MATEMATNYECKOE
[TPOCBEIIEHNE

Tperbs cepus

BBIIIYCK 17

MockBa
Uz pareascreo MITHMO
2013



VIIK 51.009

BBK 22.1
M34
PGIL&KU;HOHH&H KoJlJ1ernd
Byraenko B. O. Bunbepr 9. B. Bstmerit M. H.
lasmbiepun I A. Tnetizep I /1. I'yceitu-3ame C. M.
Hopuuenko C. A. Eropos A. A. Unesamenko 1O. C.
Kanenb-Benos A. 4. Koncrantunos H. H.  IIpacosios B. B.
Pozos H. X. Cocunckuii A. B. Tuxomupos B. M.
Openkun bB. P. Amenko U. B.
['TABHBIN PEJAKTOP: 9. b. Bunbepr OTB. CEKPETAPb: M. H. Bsubrit

AJTPEC PEJAKIIUUA:

119002, Mocksa, B. Brmaceesckuit mep., m.11, k. 301

(c momMeTkoil «MaTeMaTHIeCKOe NPOCBEMEHUE)

EMAIL: matpros@mccme.ru WEB-PAGE: www.mccme.ru/free-books

M34 MaremaTudeckoe mpocBeleane. 1 peTbs cepus, BhII. 17. —
M.: MITHMO, 2013. — 208 c.
ISBN 978-5-4439-0080-3

B cboprmkax cepun «MaTemMaTndeckoe MpOCBEIIEHNne» TyOIUKYIOTCS Ma-
TepUaJIbl O IPOOJIEMaX COBPEMEHHOIW MAaTeMaTHKU, N3JI0XKEHHBIE Ha, JIOCTYITHOM
JIJIsl IUPOKOH ayJINTOPUU YPOBHE, 3aMETKHU 110 UCTOPUM MaTEeMATUKHU, 0OCYK-
IAKOTCs TPODJIEMBI MATEMATUIECKOTO 0Opa30BaHUs.

VIIK 51.009
BBK 22.1

®ororpadun Ha c. 3 caenanbl A. 306HUHBIM (BEpXHsIs)
n C. TperbsikoBoil (HUKHsIsT)

ISBN 978-5-4439-0080-3 © MITHMO, 2013.



[lo3dpas.asem

Opnecma Bopucosuua Bunbepaa

U

Anexcesn BpOHUC,/LCLBOGU%GJ Cocumcrozo

c 175-aemuem!






COIEPYKAHUE

MaremaTudeckuii Map

IO. B. Marusicesua

Anarn Toropurne U MEOPUA HUCEA . . v v v v v v e e e i e e e e e e e B
C. Tumenko
Samemru o mamemamuveckom obpasosanuy, 60 Pparuyuyw . . . . . . . . . ... 35

Anrebpa reomeTpmiecKux MOCTPOECHMIA

A.T. XoBauckuii

Hocmpoerusa Yuprysem U AUHETKOT . . o .« v v v v v v e e e e e 42
Bypaa FO., Kagen JI.
Cemnaduamuyzorvruk u 3axon ezaummocmu laycea . . . . . . . ... .. ... 61

. W T'purtierko
Opuzamu, UAU YMO MOIAHCHO NOAYHUMD € NOMOWDBIO CKAGIDIBAHUA Aucma bymazy 68

Ham CeMHHap: MaTeMaTHu49eCKHnue CrO2KeTbl

A. B. Cronenkos

Kopomwxoe onposepoicenue 2unomesws Bopeyxa . . . . . . . ... ... ... ... 88
A. T. XoBanckui

Honauromvr ebviuésa u ux 00PAWEHUA . . o o v o v v v v v e e e e e 93
B. M. 2Kypasies

Topu3onmasbHo-8uiNYKAbