTHHyYMa €CTh CHOBa KOHTHHYyM. (Pampumep, ecan
QyHKINSA ompejeleHa Ha 3aMKHYTOM HWHTepBajge, TO U obJACTh ee 3HAYEHUU eCTh
3aMKHYTHIH WHTepBad. 13 3Toro BoITeKatoT Teopembl Poabiiano m Beniepurrpacca o
HENPEPHIBHEIX (DYHKIHAX. )

B 4acTHOCTH, TONOJOrmaecKdil 06pas €' oKpyKHOCTH S’ Ha IIOCKOCTH ABIAETCA
KOHTHHYyMOM. MBI 6yeM HazbIBaTh TaKOU 06paz MPOCTON 3aMKHYTOHN Kpupon. 1o
ke BEepHO U g Tomojorudeckoro obpaza C"~! cheprr S?7! B R™ (Takoil o6pas
Gy 1eM Ha3BIBATH TOMOJOTHYIECKOH cepoit).
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6. TEoPEMBI 2KoPaAaHA, 2KoPHAHA-PPAYdPA u IIIEH®ANCA. B cBoenn oc-
HOBHOW dacTu TeopeMa zKKopgana yTBepKgaeT, 9TO MpocTas 3aMKHyTasd Kpuas C'
Ha miaockocTu Il paz6upaet II.

Poaee Toro, I\ C cocrout uz aByx kommonenT u C' aBaseTcs obliel IpaHulel
3TUX KOMIOHeHT. Pocientee oznadaeT, 4T0 Kaxgad Touka C' CIyXKHUT NpeneabHON
TOYKON A KaXkKJOW M3 3THX KOMITOHEHT.

Puc. 1.

PTo xe yTBepxaeHme copaBeqauBo u Aad obobirenns Teopembl 2Kopgana, mo-
kazagHoTO Ppayspom B 1912 roay: R™\ C"~! coctout us aByx xommonent n C™~1
ABAAETCA UX OOIIEH TpaHuIen.

Po caegyrotiee yrounenne Teopemul 2Kopaana, ganuaoe A. Hlerdpancom B 1906 .,
He CIpaBeNInBO B OGIIEM Cilydae mpu 1 > 3:

Sambikanna kommorerT R?\ C' ToMeoMophHbI 3aMbIKAHIAM KOMIOHEHT TOMOJIHe-
nua x S1. (PTo skBUBaneHTHO yTBepkAeHHI0, uTo romeoMopduzm S! ua C' MoxeT
GBITE TPOJOIKEH 0 TOMEOMOP(H3MA TNIOCKOCTH Ha cebs.)

Mui He 6ymeM A0Ka3BIBATH 3/€Ch TO YTOYHEHIE U OTOILIEM YNTATENs K KHUTe
JI. B. Keagein «Tomosioruveckue BAOXeHNA B €BKJINIOBO MPOCTpaHcTBOY. Po B KoHIle
MBI TIpHBejieM HecaoKHEI npuMep (E. Apruna n P. Pokca, nogpobHee ONNCAHHBIN
B TOH KHHUTE), W3 KOTOPOT'O OyAeT BHIHO, HOYEMY 3TOT PE3YALTAT He MEPEHOCHTCA
Ha 6oJiee BEICOKIE Pa3MePHOCTH.

7. PETPAKIIMU. Mgbr 6ymem onupaThes Ha moHsATHe peTpakunn. OHO nMeeT 06-
[meMaTeMaTHIeCKOe YIOTpebaeHre (Telleph 5TO 3HAYHT «OOIIeKaTeropHOeY). B Ha-
[eM CIydae MOoAMHOKeCTBO A MHOXKecTBa X HAaZBIBAETCA PEMPAKMOM X, €CIAU WMe-
eTcsi HempepbIBHOE oTOoCpaxkenue r : X — A, Ipu KOTOPOM BCe TOYKHN A HETIOIBIAK-
HHI.

(B 6oaee obuien hopMe: mycTh naHbl oTobpaxkenus f: B - X ug: X — B¢
ycaosuem ¢ f = 1|g — ToxkgecTBennoe orobpaxenue B. Torna orobpaxenue r = fg :
X — X o6aagaer cpoiictom r? = rr = fgfg = fg = r. Poaee Toro, eciu x = r(y),
T.e. ¥ AeXUT B obpasze A orobpaxenud r, To fg(x) = r(x) = r(r(y)) = r(y) = «.
3ua4ynT, r ecTh perpakund X Ha A m Takke f ecTh oTOoGpakenme, o6paTHOE K ¢,
orpanndenHoMy Ha A. MHbIMHI cioBamu, f ecTh ToMeoMopduaM B Ha A.)

P anipumep, peTpakiiuen sBaseTcsa MPOEKINS MOCKOCTH Ha paAMyto. PaM monago-
6UTCA peTpakius CIeAyolero Tuma. B mape B™ BBEIKMHEM TPOW3BOIBHYIO TOUKY O
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(ne obssarenbno nentp). Kaxapii noayunrepsaa (O, ], rae x € S*~1 oro6pasum
Ha CBOil KoHer x. MbI, 04eBIHO, MoayquM peTpaknuio B\ O Ha rpannmy mapa S~ L.

8. OKPY>KHOCTb — ABCOJIIOTHBIIl OKPECTHOCTHBIN PETPAKT. /[laa mac cy-
[IECTBEHHBIM 6y1eT CBOMCTBO OKPYKHOCTH, COCTOSAIIEE B €€ TPUHAIEKHOCTH K KIac-
CY abcoamHubls OKpECTMHOCIMHBEL pempakmos. Pe napas o6IIero ompejgeieHus, MbI
OTMETHM TOJABKO, ITO COTVIACHO 3TOMY CBOWCTBY, 060N roMeoMopdHbii o6paz C' B
a6oM mpocTpaHcTBe R™ siBAsgeTCA peTPAKTOM HEKOTOPOW CBOEH OKpecTHOCTH. PTO
e BepHO 1A Bcex cdep. MBI HOKaxKeM 5TO A1 CoMeoMopdHEX obpazos S B II.

9. OTPE30K — ABCOJIIOTHBIN PETPAKT. 3aMKHYTHII HHTEPBAJ SBAAETCA a6-
COAOMHBLM PEMPAKMOM, ITO, B TaCTHOCTHU, O3HATaeT, 4TO JoGad TMpocTasd ayra
(roMeoMOpOHEIT 06pa3 0Tpe3ka) B IMIOCKOCTH ABIAETCA €€ PeTPAKTOM W, 3HAYHT,
JI060T0 TOAMHOKECTBA MIOCKOCTH, COJepPKAIIEro 5Ty AyTY.

AbcomoTHBIe peTpakThl 061a fal0T TaKKe ABOUCTBEHHBIM CBOUCTBOM: HEMTPEPHIB-
HOe 0TOoGpaKeHne MOAMHOKECTBA MHOKXECTBa X B TaKoe IPOCTPAHCTBO MOXKET GBIThH
pacnpocTpanero Ha Bce X. s oTpeska (M, 3HAYHT, 1JId AFOGOH TPOCTOH AYTH) 3TO
€CThb YTBEpXK/[eHNe JeMMBI YPBICOHA, ¢ KOTOPOHW HAYMHAETCA TOMOTONUYECKAS TO-
noJorua. Mul JoKaxeMm ee TOJBKO B OUEHBb YACTHOM, HYKHOM HaM Jadbllle, caydae.

JIEMMA . Ilenpepwienoe omobpancenue f epanuyvt keadpama ¢ 6 ompeszok I mo-
acem 6vimb npodoadceno do nenpepwvieHozo omobpancenus F 1 Q — 1.

JOKA3ATEJNLCTBO. Bozemem BHYyTPEH () TOUKY O 1 0TOOGpa3nM ee B JIOGYIO TOY-
Ky A orpeska. 3aTeMm Kaxablil oTpezok [0 &), rae & AexXuUT Ha rpaHute (), THHEHHO
oTobpaznm Ha oTpesok [A, f(#)]. To, 9To moayauTcs HeMpepBIBHOE OTOGpaKeHIe,
npojomKariiee f, TpoBepAeTCA HEMOCPENCTBEHHO. O

10. TEOPEMA O HEPETPATHUPYEMOCTH KPYI'A HA T'PAHUIIY U TEOPEMA O HE-
MOJBUXKHON TOYKE. Pamre noxazaTeibCTBO oNMMpaeTCcs HA TEOPEMY O HEBO3MOXK-
HOCTHU PeTPAKINN KPyTra Ha ero TPAaHUIHYIO OKPYKHOCTE. PTa Teopema cipaBeninBa
g mapa aobol pasMepHocTH. MBI MpHUBeAeM HIKE TPOCTOE [OKa3aATEALCTBO A
kpyra. OHO MOXeT GBITH «ITPOJIOIKEHOY MO WHAYKINH HA BBHICIIHE PA3MEPHOCTH, HO
npu 3ToM obpacTaeT TEXHUYECKHUMH JeTalAMU M OKa3blBaeTCA HEHAMHOI'O IIPOIIE
OOBIMHBIX [[OKA3ATENBCTB C MOMOINBI0 CHMILIHINAIBHON WA TJIAJKOW AlMpOKCHMa-
IWH.

Kaxk n3BecTHO, 3Ta TeopeMa >KBUBaJeHTHA TeOPEMe O CYIIIECTBOBAHWH HETIO TBUK-
HOW TOYKHN Y A060Tr0 HEMPEPHIBHOTO oTobpaXenus mapa B cebs. Pam sToT dakT He
moTpebyeTcss W MBI OCTaBHM [OKa3aTelbCTBO DTOH DKBHBAJEHTHOCTH YHTATETO B
KadecTBe YIPaXHEHNUA.

11. CXEMA JOKA3BATEJBCTBA TEOPEMBI 2KKOPJAHA U CONYTCTBYIOIUX YT-
BEPXKAEHUI. Ecau I\ C cBsA3HO, TO MOKHO IOCTPOUTH PETPAKINIO MIOCKOCTH HA
C, amaqunT, n cogepxamero ' Kpyra, a Torja W PeTPaKIHio 3TOT0 Kpyra Ha €ro
rpasuiy. MBI MOTHOCTHIO TPOBOAUM AOKA3ATETHLCTBO TOJLKO B ABYMEDHOM Caydae,
HO GyIeT BIIOJHE OYEBUIHO, 9TO OHO IPSAMO TEPEHOCUTCA U HAa MHOT OMEPHBIH CJIyYall.

PeperparupyemMocTs Kpyra Ha IpaHHIy BiedeT 3a coboil 6oee oblmee yTBePK-
NeHme: 3aMBIKaHNe OTPAHMYEHHON KOMIIOHEHTHI JOTOJHEHNS K KOMITAKTHOMY MHO-
JKeCTBY Ha IJIOCKOCTH He peTparmpyeTcsa Ha cBowo rpanuny. OTcona, B 9aCTHOCTH,
BBITEKAET, 9TO MPOCTad Ayra He pazbmBaeT IMIOCKOCTH, a TaKkKe, IT0 TOMeOMOP(hHBIT
o6paz (' OKpyKHOCTH SIBAsAeTCH OOIIeN TPAHUIEN BCEX KOMIIOHEHT CBOET'O MOTIOJHE-
HUA.
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P akonerr, MbI TpUBeleM MOKA3aTETBCTBO YTBEPK AEHNA, ITO KOMIIOHEHT NOTIOJHE-
aust K C' poBuo qBe. OHO OKa3bIiBaeTCs Golee CAOKHBIM U B OTIMYHE OT MPEABI TYIITTX
CYIIECTBEHHO MCHOJb3yeT cBolicTBa Il xoTs, yTBepxK aeHme, KOHETHO, BEPHO W B N-
MEPHOU CHUTYAaIlNH.

Jlng mMOTHOTHL MBI BEIBeIeM U3 TeopeMbl zZKopnana-Ppayepa qpyrue KiaccuiecKme
pe3yabTaThl Ppayepa: Teopemy 06 WHBApMaHTHOCTH O6JACTH U pa3MepHocTH R” —
U cleJaeM KPATKUH HCTOPUIECKUH 3KCKYPC.

II. JOKA3ATEJABCTBO TEOPEMBI 2KKOPJAHA

Pawmem ¢ gokazaTeqbcTBa TEOPEMBI O HepeTParmpyeMoCTH KpyTra B Ha ero rpa-
HuIy S.

1. TEOPEMA. Ile cywjecmsyem pemparyuu B na S.

JMOKA3ATEJNLCTBO. Pyctes ¥ : B — S — perpakuus. Bozbmem Touky zg €

S. Pycrs K moaubin mpoo6pasz TOYKH Zy. PTO KOMIAKTHOE MHOMKECTBO, IIPHUYeM
KNS = xzy. Nas xkaxgon Toukn ¢ € K BO3bMeM MaJbIll TPEYTOABHUK A, comepxa-
i & BEyTpH cebs. TpeyroabHuk Ay, M TOYKH £ BO3bMeM TaK, YTOOBI €0 OJHA
CTOpOHA Jekada Ha S U cofepxkaia &g BHYTpH cebs. TpeyroabHUKN M5 OCTAIBHBIX
TOYEK HE MOJXKHBI TepeceKaTh 5. BrifepeM KOHeWHOe HHCIO TPEYTOJBHUKOB, O00H-
eJlMHEHNE BHYTPEHHOCTEN KOTOPHIX cOnepkuT K. PeMHOro MOIIEBeNNB BEPIINHE,
MOXHO MOBUTHCS, 9TO6BI BEPIINHBI Ka¥kK JOT'0 TPEYT OJbHI-
Ka He JEXKATN Ha MPAMBIX, COEPKAIINX CTOPOHBI APYTHUX
TPeyToABHUKOB. Torjga rpanunia OObeUHEHNS OCTABIEH-
HBIX TPEYTOIBHUKOB COCTOUT W3 KOHEYHOTO HHCJIa JOMa-
HBIX, U3 KOTOPHIX TOJBKO OHA, HAa30BeM ee [, MOXKeT GBITh
HE3AMKHYTOU — OHa JOJXKHA COeNUHATH JABa KOHIIA CTO-
poHBI TpeyroabHuka Az, dexamen Ha S. B camom feie,
KOHEI] TaKO! JOMaHOH He MOXKeT JexaTh BHyTpn B. (O1-
pe3oK He pazbHBaeT CBA3HON OKPECTHOCTH CBOErO KOHIIA. )
Ecan Tpeyroapaukn Gpaquck TOCTATOYHO MAJILIMHU, TO
Puec. 2. paccTosiame Todek [ oT K cTOMb Majo, 9TO PAcCTOSHIE ee
obpaza r(l) oT xp MeHblIe 3agaHHOTO £. Po »T0T 06paz

€CTh CBA3HOE MHOXKECTBO, KOTOPOE COMEPXKHUT 00a KOHIA yKa3aHHOU CTOPOHBI Ay, .
Tak xkak xy pazdbUBaeT CBOI OKPECTHOCTH, 3TOT 06pa3 [OMKEH COMepKaTh g, T.€.
[ mepecekaeT K, 9TO HEBO3MOXKHO MO MOCTPOEHUIO. (I

PTo mokazaTeabcTBO MOBOJABHO HEMOCPENCTBEHHO MPOJOIKAETCA TO WHIYKIIHN
Ha BHICIIHE pazMepHOCTH. MBI yKaxX)eM TOABKO CXEMY DTOTO PACCYXKIEHW, TaK KaK
moApo6HOE €ro MPOBeeHNe, KaK CKa3aHO, NMeeT TMPUMEPHO TOT JKe MOPSI0K CJAOXK-
HOCTH, 9TO U OOBIYHBIE JOKA3aTEMbCTBA.

Paccyxjasg oT o6paTHOTO, JOIYCTHM, ITO IMeeTcA PeTPaKIua 1, | @7 — S7 1
n-MepHoro ky6a Ha ero kpaii. Bozbmem BayTpu (n — 1)-mepnoli rpanu Q"1 C 571
3TOrO KyHa TOUKY X,. Pycts K, — moambii nmpoobpas sTon Toukn. OH mepece-
kaeT S"~! TompKo mo Touke X,. Pokpoem K, KOHEYHLIM HICIOM Ky6OB, M3 KOTO-
PHIX TOXBKO OJUH IepecekaeT S™~1 cBoell rpambio, cojepkKamieil X, BHYTpH cebs.
Mur He 6yeM MOKa3BIBATH JeMeHTAPHBIN (PAKT KOMOWHATOPHON TOMOJOTHIN: HEKO-
TOpasg CHMILIAINAJBHAS OKPECTHOCTH 3TOro o0bequHEHNS Ky6OB MMeeT TDaHHIEen
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(n — 1)-MepHoe MHOTOOGpasne. Takas OKPECTHOCTE Ha3bIBAECTCA PETYAAPHOIN, B Clle-
OYIOIIEM TTYHKTE MBI PACCMOTPHUM 3JIeMEHTAPHBIA CIyYall PEryaapHON OKPECTHOCTH
nepea. O603HAYMNM TPAHUILY PETYIAPHON OKPECTHOCTH OOBheMHEHN TTOCTPOEHHBIX
ky6oB yepes M™~1. Ee kpaii copnagaer ¢ kpaem S"~? (n — 1)-mepHoro ky6a, comep-
Karmero x,. O6pas r, (M"~!) sexuT B Majoli oOKpecTHOCTH 5TOro Kyba 1 He comep-
KUT Xp,. B cury oToro umeercsa perpakius 1/, sToro o6paza na S"~2. Komnoszumus
7! T, ONpejenseT PeTPaKIuio 1,1 : M?~1 — §7=2,

BozbMeM Telepb TOUKY X,,_1 B KaKOH-TH60 rpaHd S™ 2 I 0603HAYHM ee MOTHHI
mpoo6pas 4depes K,_i1 C M™™!. Jlaablne noBTOpAeM MPOBEICHHOE TOJBKO UTO IIO-
CTPOEHNE C TeM TOABKO OTIMINEM, YTO BMeCTO Ky60B 6epeM 00be TMHEHNA CHMILIEK-
coB, comepxkammux To9kn K,_1. MBI MOXeM HOCTPOUTH PETyASPHYIO OKPECTHOCTH
»Toro mpoo6pasa Tak, 4To ee rpanuna M"~? (Bagras oTHocuTeabno M™71) mepe-
cexaeT S"2 mo rpammme S" 3 ky6a, comepXKaIlero X,_i, I IPH 5TOM ee o6pa3 He
COEPKUT 3TOH TOUKH. P03TOMY, KaX I BEIIIe, CTPONTCA PETPAKINA 7y o : M7~ —
S7~3 1 paccyXJeHNe MOXKeT 6BITH IPOLOKEHO Jafblle.

Tak Kak pazMepHOCTH MHOTOOG6pasmit M' yMeHbIIACTCA Ha €IUHUIYY C KA IbIM
[IarOM, Y€Pe3 1 IIArOB MBI MPUIEM K PETPAKINHU JOMAHOW 0Ge3 MmepecevdeHnl Ha ee
IBa KOHIIA, ITO HEBO3MOXKHO B CHIY €€ CBA3HOCTH.

JlokaxkeM Temneph [Ba MPeABAPUTEIBHBIX YTBEPXK TEHIIS.

2. PErYJAAPHAA OKPECTHOCTDL AEPEBA. /lepeBoM Ha3BIBaeTCA CBA3HBIN Ipad
(06T>e,qHHeHMe OTPE3KOB, IIepeceKalolUXcsa TOJABKO B KOHuaX), Y KOTOpOr'o HET IH-
KJOB, T.e. B HEM HeT 3aMKHYTHIX Ilenodek pebep, B KOTOPHIX Kakaoe pebpo BCTpe-
JaeTcs He Hogee OOHOTI'O pa3a. PxBuUBaleHTHLIM CBOICTBOM ABAACTCA HEBO3MOXHOCTD
yaJdeHusa OqHOTO (OTKprTOFO) pebpa Tak, 4To68I Tpad ocTalca cBa3HBIM. Eie nHa-
4e MOXKHO CKa3aTh, 9TO AepeBO — 3TO I'pady, KaxkKJad TOYKa KOTOPOTO WIN €ro pa3-
O6UBaeT WU ABAAETCA KOHETHOU TOIBKO IJIA OJHOTO pebpa.

HepeBo, oveBuIHO, UMeeT Pebpo, ONWH U3 KOHIIOB KOTOPOT'O MIPUHA,IIEXKUT TOTHKO
>ToMy pebpy, mpudeM mocie oT6pacbiBaHUA 3TOTo pebpa CHOBa OCTaHeTCA AepeBO.
MNuade, cmemmasach mo peGpam, MBI 06A3aTENBHO TOMYYUM TWKJI.

POCJIe,Z[OBaTeJIbHO OT6paCbIBaH pe6pa, MBI B KOHII€ KOHIOB OCTaBUM TOJBKO O1-
Hy BepimHy. Bo3zbMeM MHOTOYTOJABHIK BOKPYT DTOH TOYKH U, IIPUCOETUHAA pebpa
B oO6paTHOM TOpAJKe, O6yaeM KaX B pa3 Jo6aBAAThL COMEPKAIIUH OdYepeTHOe pe-
6pO MPAMOYTOJBHIK, TPAHIYAIINNA ¢ TOCTPOEHHON Ha MpeabIAyIneM Iare GUrypoi
IO OTPE3KYy, BMECTE ¢ MHOTOYTOJLHUKOM BOKPYT APYTOH BEPIIHHLI STOT0O pebpa
(cMm. puc. 3).

HocTaTouHo 09eBHAHO, UTO KaX LI pa3 MBI 6yAeM TMoaydaTh (PUTYPY, TOMEOo-
MopdHyo Kpyry. Takum o6pazoM, JepeBo Ha MJIOCKOCTH UMEET CKOJIb YyI'OTHO TECHYIO
OKPECTHOCTh, TOMEOMOP(MHYIO KPYTY.

Poctpoennas okpecTHOCTE HaszbIBaeTCA peryaapaon. UHIykImen mo qmcay pebep
JETKO CTPOUTCA PETPaKIUA TaKOU OKPECTHOCTH Ha JEpeBO, MPHUUIEM ACHO, ITO eCIN
OKPECTHOCTEL AOCTATOYHO TeCHasd, TO U pETpaKONIO MOXHO CAeJdaTb C,Z[BI/IFaIOHlef/,I
TOYKHN OJOCTATOYTHO MaJO.

3. OKPY?KHOCTb — OKPECTHOCTHBIII PETPAKT ILJIOCKOCTH.
PPENNOXKEHUE. [Tycmb dan 2omeomopdusm h : S — C oxpyscnocmu S na noo-

srnoncecmeo C naockocmu II. Tozda das nexomopoii okpecmruocmu U(C) 6 naoc-
rocmu umeemea pemparyus U(C) na C.
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Puc. 3.

[OKABATEJbCTBO. PaccMoTpuM mociefoBaTebHOCTD /; pa3OueHuil MI0CKOCTH
Ha KBaJApaTH (Kak B TeTpake «B KICTKY») co cToponoit 271, OHu cTpoaTca ¢ moMo-
B0 TTap CEMENCTB MPAMEIX: MPAMBIE B OTHOM CEMENCTBe OTCTOAT APYT OT APyTa Ha
paccTosHIA KpaTHbIE 271, a mpAMbIe pa3HBIX CeMelCTB OpTOrOHAIBHEL. Kpome Toro,
paz6uenue Z; 41 DOAyHaeTcs N0OaBIEHUEM HOBBIX NDAMBIX K IPAMBIM pa3bueHus ;.

Kax ol BepmmHe v KaXgoro KBajgpaTa KakAoro pazbueHna IMOCTaBUM B COOT-
BETCTBHE OAHY M3 OmmkKaummx Todek (', KOTOpy O603HAINM T,. 3aMETHM, 9TO
eC/M MBI BEIGEPEM TIOC/IE0BATENLHOCTE ¥ 3THX BEPIINH, CXOANLYIOCA K HEKOTOPOH
To4uKe xo Ha C, TO U MOCAEJOBATEIBLHOCTb TOUEK &, OYJeT CXOAUTHLCA K DTOH XKe
TOYKe.

PaccMoTpuMm Temeph pebpa KBaapaTos, He mepecekatommx . CHavana Kaxgoe
Takoe pebpo [v',v"”] noapas genenus 7, roMeOMOPGHO 0OTOCPA3UM Ha TY U3 ABYX AT,
Ha KoTopkle (' pazbuTO TOYKAMU Ty U Tyr, KOTOPAA NMEET MEHBIINN AHAMETP.

3aTeM 1as noapasgeNeHua /s, Bo3bMeEM Te KBaJpaThl, KOTOphIe He nepecekaoT C
U He JeXAT B 0TOOPaHHLIX Ha MEPBOM IIare KBajpaTax M MOCTYIHM C UX pebpaMm
(He JeXalIMI Ha y¥XKe OTOOpaXKEHHBIX) TOIHO TaK XKe.

P pooakum 5To mocTpoeHne Ha Bee Z;, BBIONpadA Ha O9epeHOM Iare Te KBagpa-
THI, KOTOpHIE He epecekatoT C' 1 He JIeXXaT B BHIOpaHHBIX paHee. 3aMeTHM CHOBA, 9TO
ec/aM MBI BO3BMEM IOCIEJOBATENBLHOCTh TOYEK w; Ha pebpax KBaApaToB STHX IO/I-
pazjeqennii, KoTopas cXoAnTcAa K Touke Ha (') TO U OCAe0BaTENLHOCTL HX 00pa3oB
Ha C' 6ygeT CXOAUTHCA K TOU JKe TOTKE.

Mbl (pakTHYeCKH MOCTPOUIN HeNMpepbiBHYIO peTpaknuio Ha C MHOXECTBa, I10-
JAydenHoro nmpucoegnnerneM K (' 6eCKOHeTHOTO T'pada, COCTOAMETO N3 pebep KBa-
IPaTOB STHUX MoApa3jeJeHNiT, HOMep KOTOPBIX pacTeT No Mepe mpubamkennd K C.
Kaxpgaa Touka mirockoctn BHe C' IpUHANIEXAT KBagpaTy OAHOT O U3 TI0ApPa3 feJeHnn
7, KOTOpPHII He nepecekaeT C' W TpaHUIa KOTOpPOro yxe orobpaxena B C.

Tenepb MBI MOCTapaeMcA paclpOCTPaHUTh MOCTPOEHHOE OTOOpaXKeHne Ha TaKme
KBapaThl. Boobie ropops, 310 HeBoamoxHo. (I'paHuia KBaapara MOria GBHITE OTO-
6paxena B C' ¢ IeJBIM HEHY/JEBBIM 9UCJIOM 06X0I0B, HO MBI HE XOTHM OCTaHaBJIABATE-
cA Ha CTPOTOM OTIPE/Ie/IeHHH 5TOT0 TTOHATHA. )

Opmako, ecam KBajgpaT AOCTATOYHO 630K K (') TPONOMKEHNE MOXKET OBITh TI0-
cTpoeno!
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Poapo6uee. las Besikoro £ > 0 HalifeTca HOMED ¢ TAKOU, 9TO I'PDAHUIIB KBA TPATOB
nonpasfeleHnil Z; AAA j > ¢, OTOGPAHHEIX B HAallleM TTOCTPOEHNUN, 0TOOpakeHBl B
moaMHuOKecTBa (', THaMeTPBl KOTOPHIX MeHbIe €. O6pa3bl IPaHMIl TAKIMX KBaAPaTOB
conepxkarcs B ' B ToMeoMOPGHBIX 06pazax OTPe3Ka M, CONJACHO T. 9 MpeabI IYIIET O
pasnena, Mbl MOXKEM MPOJOIKNTE 0OToOpaKeHne Ha 3TH KBa IPAaTHL.

AcHo TaxkkKe, ITO MpHU >TOM AWAMEeTPHI 06Pa30B KBAIPATOB CTPEMATCA K HYJIIO
TIpW BO3pacTaHUN ¢.

PaccMoTpum Temeph Bee KBaIpaThl, M8 KOTOPHIX HAMU OBIJIO OTIpeeeHo 0To6pa-
Kenne B C'. Bo-nepBhIX, AcHO, ¥TO oTo6pakeHne nx ob6beINHEHNA HETPEPHIBHO U He-
MPEPBIBHO MPOIOIKAETCA TOXK TeCTBEHHBIM oToOpaxkenneMm C' Ha cebsi, T. €. CHOBa MBI
uMeeM peTpakumio. OTobpakeHne ompeeleHO, BO3MOXKHO, He /Ui BCEX KBAJAPATOB.
Po o6nenmnenne Tex, MaA KOTOPHIX OHO OTPeJeleHO, COMEPKNT HEKOTOPYIO OKPEeCT-
HOCTE (' B ILMIOCKOCTH W MO3TOMY MBI B [MeHCTBUTEMBHOCTH MOCTPOUIN PETPAKIIIIO
okpectaocTu C' Ha C'| 9T0 1 TpeGOBAIOCH. |

S3AMEYAHUE. Mbr noctpoman perpakuuio Ha C' MHOXecTBa, noaydenroro mz ('
nobaBleHNEM €€ OKPECTHOCTH W T'DAHUI] HEKOTOPHIX KBaJAPATOB MOApa3AeJeHun 7; .
Mur ucnoabsyem ee maabiie. O603HAYMNM ee T.

4. OTPE30K — ABCOJIIOTHBINl PETPAKT IJOCKOCTHU. [las oTpeska [ cmpa-
BEIJIUBO HoJjee cuiabHOE YTBepXK ICHNE, I€M MBI BOCIIOJNb3yEMCA IIPpN AOKa3aTeJabCTBE
gJomoaHeHnn K TeopeMe 2Kopaama.

JEMMA. FEcau q: I — J C Il 2omeomopgusm, mo J — pemparxm I1.

JOKA3ATEJLCTBO JIEMMbI. PeTpaxkius cTponTcs: Tak ke, Kak g1 C', HO 3/1eCh
He BO3HUKAET TOT'O NPENAMCMEUA, KOTOPOE BOBHUKAJIO i IoMeOMOpdHOTo obpa3za
OKPYIKHOCTH B BHjie HEHYJEBHIX CTelleHeN OTOOpaKeHWH TpaHul KBajapaTos Ha C.
WHbIME caoBaMu, MBI IJ KaXJOTO KBaqpaTa MOXKEM MOJb30BATHCA JeMMON m. 9
IpebIAYIIEro pa3aena. |

5. IOKA3BATEJBCTBO TEOPEMBI 7KOPJAHA. MBI MOCTpOWAN BHIMIE peTpak-
nuto  Ha (' MHOXKeCTBA, MOMYYIEeHHOT O mpucoefnaeHneM K C' HEKOTOPOU ee OKPECT-
woctu U W TpaHUI] KBajpaToB NOApa3JeleHHN 7;, TPUYeM Kaxkgad Todka BHe C'
JNeXKAT B OJHOM U3 OTOOpAHHBIX KBaJPaTOB.

Bozbmem Goapmionn kBagpaT (), cofepkKaImi OKpeCTHOCTH U MeINKOM BHYTDH
cebsa. MoxHO camTaTh, YTO BTO OJWH M3 KBAaAPAaTOB NMEPBOTO MOApazIedeHUs L.
KsagpaTnol moapasgelennii /; an6o JekaT B HeM IEJNKOM, JHO0 He TMepeceKaioT ero
BHYTPEHHOCTB.

Bozbmem Touky vy Ha rpasmne (). 3aHyMepyeM OTOOpaHHBIE BHIIE KBaJPATHI
moApasaeqeHuil Z;, 0603HAMUB X (g, M BO3bMEM B KaXJOM W3 HHX IO TOYKE .
Ecan npeanonoxuts, ato C' He pazbusaer I, T.e. uT0 momoanenne x C' umeeT o[-
HY KOMIIOHEHTY CBA3HOCTH, TO MOXKHO I/ Ka)K,Z[Oﬁ TOYKHU Vg MOCTPOUTH JOMaHYIO,
COEIMHAIONIYIO C HEW TOYKY ¥y, KOTOpasg mpoxoauT B () u He nepecekaeT C. O6bequ-
HeHWe dTUX JOMaHBIX 06pa3yeT rpad U MOKHO JAOTMYCTATH, ITO ITOT r'pad — JepeBo
(I/IHa‘Ie BBIKITHCM M3 HET'O HECKOJBKO OTpe3KOB).

BospMeM peryadapHyo OKpecTHOCTH KR DTOTO fAepeBa, cUUTad, ITO OHA He Te-
pecekaeT (', 1eXUT B (), IPUTOM TIEPECEKAETCA C TPAHUIEH () TOMBKO MO OTPE3KY
d, cogepxaiemy vg. R romeomopdgta kpyry. Ee rparuma cocront u3 d u gomosHM-
TeabHon ayru d'. Jlerko nocrponTh perpaknuio R ua d’. Ppogoaknm 5Ty peTpakIuo
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TOXKAECTBEHHO HA OCTAMBHYIO 9aCTh KBaApaTa () U MOIYIUM PeTPAKINIO ') KBajpaTa
Ha fonoJHenne K R.

Pro gomoatenwe we cogepKuT TOUeK vg. [liad Kaxgoro u3 oToOGpaHHBIX KBapa-
TOB ¢ MOCTPOUM PETPAKIWIO JOMOMHEHHUA K TOYKE vy Ha ero TpaHuily. Poaydum
peTpakiuuio o6beMHEHIs KBAIPATOB g \ vg Ha cyMMY ux pebep. [omoJHuM 3Ty pe-
TPAKIUIO TOXKAeCTBOM Ha U/ w 0603HAYNM TOMXYIUBINYIOCA PeTPAKIUio 3. Pakowerr,
MBI IMeeM PETPAKINIo '3 = 7, HOCTPOEHHYIO paHee.

Kommozutiusa Tpex peTpakiimit r3rory gaeT peTpakunuio 7 : ) — C. Boabmem Te-
mepb ToMeoMopdmaM ¢ : S' s €' I TPOJOMKIM ero 10 HeIpPepLIBHOTO OTOGpaKeHNA
q: B — @ xpyra, orpanudennoro S', B kBajgpar @ (paguyc [Oz] auneiino oTo6pa-
KaeTcd Ha oTpesok [A, q(x)], riae A — xakaa-nuby b Touxa B (). Komnozuius ¢~ 17q
IaeT peTpaknuio Kpyra B Ha ero rpanuiy, 9To HepoaMoxno. Teopema noxaszana. ]

III. JOKABATEJALCTBO COINYTCTBYIOWUX NPEAJOXKEHNNI

MubI JoKaXeM Temeph TPHU YTBEPKASHHA, JOMOMHAOINK TeopeMy zKKopaama: MBI
MOKaxXeM, ITO MpocTad 3aMKHyTasd KpHBasd Ha ILIOCKOCTH pa3buBaeT ILIOCKOCTH B
TOYHOCTH Ha ABe KOMIIOHEHTHI U ABAACTCA OO IPaHuIel o6enX H>TUX KOMIOHEHT
CBOErO JOMOJHEHHA, B TO BpeMs KaK IIPOocTasd Ayra IMIOCKOCTH He paszbuBaeT. PTo-
0 HeJOCTATOYTHO, YTOOH YTBEPK JaTh, 9TO TOMEeOMOP(HBIe 06pa3bl OKPYKHOCTH I
OTpe3Ka Ha IMIOCKOCTH PAaCIOJOKEHB ¢ TOUKN 3peHnA TONOJOTHN TakK XKe, KaK I CTaH-
JapTHBIE OKPYKHOCTE I OTPe30K. PTH yTBepK JeHUA CIOpaBeINBLI, HO TPeOYIOT AJIA
TOKa3aTelbCTBa JOMOMHITEILHON CHENAILHON TeXHUKN, I MBI OTCBLIAEM HHTEPECY-
foreroca uyntaTtens K kaure JI. B. Keagprr.

1. TEoPEMA 1. Tomeomopguwiii o6pas J ompeska I = [0,1] 6 naockocmu TI
(m. e. npocmas dyea) ne pazéusaem I1.

MBI JOMKHBL JOKa3aTh CBA3HOCTH fonoanenns K J = ¢([) B miockocTn, rae ¢ —
romeomopdusm orpeska [ = [0,1] ¢ nogmuoxkecTBOM muockocTu J. Mbl gokaxem
CHavaga JeMMY, KOTOpas KacaeTcsa BOOOIIe KOMIAKTHRIX TI0IMHOKECTB TIOCKOCTH.

2. JIEMMA. Ecau komnaxmuoe mnoxncecmso K C 1l pazbusaem 11, mo ono we
ABAACMCA PEMPAKMOM 3AMBIKAHUA HU OOHOU U3 02PAHUUEHHBIT KOMNOHEHM CE0€20
donoanenus ¢ I1.

JOKA3ATEJLCTBO JIEMMBI.. MMmeeTcss TOABKO OlHA HEOT pAHIMYEHHAS KOMIOHEH-
Ta MOTOJHEHHs, COMEePKAIIAs TOTOTHEHNE K JOCTATOYHO BOIBIIOMY KPYT'Y, KOTOPBIT
CONEPXKUT Hallle MHOXKecTBO K (IomoiHeHHe K KPYTY CBA3HO, a KOMIOHEHTHI, Je-
Kalljie B Kpyre, orpaHuydeHbl). BosbMeM 60bIION KBajpaT (), COMepKAIIN BHY TPH
cebsi K. Ecam U — ofHa m3 orpaHmv¥eHHBIX KOMIIOHEHT, TO OHA TAKIKe JEXKUT BHYTPH
Q). Pycts v — perpakuusa sameikanusa U Ha cBofo rpanumy (aexamiyto B K). /lonod-
HEUM ee ToxkaecTBoM BHe UU. Mul moaywmm oTobpaxenue () B cebsi, TOXKIeCTBEHHOE
Ha UpaHuIlle n Takoe, 9To Touku U He dexkaT B o6pasze. CyliecTByeT peTpakiusa () ¢
OIHON BHIKHHYTON TOUKOH (MoGoil Toukoil n3 U) Ha rpannny Q. Kommosnunsa >Toi
pPeTpakIuu u r faeT PeTPAaKIWio () Ha TPAHUILY, ITO HEBO3ZMOKHO. d

3. JOKA3ATEJAbCTBO TEOPEMEI 1. B m. 5 pasmena I mokaszamo, ¥To nMeeTcsa
perpakius 11 Ha 10060€e TONMHOKECTBO, TOMEOMOP(pHOE OTPE3KY, BHAYMUT, U PeTPaK-
1ust Ha HeT o J1060r0 Goablier o nogaMmuoXkecTBa 11, Teopema BeITeKaeT u3 Mpeabl IyIEH
JEMMBI. |
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Wrak, 9acTh OKPYKHOCTH yTpadWBaeT BaiKHOe CBOUCTBO, KOTOPOE MMeET Ieas
OKPYKHOCTE, — pazbuBaTh IOCKOCTH NPH JOGOM ee (TOMEOMOPMHOM) PacIoNoKe-
Hun Ha mrockocTn. OHAKO, 9TOOH 1eJ0e NMeJI0 HOBOe CBOUCTBO, KOTOPOE He MMEIOT
ee HacTH, BCe XKe HYXKHO, YTOOBI DTH YacTH HMeJIN KaKhe-TO CBOW CBOUCTBA, KOTO-
pbie obecrevaT HOBOe CBOHCTBO 1eJoro. TakmM CBOHCTBOM OTpe3Ka SBISETCS €TI0
CIOCOCHOCTE A0KAAbHO pas3bueams IOCKOCTH BOJM3N €r0 BHYTPEHHUX TOYeK. MBI
mpeiaraeM YUTATEN0 CAMOMY ONPEIeSNTh 3TO CBOUCTBO.

4. 'PAHUILI KOMIIOHEHT JONOJHEHUSA K C'.

TEOPEMA 2. ['panuya kancdotii KOMNOHEHMBL JONOAHEHUA K 20MEOMOPPHOMY 0b-
pasy C' okpyscnocmu coenadaem ¢ C'.

[TOKABATEJALCTBO. ['paHUIE KOMIOHEHT JOMOMHEHHUA BO BCAKOM CAyTae JexKaT
B (. Pycts () — KOMIOHeHTa JOMOJHEHWS, TPaHUIIa KOTOpPOl He coBmamgaeT ¢ C.
Torga »Ta rpaHmma JeXuT B mpocTon ayre, comepxainerica B C, u II, a Torga u
(), peTparupyeTcs Ha 3Ty Ayry. 3HaunT, () U C' perparupyercsa ua (. Po jgemme
() MOXeT OHITH TOJBKO HEOTDAHUYIEHHON KOMIoHeHTOU. B pesyabrarte C siBaseTcs
oOlIIell T'paHUllel BCeX OrPaHHYeHHBIX KOMIIOHEHT cBoero jgononennd. (Pa camom
Jelle TaKasg KOMIIOHEHTA OffHA, HO MBI 5TOT'0 HE TOKA3aJl. )

Peorpannyennas KOMIOHEHTA (o, MPEBPAIIACTCA B OT'PAHNYEHHYIO ¢ HOMOIIHIO
caenytoriero npuema. Ponogaaum 11 ogrolt Towkon B 6eckonewnoctu. Poayuanres cde-
pa (Tononorndecku). Beikutem ogny Touky O U3 ApyTroil KOMIOHEHTH — MOLY IHTCA
IOCKOCTh. Ppu 5THX omlepanuax rpaHuna (Jo, He M3MEHUTCA, & KOMIIOHEHTa CTaHeT

OTpaHUIeHHOM. a
5. JIEMMA. Ilycmb, kak u panvwe, C' — zomeomop@uuiii o6pas oxpyscHOCmU.
Hyemy U — npoussoavnas xomnowenma donoanenus x C, b — mouxa ¢ U u a —

moura wa C. Jasn awboti oxkpecmuocmu O Mouky & 6 NAOCKOCIU CYUWECTNEYEM NPO-
emaa dyea l, coedunsrouwan b ¢ moukott a’, aeancawet 6 O NC, npuven |\ a' aexcum
6 U. fyey L mooxcro 63ameb KoHEUHO38EHHON A0MANHOU.

JOKA3ATEJNLCTBO. Kak mokazaHo B TpembIAyIIEM MyHKTe, Kaxaasg Todka C'
ABNACTCA NPefieTbHON A Kak ol KOMIIOHEeHTHI JomolHeHHA. PosroMy cymecTeyer
aomanas [, coequustomas B U Touky b ¢ Toukon ¢, sexamen B (. Cuanras, aro O
BHITIYKJa (HAPHMED, KPYT ), COEUHAM ¢ 1 ¢ OTpe3KoM. PycTh ¢’ — mepBas To4uka m3
C' Ha >TOM oTpesKe, cauTas oT ¢. (Takasd ToUKa CyIeCTBYeT MO MPHHINITY AeJeKHH-
foBa cedennd.) Torna o6benHeHNE [ ¢ oTpeskoM [c, a'] naeT TpeGyemyio JoOMaHYIO.

d

6. TEOPEMA 3. TomeomopdHBI 06pa3 OKPYXKHOCTH Pa3bUBaeT IIOCKOCTE POB-
HO Ha JBa CBA3HBIX OTKPBITHIX MHOJKECTBA.

JOKA3ATEJBLCTBO. PycTh cHOBa nan romeomopdusm i ;.S — C oKpyKHOCTH HaA
KOMITaKTHOE TOJAMHOXKECTBO MIockocTn (', KoTopoe, KaK MBI yXKe 3HaeM, pa3buBaeT
miaockocTh 11, JomycTum, 970 KOMIOHEHT AonoaHerns K C 6oablle IBYX.

Toabko ofHa W3 >THX KOMIOHEHT HeOrpPaHWYIeHHasd W TOTJa, COTACHO YCIOBHIO,
HMEIOTCA 1O KpalHell Mepe [1Be OUpaHHYeHHBIE KOMIOHEHTH (HX 3aMBIKAHHA KOM-
makTHBI). O6o3na4dnM ABe Takne koMnoHeHTH U i Us. B kaxnof n3 obaacreit Uy n
U5 BO3bMeM 10 TouKe by U by cooTBeTCTBeHHO. KpOoMe TOT0, BO3BMEM [BE Pa3IIMIHbIE
TOYKH a1 U do Ha (.
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Ucnonbsys geMMy, COeUHUM TOHKY b; ¢ AByMA Pa3/AMYHLIMU TOYKAMU ¢j; , JeXKa-
MIMT B MATBIX OKpecTHOCTAX Ha (' COOTBETCTBEHHO TOYUEK (4, JOMAHBIMH [;;, TTPIIeM
TaK, 9TO 3a MCKIIOYeHNeM KOHIIA ¢;; JoMaHad [;; dexuT B obractn U;. Kpome Toro,
MOXHO CIUTaTh, 9TO [;1 U l;5 TepecekaioTca TOJBKO B b;.

Ob6ozraanM Manlyo OyTy, cofepxkamyiocd B C' ¢ KOHIAMH ai; U da; depes [;.
SaMbIKaHIe JOTIOTHEHNA K CyMMe nByX AyT [; Ha C' TakXKe pacmagaeTcd Ha IBe JyTT I
u 2.

HeTwipe JoMaHBIX [;; BMecTe ¢ ayramu [; Ha C' o6pa3yioT TPOCTyIO 3aMKHYTYIO
kpuByio 7. Pepecedernne 7 ¢ C' coctonT n3 ayr [;. PTa kpuBasg pasbuBaeT MIOCKOCTH
POBHO Ha JBeé KOMIIOHEHTEI.

B camom gese, Kaxjgad TOYKa OPOCTOH 3aMKHYTOH KPUBOI Ha ILMIOCKOCTH, Kak
MBI [TOKA3aJ/ll, ABJAAETCA HpeleJbHON 14 KaX O KOMIOHEHTHl AOIOIHeHud. P osro-
My, eClIH Takasd KpUBad UMEeT B KadeCTBe CBOeHl 4acTh XOTH OBl OJUH OTPE3OK, ee
JOTIOMHEHNE COCTOUT M3 IBYX KOMIOHEHT (Tak Kak BOJIM3N TOYEK OTPe3Ka TOUYKH
NOIOJHEHUA paclafaloTcd Ha [Ba IOJMHOXKECTBA TaK, YTO TOYKH KaxKJOI'O M3 IO/-
MHOX€ECTB MOXKHO COeJIHHATH OTPE3KOM, He TIePECEKAOINM 3TOH KPHBOH).

3 aByX KOMIIOHEHT, Ha KOTOpPLIe Z pa3zfuBaeT ILIOCKOCTh, OHa HeOr DaHNYeHHAs,
obosHadMuM ee W, npyras orpaHmtdennas, obosHadnm ee V.

M&b! yTBepK 1aeM, 4To ABe ayru {1 u [? neKaT B pA3HBIX KOMIIOHCHTAX TOTIOJHE-
HHA.

B camom gene, ecin oHE Jex)aT B OJHOW KOMIIOHEHTe, cKaxem, B W, To V me
nepecekaeTca ¢ C. Bosbmem B V' ToUKy v U, TOIB3YACH TOU XK€ JEMMON, TPOBEJIeM
IBe IYTH, COeMUHAIONINE ee B V' ¢ ToYKaMu B KpyTrax c HeHTpaMu by u by, He mmepe-
cexatommmuca ¢ C'. 3aTeM go6aBUM ABa OTpe3Ka, COeANHAONINE H>TH TOYKH C by I
bs. MBI oary<iuM AyTy, KOTOpad JeXUT B V, 3a MCKAIOYEHIEM OTPE3KOB OKOJO CBOMX
KOHIIOB, W COEAMHAET TOUKH b1 U by, Munysa C', 9T0 HEBO3MOXHO, TaK KaK TH TOIKHI
BLIGPAIB! B PA3HLIX KOMIOHEHTaX fomodmenns K C'. 3Ha4nT, ofHa u3 IyT [*, cKameM,
1, 1exnT B OrpaHMYeHHOI KOMIOHEHTE V.

BosbMeM ma [' TOMKY ¢ M MaJblil KPYT 0 C HEHTPOM B @, HEINKOM JIeKAIINH B V.
Kak yrogno 6/13K0 OT @, B 9aCTHOCTH, B 0, MOXKHO HAlTH TOYKY U M3 HEOTpaHUYeH-
HON KOMIOHEHTHI gonoaaenns K C.

PTy TOYKYy MOXHO CBf3aTh ¢ KaK YIOJHO AaJeKOHl TOYKOH Ayrol L, He mepece-
katomenca ¢ C. Pra ayra gomxna mepecekaTh TpaHUIy obaacT V i, 3HAMAT, OTHY
U3 9eTEIpex AyT ;.

PosTu ayru gexat (3a HCKIOUEHNEM CBOMX KOHIOB Ha (') B OrpaHWYeHHBIX KOM-
moHeHTax gomoaHenna K (. 3HAYUT, CyIlecTBYeT Ayra, KoTopad, munys C', coenn-
HAET TOYKY HEOTPAHMIECHHON KOMIIOHEHTHI JOMOAHeHuA K C' ¢ TOMKOH OrpaHn<IeHHON
KOMIIOHEHTEI. PTO HEBO3MOXKHO H IIPEAIONOKEHNE, YTO UMEETCH IBe Or paHMYeHHDBIE
KOMIIOHEHTEI, IPUBEJEHO K IPOTUBOPEYNIO. |

7. PPUMEPbI KHACTEPA U ®PAKTAJbI. Bo0O3MOXHO, 9WTaTeNI0 TPYAHO MOMY-
CTUTH, 4TO Hojee ABYX 06JaCTeN HA TOCKOCTH MOTYT IMETEH COBITA JATOIITY IO T DAHMILY .
Takme KOHTHHYYMBI, KOTOPBIE PazbUBAIOT IIOCKOCTH Ha 3aaHHOE 9HCJIO 06JacTeln,
TPAHUIEN KaX J0U 13 KOTOPHIX OHU SBAAIOTCSA, OBLIN TOCTPOEHBI BIEPBHIE MOIBCKIM
Tonoaorom Kuacrepom B 1922 roay. Ux nocrpoenue cMm. B kaurax [8; 9]

WNHuTepecHo, 9TO TaKne NIPpUMEPHI BO3HNKAIOT B BEIMUCINTEABHON MaTeMaTuke. [[o-
CTATOYHO MPUMEHNTH aJCOPUTM MeTona PbioTona mad pemrermns ypaBHeHus z”° = 1
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zZP—1
———. Paockocth pazobberca na n obra-

nz.

2
cTel ¢ obWMMH T'DaHULAMH, IPpUYeM TOYKNW M3 ofHOou obmacTu 6yayT MOPOXAATh
TOCIeOBATENHFHOCTD, CXOAAMIYIOCA K ONHOMY W TOMY Ke KOPHIO W3 1, a M3 pasHbIx
obmacTell K Pa3HBIM KOPHAM. PTo OfMH M3 TpPOCTERNINX NMPUMEPOB BOZHMKHOBEHUA

TaK Ha3bIBa€MBbIX dipanmaﬂoe.

Ha KOMIIJIEKCHOW IIOCKOCTH: Zi41 = % —

8. PPUMEPBI APTUHA-DPOKCA. PpuBemeM mpocTeRimmi mpuMep roMeoMOpd-
HOT'O 06pasza AByMEPHON c(ephbl B TPEXMEPHOM MPOCTPAHCTBE, IS KOTOPOU He CyIITe-
CTByeT TOMeOMOP(HOT O Tpeo6pa3zoBaHus IPOCTPAHCTBA, MEPEBOIAIIETO 3TOT 06pas
B «KpyTJIyio» cepy, T.e. masg KoToporo He Beimognena Teopema lendanca. Bmep-
BHIe TaKOW (6ofee CTOXKHBIN) MpUMep GBI MOCTPoeH B 20-X rojax aMepHKaHCKIM
Tonojorom /lx. AmekcangepoM m HasbIBaeTca «poraToll cepon Amekcangepas. Ero
mocTtpoenne mpuBegero B kHure JI. B. Keagwim. Poapmas cepusi paznoo6pasHbIxX
npuMepoB Oblta mocTpoeHa B 1949 roay A. Aprtunom m P. Pokcom. Mur npuBegem
CaMBIll TPOCTON W3 HuX. /pyrue mpuMepbl U MOAPOGHOCTH MOKHO HAUTH TaKXKe B
xuaure JI. B. Kexapim.

Puc. 4.

Pocrtpoenne mpumepa, Hageemcs, scao u3 puc. 4. CTponTcs oyra, «3ay3qeHHAs
B OfHOM KoHIie». UTpOro 3To o3HadaeT OTPHUIaHNE CBOUCTBA, KOTOPOE HA3BLIBAETCH
JOKAJBHON OTHOCBSA3HOCTHIO W KOTOPOE [ CTAHJapTHOTO OTPe3Ka B TPEXMEPHOM
MPOCTPAHCTBE YJAOBIETBOPEHO JJIsi €r0 KOHEYHBIX TOYEK: MJIA (3ay3JeHHOTO KOHITA»
HEBEPHO, YTO A BCAKOTO MOMOKUTEABHOTO £ HAHAETCA TaKoe TMOJOKUTENAbHOE d,
970 JI060e 0TobpaKeHne OKPYKHOCTH B d-OKPECTHOCTHL KOHIA AYTH, TIPH KOTOPOM
o6paz He mepecekaeT AYTY, MOXKeT OBITH MPOAeOPMUPOBAHO B TOYKY B [OMOJHEHUT
K IyTe B €-OKPECTHOCTH DTOTO €€ KOHIIA.

BruMaTeabHO paccMOTPEB PHCYHOK, YHTATeNb COOOPA3nuT, 9TO 3TO TaK U €CTh B
NaHHOM caydae. MaleHbKYIO TETIIO, «HATeTYIO» Ha AYTY BOMM3N 3ay3JI€HHOTO KOHITA
HEJB3S CHATH C IYTHU, He MPOTAIINB ee K ApyromMy KoHiy. CTporoe 10KazaTeabCcTBO
TpebyeT 3HAKOMCTBA C TEXHUKON (PYHIAMEHTATBLHON T'DYTIIILL, M3JI0KEHHON, B IPIMe-
HEeHWN K TaKOT'O pofa mpuMepaM, B kaure JI. B. Kexapmr.

9. JIOKAJBHASA MJIOCKOCTHOCTh. PpaBuabaasd GopMyInpoBKa 060OIIeHNA Te-
opembl lllendanca, kak BUAHO U2 MPUBEIEHHOTO MpUMepa, TpebyeT OmpeIeleHHBIX
JOKAJbHBIX orpaHmydeHnil. MOXHO [MoKa3aTh, HATIPUMED, YTO €CAN JAAHHBIN TOMEO-
MophuaM cephl Ha MOAMHOXKeCTBO K HpPOCTpaHCTBA MOXKHO TPOJOMKHUTE [0
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rOMeOMOP(MU3Ma OKPECTHOCTH KaXK O TOYKH, TO OH MOXKET ObITH MPOJOIKEH U O
roMeoMoOpdu3Ma MpocTpaHcTBa Ha cebs. PTo yciaoBre HasbiBaeTCA JOKAMBHON TLIOC-
KOCTHOCTBIO 06pasa chephl.

JlocTaToyHo, Kak mokazaa aMmepukaHckni Tomoaor P. Puar B 50-x rogax, mo-
TpeboBaTh, 9TOOH HU B OJHON TOYKe 06pa3za He GBI BO3MOXeH (DeHOMEH NMpHUMepa
Aptuna n Pokca.

IV. IIPUMEHEHUA U UCTOPUA

1. PETPAKIUN HA C'. B mHamem noxazaTeibcTBe Teopembl 2Koppana Mbr dhak-
THYECKHU TOCTPOWIN PeTPAKIUI KBagpaTa (), conepxkairero ', Ha 3aMbIKaHIE OT'Da-
audennon komnouenThl 1T\ C'. Ee xomnosuuus ¢ perpakuuein 11 Ha @, naeT peTpak-
U0 BCEH IIOCKOCTH HAa BTO 3aMbikaHue. BoikuabiBag m3 Il Todkm orpanm<aeHHON
KOMIIOHEHTHI foToJqHeHns K C', MBI TOJy9aeM PETPAKINIO 3aMBIKAHUSA HEOT DAHWYeH-
ot kKommoHeHTHl Ha (. /loGaBass Touky B G€CKOHEYHOCTH W BBIKHIBIBAS TOYKY W3
OTDAHWYEHON KOMITOHEHTHI, MBI IPEBPATHM €€ B HEOTDAHHYEHHYIO KOMIOHEHTY. B
pesyabTaTe MoayvaeM ClAeAyIoliee YTBEPXK IeHIE, KOTOPOe MBI HCIOAb3YEM B OKa3a-
TeIBCTBE TEOPEMBI 06 WHBAPHAHTHOCTH O6JACTH:

JIEMMA. ITyemv C' — zomeomopduviii o6paz oxpyscrocmu S' na naocrkocmu I1,
U — oepanuuennas u U’ — neoepanuuenas xwomnonenmut donoanenua x C. Toeda
samviranue U' | JC neoepanunennoti komnonenmsl pempazupyemces wa C' u maroce
pempazupyemes na C' mnoxncecmeo U | JC\ xy, 2de xg — npoussoavnas moura 6 U.

B n-MepHOM ciIydae MBI He [TOKa3aJIi, 9T0 TOMOJOTHIeCKIH 06pas (n — 1)-MepHOI
cepnl pazbuBaeT R™ poBHO Ha ABe KOMIOHEHTHI. O THAKO, TPOBEAEHHOE TIPH JOKAa3a-
TeNbCTBe TeopeMbl ZKop1aHa paccyX feHne (Iocie COOTBETCTBYOMIEH MO (UK AT
JVIA N-MEPHOT O Clydas) IPAMO TOKa3biBaeT yTBepKAeHue >Tol deMMbl. CyTh B TOM,
YTO I OCTOBOB 0 PasMePHOCTH (n — 1) cOOTBETCTBYOIIEr0 pasbueHnsa Ha KyOh! He
BO3HUKAET MPENATCTBUA MPHU MOCTPOECHUN PEeTPAKINH, a A N-MEPHBIX MOCTPOEHUA
He TpebyeTcd moc/e NpoBeleHNA ollepalluil BEIMEeTaHNA, KaK B 3TOM J0Ka3aTelbCTBE.

2. TEOPEMBI OB HHBAPUAHTHOCTHU OBJACTH M PABSMEPHOCTH R"™. [lokaxem
Telephb, onupasch Ha TeopeMmy 2Kopnana-Ppayapa u TeopemMy o HepeTparupyeMocTH
mapa Ha TpaHuIly, ele ofHy QpyHIaMeHTaJIbHyIo TeopeMy Ppayspa — meopemy 06
unsapuanmuocmu obaacmu. Teopema o HeroMeoMop(pHOCTH TpocTpaHcTB R” u R*
npu k # n ABAAETCA €€ TPAMBIM CJeICTBHEM.

TEOPEMA. FEcau h : U — V — zomeomopdroe omobparcenue omrpbimo2o noo-
muooceemea U C R™ na nodmnoscecmso V-C R™, mo V makace seasemca omrpo-
muim nodmuodcecmeon R™.

JTOKABATEJABCTBO. KOMIOHEHTH OTKPHITHIX TMOAMHOXKECTB IR™ OTKpHITHL. Po-
3TOMY MOXKHO cUUTaTh, 4T0 U cBasuo. Torga ceazuo n V.

Pycrb 29 € U u yp = h(zg) € V. BosbMem Maabiii wap B C U ¢ UeHTpoM B &g U
rpannuei S. Pacemorpum C' = A(S) n mokaxeM, 9T0 Yy J€XKUT B ONPAHHYEHHOT KOM-
moHeHTe gomoaHennd K (', KoTopas neiukom jgexuT B V. OTcioga GymeT BHITEKATH,
9TO Yo — BHYTPEHHAA Touka V u, 3HAYUT, V — OTKPHITOE MOAMHOXKeCTBO R”.

Bo-niepBrix, o6pasz Int B meankom mexuT B OJHON KOMIOHeHTe, ckaxem W, mo-
montenus K (', B CHIy CBA3HOCTH.
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Ecmu W ne mexuT B V, To nuMeeTcsa Touka z € W, koTopad He puHATeXKAT V
i, 3HAYNT, o6pasy B. Postomy, ecin Mbl moctponm petpakuuio (W \ z)|JC Ha C),
TO C TOMOIIBIO i OHA TepelleT B peTpakinio B Ha S, KOTOPOU HE CYIIECTBYET.

Teopema noxazana. (I

3. TEOPEMA 2KOPJAHA U TOIIOJOTHYECKASI XAPAKTEPU3AIINA IBYMEPHBIX
NOBEPXHOCTEI.

TEOPEMA YAWIAEPA. Jlokaabno c8A3HbIT KORMUKYYM, codepircauyutl npocmyio
3amKHyMylo Kpusyio, pazbusarwutica xkaxcdot ceoeli npocmoti zamknymotll kpusot
u He pazbusawuuiica Hukaxol ceoed napot mouek, 2omeomopden cfepe.(Cm. KHUTY
Yatngepa «Tomomorus Muoroo6pasmin [11]).

KoHTHHYYM 40KaabHO c6A3€H, eCAW KaX[gad ero TOYKa UMeeT B KaXAOU CBO-
el OKPECTHOCTH CBA3HYIO OKPECTHOCTH. B Kiacce Takux KOHTHHYYMOB JABYMepHBIE
MHOT006Pa3us BELIEAAIOTCA TeM, 9TO OHI He PaszbuBAIOTCA TTapaMi TOYeK I TeopeMa
ZKoppgana cpaBeianBa A HIX JOKAILHO, T. €. KaX ad docmamouno Maads IpOCTasa
3aMKHYTasd KpUBas WX pa3buBaeT.

Mex gy co6olt KOMIAKTHBIE NBYMEPHBIE MHOTOOOPA3NA pasianvdaoTcs, Tpybo To-
BOPS, T€M, CKOJBKO MOXHO TIPOBECTH HEMEPECEKAIONIUXCA 3aMKHYTHIX KPUBBIX, 065~
e/lTHEHNE KOTOPHIX He pa3buBaeT MHOT006pasud (pog MHOr0o6pasns). MBI He IPHBO-
UM feTalell OMpefleleHnil, TaK KaK 5TOT MaTepHaa XOPOIIO AOCTYIEH B Pa3iuIHON
yue6ron anreparype. (Cm., HanpuMep, kaury Jx. Maccn, Ix. CrommmHre ¢Aare-
Gpamdeckas Tonoaorusy [17].)

OfHOMEpHEIE MHOT006pasus (T. e. HHTEPBATbL, OKPYXKHOCTH I HX JU3BIOHKTHHIE
00BeINHEHNA) XapaKTePU3YIOTCA TaKKe ¢ MOMOIIBI0 OHATHA «pa3buBaThy. Panpu-
Mep, OKPYKHOCTH XapaKTePU3yeTcA Kak JOKAIBHO CBA3HBIN KOHTHHYYM, KOTOPBIN He
pasbuBaeTca OMHOU, HO paszbUBAETCA ABYMA CBOUMU TOYKAMI.

4. Ppusenem Tenepb KpaTKui 0630D PA3JUIHLIX TOKA3aTETHCTB TeopeMbl 2 op-
JaHa W COMYTCTBYIOIINX YTBEPKJAEHUN 33 €€ CTOMETHIOK MCTOPHIO.

PepBoe ymomutanme o CBONCTBE 3aMKHY TOI KPUBOW (€3 caMoliepeceseHIT MOXKHO
oTMeTuTh B paboTe Peiimana 1865 roga. Pepoe mokazareabctBo 6buto mano 2Kop-
naroM B 1887 romny. OHO OCHOBHIBAJIOCH HA ANMPOKCUMANNNA KPUBOHW C ABYX CTOPOH
TMOMNTOHAJTBHBIMI KPUBBIMIE, I KOTOPHIX yTBepXkaenue 2Kopaan caurana oveBmi-
HBIM 1 He foxasbiBad. OTHAKO, ero MadbHEUIIne PACCY kK IeHns TaKkKe OBLIN He TOJ-
Hbl. PaKTUIECKN OH MOKA3aJ, ITO MOJUTOHBI MOXKHO MOCTPOUTH TaK, 9TO KakJIas
TOYKa JaHHOW KPHBOU OyaeT £-6im3Ka K ONHOMY W3 HHUX, a TpebGOBAJOCh JOKA3aTh,
9T0 Gam30cTh OyAeT K o6onM moanronam. Tem He MeHee ero TOKA3ATEILCTBO MOXKET
OLITH MOBedeHO N0 KOoHMA. Po cyiecTBY 3T0 6610 caeqano Hlendaucom B 1906 roay
Ha OCHOBe aHAAM3a NOHATHA JOCTHRKUMON TOYKH (T.e. TOYKH KPHBOH, MIA KOTOPOH
HMeeTCs TOJNT OHATBHAA KPUBas, TePeCeKaroIascsa ¢ TaHHON KPUBOW TOMBKO B 3TOM
Touke). Ppn srom Mlendanc ganx cymecTBeHHOe yemieHne peayabrarta ZKopaaHa, o
KOTOPOM CKa3aHO BHIIIIE.

PepBoe cTporoe gokazaTeabcTBO OBLIO JaHO NOJOM paHbile BebieHoMm, KOTOPHIT
TaKkKe aHAJN3NPOBAJ MOHATHE JOCTHKUMOCTH.

JlokazaTeabcTBo, manuoe Ppayspom B 1910 roay, mpuseao [lx. Asexcamgepa k
njgee TOKa3aTelbCTBA, OCHOBAHHOIO HAa TOMOJOTMYECKAX CBONCTBaX MHOKeCTB. CyTh
COCTOUT B TOM, ITO €CAN JBa MHOXKECTBA CBA3HBI I MEPECEKAIOTCA MO [TBYM CBAZHBIM
MHOXECTBaM, TO UX 00beMHeHNe pa3tuBaeT MIOCKOCTh Ha JBe KOMIIOHEHTHI.
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B paabreiiiiem Teopema 2Kopgana gokaspiBadack MHOTO pa3. O630p mMmeeTcs B
cratbe Jocrana u Tunnena [7]. Mbl 1aeM HENOAHBIN CIUCOK, CTAPAsACH IPUBECTH GO-
Jlee WIN MeHee OPUTHHAJIBHBIE PaGOTH. B OCHOBHOM f0Ka3aTeabCcTBa CaeI0BaIN 060
nytu 2Kopgana — lllendanca, T. e. anmpokcuManuy DOJUTOHAME, TG0 Ty TH AJeKCaH-
aepa, T.e. TOMOJOTMIeCKOMY . ABTODY MPENCTABAAETCH, ITO JOKA3ATEILCTBO, JTAHHOE
3M1€Ch, ABJSETCS HOBBLIM.

OpurmHaJIBEHBIN METO HOKa3aTeabcTBa TeopeMbl 2Kopnana 6ulr Haigen P. Moii-
com [15]. B [16] oH 6BIT ycoBepllleHCTBOBaH AMOHCKHM MaTeMaTHKOM P. Maexapa.
MeToa onmpaeTcs Ha CJAeAyIOMIYIO JeMMY, KoTopyio Maexapa cCBOAUT K TEOpeEMe O
HETIOIBUAKHOHW TOYKE, HO KOTOPYIO HETPYAHO JOKa3aTh HEMOCPEICTBEHHO: €CJIN B TIPS-
MOYTOJBHUKE [[Be TYTU COEUHSIOT Maphl TOYEK Ha MPOTHBOMOJOKHBIX CTOPOHAX, TO
OHU TTEPECEKAIOTCA.

Ppocroit 3amkuy Tl KOHTYP C' MOXKeT 6BITH MPEJCTABIEH B BHe CYMMBI IBYX
Ayr 4 u d (BepXHAA W HIDKHAA), COEAMHAIONUMK ABE TOYKH B NPAMOYTOJBHWUKE HA
mape MPOTHBONOJOKHEIX CTOPOH. Pa oTpeske [, coequHsAIONMEM IPYTYIO APy CTOPOH,
BO3bMEM OTPE30OK C OJHUM KOHIIOM Ha U TaK, YTO HIXKE DTOrO KOHIIA TOYEK U HET.
Torga TOYKHN 3TOr0 OTpe3Ka JekaT B OTPAHHYEHHON KOMIOHEHTe fnomnoanenus K C
TaK KaK WHade JerKo CTPOUTCA Ayra, COeINHAIONIad KOHILI | W He MepeceKarolas
OJHY U3 AYT % Wi d B TPOTHBOPEYNE C JEMMON.

PTo masmroe paccyxaeHue, oqHAKO, HE MEPEHOCUTCA HA MHOTOMEDHBIN CAYTal.

Po-Buammomy, fokazaTeabCcTBO, TaHHOe AleKCcaH1epOM, TPUBEO €0 K Iee 0606-
menns Teopembl 2Koprana — Ppayspa Ha mogMHOKecTBa cpephl MPOM3BOJBHON pas3-
MEpPHOCTH — K TeopeMe deoticmeennocmu Aaexcandepa. Tenmepb 5ToOT pesyabTaT
ABJSETCA DIEMEHTAPHBIM CJAEJCTBUEM TOYHOW MOCJAENOBATEILHOCTH MAapHl M [TBOT-
ctBerrocTn Pyamkape. B 1927 rony PouTparun cienan cymecTBeHHOE To6aBleHTE
K DTOMY Pe€3yJbTaTy, MOKa3aB, 9TO ABOUCTBEHHOCTH AJIEKCAHEPA PEANU3YeTCA KaK
MBOMCTBEHHOCTD 3alielieHns. ['py6o roBops, Kaxk oMy k-MepHOMY IHKJIY B TOJIMHO-
KecTBe chephl OTBEYAET B JOTOTHEHNN K STOMY MOAMHOXKECTBY (ONHOZHAYHO C TOY-
HOCTBIO JI0 TOMOJOTHH) IIHKJ JOTOMHHTEILHOT PasMepHOCTH 1 — k — 1, 3alleleHHEI
¢ naHHBIM. B cay4ae Teopembr ZKopgana - Ppayspa ocHoBHOMY nukay (n— 1)-MepHOR
cpephl OTBEYAET B [AOMOMHEHNH UK W3 IBYX TOUeK (M0 ONHON B KaXk O KOMIOHEH-
Te).
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OTob6pazkeHnsa cepbl I HEEBKINJOBBI I€OMET DI

P. P. Pumenos

XoTenock 6bI HAAEATHCA HAa TO, ITO HTa CTaThA OyjJAeT HHTEpeCHA JIOOUTENAM
reoMeTpuu. Bo-TepBBIX, B Hell eAMHOOGPA3ZHO CTPOATCA MOJEIN BCEX TPEX TeoMe-
Tpunt — EBkimga, Pumana u Jlo6adeBckoro. CamMa KOHCTPYKIUS MOJENN, KOHEYTHO,
ceasana c ugeamu Kiaeiina w Pyankape, HO, B OTVIHYHe OT HUX, PTEOMETPUU CTPOATCA
eIMHOOGPA3HO U HECKOABKO HAlJIAAHeH. PpudeM Bce MpueMbl TTOCTPOEHUA OBLIN W3-
BeCTHBI He TOAbKo Packaiio, HO, BepoAaTHO, 1 Amnomtonnio Peprckomy. Bo-BTophix,
OCHOBHYIO POJIb B DTHX MOJEMAX UTPAIOT OCEBLIE U TOYEYHBIE CHMMETPUH, 9TO PO~
HoKaeT auHuio PaxMaHa B OCHOBAHHAX TeOMETPHU, WILTIOCTPUPYA MaTepHal ero
xuuru «PocTpoenne reoMeTpun Ha OCHOBAHWUN MOHATHA CHMMeTpHNy. B-TpeThux, mo
X0y feda HaM yJaeTcA MPOWLTIOCTPHPOBATE HEKOTOPHIE BaXKHBIE TIOHATUA TEOPUH
PPYOM U cTpoeHwe 6eCKOHETHO YAAJICHHBIX TOYeK.

Mo genn Tpex reoMeTpui 6a3NpyIOTCA Ha OHOM CIIENUIATBLHOM OTOGpaK)eHun che-
pbI B cebsi. EcTecTBEHHO HAadaTh ¢ COOTBETCTBYIONMIETO OTOOPAKEHUA OKPYKHOCTH.

PycTe S' — OKpy:XKHOCTDL Ha ILTOCKOCTH I A — HekoTopad Touka. Ppamasa, mpo-
xogamag depes A m Touky x € S! u He ABIAIOMAACA KacaTelbHOMH, mepecekaeT S
B Jpyroii Touke, koTopyio Mbl oboznaunm A(r). Ecan A aexur ma S, To MoxHO
moaoKuTh A(x) ToxAecTBeHHO paBHON A mud Beex x. Ecan ke npAMas — KacaTeldb-
Hadg W X — TOYKa KacaHudA, TO mojoxuM A(x) = z. Mbl mocTpomin oTobpakeHie
A St - 81 xoTopoe HazoBeM A-0ToGpaKeHIeM.

xr xr

Alz) = A= Ax) = Ay) = A(z)
A A() y
' Yy
A(y) yzA(x)

Tenmepb MBI yKe TOTOBBI K TIOCTPOEHUIO MOJeJell pa3HbIX reoMeTpuii. PTo 3Ha-
9UT, 9TO MBI JOJKHBI OOBACHATD, 9TO MOHUMAETCA TI0J CIOBAME (TOUKay, (MIPAMasy,
«YTOaI», ¢PacCCTOAHUE» W T.II.

PaccmoTpuM cepy S? B TpexMepHOM IPOCTPAHCTBE I (PHKCHPOBAHHYIO TOUKY A.
Touka A aHaTOrWYHO MIOCKOMY CIydalo ompegenseT A-oTobpakenme >Tol chephl B
cebs.

PaszoBeM «ToukaMmy MojeanpyemMol reomerpun napsl (x, A(z)) roe ¢ # A(z),
T.e. Hepecedenna chephl S MPAMBIMIE, IPOXOJANNME depe3 A, a «(IPAMEIMIY Mo-
NeIUPYEeMON TeOMeTPHH — OKPYXKHOCTH chephl, JeXKalllue B OAHON MIOCKOCTH ¢ A,
T.e. mepecedenna chepel S? mIOCKoCTAME, TpoxoammMu depes A. Eeanm Touxa A
JexXUT Ha S2, ModydaeTcsa Mofelb eBKINJOBON TeOMeTDIHN, eCIH OHA JeXKNT BHYTPH
S5?, To — pUMaHOBOIL, a ecIl BHE — TO FeoMeTpun Jlo6adTeBckoro.

MaTemaTuyeckoe npocseweHue, cep. 3, Bbin. 3, 1999(158—166)
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To, 4TO ¢ aKCHOMON O Mapa/lleJbHOCTH B HAIIEX MOJEAAX BCe B MOPALKe, BUHO
cpasy: ecam A jqexuT Ha S?, TO Wepe3 TOYKY BHE NPAMOH MOMKHO IPOBECTH €I1MH-
CTBEHHYIO MAPALIETLHYIO (COOTBETCTBYIOUIYIO MNIOCKOCTh 9€pe3 MTaHHYIO TOYKY HAJ0
HOPOBECTH Yepes IPAMYIO, KacaTeIbHyIo K OKPYKHOCTH, ABIAIOLIYIOCA «IaHHON -
MOTI ).

IIapaJuleJbHasdA IIpAMand

TaHHad TOYKa

OJaHHad IIpsaMasd

Ecan xe A gexur BHyTpH cephl, TO, KaK U JOJKHO OLITH, HET Mapa/lelbHbIX
OpAMBIX, a ecau A — BHe ceprl, TO UX MHOT'0. Tenepb 0CTad0Ch ONpeAeanTh YLl I
paccroanuda. MEl cielaeM 5To, Kak 1 PaxMan, ompejgeiaa FeoOMeTPHIO Ha OCHOBAHII
cuvmmeTpun. Onncamibie panee A-oTo6pax)eHnsa Oy AYT ABIATHCA CHMMETPUAME T'€0-
MeTpuii. CBolicTBa ke A-0To6pakeHNN TECHO CBA3ZAHLI C MOJAPHBIM COOTBETCTBHEM
U APYTCUMU HAeAMHI, BOCXOAAIINME K PacKailo, HalpuMep, ¢ ero 3HaMeHHTON Teope-
MOH O BIUCAHHOM IlecTUyroabHuke. /1 ocylnecTBAeHHA 3TO IPpOrpaMMEL HaM CHOBa
OpPUJETCA BEPHYTHCA K OKPYKHOCTH.

1.

OTMeTHM HECKOIBKO MPOCTHIX CBOUCTB A-oToGpaxkenui. 3 camoro mocrpoenns
okeBugHO, 9T0 A(A(2)) = . Takume oToCpaKeHNA, KOTOPHIE MBAXK Bl TPUMEHEHHBIE
OCTaBJAIOT OOBLEKTH HENOABUKHBIME, HA3BIBAIOT WHBOMIOTUBHBIMI. PTO ovYeHb 1mu-
POKWH KJacc 0TOoOpa)eHnul, HaopuMep, K HAM OTHOCATCA TOYEYHBIE W OCEBbIe CHM-
Merpun. OHU yA0OHBI, HAPUMED, TeM, 9TO 06paTHOE K KOMITO3WINKA HECKOJBKHX
HHBOJIOTHBHBIX 0TOOpaXeHNH 3aluchiBacTcs npocTo. Panpumep, ecan P, F', R un-
BOJIOTHUBHEI, TO ob6paTHOe K P PP R 3anuireTcsa mpocTo cnpasa HajgeBo — RPIFPP.
Wzy<auM Tenepb HeKOTOpBIE cBoHcTBa A-0To6paKeHi.

Pycts Touka A’ ypangercs no ayqy [OA),
rie O — meHTp okpyxHocTH S'. A'-oTobpa-
KeHNA (T.e. 0TOOpaKeHHA, TOCTPOEHHEIE He
w3 Toukn A, a w3 Toukm A’), GyayT Torga
BCe MEHBIE OTANYATHCA OT OCEBOW CHMME-
TpHu oTHOCHTeXRHO [, Tae | — mmametp S,
mnepreH AnKyIapHbi K (OA), TOCKOIBKY TIy-
490K npsambix n3 A’ mo mepe ynanenus A’ Bce
MeHbIIe OyAeT OTANYaThCA OT MydKa MapaledbHbIX, KaXkgad n3 KOTOPHIX TMepIeH-
aukyaspaa [. 3ameTum, uTo ecam Touka A" ynpaasercs mo ayuay [AO) (B apyryio
cTopony), To A”-oTobpaxkenus GyAyT Bce MeHBIEe OTANYATECA 0T A’-0ToOpaKeHMT
U B IIpefiedie TOXKE COBIIANYT C CHMMETPHEN OTHOCUTENBHO [. MBI MOXKEM CHUTATE, ITO
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B ILTOCKOCTH €CTh GECKOHEYHO yAaleHHad, HEBUAUMAsA TOIKa, B KOTOPOW MepeceKa-
IOTCA MPAMBIe, TIepIleH TUKYJAApHEBIE [, OHa-TO U 3a]aeT 0TOOpaXKeHne, COBNA,IAIOIIee C
cUMMeTpHell OTHOCHTENbHO [. PycTh Teneps A’ yjpaasgeTca He 10 aydy, MpOXoAAIIeMy
9Yepes IEeHTP OKPYXKHOCTH, a 110 MPOM3BOIBHON mpaMon w. Pposegem Torma w’, ma-
PaLICIBHYIO W ¥ IPOXOJAIIYIO Yeped UeHTp ST, u quameTp I/, nepHen JuKyIapHbi w'.
Po mepe ypanenns A’ oT oKpyXKHOCTH (HEBaXHO B KaKyio CTOPOHY) A’-oTobpakeHie
BCe MeHbIIe 6y 16T OTANIATLCA OT CHMMETPHU OTHOCHTEALHO !/, a B Ipejieje coBOafeT
C Hel.

Pocae 5Toro mpocToro aHaIuTHIECKOrO HaOMIOAEHNA CAeSaeM aarebpamdecKoe.
Bosbmem nBe Toukm A m B um OyjgeM oTO6GpaxaThb IPOM3BOJBHYIO TOYKY * Ha S
CHadYaqa OTHOCHTENIbHO A, 3aTeM oTHocmTeabHO B, 3aTeM CHOBa OTHOCHTENBHO A
uT. .

P anpammBaeTcss Bompoc: IpH KaKWX YCJAOBHAX 5Ta JOMaHad 3aMKHETCH, T.e. KO-
raa A(B(... A(B(x))...)) = «. Pa 5T0T clIOXHBII BOINPOC f OTBeYaTh He Oyny, f
BBIACHIO MWL, KAKAMI TOJKHEL 6BITE A u B, 4To6el paBercTo A(B(A(B(x))) =
= r BBEIIOAHATOCH mias Becex r Ha S. [laa ymo6cTBa mepemmineM paBeHCTBO B BHJE
A(B(z)) = B(A(x)). MoXHO HOACHHTH: CHaYala Ha TOYKY & TOJEHCTBOBAIN N3 TOY-

B

xu A, 3arem mz Toukm B. Korga pesyapTar 6yjgeT Takou ke, KaK ecam OBl jeil-
CTBOBaJW B APYTOM Mopsigke — cHadajda uz B, motom mz A7 Takme orobpaxenms
A u B, xoTopble AeHCTBYIOT Ha OOBEKT HE3ABUCHMO OT TOPATKA UX NMPUMEHEHIs,
Ha3BIBAIOTCA KOMMYTHUDPYIOUINMHU 1 U3y4alOTCA B TEOPUHU I'PYIII.
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Ppex e deM oTBeTHTE, KOT' A
A(B(x)) = B(A(=)),

naguMm onpefnetenue. Fcau Todka A JeXuT BHE OK-
PYXKHOCTH, TO noaaproti Kk A npAMOH (BN noas-
poti k¥ A) HasbiBaeTcA npsAMad {, IPOXOJAIIAd e
pe3 JBe TOYKH OKPYXKHOCTH, JekKalllne Ha KacaTeJbHbIX, TPOBeJeHHBIX 13 A kK »Ton
okpyxkHOCTH. Ppu 5ToM Touky A HazwIBaioT momocoM mpsamoi [. Ppex e Bcero or-
MEeTHM HECKOABKO MPOCTHIX CBONCTB MOMAPHBIX MPAMBIX: eClIH A JeXUT Ha TOJApe K
B, To B nexuT Ha mogafape K A; ecau MoMApHBIE TPeM TOYKAM MPAMBIE TIePeceKaioT A
B OJHOW TOYKEe, TO DTH TPH TOYKHU JeXKaT Ha OTHOH MPAMOH. XOTA DTH CBOUCTBA
XOPOIIO W3BECTHBI, MBI IPUBOUM B MPUJIOKEHHH UX NOKA3ATEILCTBA, MOCKOALKY Ha
X TpUMepe MOXKHO ellle pa3 YBUeTh POJb WHBOJIOTHBHBIX TTPe0GpaszoBaHul.

[IBe TOYKN HA3BIBAIOTCA 63AUMHO NOAAPHBIMU, ECAU OTHA U3 HAX JeXKUT Ha TOMAPEe
K Apyron. B pambHeliieM HaM TOHAJOOUTCA ONPENEIUTEL B TPOCTPAHCTBE MOAAPHYTO
K TOYKe IIOCKOCThL OTHOCHTETILHO cdpepkl S2. PTo melaeTcsa coBepIIeHHO aHAIOTTIHO
IIOCKOMY CAYYalo: TMOIAPHON K TOYKe A Ha3bIBAlOT MIOCKOCTH, MPOXOJAIIYIO depes
OCHOBAHIIe KacaTeJbHOTO K S2 KOHyca ¢ BepmmHOL B A. PolapHBIe mIoCKOCTH 0614
TAlOT TAKUMU XKe CBOHCTBAME, UITO W TMOMAPHBIE TPAMBIE.

CdopmyanpyeM Tenepb TeOMeTPHYECKIN CMBICJA TOX IeCTBA

A(B(2)) = B(A()).

OHo o3HaYaeT B TOYHOCTH TO, 4TO A5 M0G0l Toukn # Ha S Toukn A(z) u A(B(z))
JeKaT HA ONHOU TpAMOl ¢ B. B NpoeKTHBHOI TeOMEeTpHE JOKA3BIBACTCA (MOKHO
NOKa3aTh 3TO M HCHONb3YA JeKapTOBLI KOOPAMHATHL, 8 BOT HalTH KpacHBOe HATJAI-
HOe JTOKa3aTeJbCTBO MHE HE yAAJI0Ch), 9T0 TOYKH MepeceveHis MPONOIKEeH s CTOPOH
9eTHIPEXyrOJbHNKA, BIMCAHHOTO B KPYT, B3anMHO moaapHbl. OTcioga caegyeT, 9To
B meoGxomumo nexuT Ha moaape K A. C gpyroil croponsl, pas npamas (z, B(z))
nepecekaeTcA ¢ MOMApPod K A B OfHOHN TOYKe, TO OTCIOA CAeJyeT, ITO B 3TOH Ke
ToYKe TepecekaeTcs ¢ noasapoi k A m mpavas (A(z), B(z)). Orciona ciregyer mo-
CTaTOYHOCTH MPUHAICKHOCTH TOYKH B motdpe K A 114 BEINOJHEHHA H3y9IaeMOr O
Tox gecTBa. UTak, A-oTo6pakeHne KOMMYTHPYET ¢ B-0To6paKeHHEM TOTIa, H TOMb-
KO Torpma, korja B aexuT Ha noaape k A. Mrade rosopa, korjga A mw B Bzaumuo
HOJADHEL.

l T noJasApHasg K A npaMast

A —mnomoc NpAMON {

B saxmoveHne HAIMX IIAHIMETPHIECKHX PACCMOTPEHHN 3aMeTHM, 9To A-oTo-
6paxxeHna MOXKHO CBECTH K WHBepcHuu. IMeHHO, mEBepcren ¢ eRTpoM B ) HazBIBAIOT
oTobpaxenne F', kKoTopoe oTo6paxkaeT IPOU3BOILHYIO TOYKY INIOCKOCTH & B TOYKY
F(z) mak, aro:

> llerTp mHBepcuu, ToUKa U ee 06pa3 JexkaT Ha OJHOU MPAMOH.

> PpomsBenenne paccTOAHWE OT [EeHTpa WHBEPCHU A0 TOYKH & W 10 ee o6pa-
3a He 3aBUCHT OT . KopeHb KBaApaTHBIA W3 3TOT0 TPOM3BEJEHUS HA3BLIBAIOT
pagnycoM MHBEPCHUN.

> llerTp mHBEpCHE He JEXUT MEXAY TOYKOW U ee 06PA3OM.

WNuBepcnn o6aagaioT psagoM HHTepPeCHBIX cBoucTB. OHIM 0TOOGPAKAT OKPYKHO-
CTH B OKPYXKHOCTH (min npsamble). Kaxgasd HHBEPCHA OCTABIAET HEMOABUKHON BCe



162 P. P. Pumenon

TOYKH HEKOTOPOW OKpyXkHOCTH S. Eciu MBI paccMOTpUM BCe WHBEDPCHH, OTOOpaKa-
OIe JaHHYTO OKPYKHOCTE S B cebs, TO OHU KaK pa3 COBHAAYT ¢ A-0TOGpaKeHUAMA
(ecim A BHe S, TO UeHTp mMHBepcun copmajeT ¢ A, mockoabky |A(x), Al - |z, A| no-
CTOSIHHO; ciayd4all, Korga A BHyTpum S MOXHO CYNTaTh WHBEPCHEH, COMPIKEHHOUN C
TOYETHOH CHMMeTpHel ). PakoHel, HHBEPCHI OCTABIAIT HEM3MEHHBIMH YDVIBI MEXK Iy
MepeceKaIIMICA KPUBLIME (€CIH YTIOM MeX 1y KPUBBLIMU CIHTATE YIOJX MEK Y HX
KacaTelbHEIMI B TOYKE MePecedeHns).

2.

Tenmepb MEI TOTOBEI K IOCTPOEHHIO TPEXMEPHEIX MOEIER Pa3InIHBIX TeOMETPUI.
PaccMoTpuM, Kak 6BLTO cCKazaHo BHadage, A-oTobpaxennd cdpepsl S? B TpexMepHOM
eBKJANJ0BOM MPOCTPAHCTBE B CE6A.

OTMeTnM, mpexk e BCEro, 9TO 06pa3 OKPYXKHOCTH TIpU A-0TO6paKeHun eCTh CHO-
Ba OKPYXKHOCTH. UTOOLI He 3ab/MyUTHCA B CTEPEOMETPUN, CONIEMCA Ha M3BECTHHIE
dhaxThl. Bo-mepBEIX, XOPAB! (WIH CEKYINIe) TeAATCA TOYKON MepecedeHns Ha OTpes-
KW (Apyrue KOHIEI KOTOPBIX — TOYKH MePecedeHns ¢ OKPYKHOCTBIO), TPOU3BeIeHIe
JIMH KOTOPLIX IMOCTOAHHO U PaBHO KBAaJpaTy IIMHLL KacaTeabHol m3 A x S?. Bo-
BTOPHIX, 3TO MO3BOJIAET HaM IIPONOMKATE AaHHoe A-oTo6pakenne chephl 0 0TOOpa-
KeHHA B ce6d BCero MPOCTPAHCTBA, IIPH KOTOPoM cdepa S?, pazyMeeTcd, IIePexo TUT
cama B cebda. PTo oTobpakeHne, Kak U B ILIOCKOM Clydae, Ha3bIBAeTCA MHBEPCHEN,
€T0 CBOWCTBA M3BECTHEI W CPEJAM HHUX TO, 9TO MHBEPCHA MEPEBOAUT OKPYKHOCTH B
OKPYXHOCTH. 3aMETHM, 9TO KaK W B ILIOCKOM CaIydae, pH ydaJeHlul TOYKHA (), BAOID
POU3BOIBLHON MPAMON [ Ty 9I0K MPAMEIX, TIPOXOAAIMINX 9epes (), BCe MEeHbIIE OTInYa-
eTcA BOIMAN ceprl S? 0T IapallebHEX K IpAMOl | I (J-0oTo6pakeHIe Bee MeHbBIIIe
OTAMYaeTCA OT CHMMETPHI OTHOCHTEILHO ILIOCKOCTH, IPOXOAAIIe depea MeHTp S°
u TeprneH MKyaapHoi [. B mpenenre ero MoXHO CINTAThL COBNAJAIONIAM C DTOH CHM-
MeTpHen.

MHoXKecTBO Bcex Todek P, Takux 9To g Beex x Ha chepe A(P(x)) = P(A(%))
(T.e. A P onpefefdoT KOMMY THPYIOIIHE 0TOGPaKeHNA), eCTh TOAApHad K A T1oc-
KOCTb. PTO TpUBHAIBHO CllelyeT U3 IIOCKOT O cilydad. B caMoM fefe, mpoBeeM depes
P, Au B miockocTs . ¥ HepeceKaeTcd ¢ S2 1o Hexoell okpyKHOCTH T, a ¢ HOIAPHOIM
K A miockocThio (0603HAYNM ee ) 1o HeKoell mpsaMoll {. PocKoIbKy KacaTelbHEE B
mrockoeTn ¥ 13 A ¥ T ecTh OTHOBpEMEHHO U KacaTelbHEE K chepe S?, TO TOUKH
KacaHuA JeXaT B T W, cleJoBaTeqbHO, MOJApHad MpAMad K A B mIockocTw 4 coBma-
naeT ¢ [. PocKoMbKYy B IIOCKOCTH Y KOMMYTATHBHOCTH OTOOpaXKeHNH, 3a]aBaeMbIX
A n P, BemoanseTcs (P exnT Ha moaspe K A), U BCe HOCTPOEHNsA C TOYKOH & He
BBEIXOJAT 3a TIPeJeabl IIOCKOCTH Y, TO TpebyeMoe TOXK 1eCTBO YCTaHOBJAEHO.

Kak yxe GBIIO CKa3aHO, ¢TOYKHY MOEINPYEMOH TeOMeTPHN 5T0 Maphl (z, A(z))
rae x # A(z), T.e. nepecedenns chepbl S? MPAMBIMU, TPOXOAAIIUMHE Yepes A, a «ips-
MBbler MOEJSUPYEMON TEOMETPHN — OKPYXKHOCTH CEPHI, JeXkKallue B OJHON IIOCKO-
cTm ¢ A, T.e. mepecedenna cdeps S° IIOCKOCTAMIE, IPOXOJAMIME depe3 A. Bri-
ACHEM, KaKoe 0To6paKeHHe ¢TOYeK» H (MPAMBIX» MOJCINPYEeMO [eOMETPHUE 32 36T
Touka P, Jexaasa Ha MOIAPHOH K A IIOCKOCTH, HO He IpHHALIexamaa S2.

P-orobpaxenune mepepoanT mnapy (z, A(z)) B mapy (P(z), P(A(x))) =
= (P(z),A(P(z))), T.e. ¢TOUKY» MOJEJN B «TOUYKY». POCKOABKY P-oToGpaxkeHe Te-
PeBOJNT OKPYXKHOCTH Ha chepe S? B OKPYKHOCTIH, a Hapy TOUEK, JeKAIIX Ha, OJHOI
npaMon ¢ A, B mapy Todek, CHOBa JeXalllylo Ha OJHOU MPAMON ¢ A, TO «IpAMBIE)
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MOJeNH TepelifyT B «IpaAMbley. Eeanm P aexuT BHe cdeprl S?, To P-oTobpaxkenie
OCTaBIACT HEIONBUAKHLIM OCHOBAHIE KacaTelbHOT'o KoHyca K S2. PTa oKpyXHOCTD
JeXUT HA TOJAPHON K P TIOCKOCTH, TPOXOAAIIEN depes A, U cleoBaTedbHO, ABIAET-
cs «paMoiny Mogean. O6paTHo, BeAKasd «IpaMasy | MOIean 3a1aeT HeKyIo MOAAPHYTO
K Hell Touky P, Jexamyio BHe S? Ha NOMApHOR K A ILIOCKOCTH U Takylo, 4To P-
0TOo6paKeHNe OCTARIACT HEMOABIKHOH [. PycTh Temeps P nexnt BHyTpu S2. Ppo-
BefeM depea P u A mpamylo. Pra mpamas mepecexkaeT cdepy S? B IBYX TOUKaxX x I
A(x), onpeneasiomux «rouky» Mogean. O4eBHIHA, 5Ta (TOYKa» TepeffeT B cebd mpn
P-otobpaxkenun, Tak kKak P, x, A(x) 1eKaT B JaHHOM clydae Ha OJHOH MPAMOI.

Wrak, xaxmag Touka P Ha MOAAPHON K A IIOCKOCTH T ONpeje/sieT MHBOIIOTHB-
Hoe P-oTo6paxeHne MOJean TeoMeTpun B cebs, TpuieM, ecan P J1eXKUT BHe chephl
52, TO IMeeTCA HeTloNBIKHAA («IIPAMAfy, a ecIH BHYTPH S°, TO HMeeTcA HeIoJBIK-
Had «TovKas. PampammBaeTca MBICAEL, YTO MBI IMeeM el0 ¢ OCEBLIMU W TOYETHBIMHI
CUMMETPUAME Mofean. Ppekae WeM BBIACHUTDL, TaK JW DTO, HAJTO MPOBEPUTH, KakK
06CTONT Mel0 B BTUX MOEMAX CO CBOMCTBAMHN B3aWMHOIO DPACIOJOKEHUS TOYEK U
OpAMBIX (Tepecedenne W MapalelbHOCTh TPAMBIX). Jlad 5Toro yjoGHEH MBICAHTE
«TOYKI» U (IIPAMBIe» NeOMeTPHH He KaK Iapbl TOYeK U OKPYXKHOCTHU Ha cdepe, a Kak
OpAMEBIE H IOCKOCTH, TIPOXOIAIIIE Yepe3 3TH TOIKN W OKPYKHOCTH (|, pasyMeeTcs,
mpoxosue depes A).

Ppo To, 9To B yKazaHHBLIX MOJEJIAX BCE B MOPANKE CO CBOMCTBAMH TIapPaJLIeqbHO-
cTH, OLIIO CKa3aHO B CaMOM Hadaje. PpHCTYyINM K M3y9YeHUIO METPHYECKUX CBONCTB
MOJEMN, T. €. K TOMY, KaK MOXKHO ONpeJeqUuTh PacCTOAHNA 1 yTabl. Ppu 5ToM XKema-
TeALHO, 9TO6bI P-0T0o6pakeHnA 3a1aBaal OCEBLIE I TOYeIHEIE CHMMETPHH. 3aMETHM,
9TO CTOAMAA TIEpe] HaMU 3a 1ada MPOTHBONOI0XKHA BOZHUKAIOIIEN B IKOJALHOM KypCe
nan B kaure I'mapbepra «OcnoBanna reomerpuny. OGBIMHO MpeAIIONaraeTCa, ITO MBI
yMeeM M3MepAThH IJIUHY OTPE3KOB U BeINYNHY yTa0B. MCXOAA M3 5TOr0 MBI BBIACHA-
eM, KaKue OTOOpaKeHNA IIOCKOCTH B ce6d COXPAHAIOT PACCTOAHUA W YIJIEI, B 9aCT-
HOCTH, ybeXkaeMcA, 9TO pacCTOAHNE MeX Ay Mapol TOYeK He MeHAETCA MPH OCEBOR
cuvmMeTpun. Celldac Ke MBI MpeAIoJaraeM, 9TO HEKOTOPhIe OTOOPaKeHNA «TOTeK»
U (IPAMBIX» MOJEIN ABJIAITCA CHMMETPUAME, M XOTHM Y3HATH, KaK MOXKHO OIpe/e-
JUTH IJUHEl U yTabl. POHATHO, 9TO onmpefeaseMoe pacCTOAHUE MEXAY «TOIKaMU» 1
BEIUYIMHA YTJIa MEXAY (MPAMBIMEI» He JOMKHBI MEHATHLCA MpH P-0ToOpakKeHnn.

MoxHO ToCTylIaTh pa3JuaHLIME crocobaMu. MoXHO ompeenTh, 9TO OTPe3oK
[AB] xourpysuren orpesky [A’B’] Torga u Toibko Torga, Korja CymecTByeT MO-
clle[oBaTeIbHOCTE P-oTobpaxkenuil, npu KoTopoll A mepeiiger B A’ w B B B', n
3aTeM MPOBEPHTHL BEITIOJTHEHNE aKCHOM KOHT'PYSHTHOCTH, BBIJIENEHHLIX | MabbepToM
B ocobylo rpymiry. MoXHo, n 5To mpollle U KpacuBel, caeqys PaxmaHy onpegenaThb
reoMeTpHIO Ha OCHOBE CHMMETPHH M IIPOBEPUTH, 9TO CBOHCTBa P-oTo6pakeHWn B
TOYHOCTH COOTBETCTBYIOT akcHoMaM Paxmana (IpH 5TOM, HalIpuMep, cBoHcTBa P-
oTOOpaKkeHNT Oy IyT KpacCHBO COOTBETCTBOBATEL TEOpeMaM O BIUCAHHOM B KPYT IIe-
CTHYTOMBHIKe). Po Mpolle BCero BOCHOAB30BATECA (H B 5TOM €CTh MeTOIOJOT e
CKOe MIPEenMyIeCcTBO eNHO06pa3nA, IIpU KOTOPOM MBI He PacCMaTPHUBaeM OTAEMbLHO
KaXK Iyl FeOMeTPHIO, a IO BO3MOXKHOCTH OIIEpUpyeM OOIIMMHU CBONCTBAMH CedeHHN
cpephl) M3BECTHBIMHI CBOHCTBAMH HHBEPCHIIL.

NmMenHO, OKazBIBaeTCA, ITO MPOIIEe, YeM PAacCTOAHIE MEXKAY «TOIKAME» MOJIENN,
ONpeJeNNTEL BEINIHHY yTaa MEXAY «IPAMBIMI» Mofedn. Ppexae Bcero, ompeneanm
yTOJI MEXY ABYMSA IePECEKaIOMNMICA OKPYKHOCTAME Ha cepe, KaK yroJd Mex Ty
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KacaTelbHBIMI K HUM B TOUYKe INepecedeHns (TOWeK MepecedeHus 1Be, HO yKa3aH-
Hble YTWIbl OJMHAKOBHI, M3-3a CHMMETpHUN). P-0To6pakeHus, KaK ObLIO CKa3aHO, —
YaCTHLIH CIydall MHBEPCHH B TPeXMepPHOM IIpocTpaHcTBe. MHBepcum xopoImmo may-
YeHBl W M3BECTHO, ITO OHH COXPAHAIOT OINpejeleHHble TaKHM O06pa3oM YIVIBI MK Iy
OKPYKHOCTAME (M BOOOIIE BCAKMMHI KPUBEIMH). PosToMy P-oTo6paKeHne ocTaB/IseT
HeM3MeHHBIMI YTJILL MEXKAY OKPYXKHOCTAMH cephl S?, B YACTHOCTH, MEKIY OKPYK-
HOCTAMH, JeKaIlIMI Ha, OHOH IJIOCKOCTH ¢ A, T. e. ¢ «IpAMbIMIY. MBI MOXKeM TOr 1a
Ha3BaTh YIVIOM MEZKJY (IPAMBIMEY MOTEIH YIOd MEK Y 3a JAIONIIMI IX OKPY KHOCTA-
MI, IOCKOJBLKY OH He MeHAeTca IpH P-oTobpakennn. PyxHo mokasaTh JHIIL, 9TO
qepes JAHHYIO «TOYKY» L JAHHOMN «IPAMOI | MOXKHO OTIOKITE TIOJ 32 JaHHBIM yIVIOM
¢ (1 B 3aJaHHOM HaIpABJIEHNH) OHY W TOJbLKO OJHY «IpsaMyioy I

OfHy Takylo «IpaMyIo» IOCTPOHTDL IpocTo. KacaTeapnas K OKpYyKHOCTH, OIpe-
neastomeit | (aas kpaTkocTn GyqeM TOXe Ha3bIBATh ee |, Kak n fatee Gy1eM MOJb-
30BaTbCA OJHIM CHMBOJIOM A 0603HaMeHIA OKPYKHOCTH U ONPeIeleHHON 10 «IIps-
Mol» Mogenn), B Touke L JIeKUT Ha KacaTeabHoll K S? B Touke L MIOCKOCTH, Tam
XKe JeKUT 1 KacaTeabHad K /. POCKOAbKY yroa Mexay 5THMH KaCaTelbHBIMH MOXKET
6LITDL MI0OLIM, TO IIPOBEd depes DTH KacaTelbHble I A IMIOCKOCTH, HOLYHM (IpA-
MEI®» MOJENH, MepeceKalommect 0 JaHHLIM yrvioM. JoKaxeM Temepb, ITO BTOPOI
Takoll «mpAmMoin meT. Pycth ecth I Takas, aro LI, I’ = Z1,1". Torga £I')I" = 0 (cae-
IyeT HaIpHMep, I3 TOI0, 9T0 BCe KacaTelbHbIe K TPEeM PaccMaTPUBAEMbIM (IPAMDIM?
JeKaT B OMHON ILMIOCKOCTH W MPOXOJAT 9epe3 TOUKY OOUIYI0 KAacaHWs). YTOoa MeXay
IBYMA OKPYKHOCTAME PaBeH HYJIIO JUIIL eCIl OHI KacaloTcs APYT Apyra, T.e. HMe-
10T BCero ofmy obmyio TouKy. Takoil ciydall HeBO3MOXKeH [JIA «TOYKIY MOIEIH H3-3a
ycaosus & # A(xz). PooToMy MeX Ty TlepeceKarolmMucA «(IPAMBIMIT MOJENH yroJl He
MoKeT 6BITh HysdeBeIM. Caegoparenbno, I’ = I, aTo m Tpebopantock. KcraTn, 3a-
MeTHM, 9TO ecan oxpyxmocTu [ m I’ mepecekaiorcs B moiApHON K A miIockocTn,
TO oIpefefaeMble HME (IPAMbIe) IPUOINKAIOTCA APYT K APYTY U IepeceKainch 6Ll
eCaIl HeloJBILKHLIE TOYKH BXOJIIN OLI B MOICIE.

Wrak, oTkJIaabIBaHiEe YIJIOB 3aMaHHON BEINYNHBI BO3MOXKHO U eINHCTBeHHO. Te-
mepb MBI MOXKEM CKazaTh, 9TO P-oTobpaikeHWe cCOXpaHAET YTJIBI MeXKAY TPAMBIMHI
Moean. Ecim reoMeTpus HeeBKANAOBaA (T. €. A He TeKUT Ha MOBEPXHOCTH CHepHl), TO
B HEU HE CYMIECTBYET MONOGHBIX U He KOHT DY HTHBIX TPEYTOJbHUKOB, KAXK BN Tpe-
YT OABHIK (¥ JIHHBL €70 CTOPOH) BIIOMHE ONPENeNAeTCs BeININHAMI CBOUX yIiioB. Po-
3TOMY, pa3 P-oTo6paxkeHne cCOXpaHAeT YIJB B 3THX TeOMETPUAX, TO OHO COXpaHAET
n gauHel. 1o m TpeboBamock. B eBkAMAOBOM cliytdae BO3MOXKHO TOA0OME TPEYT OMb-
HUKOB, TTOXTOMY COXpaHeHWe YTJIOB He BIeYeT aBTOMATHIECKN COXpaHeHmWe mAanH. Po
P-oTobpaikenne He TOALKO COXpaHAET yTJLI, HO W OCTABAAET HEMONBUKHBIM (IIPA-
MYIO», & 5TO BO3MOXKHO JHUIIE IPU OCEBOW CHMMETPHH.

PocmoTpum Temephb, KakK BHTIAJAT OKPYKHOCTH B 5TUX Mofensax. Pocrpoemnne
OKPYXKHOCTEN TPOU3BOAUTCA €MHOOOPA3HO A BCEX T'eOMETPUH U He 3aBUCHT OT
pacmoroxerna S° u A. Pa MIOCKOCTH OKPYXKHOCTE MOXKHO ONpPeJeldTh TakK: 6yaeM
MPOBOUTEH BCEBO3MOXKHBIE TIPSAMBIE depes AaHHYIO ToUKy O u 6yaeM CMOTPeTh Ky1a
oTo6pakaeTCA MPU OCEBBIX CHMMETPHUAX OTHOCUTEIBLHO HTHX MPAMBIX (PHKCHPOBAH-
Hag Touka A. MHOXecTBO Bcex HTUX 06pa3zoB U COCTABUT OKPYKHOCTH € MEHTPOM B
O u paguycom |OA|. AHAJOTUYHO OCTYIUM IS BCEX TPEX MOJEJEH.

P-oTo6pakeHns 0CTaBAT HEMOABIKHBIME «TOYKY» O U HEKOTOPYIO (MPAMYIO» MO-
Jeqn, TPOXOISAIIYIO depe3 Hee, TOMBKO ecan P iexnT Ha KacaTeabHOU K () TIOCKOCTH.
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(CTporo ToBops, ¢ToYKay MOJEIN €CTh Hapa TOYEK, HO B CAEAYIOMINX MOCTPOEHHAX
MOXKHO B3ATh KaKylo-HHOY b OJHY TOYKY W3 3TOH Haphl). PTa MIOCKOCTE mepeceka-
eTcA ¢ MOAAPHON K A ILIOCKOCTH IO HeKoTopoil mpaMoi {. Pyers B aexut Ha S? u
BKyTle ¢ B’ onpegenger «TouKy» Mojgeln (Kak yXkKe YIOMHHATOCH, Haan4dne ToIkn B’
He CYIUIECTBEHHO JiA STHX MOCTPOEHNH ), HallJeM Bce TOYKH, Ky/a MOXKET mepefitn B
npu P-oTobpaxennsax, ocTaBadgiomux HemoaBmkHbME (. PycTh Touka € [, Toraa
2(B) IeXUT Ha MIOCKOCTH 3, oNpefeldeHHON | 1 B, npudeM, ecan & npoberaeT BCO [,
TO MpAMBIE, TPOXOIAIINE Yepe3 & U B, 3amoaHAI0T BCIO 3, KpOMe OJHOH eTHHCTBEHHON
MPAMON, TpoXoadlien depe3 B u napameabhon {. OTcioga caeayeT, ITO MHOXECTBO
z(B) zanoqHseT OKpyKHOCTb, 0 KOTopoil 3 mepecekaeTca ¢ S? | KpoMe OfHON TOY-
KW, JeXalllell Ha OpAMOH, IIPOXoAllel depes B u mapasaeabHon [. B mmockocTn 3
5TO BBINJAIUT, KAK MOKA3AHO Ha PUCYHKE.

'l X.(B)

Po, xak MBI yKe roBopuin, m1o6apiss GECKOHETHO-YJaleHHYI0 TOUKY (Maum pac-
CMOTPEB CHMMETPHIO OTHOCHTEIBHO NepIeHIUKYAAPHON K | MIOCKOCTH, IPOXO0JAIeil
depes TeHTp S7) MBI MOMYYHM HEIOCTAIOMYIO TOYKY OKDYKHOCTH. Temeph MOKHO
pacemoTpeTs A(O) m A(B) W BHIIOIHNTHL TOYHO TaKWe Ke MOCTpoeHHA. VX mTor
COBIAET ¢ 06Pa30oM yaKe IIOCTPOEHHON OKPYKHOCTH IpH P-0To6pakKeHuH.

NTak, OKpyKHOCTH B HCCICAYEMBIX MOEIAX H306pakaloTCA Iapoil OKPYKHOCTEN
Ha cepe. MoKHO B Halllell MOJeIH pacCMATPUBATEL He BCe TOYKH cephl, a JIHIIb Cer-
MeHT cephl (Kak, paccMaTpuBas c(hepuIecKyl0 I'eOMEeTPHIO, MBI OI DAHUTHBAEMCS
noaycdepoit). Torga Kaxgas TOYKa DTOrO cerMeHTa OyAeT OJHA3HAYHO COOTBET-
CTBOBATDH «TOYKE» MOJEIN I 06paTHO, OKPYKHOCTD 3Ke MOJeIn 6y1eT H306paKaThCA
Ha 5TOM CerMeHTe ONHOH OKPYKHOCTBIO, a He mapoil. Kak /erko BHAETH, IEeHTPHI
STHX OKPYXKHOCTE MOJIeIn He COBIANAIOT C NX OOLIMHLIMU HEHTPaMI Ha cdepe, 9TO
Hey IUBHTENBHO, MOCKOIBKY PacCTOAHNA Ha cepe I B 3THX MOJEJIAX HE COBIAJaloT
(B oTMYMe OT YTJIOB).

CpaXeM Temnepb 5TH MOJEN € YKe XOPOIIO M3BECTHLIMI.

Pycre A B menTpe cdepor. Torna nomydaerca oblen3BecTHAA MOJAEIb Chepude-
CKOW MeOMeTpHUH. 3aMETHM, 9YTO B POJU OCEBLIX CHMMETPHH 5TON T'€OMETPHH BHICTY-
AT CHMMETPHH OTHOCHTEIBHO IIOCKOCTE, MPOXOIAIINK Yepes NeHTp cdepbl. PTr
CHMMETPHH COBIA AT ¢ P-0To6paKeHHAMH, e Bece P — 6eCKOHEYHO yaaaeHbl. -
au A BHYTPHU cepbl, HO OTIMYHO OT €€ NEeHTPa, TO MOKHO MepelTH 9epe3 MHBEPCHIO
K CAy9alo, Korja A coBmagaeT ¢ HeHTPOM.

Pycre A Ha moepxHocTH cdephl. PaccMOTpHM cTepeorpaduaecKyo IPOeKIHIO,
T. e. IPOEKIHUIo chepHl S Ha IIOCKOCTD, KACAIOMYIOCA cpephl B TOUKe, THAMETPAILHO
OpoTUBONOJOKHON A. «PpaAMbIey U (TOYKMY ONpefeleHHOl HaMU MOJeIU HepelyT B
OpAMBIE B TOYKH IIOCKOCTH ¢ COXPaHEHHEM BCeX METPUYeCKHX CBOIICTB.

Panboree mHTepecen ciydail, korja A — BHe cdepsl. PaccMoTpuM cedenme S2
nonaproil K A maockocThoo. O603HaYMM OKpYKHOCTE cedenna 1. MoxHo comocTa-
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BUTH KaXK 0N TOYKE KPYTa, OTPAHUIEHHOT O 1, «TOYKY» T€OMETPHH, IIPOBES TPAMYIO
depes Hee U A, a KakJI0H Xop/ie B KPYre — «IpAMYIO» , TTPOBEIA MIOCKOCTD IePe3 Xop-
ay m A. Tem cambim moaydnm momgent Kienna mas reomerpun Jlobadepckoro. Kax
U3BECTHO, B 3TOU MOJEIN [TBE XODIABI TPEJACTABISAIOT TePIeHIUKYAAPHBIE TTPIMBIE,
ecan mpsAMBlEe (Ha KOUX JeXaT XOPJBI) B3aWMHO TOMAPHBI, 9TO COTVIACYETCA ¢ TPOBe-
MEHHBIMU BBIIIEe MOCTPOCHUAMU.

YKazaHHad CBA3DL C yXKe CYIIECTBYIONINMH MOMEIAME AedaeT TPeTbITyIIne pac-
CyXKJeHUA O TOM, ONMpenefdioT Ju P-oTobpaxeHna KOHTPYIHTHBIE NJIUHBI W yTJIHI,
M30BLITOYHBIME. TeM He MeHee, MHE XOTeIOCH MMOKAa3aTh, KaK PacCMOTpeHWe TTYIKOB
MPAMBIX U IUIOCKOCTEH, TePeceveHHbIX CO c(hepoll, TO3BOAET ONMPENeInTh CBONCTBA
HEEBKJINMIOBBIX TEOMETPHI, OTHOBPEMEHHO o6pabaThiBad pPa3HBIE T'eOMETPHYECKHE
Mofean (Befb B GOMBIION YacTH paccyXkaeHuil Bzaumopactodoxkenue A u S? 6buio
HECYIIeCTBEHHO).

IIPUJIOYKEHUE

[JlokaxeMm mpuBeeHHbIE B OCHOBHOM TEKCTE CBONCTBA MOJAAPHBIX MpAMBIX. [o-
KazaTelbCTBO HHTEPECHO TeM, YTO HCHOJb3yeT WHBOJAIOTHBHOE MpeobpaszoBaHue B
MPOCTPAHCTBE.

Pycrs paguyc ucxognon okpyxuoctun R. Pycrs Torga Touka W pacmomoxena
HaJ meHTpoM okpyxkuocTn O Ha paccrosunu R. PaccMoTpuM nyqoK IpAMBIX U TIOC-
KocTell, Tpoxoadimx depes W (gaa kpatkoctn — W-nydok). Kax ol npAMOi 5Toro
mydKa MOXKHO OJHO3HAYHO COMOCTABUTH MIOCKOCTE TYYKA, MEPIeH AUKYIAPHYIO €.
O6paTHo, KaxX 0H MIOCKOCTH My9YKa MOXHO OJHO3HAYHO COMOCTABUTH TEPIEH JUKY-
JApHYIO el mpaMmyto nyuka. Ecan npamas W-nydka [ geXuT Ha HEKOEH TIOCKOCTH
d, TO MepHeHAUKYJIApHAA K [ MIOCKOCTH BKJIIOYAET B cebd MepleHuKyIAPHYIO K §
npsamyio. Ecau Tpu mpambix W-nydka fexaT Ha OJHOH MIOCKOCTH, TO MEPIEHINKY-
JSAPHBIE UM TJIOCKOCTH TEePeceKaioTCsA MO OTHOU MPAMOTN.

Temephb BBIACHUM, KaK TepPeceKaioTCA TMepHeHAUKYJIApHbIEe TPAMbIE U MJIOCKOCTH
nydKa ¢ UCXOJHOU TMIOCKOCTHIO, TAe JeKHUT OKPYKHOCThH. PycTh mpsaMas mepeceka-
eTca B Touke A, a miaockocTh mo mpamon m. OuycTum mepneHgukyaap uz A wma m,
NyCTh OCHOBaHHWe >Toro nepnenaukyaapa A’. Tpeyroasnux A'W A — mpamoyroas-
HbIi, |IWO| — ero BeicoTa, orcioga |[WO| - |[WO| = |OA’] - |OA|. Postomy, ecin MBI
0TO6pPA3UM CUMMETPHIHO OTHOCHTENABHO O TPAMYIO M, TO MOMY4NM KaK pas MoaApy K
Touke A. TeM caMBbIM TOYKe U TOJAPHON K HEHW TIPAMON MOKHO COTIOCTABUTDH MPAMYIO
U MepIeHAUKYIAPHYIO el mIockocTh W-nyuka. OTciofna cpasy clIeayioT yKasaHHbIe
cBolficTBa TOAAp. MBI paccMaTpuBaIu JUMIb CAyYdal, Korjga A JeKuT BHE OKPYIKHO-
cru. Ecan ke A fgexuT BHYTPH OKPYKHOCTH, TO YAO0OHO Ha3BATh €€ MOJAPOR TAKYIO
IPAMYIO, 9TO I BCAKOW TOYKH B Ha 5TOHN MpAMOH, mojsdpa K B mpoxoanT wepes A
(M3 CKa3aHHOT'O BHIIIE CAEAYET, ITO MHOXKECTBO TAKHX TOYEK €CTH MPAMAdA).

[lokazaTeabCcTBO CBOUCTB MOAAPHBIX IOCKOCTEN MOKHO MOAY YU T, PACCMATPUBAA
HYyKHEIE CeIeHHUA ILIOCKOCTAMI ceprl S7, WM, paccMaTpHBad GeTEPeXMepHOe Ipo-
CTPAHCTBO, NYYOK MPAMBIX W TPEXMEDPHBIX MTPOCTPAHCTB, TPOXOIAIINX depe3 TaHHYIO
TOUKY, U ONpEJeTdsi COOTBETCTBHE TPAMON U MEPIeH TUKYIAPHOTO el TPEXMEePHOTO
MpOCTpaHCTBA.
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O pas3dUeHNN MHOKECTB Ha JacTH MEHBIICTO
qaMeTpa: TeoOpeMbl I KOHTPIPUMEPHI

M. JI. I'epep

NunaMeTpoM OrpaHHYIEHHOTO MHOXeCTBa M Ha3BIBaeTCA HauMeHbuiee FTucao DD,
obaagaliee TeM CBOICTBOM, UTO daf 4066z dsyr mouek uz M paccmosanue mesxncdy
Humu e npecocrodum D. B gacTHocTH, M MHOXKeCTB M, COCTOAIMINX M3 KOHETHOL O
qucaa TOYEK, AuaMeTp [ paBeH HauboabUemy U3 NONAPHBIT PACCMOANHUL Mexncdy
mouramu M.

PerpyaHo mpoBepuTh, 9TO MO0y PUIYpy (M060e OrpaHHTIEHHOE MHOXKECTBO)
Ha TIOCKOCTH MOJMCHO PA36umb HA MPu 4aACmU MEHbULEZO &uamempa<1>*) H 9TO
HEKOTOpPLIE IJIOCKHE (QUI'YPELL HEAb3A pazbumpb Ha dee wacmu menbute2o duamempa.

Ppocrefinras n3 Takux GUTYp COCTOUT M3 TpeX TOUYeK — TPEeX BEPIINH MPaBIIb-
HOT'O TPeyToJbHUKA. deThIpe BEPIIIHBI MPABIILHOTO TEeTPaspa Jai0T aHaJOTHIHBII
[IPHIMeEpP MHOXKECTBA B TPEXMEPHOM TIPOCTPAHCTBE (€0 HEMb3A pa3éuTh Ha TPH TacTH
MEHBIIET O naMeTpa), a d+ 1 BeplInH IPaBIIBLHOTO d-MEePHOTO CHMILIEKCA — TPHMED
MHOXECTBa, KOTOPOe Helb3A pasbuTh Ha d dacTell MEHBLIIEro AuaMeTpa.

I'nnnoteEsA IIOoPCYKA

B 1933 r. moasckuin MmaTemaTnk Kapoa Popcyk BeICKazaa TumoTesy:

J1060e 02panuNEHHOE MHOMCECTNEO 6 MPETMEPHOM NPOCMPAHCINEE MONCHO Pa3-
bump Ha wemwipe vacmu menbuezo duamempa. U soobue: aioboe o2paHuuernHoe MHo-
Jcecmeo 6 d-mepHom npocmpancmee MmodxcHo pazbumeb na d + 1 wacmet menpuwezo
duamempa.

B 1955 r. X.Prracton u B 1957 r. P.I'prortaym u A. Xemmemr gokazajiu THIIO-
Teay Popcyka mpum d = 3. A emre paHbllle OHa HaIlLTa TOATBEDXK IeHNEe /s BCEX IIeH-
TPaTbHO-CHMMETPITHLIX MHOXKECTB I BCeX 2dadxur 6binykanir Tea<>> (T'. Xagsurep,
1946 r.) [1].

Tak kak BeITyKJIasg 060J049Ka JFOO0T0 OrpAaHUIEHHONO MHOXKeCcTBa M WMeeT TOT
JKe TUAMeTP, 9TO M CaMO MHOXKeCTBO M, TO IPEeATNON0KEHNE O BHITYKIOCTH HE ASAA-
emes oepaHuNenuem: TUmoTesy Popcyka 1ocTaTOYHO MPOBEPUTD /s BHITYKIBIX MHO-
KecTB. Kazamock GBI, OCTABAIOCH CeJaTh HEMHOTO — U36aBUTHCA OT MONMYIIEHUS O
2aadkocmu . . .

KOHTPIIPUMEPEI K 'MIIOTE3E IIOPCYKA

Onnako B 1993 r. cayumaoch neoxugannoe: /I. Kan u I'. Kaxan moctponan xkoHTp-
npumep K runorese Popeyka npu d = 1325 u nas Beex d > 2014 [2].

*)3;(ec1> U Jajee CCBLIKH Tuma <!> oTchLialoT K KoMMeEHTApHAM — 3aK/I04YHTEIbHOMY Pa3Iery
cTaThH, pacrnojoxenHoMmy nepen [lpunoxennamn 1-3.

MaTemaTuyeckoe npocseweHue, cep. 3, Bbin. 3, 1999(168—183)
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B [3] u [4] 6B MOCTpOEHE HOBBIE KORTpHpuMephl — 1ipu d = 946 u d = 561 <3>.

Puxe npegmaraercs Mogudukalns STHX KOHTPIPUMEPOB. PyneT mokazaHo, ITo
eunomesa Popcyxa nesepna npu scex d > 561. Kpome Toro, 6yneT mpuBeseHO HO-
Boe — Gollee TIPOCTOE, YeM TpeXkHNe, — MOKAa3aTelbCTBO MUIOTe3bl Popcyka mpn
d = 3. Bonpoc «9mo eepro — meopema uau woumpnpumep — npu 4 < d < 5607»
oCTaeTCsi OTKPBITHIM.

NAEA KOHTPIIPUMEPA

Pomxoxum d = 561 u mocTpouM woueunoe muoxcecmeo Y C RY duamempa D,
KOTOpOe Helb3si pa3buTh Ha d + 1 gacTell qmaMeTpa MeHbIe 1.

MuoxkecrBo Y 6yjger cocrosarh uz |Y| = H Todex. Ppespatum Y B epag T,
COeMHsASA BePITUHLL ¥,y € Y pe6poM B TOM W TOABKO B TOM caydae, Korga |yy | <
< D, u uccaefiyeM KAuku, WIH noanvie nodepagdvt Tpada I, T.e. Takue moarpadul, B
KOTOPBIX KaXble JBe BEPIINHBI COeIMHEeHBI pebpoM. PaM yaacTes OMeHnTh 9HUCIO ¢
BEDILINH MAKCUMAALHOT (cOofepKallell HANGOIbIIee BO3MOKHOE ICIO BEPIINH) KINKI
rpada [', yxazas Taxoe ), 110

¢<Q, H/Q>d+1 (1)

Uz (1), oueugno, caenyer<*>: ecan MHO)ecTBO Y pazbuTO Ha YacTH, TUAMETD
KaXk O M3 KOTOPBIX MEHBIlNe [, TO 9UCJIO TaKUX dacTell obs3aTeabno 6oibire d + 1,
Tak 94T0 Y — KOHTPHpuMep K runoTese Popcyka.

I[I1AH HOCTPOEHUA KOHTPIOPUMEPA

Bozbmem n = 33, Tak uto d = 561 = C’,ZL_H. Papsany ¢ MEoxecTBoMm Y C RY 6yner
IIOCTPOEHO BCIOMOTaTelIbHoe MHOKecTBo X C R™H!,

Beegem B R™ ! npaMoyToabHYIO CHCTEMY KOOPAWHAT &g, L1, . . ., Ly, PACCMOTPIM
Ky6 ¢ Bepumnamu {x;}7_, x; = 1, u onpegerum X Kax crejyioniee ToIMHOKECTBO
BEpIINH N-MepHOil rpanu g = 1 sToro (n + 1)-meproro ky6a [—1,1]7 1

Bepwuna {xj}?:()? x; = x1, npunadaeocum w X, ecau xo = 1 u uucao munyc
edunuy cpedu {x;}]_| wemmno: H?ﬂ z; = 1. Tem campim X cocront mz 2"~1 = 232
ToTeK <%,

Croabko xe Todexk Gyner u B Y: |X| = |Y| = H = 2"71 = 232, Ppu s1om YV
By 1eT TIOIMHOKeCTBOM BepITHH d-MepHOTO Kyba ¢ BepmmHaMu {yx }o_,, yp = *1:
Y C[-1,1]%

Mexay X u Y 6yjgeT ycTaHOBJICHO TaKOe B3AMMHO OJHO3HAYHOE COOTBETCTBIE

v = (20,21,...,2,) &y, 2z = (z(,2],...,2) Y, (2)
UTO MAKCUMAALHO YOAAEHHBIM IpYe om Ipy2a — HATOOAWUMCA Ha paccmoanuu D —
moukam y,y €Y 6ydym coomeemcmsosamov x, ¥’ € X co crkaiapublm npouzeede-
Huem +2:

/ / / / /
(z,2)y =woay+ a2+ - F a2, =2 +— |yy'| = D. (3)
NmenHo cooTBeTcTBHE (2) O CBONCTBOM (3) MO3BOMMT NPOBEPHTH HEPABEHCT-
Ba (1).
C 5Toll MpoBepKW MBI M HAYHEM, a YK€ IIOTOM IIOCTPONM MHOXKeCTBO Y W yCTa-
HOBUM Mex 1y X m Y cooTBeTCTBHE (2), yIOBIETBOPAIIIEe YCIOBHIO (3).
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MAKCUMAJIBHAA KINKA TPADA [

Beuay (2), (3), rpadg I’ MoxHO mOAy4InTh Ho-HOBOMY (He U3 Y, a w3 X ), coe[MHNIB
pebGpamu Bce mapwl &, ' € X, 11s KOTODHIX CKalfdpHOe NponsBeferne (x,z') # +2.

3AMEYAHUE. Bce npoune snavenns (z,2') npu @ # o' — 510<5> ymcaa £6, £10,
+14, +18, £22, +26 u +30, a ckaaapHbIT KBagpaT (, £) paser 34. Urak, B rpade T
[TBE Pa3InIHBIE BEPIIMHLL £ U ' COEANHAIOTCA pe6pOM TOra N TOABKO TOT Aa, KOT/a

(z,2') = £6, £10, £14, £18, £22, £26, £30. (4)

7
Poaoxum @ = >, _, Cks (Bckope cTameT sicHo, oTKyAa 6epeTca 5TO YHCIO) U
JoKazKeM, UTO THCIO BEPIINH ¢ MaKCHMAalIbHOH KINKH {di, ..., a4} Tpada I' me
IPEBOCXOAUT ().

MHOTOYIEHEL g1, ..., g4

Kax ol Bepmmie a;, 1 £ j < ¢, CONOCTaBUM MHOIOWIEH ¢;(2) HO ClAeIYIOMEMY
npasuty. Pukcupyem a;. Ppu & = (29 = 1,21,...,2,) € X o6o3HaumM depes s =
= s; () cxarapHoe npousBegenue (a;, &) I MOTOKIM

F(s)=(s+6)(s+10)(s + 14)(s + 18) (s + 22)(s + 26)(s + 30),
Gile) = Flsi(a), 1<i<u o)
Samncas G;(2) B BIje IHHEHHOH KOMOHHANNY OJHOWICHOB I IOCIEJOBATEILHO IPH-
Menaa cooTnomenne z7 = 1, 1 < i < n,<"> momydaem HOBEHI, PABHEIIT Gj(z) ma X,

7=
MHOTOWIEH ¢; (%), ABIAIOMMHACS MeIOINCIeHHON TNHeNHON KOMOUHANNEH (Y HKINH

Mgh? a2l 1< i<jo< - <jr<n=33, hp,=0mml, 1<mgT.

J1 g2 o
0
Beero B (6), oueBuamo, umeercs @ dpynkuuii, o6pasytomux 6asuc, Q@ = >, _ Chs,
I HepaBeHCTBO ¢ < () 6yJeT JoKa3aHo, eC/Il YCTaHOBUTD, ITO MHOTOWIEHEL §1, . . ., Jq

AUHEUHO HE3AGUCUMBL HAO KOABYOM YEABIT HUCEA, T.€. €CJIU IIPOBEPUTDL, ITO TOXKE-
CTBO

X

c1g1(z) + - -+ cqgq(x) =0, rge ¢1,...,cq — Leable IHUCIA, (7)
BO3MOKHO JHUIIb TOTJa, KOT1a Bee KodDPUIMEHTHI ¢1, . .., ¢q B (7) paBHBI HyTI0 <5,
JIMHEAHAST HE3ABHCHMOCTD g1, ..., dq

Muorouaen F(s) B (5) Boibpan Tak, uTo cpean wncen s = (x,z') us (4) sce s <0
Aeagomen kopranu F(s), a ece s > 0 maroswr, umo F(s) deaumes na 27: F(s) =0
(mod 27) npu s = 6, 10, 14, 18, 22, 26, 30; nociegHee CBONCTBO JErKO MPOBEPAETCA
¢ TMOMOIIBIO TaGAUIEL 1, coflepKalllell Bce KpaTHBIe 9nCTy 3 coMHOXUTean F(s) mus
yKa3aHHBIX 3HadeHnil s. Uz Toll ke Tabauusl BugHo, 9To F(34) Z 0 (mod 27). B

TepMuHax ¢;(¢) o4 & u3 KaIUKK {a1, ..., a4} DepednciIeHHble cBoHcTBa F(s) o3Ha-
9aloT:

Ecan j # k, To g;(ax) =0 (mod 27); g;(a;) Z0 (mod 27). (8)

JInHefiHan He3aBUCHMOCTD ¢1(2), . . ., §q(2) TETKO ClefyeT OTCIONa: JOIYCTHM, ITO

B (7) He 6ce ¢; pasubl ny.a10, I JOKakeM, ITO DTO JOLIYIIeHHe OpoTHBOpednT (8).
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s s+6 s+10 s+14 s+18 s+22 s+26 s+ 30

6 12 24 36

10 24 36

14 24 36

18 24 36 48

22 36 48

26 36 48

30 36 48 60

34 48 60
TaGania 1.

JOnOMHATENBHO IPEANIONOKIM, YTO HE 6C€ Cj KPamHbl uucay 3 (eI 5TO He Tak,
MOXKHO pa3IeliTh BCe ¢; Ha OOLINI MHOXKUTENB). PycTh, 1/ olpefefeHHOCTH, ¢1 He
geantca Ha 3. Pogcrasian B (7) = a1, DoaydaeM: ¢191(a1) + - - - +¢q9q(a1) = 0. Tax
Kak, BBy (8),

eaga(ar)+- - +eqgq(ar) =0 (mod 27), To, Tem cameim, 1 ¢1g1(a1) =0 (mod 27),

a 3Ha4nT, cHoBa BBHAY (8), ¢1 = 0 (mod 3), — mpoTuBopedme.
Nrak, HepabencTBo ¢ < ) (meppoe m3 HepaberncTB (1)) gokasano. Bropoe ms
HepaBeHCTB (1) MpoBepsAeTCA HEMOCPEJCTBEHHBIM MOCTeTOM:

7
H=2%=4204967296, Q= Ck;=5663800, H/Q > T58. (9)
k=0
Takum o6pazom, 151 060CHOBaHMA KOHTPIPUMEPA OCTAETCA TOCTPONTH MHOXKECT-
Bo Y u ycraHOBUTE MeXAy X n Y cooTBeTCTBHE (2), YyAOBIETBOPAIOIIEe yCIOBHIO (3).

COOTBETCTBHUE MEXKAY MHOXKECTBAMU X N Y

Pycrb, kak u npexge, n = 33. Pocrponm kpaapaTHyio Tabauny (n+1)x (n+1). Ee
CTPOKN U CTOJAGUH 3aHyMepyeM dnciaamu ¢, j =0, 1, ...n. PaccmoTpum kaeTku (i, §)
B BEPXHEN MOJOBHHe Tabauubl (Haj auaroHaabio (4,7), 0 < ¢ < n, wAymel n3 JeBoro
BEPXHEro B MpaBblil HIKHUI yroa). Ux aucio pasuo d = (34-34—34)/2 = C3, = 561.

Ppomssoabro duxcnpyem = = {z;}}_o € X u B KIeTKy Ha TepeceTeHnn CTPOKH
¢ HOMepOoM 1 — 1 u cTonbua ¢ HoMepoM j MOMeCTUM HpousBefenue r;_1rj, 1 < i <
< j < n. Pru npoussefenns o6bABIM KoopAnHaTaMn i, 1 < k = k(i,j) < d, Toukn
y=y(x) €Y.

Poouepenno mepeGpap Tak Bce € X, MOAydaeM HEKOTOPOE MHOXKECTBO Y | ABJIsA-
foleecs TIOJMHOXKECTBOM BepimmH d-MepHoro kyba [—1,1]%. Tak kak xo = 1 aaa
amoboro € X, TO yYp(1,j) = ¥; OpH BCex j = 1, ..., n, T.e. OJHOBPEMEHHO yCTaHO-
BJIEHO B3aNMHO OJHO3HawYHOEe cooTBeTcTBHe (2) Mexay X u Y. JlokaxkeM, 9TO OHO
YIOBAETBOPSAET YCAOBHIO (3).

Ksagpat paccrosuma mexay y = {ys} w vy = {y,} paBen cymme xBaapaTos
pasHocTenl yp — Yi., 1 €< k < d. Kaxgoe craraemoe B >Toll cyMMe paBHO au6o 0
(ecanm yi = y,.), aubo 4 (ecam yr # Y}, ), T.e. pacCTOAHMe MeXKTy y U ' TeM GoJblIe,
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JeM GObllle HeCOBNAJAIONNX Yk U Yj. Pe3 orpanntdenus oGIIHOCTH MOXKHO CINTATE,
/

' copmagator (BKmouas ¥y = ry = 1), a ocTarbHble

9TO TepBHE § KOOPANHAT &; W &

n+ 1 — s KOOPAUHAT Pa3JIIMIHHI.
PxBuBaienTHoe gonyuienne (cpapaum ¢ <6>):

a) Bce r; (a 3HAYUT, U BCE Yj) PABHLL 1,

b) nepsrie s KoopAMHAT a:"7 paBHHI 1, a ocTadpHble n+ 1 — s KoopaAuHAT a:"7 paBHBI —1.

Tora paccTOAHIE MEKAY y U ¢ TeM Goublile, YeM GOobIe KOOPIHHAT Y, PABHBIX — 1.
Ppu ycioBuax a) u b) koopaAnHATEH ¥), = —1 3aI0JHAIT OPAMOYTOJBHIK B BEPX-

Hell MOJOBHHE Halled Tabanubl. «Paomanky 5Toro mpAMOYTOAbHUKA (MHCIO MUHYC

edunuy B HeM) TeM Goubllle, 9eM GOJbBIIE OH MOXOXK Ha KBajApaT. B TOYHOCTH KBa-

IpaT HOXyYHThCA He MOXKeT< > | a mpAMOYTOIBHHK, Hanbolee TIOXOXKII Ha KBaJpaT,

noaygaercs, ecim s = 18, n+1—s = 16, mubo s = 16, n+ 1 — s = 18 (1.e. ecam

(z,2') = £2).

Nrak, paccrosune |yy'| mexay BepumHamu y = y(2), ¥ = y(z') € Y rorga u
TOJIBKO TOrJla paBHO AmamMeTpy ) MHOXKecTBa Y, KOrJa CKalApHOE IMPOM3BeAcHIe
(z,2') = £2.

Poctpoenne kouTpupumepa Y 3akondeno. TpakTya Y Kak [MOIMHOXECTBO
d-mepHoro npoctpancTa npu 561 < d < 757, BeaeacTBue (9) moaydaem, 9ToO 2u-
nomesa Popcyxa nesepna npu scex d, 561 < d < 757.

SAMEYAHUE. Bckope maMm moHagobuTcsa ToUHOE 3HadeHHe AmaMeTpa [) MHOXe-
crBa Y:

D?=4.16-18, D =diamY = 24v/2. (10)

KIUKA, COAEPYKAIIAA () BEPIIUH

Pepapenctso ¢ < () (cBA3BIBaoIIee UUCIO MHOTOLIEHOB §1, ..., (g C THCIOM ()
MHOTOU/IEHOB B Gasnce (6)), CIyKUT, OKa3bBaeTCs, TOTHOM (Heyayuuaemot) OIeHKON
Yrc/a BEePIINH MaKcHMalbHOU Kauku rpada I': onumpascs Ha (4), IpefbABAM KIHKY
IT rpadga I', cogepxkainyo B TOIHOCTH () BEpIINH.

hd — n .

Nas xax ot Touxn r = {x;}'_q € X cpean r; mMeeTcs p KOOPAMHAT, PABHBIX
+1, 1 m KoopAWHAT, paBHEIX —1, re p > 0 mm > 0 — <eTHBIC YHcaa, p+m =n+1,
TaK 9TO

m=20,2,...,n—1=32. (11)
B cooTsercTBun ¢ (11) pacemoTpnm moaMHoKecTBa Xy MHOKeCTBA X, m =0, 2, ...,
..., 32. K X orHocuresa ona Touka: Bee x; = 1; xk Xy oTHOCATCA C2; Tovex: Bce z;,
KpoMe 1BYX, paBHBI 1; K X4 oTHOcATCA Cy TOUeK: Bee T, KpOMe 9eThIpex, PaBHEI |
wT. .
Perpynno npoBepuTh, uTo moarpad I, conepxkaruit Bce BepITHHEL

r e XogUXyUX4UXg UX26UX28UX30UX32, (12)
ABAgeTCA KIUKOH: (%, ') # +2 aag aobbix x, ' € II. Ppu s1om 4ucio sepums (12)

paBHO () = ZIZ:O Chy (mockombky Chy = C557F k=32, 30, 28, 26).

3AMEYAHUE. XoTd cama oleHKa ¢ < () HeyaydllIaeMa, MOKHO HMOIBITATHCA YCO-
BePIIIEHCTBOBATE CcOocob ee MpUMeHEHUA: BPAJ AU Tipu pa3buennu rpada [ Ha xian-
KO 6CE OHU MOTYT OKAazaThCA MaKCHMAJbLHBLIME, COJAEDKAIMME — Kajcdad — MO
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() BepmmH, TaK 4TO 37eCh, BHANMO, €CTh IOTeHIHAIbHAL BO3MOKHOCTL IOCTPOHUTD
kouTpupumep B B¢ 1ua pazmeprocteit d < 561 <19>

I[IABMEPHOCTH d > 360

Bmecto napst (n = 33,d = 561) pacemorpum mapy (n = 41,d = 861). Tak xe,
kak mpexe <!> moctponm muomectsa X C [—1,1]* Y C [-1,1]3%L [Y] = |X]| =
= H = 2% npu sTom — BMecTO (9) — modydaTCa cielyIole cOOTHOMIEHHA:

9
Q= Ch =473732328, H =2 = 1099511627776, H/Q>2320. (13)
k=0

Pockoabky Y MoXHO TpakToBaTh Kak moaMmHOokecTBo RY mpm 861 < d <
< 2319, To u3 mepaseHcTBa (13) caenyer, aTo eunomesa Popcyka nesepua npu ecex
d, 861 < d< 2319, a makace npu d = 860 <12>. 3uaunt, c yaeTom [2], ona HeBepHa
npu ecer d > 860.

Nrak, KouTpnpuMeps! K runorese Popcyka nmoctpoensl npu Beex d, 561 < d <
< 757 u d > 860. [lo aBrycra 1998 1. Bonpoc « Imo sepuo — meopema uit KOHmMp-

npumep — npu 757 < d < 860 7» ocraBajicsa OTKPBITHIM.

IIE3VALTATHI HMIKOALHUKOB — IMOBEAUTEJIEN XIX TYPHUPA
T'oroa0B

B aBrycte 1998 r. 8 I'ambypre cocTosnach X naeTHAA KoHpepenuus Typaupa ['o-
ponoB *). Pa koH(epeHINn A IpeJIoKILI ee yaacTHIKaM, mo6egureram X1X Typrupa
Topomos, psaja 3anat o pazbueHNT MHOXKECTB Ha YaCTH MEHBINETO [UaMeTPa, BKAOYad
HEKOTOPHIE HEpEIIeHHBIe BONPOCH! (B TOM HnCe, 0 pasMepHocTax d, 757 < d < 860).

B Tambypre ykpamnackue mkoabHuku Pycaan Parpmmu m Maxkcum [laBergoB
(r. JIbpoB) Hamul HOBoe — Gojee TPOCTOE, YeM TMPEKHNE, — TOKA3aTEIbCTBO I'-
noTesbl Popcyka npu d = 3 (JoKasaTelbcTBO MPHBEJEHO B KOHIIE STOH CTATHH, CM.
Ppunoxenne 3).

A Bexope mocite kordepenunn mkoabHIKN Juma Typesu (r. Teas- Apus, Uspa-
wik) n Camra Taindgyamn (1. 2Kykosek, Poccns) HesaBHCHMO APYT OT JApyra IOJY-
YN OTBET Ha BOMpPOC O pasMeprocTsax d, 757 < d < 860: mas Bcex »Tux d oHHU
MOCTPOWIN Kowmpnpumepbr K runoreze Popcyka. Ux mocTtpoenme GaszmpyeTcs Ha
CAEVIONIEN, COBCEM TTPOCTOM, JTEMME:

JEMMA. Pycme 6 npamoyzoabrom mpeyzoavuuxe ABC zunomenyza AB
(|IAB| = D) u xamemw AC v BC (|AC| = r,|BC| = R) csa3anst coomHoweruem
r < R, uau, umo mo ace canoe, 2r> < D?. Pyemv moura T wamema BC maxosa,
umo |TA| = |TB| = p. Toeda 2p* < D?.

Jemma cpazy ciaenyet n3z mogaobus TpeyroapuukoB ABC u T BS| roe S — cepemu-
Ha AB (puc. 1), a npuMeHeHNe ee OCHOBAHO Ha TOM, 4To Y (Hair 56 1-MepHBIT KOHTD-
npumMep K runoreze Popcyka) dexut na 560-mepHoil cdepe paguyca r (r? = 561)
u, ¢ yaerom (10), r u diamY =D ceasannl cooTnomenunem 2r> < D? (r? = 561 =

=17-33 < 18-32= D?/2).

*)Ho;(po6HhIf51 pacckas o Typaupe ['oponos (MexIyHapoTHOM MaTeMaTHYECKOM COPEBHOBaHHN
MIKOJIbHUKOB CTApIINX KJIaCCOB, KOTOpO€E NPOBOAUTCA, HaduHasa ¢ 1980 F.) MOYHO B HAUTH B [5].
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B N
s R b
T
C A
Puc. 1.

Tounas gpopmyamposka yTeepx genns [. 'ypesuaa—A. lNandyamnna Takosa:

YTBEPXKJAEHUE. Pycms mnooncecmeo M duamempa D aeocum 6 k-meprom npo-
empanemee wa (k — 1)-meproti eepe s paduyca r, npuuen

r? < D?/2, (14)

u nycmv M sasagemca koumpnpumepom k eunomese Popcyka: M weavsa pazbume
na k + 1 wacmeii, duamemp wamxcdoti uz komopwixr menvwe D. Tozda kowmpnpumep
Kk eunomeze Popeyra 6 RS moocno nocmpoums npu awbom d > k.

JOKABATEJIBCTBO YTBEPXKIEHNUA. Pa puc. 1 (k — 1)-MepHasd cepa s yciaoBro
n3zobpaxeHa B BHIe OKPYXHocTH paamyca r. MuoxectBo M = M; amameTpa D
(KOHTpIpHMep K rumoTese Popcyka B }Rk) JexuT Ha s, npudem 2r? < D?. Jlo6apasas
OJIHY Pa3aMepHOCTD 1 1006aBisad K My ogHy ToUKy N, paclofoKeHHYO Ha PACCTOAHUT
D oT Bcex Touek s, molydaeM MHOKecTBo Mo € RFH! koTopoe no-npexmemy mmeer
InaMeTp D U KoTopoe, 0IeBUAHOS'3>  Hemb3a pazbuTh Ha k + 2 YacTH IHAMETpA
MenbIte D.

Tem caMmbiM, M fABIgeTCS KONTPIOPHEMepOM K rumoTese Popcyka B RFH

Tak kak (mo temme) My aexuT Ha k-MepHOH cdepe, Jad pamyca KOTOPOH Bbi-
noausercs (14), To gobaBieHMe — 1O OJHON — HOBBIX TOYeK (C yBeIMYeHHEM Das-
MEPHOCTH Ha eJUHUIY) MOXKHO MPOJOKHTE MO WHIYKIIHH.

A Talipyrime fokazal Takke<'?> 4aTo JokazaHHOe yTBepXKJeHNe OCTaeTCA Bep-
HBIM, €C/IH 3aMeHHTH B HeM (14) HepaBeHCTBOM

r? < 3D%/4. (15)

IIEKOTOPKLIE HEPEIIEHHBIE BOIIPOCHI

PecMoTps Ha ycIexm MOCAeqHUX JeT, OCTaeTCA PAJ HEPENIeHHBIX BOIPOCOB, CBA-
3aHHBEIX C 3ajgadell Popcyka. BoT — ocHoBHEIE nBa W3 HEX:

1. Y7o BepHO — TeopeMa uan KonTpupuMep — 1pu 4 < d < 5607

2. O6oznadnm depes f(d) MUHIMAIBLHOE W3 TAKUX YUCET M, 9TO MH060E OTPaHH-
9YeHHOe MHOXECTBO B d—MepHOM MpOCTPaHCTBE MOXHO pa30bUTh Ha 1M IacTell MEHb-
mwero gnamerpa. B [2] noaydena ouenka f(d) > (1,2)\/5, HavuuHasg ¢ HEKOTOPOIo d.
PenasHo oHa yTouHeHa B [7]: cymecTByeT Takasd pyuxuusa r(d), 1 < r(d) = o(e\/d),
9TO

F(d) > r(d) - (2/v/3)* > (1.2255) /7.

Kak na camom gene pacrer f(d) ¢ poctom d?
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KoMMEHTAPUU

1. Pyctb M — mpouaBoJbHOE MHOXKECTBO AmaMeTpa ) Ha miaockocTu. PpoBenem
TOPHU3OHTAJIBLHYIO TPAMYO L1, cOepkKaIIyo XOTh ONHY TPAaHNIHYIO TOYKY M u Ta-
Ky1o, 4T0 Had L1 HeT Towek M. Pod Ly mapamieabuo Lj mpoBejiem mpamyio L] Ha
paccrosauu D ot Ly. Pon L), oueBuano, et Todek M, T.e. Mbl 3akaoduan M B
nojocy Py mmpuner D.

PocTpous Tax ke eme 2 noaocwl Py u Ps mmpunbr D, pacnojokeHHbIe MO YTIOM
60° k Py, sakaodanM M B 6-yroabHuK S (ABIAIONMIMICA MepecedeHHEM TPeX TOJOC
wupuHel D).

Y Takoro 6-yroabHuka S TPOTHBOIOMOKHBIE CTOPOHHBI TIOMAPHO MapaJIedbHE, &
JAIHHBL cTOpoH a u b (a < b) depeaytoresa: ¢ —b—a — b —a — b. Onyckas w3 meHTpa
S TepHeHANKYAAPE Ha CTOPOHBI JUINHEL b, MBI paz6uBaem S (a 3HauuT, u M) Ha Tpu
qacTH AuaMeTpa MeHbIle ), puc. 2.

Puc. 2.

S3AMEYAHUE. CTaHIapTHOE pEIIeHne 3TON 3aa49n COAEPKUT JOTOJHUTENLHBIN
mar: Bpaias 6-yroiapHuK S, 1o6mBarTCA, YTOOH OH cTad MpaBuiabHbiM. [lasa paztu-
ennss S u M wa 3 wacTu gmaMeTpa MeHbIe D 5>TOT miar He HyKeH. [Ipyrue pernenns
cM. B Ppuaoxennn 1.

2. Hepes KaXk Ay TPAHHYHYK TOYKY BHIOYKJIOTO MHOXKeCTBa V B TpPEXMEPHOM
IPOCTPAHCTBE MOXKHO TPOBECTH TOMA 6bl 00HY ONOPHYI nNaockocmb (T.e. TAKyO
IOCKOCTB, 9T0 V' JIeXUT 1O OJHY CTOPOHY OT Hee). epes BepIINHY BHITYKIOTO MHO-
rorpaHHUKa (HAIpHUMep, depe3 BePUIMHY Ky6a) MPOXOAHT GECKOHETHO MHOTO OTOD-
HBIX TITOCKOCTEH. BBITYyKI0e MHOXKECTBO (MM BBEIIYKIOE Telo) V HasBIBaeTCA 24ad-
KUM, €CIH Yepe3 Kak Ay DPAHHIHYI0 TOYKY V mpoxoaunT eduHcmeeHHas omopHas
MJIOCKOCTh.

B Ppunoxkennn 2 aokazaHo, 9T0 Mi060€e 24adkoe BBIIYKIOE TEJIO B TPEXMEPHOM
MPOCTPAHCTBe MOXKHO pa3buTh Ha 4 4acTH MEHBIIETO AUaMETPA.

Teopema XanBurepa B d-MepPHOM cilydae TOKa3BIBAETCS AHAJOTMYHO.

3. B [3] kouTpupuMepbl HOCTPOEHBI M BCeX pasMepHocTel d = C’fp, rge p —
mpocToe wncao, 6oabinee min papaoe 11; B wacTHOCTH, TIpH p = 11 moayvaeTrcs d =
=946 = C%,.

4. Kak 656l HI paz6buTh MHOXECTBO Y, cocTosee u3 H Todek, Ha d + 1 wacTen
Yi, ..., Y41, XoTa 61 B ofHON u3 HEX (CkakeM, B Y;) okaxercd, BBuay (1), Goan-
e, 9eM ¢ TOYeK; 3HaIUT, Y; He ABIAeTcA Kamkon rpada I', m — mo ompenenenmio
rpaga I' — B Y maligyresa Toukn y, y, orcToAmMe APYT OT Apyra Ha PacCTOAHUE
D = diamY". Tem campiM quameTp Y; paBen auaMmeTpy Y, T.e. (1) gaeT KoHTpIpHMeEp
K runoTeze Popcyka.
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5. Buaxu {z; }?il BBIOMPAIOTCA IPON3BOJABHO, & 3HAK £33 ONpeNeadcTCa OTHO3HAY-

232

33
HO — TaK, ITOOH szl x; = 1. Tem cambiM X COCTOHUT 13 TOYCK.

6. [aa mobwix @ = {z;} n 2’ = {2} m3 X ckangproe mponsseenue

/ / / /
($’$ ) = Tp¥p +l‘1l‘1 + et LT,
OYeBHIHO, COBIANAaeT CO CKAIAPHEIM OpomsBefemmeM (e,e’), rge e = {e;} u ' =
= {¢}} — Touxu B R™*! ¢ KoopguHATAMHE €}, TOXKAECTBEHHO PABHBIME 1, I KOOD JH-

HaTaMu e}, paBHBIMU xjx"j npu Bcex j. O6e Touku — n e, n ¢/ — npuHaaaexaT X,
MTOCKOJIBKY

n n n
co=ep=1 mu He;:ij~Hx;:1.
j=1 j=1 j=1

Ecmu e} = 1 npn Beex j, To (e,€') = 34; ecam €} = 1 mpn Beex j, Kpome IBYX, TO
(e,€') = 30; ecam e = 1 mpm Beex j, Kpome FeTHIpex, To (e,e') =26 u T. 1.
. C_ 2 _ .
7. Panmomato: Bce x; = £1, mostomy z7 =1, 1 <1 < n.
8. Kax Bl M3 MHOTOWIEHOB ¢;(%) ABIAETCA INHEHHON KOMOHHAINEN C IeJIBIMI
KoadhGUIHeHTaMH OJHOUIEHOB (6), T.€. OJHOUICHOB

1, #1, oy oo, &g, prs (1<r<s<n), vpasue (1 <r<s<tLn), ...

Ob6o3HaYuM WX €1, €2, ..., €Q, TAe @ = ZIZ:O Ck n=33.

CMBICT KasK I0T0 ClIaraeMoro B 3Toi cymme fcer: Coy = 1 — umeeTcsa 1 oHOtIeH,
TOXK JECTBEHHO PaBHBIA 1; C§3 = 33 ogHO'WIeHA ABIATCS JUHENHBIME (DYHKIMAMMT;
C25 0IHOMIeHOB — TIOTapHBIe MPou3BeAeHndA T, 25, 1 < 7 < 5 < n; Chy 0HOWICHOB —
OpOM3BeNeHNA L, L2, 1 <7< s <t < n;u T 1O

B >Tux obozHadennax

gi(x) = Ky jeq1 + -+ Ko jeg, Kij, ..., Kg; — meaple uncra, 1< j<q.

Ecan nokaszamh, 9T0 moxcdecmso (7) 803MOHCHO MOALKO NPU MOM YCAOSUU, UINO
sce Koauyuenmul cy, ..., Cq PAEHHL HY.A10, TO TIA TeX, KTO 3HACT JMHEHHYIO aJre-
6py, HEPABEHCTBO ¢ < () CTAHOBUTCS OYEBH THBIM:

€1, ..., eQ obpasym 6aszuc u3 () AEMEHMOS, U UUCAD IACMEHMOE (
8 CUCTNEME AUHEUHO HE3ABUCUMBIE (1, . . ., Jq HE MOdcEM Obimb Goavute ().

Tokaxem HepaBeHCTBO ¢ < (), He onmpasdch Ha 3ToT dakT. PepenuceiBas (7) B Bue
ci(Kriae14 -+ Koieg)+ -+ eg(Kiqe1 + -+ Kgqe0) =
(Kip+ - FegKiglen+ -+ (a1Kga+ -+ ¢gKgq)eqg =0,
BIANM, 9TO (7) BHIIOAHAETCA TOT A H TOABKO TOT A, KOTJa
1l 4+ +egKig =0 mpuBeex 4, 1 <i<Q. (16)

Pynem TpakToBaTh (16) Kak cucTemy () AWHEHHBIX YPaBHEHHUH C HeTBIMH Ko>PQH-
mueHTaMi K; ; OTHOCUTENBHO ¢ HEM3BECTHEIX Cq, . . ., Cq. Sajada 6y JeT pelleHa, ecin
MOKAa3aTh, 9T0 TIPH YCJAOBUH ¢ > ) (T.e. IPH YCAOBHH, 9TO HEM3BECTHEIX GOBIIE, YeM
ypaBHeHnN) cucTeMa (16) HMeeT HeHyleBOe LEIOTHCIEHHOE DEIIEHNE C1, . . ., Cq.

A 570, NeflCTBUTENBHO, TaK, TOCKOABKY A JOOO0H COBMECTHON (MMEIIER XOTh
O[IHO DEllleHNe) CHCTEeMBI yPaBHEHHI BEPHO caefytollee Gomee obiee
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YTBEPKJAEHUE. Cosmecmuan cucmema ) AUHEUHDT ypasrenut ¢ payuoHdib-
HOIMU KOIPPUYUEHMAMY U PAYUOHAAD HBLMU NPASHIMU YACTNAMU UMEET HEHYAECOE
PEUWEHUE 6 PAYUOHAADHBIL YUCAAT, €CAU HEUBBECTIHBLIT 6OADULE, NEM YPAEHEHUN.

Ppu Q = 1 yTBepK AeHne 09eBUIHO, U OCTAETCA JOKA3ATH €ro MO UHAYKIIUN TPH
Q>1.

Pacemorpum cucreMmy () ypaBHEHHH OTHOCHTEIbHO HEM3BECTHLIX Xi,...,Xg,
¢ > @, ¢ panNoHATEHEIMEI Ko3(pduuneHTaMn R; ; 1 PannoHATLHBEIMI TTPABBLIMI da-
cramm Ry, 1 <i1<@Q,1<j<¢:

B Xo+- 4+ Ry g Xy = Ry,
Ron Xq+- 4+ Ry g Xy = Ro,
RoiXi+ -+ RgXq = Re.

PycTe cucrema coBMecTHa I He Bee R; ; pasubl ( (caywail R; ; = 0 n R; = 0 Tpu-
BuadeH). MoOXKHO canTaTh (eciu HYXKHO, M3MEHHB HYMeDalNio ypaBHEHNH W HEM3-
BECTHHIX), 9T0 R11 # 0. Borumras mepBoe ypaBHeHne, yMHoxkeHHOe Ha R; 1/FR11
u3 ypaBHeHHA ¢ HOMepoM %, 2 < ¢ < @, uckmounMm X U3 BCeX ypaBHEHHUIl, KpoMe
MEPBOT'O, U TEPENIEM K CHCTEME

B Xq+ R X+ 4 By g Xy = Ry,
ro2Xa + 1y Xy =7,

rQszz + -4 TquXq =7rQ.

Po mpeanonoxkenmio HMHAYKINHN CYIIECTBYIOT palnoHaJbHbLIE, He BCe paBHBIE HYIIO,
gmcaa Xa, ..., Xg, ¢ > @), yIOBIeTBOPAIOIINE BCeM YPaBHEHNAM, KpoMe TePBOT 0; IO -
CTaBJAA WX B TlepBoe YpaBHEHNe, HAXOIUM TakKkKe 1 X7.

st ogHOopoaHbIX (¢ mpaBbiMm dacTaAME R; = 0) ypaBHEHHH U3 TOKa3aHHOTO
YTBePXKAEHUA CleyeT CYIIeCTBOBaHNE HEHYJIEBOTO YEAOUUCAEHHO20 DEITEHN.

9. KBaapaT monyumiacs 661 ipu s = n+ 1 — s = 17, HO s AOMKHO OBITH YE€THBIM,
MMOCKOMBKY @ € X.

10. Ecan — Bwmecto mapel (n = 33,d = 561) — mompo6oBaTk paccMOTDETH Ta-
py (n = 29,d = 435), To — BMeCTO TabIHIbL, HCIOJb30BAHHON TPH HCCIeTOBAHIN
cBolicTB MHOTO4eHa F'(s) u3 (B), — moay4aeTcsa Tabauia 2, Win, 9T0 TO XKe, TabIn-

s s+6 s+10 s+14 s+18 s+22 s+4+26
6 12 16 20 24 28 32
10 16 20 24 28 32 36
14 20 24 28 32 36 40
18 24 28 32 36 40 44

22 28 32 36 40 44 48
26 32 36 40 44 48 52
30 36 40 44 48 52 56

TaGania 2.
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s s+6 s+10 s+14 s+18 s+22 s+ 26
6 3.22 24 5.92  3.92%  7.92 25

100 2¢ 5.22 3.98 7.92 25 9. 92
14 5.22 3.28 7.922 25 9.22 5.93
18 3.2 7.22 25 9.22 5.23 11.922
22 7.92 98 9.22 5.92% 11.9%2 3.9¢
26 25 9.922 5.9% 11.22 3.92% 13.22
30 9-22 5.22 11.22 3.92% 13.22 7.23

TaGania 3.

ma 3, Mo3BOANIAA YTBEPK JATh, YTO 3HAYEHNA (HOBOI0 — 6-1 CTeleHN) MHOT OMIeHa

F(s)=(s+6)(s+ 10)(s + 14)(s + 18)(s + 22)(s + 26)

npu s = 6, 10, 14, 18, 22, 26 gexarca na 2'7, a F(30) neanrcs aumb na 2'° u ne

JennTes Ha 2'7; onHAKO — BMecTO (9) — MOXKHO TMOMYHIUTH JHIIL HEPABEHCTBA

6
1< Q= 2059 =621616, M =2°®=268435456, H/Q > 431.
k=0
Ouenka H/Q > 431 4yTh xyxe, deMm TpebyeTca mis 060CHOBAHUA KOHTPIPUMEDA
B R npu d = 435. Tem me MeHee, mapa (n = 29,d = 435) npexacrapageTcs «mep-
CIEKTUBHOWY : €/[Ba I TPH Pa3bMeHnn COOTBETCTBYIOIIErO Ipada Ha KIANKH 6CE OHU
MOT'YT OKa3aThCH MAKCHMAJIBHBIMI, U €CJAU Obl YIaJ0Ch COCINTATh, CKOIBKO MOXKET
OBITH HEMepeceKAaIOMNKCA KINK, COMEePKAIIIX — Kax#cdas — 1o () BEPIIUH, TO YUCIO
431 B mocaenHeN OleHKe, BO3MOXKHO, YVAM0OCH OBl 3aMeHUTh “mcaoMm 436 .

11. PoapobHee 5T cjaoBa O3HAYAIOT CJAeAYIOIIEe.

a) Ppu n = 41 Broxum n-mepubii ky6 [—1,1]” B (n 4 1)-MepHOe mpocTpaHCTBO
¢ xoopaunaTamu {x;}7_g, n, TpaxTya [—1, 1]*! xax 41-mepuyto rpanb ro = 1 Ky6a
[~1,1]*2, onpeaeanm X Toq06HO TOMY, Kak 3TO GBLIO CAEIAHO MpeXkKje: BEpIINHA
{l’j}?zm x; = %1, npunagaexur kK X, ecan rg = 1 U 4UCIO MUHYC eJUHNI, Cpeju
{z;}7_, weTHo.

Acno, aro X copepxut H = 2"~ tovex: |X| = H = 2.

b) Tax ke, Kak mpexje, oTo6pasuM X Ha MOAMHOXKECTBO Y BepIINH d-MepHOTO
ky6a [—1,1]¢, d = C%, = 861.

PaccmoTpum muOoXecTBO P Beex map (4,7),1 < i < j < n = 41 (uucao Takux
map paBHO d, TaK 9TO HX MOXKHO MepeHyMepoBaTh wnciamu k = k(i,5),1 < k< d)n
Bepumine = {z;}]_, € X comoctasum TouKy y = y(z) € Y ¢ koopaunaTamMu

Yo = Yk(ig) = Tiaxy,  (4,7) € P, 1< k=k(i,j) <d

Muoxectso Y, kax u X, cogepxut H Touek: |Y| = |X| = H = 2%0.

n
c) das z, ' € X cxaasproe npousBejerue (x, ') = ijo J:jx"j IpHHAMAaeT 3Ha-
YeHIA

42, 438, +34, 430, £26, £22, +18, +14, +10, +6, +2. (17)
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CBA3aHHLIA ¢ HUMU MHOTOY/IeH 9-U CTeleHn
F(s)=(s+6)(s+10)(s + 14) (s + 18)(s + 22)(s + 26)(s + 30)(s + 34)(s + 38) (18)

obaagaeT CleNYIOMHUMEI CBOINCTBAMIE:
F(s) =0 (mod 11) npm Bcex s > 0 mz (17), kpome s =42, u F'(42) Z0 (mod 11).
d) Paccrosune |yy'| mexay Bepmaamu y = y(z), ¥ = y(¢') € Y Torga n Toapko

TOrja PaBHO JHaMeTpy ) MHOXecTBa Y, Korja cKaadpHoe mpoussefenne (z,z') =
=+2.

e) Ppesparum X B rpad I', coeqmuns peGpamm Bce mapel BepiuuH &, ' € X,
A1 KOTOpHIX (,2') # +2. Yncao BepmmH MakcuMadbHON kankn rpada [ paBHO

— 59 k
Q=2 4=0Ci1-

To, 9T0 Mx He Goablle (), TPOBEPAETCA C NUCIOJL30BAHNEM CBOWCTB MHOT OWJIEHA
F(s) u3 (18); To, 9T0 MX He MeHBIIE (), MOKa3bBaeT (cpaBHUM C (12)) npuMep KINKH

XoUX2UX4UX6UX8UX32UX34UX36UX38UX40.

12. Pukcupys arobyo U3 KOOpAUHAT Yk, TodydaeM paszbuerue Y Ha aBa MOIMHO-
xectBa YT u Y~ pasmeproctn 860 (ma KoTopwhix yy = +1 n yy = —1). XoTs oano
I3 HUX HEAb3A pa3OuTh Ha 861 dacTh amameTpa MeHbie 1) — nHade (Bonpexu (13))
Y paszbugoch 6b1 Ha 1722 Takmx 9acTH.

Pro naet konrpmpumep (YT mwin Y ~) x runoreze Popcyka maa d = 860.

13. Ppu pazbuenun M- #a gacTw qumamMeTpa MeHbllle 1) Touka N He MOXKeT TO-
macTh B OJHY YaCTh HU C OJHON u3 Todek M;, Tak Kak ygageHa OT KaxKJOW M3 HUX
Ha paccTosHue [).

14. B d-MepHOM IPOCTPAHCTBe BBEEM JeKapTOBH KOOPAHHATEL {u; };l:l. Cepy
s B k-MepHOM moampocTpancTBe u; = 0, k 4+ 1 < j < d, 3agagnm ypaBHeHIEM

2 __ .2
Uj—r.

k
:1

J

Pycrte d > k 4+ 1 (caywaii d = k + 1 GygeT paccMoTpeH oTAenbHO). Pomoxnm
n=d—k—1(rakaron > 1u k+n=d—1), onpegeanm h > 0 u3 ycaopus

r?+ D?*/4+ h* = D? (19)
(BBuay (15) Takoe h cymecreyet) u B (n + 1)-MepHOM HOANPOCTPAHCTBE U] = ... =
= uy = 0 BosbMeM (n — 1)-MepHyto cepy s’ nmamerpa D

k+n

Z u? :D2/4, ug = h.
j=kt1

Yenosue (19) o3HawaeT, 9TO pacCTOAHEE OT JOG0H ToYKH P € s,

k
P=(u,. .. u0,...,0,0), > ul=r?
j=1

1o mobol ToIKH () € s’
k+n
Q=10(0,...,0,u41, ..., Uyn, g = h), Z u?:D2/4,
j=k+1
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pasHo D:
k k+n
PQP=|D_uj | +| D uj| +h*=r"+D*/a+ 1" =D (20)
j=1 j=k+1

O6beannenne muoxectBa M C s co cheponn s obozmadmm gepes M'; mo 1mo-
crpoenmto guameTp M’ pasen D. Po ycaosuio M menbza pazéuth Ha k + 1 gacTenn
mrameTpa Menbine . Chepy s Heabzsi pazbuTh Ha n 9acTell jJgMaMeTpa MeHBIIE
D. Nupvu croBamu, npu pazéuennn M u s/ Ha 9acTh MeHbBIIEro amaMeTpa MUHHU-
MaJbHOE HHCIO dacTel paBHO cooTBeTcTBeHHO P(M) > k 4+ 2 mw n + 1. Posromy
(BcaepcTrue (20)) s M/ MEHUMAIBHOE 9HCIO YacTell MEHBIIETO AnaMeTpa paBHO
p(M)+n+1>2k+n+3=d+2,10ects M’ — koHTpIpEMep K runorese Popcyka
B d-MepHOM TIPOCTPAHCTBE:

M’ neavza pazbums na d + 1 wacmeti duamempa menvuie D, (21)

0 5T0 jJoKazaHo — npu ycaosun (15) — aag moboro d > k + 1.
Trober noayunTs (21) aaa d = k + 1, gocraTouso, 9TOGH BBHITOIHAIOCH YCIOBHE
r < D. B orom cayuae M’ noay4aercs uz M noGaieHneM onHON TOYKH

Q= (0,...,0,ud:uk+1:\/Dz—rz),

Jexkallen Ha paccTosHun [) OT Bcex TOUEK Cephl s.

[MPUJIOKEHUE 1. TEOPEMA IToPCYKA B R? u B R2.
JTOKABATEJLCTBA TEOPEMBI 115 KOHEYHBIX MHOYKECTB

B Ppunoxenun 3 mpuBejeHo HOBOE JOKA3aTeIbCTBO rumoTessl Popceyka B R3,

o6k pazobpaThCa B HEM, MOME3HO CAMOCTOATENBHO IepeHeCTH (MepedopMy -
poBaThL U 10Ka3aTh) JeMMBbI u3 P punoxenns 3 na caydaii RZ.

Pockoabky konmpnpusmepnt K runorese Popcyka GBI MOCTPOEHHI I KOHEUHBIT
MHOXKECTB, OCOOBIN HHTEPEC BHI3BIBAIOT U JOKA3AMeAbCMEA A TAKNX MHOKECTB.

P a xoudepenmnun B l'amGypre yike ymoMmuHaBmuncsa B 3Tol cratbe [luma 'ypeBud
MPETOKII CAeNYIOMNN TIJIaH PeleHns 3agadn Popcyka 1 KOHETHBIX MHOXKECTB.

Pycrs M — KoHedHOe MHOXeCTBO B d-MepHOM TpocTpamcTBe, diam M = D.
Ppesparum M B rpadp G = G(M), coegunas touku P, @ w3 M Torjga m TOJb-
KO Torja, korja |PQ| = D (uHade roBops, IPOBEEM BCe (OTPE3KH — JHAMETPHD

B M). PazoBeM cuTyamuio ocobotl, ecli CTelleHb KaX oW BepiimHbl rpada (G He
menblre d + 1.

JIEMMA. Feau 6 R? ocobas cumyayus nesozmodicna, mo eunomesa Popcyra sep-
na dan aiwbozo roneunozo muoxcecmea M C RE.

JOKABATEABCTBO. Unaykina o 4ucay Touex M.

TrEOPEMA. Ocobas cumyayus nesosmodxncua 6 R? u 6 RS,

CdopmyanpoBarHas TeopeMa

a) BepHa 1 6e3 Tpyaa npoeepseTcs B RZ;

b) BepHa u 10BOJMBHO ClOKHO AoKazbiBaeTca B R3 (ma xondepentuu B Fambypre
nokazaTh ee B R? nukomy He ynanoch);
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Puc. 3.

c) 3aBeoMo He o6o6maeTesa Ha R4 mpu d > 4; nas 5Tux d JeTKO MOCTPOUTH KOHTD-
MPUMePH K TeOpeMe, HO OHW He Jal0T HUKAKOTO TPOJABIKEHNsA B 3agate Popcyka.

N3 TeopeMbl U U3 JeMMBI CJelyeT pelienue 3ajxadn Popeyka B R uw B R3 nua
KOHEUHBIT MHOXKECTB.

Cama Teopema SBISETCS CleCTBUEM yTBepXKgeHnun A u B:

A. Pycrs M C R? cocTouT u3 n To4eK; TOrja B G(M) makcuMyM n pebep.

B. Pycrs M C R3 cocTouT uz n Touek; TOrja B G(M) makcumywm 2n — 2 pe6pa.*)

IIPUNOKEHUE 2. TEOPEMA XAJABUI'EPA

Cuadana pazo6beM TpeXMepHBIH ap Ha 4 9acTi MEHBIIEro fHaMeTpa.

OjiHO HyKHO€e pa3fueHHe IIapa mokazano Ha puc. 3a. /Ipyroe (G6ofee cuMMeTpHy-
HOe) MOXKHO MOAYYHTBH TaK: BOWIIEM B map ¢ HeHTpoM O NpaBUABHEIN TeTpasap
ABCD; geTnipe Tpexrpanubix yraa OBCD, OACD, OABD u OABC, mox koTopbiMu
BUHBI U3 TIEHTPa TPAHN TeTPa’pa, pacceKaioT Map Ha 4 9acTi MEHBIIero JuaMeTpa
(puc. 3b).

Teneps, caeays [1], nokaxem, 4To BepHA

TrEOoPEMA XAABUTEPA B R3. Jiwboe eaadkoe svinykioe meao V duamempa D
68 MPETMEPHOM NPOCMPAHCINEE MONCHO pazbumb Ha 4 wacmu menbuezo duamempd.

JTOKA3ATEJALCTBO. Pazobrem map U auameTrpa D ma deTwipe gactu Uy, Us, Us,
U, Menbinero aquametrpa. Kax o rpaHndHon Tovuke v € /' comocTaBUM TaKkyio T'pa-
HUIHY0 TOYKY ¢ = u(v) € U, 970 omopHasd MIOCKOCTh K V' B TOYKE v MapafielbHa
KacaTelbHOH MIoCKocTH K U B TOUKe ¢ (MPH 5TOM ¢ BEIGHpaeTCA Tak, 9To6u U n V
JeKaNn 1o OJHY CTOPOHY OT 3THX IockocTer). Touky v Ha rpannue V oTHeceM K
Vi, ecam u(v) € U;, 1 < j < 4. Joxaxem, 4T0

diamV; < D, 1<j<4. (22)
JloycTuM, 910 nipn KakoM-Hu6y 16 j 370 He Tak n diamV; = D. Pyctb Au B —
IBe TpaHWYHEle TOUKH Vj, A1a xoTophix |[AB| = D. Pposenem wepes A u B gBe

MJIOCKOCTH, MEPHeHNKYAsipHbie oTpesky AB. AcHo, uTo V jexkuT B motoce Mex Iy
Hnmu (nHade diam V' > D). PosToMy npoBejeHHBIE TVIOCKOCTN ABJIAIOTCA ONOPHBIMU

*) Vrpepkgenna A u B jokazaHi B [6, sagaum 87 a, b]; cm. Taxxe [6, 3agadn 101, 102].
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K V. 3HauuT, KacaTelbHBE INMOCKOCTH K Iapy B Toukax u(A) n u(B) (mapaiiensHbe
[POBeJeHHBIM OMOPHBIM TIIOCKOCTAM) NAPAAAEAbHBL ADYT APYTY, T.e. u(A) n u(B) —
MMaMeTpalbHO ITPOTHBONOIOKHLIE ToIKH mapa . PosToMy paccTosnme Mexay Hu-
mu pasro D. C apyroil ctoponsl, no mocrpoennto u(A) u u(B) npunagrexar Uj,
TaK 9TO PacCTOAHWE MEXTy HUME MeHbime ). Porydennoe mpoTmBopedne JoKa3bl-
BaeT (22).

Pycth Temepr O — mobas Touka BHyTpu V. Coemurnm O oTpeskaMu CO BCEMH
ToukaMu v € V; n obbenunenne >Tux oTpeskos obosnauum vepea Wi, 1 < j < 4.
Acuo, wro, BBUAY (22), diam W; < D. PocTpoennsie «koHycBy W) 3alOMHAIOT BCe
BLITyKJ0e Teno V', T.e. o6pasyioT pasbuenme V Ha 4 9acTW AnaMeTpa MeHbIne D.

[MPUJIOKEHUE 3. TEOPEMA ITOPCYKA B R?

B aBrycre 1998 roaa ma X metrenn Koudepennnn Typuupa [opomos B I'ambypre
abBoBckme MmiKoabHUKN Pyciaan Parpmun u Makcum /laBbigoB moay«nan

HOBO€ JOKa3aTeJbCTBO I'IIIOTE3BL BopcyKa B RS.

TEOPEMA. Pycme M — 3amxHymoe svinykaoe muoxcecmeo ¢ RS, D — dua-
memp M. Toeda M moxcno pazbumpv wa 4 wacmu — kasxcdas duamempa menvwe D,

JTOKABATEJIBCTBO. BBegeM cieytoliine o603HAMEHNS

By — Haumenvwuti mwap, cogepxamun M,

Sy — ero chepa,

Ry — ero paamyc,

V — samKkHyTad BeIyKaad ob6oaodka M NSy (T.e. MUHNIMAIBHOE 3aMKHYTOE BBI-
MyKJI0e MHOXKECTBO, COepIKalllee BCe TOYKN MHOXKecTBa M, monasume Ha chepy Sp).

JIEMMA 1. V' codepacum yenmp 0 wapa By.

JIEMMA 2. Bo3modcHbl mpu caydan:

(a) V. — ompesor daunvt 2Ry,

(b) V' — mpeyeoavnux 6 sksamopuasvroti niockocmu By,
(c) V codepaucum snucannwii 6 wap By mempasdp T 5 0.

JIEMMA 3 (0 MUHUMAKCE). Pycmy Ty — npasuavretd mempasop, 8nucaHHuiil
6 wap By, po — dauna ezo pebpa; T — nenpasuavnviti mempasdp, enucannvili 6
wap By u codepacawyuid yewmp 0 wapa By, p — dauna nauboavuezo pebpa l'. Toada

p > po.

Mcnonpsysa KOHCTPYKINO, W300paxeHHYo Ha puc. 3b (cMm. Ppmiaoxenue 2), pas-
neanm tmap By Ha deTtvipe wactu Ch, Cs, Cs, Cy.

JIEMMA 4. diamC; =pg, 1 < j <4

B caydasx (a) u (b) (cM. semmy 2) Teopema Popcyka Jerko clegyeT n3 JeMME 4.

B cayuae (c), ecam TeTpasap T B JeMMe 2 — HeNpaBIWIBHBIA, Teopema Popcyka
creayeT U3 JeMM 3 1 4.

Paxonen, mycts T B cay4ae (c) — npaBuabHbi TeTpasap ABC'D (¢ pe6pom pg),
Tak 9ro diam M > pg. Toraa nocrpoum rerpasap T = A’B'C'D’, cummeTpusnbLil
T orrocuTeasno nenTpa 0 mapa By. Mcxona ms T’ nmpoeegem Takoe mocTpoeHMe,
xak Ha puc. 3b, u npumennm aemmy 4.

Ecan diam(M N C}) < po, 1 € j < 4, To Teopema gokasana.
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Ecan diam(M N C;) = po mpu mexoTopoM j, To M cogepxut peépo T'. Pycrn
[JISL ONIpeAeeHHOCTH >TO0 — pebpo, Buxoadmee nz Bepumubl A’. Torga M O AA’
Tak 910 diam M = 2Ry > pg, u TeopeMa B 3TOM ciydae TOXKe MOKa3aHa.

BAMKHOE 3AMEYAHUE. Jlemmbr 1-3 o6o6imatorcs Ha Bce pazmepHocTn d > 3,
U JUIb Tpu 0606IIEeHTH JeMMBL 4 T0Ka3aTedbCTBO He MPOXOMUT yiKe aad d = 4.
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N-MEPHBIN Ky0, MHOIO'LICHBI I PEIICHIE TPOOICMBI
Bopcyka

A. B. Ckomrenkos

1. BBEAEHUE

B 1993 r. 1. Kan u T'. Kanau [5], caenys ugesm Poarsuckoro, Ppaema u Jlapmana,
MOCTPOWIN KOHTPIpUMep K runoTeze Popcyka. OHE mokazaan, ITO [ HEKOTOPHIX
d HEKOTOPOE TIOIMHOKECTBO BEPIINH d-MEPHOTO Ky6a MOXKeT OLITEH PazbuTo Ha 9acTH
MEHBIIIET O AUAMETPA, TOABKO €CJIN KOAMYIECTBO YacTel pacTeT BMecTe ¢ d MPUMEPHO
Kak 1,2\/3. Pro, xoneuno, Goabire d 4+ 1 gast 6oabinnx d. Kowkperno, aasa d = 1325
runoTesa Popcyka HeBepra. Poctpoenne Kana n Kanaun (cm. [5, 8]) 68110 ocHOBaHO
Ha KOMOHHATOpHOU Teopeme P. Ppoukaa u P. Buibcona [3]. Mzpanabckuii MmaTeMa-
Tuk Agon Puian pazobpadcs B jokazaTeabcTBe TeopeMmbl Pparkia — Buabcona. Pro
MO3BOJIIIO €My yIPOCTHTE mocTpoenne Kana m Kanan, a Takxke CHU3UTH HAMMEHB-
YO M3BECTHYIO Pa3zMepPHOCTH, B KOTOPOH rumoTe3a Popcyka zaBemoMo HeBepHa,
¢ 1325 go 946 [6]. JaabHeliiline pe3yabTaThl B 5TOM HAIDABICHUYU OBLIN TOXYYEHBI
A. TaindymaunbiM, 1. TypeBudem u A. Paiiropoackum [4, 7].

[Tent HACTOAIIEH CTATHN — BOCIHPOU3BECTH (YIPOIIEHHOE) TOKA3aTENBCTBO P uil-
). PTo [oKasaTeIbeTBO — caMoe MPOCTOe M3 M3BECTHBIX CETOHA, XOTA APYTHe
[I0Ka3aTelbCTBa AaloT Golee cuabHble peayibTaTel [4, 7]. Panbodaee sieMenTapHbIE
maru cpOpMyJIUPOBAHBI B BHIe 3a]a4. J3BE3JOYKON OTMeYeHHl 3a a4, He UCIOIb3Y-
eMble B TaJbHEHIIEM.

2. IIOCTPOEHUE KOHTPIOPUMEPA

Pavnem ¢ HeoOxonuMBIX onpegenernit. Toukotl (mam, 9TO TO XKe caMoe, 6eKmo-
pom) & = (x1,...,T,) N-MEPHOTO MIPOCTPAHCTBA HA3BIBACTCA YIIODSAJOTCHHBIH HAGOD
n qncel. Paccmoanue MeXIY TOYKaMU & = (L1,..., %) B Y = (Y1,...,Yn) OIpPeTE-

asetcst popmyaoit |z, y| = \/(z1 — y1)2 + -+ + (2n — yn)?. Pam nonagoburcs raxxe
CRAAAPHOE Npoussedenue BEKTOPOB & = (X1,...,&n) B Y = (Y1, ..., Yn), OUpeeIse-
Moe popMyaon (Z,y) = T1y1+ - -+ Tn Yy . PONE3HOCTD CKAJAPHOT O MPOU3BECHUA /IS
U3Y9eHNA PACCTOAHUN (2, CIeIOBATENBHO, I IMAMETPOB) HITIOCTPHPYETC GOpMYIoi

(*) e yl? =i+ eh +yi o+ -2 y).

Pycte BT = {(#1,...,2,)| ; = 1} — MHOXKeCTBO BepUINH n-MepHOTo Kyba. Pasmn-
Hasi ¢ DTOr'0 MOMEHTA, 9epe3 U y OyaeM 0603HAYATH BEPUIMHBI N-MepHOTO Kyba (a

1)BOCTpoeHI/Ie KOHTpPIpHMEpPaA K rurnore3e bopcyka — yIUBUTENBHBIN TPUMEDP BaXXHOT'O PE3Ylb-
TaTa B COBPEMEHHOU MATEMATHUKE, He TPeOYOMEro MJA MOJHOT0 MOHUMAHUS TOJYT0 TOBOTO CIIEIIH-
aJBHOIO YHHBEPCHTETCKOIO Kypca (Ioc/Ie AByXIo0BOro 0643aTENLHOIO Kypca).

MaTemaTuyeckoe npocseweHue, cep. 3, Bbin. 3, 1999(184—188)
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He TPOM3BOJBHBIE TOYKH N-MEPHOTO MpOCTpaHcTBa). [l BePIINH n-MepHOTO Ky6a
dhopmyaa (*) BEINIAIHT 0COGEHHO MPOCTO:

() o, yl* = 2n — 2(x, y).

KonTpnpnMmep k runotese Popcyka 6yaeT cTponThbeda He B £ a B Eg2. Beprmast
n?-MepHOTo Ky6a y06HO 3a jaBaTh Hab0opaMi (2;;), B KOTOPBIX HHAEKCH %, j mpoGera-
IOT HE3ABUCHMO YHCIa 0T | 10 n (BMecTo HaGoPOB (2 ), B KOTOPHIX WHEKC { TpoGera-
eT uncaa ot 1 1o n?). PocTaBuM B cOOTBeTCTBHE Kaxk A0l Bepluune & = (21, ..., Ty,)
U3 n-MepHOro Ky6a Bepumuy fr = (2;;) u3 n’-MepHOro Kyba.

3AAA4A 2.1.a) Paiigure f(1,—1,—1) u f(—1,1,1).

b) fe = f(—x), rae —(x1,...,2n) = (—21,...,—2n).

¢) Ecam fo = fy, Toy = +u.

d) Pycte M’ = {(z1,...,2,) € F}| £y = 1} — (n — 1)-MepHasa rpanb n-MepHOTO
kyba. Toraa fz # fy naa ao6bIX ABYX paziHYHLIX TouUeK &,y € M'.

e) Ecan (z;) = fo, 10 25 = L w1 235 = 2.

Omnpenerenne oTobpaxkenna [ MOTHBHPYETCA CIEAYIONINM ero KPacHBLIM CBOI-
CTBOM.

3ana9a 2.2. (fz, fy) = (2, )%
KonTpmpumepom k runotese Popcyka apiaserca f-o6pas MHOXKECTBaA

M ={x € E}| x4 = 1 u cpeau 4ucea a1, ..., &, IUCAO MUHYC JUHUL YETHO |

(nas HEKOTOPHIX N, Aeaamuxcd Ha 4). 3agada 2.1.d wimocTpupyeT, HoveMy B Kade-
CTBe 3JeMeHTOB MHOXecTBa M MBI B3N He BCe BEPIIMHLI N-MePHOT'0O Ky6a, a TOJbKO
BepinmHbl & ¢ £1 = 1. Creayolas 3a1a<a MOACHAET, MOYEMY MBI B3SJIN 12 KPATHBIM

4, ¥ B3AAW TOABKO BEPUINHLL & = (&1, . .., &pn) C Y€THBIM 9NCIOM MIHYC €IHHUL CPeH
L1y...,Lp.

3AAA4A 2.3. Ecin n genurcd Ha 4 W B Kaxk 10M U3 HABOpPoB & = (&1, ...,%n),y =
(y1,...,yn) € EY deTHOE "mcaAO MUHYC eIUHHI, TO (2,y) geanTcs Ha 4.

BAMAYA 2.4. |M|=2""% rne uepes |X| o6ozHadaeTCs TUCIO DIEMEHTOB MHOXKe-
crBa X.

TEOPEMA. /Jas docmamouno 6oavuio2o npocmozo wucaa p un = 4p muoxcecm-
60 fM s n’-meprom npocmpancmee Heavaa pasbumv Ha n’ 4+ 1 wacmb menbutezo
duamempa.

3. IIEA TOKA3ATEJIBLCTBA
Teopema BriTekaeT uz Pabaogenns, OcuoBron Jlemmver n 3agadn 3.2.

HaBJMIOAEHUE. Fcau muoxcecmeo fM moxncno paszéume na k uacmet menvuezo
duamempa, mo M moxcno paséump na k uacmed, kaxcdas (odna) us Komopwx He
codepacum napvl OpMo20HAALHBLL 6EKMOPOE.

Yro6w crenats Pabatonenne, HadHeM ¢ W3y9YeHUA PACCTOSHUA MEXKTY TOIKAME
mHOXecTBa fM m msydenus ero amamerpa. M3 (x*) u 3agadnm 2.2 BBHITEKAET, 9TO
|fx, fyl* = 20 — 2(x,y)?. Posromy |fz, fy| < nv2 gaa mobeix x,y € FY. Poree
TOrO,

(#%) |2, fy| = nV/2 Torga u Torpko Torga, Korga (z,y) =0
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(Takme BEKTOPHI &,y HA3BIBAIOTCA OPMO20HAAbHbIMY). PaduHas ¢ 5TOr0 MOMEHTA,
nycte n derHo. Torga B M HaiigeTcs mapa OpTOrOHAIBLHBIX BEKTODPOB (3aMeTHM,
XOTA 3TO U He UCHOJIB3YeTCA B JadbHENIeM, 9To IpH HedeTHOM n B M He HalaeTcs
NapHl OPTOTOHATBLHBIX BeKTOPOB). M3 5Toro u (+#+) BRITekae, uro diam fM = nv/2.
Poaee Toro, paccrosunme mexay Toukamu fx, fy € fM pasuo diam fM Torga m
TOABKO TOT A, Korga (#,y) = 0.

Ecau MHOXKecTBO fM paséuro Ha k "actein Aq, ..., Ap, To nx npoobpazbl f1 Ay,
f~rAs ..., f~1 Ay o6pasyior pasbuenne MHOKecTBa M Ha k wacreil. U3 3agaun 2.1.d
cregyet, uro |A;| = |f~1A;|. U (¥+*) u pasenctra diam fM = n/2 caegyer, aTo
Kaxgada m3 dacren A; mMmeer gmamerp, MeHbmmi diam M, Torga W TOABKO TOIja,
KoTa B KaxJoil (ogHOM) ma gacTeit f~!A; HUKakme mBa BEKTOpa He OPTOT OHATLHEL.
Nrak, Pa6aionenue ciaenato.

Mbi XOTHM [JOKa3aTh, 9To k Beauko (Tounee, k > n? +1). [li1s 5Toro 10cTaToYHO

M gn—2

noxazaTh, uTo |fT1A;| = |A;| mano (Tounee, |A;| < |2—| = —5——) I KaxJoro
n®+1 n®+1

i=1,...,k. OxkasbiBaeTcs, 9TO 3aMe4eHHOIO CBOICTBA MHOKecTBa f~1A; (Hukakue

[Ba €ro BeKTOpa He OPTOTOHAABHBI) TOCTATOYHO [/ HYKHOH BEPXHEH OLEHKN Ha
|f~1A;|. Ppusegem mpoctoii mpumep. Pycts A C M u mukaxme npa BekTopa ms A
ne oproronaabubl. Torga uz sagad 2.4 u 3.1 caenyer, aro |A] < 2772 — 1 (mosTomy

k > 2). Crepyromas JeMMa yCHANBAET 3Ty TPHBHATBHYIO OUEHKY.

OCHOBHAA JEMMA. Pyemp p — npocmoe (ne obasameavno 6oavuioe!), n = 4p,
A C M u nukakue dea sexmopa uz A ne opmozonaavusl. Tozda

it]
0 1 71
|A| < a(n) = Cn—l + Cn—l +- Cn4—1 .
n n_q 2n—2
3aaa49A 3.2. (Ouenka) a(n) < ch4—1 < ﬁ IS JOCTATOYHO GOJBLIINX 7
n

!
KazaHue: HCHoab3yuTe dpopMmyny Crupaunnara lim,, ).
y y pMyJay p

V2rnn"e "

4. MHOI'OYJEHBI U JOKABATEJBCTBO OCHOBHON JEMMBEI

Ppu noxazarteabctBe OcHoBHOW JleMMBI MOXHO 3a0BITH MPO KOHCTPYKITHMIO
n?-MepHOr 0 Ky6a 1 0To6pakeHnd f, 3aTo HYXKHO 6yAeT IpoAelaTh HOBYIO KOHCTPYK-
. o6k chpopMyIHpOBATh JaHHOE CBORCTBO MHOXKecTBa A (HUKakme JBa BEKTO-
pa u3 A He OPTOTOHAIBHBI) HA YAOOHOM [UIA MOKA3aTelbCTBA A3BIKE MHOTOWIEHOB,
BBeJIeM OTipefieieHns. PadnHas ¢ 5Toro MOMeHTA, MyCTh P — NPOCTOoe (He 06A3aTenkb
HO Goabimnoe). Poroxnm G(t) = (¢t —1)(t—2)...(t —p+ 1).

3aaa4A 4.1, Mas weawrx t, G(t) geanTea Ha p TOrga N TOABKO TOT 1A, KOraa ¢ He
MeanTCcss Ha p.

Jlast kKax qoro BeKTOpa a € A ompejeauM MHOTOWIEH OT 1 — | MepeMeHHON Za, . . .
ooy Xy opmydOll Fo(xa,...,2n) = G((a,2)), tae © = (1,29,...,2,). Packpoem
cko6Kku B ponsBefennn G((a, #)) 1 B KaXK/OM U3 HOLYIE€HHBIX OTHOYICHOB Gy 1eM 3a-
MeHATH 7 Ha 1, TOKa 5TO BO3MOXKHO. PofydeHHBIl MHOrOWwIeH 06O3HAYUM
Fa(ajz, ..o p). OH ByneT csoboden om keadpamos, T.e. GyJeT CYMMON OTHOYIE-
HOB Zj, -~~~ Xj,, A€ 1, ...,1; — Pa3IWIHBEIE 9NCcTIa OT 2 g0 n. ETo cTenens He 6yfeT
IpeBOCXOANTE p— 1 (cmenenvio ofHOMIEHA x?l ...2% maspiBaeTca wmcao by + - - -+ by;
CMENEenb MHOTOMWIEHA, ABIAIIIErOCH HEMYCTOW CYMMOU Pa3JHYHBIX OHOYJIEHOB C
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HHCTOBBHIMHE KO3(PPUIIMEHTAMH, HA3BIBAETCA MAKCHIMYM CTEIEHEN OJHOYMIEHOB M3 3TON
cymMMmbl). Pycrs A’ — MHOXeCTBO cBOGOAHBIX OT KBaAPaTOB MHOI'OUIEHOB CTENEHN
ue Gomee p — 1. OcuoBras Jlemma caenyeT u3 Huxkecaeayoimx Jevmver 1 u zagad 4.2

u 4.5.

JIEMMA 1. Pyemb p — npocmoe, n = 4p, A C M u nuxaxue dea sexmopa us
A ne opmozonaavnvl. Toeda cemeticmso mnozouaenos {Fy(xa, ..., ¥n) aca aunetino
HE3ABUCUMO.

Mmuororen F HasblBaeTCA AUHENHO BHIPANCANOUUMCA T€PE3 MHOT O LICHBI P e

., Iy, ecim cymecTByIOT palmoHAABHLIE GHCIA A, ..., Ay, Takme 9To F = A\ Fi+
+ -+ A Fs. Panpumep, MHOT OWIEH &5 JHHENHO BEIPAKAETCH 9€Pe3 MHOT OXIEHBL 221
1 u x4+ z2. CeMellcTBO MHOT OYJIEHOB HAZBIBAETCA AUHEUHO HEZA6UCUMDLM, €CJIU HI
OJIMH M3 HUX He BHIPDAXKAETCS JUHEHHO Hepe3 ocTalbHBle. PanpuMep, ceMencTBO U3 n

MHOTOWIEHOB 1, 2o, &3, . . ., &, ABIACTCA JUHEHHO HE3ABUCHMBIM.
3aaA49A 4.2. a) CeMelcTBO MHOTOYIEHOB &4, « ... &, tae s = 0,...,p— 1 m
i1,...,1ls — pasIUIHBIe YHCAA OT 2 MO N, ABAAETCA JUHEHHO HE3ABUCUMBIM.

b) Jroboi MHOTOWIEH W3 A’ THHEHHO BBHIpaX)aeTCA depe3 MHOTOUIECHBl CHCTEMBI,
YKa3aHHOW B a) (TaKue JHHENHO HE3ABUCHMEIE CHCTEMBI HA3BIBAIOTCA 6a3UCAMU MHO-
xectBa A').

¢) B cucreme u3 a) poBHO a(n) MHOTOHU/IEHOB.

JTOKA3BATEABLCTBO JIEMMBI 1. PycTh, HATPOTHB, CYIIECTBYIOT paluoHAJbLHLIE
qUCAA Af, ..., Ag, TAKHE ITO

(Hk4%) Fo=MFy + -+ M\ Fy,
I HEKOTOPBIX d, dq, .. .,ds € A. PazbepeM cHadama caydal Heabix Ay, ..., As. Poa-
CTaBUM B DaBEHCTBO (kk#%) 3HAUEHNUA T2 = da,...,Ln = Gn. VI3 (a,a) = n =4pu

sagaqn 4.1 BHITEKAET, YTO JeBad 9acTh PaBeHCTBA (##+%) He geanTcd Ha p. M3 sama-
i 4.1 1 HHKecHeAyOUIER 3a1a4qu 4.3 BBITEKAET, ITO MpaBasd 9acTh PABEHCTBA (kkk)
JeauTcAa Ha p. Poaydennoe mpoTUBOpedne JOKA3LIBAET JEMMY.

3AAA49A 4.3. Ecimt a,b € M pazin<Hbl 1 He OPTOTOHAIBHEL, TO (a, b) He memuTcs
Ha p. (YkasaHme: B IpoTHBHOM caydae (a,b) € {£p, +2p, +3p}, 9T0 HEBOZMOKHO 1O
sanade 2.3.)

3A1A49A 4.4, PpuBeanTe aHAJOMWYHO K MPOTHBOpednio OOIINH CJAyHaill, KOT[Ia
AL, ..., As paAHOHAXBHBL. (YKazaHHe: TOMHOXKBTE PAaBEHCTBO (#:kk*) Ha OOIINH 3Ha-
MeHATelb 1 HCIOJAb3YHTe METO/ CIYCKA.)

3a1a4a 4.5, Ecan Fl, .. .,Fk — JHHelHO HezapucuMad cucTema B A, a Q1, ...

Qs — Gasuc B A, To k < s. (YkazaHue: cHadala JOKaKNTe, ITO CHCTEMY

. . By, MOXKHO JOHOJHHTDH Jio Gasuca. P osToMy MOXKHO ¢ caMoro Hadada CHUTaTh,
g0 I, ..., Fp — Gasmuc. Pockoabky Fj IuHeHHO BHIpaxaeTcd deped (1, ..., (s, Tax
9TO He BCce KO3 (pUIMEHTH HYyJeBhIe, TO B cucTeMe Fi, ... Fj MOXKHO 3aMeHUTH F)
Ha OWH U3 (J;, TaK 9TO MOJYyHUeHHasd cucTeMa Toxe 6yaeT GazmcoMm. PoBTopsia Taxme
3aMeHbl HECKOJBKO pa3, MBI MOAYIHM 6asuc @, ..., Q;, . 3HaanT, k < 5.)
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Kputepun ruisdepTOBOCTI DaHAXOBA
IIPOCTPAHCTBA, CBA3aHHbBIC ¢ TCOPHUEHN MPUOINKCHITIT "

I1. A. lloponnm B. M. Tuxomuposn

0. BBEJIEHUE

Pamunconmom HazbiBatoT o6pa3 cdepbl pHU JWHEHHOM Npeobpa3oBaHun O0OheM-
JIOMIErO TPOCTPAHCTBA. B TpexmMepHOM MpOCTpaHCTBE B MOIXOJSAIIEN MEKAPTOBOM
crucTeMe KOOPAMHAT JJIUIICON ] UMeeT YpaBHEHHE

() + () + () =
ai as as

PJIJII/IHCOI/I,Z[bI BELICHAIOTCA M3 BCEX BBINYKJ/IBIX HNEHTPAJBHO-CUMMETPHUYIHEBIX IIO-
BerHOCTeﬁ MHOI'MMH YHUKaJbHBIMNT CBOIICTBAMU. PpI/IBe,Z[eM HEKOTOpPHBIE U3 HHUX.

1. Ecin Bce miockue cevdeHns BbIHyKJIOﬁ HeHTpaJIbHO—CHMMeTpH‘IHOﬁ IIOBEPXHOCTHU
CYTh JJIJUIICEL, TO IIOBEPXHOCTDL — SJINIICOM .

2. Ecau mpum ocBellieHNN BBITYKIONW IEHTPATBHO-CHMMETPHYHON MOBEPXHOCTH TTPO-
U3BOJBHBIM MTapaJ/ieJbHBIM IIyYKOM CBeTa OHa OTOpachiBaeT Ha IIOCKOCTh TeHb
B BU/l¢ BHYTPEHHOCTH SJIJIHUIICA, TO MOBEPXHOCTD — BJJIATICOM .

3. Ecau mpum ocBeliieHnn BBHITYKIOHW IEHTPATBHO-CHMMETPHYHON TOBEPXHOCTH TTPO-
H3BOJBHBIM Mapa/JIEIBLHBIM Iy YKOM CBETA epaHuya meny (TOYKH MOBEPXHOCTI,
B KOTODHIX JIY9H CBETA €€ KacaloTcA) MIOCKad, TO MOBEPXHOCTH — BJIIHIICOM.

4. Ecan [JIA BCAKOI'O IIJIOCKOT'O CEYEHUA BbIHyKJIOﬁ HeHTpaJIbHO—CHMMeTpH‘IHOﬁ 10~
BEPXHOCTH Haﬁ,quca HallpaBJ€HUE IMapaJJCJbHOI'O OCBEIIECHUA, MTPU KOTOPOM
I'paHula TEHN 6y,qu COBIIagaTh C OTHM IIJIOCKHMM CE€Y€HHEM, TO IIOBEPXHOCTL —
DJLIHAIICOM 1.

Puke MBI chopMyaupyeM >TH yTBepXKAeHUA Golee THIATEALHO, & HEKOTOPHIE U3
HUX JOKaXeM.

SHAMeHUTHIN HeMelKull MaTeMaTnk ['epMar MIUHKOBCKII 1O K&K JOMY BBIITYKJIO-
MY OI'PaHUYEHHOMY LIeHTPaJIbHO-CHMMETPUYIHOMY MHOXKECTBY B KOHEYHOMEPHOM IIPO-
CTPAHCTBe TMOCTPOWI METPHUKY, € TOMOIIBI KOTOPOHW MOYXKHO MEPHUTH PACCTOSHIE
MeX Iy TOYKaMH, a aMeprKanell BuHep (m306peTaTeah KHOEPHETHKH) I MOMAK Parax
pacmpocTpaHun ompeencane MUHKOBCKOTO Ha GecKOHETHOMepHBIE TTPOCTPAHCTRA.
Ppu »ToM m3navasbHOE MHOXKECTBO ABAAETCA € TUHIIHLIM IITAPOM, PACCTOAHUA OT TO-
qeK KOTOpPOTro M0 Hadada KOOPAWHAT He MPeBOCXOAAT eIWHUIL. PTi mpocTpaHcTBa
C BBe/IEHHON B HUX METPHKOH (U ellle OHUM JOMOJHHTEABHBIM CBOHCTBOM MOJHOTHI)

*Pabora o6oux aBTOpPOB BHINOAHeHa HpH Hojgep:xkke PDPPI (nepporo — mpoext Ne 96-01-
01366, Broporo — npoekT Ne 96-01-00325 u npoekT PporpaMmber moggepKKu Bel. HaAy YHBIX ITKOJ
Ne 96-15-96072).

MaTemaTuyeckoe npocseweHue, cep. 3, Bbin. 3, 1999(189—207)
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Ha3BIBAOTCA 6aHAXOBHIMU TpocTpaHcTBaMmu. Cpean 6aHAXOBBIX MPOCTPAHCTB OCO-
0y10, YHUKAJBHYIO POJb UT'PAIOT IPOCTPAHCTBA, Y KOTOPHIX B KOHETHOMEPHOM cly4ae
TPAHUIAMEA eJHHUYHBIX IAPOB ABAAIOTCA aautconibl. OHI HAZBIBAIOTCH THIBOEPTO-
BBIMH IIPOCTPAHCTBAMHU.

P anntme MeTpwkn 1mMO3BOJAET CTABUTDH 3aJa4N O MPUOAMKEHUN 3JIeMEHTOB MHO-
KecTBamu. PpubimxkeHnd B IrIIbOEPTOBOM NMPOCTPAHCTBE YCTPOEHBI OCOGEHHO CO-
BepilieHHO. B manHOW paboTe MOKa3BIBaeTCs, 9TO 3TH COBEPIIEHHBIE CBONCTBA MPH-
OMMKEHNN XapaKTePU3yIOT THILOEPTOBHI MPOCTPAHCTBA.

PTy cTraThio MBI mocTapaanch caeqaTh «3aMKHYTOH B ceGe». BHadade memaeTcsa
3KCKYpPC B Teopuio 6aHaXOBBIX M I'MABOEPTOBBIX NMPOCTPAHCTB, a 3aTeM NOKa3blBa-
IOTCA KPUTEPHUH THIBGEPTOBOCTH GaHaxoBa IIPOCTPAHCTBA (B MPOCTENIEM Clydae —
KPUTEPNH LIHICONAHOCTH €JHHUIHON cephl 3TOr0 MPOCTPAHCTBA), CBA3AHHBIE C
Teopuen mpubamkenun. ManaraoTcs Bce Heo6GXOAUMEBIE TOHATHA U (PAKTHl TEOPUH
HOPMHUPOBAHHBIX TPOCTPAHCTB, TEOPUHN MPUOIMKEHINH W TeOMETPHUH, TaK 9TO CTa-
ThbA MOCTYNHA CTYAeHTaM-MaTeMaTWKaM 1 Kypca W MOATOTOBAEHHLIM ITKOJLHIUKAM
CTapIINX KJIaCCOB.

1. IIPEABAPUTEJIBLHBIE CBEIEHUSA

B auneitnom npoctpancTse X (IpOCTpaHCTBe, SAEMEHTHI KOTOPOTO MOKHO CKJIa-
JbIBATh ¥ yMHOXKATh Ha BEIIECTBEHHBIEC THCAA) 9aCcTO OBIBAET HEOOXOAMMO BBECTH
MeTPHKY, TO ecTh paccTosnne d(,y) Mexay sremenTamn x,y € X. Ppu sTom ecTe-
CTBEHHO MOTPe6oBaTh, 9TOGH 3TO PACCTOAHEE He MEHAAOCH IPH CABUTE 3JIEMEHTOB
Ha OJWH W TOT XKe BekTop: d(x + 2,y + z) = d(z,y). PosToMy nocraTodno ompese-
JUTH PacCTOAHHE OT KaXK[Oro saeMeHTa ¥ € X [0 HyJeBOT'O dJAeMeHTa, HIN HOPMY
sxementTa z: ||¢|| = d(x,0). Pra HOpMa, To ecTh QyHknusg || -|| : X — R, noxxHa
o61aJaTh CAeAYIOMIMI CBONCTBAMIE:

ay Vee X ||z 2 0;||#||=0<=2=0 (CBOTICTBO HEOTPHIATETLHOCTH);
6) Ve e X VAR ||Az|| = |A| - ]|=]| (CBOTICTBO OJHOPOTHOCTH);
B) Ve e X Yye X |le+y| <ll=||+ ||yl (HepaBeHCTBO TPEYTOMBLHHUKA).

Ecan Teneps monoxuth d(z,y) := ||z — y||, To MeTpuka d 6yaeT obaagaTe BceMu

TpeGyeMbIMI CBOHCTBaMMI: HeoTpHIaTeabHOCTEIO (d(2,y) > 0 n d(z,y) =0 <=z =
y) , cumMeTpuarocTho (d(x,y) = d(y, x)) u HepaBercTBOM TpeyroabHnka (d(z, y) <
<d(x,z)+d(y, z)), Tak aTo (X, d), 00 ONpeeIeHNIo, — MEMPUNECKOE TPOCTPAHCT-
Bo. Kpome Toro, a4 BBeleHHOI TaKMM 00pa3zoM MeTPHKHN CIpaBeJHBLI PaBEHCTBA
dlz + z,y+ 2) = d(z,y) n d(Az, A\y) = |A|d(z,y), ecrecTBeHHBIE B JHHENHOM TPO-
crpancTBe. Papa (X, || - ||) HasbIBaeTCA HOPMUPOSAHHBIM TTPOCTPAHCTBOM.

B ogHOM M TOM JKe TMHENHOM MpPOCTPaHCTBe X HOPMY MOXKHO BBECTH MHOTHUMHU
pasHBIME cllocob6amu. PpuBegeM HeCKOMbKO IPUMEPOB HOPM B OOBLIMHOM 7-MEPHOM
BEIIECTBEHHOM TIpocTpaHcTBe R, cocTosieM n3 BEKTOPOB & = (%1, ..., &p) C KOOD-
auHaTamu rp € R

Lozl = (5 =)'
Tl = 325 el

1. |[z]| = maxi<pgn |2k ]-
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Mok mHo paccMaTpuBaTh U GeCKOHeTHOMEPHBIE JUHENHBIE IPocTpaicTBa. Tak, Ha-
npumep, B 6eCKOHEYHOMEPHOM aunHeinHoM npocTpancTse C[0, 1] BemecTBeHHBIX (DYHK-
uuil f, HenpepelBHBIX Ha oTpeske [0, 1], HOpMY TakKe MOKHO BBECTH DA3HBIMHU CIIO-
cobaMu:

VA= (fy £ ()
1
VoAsll = fo (@) da;
VL ||f|| = max,e[o,1] |f(x)| (paBHOMepHAas, min 4eGhileBcKas HOPMa).

PpoBepka cBolicTB a), 6), B) HOpPMHI B Kax oM 13 npumMepos I — VI npegocrabis-
eTCsT YUTATENIO.

Eguamaneti wap B = {z € X : ||z|| < 1} 1uHeliHOr 0 HOPMHPOBAHHOT'O TPOCTPAH-
cTBa X BCET/A ABIACTCA 6LINYKABLI YEHMPAADHO-CUMMEMPUNHBIM (OTHOCUTENBHO HY-
1) noeaowarowun (Ve € X IA > 0: Az € B) oepanuuennvin (Ve € X IA > 0:
Az ¢ B) meaom B X. (BHIYKIOCTE ClIefyeT W3 TOTO, 9TO ecan &,y € B, To nid
0 < a <1 umeem

[l + (1 = a)yll <) [[ovz]| + 1(1 = @)yll =7 o]l + (1 = a)llyll Ca+ (1 —a) = 1,

T. €. BECh OTPE30K C KOHIAMHE &, Y TMEAUKOM JEeXKNUT B B; oCTaJbHbIE U3 TTEPETNCICHHBIX
CBOWHCTB JOCTATOYHO OUeBHAHBL.) Panpumep, B ciydae HOpMEI n3 npumMepa | n nps-
MOYTOMBHON cUCTeMBI KOOpauHaT B X = R emHUYHLIT ap coBOagaeT ¢ OGBIMHBIM
mwapoM ¢ nerTpoM B 0 1 pajguycoM 1 (ecam cmcTeMa KOOPAWHAT MPOH3BOABHA, TO B
ABAgeTCA daanncongom). Eananansie mwapel aaa HopM IT u 1T — MHOTorpaHHUKE; B
JaCTHOM CIydae n = 3 U IPAMOYTOIBHON cmcTeMEl KoopamuaT B X = R3 mopma II
JaeT MPaBUIBHBIN OKTA3AD C BEPIINHAMEI Ha ocAX KoopaumuaT, a HopMma III — ky6 ¢
pebpaMu AAUHBI 2, MTAPALTETBHBIMA KOOD IUHATHBIM OCAM.

BepHo n o6paTHOe (06 5TOM TOBOPHIOCH BO BBEJEHHN): Kaxcdoe swinykioe ye-
HMPAALHO-CUMMEMPUNHOE NOLAOUAIOULEE O2PAHUNEHHOE MHONCECTEO B 6 aunelinom
npocmpancmee X szadaem 6 X wopmy || - ||, 6 Komopotd oo asasemca «nowmus
edunuunvin wapos: {z : ||x||p < 1} C B C{x : ||#||p < 1}. UMeHHO, HA IO TMOMOKUTH

||lz|lz = inf{A > 0 : ;

BOMHOT O BKJAIOYEHUA NMPEJOCTABIAETCA TUTATENIO.

JluHeitHoe HOpMupoBaHHOE TpocTparcTBO (X ||-||) HazbIBaeTCA noAHbIM, €CTH OHO
COJEPXKUT BCe CBOU MpeIeabHbIe TOYKH (T. €. eCll M BCAKON PyHIaMEHTATBHON T10-
CHEIOBATENLHOCTH {Xy} € X, T.e. TAKOH NOCAENOBATEILHOCTH, 9TO ||2, — &m|| — 0
npu n, m — 0, cymecTByeT saeMeHT ¥ € X, K KOTOPOMY 5Ta MOCIEJOBATENHHOCTD
cxogures: ||¢, — x|| = 0). KoHeuHOMepHOE HOPMUPOBaHHOE TPOCTPAHCTBO BCETA
HOJMHO, a GecKoHedHOMepHOoe — HeobszaTedbHo. Panpumep, npocrpatcrso C[0, 1]
[OIHO OTHOCHTEABLHO HOpMBI VI, HO He ToTHO oTHOCHTeNBHO HOpM IV i V (mpoBepb-
Tel). Jlro6oe HEMOTHOE TPOCTPAHCTBO X MOXKHO (IIOTOJHUTEY, TOGABUB MpeJe/bHBIE
TOYKM, WM, APYTUMI CIOBAMM, BIOKATE B MOJHOE TPOCTPAHCTBO X C COXPAHCHIEM
HOPMHEI, Tak 9To X TioTHO B X (cM., Hamp., [1, a1, § 3]).

P onHbIe HOpMHEPOBAHHEIE MPOCTPAHCTBA HA3BIBAIOTCA O6AHATO6LIMU, B 96CThH BbI-
natomeroca noibckoro Mmarematnka C. Pamaxa. B nanbmeiimem mbr 6yjgemM paccMma-
TPUBATHL TOALKO 6AHAXOBHI IIPOCTPAHCTBA.

Popma B imHenHOM pocTpaHcTBe X 064a1aeT 0CO6eHHO XOPOIINME CBOUCTBAMI,
ec/a OHa TIOPOXKAeHA CKAIAPHLIM NMpomsBenerneM. CKaAApHoe npouseedenue — 5TO
dyskung (+,-): X x X — R, yIoBIeTBOPAIOIIAA CAEAYIOMNM TPeGOBAHUAM:

€ B}. PpoBepka CBOHCTB HOPMEL a), 6), B) W NpPHBEJIEHHOTO
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) Vee X (z,2)>0mu (z,2) =0<= = =0 (cBOICTBO HEOTPNIATEIBHOCTH );

i) Ve,ye X (x,y) = ( ) (CBOHCTBO CHMMETDHYHOCTH);

i) Vo,y,2 € X Vo, B € (ax + By, z) = a(x,y) + By, z) (cBolicTBO CHANHERHO-
CTH).
CkaaspHoe ponsBefeHne MOpoxaaeT HopMy ||z|| = +/(#, ) (mpoBepka cBoiicTB

a), 6), B) HOPMBI NPEAOCTABAAIOTCA duTaTemo). Tax, HopMa s npumepa | mopoxe-
Ha CTaHJapTHBEIM CKAJIAPHBIM TpomsBefeHneM B R™: (z,y) = ZZ 1 xkyk, a HopMa

w3 npumepa IV — ckanaapHBIM npomsBegeHueM dyHKuni: (f,g) fo (z)dx.
Jio6oe ckarapHOe TpomaBefeHNe Ha MIOCKOCTH R? 3a1aeTca Tak: ecin & = (a:l, Ta),
¥y = (y1,92), To (2,y) = an1211 +@1281Y2+a21T2y1 +a2022y2, THe a12 = ao1 1 (He06-
XOJIIMOE U TOCTATOYHOE YCIOBIe HeOTpUullaTe bHOCTH) a1 > 0, aj1ass—ady, > 0. Ppu
5TOM eUHUYHbII ap, T.e. COBOKYNHOCThL Tex € R?, naa koropoix (z,2) < 1,
BHYTPEHHOCTH Jaurca. Boobire, aio6oe ckaidpHoe mpomsBenenue B R zamnaer-
cA TIONOKUTENBHO ONMpPeIedeHHON CHMMeTPHYeCKON OuanHenHon hopMmon A(x,y) =
= Z” @iy (a;; = aj; € R, Vo # 0 A(z,2) > 0). UMeroTcs KpuTepun moJo-
KUATETLHOU ONpeefeHHOCTH (GopMBI A — HanpuMep, B TepMUHAX NJIABHBIX MUHOPOB
MaTpuubl ¢;; (kpuTepuii CuabBecTpa — cM., Haup., [2]). Einnu<nem map B coot-
BercTByloweit Hopme — {x € R” : )" a2 < 1} — samunconp ¢ nerrpom B 0,
BMeCTe CO CBOeU BHYTpeHHOCTBIo. O6paTHO, J060H HIINNCONL ¢ MEHTPOM B HYyJe
3ajlaeT HOPMY, MOPOXK AEHHYIO HEKOTOPBIM CKAJIAPHBIM MTPOU3BEICHIEM.

PanaxoBo mpocTpaHCTBO, B KOTOPOM HOpMa 3aaHa CKaJAPHBIM MPOU3BeIeHHEM,
HA3bIBACTCA 2UAbOEPMOBHIM NPOCMPAHCMEOM, B IeCTh BEJUKOTO HEMEIKOT'O MaTe-
vatuka /. Tuwasbepra. PopMa B ruabbepToBOM MpocTpaHCTBe 06aanaeT MHOTHUMHE
3aMevaTeNbHBIMI CBOUCTBAME, KOTOPBIE 3a9aCTYI0 ABIAIOTCA XapaKTePUCTUIECKH-
MU A THALGEPTOBOCTH. P puBeeM KaacCHIecKI MpUMED TAKOTO CBOUCTBA.

JIEMMA A (II. MoPaaH, J7K. @0H IIEWMAHH, [3]). Panaroso npocmpancm-
60 X A6agemca 2uabbepmosovim mozda u moavko moezda, xozeda das awbvlr Jdeyr
sexmopos x,y € X 6bINOAHEHO PABEHCME0 NAPAAAEAOZPAMMA;

[l +yl* + [l = wll* = 2([z[* + [|91]*)

(cymMMa KBagpaToB AnMaroHaJell mapa/ielorpaMMa paBHa CyMMe KBaJpPaToB ero CTO-
poH).

JOKA3ATEJBLCTBO. BrimonneHnue paBeHCTBa MapajueJorpaMMa B IIb6epTOBOM
MPOCTPAHCTBE MPOBEPAETCA HEMTOCPENCTBEHHO.

O6paTHo, mycTh B 6aHAXOBOM MPOCTPAHCTBE BBIMOJIHEHO PABEHCTBO TMAPAJIETO-
rpamma. Pomoxnm

1
(2,y) = 7z +yll” = lle = ull*)

U MOKAaXeM, ITO »Ta (PYHKINA ABYX IepeMeHHBIX 06JajgaeT BCEMU CBONCTBAME CKa-
asgpHoro npomnsBegennsa. CpolicTBa a) n b) odeBngubl. [ad qokazaTelbCcTBa ¢) yeTa-
HOBHUM BHadvaJje afluTHBHOCTD:

($ + Y, Z) = ($’ Z) + (y’ Z)’
KOTOpad B HallleM CJay4vae paBHOCW/IBbHA PABEHCTBY

e +y+ 20" = lle +y =27 =l + 20" = llo = 2l +lly + 2l = lly = 2II*. (1)
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S3aluieM paBeHCTBA APALIETOT PAMMA I MapaJIeJor PAMMOB, HATAHY THIX Ha TTapb
BEKTOPOB X +z U Y, Y+ 2 U X, x—zZUY, y— 21T

lz+ 24+ yll* + |z + 2 = oll* = 2(llz + 2|* + |[y]*),

ly+ 2 +2” + lly+ 2 — 2| = 2(lly + =I1* + |2]*),

e —z+yl* + llz — 2 = ylI> = 2(|[= — =|* + |ll*),

ly =z +2* + lly — = — 2 = 2(|ly — =II* + |=]]*).
BolunTas U3 cyMMBI IIePBLIX ABYX PaBeHCTB CYMMY HOCAEHUX ABYX PABEHCTB, MOJY-
qaem (1).

Ocrapieecst cBOHCTBO OTHOPOAHOCTH (A%, y) = A(#, y) modydaeTca Tak: MIA 1e-

JBIX A OHO clefyeT U3 aAUTUBHOCTH; OT HeALIX A JeIKO HepeliT K palioHalbHbIM
A, a OT palMoHAJLHEIX, 10 HelPpepLIBHOCTH, KO BeeM A € R.

Temepb HETPYAHO MPOBEPUTH, YTO BBeJeHHOE TAaKUM 06pPa3oM CKAJAPHOEe MPOU3-
BefleHne (,y) MOPOKAaeT HCXonHYo HOpMy. Jlemma A gokaszaHa.

CHEACTBUE. Feau kaxncdoe dsymeproe (uau xancdoe n-meproe, n > 2} nodnpo-
cmpancmeo banarosa npocmparncmea X euavbepmoso, mo u camo X euabbepmoso.

OTCIO,Z[& BLITEKaeT OQHAa U3 YIIOMAHYTEIX BO BBEACHUN XapaKTEPUCTUK SJIJIUIICOMN-
fa: ecan n06oe IIOCKOe cedeHne BbIHyKJIOﬁ HeHTpaJIbHO—CHMMeTpH‘IHOﬁ IIOBEPXHOCTHU
€CTh SJJINIIC, TO caMa IIOBEPXHOCTHb — SJIMIICOM .

C momomibio meMMBI A JerKo ToKkasaTh, 9TO npocTpancTBa n3 npumepon 11, 111,
V, VI ruab6epTOBLIME He ABASAIOTCA.

l'uas6epTOBH TPOCTPAHCTBA M3YYaIOTCA W IPUMEHAIOTCA B CAMBIX Pa3HBIX 00aa-
CTSAX MAaTEMATUKHU, W OYMEHb 9acTO BO3HUKAIOT YTBEDK AeHUs, TON00HbIE JeMMe A —
Korja Kakoe-TuGo CBOUCTBO TMIbOEPTOBA MPOCTPAHCTBA OKA3BIBAETCH XapaKTepi-
CTHYECKUM W KJIAJeTCA B OCHOBY KPUTepHA TMIbOEpTOBOCTH HaHAXOBAa MPOCTPAH-
crBa. [lokazaTelbCcTBY HEKOTOPHIX M3 3THX KPUTEPHEB — UMEHHO, KPUTEPUEB, BO3-
HUKAIOIINX W3 TEeOPHHN NPUOIMKEHNH, — U MOCBAIIeHA HACTOSAIIasd paboTa.

Peckonpko cios 06 ncropun. CkandpHoe Mpou3BejeHne (Mo Ha3BaHHEM inner
product — «BHyTpeHHee TPOM3BeNeHNEy, 3TO HA3ZBAHUE COXPAHUIOCH B aHTIOA3BIM-
HOT JmTepaType A0 cux nop) el I'amuabToH B 1853 1. T'nib6epToBO MPOCTPAHCTBO
OLLTO ompefel]eHo B Hadade XX Beka B paborax I'manbepra m llmuara. Pociaegnni
B 1908 r. BBex obozHadenne || - || Aaa HOpMBI. PopMEpOBaHHbBIE TPOCTPAHCTBA GBLIN
onpenenentl Panaxom m Bumepom B 1922 r. I'mab6epToBBI TpOCTpaHCTBA BHIAEMA-
0TCA cpequ 6aHAXOBBIX TPOCTPAHCTB HE TOJABKO GOraTCTBOM CBOWCTB, HO U «O[H-
HAKOBOCTBIOY: JIOOBIE 1Ba MMIBOEPTOBBIX MTPOCTPAHCTBA OJUHAKOBOW PazMepPHOCTH
H30METPHYIECKH H30MOPMHEI APYT APYTY (T.e. MEXKIY HHMHE CYIIECTBYET JHHEHHOE
B3aHMHO-0THO3HAYHOE COOTBETCTBHE, COXpaHAllee HOpMY). Tak, M06oe n-MepHOe
BEIIeCTBEHHOE IPOCTPAHCTBO CO CKAMAPHBIM IPOU3BEJEHIEM ) | d;;&;Y; H30MeTpHIe-
CKH H30MOPQHO CTaHIAPTHOMY (eBKIHIOBY) HpocTpaHcTBy R” co cKaaApHEIM Mpo-
H3BEEHUEM » . ZLYp (€0 B TOM, 9TO MOCYI0 TONOKHTENBHO ONPEJeNeHHY0 CHMMe-
TPUYECKYIO OMINHENHYIO POPMY MOXKHO MPUBECTH K ANATOHAJIBHOMY BUIY JHHEHHON
3aMeHON MePEMEHHBIX — CM., Hamp., [2]). Jo6oe 6ecKoHETHOMEPHOE cenapabeabHoe
(T.e. obragaolee CIETHBIM BCIOJY ILIOTHBIM TTOAMHOXKECTBOM) THIBGEPTOBO MPOCT-
paHCTBO — B YacTHOCTH, momnodHerne npocrpatcTsa C[0, 1] mo wopme IV — uzo-
MeTPHIECKH H30MOPQHO MPOCTPAHCTBY [, COCTOAIIEMY U3 BEKTOPOB (#1, L2, . ..) CO
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CYEeTHBIM HHCIOM KOOPAWHAT, YAOBIETBOPAIONINX HEPABEHCTBY » po, i < 00 (CM.,
Hamp., [1, raIll, § 4]). CkandpHoe NpomsBefeHNe B 5TOM MPOCTPAHCTBE 3a1aeTCA
Tak: (T,y) = > peq ThYk. lakad yHUKaILHOCTH T'HIBGEPTOBA MPOCTPAHCTBA AAeT
elle OMH TOBOJ K OTHLICKAHUIO KPUTEPUEB THILOEPTOBOCTH.

P enb3sa He ymoMAHYTE emje 06 0JHOM 6aHaXOBOM MPOCTPAHCTBE, KOTOPOE IO CBOEN
3HAIUMOCTH, OBITH MOXKET, CPABHUMO C THILGEPTOBEIMI, — NMEHHO, O TPOCTPAHCTBE
C'[0, 1] HenpepeIBHBIX (GYyHKINE ¢ paBHOMepHOIH HOpMoH (mpumep VI). eno B ToMm,
9TO arboe cemapabeqbHoe 6aHaX0BO MPOCTPAHCTBO N30METPUIECKH M30MOPMHO He-
KOTOpOMY (cBoeMy) moampocTpancTBy npoctparcTsa C[0, 1] (Teopema Panaxa — Ma-
aypa). Taxkaa yauBepcaabHoCTh npocTpatcTsa C[0, 1] emaeT ero IpoTHBOIONOKHEIM
MHABGEPTOBY TIPOCTPAHCTBY 110 MHOTTM CBOHCTBaM (CM. 3aMedaHle B KOHIE CIAeAYO-
MIETO MYHKTA).

B zakarodenne 3TOM BBOHON 9acTH TPUBELEM TOYHYIO (DOPMYJINPOBKY ABYX T'€O-
METPUYIECKNX XapaKTEePUCTUK 3JINICON 0B B TPEXMEPHOM IIPOCTPAHCTBE, O KOTOPHIX
TOBOPHUJIOCH BO BBelleHNN. Pa HUX MBI OYAeM ONMUPAThCA fajdee TPU A0Ka3aTedbCTBE
KpHUTepueB IrmabOepTOBOCTH.

TrEOPEMA A. Pycmbv 6 R> 2adama dsymepnas evinykaas 3aMKHYMAA NOGEPI-
Hoemb S, KOMOPas Kacaemcea Kaxicdo2o onucanio2o 80KpY2 Hee YuAUHIPA No MHONICE-
cemey, aexcaujeny 6 dsymeproti naockocmu. Toeda S — saauncoud (T.e. 3anaeTcsa B
HEKOTOPOU CHCTEMe KOOPAUHAT KaK MHOXKECTBO YPOBHA TMOJOKHUTETHHO OMpeIeieH-
HOT KBaJpaTHIHOH (HPOPMEL).

Pra Teopema o6wbIvHO Ha3zbiBaeTcsa Teopemon Puasiike o6 saauncomge. Cam
B. Pasmke [4] qokaszan ee 1A Tak HasbIBAEMOTO OBaJOU1a (PEryIAPHON aHAINTHYe-
CKOH 3aMKHYTOH BHIIYKJIOH MOBEPXHOCTH C Be3jle OTIHYHON OT HYJIfA KpHBH3HON). B
obueM cayvae Teopema A nokasana A. /1. Anexcanapossim [5]. Eciu unrepnperupo-
BaTh MHOXECTBO, TI0 KOTOPOMY TIOBEPXHOCTDH S TEPECEKAETCA C OMMCAHHBIM BOKPYT
Hee MIHHAPOM, KaK TPAHNIY «TeHM» S MPH OCBEIIeHNN Mapa/IeJbHBIM Iy 9KOM CBe-
Ta, HAPABIEHHBIM 110 06pasyIoliel H5Toro MUINHApa, To TeopeMa A GyaeT 3ByYaTh
TaK: 6CAKAA NOBEPTHOCINL € NAOCKUMU 2PARUYAMU meHeli — saauncoud (3TOH aHa-
forueil n o&bACHAeTCA HasBaHne craThi [5]). Bepro u o6paTHOe: TGO SIIHICOM
HMeeT TIIOCKHe TPaHNIBL TeHel (ftokaxmuTe!).

TEOPEMA B. Pycmu 6 R3 3adana JsymepHas 6uinykias 3aMKHYMAA NOGEPT-
Hoemb S, cumMmMempuuHas omuocumeabno Hauada xoopdunam O. Ecau das kaxnedot
deymeproti naockocmu T, npoxodawed wepes O, cywecmeyem wnanpasaenue 7(I'),
onopnoe k S 6o ecexr moukar nepecevenus S NI, mo S — saauncoud.

Pty Teopemy o6BIYHO HazbIBaloT Teopemoll Paamke — Kaxyramm. Cdopmyan-
posasimii ee C. Kakyranu [6] He gad HOIHOIO JOKA3aTeAbCTBa, JUIIL yKa3aB Ha
BO3MOXKHOCTB CBEJEHHA 3TOH TeopeMbl K TeopeMe A. JloKazaTelbCcTBO TeopeMbl B
cogepxkuTes B [7, ra. 5]. BeiBog Teopembl B ua Teopembl A ocyuiecTBaen B [8].

2. METPUYECKAA NPOEKUUA U 'MJBBEPTOBOCTb

Pycts (X, || - ]]) — 6aHaxoBo mpocTpaHCTBO, Y — HEKOTODOE MOJMHOKECTBO X,
p(z,Y) = infyey ||z — y|]| — paccroamme oT saementa & € X 10 MHOXKecTBa Y,
Py(z)={yeY :|lt—y|| = p(&,Y)} — mempuuecran npoexyus x Ha 'Y, T.e. MHOXKe-
CTBO GJMKAUNINX K & DJI€MEHTOB B Y (2JIeMEHTOB HAWIYHIIero npubanxenns). [las
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JAaHHOTO & MeTphyuecKad Mpoekunsa Py (&) MoXeT He COAePKATH HE OHOTO HIEMEHTA
I COJlePXKATE Golee OHOTO BIeMeHTa, a oTobpaxenne Py : & — Py (x), HasbiBa-
eMOe OnEPamopoM MEMPUNECKO20 NPOEKMUPOSARUA, BOOOIIE TOBOPA, OTIPEIENEHO He
Ha BceM X, MHOTO3HAYHO U JaXke pa3pBIBHO.

Ecan xe X — ruab6epToBO HPOCTPAHCTBO, a Y — ero 3aMKHyToe (T.e. TOJ-
HOe OTHOCHTENBHO HOPMBI) JHHEHHOE MOAMPOCTPAHCTBO (BOOOGIIE, Bedje HUKE CIOBO
HOAMPOCTPAHCTBO OyAeT 06o3HAYAThH 3aMKHYTOE JINHERHOE MOJANPOCTPAHCTBO), TO
cponcTBa Py TNpegeqbHO COBepIeHHLI. B 5ToM ciydae, Kak MBI celidac ITOKaXKeM,
oneparop Py onpedeaen na scem X, odnosnauen, auneen u umeem wopmy 1. Iei-
CTBUTENBHO, ycTh € X, p = p(x,Y) u mocieoBaTeabHOCT {yn} TaKoBa, 9TO
|| — yn|| = p. Po paBeHCTBY mapasierorpamMma,

2(|lz = ynI* + llz = ] [*) = 1122 = yo — m|* =

1
2(|z = yn* + ||z = yml[*) = 4l = 5 (wa + vm)I” <

lyn — ymll?

V/a\

2|z — ynll” + || — yml|*) —4p° = 0 mpm n,m — oo,

TaK 9TO MOCIEJOBATENBLHOCTD Yy, CXOJAUTCA IO HOPMe K HEKOTOPOMY DJAeMeHTY y € Y
(nmogmpoctpancTBo Y samkHyTO). OdeBngno, || — y|| = p, T.e. y € Py (z). Kpome
Toro, aaa awboro iy € Y u moboro ducra A mMeem
e =y + X117 = llz = yll* + PPl |1P + 270z =y ) > p* = |lz — oI

Ppu Mameix A 5TO HEPABEHCTBO MOXKET BBLIOAHATHLCA JUIIL B TOM CAy9ae, €CAH
(x —y,y') = 0. Orcrona ||t — y+ AyY'|| > ||z — y|| = p npu Beex ¢ # 0w A # 0.
Nrak, MeTpudeckas mpoeknusa Py (£) cOCTONT POBHO U3 OJHOTO 3JIeMEHTa Y, TPH-
aeM Vy' €Y (r—y,y) = 0. Pooxmm Y- = {z € X :Vy €Y (2,9) = 0} —
OpTOTOHAIBLHOE [NONOJMHEHNE K MOANPOCTPAHCTBY Y, ABJAIONIEECA, OYEBUAHO, TO/-
mpocTpascTBoM. Kak MBI TOMBKO 9TO mokasaan, X =Y P YL T.e. mo6of saement
z € X OJHO3HAYHO pasdaraeTcsi B CyMMy sideMeHTa y = Py(x) € Y u saemenTa
r—y € YL, JluneitnocTs oTOGpaKeHnd & — Y = Py (x) cregyeT w3 TUHEHHOCTH Yyt
Kpowe Toro, oneparop Py umeeT HopMmy 1: || Py || := SUP)||p(|=1 || Py (z)]| = 1, mockoab-
ky L= |lz|* = [le =y +yll* = llz —yll* +lvll* +2(z =y, 9) = [l —yl* +lylI* > |lvlI*,
a ¢ Apyrof cTopoHsl, ecan & € Y, 1o Py (z) = x u ||Py (2)|| = ||||-

WTak, B faHHOM caydae ollepaTop MeTpHIecKoro mpoekTupoBannd Py : X — Y
COBNaJaeT C OMEPATOPOM OPTOrOHAIBHOTO MPOEKTHPOBAHHUA Ha MOANPOCTPAHCTBO
Y, ogHo3HadeH, auHeeH n nMeeT HopMmy 1. (KoHewHO, B HallleM TPEXMEPHOM MPO-
CTPaHCTBe 5TO MOJHOCTBLIO COOTBETCTBYET HAIllUM MpeACcTaBIeHNAM: OpTOTOHATLHAA
NpPOEKINA TOYKH ¥ Ha IMIOCKOCTL Y ABJIAETCA €ANHCTBEHHON OIMKaWIIER K & TOY-
Koil BY.) Bo3HUKAET €CTECTBEHHBIN BOIPOC: HE ABAACTNCA AU KAKOE-HUOYIb U3 2mur
ceoticme — cragxcem, auneltnocmv onepamopa Py uau cywecmsosanue aunetinoeo
npoexmopa X — Y wnopmel 1 — zapaxmepucmuueckum 0aa 2uabbepmosa npocmpan-
cmsa? Hau edpye cywecmsyiom dpyeue 6aHaro6bl NPOCMPARCMEE C MAKUMU 3AMeE-
wameavHvimu ceoticmeamnu?

PaccMOTpEM TpexMepHOe THILGEPTOBO IMpocTpadcTBo X = R, mopma B KoTo-
POM 3aaeTCA eJUHIIHLIM IIapOM — HEKOTOPHIM 3JLIHIICONIOM C IEHTPOM B HadaJe
KoopAuHaT. a4 mo60ro oJHOMEpPHOrO HOANpocTpaHcTBa Y C X, MOpOXKTaeMOro
HEKOTOPBIM BEKTOPOM v, ONEpaTOp METPHIECKOrO IPOCKTHpoBannd Py auHeeH. PTo
osmavaeT, aTo MEOKecTBO Ker(Py) = {g € X : Py(q) = 0} = Y1 — aBymepnoe
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(muHeRHOE) mognpocTpaHcTBo. B To xe Bpems, Ker(Py) — 5T0 B TOYHOCTH Te 3ile-
MeHTH ¢ € X, st KoTOPHIX ||[¢+Av|| > ||¢|| npu m060M duncae A, T.e. Te TOYKN ¢, B KO-
TOPHIX MapaiaelbHble Y MpAMble ABAAROTCA omopHBIMH K cepe {2 € X : ||z|| = ||q]|}.
BoT MEI 1 fOoKazaIm, 9TO MI060H MUJIHHP, ONMACAHHBIN BOKPYT BJLINICORAa, KaCAeTCA
€T o TI0 TMIOCKON KprBou. P o mo Teopeme A u3 1. 1 5To eCTh XapaKTeprUCTHIECKOe CBOI-
crBo aamanconal Taxkum o6pazoM, ecam B TpexMepHOM 6aHaXOBOM IIPOCTPAHCTBE
omepaTop MeTPUYeCKOTO NMPOEKTHPOBAHNA Ha KaXjJoe OJHOMEPHOE IIOANpPOCTpaH-
CTBO JUHeeH, TO eMHNYIHAA chpepa B 3TOM MPOCTPAHCTBE YAOBIETBOPAET yCIOBUAM
TeopeMBl A, a 3HAYUT, 5TO MPOCTPAHCTBO I'MIBOEPTORO.

Puxe MBI OKazkeM, 9TO CyIIeCTBOBAHWE JMHEIHOTO MPOEKTOpa HOPMBIL 1 Ha Jio-
60e IByMepHOe MOANPOCTPAHCTBO B TPEXMEPHOM 6aHAXOBOM MPOCTpaHcTBe X paBHO-
CHIILHO TOMY, 4T0 efnHndHad cepa S(X) yAoBIeTBOpAeT YCIOBHAM TeOpeMbl B —
T.e. ONATH XK€, pAaBHOCUIBLHO THALGepTOBOCTH X .

Kakne xe aHaJormaHbIe YCJIOBUA OYAYT KPUTEPUAME THILOEPTOBOCTH B GaHAXO-
BOM IIPOCTPAHCTBe MPOM3BONLHON Pa3MEPHOCTH !

Opun m2 apTopos »Toil ctaThn (B. M. Tuxomupos) B Hawaae 60-X rog0B CTOMK-
HyJcsi ¢ Takol mpobaemoint, mocTtasientaon C. M. Pukoabckum Ha KoHrpecce B Am-
crepaame ([17, ctp. 263]). Pycts X — 6GaHaxoBO NpPOCTPaHCTBO, Y — MOAMPO-
crpaicTBo B X, (' — moamuoxkectBo B X. Oupeneanm yraowenue C' ot Y B X:
d(C)Y, X) = sup,ec p(x,Y). Ecin X ruas6eproso, To p(x,Y) = ||z — Py (x)]|, un,
ciefoBaTenbHo, ykiaonenue d(C,Y, X) paBHO BepxHell rpaHnm sup,cc ||z — Py (z)]],
rae Py — JIMHEHHLIH OmepaTop METPHYECKOI'O NMpOeKTHpoBaHuA Ha Y. B apyrumx
NpOCTPaHCTBax, He THIBOEPTOBLIX, AeJ0 OO6CTONT CAOXKHee, TaK KaK OMMKaNIIna K
T DJAEMEHT MpOCTpaHCTBa Y HaXOMWTCA TPH MOMOIIM, BOOOGIIE TOBOPA, HETUHENHON
onepanun. N 31eck BosHukaeT npobiaema (mutmeT C. M. PUKOILCKNI): HeAb3sA A1 BCe
JKe TIOCTPOUTH TAKOU JUWHENHBIN omlepaTop A, KOTOpbil oTo6paxan 66 MHOKeCTBO C'
B mognpocTpancTso Y Tak, 9To6sl d(C,Y, X) = sup,¢c ||# — A(z)||? Koneuno, mus
oraeasHon mapkl C',Y Takol onepaTop MOXeT HalTHCh W B HETMALOEPTOBOM IIPO-
crpancTBe X — HAIpHMEP, B Ciaydae, KOrga onepaTop Py JOIMYyCKaeT AUNElHYW 6bl-
Gopry (T.e. cyleCTBYeT TaKkol AnHeRHE onepatop P : X — Y, wro P(x) € Py ()
aag motoro ¢ € X). Ckaxem, B mpoctpancTe C[—1, 1] ¢ paBHOMepHON HOPMOWN
(oHO, KaK MBI 3HaeM, He THABGEPTOBO) CYIIECTBYET JNHERHAA BHIGOPKaA M3 ONEpaTO-
pa MeTPUIeCKOTO MPOEKTUPOBAHNA Ha TOANPOCTPAHCTBO BCEX TeTHBEIX (PYHKIUH 13

Cl-1,1]: f(z) — w (nmpoeepbTe!). Posromy Bonpoc C. M. Pukoabckoro

HAIO YTOYHHUTDL: KaK 6€AUKa 6 Heauabbepmosom npocmpancmee X Moxcem 6bimb
cosoxynnocms nap {C, Y}, das kancdoti uz xomopwx natidemes (ceoti) onepamop A
¢ yrazauuvlmy ceoticmeamu?

Pa 5TH u HeKOTOpEIE APYTHE BOIPOCH YaCcTHIHO OTBEYAET

TEOPEMA 1. Pyemb X — sewecmsennoe banaroso npocmpancmeo, dimX > 3.
Caedyouue ycaosua IK6USAACHIMHDL:

0) X — euavbepmoso;

1) eywecmeyem maroe wucao n € N, n < dimX — 2, umo das awboz0
n-meprozo nodnpocmpancmea Y, C X u awbozo nodmnoncecmea C C X naii-
demea aunetinoiii onepamop A @ X — Y, das komopozo sup,cc ||t — Ax)]| =

= d(Ca YnaX);
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2) cywecmsyem maroe wucao n € N, n < dimX — 2, umo das 406020 n-meprozo
nodnpocmpancmsa Y, C X onepamop mempuueckozo npoexmuposanus Py,
donycraem aunetinyio sbl60pKY;

3) cywecmsyem makoe uucao k € N, 2 < k < dimX — 1, wmo das awbozo
k-meprozo nodnpoemparncmea Yy C X natidemes aunetinviii npoekmop Ty,
X — Y, nopuw 1.

B »rofi TeopeMe yTBepkjeHHe O paBHocmiabHocTH () W 1) HacTWIHO OTBedaeT
na Bomnpoc C. M. Pukoabckoro m BEITEKaeT, KAK MBIl YBUAUM, W3 DKBHBAJEHTHOCTH
0) <= 2), noxazanuoil B [8] (cooTBeTcTBYyIOmAs TeopeMa 3 B [8] dhopmyaupyercs B
Apyrux Tepmunax). /lo sroro Pyaua n Cyut [9] Hauum Heo6X0MUMOE 1 JOCTATOYHOE
YCJIOBIE THABGEPTOBOCTH Goflee CHABHOE, UeM 2): OHH TPeGOBal, YTOGE caM olepa-
Top Py, GbLI OMHO3HAYHBIM U JMHEHHBIM IS KAk OO N-MEPHOT'0 MO POCTPAHCTBA
Y, C X. YrBepxkaenne o papHocmabrocTn 0) u 3) goxasano B [8] u o6obujaeT Teo-
pemy Kaxyranu [6], B KoTOpOIl TpeGoBaJOCh CYIIECTBOBAHNE NPOEKTOPa Ty HOPMbI
1 Ha awboe noampoctpatcTeo Y C X. [as k = 2 skpuBageHTHOCTE 0) <= 3) GBI-
1a goxazana Pmumncom [10]. B patote [8] comepxarca Takke 0GOOIIEHHA HTHX
KpUTEpHUeB 1 GJIU3KIE UM YTBEPK JEHUA.

JOKABATEJIBCTBO. BrinofHeHHe Kaxjoro us ycaosuil 1), 2) u 3) B ruabbep-
TOBOM MPOCTPAHCTBE yXKe 0OTMETaqoCchk BhIme. [lokaxeM oOpaTHBIE YTBEPKACHUA O
creymolen cxeme: 1) = 2) = 0) u 3) = 0).

1) = 2). BozbMeM NPON3BOIBHOE N-MEPHOE TMOANPOCTPAHCTBO Yy, C X 1 moao-
®xuM C' =Y, + B, rae B={x € X : ||| < 1} — eaurnuHelll map npoctpancTea X .
Coraacno 1), 1 = d(C,Y,, X) = sup,c¢ ||v — A(z)||, rae A 1 X — Y, — HexoTopsIil
OrpaHUYeHHBIH JHHETHBIN omlepaTop. [JokaxeM, 9To A ABAAeTCA BLIGOPKON I3 ollepa-
Topa Py, MeTPHYECKOI'0 MPOEKTHPOBAHUA HA TOAIPOCTPAHCTBO Yy, . BozbMeM mio6oit
sneMeHT & € X, KaKOH-HUOY b €ro IeMeHT Hamulydiero npubmmkenns y € Py, (x)

u mooxuM g = & — y. Paement ' = z/||q]| = ¢/|lql| + v/|l¢l| = ¢’ + v/ npunagrexuT
muOXkecTBY (', a 3Haunt, 1 > ||’ — A(2))|| = ||¢' + (¥ — A(2'))||. PyaeBon snemenT 0
ABAAECTCA B Yy, 5JAeMEHTOM HAWIYYIIer o IPHOAIKEHNA 114 ¢, a 3HaIAT, 0 114 ¢, mo-
sromy ||¢'+ (v —A(x)|| = |l¢'=0]| = ||¢|| = 1. BmecTe ¢ mpeabLayiumm HepaBeHCTBOM

oo aaer [lo’ — Aa')| = 1, omkyaa [lz — AG)]| = [l o' — A = llgll = plz, ),
T.e. A(z) € Py, (2).

Urak, mas aio6oro n-MepHOro moAnpocTpaHcTBa Y, C X MBI HaILIA JAHEHHYIO
BHIGOPKY U3 omnepaTopa Py, , Tak 94T0 X yAOBIeTBOPAET yCAOBHIO 2) IPH TaHHOM 7.

2) = 0). MoxHo cunrarh, 4To dim X = n + 2. JeAcTBUTEABHO, B TPOTHBHOM
cilydae BO3bMEM ITPOM3BONBLHOE MOATPOCTPAHCTBO X420 C X pasmeprocTu n+2. OHO
TakkKe OYJeT yAOBIETBOPATE ycaoBmio 2). Jlokasas IruibGepTOBOCTE AFOGOTO TAKOTO
Xnt2, MBI B CHILYy CIEICTBUA U3 JeMMBI A [MOKaxKeM U MHAbOEPTOBOCTH MCXOIHOTO
npocTpaHcTBa X .

Nrak, canraem dim X = n+ 2. Bo3bMeM Ipou3BoAbHOE TTOANMPOCTPAHCTBO 4 C X
pazmepHocTu n — 1. B dakropnpocrpancrse X/Z, cocTosleM U3 KIACCOB CMEKHO-
ctu [z] = {e + 2 : z € 7}, xak ober4HO (cM., Hanp., [1], ra. IT1, § 3), BBegeM HOpMY
[|[[#])]| = inf.ez ||z — || (ROKa3aTEABLCTBO TOTO, 9TO 5TO AEHCTBATEABLHO HOPMA, TIpe-
JgocTaBisgeTca quTaTeno). Joboe oJHOMepHOEe moanpocTpancTBo B X /7 ecth Y/Z
oIS HekoToporo mogmpocTpancTBa ¥ C X, dimY = n. Po ycaosuio, cymiecTBy-
eT auuenHb npoekTop P @ X — Y| comocraBastommnin kKaxgoMy € X KaKOW-TO
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sleMeHT Hamaydinero npubamkenns P(x) € Py (x). PokaxeMm, 9To BO3HWKAROIIHI
anHeRHE poekTop P : X/7 — Y/Z, P([x]) = [P(x)], obaagaeT TeM XKe CBOHCTBOM
B dakropupocrpancTse X/Z. HelicTBuTeianbo, At aio6oro [y] € Y/Z umeem

ITe] = P(e]) = [lllx/z = inf [lz — P(e) —y =2l > inf |lz = P(2)|| = |lz = P(=)l| =
= inf flo = Px) — 2|l = [|le] = [P(2)lllx/z = [[l2] = P(la])lx/z-

Takum obpaszom, aas aoboro (n — 1)-MepHoro nognpocTpancTBa 4 C X Tpex-
MepHOe TPOCTPAHCTBO X = X/7Z ynosaeTropser 2) ¢ n = 1. Eciim MBI ToKaXkeM, 9TO
Kak o€ Takoe X IHIbGEPTOBO, TO MHIBGEPTOBOCTD X GyAeT BEITEKATH U3 ClIEAYIO-
1Iel JeMMEL.

JIEMMA B ([8]). Pyeme X — koneuHomepHoe 6AHATO60 NPOCIMPARCINGO, U CY-
weemsyem makoe namypaavroe uucao d < dimX — 2, umo das awboeo d-meproeo
nodnpocmpancmea Z C X gaxmopnpocmparncmeo X /7 2uavbepmoso. Tozada 2u.b-
bepmosvin Aeagemea u cano X .

JTOKABATEJABCTBO JEMMBI B. /locTaTowno mokazaTh, 4TO A JIOOBIX IBYX 3Je-
MeHTOB f, ¢ € X BBINOIHAETCA paBeHCTBO MapaJaenorpamma. BosbMmem B X Tumep-
miockocTh F, onopuyto K mapy {# € X : ||z|| < ||f||} B Touke f, m anamormu-
HyIO TunepmiockocTh GG aid saemenTa ¢. B mepecedennmu F' N G BeiGepeM d-mepHyIO
IJIOCKOCTh, W MYCTh / — d-MEpHOe MOANPOCTPAHCTBO, MapaLIelbHOe STOH MIOCKO-
cru. PaockocTh 7 + f comepxmTca B MIOCKOCTH F, T.e. ABAAETCA ONMOPHON K IIapy
{z )|z|| < |f||} B Touxe f. ProosHagaer, aro ||f+2|| > || f|| aas aoboro z € Z. Ana-
sorudHo, ||¢ + z|| > ||¢|| aaa awoboro z € Z. Postomy B dakTopnpocTpancTee X /7
HOPMBI KJIaccoB cMexuocTr [f] u [¢] coBuagaoT ¢ HOpMaMu HCXOJHBIX DJAeMEHTOB [
w g || lxsz = AL olllxsz = Nlll-

PpocrpancrBo X/Z — ruiab6epToBo, MOITOMY

L1+ gll1? + N1 = [alll® = 2(1LANP + [1Tg]l?)
nim
I g 2APY 4+ LIS — g+ 217 = 2011 + o).
OTrcrona
1 +all* +11F = gll* = 201717 + lal*)  VfgeX.
(S;H_I/I;Iﬁe/l\;HOCJIG,Z[Hee HEPaBEHCTBO ¢ 3aMeHOH f u g, cooTBeTcTBeHHO Ha (f + ¢)/2 1

f 49l +1If —9ll®
1R+l > MU ol

Pocaenume nBa HepaBeHCTBa BMeCTe AT MCKOMOE PABEHCTBO MapaeqorPAMMA.
Jlemma B mokazana.

TeoMeTpuveckn JeMMy B MOXKHO HHTEPHPEeTHPOBATEL Tak: €CAH BLITYK/Iad IMEHT-
paJbHO-CHMMeTpHYHadA HoBepxHocTh S C R™ mpn npoexTHpoBaHUH BLOJB JO60T0
d-meproro nognpocrpanctBa L (d < n — 2 — 3agaHHOe HATYDPAIBHOE FHCIO) HA
HekoTOpYIo (n — d)-MepHyto mnockocTs 11 = TI(L) paet samnconn B IT, To oHa cama
ABIACTCA DIIUNCOUIOM (Cp. C ONHOW U3 TPHBEICHHBIX BO BBEACHNN XapaKTEPUCTUK

samunconsios B R3).
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Bepremca K jJokazaTeabCcTBY TeopeMbl. OCTalock JOKa3aTh IHILGEPTOBOCTS
TPEXMEPHOT'O MPOCTPAHCTBA X , ¥ IOBJIETBOPAIOIIEro yeaosnio 2) ¢ n = 1. Jlokaxem,
4T0 enHIMHAA cdepa S >TOro NpocTpaHcTBa — d/LIAIconT. BozbMeM nponsBoisHOe
ogHOMepHOe moAmpocTpancTso Y C X 1 cooTBeTCTByIommil npoekTop P : X — Y,
Ve € X P(z) € Py(z). fAapo »Toro npoekTopa — HEKOTOPOEe ABYMEDHOE TOJ-
npoctparcTBo U = U(Y). Jlasg kaxjgoro sieMeHTa « € U ofHUM U3 GJIHKAAIINX
sneMenToB B Y spadercsa 0, T.e. ||u+ y|| > ||v + 0]| = ||u|| npu aoom y € Y. Pro
o3HAYaeT, 9TO MpAMad, NapadieabHad Y U IPOXOAIasd 9epes u, ABJIAETCA OMOPHON K
cpepe {x :||z]| = ||u||} B ToUke u. B wacTHOCTH, Iepecedenne eMHNYIHON cephl S 1
ommcaHHOTo BOKPYT Hee mmanHapa C'(Y) ¢ obpasyiomeil Y HeINKOM CONEPKAT KPH-
Byto SNU,T.e. (SNC(Y)) D (SNTU). [lasg okoHIATEILHOTO IPUBEIEHNA K YCAOBAAM
Teopembl A (cM. 1. 1) Hago nokazath, aTo (SNC(Y)) = (SNU).

PycTh, Bopekn >ToMy, IIpAMad | mapaieJbHa IOAIpOCTPAaHCTBY Y U ABIACTCA
onoptoil K chepe S B Touke p ¢ U. Pra nupsamas nepecekaercsa ¢ U B HEKOTOPOI
Touke q. Kak Mbl 3HaeM, [ aBagercsa omopHoll kK cdepe {z : ||z|| = ||¢||} B Touxe ¢,
H B TO XKe BpeMd, MO MNPEANOJOKEHNIO, OHa ABadeTcsa omoprHon K S = {z : ||z|| =
1} B Touke p. Orcioga ||q|| = 1, oTpesok pg C S (eAMHWYHBIA AP — BHIIYKJIOE
MHOX€eCTBO), a TpAMad | ABAAETCA OMOPHON K S BO BCEX TOYKAX 3TOT'0 OTPE3Ka.

Pycth Il — aBymMepHas MIOCKOCTBH, omopHad K S BO BCeX TOYKAX OTPe3Ka pg,
a ' — gByMepHOe TIOAMpOCTpaHCTBO, MOPOXKAeHHOe BeKTopamu p u ¢. CymecTByer
omHOMepHOe noanpocTpaicTso Y/ # Y napaanenbhoe I u Takoe, 9TO COOTBETCTBY-
foliee eMy moganpoctpancTso U/ (Takoe, uro (SN C(Y')) D (SNU')) He copnagaeT
¢ T'. HdeficrBurensto, ecan (SNT) C (SN CY")) gasa awodoro Y || I, Y # Y, To
no wenpepeisHocTH (S NT) C (SN C(Y)), uro HeBosMOKHO, Tak Kak ¥ C I' (o1-
pezok pq || V). Takum obpasom, npsamas II N U’ n oTpe3ok pg, Jekalime B OJHON
niockoctn 11, He mapamaenbHbl. Kak w BRI, JOKa3bIBAETCA, ITO BCAKUN OTPE3OK,
napa/IelbHbI TOMIPOCTPAHCTBY Y/ W MMl OuH KOHell Ha OTpe3ke pq W ApY-
ron ma npamon I N U’, mennkom gexut Ha chepe S. CrenoBaTenbHO, NepecedeHne
II N S uMeeT BHyTpeHHHE TOYKH OTHOCHTENLHO IIOCKOCTH Il, T.e. mpeacTapasgeT
cOGOM HEBBLIDOKJEHHYO (BBITYKIYIO 3aMKHYTYIO) MIOCKYI0o 06aacTsh D.

BoabMem BekTOp v, He MapamIeqbHLIR IocKocTH 11, TTOpoX IeHHOe UM O THOMEep-
HO€e TIOAMPOCTPaHCTBO Y (V) H COOTBETCTBYIOIIEE TBYMePHOE TToATpocTpancTBo U (v)
(mas koroporo (SNC(Y(v))) D (SNU(w))). Pro mognpocrpanctso U(v) He MOXKeT
mepecekaTh 064acTh [ O BHYTPEHHOCTH, HHade 4acTh D (a 3HawnuT, n cdepsl S)
aexut pre mmmnHapa C(Y (v)), ommcanroro mo kpusoit SN U (v). Urak, pus ao6oro
BeKTOpa v, He Mapaaaeabroro I, o6aacte D aexnt B I o 0iHy CTOPOHY OT TIPAMON
TN U (v) (mpu >ToM, eciim BeKTOp v, Oy Y9l OPUCTABIEH K KaKOH-HUOY b TOYKE M3
ITNU(v), «cMOTPUT» B TO U3 JABYX MOANPOCTPAHCTB, e JEKUT S, TO ero MPOeKIus
Ha mAocKoCTh 11 1 o6racts D aexat B I o pasubie cTopobl oT npsamon TN U (v)).
Po HenmpepBIBHOCTH MBI MOXKeM yTBEpKAaTh 5TO U [JIA JAI0O0T0 BEKTOPa v, Mapas-
aeabroro I1. Po Torga, kak yxke 6BLI0 [BaX ALl MOKA3aHO BHIIIE B MONOOHBIX CAyYadx,
obacTh D BMecTe ¢ KaX oW CBOEH TOYKOH P COAEPKHUT OTPE3OK pq, MapasaelbHbIN
v U coequHAOMIN p ¢ Toukol ¢ € TN U(v) (mpu 5ToM BeKTOp P COHAPABIEH C ¥).

NTak, MBI MOTYy9HIN HEBLIPOXK TeHHYIO BEIMYKIYIO 3aMKHYTYIO obaacth D C II,
KOoTopad 110 J60My HalpaBIeHHIO v, NapajlelbHOMy IockocTn II, cama no cebe
IpoeKTHpyeTca Ha HekoTopyio mpavyto {(v) = II N U(v), ne nepeceraiowyio 6Hy-
mpennocmy D. Takoi obaacTn He cymecTByeT (n1okaxuTe!).
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Nrak, maire npegnonoxkenne Hepepro, (S N C(Y)) = (SN UY)) aaa aoboro
OJHOMEPHOT'O TOANPOCTpancTBa Y C X, 1 mo Teopeme A us m. 1 .S — samuncong, a
X — ruab6epTOBO MPOCTPAHCTBO.

Nmvmuukanusa 2) = 0) TOTHOCTBIO JOoKa3aHa.

3) = 0). Ppeanonokum BHa9ale, 9T0 TPOCTPAHCTBO X YIOBIECTBOPAET YCAOBHIO
3) ¢ k = 2 (cayuait Pumnunca [10]). Toraa, o4eBHIHO, T060e TPEXMEPHOE TOANPO-
crparcTBO X3 C X TakkKe yIOBIeTBOPAET >ToMY ycioBnio. [lokazaB ruab6epToOBOCTE
A1060r0 TaKoro X3, MBI B CIITY CJA€ACTBHSA W3 JeMMBI A oKa)eM i THABGEPTOBOCTE X .

Wrak, Hamo mokazaTh rmib6epTOBOCTE TPEXMEPHOTO 6aHAXOBA MPOCTPAHCTBA, B
KOTOPOM Ha KayKJ0e ABYMEPHOE IMOIPOCTPAHCTBO Y €CTh MPOEKTOP Ty HOPMEL 1.
CymecTBoBaHIe Ty PABHOCHIBHO CYIIECTBOBaHNIO Takoro Bekropa 7(Y'), onpenens-
OIero HampasfieHue npoektnposannsd, 91o ||y|| = ||y (v + A7 (Y))|| < |ly + A7 (V)]
g aoboro y € Y on maoboro uncaa A. Pro osnagaer, uro Hanpasienue 7(Y) AB/A-
eTcd ONOPHBEIM K eAUHHYIHON cepe S = S(X3) Bo Bcex Toukax mepecedenns S NY.
Po Teopeme B m3 m. 1, S — sanuncons, a 3aa4ut, X3 — ImabGepTOBO TPOCTPAHCT-
BO.

PycTh Tenepk HCXoQHOE MPOCTPAHCTBO X YIOBAETBOpAET yciaosmio 3) ¢ k > 3.
Bozpmem B X mponsBoabHOE MOANPOCTPAHCTBO Y pasMepHocTH k, a B Y — HOpou3-
BoabHOE (k—1)-MepHOe ognpocTpancTBo Y] . BosbMeM TakiKe KaKOH-HUOY Jb IEMEHT
¢ € Ker(my), ¢ # 0, 1 TOpoX JeHHOE WM TOANPOCTPAHCTBO < ¢ >. PoanpocrpancTBo
7 =< c¢> @Y numeer B X pasMepHOCTH k — Ty Ke, uro 1 Y. Po ycaoBuio cymec-
TBYeT MPOeKTOp Tz : X — Z HopMH 1. PaccMoTpuM fneficTBIE KOMOIO3UIINN Ty O Tz
Ha moanpocTpancTBe Y. s Becex y € Y umeeM 7z (y) = y1 + Ac,rae y1 € Y1, a A —
wucao. Orciofa my oz (y) = my (y1) + Ay (¢) = y1+A-0 = y1, T.e. onepaTop Ty oz
mepeBoUT Y B €ro cOGCTBEHHOE TIOAMPOCTPAHCTBO Y. POCKOMBKY Ty U Ty He yBeau-
YHBAOT HOPMY, TO UX KOMIO3UINA TaKkKe 00aafaeT STUM CBOUCTBOM. P pu aTom nis
moboro y; € Y umeeM my omz(y1) = y1. Takum obpasom, ry omg =y, : ¥ = Y] —
MPOEKTOP HOPMEL 1, T.e. Y Kak 6aHAXOBO IPOCTPAHCTBO YIOBIETBOPAET YCAOBHIO 3)
¢ k= 1. Ppu 5ToM B paccMaTpuBaeMoOM ciaytvae Y He MeHee 9eM TPEXMEPHO.

TouHO Tak XKe JOKa3bIBaeTCsA, 9TO B A060M (k — 1)-MepHOM TOANPOCTPAHCTBE
CYHIECTBYET MPOEKTOp HOpMBI 1 Ha Jo6oe ero (k — 2)-MepHOe MOAMPOCTPAHCTEO.
Ppogoaxas Tak gajee, 3a KOHETHOE YUCIO IMIATOB MBI MTOKAXKEM, ITO B JIOOGOM TpPeX-
MepHOM TipocTpancTBe X3 C X CyHmIecTBYeT MTPOEKTOP HOPMEL | Ha ato6oe IBYMepHOE
MOIITPOCTPAHCTBO, T. €. MIPHIeM K y&Ke pazobpaHHOMY CAYTalo.

MoxHo 06GoliTHCE U 6e3 WHAYKIHNN, ToKa3aB, uTo Jid J6oro (k — 3)-MepHOTO
noanpocrpatcTsa U B k-Meprom Y B dakropupocrpanctse Yz = Y/U cyiiectByer
npoekTop 7y : Y3 — V Hopwmbl 1 Ha moboe aByMepHOe momgnpocTpancTBo V. C Yi.
Pocae sToro ocraeTcss TOIBKO NIPUMEHUTH JeMMY B.

Teopema 1 MOMHOCTBHIO JOKazaHa.

3aMeTnwm, 49TO ycaoBusa Ha n u k B Teopeme 1 cymectennrl. Ecanm dim X # oo
un=dmX — 1, To g1a awbozo n-MepHOro moanpocTpamcTBa ¥ C X omepaTop
MeTPHYECKOTO MPOEKTHPOBaHuA Py MOTycKaeT JHHEHHYI BHIGOPKY (HMEHHO, MpO-
eKTHPOBaHIE BAOIL J060T0 HanpasieHns v # 0, gia koroporo Py (v) 3 0). B ycio-
BUW 3) paBeHCTBO k = | TakiKe He TOJUTCA: B MIOO0M 6aHAXOBOM NPOCTPAHCTBE X
€CTh TPOEKTOP My HOPMHI | Ha M060e OJHOMEPHOE TMOATPOCTPAHCTBO Y (MMEHHO,
MPOEKTUPOBaHNE WMIeT BJOIL THUIEPILIOCKOCTH, OMOPHON K egumHUYHOW chepe S B
Toukax S NY).
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CyIecTBYIOT «@HTHIIONB MHIBGEPTOBBIX MPOCTPAHCTB — 6aHAXOBHI TPOCTPAH-
CTBa, B KOTOPBIX HET COGCTBEHHBIX TOMITPOCTPAHCTB Y KOopazMepHoCTH > 1 ¢ JuHen-
HBIM OIEPATOPOM MeTpHdecKoro mpoekTupoBatus Py @ X — Y. Takum siBasercs,
wanpumep, npocrpancrso C[0, 1] ¢ paBHoMepHoil Hopmoi [11]. MoxHo mocrpouTs 1
(maxe TpexMepHOe) IPOCTPAHCTBO X, B KOTOPOM HET COGCTBEHHBIX MOAMPOCTPAHCTB
Y kopasmepHocTH > 1 ¢ IMHEHHOU BHIGOpKON I3 omepaTopa Py. B cupapeamuBocTn
aTOTO TocaeHero GakTa MBI OpefJaraeM THTATEdI0 YOeIUTHCA CAaMOCTOATEIBHO.

3. IIONEPEYHUKHN U I'MJIbBEPTOBOCTb

Pycts (X, ]| -||) — GanaxoBo mpocrpancTio, C' — noamuoxkecteo X, & = {F} —

HEKOTOPOE CEMENCTBO HeMpPepbIBHLIX 0oTo6pakenuil uz C' B X. PaccMoTpuM Ben4uny
C,X)= inf - F . 2

pe(C,X) = jnf sup [l — F(z)] (2)

Ecan ® — coBOKYNHOCTE AWHENHBIX (Ha ANHEHHOH 06onotuke (') oTobpakeHnil, o6pas
KOTODHIX N-MepeH, BelndnHa (2) HasbIBaeTCA auHelmnbin nonepeunuron Ay, (C, X);

pu ToM ke @ Bequmunna d"(C, X) = %infpe‘@ sup, ¢ diam[F~'(F(z))] HasbiBaeTCa

nonepeunuron no I'eavPandy muoxecrsa C'. Ecim ® — coBoKynHOCTB Bcex Hempe-
PHIBHBEIX OoTo6paxkeHmn F, o6pas Kaxkgoro m3 KOTOPBIX NPUHAMIEKNT HEKOTOPON
n-meproil mrockoctu 11 = I, (F), Beruanny (2) HasBIBAIOT nonepeunurom no Koa-
mozoposy dp(C, X). Ecim ke & — cOBOKYIHOCTH BCEX HEMPEPHIBHBIX OTOGPAKEHHI,
06paz KOTOPHIX — N-MepHHIi KoMmmiexc) | pacrogoxenubii B X, To (2) HazbiBaeT-
cA asexcandposckum nonepeunuron (B dects P. C. Anekcanaposa) u o6o3HagaeTCA
an (C, X).

O cBolicTBax MOMEPEIHNKOB N NX POJIU B TEOPHH MPHOINKEHIH MOXKHO TI0APOOHO
y3HATH B Ivi. 3 0o630pa [12]. 31ech Ke Mbl 3aliMeMCs MONePEY HUKAME 110 MHOXKECTB
IIIBOEPTOBA MPOCTPAHCTBA W TEMHU WX CBONCTBAMH, KOTOPbIE ABIAIOTCA XapaKTepH-
CTHYECKUME JJIA THALOEPTOBOCTH.

g moboro orobpaxenuss F muoxectBa C' B n-MepHYIO IJIOCKOCTEL L BeInmvmHa
Sup,ec ||z — F(2)|| 5e menbie ykaonennsa C ot L. Postomy A, (C), X) > d, (C, X) >
> infaimp=n d(C, L, X). Po, Kak MBEl 3HaeM, B IHILOGEPTOBOM IPOCTPAHCTBE
d(C, L, X) = sup,¢cc ||t — Pr(x)|], rae P, — amHEHHEI OlepaTop OPTOr OHATBHOI'O
npoekTupoBannd Ha L, oTkyaa Ap(C, X) < infgim r=n d(C, L, X). CrenoBaTensHo,
A (C, X) = d,(C, X) nas ao6oro muoKecTBa C' B ribGepTOBOM TTPOCTpaHCTBE X .

HNanee, masa auHenHoro Pr nMeeM

lsup diam[PL_l(PL(x))] < lsup2 sup ||z — Pr(2)]| = sup ||z — Pr(z)]|,
zeC z€C 2€C:Pr(z2)=Pr(x) zeC
orkyga d"(C, X) < dn(C, X) (B ciyqae npon3BoibHOTO 6aHAXOBa MPOCTpaHCTBa X
nonepedrnkn d” u dj,, BooOIIe TOBOPA, HUKAK HE CBA3AHBHI).
Ecim Y — mexoTOpoe MoApocTpaHCTBO B THALOEPTOBOM MPOCTPaHCTBE X, TO
omeparop Py mmeer HOpMY 1, oTKyAa sup,cq ||¢ — F(z)|| > sup,cq ||[Py(x) — Py o
F(z)|]. Orcroga aas 106oro NOMepedHuKa Py, = Ap, dy, d", @, clegyeT, BO-TEPBHIX,

1)O6q>e;(1/1HeH1/1e B HEKOTOPOM H9HC/e He GoJ€e 9€M N-MEPHHIX CHMILIEKCOB: TOYeK (Hy/IbMEpPHEIE
CHMILIEKCH ), OTP€3KOB (0HOMEPHEIE CHMILIEKCH ) , TPEYTOILHUKOB ( IByMEPHEIE CUMILIEKCHL), TETPa-
31poB (TpeXMEPHEIE CHMILIEKCH) U T. .
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910 pp(Py (C), X) < pa(C, X), a Bo-BTOPHIX, uT0 ecim C' C Y, To p,(C,Y) =
=pa(C, X).

Ppu sTom pas muoxects C' ¢ Y nonepedHux He 00sA3aH CTPOrO YMEHBIIATHCH
HocJe OpTOTOHATLHOTO NPOEKTHPOBAHWA Ha MoampocTpaHcTBo. [lokaxkem, Ha-
OpUMep, 9TO A eIHHWYIHOrO Imapa B u mo6oro (n + 1)-MepHOro mognpocTpaH-
cTBa Y BHIIOMHAETCA PaBeHCTBO an(B NY, X) = an(B,X) = 1. Ppexae Bcero,
an (BNY,Y) = a,(BNY, X) < an(B,X) < 1 (nocreqree HepaBeHCTBO cllefyeT 13
TOro, 4To Mia orobpaxkenus F : B — {0} wapa B B HyabMepHbiil komiuieke {0}
uMeeM sup,cp ||t — F(z)|| = 1). Ocranocs gokasaTs paBeHCTBO an (B NY,Y) = 1.
Caenya M. . Crecuny ([13, Teopema 1.1.7]), IpeAmonoKnM TpOTHBHOE: CYIIECTBY-
eT Takoe HelpepbIBHOE oTOoOpaxkenue F mapa By = B NY B n-MepHBIN KOMILIEKC
K, CY,qro ||t — F(2)|| < 1-246,6 > 0, gasa awoboro x € By . BosbMmem npomns-
BOJMBHEIN 2eMeHT y € Y, ||y|| < §/2, n nokaxem, aro y € F(By). Ecan y ¢ F(By),

- F
To G(x) == % — HemnpepbIBHOE oTobpaxeHue mapa By B cebd, TodHee, B
Yy — x
cepy Sy = {y : ||ly|| = 1}. Po Teopeme Ppayspa o HEMOABHKHOH TOYKE y OTO-
Gpaxenna (G cylecTByeT HeNoABIKHadg Toduka zg: G(x9) = xg, ||zo|] = 1. Orcrona

F(xo) =y —|ly — I'(x0)||x0, Tax aTO

leo = F (o)l = leo(1 + ly = Fzo)ll) = wll laoll 1+ lly — Fleo)l) — lsl] >
>llaal| - 6/2 > 1 -4,

YTO MPOTHBOPEYHT MpeAToNoKeHn0. PosToMy o6pas F(By ) cofepkuT (g)—OerCT—

HOCTB HYJI 1 He MOXKET OBITH N-MEPHBIM KOMIIIEKCOM (HATIOMHIM, Hallle TIPOCTPAHCT-
BO Y mMMeeT pazMepHOCTH n + 1), Tak 9TO AeHCTBHTEABHO dp (By,Y) = 1. 3ameTnm,
9T0 3T0 paccyxenne CTecuHa rogutes aad aodoro (n+ 1)-MepHoro 6aHaxoBa mpo-
CTPaHCTBA.

Ecain X — npouasoabHoe 6anaxoBo npoctpancTBo ¢ dim X > n + 1, 1o, Boobiie
roBopd, a, (BNY, X) < 1. B 7o xe BpeMs 414 KOIMOTOPOBCKIX TIOMEPETHIKOB BCET /A
d,(BNY, X)=1.

Kak moxaspiBaeT caepyiomias TeopeMa, BHIIOJIHEHNE JI000TO N3 BBHIABIEHHBIX Ha-
MHE (He)paBEeHCTB MPH KaKOM-TO (PHKCHPOBAHHOM 7 ABIAETCA XapaKTEePHCTHIECKIM
CBOICTBOM THJIBOEPTOBBIX IPOCTPAHCTE.

TEOPEMA 2. Pyemb X — sewecmeennoe anaroso npocmpancmso, dim X > 3.
Caedyouue ycaosua IK6USAACHIMHDL:

0) X — euavbepmoso;

1) eywecmeyem maroe uwucao n € N, n < dimX — 2, umo das awbozo mHoxuce-
emea C' C X enpasedauso pasencmso dp(C, X) = Ay (C, X);

2) cywecmsyem maroe wucao n € N, n < dimX — 2, umo das awbo2o muoxmce-
emea C' C X enpasedauso nepasencmso d*(C, X) < d,(C, X);

3) cywecmsyem maroe wucao n € Zy, n < dimX — 3, umo daa awéozo (n + 2)-
meproeo nodnpocmparcmea Y C X u moboeo mnoxcecmsa C CY cnpasedau-

60 paserncmeo dn(C,Y) = dp(C, X);

4) cyyecmsyem maxoe wucao n € N, n < dim X — 2, umo das awbozo (n + 1)-
meprozo nodnpocmpancmea Y C X cnpasedauso pasencmeo a, (BNY, X) = 1.
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B »roit TeopeMe yTBepxkeHne o paHocmabHocTn 0) u 3) poxasano B [14]. Cra-
Tha ogHOro m3 apTopoB (B. M. TmxoMmpoB), B KOTOpOW ObLIM CHOPMYJIHPOBAHBI
sxBuBajgeHTHOCTH () <= 1) <=> 2), ocTanack HeOMyGINKOBAHHON. PaBHOCHIBHOCTE
ycaosuit 0) u 4) noxazana M. M. Crecunrim [13].

JOKABATEJIBCTBO. BrInofHeHHe Kak 10T0 W3 yeaosui 1), 2), 3) u 4) B ruasbep-
TOBOM MpPOCTPAHCTBE yKe OTMedaqoch Bhime. /lokaxkeM oO6paTHLIE yTBEPXK JEHUA.

1) = 0). PycTs Y,, — npom3BoibHOE N-MepHOE MOANpPOCTpaHcTBO B X. Pomo-
xkuM C =Y, + B={z € X :p(x,Y,) < 1}. OueBugno, d,(C, X) =d(C,Y,, X) = 1.
Orcioga Ay (C,X) = 1, n moampocTpancTBo Y, ABIAETCA BKCTPEMATBLHBIM TaKkKe
U IS 5TOTO TIONEpedHnKa (ec/n T — JANHERHBE MPOEKTOPH MHOKecTBa C' Ha n-
MepHBIE IIOCKOCTH Yy, M sup,cq ||t — mp(x)]| = 1 mpn k — oo, To Bee Yy, || Yy,
d(Yn,,Yn, X) — 1, a mp(z) = P(x), rae P : C — Y, — JUHEHHBIH TPOEKTOP,
supgec ||t — P(x)|| = 1). Wrak, cymecTByeT auHelinbii npoektop P @ X — Y, ¢
ycaosnem Yo € C' ||z — P(z)|| < 1. Paccyxgas To9HO Tak XKe, KaK MPH NOKA3ATEqb-
cTBe MMIIHKanuu 1) = 2) B Teopeme 1, nokasbiBaeM, 9T0 P ABJIAeTCA JTHHETHON
BLIGOPKOII U3 OllepaTopa MeTpHYeCKOro npoektupoBanus Py, . Po Teopeme 1 X —
raas6epTOBO.

2) = 0). BozbMeM Npon3BoabHOE (n+2)-MepHOe TOATPOCTPAHCTBO X0 C X, a
B HEM — MPOM3BOJBHOE N-MEPHOE MOATPOCTPAHCTBO Yy, . Pomoxum onsite C' = Y, + B.
Nnveem 1| = d*(B, X) < d"(C, X) < dp(C, X) = 1, rak uro d"(C, X) = 1. PycTh piy =
= %supxec diam[Fk_l(Fk(x))] — 1, rge Fy : X — Yn(k) — JUHEHHBIE TPOEKTOPHI
Ha HEKOTOPHBIE N-MEPHBLIE MOAIPOCTPAHCTBA y, k) (Mpn ompeTeleHNH MOMEPEYHNKA
no leabgan Ty MOKHO OrpaHHINTHCA OTOOPAKEHUAMHI TOJBKO Ha N-MepPHEIE TI0IPO-
crpancTsa). s moboro saementa ¢ € Ker(Fj,)NC Beck ompesok [—q, ¢] C (Ker(F;)N

('), mosTomy %diam[—q, q] < pr, T.e. ||| < pi. Aapa Ker(F)) TpancBepcanibHEL Yy,

MOTOMY B X, 42 MOXKHO PACCMOTPETD JMUHERHbIE TPOEKTOPH! T @ Xp42 —> Yy, BJAOID
JABYMEDPHEIX MOANPOCTPAHCTE Xpyo N Ker(Fy). dag aoboro saementa & € X, 19,
r=y+4q, y €Yy, q € Ker(Fy) nmeem

i) = 1l = lall < g Vo)l s 1 < e Yo = ol Yo = ol o)

lamee, B X, 1o W3 TOCTENOBATENBHOCTH T MOXKHO BBITEIHTE CXOMAIIYIOCA TIOMOCTE-
JOBATEIBHOCTD, N A MIPEEIBHOTO TpoekTopa T & X0 — Yy Oyaet ||m(z) — || <
< p(2,Yy), Tak 9To ™ — ANMHERHAA BEIGOPKA M3 OTNEPATOPA METPHYECKOT'O MTPOEKTH-
poBanusa Py, : Xp40 — Y,. Po Teopeme 1 X,, 12 — ruasbepToBo, a 3Ha9UT, X TOXKe
raas6epTOBO.

B nokazaTeabcTBe OCTABHINXCA YTBEPKACHUH TeOpeMbl 2 CYIMIECTBEHHYIO DPOJb
6yaeT urpaTth oau peayabrar A. JI. lapkasu. Ppexme dem GopMmyaupoBaTh ero,
HATIOMHHM, 9T0 HyJAeBOH KOJIMOTOpoBCKui nomepedrnk do(C, X) HaspIBacTCA TaKKe
yebnuescrum paduycom Muokectsa C' (infimum paguycos mapos, cogepxaumx C'),
aToukat = t(C), gaa xoropoit do(C, X) = sup,¢c |2 —t||, (ecam ona cymecTsyer) —
uebblulesckuM yenmpon MEOKRecTBa C.

JIEMMA C  (A. JI. TAPKABH, [15]). Bewecmeennoe 6anaroso npocmpaHcmeo
X, dimX > 3, ssasemca euapbepmosvim moada u moavko moeda, Ko2da 04
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MOBBLT MPET MOUER HeROMOPbIll ur vebbiuwesckutl yenmp npuradaedxcum ur aunetinot
obos0uKe.

Kak Buamm, 31eck KpuTepueM rumib6epTOBOCTH BEHICTYIAET OCAAOMEHHOE YCIOBHE
3) opu n = 0 U3 TeopeMEI 2.

JOKA3ATEJNBLCTBO JEMMBI C. PeobxomumocTs yiKe oTMedatack. Jlokaxem mo-
CTATOIHOCTD.

BoszbMem pomzBobHOE TpexMepHoe o IpocTpancTBo X3 C X, mByMepHOe Mo
mpocTpancTBo Yo C X3 Touky # € X3\Ys. O6oznaunm S, = {y € Vs : ||z —y|| = r}.
Ecan y1,y2,ys € Sy, To mapet B(y;,7) = {7z € Xz : ||z —y;|| <r}, j = 1,2,3, ume-
0T OBIIYIO TOYKY B IMIOCKOCTH Yo (MHaYe HMKAKOH 4eGBIIIEBCKHN [EHTP TPEX TOYEK
{yj}?zl He JTeXUT B Ya). Orcioga no Teopeme Xemmn ([16, ra. 1, § 7]) cymecTByeT
oblias TovYKa z, € Yo, IpHHAIEXKAIIAA BeeM mapaM By, r) opu y € S,.

TokaxeM Temeps, 4To Bee maphl Buga B(y, ||t —y||), y € Ya, nmeror obimyto ToUKy.
HocTaTodno gokazaTk 5To 4iA MOOHX Tpex mapos B(y;,||le — y;il), 7 = 1,2,3 (a
[OTOM OIATE IPUMEHUTE TeopeMy Xean). Pomxoxnm a = max{||z —y;|| : j = 1,2, 3},
W MyCTh Y — TaKad TOUKa U3 Sq, 9TO OTPE3OK [zq4, Y;| comepxut y;, j = 1,2,3 (npn
DTOM, KOHEWHO, Y; = y; 1o Kpalinei Mepe 1aa ognoro 7). Unmeem ||z, —y; ||+ ||y — ;|| <
<a=le—yll < lle—ull+ 1l — il moe. llza — yill < Il — g1l a smamrr,
za € B(y;, ||z — y;l), s =1,2,3, 9T0 1 TpeGoBalIoCh.

Ecan Touka z € By, ||t —y|[) N Y2 114 Becex y € Yy (cymecTBOBaHMe TaKOH TOYKH
TOABKO 9TO fokazaHo), To ||y — z|| < ||y — #|| aas Bcex y € Ya. A 570 o3Hadaer,
9TO CyIIECTBYeT TIPOEKTOp T : X3 — Yo HOpMEI 1. [lencTBATENLHO, KaX TBIN DJAeMEHT
v € X3 MOXKHO OJJHO3HAYHO MPeICTABNTL B Bige v = a(x — z) +y, 1ae y € Yo, a ¢ —
HEKOTOPOE YHNCIO, M MOXKHO OINpeeluTh oTobpaxkeHwe m : v — y. PTO AMHENHLIN
pPOEKTOp, W ero HopMa paBHa 1:

loll = llae = 2) + il = lallle = (= = D)l > lalllz = (= = L)l = llyll = Ix(0)]|

Wrak, B mpocTparcTBe X3 CyHIECTBYET MPOEKTOP HOPMBI | Ha KaxkKgoe ABYyMeEp-
HOe TOANPOCTPAHCTBO Y. Po Teopeme 1 X3 — runbbeproBo. CrenoBaTeasHo (Mo
CHEICTBIIO M3 JEMMBL A), THABOEPTOBEIM ABJIAETCA H HCXOTHOE TPOCTPAHCTBO X .

Jemma C nokazaHa.

Ppogonxnm gokazaTeabcTBO TeOPEeMbI 2.

3) = 0). Pycts X me rumanbeproBo. Po memme C cylmecTBYIOT TPH TOUKH
X1, T9, 3 € X, HUKAKON IeOHIIIEBCKUH IEHTP KOTOPHIX He JEXKHAT B UX JHHEHHOR 060~
Jovke. MoXHO c9uTaTh, 9TO DTa JUHeHHasd 060M0UKa — ABYMEpPHOE TIOITPOCTPaH-
cTBO Ys, 0 — uebbimieBckull uenTp MHOKecTBa Cy = {21, €9, £3} oTHOCHTEABHO Vs 1

do(CQ,Yz) =1 2 do(CQ,X).

Pokaxkem, uto ||z;]| = 1, j = 1,2,3. Menee 4eM 11 JBYX TOUeK DTO paBeH-
CTBO BBHITIOMHATLCA He MOXKeT, nHade () He aBageTca debwmeBckuM neaTpoM Cop B Y.
Ppenmonoxum, uto ||z1]| = |[x2]| = 1, a ||zs|| < 1. Ecan ||z1 — 22| < 2, To aas
z(a) = a#, a € (0,1), npu j = 1,2 numeem

r1+x r1—
s — (@)l < late; — ZE22)) 4 (1= a)al = ol 2522+ 1-a < L

B TO BpeMms Kak ||z3 — z(«)|| < 1 mpwm Bcex AOCTATOYHO MANBIX ¢, TaK UTO OMATH
noaygaem, 9To 0 — He debbimeBcknil neHTp. Ecan xe |21 — 22|| = 2, o do(Co, X) >
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> do({#1, 22}, X) = 1, 94T0 ONATL IPOTUBOPEINT YCIOBUAM Ha TOUKH Z;. PosToMy
Hallle TIPeIOIOKEHIE HEBEPHO, I BCe TPH TOYKH JeXaT Ha e IHHNIHOH cdepe S(Va)
MOTPOCTPAHCTBA Ya.

Ecan B Y, nposectn npawmole [;, omopusle k S(Y3) B Toukax z;, j = 1,2,3 (B
OIIHON TOYKe MOXKET OBITH MHOTO OMOPHBIX MPAMBIX — BHIGepeM KaKyo-HIOYIb), TO
5TH IpsaMble 6y Iy T 06Pa3oBHIBATH TPEYTOMBHUK 1, comepxkaniuil BHyTpu cebs cepy
S(Ya2) (moxaxmure!).

Bosbmenm B X kakoe-HHOYAb (n + 3)-MepHOe TOANPOCTpaHCTBO X' (HAMOMHHM,
dimX > n + 3), cogepxammee Y5, a B HeM — THIepIIockocTH [';, OMOPHEIE K eqH-
ananon cdepe S(X') B Toukax x; m cogepkamme B ceGe mpamtire [;, j = 1,2 3.
Pepecedenne Tpex moANpPOCTPAHCTB F? C X', napaarersueix I';, mo xpalinell Mepe
n-MepHO. BoabMeM B 3TOM TiepecedeHNN n-MepHOE TOANPOCTPAHCTBO Yy, U MOJOKIM
C=Cy+Y,, Y =Y,4Y,. Pazmeprnocts Y paBHa n + 2, TOCKOIBKY Y, TpaHCBEp-
CaJdBHO Yo.

Ouepnno, dn(C, X) < do(C, X) < 1. [Insa noay<eHns TpOTHBOPEYHA ¢ YCIOBHEM
3) ocranock nokazaTh, 9To dn(C,Y) = do(Co, Ya) = 1.

Ecan dn(C,Y) < 1, To cymecTByeT Takas n-MepHad miockocThk 11 C Y, mapad-
frenapHag Yy, ato Vo € C' p(x,1I) < 1 =4, rage § > 0 (mrockocts II He MoxeT
GHITE He mapadieibHa Yy, uHade d(C,11,Y) = co). PTo paBHOCHIBHO TOMY, 9TO pac-
crogure oT Touku p = Il MYy no muoxkectBa C He mpeBocxoguT 1 — §, oTKyzga
p(p,T;) < plp,z; +Y,) <1-94,j=1,2,3. CregoBaTeabHo, TOUKa p IPH KaXkJOM
J JEXNT B TOH W3 ABYX moaymiockocTeid B Yz \ (Ya N F?), rae aexuT x;. Po orm
TPH MOJYILIOCKOCTH He TEPECEKAIOTCS MMEHHO B CHJAY TOTO, 9TO TPeyroabHuk 1,
06pa3oBaHHEIN IPAMEIME [, cogepxuT BHyTpH ceba chepy S(Ys) (mposepobrel).

4) - 0). Pygem onaThk H0Ka3pBATH OT MPOTHUBHOTO: MPEATIONOKUM, 9TO X He
ruab0epTOBO, BO3BMEM Te Ke TOYKH X1, L3, &3 € Yz W TPEYroJdbHUK 1, 9TO W B
MPEeIbIIYIIEM TTYHKTE.

Kak w B npejbIAyIeM MyHKTE, BO3bMeM B X Kakoe-HHOYAb (n + 2)-MepHOe mo-
npocrparcTBo X' (HamomuuMm, dim X > n 4 2), conepxkaiuee Ya, a B HeM — THIEp-
miockocTh I'j, onopuble k eguunanoil cepe S(X') B Toukax ¢; u cogepxarnue B cebe
npamsle [;, j = 1,2, 3. Pepecedenne Tpex MoATPOCTPAHCTB F? C X', mapa/ie bHEIX
I';, no kpatier Mepe (n — 1)-mepro. BoabMeMm B sToM mepecedennn (n — 1)-mepHoe
MOATPOCTPAHCTBO Y, _1 u mojoxum Y = Yy 4+ Y, 1. Paamepnocts Y paBna n + 1,
MMOCKOABKY Yy 1 TPaHCBEPCAJBLHO Y.

W3 pratouenns BNY C T+Y,_1 BEITeKaeT HepaBeHCTBO apn (BNY, X) < a1 (T, X)
(meficTBHTENBHO, eClN IS KAKOTO-TO HEMPEPHIBHOT O 0TOOpakeHns F' TpeyroabHIKa
T B OJHOMEpPHBIH KOMILIEKC K1 mMeeM s = sup;cyp ||t — F'(t)]|, TO A1s HempepBIBHOTO
oTobpaxeHus Fio=t+z— F(t)4+z, teT z€Y,_1nepecedenns BNY B HeKO-
TOPBIN N-MEPHBII KOMILIEKC W3 cyMMBI K7 + Y, _1 GymeT crpaBeqinBO HEPABEHCTBO
supiepnay [t — F(H)]] < 9).

[st oy YeHNA TPOTHBOPEYHA C YCIOBHEM 4) 0CTaloCh NOKa3aTh HEPABEHCTBO
a1(T,X) < 1. BosbMeM Kaxylo-HEOY b TOUKYy w € X ¢ ycaoBueM ||w — z;]| = p < 1,
J = 1,2,3. Takas Touka cyllecTByeT, TOCKOIbKY do(Cp, X) < 1, n 3aBe oMo He e~
KuUT B Ys. O6o3Ha4dnM Hepes yi BEPIINHBI TPEYTroabHUKa 1T — TakK, YTOGH CTOPOHBI
l; u l; mepecexaauch B TouKe Yy ¢ k # ¢, j. Pocrpoum Teneps orobpaxenue I Tpe-
yroabiuka T' B komiuieke [w, y1| U [w, y2] U [w, ys] caeayioumm o6pazoM: B MaJeHEKOM
TpeyroabHuKe £12ox3 C T momoknm F(z) = w, a B KaXJ0M H3 TPeX OCTABIINXCA



206 II. A. Ilopogun, B. M. Tuxomupos

MaJeHBKIX TPEYTOALHUKOB &;&;yx C T, The 4, j, k — oTandHble Apyr OoT Apyra <H-
ciaa n3 Habopa {1,2,3}, onpegemum F'(x) Kak Takylo TOYKY Ha OTPe3Ke [w, Yx|, Aad
KOTOPOH oTpe3ok [F (&), x| maparielen MIOCKOCTH TPeyTrOAbHUKA W;Z;. PeTpyaHo
BIIETh, 9T0 0ToOpaxeHne F HempepwiBHO U ||z — F (2)|| < p aas awoboi Toukn x € T'.
Orciofa crenyeT Tpebyemoe HepaseHeTBO a1 (T, X) < 1.

Teopema 2 MOMHOCTBHIO JOKazaHa.

N3BecTHO MHOXKECTBO ADYTHX KPHUTEPUEB THIALOEPTOBOCTH GAHAXOBA IPOCTPAH-
CTBa; B HACTOSIIEE BPeMA X NCAO TOCTUTAET HECKOABKUX COTEH M MOCTOAHHO yBe-
AnauBaeTcA. B CBA3M ¢ 5THM NEHHOCTH KaikKAOTO HOBOTO KDUTEDHs HeBeInKa, jAa W
HOPMYTHPOBKHN WX, KaK MpaBHio, BecbMa ecTecTBeHHB. OJHUM W3 HEMHOTHX ap-
IYMEHTOB B MOJB3y PE3YAbTATOB DTOTO THIA MOKET CIYKHTH, TOKATYH, BO3MOXK-
HOCTD TOJY9eHHs N3 HUX I'eOMETPHYECKNX XapaKTePHCTHK SJUIHIICOMAOB B KJIAcCe
BCEX BHIMYKJBIX 3aMKHYTBIX IeHTPAIbHO-CHMMETPHIHBIX TOBEPXHOCTE B MHOT OMep-
HBIX MpocTpaHcTBaXx. Tak, TeopeMbl 1 U 2 gal0T MHOTOMepHBIE OGOOIIEHNA TEOpeM
Pasuike- Anekcanaposa n Pasuke-Kaxyrann (em. [9], [8], [15]).

MBI, BOpOveM, W He CTPEMHJIUCH MOOYAUTH TUTATENA 3aHATHCA M300peTeHneM
HOBBIX KDHTEPHEB IMABGEPTOBOCTH, & JUIIL XOTENH MO3HAKOMATE €I'0 ¢ HECKOMBLKUMU
UBAIHBIMA (DAKTAMH 13 T€OMeTPHH W TeOPHU TPHOIMKEHNH, BO3HUKAIOIIIME DU
JTOKA3aTeJIbCTBE TAKNX KPHUTEPHEB.
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Harnagaaa naTepupeTalns HeKOTOPBIX allOPITMOB
Ha I'padax

I'. Panrep U. Coumn

(Yuusepcurer Ceseproinl Kapoanssr, r. [apaoT)

Pouatrmoe mecTo B Teopun rpadoB 3aHUMAIOT AT OPUTMHL. P axox feHie KpaTyaaii-
X OyTel, TOCTPOEHNE OCTOBHBIX JE€PEBBEB ¢ HYKHBLIMU CBOHMCTBAMIE, TOCTPOEHHE
mapocoveTaHnl, packpacka BEPIINH — BOT JaJeKO He MOJHBIN TepeveHb 3aad, pe-
IIIeHIe KOTOPBIX COCTOUT B ONMUCAHUH AJTOPUTMA.

PekoTophie cTyAeHTH CTAIKUBAIOTCA C TPYAHOCTSME TIPU TMOHHUMAHUHU AT OPUT-
MoB. Kak mpaBumo, arropuTMel Ha rpadax OCHOBAHBEI HA JOBOJBHO MPOCTHIX MIEAX.
Po ux dpopmanpHoe maioxkenne OBIBAET JINHHBIM, a TOHUMAHNE TaKOTO M3JIOMKEHUA
MOXeT TpebOoBaTh ONpeNeleHHON MaTeMaTHYeCKON MOATOTOBKH. Eie omHa TPy I-
HOCTBH COCTOUT B TOM, YTO AJTOPHTMBI 3a9aCTY0 3aNUCHIBAIOTCA B TICEBIOKOIE —
OYeHb YAOOHO [ MPOrPaMMIPOBAHNA KOMIIBIOTEDA, HO He /i BOCIIPUATHS HeJOBe-
koM. Po3TOMy HYyXKHBI KaKime-TO MHEMOHUYECKNE TPUEMBI s OOMETIEHNs 3AOMU-
HaHWUSA W MTOHUMAHUSA TaKWX aJrOPUTMOB. P alll ToXoa COCTOUT B TOM, YTOOB! HHTED-
MPeTHPOBATH HEKOTOPHIE AJATOPUTMEI U3 Teopun I'padOB B 3HAKOMOM GOMBITHHCTBY
CTYEHTOB KOHTEKCTE: BCTYILIEHNE B KIAy6.

Pycts G(V, E) — rpad ¢ MHOKecTBOM BepiinH V' i MHOXecTBOM pebep F. Beioay
Jajlee CAMTaeM 5TOT rpad) CBAZHBIM (B MPOTHBHOM CIydae MOXKHO MPOCTO PaccMa-
TPHBATh BCE €I'0 CBA3HBIE KOMIOHEHTEI MO OTAeIbHOCTH). Pamomunm, 9To rpadp H
HasbIBaeTcsa nodepagom G, ecin OH ModydaeTCs BEIGOPOM HEKOTOPBIX Bepiina G u
YacTH COEINHAIMNX STH BepmnHbl pebep (. Jepeso — 3To cBsi3HBIN Tpad 6e3 1u-
kaoB. Ocmosnoe depeso rpada G — 1o moarpad G, cogepkammi Bce Bepuimabl G
U ABAATOUIANCS depeBoM. Mer 6y 1eM paccMaTpPUBATEL AJTr OPUTMBI TIOCTPOEHMUSA OCTOB-
woro gepena 1 rpada (. PocTpoenne 0cTOBHOTO fepeBa HAMUHAETCA € BHIEIEHHON
BEPINTHBL, KOTOPYIO 6y IeM HAa3bIBATH KOPHEM NEPEBA.

W nesi cocTouT B TOM, 9TOGH MHTEPIPETHPOBATEH V KaK MHOXKeCTBO afojei. PeGpo
COeMHAET ABYX JMIOJEN, €CJAU OHU 3HAKOMBI. ECTH KiIy6, B KOTOPHIA XOTAT BCTYIIHThH
Bce 3TH Jioau. PocTemnenno, ol 3a APYTUM, OHH TyJa BCe W BCTYIAT. dTOOH He-
JOBEK % MOT BCTYIUTH B KiaybH, y HEro JOMKeH OBITH nopyuumedd: wGieH Kiayba v,
3HAKOMBIN ¢ u. JmeH kayHa MOxeT GBITH MOPYYINTENEM, €CIAN OH 3HAKOM XOTS OBI C
KeM-TO He m3 kayba, TakKoro dieHa Kiayba GygeM Ha3bIBATH OmKpbimbiki. KoHETHO,
o Mepe pocTa KIyba, OTKPHITHIH IeH Kay6a MOXKET MepecTaTh ObITH TAKOBBIM, HO
He Ha060poT. P puBeneHHbIe HIXKE MTPABMIA OMPEAEIAIOT IS KAk J0T'0 MOMEHTA, KTO
BCTYIAaeT B KIAYE CAEIVIONINM U KTO €0 MOPYUnTEeb.

P attte ocHOBHOE TTPaBMIO TMOPOXK AAeT MUPOKNH KJIACC KOPHEBBIX OCTOBHBIX jJepe-
BBeB. [lomomHNTENBHBIE K OCHOBHOMY MPABMIY YCAOBUA TO3BOISIOT TOCTPOUTD TAKHE

Ilepepog craTeu Reiter H., Sonin I. The “Join the Club” Interpretation of Some Graph Algo-
rithms. College Math. Journal, v. 27, No 1, 1996. Ily6aukyercs c m0o6e3H0TO pa3pelleHns pegakiun
JKypHaAJIa H aBTOPOB.

MaTemaTuyeckoe npocseweHue, cep. 3, Bbin. 3, 1999(208—212)
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OCTOBHBIE JlepeBbA KaK jepeBo noucka B mmpuHy (Breadth First Search, BFS), ge-
peBo noncka B riy6uny (Depth First Search, DFS), kpaTaiiuias cBA3BIBaOUAd CETh
(Minimal Total, MT), nepeBo kpardaiiumx myTein (Shortest Path, SP). Ptu gepe-
Bbsl BCTPEYAIOTCA TIPU PEIIeHNN MHOTHX 3ajatd. Panpumep, 1epeBo MONCKa B MIHPUHY
MOJKHO WCIONB30BATH A OTNpeleNeHusA IMHBL KpaTHdallero (CofepKamero Hau-
MeHblIlee YHCA0 peGep) MyTH U3 KOPHA B MOGYI0 APYTYIo BeplinHy. [epeBo moncka
B TUIyOHHY MO3BOJAAET HAXOAUTH MOCTHI B rpade, a B caydae WX OTCYTCTBHA — IO~
CTPOUTE CHIBHO CBA3HYIO opueHTannio rpada. (Moem — pebpo, yaalenne KOTOPO-
ro geraeT Tpad HecBA3HBIM. OpueHmayus — TPUNUCHIBaHHe peGpaM HaNpaBICHU,
OPHEHTHUPOBAHHBIN TPad) CUAbHO C6A3ZEH, ECAU U3 JIOGOH BEPIIHHBI MOXKHO MPOUTH B
o6y o pebpaM BAOML YKa3aHHBIX Ha HUX HAMPABICHHI, IPUMeD CM. Ha puc. 3.)

OCHOBHOE TPABUJO. Femb poéno odun ocrosameab kayba. Bee ocmaabuvie
scmynaiom 6 kayb no odHomy, noka ewe ecmb Komy scmynamsy. Kaxnedwviti eécmyna-
WUl 8 KAYS UMEEM NOPYUUTNEAR.

OcHOBHOE TTPABMJIO TOPOK AAET MOCTIEA0BATETFHOCTE TOATpadoB. PadnHaeM ¢ BbI-
JeeHHOT'O KOPHA (OCHOBATEMb Ug), HA KaXkJoM IIare B noArpad gobapiageTcs ojHa
BeplHa (HOBBIH “WIeH) W ofHO pebpo (0T mopyUnTens K HOBOMY 4ieHy), puc. 1. Aj-
TOPUTMBI, KOTOPBIE MBI OOCY UM, OTIMYAIOTCA NPEINUCAHUAMEI MO BHI6OPY HOBOT'O
“ieHa U ero mopydnrend. Eciau nBe minm Gosee map «HOBBIN €JeH — MOPYYIUTENbY MMe-
0T pPaBHBLIN MPHOPUTET BCTYILIEHNA B KIy0, BEHIOMpaeM OJHY W3 HUX MPOM3BOJIBHO.
PTo coraammenne mpuMeHNMO KO BCeM OOCY XK TaeMBIM Jajee aJrOPUTMAaM.

NlaBaniTe ybeaumcs, 910 a060l moArpad, moaydaeMbiii B cooTBeTcTBIE ¢ OCHOB-
HBIM TIPABHJIOM U JIOOBIM €r0 yTOYHEHWEM, — OCTOBHOE JepPeBO. 3aMeTHM, 9TO B
J10601 MOMEHT MHOMXKECTBO IEHOB Kayba m pebep, COeMMHAMONINK GIEHOB C UX MO-
pydYuTenAMI, SABASETCS CBA3HBIM moarpadgom rpada (. Ppennogoxum, 910 mocie
BCTYTIIEHUA HEKOTOPOTO HWieHa u obpaszoBajicad MUKJA. ScHo, 9To u He ABAAeTCA HU-
YbUM TOPYUHNTEIEM — MOCJAe HErO B Kay6 HUKTO He BCTyMad. SHavIuT, oba dieHa
kayba, cBA3aHHBIE C ¥ pebpaMu IHUKJIA, — €0 MopyduTean, 4To nporuBopednT Oc-
HOBHOMY NpaBmiay. PosToMmMy B a060W MOMEHT MBI HMEEM CBSBHBIN ANWKINIECKUH
rpad. Pakoren, ecin B HEKOTOPHIA MOMEHT €Ille €CTh HEWIEHBI KIyba, TO — Belb
rpad G CBA3HBIN — KTO-TO U3 WIEHOB KIAyba MoaXkeH OBITH OTKPHITHIM. Tak 91O
TIpoliecc MPOJOAKAETCA MO TeX TOP, MOKa BCe HEWIeHBl BCTYNIAT B Kay6. U B aTOT
MOMEHT Kay6 3ajaeT [TepeBo, comepxkallee Bce BepmnHbl (7, — ocToBHOE mepeso (.

Uz Uus

Ui Ug

uo us

us Ug

Uyg uz

Puc. 1. PpumeHerne 0CHOBHOIO IPABIIa IPHBOJUT K OCTOBHOMY JePEBY (BBIIEJICHO
sKHpHBIM). HHIEKCH YKa3bIBAIOT Ha MOPAJOK BCTYIJIEHUA B KAY0
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Popsagox Berymaeruns B kay6 3amaeT MOMeYeHHOE EPEBO: KAXK,IOU BEPIITHE TIPH-
nrcano wucao oT 0 1o n — 1 Tak, 9YTO Ha MyTH OT OCHOBATENsA 10 JIOHGOTO UIeHA
MIOMETKM UAYT B BO3PACTAIOUIEM TOPAIKE.

Caepnyroniue 1Ba ITpaBmia OCHOBAHBEI HAa MOHATHHU cmapuwurcmea. Ecan w BCTymma
B Kay0 paHbllle, 9eM v, TO U cmapue v (a v MIAIIIE ).

I[TPABUJIO CTAPUWIMHCTBA. [lopyuumedem npu 6cmyniequu 6 kayb svibupaiom
cmapetiwe2o Ha JaHHBIT MOMEHM OMEPHINOZO UACHA.

Poaydaemoe ocTOBHOe NepeBO Ha3bLIBaeTCA JAepeBOM TONCKA B IMIMPUHY, pHC. 2.

U2 Us Ug U3
} |

U1 Ug U1 _ Ju2
Uo Ug Uo v v Us

us uz L] N U7

Uy ug Uy T Us
Puc. 2. PpumeHneHue npaBuia cTap- Puc. 3. Ppumenenne npasuia muaj-
HINHCTBa IIPHBOJHUT K [E€PEBY IMOHCKA HINHCTBa NPHBOJAUT K [EPEBY IMOHCKA
B IIHPHHY (BBLAEJIEHO KHPHBIM) B IIyGHHY (BBILIEJEHO KHPHBIM)

[TPABUJIO MJIAAMIUHCTBA. [lopyuumesem npu ecmynieruu 6 kayb svibupaiom
CaAMO20 MAQOULE20 HA JAHHBIT MOMEH OMKPHIMOZ0 YAEHA.

Poaydaemoe ocTOBHOE epeBO HasBIBaeTCA jepeBoM momcka B raybuny (DFS).
Pa puc. 3 m3o6paxeno DFS ¢ gomoaHuTeabHON CTPYKTYPOU CHJIBHO CBA3HOW OPH-
eararmu. Pebpa 5Toro gepeBa OpHEHTHPOBAHBI OT CTAPIIETO WieHAa K MJIAJIIEMY.
Ocraabhble pebpa OpUEHTHPOBAHLI OT MJAIIErO ieHa K cTapiaeMy. Jwobol rpad
6e3 MOCTOB MOXHO CHJIBHO CBAZHO OPHEHTUPOBATH, TOCTPOUB AEPEBO MOUCKA B TJIy-
O6WHY ¥ 3a71aB OPUEHTAINIO KaK CKa3aHO BBIIIE.

PekoTopblie aaropuTMBI IPUMEHAIOTCA K CEMAM, T. €. TaKUM rpadam, Kax oMy
pebpy € KOTOPHIX NpHUIHCaH HeoTpHUATelbHEI Bec f(e) (aamua pebpa). Kparuafi-
I TYyTHh U3 BEPIIUHBI ¥ B BEPIIUHY ¥ — HTO MyTh ¢ HAUMEHBIIEH CYMMOW BECOB
BXOJAIMX B HErO pebep (Mo CpPaBHEHWIO ¢ OCTAMBHBIMH TyTAME). TTo6H chopmy-
JUPOBATH CAeAYIoIee MPABIIO, 6YAeM CINTATh, 9TO KaX B WIEeH TIaTHT BCTYIH-
TeJBHBIN B3HOC, PABHBIN Becy pebpa oT 3TOro wWwieHa 10 ero nopyunTens. Obpatute
BHUMAaHWEe, 9TO BEIUYHHA BCTYMUTEIHLHOTO B3HOCA MOXKET 3aBHCETH OT BBIGOpa TO-
DPyYHTES.

[TEPBOE YKAJTHOE NMPABUJIO. B kayb ecmynaem mom, Y K020 6EAUNURA 6CINYNU-
MEALHO20 63HOCA HA JanHbIt MOMERM A6aremes Haumenbwed. ([Topyuumenem cma-
HOBUMCA, ECTNECINBEHHO, MOM, KMO MY 6E€AUNUHY 0BECNENUBAEM.)

Poay4gaemoe TaknMm o6pazoM JepeBo 1 HasbIBaeTcA KpaTdaillllell CBA3LIBAIOIIEH
cetpto (MT), em. puc. 4. Erosec —o710 ) _ 1 f(e). ZKagnoe nmpasmio — mpocTefmmi
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uy 8 u7
14
4 10 12 20
Ug 13 ug
15 4
- 9
o 18 | 133 1o
1
5 Uy U4
10 4 9 17
6

Us usz

Puc. 4. PpumeHeHnne 1mepBOro KaJHOT'O MpaBU/a NPHBOJUT K OCTOBHOMY [€PEBY
HaHMeHBIIeI'0 CYMMapHOI'O BeCa

cnoco6 omucaTh aIropuTM PpuMa 118 MOCTpOeHNs OCTOBHOTO fepeBa HaUMEHBIIEr 0
Beca. [lokazaTeabcTBo TOro, 9To T B camoMm feide spadetca MT, ects B [3] man [B].

Pame 3akIi0quTeILHOE TTPABHIAO OMHCHIBAET TOCTPOEHNE OCTOBHOT'O MEDEBa, 3a-
JaloIero KpaTdallie My TH U3 KOPHA B A06y10 APYTyIo BepmmHy. YTo6h ero cdop-
MYyJIUPOBATE, MPETIONOKIM, 9TO KaK bl HOBLIU WIEH He TOMbKO JOMKEH 3aIlIaTHTh
BCTYIUTEJIBHBI B3HOC, HO M BEDHYTH CBOEMY MODYIHTEM0 BCIO CYyMMY, KOTOPYIO TOT
3aIIATUI IPH BCTYILIEHHN B KAy6. PosToMy ofmas cyMMa, BBIILIAMMBaeMas HOBBIM
“JIEHOM, PaBHa CyMMe BecoB pebep Ha My TH (e IMHCTBEHHOM) OT OCHOBATEJA 10 3TOTO
HOBoOTO “ieHa. Kak m paHblle, BeIMYIHHA BHIIAATHI 3aBUCHT OT BBIGOPA MOPYIHTES.

BTOPOE KATHOE TPABHUJO. B kay6 ecmynaem mom, xomy npurodumesa nad-
mump menvuie ce2o Ha dannviti momenm. (Ilopyuumenen evibupaemes, ecmecmeen-
HO, MOM, KMo MaKoli niamexc obecnewusaem.)

Bropoe xkagroe mpaBmio — 5To HAI cocod chopMyanpoBaTh aaroputm Jnikc-
TPHI TIOCTPOEHNST OCTOBHOTO JlepeBa KPATYIANIINX Oy Tel, CM. puc. b.
Bce 5T aaropuTMBI MOXKHO MPUMEHATH W K OpUEeHTHPOBAHHBIM T'padaMm, cauTad

uy (4) 8 uq (12)
14 .
4 10 12 20
u7 (14) 13 ug (23)
15 4
Uo 7 J 13 ug (26)
18 ©o13
1
s (14) ua (13)
10 S 2 17
6
Ua (E)) us (11)

Puc. 5. Ppumenenne BTOpOro XKaJHOI'O ONPABHUIA HPUBOJUT K OCTOBHOMY JIEPEBY C
KpaTYalIiIMu Iy TAMH OT KOPHA [ JI06OH BepUIHHbL. (B cKoGKax yKa3aHbl IIATEKH
IpH BCTYILICHIH. )
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YTO OPHEHTHPOBAHHOE PECPO (U, ¥) TO3BOMAET ¢ OBITH MOPYINTENEM v, HO He HA050-
pot. [Ipyrue aaropuT™bl Ha Tpadax TakkKe MOXKHO OOBACHATHL Ha A3BIKe KIYOOB I
wiaenoB. B gacTHocTHu, aaroputm Popaa-PaskepconHa MOCTpOeHN MAKCUMAJILHOT O
HOTOKa (MM MUHIMAJIBLHOTO paspe3a), PABHO KaK W allOPHTM MOCTPOEHUA MaKCH-
MaJIbLHOI'O B3BEIIEHHOT'O MapocodeTaHUudA, HCHOAB3YyeT MOCTPOEHHNE OCTOBHBIX JAepe-
BbeB KaK 4acTh o6LIell npoueiypbl, cM. [3, 5]. PpocToil cnoco6 onucanus ajroput-
MOB MTOCTPOEHNA OCTOBHBIX [EPEBBLEB C HYKHBIMI CBOHNCTBAMH 06JerdaeT TOHNMAHIE
TuX, 60Jee CIOKHBIX, AATOPUTMOB. MBI HameeMcsA, 9TO HAIN YUTATENN C PANOCTHIO
BCTYIAT B KAy6 Tex, KTO 3HaeT U yMeeT HCIOAb30BaTh aJlrOPUTMBI TeOopuH I'padoB.
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I136pannble 3a1a9m MaTeMaTITIeCKITX
copeBHoBaHn 1998 roga B Mockse

B. O. Byraenko

Mer BeIOpadn 3agadu, KOTOphIe, Ha HAI B3NJA, ABIAIOTCA HANGOJEE CIOKHBIMA
win uaTepecHbiMi. K HUM MpUBeeHbI TIOMHBIE PEIIeHUs, a K HEKOTOPBIM — HECKOThb-
KO Pa3AUTHBIX pellleHnll. B mocaegueM ciaytdae Mbl CTAPATUCh, ITOOHI TEPBOE pEIleHe
6BLI0 Gogiee MKOABHBIM — TaKWM, KaKoe, CKOpee BCero, NPIAYMaeT YIaCTHUK OJUM-
MHAJBL, & IPYTHe PelleHnA MOKa3kIBAIN 3ajady ¢ 6ogaee o6Iell TOUKN 3PEeHUs, HHOT 1A
TayKe BBIXOJA 38 PAMKH MIKOJBHOW MPOTPAMMEL.

Ppu moaroToBke 5TOU cTaThU MHOTHE JIONH MOMOTAMNA COBETAMH U TIPENOCTa-
BIEHHBIME MaTepuajgamu. PTo B mepByto odepens: C. C. Aumcos, M. P. Bsawn,
A. A. Kaneap-Pemos, JI. P. Meguukos, M. FO. Panos, A. B. lllanoBagos, I'. P. Yea-

HOKOB.

YCJIOBUA 3ATAY

1. (LXI Mockosckas mamemamuueckas oaumnuada, 9 ka.)
Pa orpeske [0, 1] oTMedeHO HECKOJIBKO Pa3dU¥HBLIX TOoUeK. Ppu >TOM Kakjgas OT-
MedeHHAA TOYKA PACIONOKeHa AOO POBHO TOCEpeNHe MeXKAy ABYMA APDYTUMHU OT-
MeYeHHBIMI TOYKaMN (He 06A3aTelbHO COCENHNMH C HEl), NGO POBHO TMOCEPEIHHE
MeXK Iy OTMeYEeHHOW TOYKOW W KOHIIOM OTpeska. /[oKakmuTe, ITO BCe OTMedYeHHBIE
TOYKH PAlAOHAJIBHHI. B. IIpouzsoaos

2. (LXI Mockoscran mamemamuueckas oaumnuada, 10 xa.; Jesamuadyamoid
Typrup opodos, eecennutt myp, 10-11 ka.)
KsagpaT co croponon | paspesanqu Ha TPAMOYTOJbHUKH, Y KaXJOTO M3 KOTOPBIX
OTMeTHUIN OAHY cTopoHy. /lokaxnTe, 9TO CyMMa JJINH BCEX OTMeUYeHHBIX CTOPOH He
MOXeT ObIThH MeHblie 1. B. Illpouzeonos

3. (LXI Mockosckaa mamemamuueckas oaumnuada, 10 xa.)
Jlopora mpoTAKEHHOCTHIO | KM TOJHOCTBIO OCBelleHa (POHAPAMH, TIPUYeM KaXK IBIT
doraphb oceelaeT oTpe3ok goporu aamaon 1 M. Kakoe Hanbodbiiee KoamdecTBO Ho-
Hapel MOXeT OBITH Ha JOPOTe, eCJAU M3BECTHO, YTO TMOCTE BHIKIIOYEHNA JI060r0 (ho-
Haps gopora OymeT OCBelleHa yiKe He TMOTHOCTHIO? C. Aecees

4. (LXI Mocrosckas mamemamuveckas oaumnuada, 10 x.a.)
P a moa momoxuan npaBuibHBIN Tpeyroabaunk A BC', BEIMMIeHHBIN 13 (paHepbl. B moa
BOWIW TPW TBO3 1 (II0 OJTHOMY BINIOTHYIO K KaX 01 CTOPOHE TPEYTOAbHUKA) TaK, 9TO
TPeYTOJBHIK HEBO3MOXKHO TIOBEPHYTH, He OTPHIBAas OT moga. PepBbIll I'BO3Ab [eJUT
cropory AB B oTHomennn 1 : 3, cauras oT BepmnHbl A, BTOpon geanT cropony BC'
B oTHoIeHnn 2 : 1, canras oT Bepinmasl B. B kakom oTHOoIennn geant cropony AC
TpEeTUuil IBO3 D! A. Hlenw

5. (LXIT Mockosckaa mamemamuueckas oaumnuada, 10-11 ka.)
PatypaabHble gncaa oT 1 10 n paccTaBIAOTCA B PAJ B IPOU3BOILHOM HOPsAAKE (MHCIO
n (puKCHpoBaHo). PaccTaHOBKA HA3BIBAETCA IIOXOM, €CIN B HER MOXKHO OTMeTHTE 10

MaTemaTuyeckoe npocseweHue, cep. 3, Bbin. 3, 1999(214—228)
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wrcen (He 06A3aTeNbHO CTOAIINX TOAPA), HAYIINX B opsAgke yobBanna. OcTalbHbE
PacCTaHOBKH HA3HIBAIOTCA XopomuMu. [JoKa)nTe, ITO KOIMIeCTBO XOPOIINX PAccTa-
HOBOK He TpeBocxoauT 817. A. Kaneas-Ileaos

6. (Jesamuadyamuiti Typrup Fopodos, secennuti myp, 8-9 k.a.)
3a KPYTJIBIM CTOJOM CHASAT [MeCATH YeJOBEK, Hepe KaXkKJbIM — HECKOABKO OPEXOB.
Bcero opexoB — cro. Po ofmemMy currany Kax bl MepegaeT 9acTh CBOUX OPEXOB
cocefly CIpaBa: TMOJOBHHY — €CIH Y Hero OBLTO 9eTHOE YHCAO0 WIW ONUH OPEX ILIIOC
MOMOBUHY OCTATKA — €CIH HeYeTHOE 9UCI0. Takas onepalus IpoAelbiBaeTCS BTOPOR
pas, 3aTeM TPeTHH U Tak fAajee, 1o 6eckoHedHOCTH. [loKaX)nuTe, 9TO Iepe3 HEKOTOPOE
BPEMS y BCEX CTAHET TI0 JeCATH OPEXOB. A. lllanosaaos

7. (Aesamnadyamurii Typrup opodos, secennuii myp, 10-11 xa.)
BuyTpennsas Touxka M BeIykJoro derwipexyroabhuka ABC D TakoBa, 9TO Tpe-
yroapaukn AMB w CMD — pasroGenpennsie (AM = MB, CM = MD) ny
Kaxgoro yroi npu Bepiinde M paBen 120°. [okaxunTte, 9T0 HaugeTcs Touka N Ta-
xad, 970 Tpeyroapankn BNC u DN A — npaBuiabHBIE. . HMlapvieun

8. (Jesamuadyamuiti Typrup Fopodos, eecennutt myp, 10-11 ka.)

a) [[Boe TOKa3BIBAIOT KapTOYHBIN (GoKyc. PepBHIH CHUMAaET MATH KapT U3 KOJOIHI,
cojepxalieil 52 KapTH! (IpeIBapUTEILHO MePeTACOBAHHON KEM-TO U3 3PUTEIEH ), CMO-
TPUT B HUX U TOCJE DTOTO BHIKJIAILIBAET UX B PSJ CIeBa HAMPABO, MPUYEM OIHY I3
KapT KaaaeT pyOalikoil BBEPX, a OCTalbHble — KapTHHKON BBepX. BTOpON yYacTHHK
dokyca oTragpBaeT 3aKPHITYIO KapTy. [lokaxnTe, 970 OHI MOT'YT TaK JOTOBOPHTH-
Cs, ITO BTOPOH Bcerga 6yaeT yramuBaTh KapTy.

6) Bropoil $poKyc oTanYIaeTcs OT NEPBOTO TEM, ITO MEPBHIH YIaCTHIHK BHIKIAIBIBAET
cieBa HaIPaBO YeTHIPE KapThl KAPTHUHKOW BBEDX, a OAHY He BHIKJAambiBaeT. MoryT
JU B 3TOM CJIy¥ae YIacTHUKE (POKYyca TaK [OTOBOPUTHCS, YTOORI BTOPOU BCeraa yra-

IBIBAJ HEBBLIOKEHHYIO KapTy?! I'. F'aavnepun
9. (Typrup um. Jomonocosa, 8-11 ka.)
{ay, as, ..., a,} — HABOD LEABIX NOMOKUTEILHBIX duced. CTPOUM HOBLIE HAOOD YUCel
{bo, b1, b2, ...} mo caegyiomemy npasuay: by — KOIMUECTBO YHCET UCXOIHOI O HAbODA,
xoTopeie Goabliie 0, b1 — KoamdecTBO HmCen nCXoaHOTO HAbOpa, KOTOPhie Goablie 1,
by — xoamdecTBO umCcen MCXONHOTO Habopa, KOTOphle GOfblle 2, W T. A., TOKA He
monayT Hyan. JlokaxkuTe, ITO cyMMa BCEX WHCeJa MCXOAHOTO Habopa paBHAa CyMMe
BCeX 4HCeal HOBOTO Habopa. doavraop

10. (Jsaduyamuiti Typrup Iopodos, ocennuti myp, 8-9 ka.)
Matika pazGorHNKOB 0TOOpAa ¥ KyIIa MeIOK MOHeT. Kax 1asg MOHETa CTOUT IET0e
«ucao rporirei. OKazansock, 9T0 KaKyio 6Bl MOHETY HU OTJIOKNTH, OCTABIITHECS MOHETHI
MOXKHO Paz3JAeJiTh MEeXKTY PazboONHNKAMI TaK, YTOOB KaXK TBIH TOLY 9 OJHHAKOBYIO
cyMMy B rpomax. /[loKaxkunuTe, 9TO eCAW OTIOKUTH ONHY MOHETY, TO YHCIO MOHET
pasgenrnTcAa Ha 9UCA0 pa3zbonHUKOB. A. Hlanosasos

11. (Jeadyamuiti Typrup Iopodos, ocennuii myp, 10-11 xa.)
Pynmem Haz®piBaThH «pazMepoM» MPAMOYTOJBHOTO MApAIeNelnIlea CYMMY TPeX €ro
M3MEPEHUN — JUINHBI, IMHPUHBI U BHICOTH. MOXET M1 CIyYIuTHCH, YTO B HEKOTOPOM
MPAMOYTOJBHOM TapaJlIefenunese TOMECTUTCA GOMBIINNA 1O Pa3MeEPy IPAMOYT Olb-
HBIA TTapaJieJenues ! A. IlTeno

12. (Jeadyamuiti Typrup Iopodos, ocennuii myp, 10-11 xa.)
Nana dynxuus f(z) = (22 + az + b)/(2? + cx + d), rae Tpexunennt z? + ar + b u
2% 4 cx 4 d He mMeI0T o6IIX KopHel. JoKaXnuTe, 9TO cleJyIONMIe IBa yTBEePXK JeHIA
PaBHOCWIBHBL:

1) HafigeTca 9ncaoBON HHTEpBaa, CBOGOTHBIN OT 3HAYEHUN PYHKINI;
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2) f(x) npexcrasuma B Buge: f(z) = fi(f2(. .. fac1(fn(2))...)), Dae kaxgas u3

byukunit f;(x) ecth bynxus oqnoro uz Buos: kix+b;, r71 x?. A. Kaneaw-Ileaos

PENIEHUA 3ATAY

1. Mul npuBefieM TpU pellleHus 5>Toll 3aja4uu. PepBoe 6ygeT YUCTO «(IKOALHLIMY 1
He noTpebyeT HUKAKMX 3HAHWN, BLIXOJAIINX 3a paMKH MIKOALHON mporpaMMbl. [Iid
HOHUMAaHUA BTOPOI'O pellleHus Heo6X0 UMO 3HaHUEe TeOPUU CUCTEM JUHEHHLIX ypaB-
HeHull, a TpeThbe TpebyeT 3HAHUA OCHOB JMHEHHON ajJreGphl.

[IEPBOE PEMEHNE. Q603HaYNM KOOP JUHATHL KOHI[OB OTPe3Ka I OTMETIeHHEIX TO-
YeK depes Xy, X1, ..., Tnt1 (0 = 29 < 21 < -+ < ®py1 = 1). Ycaopue 3ajgadn
O3HaYaeT BLIMOJHEHNE 7 PABEHCTB B

1 .
xi:5(ai—|—bi) (i=1,2,...,n),
rfe KaXJBl M3 CHMBOJOB ¢; U b; o3HadaeT Kakoe-To m3 4mcel z; (j = 0, 1,

.y n+ 1), mpu sToMm a; < @; < b;.

Bo Bce mpaBBle 9acTH 3THX PaBeHCTB, B KOTOPBIX IIPHCYTCTBYET 1, ITOACTABAM
ero 3HadeHne W3 MepPBOTO PABEHCTBA. POoMy<nM HOBBIN HAGOp PABEHCTB (C TEMH XKe
JeBBHIMH TaCTAMH, 9TO U B CTAPOM), NPaBble TaCTH KOTOPBIX YK€ He COmepkKaT 1.
Eciu npm 3ToM B IIpaBoll 9acTH BTOPOr'O paBeHCTBa MOABUTCA “IeH BHIA &z, TO
MepeHeceM ero B JIEBYIO TacTh U pazjennM obe dacTh Ha 1 — o (HMXKe MBI TOKaKeM,
910 o 7 1). 3aTeM Bo Bce MpaBhle YacTH, COMEPKAIINE g, TONCTABAM €10 3HAYEHNE
U3 BTOPOTO DABEHCTBA (OBITH MOXKET, y2Ke U3BMEHEHHOTO MOCJIe TIePBOi IO ICTAHOBKH ).
Tanee To Xe mponeraeM NI T3 U T. 1.

B 110601 MOMEHT KaxK o€ paBeHCTBO 6yneT HMeTh BH]

r; = apg + @121+ -+ Qp&y + Qpp1Zpg, (*)

rie Bce koddpdunuenTs «; (j = 0,1,...,n + 1) panuoHaJIbHEl, HEOTPUIATEILHLL I
He PaBHBI HYJK OJHOBPeMeHHO. [leACTBUTENBHO, NI MCXOMHOTO Habopa 3TO BEPHO.
Jlenas odepeHYIO TOACTAHOBKY M3 j-T'O yPaBHEHHUA, MBI 3aMeHAeM Ko3bQuImenT o;
Ha 0, a 060l Apyroll KospdUIneHT oy Ha oy + Ao, Tae A — Ko3DPUINeHT Ipn T
B j-M ypaBHeHHH. PannoHaJbHOCTE W HEOTPHUIATENIBHOCTH IPH TOM COXPAHSIOTCH,
a HamGOJIBIINNA HOMED HEHYJIEBOTO KOd((UIneHTa He YMEHBIIAETCS, CIEOBATEIBHO,
Bcerja 6oabiie ¢. P pu mepeHoce B feByIO 9acTh WiIeHA (; &; TOJYyIaeM B TPABON YacTH
HOMOKATENBHOE UNCT0. [lefiICTBUTENBHO, BCe £ MOJOKATEILHEL, a Bee KO3 GUINeHTH
«; HEOTPUTATENbHB, IPUYeM TIO KpaHHel Mepe OJWH M3 HUX CTPOTO MOJOXKNTETCH.
SHAYNT, JeBad IacTh TOXKe MONOKNTeNbHA, To3TOMy 1 — a; > 0. Ppn gerennn o6enx
JacTell ypaBHEHNA Ha MOJOKNTeTbHOE PAlloHATbHOE IHCI0 1 —a; Bee lepedncIeHHbIe
CBONCTBA TaKXKe COXPAHAIOTCA.

Ppogenap ykazaHHBIE TTOJACTAHOBKU N1 Pa3, MBI H00beMCs, 9TOOH KOI(DPUIIEH-

TH «; (j = 1,...,n) B IPaBEIX YaCTAX PABEHCTB (%) PaBHAINCh HYIIO, TOUa STH
paBeHCTBa OYAYT UMETh BUJ &; = qoZg + Qpp1&p41. SHAYUT, &; — PAUUOHAILHBIE
qHcIa.

BTOPOE PEIIEHNE. PaccMoTpuM cuCTeMy JIWHENHBIX YPABHEHUI, CBA3BIBAIOIINX
KOOPJMHATH OTMeTYeHHBIX ToUeK. /lokaxeM, 9TO oHA He MOXKeT UMeTh 60Jee OTHOT O

pemenns. Pycts (#),...20) u (#},...2)) — Kakne-To ABa Pa3INYHEIX €€ DEIICHNUA.
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Omupegenum cMeleHue ¢-i ToIku popmyaont d; = |af—af| (i = 1,2, ..., n). Cmeuienne
KOHIIOB OTPE3Ka CIMTAeM PaBHLIM HYJIIO.
Pyctb d > 0 — makcumanabHoe m3 cmemennit. Cpeanr Bcex TOYEK €O CMeIIEHMU-

eM d BeIGepeM camyio mpaByio. OHa JeXUT MOCEpeNUHE MEXKAY KAKUMU-TO [BYMSI
APYTUME OTMEeYeHHBIMI TOYKAMMH, CMEIeHNEe OJHON W3 KOTOPHIX He TIPEBOCXOANT MO
abCcomTHON Beaminue d, a Ipyroi — cTporo Menbilne d. C Apyroi CTOPOHHL, ee CMe-
[IeHTe JOMXKHO PABHATHCA CPETHEMY apU(pPMETHIECKOMY CMEIEHNN 3THX IBYX TOYEK.
PpoTusopeurne.

Ecan xe cucrema JIWHENHBIX YDaBHEHHH C PAUOHAJIBHBIMEU KO3(PPUIMEHTAMT
MMeeT eTUHCTBEHHOE PEIIeHNe, TO OHO BHIpaX)aeTcs o popmyaam Kpamepa wepes ee
KOohQUINEHTE (BO3MOXKHO, TIPEABAPNTENLHO HYKHO OTGPOCHTH 9acTh YpaBHEHHI ),
MO3TOMY ABJSETCA PATHMOHAIBHBIM.

TPETBHE PEWEHUE. Ppegmonsoxum, 9T0 cylecTByeT HaGOp TOUEK, YIOBIETBODS-
oI YCAOBUIO 3aa4h, CONEPKAIINN HPPAMNOHATBLHOE MHCIO (.

PaccmoTpuM anuHelHOe (Hal MHOXECTBOM DAlHOHAIBHBIX GHCEd) OTOOGPakKeHNE
MHOXECTBA JAeUCTBUTEIbHBIX Wcel B cefs, OCTABIAOINIEE HA MeCTe BCe PAIMOHAIB-
HBlE YHCJIa W HEPEBOJSAIIEe « B 4UHCIO, Goablree | mim Menbimee (. Ppumenun sTo
oToOpaKeHme K MHOXECTBY OTMEYEHHBIX TOYEK, TOJYIUM HOBHIN HAGOD, V/IOBIETBO-
PAIOIIUE YCAOBUAM 3aadu U cogepxkaiuii Touku e orpeska [0, 1]. Oanako, sTo
HEBO3MOXKHO, TaK KaK KDalHAA W3 dTHX To4eK (Hambolee yIaleHHAA OT KOHIOB OT-
pe3Ka) He MOXKET JeXKaTh MOCePeIHHe MeX Ty ABYMSA ADYTHMIL.

2. IIEPBOE PEIIEHUE. Tak Kak AIWHBI CTOPOH TOJYIUBIINXCA TPAMOYT OTHHUKOB
HE MPEBOCXOMAT 1, TO MIoMIalh KaXkJOTO M3 HUX HE MPEBOCXONUT JJIUHBI MEHBIIEH
CTOPOHBI. 3HAYNT, CYMMa JJINH OTMEYeHHBIX CTOPOH MPAMOYTOJBHUKOB HE MEHBIIE
CYMMBI UX IO e, T.e. 1.

BTOPOE PEIIEHUE. PpoBeneM nBe MpAMBIe, COMepKAIIe CMeXHBIe CTOPOHBI KBa-
apata. CrnpoenupyeM Kax IbIU MPAMOYTOJBHIK HA TY U3 MPOBEJEHHBIX MPAMBIX, KO-
TOPOH MapaJjuieJbHA €r0 OTMedeHHas CTOpoHa. Eciin mMpoeKInn MoqHOCTBIO MOKPHLIN
OJHY W3 CTOPOH KBafgpaTa, TO YXKe CyMMa MapalIelbHBIX €l OTMEYEHHBIX CTOPOH
6oabine 1. Ecan xe Ha IBYX cTOpOHaX KBajpaTa eCTh MO KpalHEH Mepe Mo TOYKe, He
MOKPBITON MPOEKIUAMHI TIPAMOYT OJIBHIKOB, TO CYIMIECTBYET TOYKa BHYTPH KBaapa-
Ta, TPOEKNNH KOTOPOI Ha CTOPOHBI HE MOKPBITHL. TeM caMbIM, OHA HE COMEPKHUTCA
HH B OJHOM MPAMOYTOJBHUKE. PTO HPOTUBOPEYUT YCJIOBUIO, 3HAYUT HTOT CIyYal
HEBO3MOXEH.

3. OTBET: 1998 donaped.

Pygem caurarh, 9T0 QoHAPU CTOAT B CepeJWHAX OCBEIIAEMBIX HMH OTPE3KOB.
Pponymepyem donapu B mopAgke WX cAefoBaHuA BAOJIL noporu. Torga oTpesxmn,
ocpemaeMeie k-M u (k + 2)-M (GoHapAMN He MepeceKatoTcsa (Tak KaK B NPOTHBHOM
ciaydae npu BeIkIod9eHnn (k + 1)-ro (orapa ocellieHHas 06GIACTh He H3MEHUIACH
6bI). 3HAYAT, CyMMa [IJIHH OTPE3KOB, OCBEIIEHHEIX (DOHAPAMN C HEYETHBIME HOMe-
pamu, MeHBIIe [JIMHBL JOPOTH, CJAeJOBATEIBLHO, NX KOJAMYIeCTBO He TpeBocxoaunT 999.
Anagoruvno, (poHAPEN ¢ Y€ THHIME HOMepaMu Takxke He Goablre 999. Posromy Beero
donapent we Goabie 1998.

C apyrou crtoponsl, 1998 donapein 66ITh MoxkeT. Panpumep, mycTh mepBBHIU 1
nocae AHUN (HOHAPH CTOAT HAa PACCTOAHUN MOAMETPa OT KOHIIOB JOPOTH, a OCTAThb-
Hble PACIONOKEHBI PABHOMEPHO B[OMbL NOPOTH. Ppu 5TOM paccTodHme Mexay co-

999
cemHUMU (HOHAPAMU PaBHO Tog7 M UTO 6oJIbIlle, WeM TOJMETpA. SHAYUT, o0OIacTH,
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ocpelaeMeie -M 1 (i 4 2)-M QoHAPAMHE, HE MEPECEKAIOTCA. 3a30p MEKAY 3THMHI 00aa-
CTAMME OCBelllaeTcss TOAbKO (i + 1)-M poHapeM. PosToMy TpH BHIKIIOYEHHH JHO60TO
doHaApA MOABATCA HEOCBEIIEHHBIE YIAaCTKN JOPOTH.

4. PaiieM mpex e BCero yCJaoBHe TOTO, ITO BOUTHIA B TouKe M Ha CTOpPOHE Tpe-
YT OABHIUKA TBO3 /b (MEIIaeTy MOBEPHYTH STOT TPEYTOIBHUK BOKPYT HEKOTOPON BHY-
Tpenteln Toukn O. PpoBeneM oKpyKHOCTE ¢ IeHTPOM B (| IPOXOAAIIYIO €PE3 TOUKY
M. PycTh 3Ta OKPYKHOCTH TlepeceKaeT CTOPOHY TPEYTOAbHUKA TaK, YTO NBUTASACH
O OKPY2KHOCTH TI0 aCOBOU CTPENKe OT TOYKH M , MBI MONafaeM BHYTPB TPEYT OJlb-
HrKa (puc. 1 a). Torga npn moBopoTe Ha MaJeHBKHH YT O IPOTHB YacOBOH CTPEIKH,

/)\ /)\ /)\ A%\W WZ
A A
M M M M, M,

a) 6) B) a) 6)

Puc. 1. Puc. 2.

B TOYKY, IPOOHTYIO T'BO3JEM, MOMajaeT HEKOTOpad BHYTPEHHAA TOYKa TPeyTOdb-
Huka. PTo o3HadaeT, 9TO TBO3ML MPENATCTBYET TaKOMy IIOBOPOTY TpPeyTOJbHUKA.
PoBepHyTh e ero Ha MaJeHBKHH YroJ IO 9acoBOU CTPeqKe BTOT I'BO3jb HE Mella-
er. Ecam xe gBHTadch MO OKPYKHOCTH MO YacOBOH CTpENKe, MHI MOMagaeM Hapy Ky
TpeyroabHuKa (puc. 1 6), To TPeyroAbHUK MOXHO HOBEPHYTEH BOKPYT Toukn O mpo-
THB 9acOBOM CTPEIKH, HO Helb3sA B 0OpaTHYIO cTOpOHY. PakoHel, ecan IpoBejeHHas
OKPYKHOCTE KacaeTcss CTOPOHHL B Tokuke M (puc. 1 B), TO MOBEPHYTH TPEYTOIbHHK
BOKpyT Todku () Helb3A HU B KaKyl CTOPOHY.

BoccTaBum nepnenankyasp K cTopoHe Tpeyroabauka B Touke M. Torga mas aro-
6on Toukn (O, Jexalell Ha >TOM MEPNEHAUKYIAPE, TTOBOPOT TPeyToJbHIKa OTHOCH-
TEALHO Hee HeBO3MOXeH. [lIA oCTalbHLIX TOYEK BO3MOXKEH IOBOPOT B OJHY WU B
IPYTylo CTOPOHY B 3aBUCHMOCTH OT TOTO, TI0 KaKylo CTOPOHY OT BOCCTABJIEHHOTO
NepHen AnKyasapa JeXKAT Todka. A mMeHHo, ecam Todka O JeXKUT MO MPaBylo CTOPO-
HY OT TePIeHInKyIApa (eCIn CMOTPETh BHYTPh TPEYTOJBHIKA OT €10 CTOPOHBI), TO
BO3MOKEH TOBOPOT IO 9aCOBON CTPEJKe, a eC/IH MO JeBYI0, TO MPOTHB.

Pycth Teneps Tpu TBozga BO6WTHI B Toukax My, Ms m Mz ma croponax AB,
BC u C'A coorBercTBenno. Ecim Tpu nepnengnkyaapa, BOCCTaBIEHHLIE B 3THX TOY-
Kax K CTOpPOHAM TPeyroJbHHKA, HE IEepPeceKaloTCA B ONHOM TOYKE, TO CPEJHM da-
CTell, Ha KOTOPBIE OHN pa3zbHBaiOT MPOCTPAHCTBO, NMEETCA TPeyTOMbHEK, JEXKAITH
CTPOTO BHYTPH [AaHHOTO TpeyrodbHuKa. Kaxpgad TOYKa BHYTPH >TOTO TPeyTOdb-
HUKa JeXHUT IO OAHY CTOPOHY OT BCEX TpeX MepIeHIUKYJIApPOB: JUOGO0 IO JEBYIO
(puc. 2 a), imbo no mpabyo (puc. 2 6). 3HAYNT, B 3TOM CaAydae BO3ZMOXKEH MOBOPOT
TpeyToqbHIKa, 9TO MPOTHBOPEINT ycaoBmio 3agaqdu. CiaenoBaTelbHO, TPU BOCCTa-
BJEHHBIX TIEPIEHANKY/IApa MepeceKaloTca B OAHON Tovdke. B 5ToMm caydae mas Tod-
KU, B3ATON B JIIOOON M3 MIECTH 06JaCTel, Ha KOTOPHIE TTEPIEeHINKYIAPHl AeIAT Tpe-
yTOJBHUK, MOBOPOTY BOKPYT Hee B KaXKOM HAaMpaBIeHNU MPENATCTBYET KaKOU-TO
TBO3b.
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002
j\{g
My
3
As B
M
A /\1 M1 BZ B
Puc. 3.

[llokaxem, 9TO ecau paccMaTpUBaeMble HEPHEHIUKYIAPHI MePeceKaloTca B O/
HOHU TOYKE, TO

AMy + BMs + C Mz = M1 B + M>yC + M3A.

Pposegem mis 5Toro mpsiMble, MapajieJbHBIE CTOPOHAM TPEYTOJBHUKA, 9€Pe3 TOU-
Ky M mepeceveHuss mepHeHANKYIAPoB. TOYKH TMepecevdeHns 3TUX MPAMBIX CO CTO-
poHamu TpeyrodbHuKa obozuadum Ai, As, By, By, C1, Cy, xak Ha puc. 3. Torga
AiMy = My Bs, BiMy = M>Cs, C1Ms = MzAs, TOCKOABLKY BBICOTHI PaBHOCTO-
ponHuX TpeyroabHukoB A1 M By, BiyMCs n Cy M Ay ABAATOTCA TakKe MeTuaHaMI.
Kpowme Toro, AA; = CyC, BB, = As A, C'Cy = B3 B, xak 60KOBBIE CTOPOHBI PaBHO-
6enpeHHbIX Tpamenui. CkaaTeBasg MIECTh PABEHCTB, MOJAydaeM TpebyeMoe.

MsA 5

M3C — 7

5. C xax ol pacCTAHOBKOW 4mced OT | M0 n CBAXKEM [Be KOHEYHBIE MTOCIEIOBA~
tersnocTn {a;} u {b;} (1 < i,j < n). Onpegeanm a; (Tay6uHy <mcaa i) Kak Hal-
60JIbITIee KOMMYIECTBO YUCEN B PACCTAHOBKE, MIVIIINX B MOPSAKe YORIBAHNA, TIOCIETHEE
I3 KOTOPEIX PaBHO %, a b; (riybmHy MecTa j) kak HamGoJblllee KOINIECTBO UHCET B
paccTaHOBKe, HAYIINX B MOPSAAKe YOBLIBAHWSA, MOCTIETHEE W3 KOTOPHIX CTOUT HAa j-M
MecTe.

3Had mocaeJoBaTeNbHOCTH {a; } 1 {b; }, MBI MOKeM OJHO3HAYHO BOCCTAHOBUTD HC-
XOMHYIO PAcCCTAHOBKY. JleMcTBUTENBHO, HAa KaXK [0€ MECTO MOXKHO MOCTABUTH TOJIBKO
MHCT0, UMEIOIee Ty XKe TUIYOMHY, 9TO W 5TO MecTo. PaccTaBuTh Ke Wuciaa NaHHON
TIyOUHBI TI0 MECTAM DTON ¥kKe TWIyOHHBI MOXKHO € IMHCTBEHHBIM CITOCOHOM — B TIOPSIKE
BO3paCTaHusA, MHAYE MBI TPUAEM K MPOTHBOPEYNIO C ONpe/eJeHneM TIyOmHH.

1 XOpOIIell paccTaHOBKN Bce IeMeHTEHI [OocIef0oBaTelIbHOCTeR {a; } 1 {b;} Mo-
IyT OpuHAMATE 3HaveHnsa oT 1 10 9. Takux map mociaeqoBaTeIbHOCTER BCETO MMEETCsA
(97)? = 81™. Ppu 5ToM Kax1ad U3 HUX MOKET COOTBETCTBOBATH He Godee, 4eM oHOl
paccranoBKke. Po3ToMy XopoImx paccTaHOBOK He GOJBIIIE.

Omcroga moayvdaemM

6. [IEPBOE PEMEHUE. OGo3naduM depe3 N MaKCHMAJIbHOE KOMMYIECTBO OPEXOB,
HMEIOIINXCST B JaHHBI MOMEHT Yy OHOT'O dejoBeka. Pepekina TbIBAaHUSA OPEXOB MIPUBO-
aaT K naMenenwio N. Ppocaeanm 3a >TumMu maMeHenuamu. /Jlokaxem cHadama, 91o N
HE MOXET BO3PACTH TOC/Ee TepeKJIaIbiBannd opexoB. [leficTBuTenbHo, ecin N HeTHO,
TO KaXKABI 4eloBeK ocTaBisgeT cebe He Gojee N/2 opexoB, a moaydaerT TakkKe He
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6oaee N/2 opexoB, a ecin N HeHeTHO, TO KakK bl YeJ0BEK ocTaBigeT cebe He Golee
(N —1)/2 opexoB, a noaygaet ue 6oree (N + 1)/2 opexos.

Ppeamoaoxum, aro N > 10. Torga cymiecTByeT wWeaoBek, mMmerommnii Menbire 10
OpexoB (B MPOTHBHOM ciiydae oblijee KOJIHIECTBO OpeXoB OblI0 OBl Goabire 100).

[lokaxem, 9T0 TOCHe KAKOTO-TO KOJUIECTBA HePeKIaAbBAHNN N YMEHBIIATCA.
W3 sToTO0 cpasy caeayeT yTBepXKIeHNe 3aMath, TTOCKOIBKY B atoboM cayaae N > 10.
PaccmoTpum cepuio mepekaagpiBaHui, 0pu KoTopo N He MeHseTca. YTobwl caeaaTn
aHaJN3 HATJIATHBIM, TPEJIOJOKIM, ITO KaXK IbIH 9el0BeK AePKUT (PAaKOK: CHHUH,
ecan y Hero N opexoB, 6eabiit — ecan (N —1) opex, KpacHBIH — B OCTAIBHBIX CIydasX.
Yemopek, nmeoniuil He 6ojee 9 OpexoB, MOKET AepPKATh TOIBKO KPACHBIN (PIAKOK.
PosToMy xoTa-6B1 OJWH KPACHBIN (PIa)koK 06A3aTelbHO TPUCYTCTBYeT. PymemM go-
Ka3bIBATh, YTO KOAUIECTBO CHHUX (DJIAKKOB YMEHBIIAETCA, TaK 9TO CEPUA PAHO WIH
O3 HO 3aBepImuTcA. PaccMoTpuM oTaeqbHO oBa caydas.

Hepeeni caygai: N vetHo u N > 12. Cunne duaxku #e n06aBagored (gepxKammi
He CHHUI PJIaKOK OCTaBIAeT y cebs He Goaee (N/2—1), a noay4aet He 6oiee N/2 ope-
XOB) W He JIBUTAIOTCA, T. €. MOCIE 0UePEHOTO ePeKIafBIBAHNA CIHHIE (PIaXkKN Oy Iy T
TOMBKO ¥ TeX, KTO UX AepXKad N0 HnepekianbiBannd. KpacHbie (OJIaKKN « TBUTAIOTCA»
(TOT, KTO CHANT MOC/E 9eT0BeKa ¢ KPACHBIM (PIakKoM, TTodydaeT He Goaee (N/2—2),
a ocTapigeT He Gojdee N/2 opexoB, Tak 9TO MOCie DTON ONepallii OH BO3LMET B PY-
KW KpacHbIH (uaxok). Tak kak xoTa OBl OJNH KPAaCHBIH (PIakoK CYIIECTBYET, TO
KOJIWYECTBO JepXKaIuX cuHue Pprakki 06A3aTelbHO YMEHBIINTCA TOCIe HEKOTOPOTO
KOJIMYeCTBA MIAroB (CHHUN W KPACHBIH (PJIaKOK HEMHHYEMO (CTONKHYTCH? ).

Bropoi cayqai: N nederno. B omamdne oT mepBoro ciaytas, HOBbE CHHEE (DAAKKH
MOTYT MOABIATHCA. V3MEHUM HECKOALKO HpaBuia. P PpemofoknmM, ITo Tepe TeM,
KaK OCYIIeCTBUTH Tepeady OpeXoB, Kaxk bl Tepeal BCIo UMEIOIIYIOcH Y HEro Kydy
cBOEMY cocefy cieBa. flcHo, 9To Takas ollepallis He BAUAET Ha PACTIPe/leJeHIe OPEXOB
MeX Iy JoAbME. P pu 5ToM paccMaTpuBaeMbIl CIyYall CTAHOBUTCA AHAJOTUIHBIM YiKe
pazobpaHHOMY.

BTOPOE PEWEHNE. O6o3na4uM 4epez fi(n) KOAHIeCTBO OPEXOB, KOTOPOE JOJ-
KeH OTJaTh CBOEMY MPAaBOMY COCely, YelOBEK, HMEOIINH 1 OpexoB, a depes f_ (n)
KOJWHYECTBO OPEXOB, KOTOPOE TIPU DTOM OH ocTaBigeT cebe. OUeBUAHO, ITO

s €CJNn N 9€THO, €CJIN N 9€THO,

2 27
n)= _in)y=
=9 7 =4 .7
,  ecaW N HEeYeTHO; 5 CCII 1 HEYETHO.
Pponymepyem mrogeit 3a cToqoM dmcaamMu oT 1 go 10 mpoTuB 9acoBoll cTpenkn
n obozHadnM depes a; = 10 + b; KOIMIecTBO OPeXoB y i-T'0 9eJoBeKa. 3aMeTHM,
10
9TO E b; = 0. PycTp mocie ogHONI olepaluy KOJN9IeCTBO OPEXOB Y i-T'O 9eJoBe-
i=1
ka crajgo a = 10+ b;. Torga merko mojacamTath, 9ro af = f_(a;) + fy(ai—1),
by = f_(bi) + f+(bi—1) (MBI mpenmonaraeM, 9TO HyMepalud Jfofell TPOBeJeHa (IO
Moy 1o 10»; B 9aCTHOCTH, HyJeBOH TeNOBEK CYTh AECATHIN).
10 10
Paccmorpum cymmy S = E |b;| = E |a; — 10| u npocieguM, KaK OHA U3MEHIAETCH

i=1 i=1
OpU KaxK ol onepanunn. Bocmoab3yeMcd U 5TOM HEPABEHCTBOM O MOJYJ/E CYMMBL I
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TeM, 9TO TPH JI060M meaoM n dncaa f_(n) u fi(n) He MOTYT GBITH PAa3HBIX 3HAKOB,
orkyga n = |fr(n)| + |f=(n)]. Jokaxem, 9To Benu+dnHa S He BO3pacTaeT:

10 10
DI =D 1 (b) + fr(bi-1)] <
i=1 i=1

10

< 2Ol + 17+ (bim)D) = D 1= () [+ 3 [F4(bimy)] =

= Z |f=(bi) [+ Z (0] =D (= )+ 1+ )] = D Ibil.

i=1 i=1

JokaxeM Telepb, 9TO €C/ He BCE b; PaBHBL HYTIO, TO S yMEHBIIATCA (OBITH MOKET,
HocTe HeCKOABKNX OTepaliil). Ppexkge Bcero 3aMeTnM, 9TO Cpein b; TOMKHBI GHITH
9rcaa KakK MOJOKNTENIbHBIE, TaK W OTPHIAaTebHEE (B MPOTHBHOM CAyYae HX CyMMa
He MoTJa OBl PABHATHLCA HYJIIO), HHBIMI CIOBaAMMU, €CTh JIOIH, UMeole Goabiiae 10
opexoB, u aoau, uMmeorine Merbie 10 opexoB. Toraa oba3aTenbHO HAWAYTCA TaKue j
u i, 9To a; > 10, aj41 = aj42 = ... = a;—1 = 10 1 a; < 10 (FeficTBUTEILHO, BpeMeH-
HO OTCaJNB BCcex, nMeroInnx mo 10 OpexoB, u MBUTAfACh BOJb CTOMA MPOTHB 9acOBON
CTPENKH, MBI 0683aTeIbHO B KaKOW-TO MOMEHT TepeleM OT YelOBeKa, MMEOIIET O
Goabitie 10 opexoB, K 4emoBeKy, nMemolieMy MeHbie 10 opexos). Pa cregyiomeM mra-
Iy Mbl 6yJeM UMeTb d;41 > 10 (Tax xak (j+ 1)-1 JeqoBex oTal b 0pexoB, a MOLyTHI
6oablle), djq4s = ... = dj—1 = 10 (HOCKOIBKY BCe 5TH JIIOAH OTIAIN U TOLYHIIN IO
5 opexoB) u, mo-npexkHeMy, ¢; < 10 (Tak Kak i-il 4eJ0BeK, OTAaBasg OPEXH, OCTABII
cebe He GOMBIIE YeTHPEX, & TOXYYUH D). SHAYHT, 4epe3 HECKOJIBKO IIATOB OKa)eTCA
a;j—1 > 10, a; < 10, T.e. by > 0, b; < 0. B s1om caydae fy(bi—1) >0m f_(b;) <0,
MO3TOMY HEPABEHCTBO O MOYJE CYMMBI, KOTOPHIM MBI BOCIIOMB30BAJICE, PEBPAIla-
eTCsl B CTPOroe. JHAYNT, BeAIU9INHA S Ha CAENYIOMIEM ATy YMeHbIInTcs. P ocKoabKy
BeJUYNHA S HE MOXET YMEHBIATCA GECKOHEYHO MOATO, B HEKOTOPHIA MOMEHT BCE
JION 3a CTOJOM 6y Ay T mMeTh 1o 10 opexoB.

7. IIEPBOE PEIWIEHUE. Po ycaoButo LZAMB = ZCM D, npuGaBuB Kk o6enmM Ha-
crsim 3Toro paBenctBa LBM O, monydaem LZAMC = ZBM D. Kpome toro, AM =
= BM u CM = DM, nostomy tpeyroasuuku AMC u BM D paBHBI IO IBYM CTO-
ponam m yray mexay Humun. Suadut, AC = BD u LAMAC = ZMBD. Pycts O —
TOYKa [MepecedeHns quaroHamell deToipexyroabauka ABC D (puc. 4 a). W3 paBeHCTBA
LMAO = ZM BO u o6paTHON T€OPEMBI O BOUCAHHOM YTJle CIEIYET, 9TO TOYKH A,
B, O u M nexat Ha o[HOU OKPYKHOCTH, U ciefoBaTeabio, LZAOB = ZAM B = 120°.

PacemoTpum Takyio Touky N (JeXKallyto Mo Ty JKe CTOPOHY OT pAMoil AD, 4To n
geTripexyroabank ABC D), aro Tpeyroabauk ADN pasHocToponHui (puc. 4 6). Co-
eJIMHNM €€ CO BCeMHU BeplmHaMu deTbipexyroabinka ABCD. Pockonbky ZAND =
= 60° = 180°— LAOB = LAOD, uz o6paTHON TEOPEMBI O BIIMCAHHOM yTJ€ CJAeAyeT,
aro Touku A, D, N u O aexat Ha ogHoll okpyxuoctu, 3Hadutr LOAN = ZODN.
CaenoBarenbro, Tpeyroabankn ANC u DN B paBHBI IO IBYM CTOPOHAM I YTy MeXK-
ny aumu. Postomy ZDNB = ZANC, BurauTas u3 of6enx 9acTell 3TONO paBEHCTBA
ZDNC, monydaem LZOUNB = ZAND = 60°. Kpome Toro, CN = BN. PTo o3nauaer,
w10 Tpeyroabuuk C'N B npaBuabhbii. Tovuka N sABAseTCA HCKOMOH.
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D D
C C
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N
A B A B
a) 6)
Puc. 4.

BTOPOE PEIIEHUE. /[loKakeM cHadamga clAefyiolllee yTBepXK AeHUE.

—
JIEMMA. Pyemb nanpasaenmvie ompesku Ay By u A Bs umerom pasuvie daune,
u yeoa mexcdy numu pasen . Tozda ur modcno nepesecmu dpye 6 dpyea NOGOPOMOM
Ha Y204 O 60KpY2 HEKOMOPOU MOUKU.

Pepesenem nanpasiennbiii orpezok A; By B m € TIOMOIIIBIO KOMTIO3UIINN ABYX
oceBbIX cuMMeTpuil. Ochbio TEPBON CHMMETPHH BO3bMEM CEDETMHHBIA TePITeH TUKY IAD
K oTpeaky AiA,, mpum sToMm Touka Ay mepenger B Ao, a By — B HEKOTOPYIO TOUKY
B’. Ock BTOpON cuMMeTpnn — 6uccekTpuca yraa B’ As By, Komnosznnua asyx oce-
BBHIX CHMMETPHI — 3T0 AN60 HapalIeJbHBIN TTePeHOC (€CaN OCH NMapalIedbHbl), TH60
MOBOPOT Ha YroJ « (eCn OCH TepeceKaloTes o yriaoM a/2). B paccMaTpuBaeMoM
ciyvae UpH MPUMEHEHNN KOMIIOZUIINE [BYX OCEBBIX CHMMETDUH HANPABJIEHNE BEKTO-
pa A1 As maMeHHIOCH HA YT OI ), TIOSTOMY 3TO MOT GBITH TOJBKO MMOBOPOT HA YT OJ (.
JlemMma ToKazaHa.

PdaxTrdecKkn MBI OKa3adu, 49TO JA000e COXPAHSAIIIee OPUEHTAINIO JIBUKEHIE
MJIOCKOCTHU SBAAETCA JUOO MapaielbHBIM TePEHOCOM, anb0 MOBOpOTOM. PTo yTBe-
P aenme HasbiBaeTcs Teopemon lags.

Pepeiiem Temephb K [OKa3aTeIbLCTBY YTBEDXK IeHus 3amaqdn. 3 ycaoBus caenyer,
w10 Tpu moBopoTe Ha yroa 120° oTHocuTeabno Touku M BepuimHa A mepexonuT B
B, a (' B D. 3ua¥nT, npu 3TOM MOBOPOTe HaMpaBieHHBIN oTpesok AC mepexoquT B
HAIPABJCHHEIA 0TPe30K BI), O3TOMY UX JUIMHBI PABHBEI, & YIOJI MEKy HUMU PaBeH
120°. 3uaduT, yroa mMexay HanpabieHHbIMEU oTpeskamu AC u DB pasen 60°. Co-
TJIACHO JEMMe, CYIIECTBYeT TOYKa NN, IIPHU MOBOPOTE BOKPYT kKoTopon Ha 60° Touka
A nepeiier B D, a (' 8 B. OHa u ABAgeTCI MCKOMON.

8. a) PATH KapT MOXHO BBUIOKHTE B pasindHoM mopsajike 120 cnocobamu, a Ko-
JAUIECTBO KapT, W3 KOTOPOT'O HYXKHO OTTanaTh 3aKpHITYIO, paBHO 48. PosTomy ama
DellleHns 3a0a<vn JOCTATOYHO HAUTH CIOCO0 3aKOAMPOBATH 3aKPHITYIO KapTy C TO-
MOIIBIO TTOPAIKA BHIKIA TBIBAHIS TATH KapT.

Ppexne Bcero, GoKycHUKN OTOBApUBAKTCSA 00 YHOPATOYEHNN IO KAKOMY-In60
TIPABUIY BCEX KapT KOJOMBI, TTPU DTOM KaKJIad KapTa MOJy9IuT HoMep oT 1 mo 52.
Kpome Toro, oHEm HyMepPYIOT BCe MEPECTAHOBKH W3 MATH 3JIEMEHTOB YHCJAAMHU OT |
mo 120.

P ycThb mepBhIll (POKYCHUK TPOM3BOJIBLHBIM 06pa30M BHIGHPAET OMHY U3 TIATH MOIY-
YeHHBIX KapT (KOTOPYIO OH OCTABUT 3aKPHITOM) 1 HaxonT ee HoMep N. ComocTaBns
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OCTaBIINMCS 9eThipeM KapTaMm nudpbl 1, 2, 3 mw 4 Mo cTapIIMHCTBY, a 3aKPBITON
KapTe — MUdPY 5, OH BHIKITAABIBAET UX B TOPAIKe, COOTBETCTBYIOIIEM TIePECTAHOB-
ke ¢ HoMepoMm N. BTopon BuANT MOPAIOK BHIKJIAIBIBAHNA KapT M MO3TOMY MOXKET
OTrafaTh 3aKPHITYIO KapTy.

6) Ecan geiicTBOBATH TaK JKe, KaK W B IIYHKTE a) — MHITATHCA 3aK0INPOBAThH HO-
Mep 3aKPHITON KapTHI ¢ MOMOIIBIO MTOPSIAKA BHIKJIAIBIBAHNA 9€THIPEX KapT, TO 3TOrO
He TIOJYYUTCA: 3aKPBITON MOXKET OKa3aThcs OfHA 13 48 KapT, a BO3MOXKHBIX CIIOCOG0B
MOCIEeOBATENBHOTO BHIKIA [BIBAHUA 9eTHIpeX KapT Bcero 24. Tem He MeHee, OTBET U B
3TOM cilydae MOMOKUTeAbHBIN. [ 3Toro poKycHIKaM HYKHO HCIOIB30BATE TO, 9TO
BBIGOD OMHOW M3 TMATH KapT, KOTOPYIO HYXKHO OyAeT OTTafbiBATh, TOXKE HAXOUTCH
B UX pYKax.

OngaTe canTaeM, 9TO KapThl B KOJOMAE W MEPECTAHOBKHU N3 YeTHIPDEX 3JIEMEHTOB
MPOHYMEPOBAHBI. PycTh mepBhIl (POKYCHUK MOAYYaeT MATH KapT, HOMEPA KOTOPHIX
paBHBL a1, d2, d3, &4 W as (B TOpsAaKe BospacTaHud). Ecanm as — ag < 24, To oH
OTKJIabIBAET CTAPIIyI0 KapTy (¢ HOMEPOM d5) M BBEIK/JAIBIBAET OCTABIIHECH Y€ThI-
pe B mopAfKe, COOTBETCTBYIOMEM HHCIY ds — d4. LNCIU Xe as — ag > 25, To Torga
as — ay > 28, nmoaroMy 52 + a1 — as < 24. B aToM ciy4ae nepBbiil POKYCHUK OTKJIa-
JBIBaeT MIAJMIYIO KapTy (¢ HOMEPOM a1 ) 1 BBEIK/JIAIbIBAET Y€TBEPKY KapT B MOPAJKE,
COOTBETCTBYIOIIEM YHUCAY B2 + a1 — as.

Teneps BTOpOMY POKYCHUKY, YTOORI Y3HATH HOMED 3aKPBITON KAPTHI, JOCTATOY-
HO K HOMEDY KapThl, CTApIIel B BBLIOKEHHON YeTBepKe, NTPUOABUTEH HOMED BBLIOKEH-
HOW MOCAEOBATENLHOCTH U, €CJIN MOJYYIEHHOe YHCAO 60bIne b2, BEIYecTh H2.

9. PaccMoTpuM cieayiomiyo KOHCTPYKINo. BoazbMeMm Habop KybukoB u Oyjaem
CTPOUTE U3 HHUX «OAllleHKN» — CTOJOUHl BHICOTOH Gy, @3, ..., dy (puc. b). Pocun-
TaeM ABYyMs cOocOGaMu, CKOJbKO KyOMKOB HaM [Jd 3TOro moHamobuTcs. Cunras mo
cTonbIaM, TTIOAYyIaeM, ITO KOANIeCTBO KYOUKOB PaBHO CYMMe HHCeJ TTEPBOT'O Habopa.
Jpyrof cnoco6 mogacdera — 1o ciaoaM. KoandecTBo KyOHKOB B MEPBOM clioe (CTOf-
KX Ha TOJY) PaBHO by = n, B CJAEAYIOUIEM Clloe — by, U T. JI., KOIHIeCTBO KYGHKOB B
t-M cjoe paBHO b;. PosTomy ofiee wmciao KyGHKOB paBHO CyMMe YHCEN BTOPOrO Ha-
6opa. 3HaUYNT, CyMMBI dnces oboux HaGOPOB

coBMafaloT. br__ —
3AMEYAHNE. Poxoxkas KOHCTPYKIHA mc- & (— —

NOJAb3yeTCs NPH BBEJEHNN NMOHATHA HHTETpPa-

Jaa. Y106k MOACINTATE TLIOMIA AL KPUBOJIMHEN- bl

HOW (GUryphl moa rpadukoM QYHKINH (WHTe- 4 a1 a5 0304 05 Qg a7 .. ar

rpai), ee IPHOANKAIOT CTYHEHIATHIME (QPYHK- Puc. 5

nuAMA, rpaduKn KOTOPBIX COCTOAT U3 I'OPH-
30HTAMBHBIX OTPE3KOB. Pjomans GQUIypH MO CTYNeHYaTol PyHKIHeN (HHTerpaib-
HYIO CYMMY) MOXKHO TIOJCIHTATH JBYMs CIOCOGAMI, AHATOTHYHBIME IPHBEICHHBIM B
pellieHnn crocobaM MoAcYeTa Yucaa Kyonkos. Poayvdaemble peiebl NHTETPAIbHBIX
CYMM B OTHX [IBYX CIyYadx Ha3BIBAOTCA unmezpatom Pumana u unmeepaon Jebeea
COOTBETCTBEHHO.

10. MoxHO cMnTaTh, YTO CTONMOCTH MOHET B I'DOIIAX B3amMHO HpocCTHI. [lei-
CTBUTEJLHO, €CIN OHU NMEIOT HaGOMBIINN OOMINT feanTenb d > 1, TO JeHOMUHUDYEM
TPOIII, TPUPABHAB OAuH HOBHIN K d cTaphiM. Toraa Bce ycJaoBusA 3a1a491 MO-TIPEKHEMY
BBITIOJTHEHBI, HO HOBBIE CTOMMOCTH MOHET 6y Iy T B3aMMHO IMPOCTBIMU.
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PycTb n paszbolHNKOB OTHAIN M MOHET Ha OOIIYI0 CyMMY B ¢ rpoirei. Tak Kax
P BBIYUTAHHH W3 ¢ CTOMMOCTH JOOOW MOHETHI HOJYYHM YHCIO, KPATHOE M, TO
CTOMMOCTH BCEX MOHET JalOT TIPHU JeJeHWN Ha N OAWH U TOT XKe ocTaToK r. Tak Kak
CTOMMOCTH M060r0 Habopa m3 m — 1 MOHeTHl geauTcd Ha n, To (m — 1)r geaurcs
Ha n. Kpome Toro, r W n B3aHMHO TPOCTHI, TOCKOJILKY JI0CON WX OGIIUHA [TeJuTeNb
ABJAsETCA OOIIMM JeJUTeNeM CTOUMOCTeR Bcex MoueT. OTciona caenyeT, 910 m — 1
IeJUTCA Ha N.

11. OTBET: He MOXeT.

IIEPBOE PEIIEHUE. PycTh MBI mMeeM TpAMOYTOMBHBIN Napasienenunes P/ je-
KAl BHYTPU NPAMOYTOJBHOTO Mapamietenunena P. Ouennm aByms crmocobamu
cyMMYy | JUIMH OPOEKITHU TpeX B3aUMHO MepHeHAUKYJIAPHBIX pebep mapaliielenurnena
P’ Ha Tpu IPAMBIX, TapalIeJbHEIX pebpaM mapaJieenunena P.

C o/THOW CTOPOHHI, CYMMa ITPOEKINH TPeX B3ANMHO TePIEH INKYIAPHBIX pebep ma-
paitenenunena P’ wa moboe pebpo napadienennmnena P He IPeBOCXOANT JJIUHBI 5TOT'O
pe6pa. [leficTBUTEABHO, TPOEKITHA BHYTPEHHETO Tapajulelenuiiena Ha aoboe pebpo
BHEIIIHET'O €CTh OTPE30K, KOHIIBI KOTOPOT O — HTO HPOEKITHU IBYX TPOTHBOMOJOKHBIX
Bepinme. OT OAHOW W3 HHUX MO APYTOW MOXKHO MPONUTH MO TPEM B3AMMHO MEPIEH [T~
KYJAPHBIM pebpaM. PosToMmy paccMaTpuBaeMas TPOEKINA paBHA CyMMe MPOEKIINH
2TUX Tpex pebep, oHA, OUEBUIHO, He GOJBINEe, YeM JIHHA pebpa, Ha KOTOPOe MBI
MpOEeNupyeM. 3Ha4UnT, [ He MPEBOCXOAUT pa3Mepa mapalienernumena P.

C Ipyrou cTOPOHHI, MIWHA MO60TO OTPE3KA He MPEBOCXOAUT CYMMBI €70 TTPOEK-
UU Ha TPU B3aWMHO NEPHeHNKYIAPHBIX HalpaBieHus. PosToMy paszMep mapadiie-
nermunega P’ me Goabme /.

Wrak, pazmMep BHYTpeHHEro Napajuiejennnena He GoJblle pazMepa BHEITHEr .

BTOPOE PEMIEHUE. CHadaga fOKayKeM, 9TO IJIOMIA Ih MTOBEPXHOCTH BHY TPEHHET O
napaJefenuneja He GoJbIle TUIOMA AN TTOBEPXHOCTH BHEITHero. P puBefieHHOe HIKE
NOKa3aTeThCTBO TOMUTCA A M0G0T0 BHIIYKAOTO MHOTOTDAHHUKA, COAEPKAIIET OCH
BHYTPH JPYTOTO MHOTOTDAHHUKA.

PagereM Ha KaxAyio Tpaib BHYTPEHHET0 MHOTOMpAHHUKA (AnKy». [[lankot Mbi
HazoBeM OOBeMHEHre BCeX JIy€el ¢ BepIIMHAME Ha DPaHU, HepIeH TUKYIAPHBIX el 1
HAPaBIACHHBIX HAPYXKY MHOTOTpaHHuKa. [|pyrumMu cioBaMu, mManka — 5TO MHOKECT-
BO TOYEK, MPOEKITNU KOTOPHIX HA MJIOCKOCTH T'PAaHU JeKAT BHYTPHU T'PAHU U PACIOIO-
JKEHBI IO JAPYTYIO CTOPOHY OT H5TOH MIAOCKOCTH, YeM MHOrOrpaHuuk. U3 BhIMyKI0CTH
MHOTOTPAHHUKA CJAeAyeT, 9T0 Jiobad ToUKa MPOCTPAHCTBA JeXUT He Gojee, deM B
O/THOM ITaIKe.

Kycku moBepXHOCTH BHENTHEr0 MHOT OT'DAHHUKA, TIONABIINE BHYTPh KaX JOU IIaf-
KH, CIpOenupyeM Ha COOTBETCTBYIOIMIYIO IpaHb. VX TIOMmAa s He MeHBIIe TLIOMA T’
STOW Tpal, TaK KaK MPOEKIINH TOKPOIOT BCIO T'Palb, a TIPH MPOEITHPOBAHUN TLIOIIATH
He yBeAUIHBaeTcA. PpocyMMUPOBaB 5TH HepaBEHCTBA Mid BCeX I'paHel BHYTPEH-
HET'0 MHOTOTPAHHUKA, TOJAYYIaeM, 9TO TUIOMANL ero MOBEPXHOCTH HEe MPEBOCXOJANT
ITOIIA N 9aCTH TTOBEPXHOCTH BHEITHENO MHOTOTPAHHHUKA, MOTABIIEH BHYTPh IIATIOK,
KOTOpas, B CBOIO O4YepeNlb, He MPEBOCXOAUT ILIOMAAN BCEH MOBEPXHOCTH BHENTHETO
MHOTOTPAHHUKA.

PycTh mpAMOyToIbHEIN Tapaateaenuie ¢ pebpavu a’, b’ n ¢’ cogepxurca BHy TpH
IPAMOYTOJBHOTO Mapadienenunefa ¢ pebpamu a, b u ¢. Torga coriacuo fokazaHHOMY

2(a'b + ' + b ) < 2(ab+ ac + be).
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Kpome Toro, guamerp (T.e. pacCTOAHIE MEKIY ABYMsA HauGo/ee yIaTeHHBIMI TOY-
KaMi) BHYTPEeHHEr O TTapaJuleleie a He TPEeBOCXOAUT THaMeTpa BHelHero. InaMe-
TPOM TIPAMOYTOJBHOI'O MapaJieeIuena ABAACTCA NJINHA ero AuaroHadn, Mo3ToOMY,
CpaBHUBAs KBaAPATH ANATOHAJEH, TMEEM

a/2—|—b/2—|—6/2<02+b2+62.
CroXuB 3TN 1Ba HEPABEHCTBA, MOJYIAEM
(@ +0 4+ < (a+b+c)?.
3uaunt, @’ +b' + <a+b+ec.
TPETBHE PEIIEHUE. PazoBeMm e-okpecmuocmovio ourypul F durypy F., cocTos-
Y0 W3 TOYEK, OTCTOAMINX HA PACCTOAHUE He GOJbINe € OT XOTsA OBl OTHOW TOYKH
durypst F (B wactHocTH, Fy = F). Jloo6aa Touka M u3 e-okpecTHOCTH P; MHODO-

I'PaHHUKA P umeer OIWH U3 CHCOYIOINX YeThIpeX THUIIOB B 3aBHCHMOCTH OT TOI'O,
KaKoe U3 CJeqyIOoImX yCJIOBI/Iﬁ BLIIIOJIHACTCA:

> M aexut BHyTpH P;
> 6amxanmas K M ToYKa MHOTOTpaHHWKa P NPUHAMIEXKNUT ero IPaHm;
> 6amxanmasg K M Todka MHOTOrpaHHWKA P MpUHAIIEXUT ero pebpy;

> 6amxanmas K M Todka MHOTOTpaHHUKA P ABISETCS €ero BEPIINHOMN.

Paiitem o6wem vol P, ¢-oxpecTHOCTH P NMpAMOYTOJBHOTO Mapadiaenennunesa P ¢
pebpamu @, b u c. Jlag 3Toro paspexeM ero Ha 4eTwipe dactu PP, P!, P? uw P3,
ABJSIONINXCA MHOKECTBAMHI TOYEK YKa3aHHBIX BHIIIIE TUIIOB COOTBETCTBEHHO.

O6nem P papen abc. P! mpegcTapageT co60il 06LeJuHEHNE MIECTH IPAMOYT OIb-
HBIX TApAJIENENIIef0B, OCHOBAHAA KOTOPHIX SABAAIOTCA TPAHAME Tapalielennneia
P, a BBICOTHI paBHEI €, nosTomy vol P = 2(ab + ac + be)e. P? — >To gBenauaTh
«IeTBEPTYIIEKy TUANHAPOB PAANYCa €, BHICOTH KOTOPHIX CyTh pebpa mapalseeny-
nena. 3uaaut, vol P2 = (a + b+ ¢)me?. P3 — 5To BoceMb «OCBMYIIIEK» LIapa pajii-
yca £ (KaXkjad «OChbMYIIKay IPEJCTABIAeT cOGON Tepecederiie OKTaHTa ¢ BEPIINHON
B BepIMHe Tapaiiefelulieqa 1 Iapa pajuyca € ¢ UeHTPOM B Hell Ke). Posromy

4
vol P3 = 571’63 — 2To 06BeM IIapa paguyca €.
OxoHYaTETBHO TMEEM

vol P, = %7‘(’63 +(a+b+ C)7T62 + 2(ab+ ac + be)e + abe.

Ecaiu F' C F, to F! C F. paa awboro ¢. Pycts P — IpAMOYroOAbHBIN Ma-
panesenunen ¢ pebpamu a, b m ¢, a P’ — cogepxammiica B HEM TPAMOYTONbHBIN
napaauenenuines ¢ pebpamu @', b’ u ¢’. Torga auas aioboro € dpurypa P, cogepxurcs
BruyTpu P., unosromy vol P! < vol P;. O6e wacTu 5T0ro HepaBeHCTBa — MHOIOUJICHbI
TPeThel CTENEeHN OT € C PABHBIMEI KOO (UIMEHTAME TPH CTAPIIEM WieHe. SHAYNT,
K03 PUIIEHT IpH &2 B JeBOl YacTH He HOIBIIe, UeM Kod3hhHUINeHT Ipu €2 B IPaBOIH
gactu. Pro osmadaer, uro a’ + b + ¢ < a+ b+ ¢, T.e. pazmep napamienenunena P’

He TIPEBOCXOANT pasMepa mapaiieaenunena P.

12. [IEPBOE PENEHUE. Ppexpge Bcero mokaxem, ITO Ji06ad ApoOHO-TNHEHHAA
ar +b

——|—d) df')yHKHI/IH, He ABJAAIOIIAACH KOHCTaHTOﬁ,
cr

(T.e. mmetomas Bug f(x)
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OPEeJCTABIAECTCA B BHIe KOMIO3WIMN (DYHKIHH JABYX TEPBHIX BUAOB (JIHHEHHBIX 1
B3ATHA 0OPATHON BEIHYHHEI).

Ecan ¢ = 0, To yTBepKaeHne odeBugHO (QyHKUNA ABiAsgeTcsa JuHelHoN). Ecan
ad = be, To pyHKUUSA ABASETCA KOHCTAHTON. B oCTalbHBIX CaIydasx

L hBUs(@)),
? cd

rae fi(t) =1+ % Py =171 fs(t) = it +

O6paTHO, KOMIO3UINA JI000T0 KOAMYIeCTBA JUHENHBIX (DYHKIINN U B3sATHS 06paT-
HOHU BEJAWYINHBI ABAACTCA APOOHO-IUHENHON (hYHKINEN. [ellcTBHTEIBLHO, caMu o cebe
>Tn QYHKIHH SABAAOTCA APOOCHO-TMHEHNHBIME, W WX KOMIO3WIHA C J060H Apo6HO-
JNHERHON (PYHKIIHEN TaKKe ABAACTCA TpOOHO-INHENHON (PYHKITHEH.

Hoxaxem, ato 2) = 1). Pycrs nannad gyHkuug f(x) mpeacraBuMa B BHIe KOM-
MO3WNNY THHENHBIX (PYHKINH, B3ATHA 0OPATHON BEMMYHNHBI 1 BO3BENEHNS B KBaIpaT.
Tax kak f(z) He ABAAeTCA TPOCHO-TMHENHON, TO BO3BEleHHE B KBAAPAT 06A3aTENBHO
npucyTcTBYeT. PockonbKy KBaapaT GYHKINE TPUHIMAET TOJBKO HEOTPUIATEIbHBIE
3HAYEHNsA, MOSBASETCA HHTEPBAJI, CBOGOMHBIN 0T 3HadeHnn Gyuxinun. C Apyron cro-
DPOHBI, TIPUCYTCTBHE WHTEPBaJa, CBOGONHOTO OT 3HAYEHNN (BYHKIINN, COXPAHAETCH,
ecau MBI TIPUMEHsIEM K HeW JWHENHY (DYHKIWIO WIN B3ATHE OOPATHOU BEJMYIHHI.

Teneps gokaxkeM, 910 1) = 2). PycTh nuMeerca dyuxuns f(x), 111 KoTOpOi Hafi-
JeTcs WHTepBal, He cofepKalinil ee 3HadeHnd. OnaTh canraeM, 9to f(x) # const.

Pdynxuueii, o6paTHoOil K ¢(t) = {71, aBageTca ona cama, a obpaTHas GyHKINA K
JAMHERHOH (HO He ABJAAMOIIENCA KOHCTAHTON) — TOXKe JuHelHadA. PoyroMy gocTarod-
HO J0Ka3aTh, YTO KBaJAPAT HEKOTOPOU TPOOHO-IMHENHON (DYHKIWH MPENCTABATETCH
KaK KOMIIOZUINS HECKOJbKNX JUHEHHBIX (PYHKIUU W B3ATHH OOPATHOU BEJUYHHBI C
paHHOH pyHKUMEn f(x).

Ppex e Bcero BeramTaeM u3 f(x) equHuny u obpamaeM Apobh, HoAydaeM QyHK-

x2 +cx+d

IWIO BUJA ot a Namee, ecim p = 0, TO mpuMeHsieM JauHeNHYIO QyHKIIIO ¢+
pr T 4q

2 2
+ CZ — d | u mosyvaeMm MOJHBIN KBaIpaT (x + %) . Ecm &e p # 0, To memaem am-

“ ' q x’z =+ ro’ + s
HEWHYIO 3aMeHY TlepeEMeHHBIX & =  + — U moaydaeM —————. Ppu sTtom s # 0,
P pr
TaK KaK IIO YCJIOBHIO YHCANTENb U 3HaAMEHaTe/NAb HE UMEIOT O6HH/IX KOpHefI. Paccmo-
TPUM ABa cay4vad.
3 o 2 P r
Ilepprmi caygan: s > 0, MOXKHO CIUTATD, 9TO § = u~. Ppumennm pyrrumio =t — —
U U
/
n_x
" cjlejlaeM HOBYIO 3aMeHy ¢ = —. Poay4dum
U

x//2+1_ 4

x// - 9 2
———41) -1
<x” -1 >
12

. . -1
Broporn crygan: s < 0. Anagormvso, moaydaeM (QYHKINO xT Penocpe-

+ 2.

12
z'" =1
CTBEHHO HPOBepseM, UTO MpH JIOOOM A ypaBHEHHe ——— = A UMeeT pelleHNe.
T

SHAYNT, He CYIIECTBYEeT MHTEPBaga, CBOGOMIHOTO OT 3HAYEeHNN (DYHKIINH.
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BTOPOE PEWIEHNE. [lokaKeM TOJBKO HMIIHKANHO 1) = 2).
Jlasi Hadana cBefeM zajady K CJAYYaK, KOrja MHOXKECTBO 3HAYEeHHU (DYHKINH
f(z) orpanutveno. B camom gere, mycTs f(#) He TpUHEMAET 3HAYEHNH W3 HHTEPBAIa

(21, ®2), Torga dbynkuua g(z) = (f(x) - (MTM)) ' orpaHHmYeHa CBEPXY THCIOM
2
vy — a1
JokaxeM, 9T0 ecli 9eTHIPe TOYKA ¢ KoopauHaTamu (a, b), (¢, d), (a’,b') u (¢/,d")
xz—l—ax—l—b _ xz—l—a/x—l—b/
xz—l—cx—l—d =¥ xz—l—c/x—l—d/

JeKaT HA OJHOU MPAMOW, TO , Tne ¢ — npobHO-

JuHeHHAsS (PYHKINA.

JlericTBUTEIBHO,
a=pd +(1—p)c, b=pb'+(1-p)d,
c=vd +(1-v)d, d=vb+(1-v)d,
OTKy 14
2 ! /
z“4+a'xr+b
r rarTy -
xz—l—ax—l—b_“xz—i—c/x—l—d/ ( 2
2 - 2 [ / .
z“ +cr+d Vx2+a/x+b/+(1_l/)
- 4+cr+d
x2 +ar +b
Pycrs f(z) = —————— —— OrpaHunveHHasd QYHKIUA, YJOBJIETBOPAOIAL
z“ +cr+d

ycaoBuio 1). M3 orpaHHMeHHOCTH CJeAyeT, 9TO 3HAMEHATEb He o6palaeTcsa B HYJb,
ClleTOBATENbHO, KBaNpPAaTHLI TPEXWIeH HMeeT OTPHIATENbHBIN NUCKPAMUHAHT
(¢? < 4d). Pro znaunt, uTo Touka (¢, d) aexuT BHYyTpH» napaboably = x?/4. Ppose-
JeM Ha KOOPJHHATHON TIOCKOCTH TPAMYIO, IPOXOAANIyo depes Toukn (a, b) n (¢, d).
Ona jJomkHA Tepecedsb Mapaboly; TOUKE Hepecedenus oGoszHaunM (a', b') u (¢/,d').
Torja mo JoKa3aHHOMY YTBeDXKJAeHUIO f(z) BRIpakaeTcd B BHIE APOOHO-THHENHON
x2 +a'r+¥
. x2 +cde+d ’ .
HOW (PYHKIOWM, TaK Kak W B JYHCANTENe, W B 3HAMEHATENE COAEPKHUT KBaAPATHHIN
Tpext/IeH C HyJdeBBIM AUCKPUMHUHAHTOM.

OTgeabHo caenyeT paccMOTpeTh CIydall, Korjaa IpoBefleHHad MpAMad IepeceKaeT
napaboay JHUIb B OJHOHN TOYKe, T.€. ABIAeTCA BepTHKaabHou. Torga a = ¢, m 5TOT
caydai Jerko pazbupaeTca.

TPETBE PEMEHUE. O6aacthio suadennii F(f) ¢yukumn f(x) MoxeT GBHITH an-
60 BCA AeHCTBUTEIbHAA IpAMad, JH60 OTPE3OK, 60 JAyH, Jub60 0OheInHeHne IBYX
ayqeit. [eficrBurensHo, F(f) — 5To MHOXKECTBO TaKnNX 3HAYEHHN Y, ITO ypaBHEHHe
2 4ax+b= y(aL‘2 +cx + d) nMeeT AeHCTBHTEAbHbIE KOpHH. PTo ycioBue o3Hataer,
9TO JUCKPUMUHAHT IOJy9Iafoller oca KBaApaTHOrO ypaBHEHUA OTHOCHTENLHO & Heo-
TpHUIATENEH, T MOXKeT GbITh 3AIMCAHO B BUJe KBaTpPaTHIHOI O HEPABEHCTBA OTHOCH-
TeabHO Y. MHOXKeCTBO pelleHnil KBaApaTHIHOTO HEPABEHCTBA MOXKET HMETH TOJBKO
OJIMH 13 YKA3aHHLIX BUAOB. B II060M 13 5THX CilydaeB, MIPAMEHHB [POGHO-THHENHYTO
GYHKIMIO, MBI MOXKEM MepeBecTH 06JacTh ONMpeAeJeHns B MOJTOKATENLHYIO MOTyOCh.

Hoxaxem, uro ecan E(f) = [0,+00), To f(x) npeicrapiseTcs B BHje KBajipa-
P(x)
Q(x)

GYHKIUT OT a mocaeHAsS Apo6b ABASETCA KBAJAPATOM TPOOHO-IMHEN-

Ta ApOGHO-THHEHHON QYHKINN. Ppegnosoxum, aTo qucanTelb apobu f(z) =
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MPUHIMAET 3HAYEHUS PAa3HBIX 3HAKOB. 3HAYNT, ero IpaduK MepecekaeT OCh abCIuce
B HEKOTOPOW TOYKE Xy, ABJIAIIIENCS ero KOpHeM. P oCKOMbKY ¢ He ABAAeTCH KOPHEM
3HaMeHaTels, 3HaMeHaTenb (), a 3HAYNT, 1 BesA Apo6h, IPHHAMAET B OKPECTHOCTH
TOYKHN Ty 3HAYCHNUA Pa3HBIX 3HAKOB, 9TO MPOTUBOPEYNT NPUHATOMY ITPEANOIOKECHIIO
06 obmacTu onpeneneHus GyHKINN. AHAJOITYHO, 3HAMEHATENb He MOXKET TPUHIMATH
3HAYEHNN Pa3HBIX 3HAKOB.

C Ipyrou CTOPOHBI, YUCJINTEND JAOMKEH TPUHIMATE HYJeBOE 3HAYEHNE, TaK KaK
HYJb BXOJUT B 06JaCTh 3HaUeHUN ApoOH. 3HAMEHATENb TaK:Ke JOMKEH TPUHIMATH
HYyJEBOe 3HAYEHNe, TaK KaK B IPOTUBHOM caydae 3HadeHud npobu Oblan 651 orpaHu-
qeHbl. P OCKOMBKY YNCANTEND U 3HAMEHATENb — KBaPATHbLIE TPEXHIeHB, X 061acTl
3HAYEHNN CYyTh MHOXKECTBA HEOTPUIIATEABHBIX duced. PTo 3Ha4dnT, 4T0 OHE 064 ABIA-
OTCA KBaJpaTaMi JUHENHBIX (PYHKIUN.

3AMEYAHUE. CTporo ropops, yTBepXKJeHUE 3alady He BIIOJHE KOPPEKTHO U TpefyeT
HEKOTOPOT'O YTOYTHCHUA. Mex ImpearmnojgaraemM, ITo B HpaBOI/UI n JIeBOI/UI “gacTAX paBEHCTBa

(L) -9t "
o) PGy

CTOAT paBHBEIEe (PYHKIIHH, XOTA Ha CaMOM jeje X 06JacTu oIpejeleHIs He BCerla COBIIA la-
oT. YT068 m36€XaTh 3TOI IPOo6IeMbI, MOXKHO IPUHATEL OTHO U3 CICIVIONIMX IpPeIIoaoKe-
HUN:

1) cuurarh gBe PYHKINM PABHBIMU, €CIAN UX 3HAYEHNs COBIAJAIOT Ha IIEPECEUEHUN HX
obJacTell olpejeleHns; IPU >TOM JOIYCTUTL, 9TO (PYHKIMA MOXKeT OLITh He OIpejeleHa
A KOHEYHOI'O MHOXKEeCTBA 3HAYEHUI apryMeHTa;

2) NOMOTHUTHL MHOXKECTBO AEHCTBUTEIBHEIX HHCEN €Lle OJHUM (HUCIOM» 0O, YAOBJIETBO-
PAIOIIIM eCTECTBEHHBIM apHpMETHIeCKIM CBORCTBaM — = 01 § = oo (mpu a # 0 mmm o),
U CYUTATh BCTpedaloluecd B 3ajade (PYHKITMHE OIpeeleHHBIME 1 IPUHIMAIOIIME 3HAYCHIIL
B TaKOM PACLUIMPEHHN MHOXKECTBA IelCTBUTEILHEIX “HCE;

3) cuuTaTh BCTPEHANOLIMECS B 3ajade ApoGH %(% He (QYHKIUAMH, a (GOpMaJbHBEIMHA
3alucAMHY, HaJ KOTOPHIMH MOYKHO IIPOM3BOANTE apudMeTHHIeCKHe OIePalliil 10 eCTeCTBEH-
HBEIM IIpaBUJIaM, B 9aCTHOCTH, B3fTHe OOGpATHOHN BEJINYUHEBL ONpefeiseTcs GOpMyJIon (#);
PaBEHCTBO (PYHKIIUU Ha UX OOIIed 06JACTH ONPEHENCHI BJAEYET B TOM CIYYIae PABEHCTBO
GOpMATBHBIX 3aMKMCENd ¢ TOYHOCTHIO [0 YMHOXKEHHUS YUCIUTENA U 3HAMEHATEJs Ha OJIUH 1
TOT K€ MHOXHUTENb.



OTKINnKu

CBf3b OCHOBHOHI TEOPEMBI aIreOphl ¢ TCOPHUCH
HeIIPePBIBHBIX ['PYIII

P. P. ®penkun

Temont repBoro BHITYyCKa HACTOSNIEN CEPUU CTajda TeopeMa 06 airebpaniecKon 3aMKHY-
TOCTH MO KOMILIEKCHBIX [mcen [1, c. 30 — 95]. Kak oTmeterHo B ofHON U3 CTaTen yKa3aHHO-
'O BBHIMIYCKA, «KaXIBIA Pa3flell MATeMATUKN UMeeT COGCTBEHHOE JOKA3ATEALCTBO OCHOBHOM
Teopembl anmrebpbn [1, c. 71, E. A. Topur «OT crnekTpasbHOro pagmyca K OCHOBHOU T€O-
peme anre6phi»]. PoOmBIIMACTBO 3THX MOKA3aTENbCTB He TIPETHA3HAYEHO, TaK CKA3aTh, JJA
[EPBOr'0 3HAKOMCTBA C TE€OPEMOH, TOCKOJBKY CAMHU OHHU OMUPAIOTCS Ha GONee CAOKHBIE Pe-
aymbTaTh. X cMBICT B IPYTOM: BBISBUTH CBS3b MEXKIY CYIIECTBEHHBIMU MATEMATHTECKIME
daxTaMu, Ha TIEPBHIN B3TMA] JAIEKUMU APYr OT apyra. Po MeHbllen mMepe gBa TAKUX [O-
Ka3aTeabCTBa, €CTECTBEHHBIX 110 CBOEU JOTHKE, MOXHO MPOBECTH W B TEPMUHAX TEOPUN
HEPEPHIBHEIX T'PYIIIL.

Teopema o cyliecTBOBaHNN KOMILIEKCHOT'O KOPHS Y JIO60T0 MHOIOYJIEHA HEHYJIEBOU CTe-
HeHN ¢ KOMILIEKCHBIMU K03 UIMeHTaMI PaBHOCUIbHA CIEAYIOUIEMY YTBEPKACHUIO: II0JE
BELIECTBEHHBIX YHUCEJ He MMeeT KOHEHYHOMEDPHHBIX PACIHIMPEHNN Pa3sMEepPHOCTH BHIIIE ABYX. B
Takon (popMe MBI U GyIEM €€ JOKA3HIBATH.

Pycth S — koHewHOMEPHOE COGCTBEHHOE PACITUPEHNE TTOMA BEIECTBEHHBIX Tmcen. VIHBI-
MH cioBaMmu, S - BEIIECTBEHHOE JUHEUHOE MPOCTPAHCTBO KOHEYHOU paszMepuocTu N > 2,
HA KOTOPOM [ONMOJHUTEIHHO BBEAEHA OMEPAIUS YMHOXKEHUS CO CIEAYIONIMMUA CBOUCTBAMMU:
1) BBIIIOIHEHBI AKCHOMBIL TIOJLSE; 2) .S cofepKUT mognone R, m30MOp@HOE [ONO BEIECTBEHHBIX
wmcel; 3) yMHOXKEHHUE Ha 3JeMEHTH R COBIAjaeT C yMHOXKEHUEM Ha BELIECTBEHHBIE HUCIA
B CMBICJE BEIIECTBEHHOI'O JIMHENHOI'O IPOCTPaHCTBa (1 moToMy R sBiseTcs 0JHOMEPHEIM
IO ALIPOCTPAHCTBOM ). P oKaXxeM, 4TO OLEPAINIO ¢ TAKIMUI CBONCTBAMU MOXKHO BBECTH JIMIIE
opu N = 2.

Oneparnu yMHOXKEHUS U B3ATHA OOPATHOIO HEMPEPHIBHBI B €CTECTBEHHOU TOIOJOIHN
npoctpancTBa S. HuTaTenb MoxkeT YOEIUTHCS B 3TOM, WCIIOAL3YsA HEMPEPHIBHOCTH OITe-
paluil CIOKEHUS BEKTOPOB M yMHOXKEHUsS Ha BELIECTBEHHblE KOB(MQUIMEHTH (CM. TaKkKe
Jomonnenne B KoHue 3ameTku). Takum 06pasoM, HEHYIEBBIE 31€MEHTH S 06pasyoT TOILO-
JMOTHHeCKY O TPYIITy Mo yMHOXKeHUO (. OHa KOMMYTATHUBHA, TTOCKOABKY S SBIASETCS TIONEM.
Bsugy ceoucrBa 2) 8 G cogepxurcs noarpynna H, nzomopdHas IpyIIIe HOJOKUTEILHEX
BEILIECTBEHHBIX YUCEN 10 yMHOXeHno. V3 cBolicTBa 3) crenyer, 4ro reomerputecku H spis-
€TCS OTKPHITHIM JYH0OM, UCXOAANMM 13 HyJAsd. PosTomy moarpynma H samkryTa B G u ax-
Toprpymna F' = G/H smnserca menpepbsHON Tpyrmon. OHa KOMMYTATHBHA W TIPH 9TOM

MaTemaTuyeckoe npocseweHue, cep. 3, Bbin. 3, 1999(229—231)
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romeomopdua cdepe pasmepuoctu N — 1. Po, kak usBecTHO, I'pyIIia ¢ TAKIMEU CBONCTBAMUI
cyliecTByeT auith mpu N = 2.

JlenicTBuTENBHO, Chepa KOHETHON PA3MEPHOCTH KOMIIAKTHA, CBA3HA U JOKAIHHO €BKJIU-
JoBa (T. e. TOKAIbHO NOMEOMOP(dHA KOHEYHOMEPHOMY BELIECTBEHHOMY JMHENHOMY IIPOCTPAaH-
cTBY). PenpepriBHasg KoMMyTaTUBHAas IPYIIIa ¢ TAKUME CBOMCTBAME SBISAETCS IPAMOM CyM-
MOU KOHEYHOI'0 YHUCAA TPYMII OKPYKHOCTH. PToT GakT BHITEKAET U3 CIEJACTBUI TEOPEMBI
36 B [2, c. 90]; cm. Takxe [3, c. 270, Teopema 49]. Ero mMoxHO paccMaTpuBaTh KaK TOIO-
JOTUYIECKUIT AHATOT TEOPEMBI O PABIOKEHUN KOHETHOU abejeBON I'PYIIIL B IPAMYIO CYMMY
KOHEYHBIX ITUKJANYIECKUX T'PYIIII.

Taxkum ob6pazom, ecan Ha cdepe 3agaHa KOMMYTATHBHAA TOIMOJOTMHYeCKas TPYIMa, TO
cdepa 0IHOBPEMEHHO siBseTCst TopoM. Po Torga sTo okpyx)HocTh (Ha cdepe Goablien pas-
MepHOCTH J06ast OKPYKHOCTH CTSAIMBAETCS B TOUKY, a UL TOpa 3TO HeBepHO). Kak cieq-
CTBUe, pacCMOTpeHHas BIle rpymmna F' ogaHoMepHa. Po3ToMy pasMepHOCTH MPOCTPAHCTBA
S paBHa ABYM, 9TO U TpeSOBATOCH.

OTMeTHM, 9TO TIPU MOCTPOEHUN TEOPUH HEMPEPHIBHBIX TPYIIT HE UCTOIB3Y€ETCS TTOHATHE
KOMILIEKCHOT'O HHCJa, TAK 9TO JOTHIeCKUN KPYT' B U3JA0KEHHOM PACCY K IEHUN HEBO3MOXKEH.
Brionse ecTecTBeHHO ¢ TOYKY 3peHUs TeOMETPUHECKON WHTYHUITAN, 9TO OIPAHUYEHIE HA BO3-
MOJKHBIE PACIIMPEHUS TIOJA BENIECTBEHHBIX YNCE] BOSHUKAET M3 OIPAHINYEHNA HA TOIOJOITIO
UX MyJIbTUILUKATUBHEIX IPYIIl. Po MOCie HUI TONONOINYeCKUN 1ar (cpaBHEHUE CGEPEL ¢
TOPOM) MOJKHO 3aMEHUTH alreGpam<decKUM pacCyiKIeHUEM, KOTOPOE BBIABISET €LIE OJHY
MHTEPECHYIO AHAJIOTHIO.

Ppennonoxum, aro F spaseTcs mpsaMon cyMMon 6oJiee IeM OHOU IPYIIIBL OKPYKHOCTH.
Torga kaxmgas m3 HOX COMEPXKUT ABa KBAJAPATHHIX KODHS W3 eAWHUIH. P o Tepecedenme
STUX TPYIIT COCTOUT TOJBKO U3 €IUHUITHI, MOITOMY BCero B F' Takux KopHen 6ojee IBYyX.
PycTs r - mo6oit us HUX, § - ero npoo6pas B (. Torga s? ABIAeTCA BIEMEHTOM IO JTPYIIIH
H, u ero MOXKHO OTOXKAECTBUTE C TOJOKUTETHHBIM BENECTBEHHBIM 4ncioM. Pasmenrnm s Ha
MOMOKUTENHHBIN KBAAPATHHI KOPEHB U3 TOrO XKe Yucaa. MBI moay<¥nM KBaapaTHBIN KOPEHb
u3 equHAIH B (G, KOTOPHIU TakXke ABJAsieTcsi mpoobpazoM r. Kak cregcrsue, B G 6oaee 1Byx
KBaIpPATHBIX KOPHEN W3 EAUHUILI. PO B MMoJe 5TO HEBO3MOXKHO.

Ppusegentoe paccyxjenue (B KOTOPOM MOXKHO GBLIO GBI UCIONB30BATH KOPHE JHOGOM
GOJBIIEN CTENEHN) HAIOMUHAET [A0KA3aTelbCTBO TOro (axTa, 9To MyJbTHILIMKATUBHAS
rpynmna KOHEYHOro Tosa mmkamsaa [4, c. 144 — 145]. B ganHOM caydae MecTO IUKIATHO-
CTU 3aHUMAET OJHOMEPHOCTD, & MECTO KOHEYHOCTH IOJA - €10 KOHEYHOMEPHOCTH HA [l TTOJEM
BENIECTBEHHBIX YHCET U TIPONCXOIAIIAA OTCIOfa KOMIAKTHOCTE rpymmsl F'. Takum o6paszom,
OCHOBHasi TeopeMa airebphl CBA3aHa - Yepe3 MOCPEICTBO TEOPUM HENPEPHIBHBIX T'PYIIIL -
CO CTOJb PA3INIHBIME BOIPOCAMHU, KaK TOMOJOIHMSA MHOI006pA3Uil U CTPOEHUE KOHETHBIX
TOJIEN.

I[ OTIOJTHEHUE. PenpepbBHOCTH YMHOXEHHS U B3ATHA 0GPATHOIO DJIeMEHTA B TOMOJOI AN
MpOCTPAHCTBa S MOXKHO joKasaTh Tak. Pukcupyem B S 6asuc ei,...,en. Pycrs a,b € 5,

N

z — a. Torga MoxHO mpeacTaBuTh © —a B Buge . ey, rge & =0 (j=1,...,N). C
=1

y9eToM CBOHCTB 1), 3) M HENPEepHIBHOCTH ONEPAIi BEKTOPHOT'O TPOCTPAHCTBA

N N

(z—a)= Z(é’]e])b = Zé}(ejb) — 0.

J=1 j=1

OTcroga crefyeT HeNpepHBHOCTL YMHOXKEHUA.

Pycte Temeps x; — a # 0 mpu ¢ — oo, HO xi_l He cTpeMaTca K a” . Maxkcumywm Mogyas
koopgunat ;' B dukcupoBamioM Gasuce oGosmauum M;. Ecmn M, orpamrdentt B coBo-
KYITHOCTH, TO MOXHO BHIGDATL IOIMOCIENOBATEIBHOCTD, IS KOTOPOH x} ! cTpemsaTcs K
HekoTOpoMy Tpegeny b #£ a~'. Jlua mee, ¢ yeTOM JOKA3AHHON HEIPEPHIBHOCTH YMHOKCHIA,
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-1

1 = z;0¢7" — ab # 1, 9To HeBO3MOXKHO. PosTOMy CylecTByeT nlo;[HOfﬂe;[OBaTeﬂbHOCTb,

pasg Koropou M; — 00. ¥ COOTBETCTBYIOUIUX 3JAEMEHTOB y; = %; M~ MaKCHMyM MOZTY-

I KOOPAWHAT paBeH 1, U U3 HUX MOXKHO BHIOPATH MOAIOCI]ENOBATEILHOCTD, CXOIAILYIOCT
. —1 .

K HekoTopoMmy mpegenry c¢ # 0. [iaa Hee 0 = lim M, = lim ziy; = ac # 0. Poaydennoe

11— 00 2
IIpOTUBOpEYNE O3HaYaeT, ITO B rZ[eI/UICTBI/ITeJIbHOCTI/I B3dATIE O6paTHOFO JJeMEHTa — HEIpe-

PBIBHAS OTEpAITHS.
AsTop npusHarenren M. P. Bamomy 3a mosessoe o6cyxX geHue.
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3aJavdHbIN pa3geJl

B sTom pasgene BHUMaHUIO "YMTATENEN TpeAIAracTcs MOAOOPKA 3ajad PasHOU CTere-
HU CIOXKHOCTH, B OCHOBHOM TDYAHBIX. [leKOTOpEIE U3 3THUX 3aga4 (He 06A3aTEIBHO CaMble
cioxHbLe!) TPe6yOT 3HAHNUS (HedIeMEHTAPHON» MaTeMaTUKU — aHAU3a, JUHEHHON alreGpsl
uT.I.

CocTaBurensMm >Tol MOAGOPKH KAaXETCs, YTO MPEelJaracMble HUKE 3aJa4i OKAKYTCS
MHTEPECHBIMU KaK sl CAMTbHBIX IMKOJILHUKOB, HHTEPECYONIUXCSA MATEMATUKON, TaK W JJIS
CTYAEHTOB-MaTeMaTHKOB.

ITomumo pewenus 3agatd, B BBHICIIEN CTENEHNU TOJE3HO YVIIPAKHATHCA B UBAONCEHUU pe-
wenuti. MBI coBeTyeM BceM, PEIMBINMM KaKyio-Iu60 W3 3a1atd, MOCTapaThCsS 3alicaTh eé
pelliere B MAKCUMATBHO MMPOCTOM W TIOHATHOM BIjJ€ U TPUCIATH B pefakimio. B mocieay-
OIIUX HOMEPAX MBI OMyGINKYeM CaMble U3SAIIHBIE U3 MMOJYYeHHBIX DEIIeHUN.

K coxamenmio, HaM M3BECTHBI aBTOPHI AATEKO HE BCEX TIpeIaraeMbiX HIKe 3ajgad. Muo-
rHe M3 HAX W3BECTHHl AeCATHICTUAMH W CTAId 9acThio «MaTeMaTHYIEeCKOI'O (POJBKJIOpay.
OiHa U3 1esen, mpeciaeyeMbIX COCTABUTENAMHU AHHOIO pa3fea, — 3alicaTh 3TOT «POJabK-
JIOp», MHOTHE YacTH KOTOPOI'O CTPEMHUTENHHO HCIe3ai0T B Hallle BpeMsd.

Mpui o6paiiaeMcs ¢ TpochbGol KO BCEM SIHMTATENSAM, UMEOIIUM CBOU COGCTBEHHBIE TTOA60D-
KU TakKnX 3afad, MPHUCHIIATh UX B pegakimio. U, pasymeeTcs, MBI ¢ yI0BOIBCTBIEM Oy IeM
MyOINKOBATh CBEXKHUE aBTOPCKUE 3a1avn. 2K 1eM BallliX TTHCEM.

B ckofkax nocie ycaoBus 3ajatdn IpUBOAUTCH daMIIns aBTopa (yTOYHEHNUS CO CTOPOHEL
quTaTeNell MPUBETCTBYIOTCS). Kciu aBTop 3ajady HEM3BECTEH, MBI YKasbIBa€M TOI'O, KTO
OpefNoXUI 3Ty 3agady.

1. A, B, ' — mpousBoabHBIE MATPUIIBL pasMepa 2 X 2. [lokaxnTe TOXKAeCTBO XOJ-

na: [[A, B]2,C] = 0. (Uepes [A, B] &

= AB — BA 0603HaYaeTCA KOMMYMAMOP).
(Poavraop)

2. Tycts |g| < 1 n npomzeegenne [[(1 — &) cxogurca. BepHo i, 910 cxoguTcs
paa Yy &? (A. Beaos)

3. a) CymecTByeT am HenpepbiBHAA QyHKINA f(2), yaoBaeTBOpAOmai GyHKINO-
HaapHOMY ypasHenuto: f(f(f(z))) = e~ 7.
6) ToT XKe BONPOC s Pa3PEIBHOH PYHKIHIL.
B) W nas GyHKINN, HMeOIIell KOHETHOE YHCI0 TOYEK Pa3pHIBa. (K. Maavkos)
4. a) Ilycrs p > 3 — mpocToe 4ncio. JokaxnuTe, 9T0 Ha TOPHYECKOH [IIAXMATHON
MOCKe pazMepa p X p MOXKHO paccCTaBUTh p (epaell Tak, 9TO6Bl OHU He OWJIH
APYT ApyTa.
6) MazoseM mazapadaceti purypy, kKoropas n3 kiaeTkn (0, 0) 3a 01HH X0 MOKET
nomacth B kaeTku (0, £k), (£k,0), (£k, £k), (k, £2k), (£2k, k) (k — wenoe
HOAOKHUTENBHOE 4ncio). OTBeThTE Ha BONPOC MYHKTA a) AI4 Marapajx u 1mpn
p>T. (A. Beaos)
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5.

10.

11.

JlaH IpOM3BOIBLHLII MHOIOWICH ¢ KOMILIEKCHBLIMH Kos(puuneHTaMu. JoKaKu-
Te, 9TO KOPHH €ro IPOH3BONHON JeXKAaT BHYTPH BBIIYKJION 0GOJOYKH KOpPHeN
CaMOT'0 MHOTO'JICHA.. (Poavraop)

(3agada Ha nccaegoanne). [Ipn kakux n u k CyIecTBYeT 3aMKHYTas N-3BeHHAS
JOMaHas, TepeceKalolas KakI0e CBoe 3BeHOo DPOBHO k pas (Takylo JOMaHYIo
Gy1eM HazbIBaThH JoMaHON Tuma (n, k)).

a) Ecam n u k 06a HedeTHBI, TO 3TO HEBO3ZMOXKHO.
6) Ecau nk deTHO, n n > 3k, TO 5T0O BO3ZMOXKHO.
B) HocrpoliTe tomanyto Tuna (8,2).

r) CymecrByeT ju doManas Tuna (6,2).

[IpuBeuTe pasHbie Apyrie NpuUMepHI. (A. K. Kosaavduncu)

JlBe KpuBBIe BTOPOT O IOpsAfKa TpoxoadaT depes Toukn A, B, C, D. Hepes TouKky
O nepecevenns npambuix AC u BD nposenentt xopast K M, LN onHon KpuBon
u K'M’', L'N' npyroi. llpameie KL u K'L' nepecexarorca B Touke P, M N n
M'N’ — B Touke Q. /lokazaTh, aTo Touku P, (), O JexaT Ha OJHON IIPAMONM.

(A. Bacaascrudi)

BuyTpu BBINYKJIOTO MATHYTOJABHWKA TPOBeNeHB AMaroHamn. /[JoxaxuTe, UTO
oHE 06Pa3yIoT MATHYTOMbHUK, TPOEKTHBHO SKBUBAJEHTHBIN MCXOTHOMY .

(. JTio6wun)

JokaxnTe, 9TO HA TTOBEPXHOCTH BBIMYKJIOTO MHOTOT'DAHHUKA BCETJa e€CTh D
TOYeK, ABAAIOIINXCA BEPIINHAMHI IPABUIBHOTO TATUYT OJABHUKA.
(M3 nepenucku C. Mapreaosa ¢ uccaedosamenem Anmaprmudn)

a 1
ap = lyaps1 = 9%, 2 = > —. JlokaxkuTe, 9TO B JECATHIHOM Da3/IOKEHHH
.

2
qHcla ¢ BCTpevdaeTcd JMobad KOMOGHHALNA THDD.
P ®p (A. Epowun u A. Beaos)
+* a) [lnockocTs packpaiieHa B 3 nBeTa. JJoKaknTe, 9T0 MOKHO YKa3aTh TaKOH
OBET, 9TO A IGO0 HEOTPHIATEIBHOrNO © HallAYTCA JBe TOYKH IIOCKOCTH
Ha PacCTOAHUE POBHO I, OKpallleHHEIE B 3TOT IBET.
6) TlpuBeanTe NpuMep packpacku B 6 IBETOB, Korga 3T0 He Tak. (foabkraop)
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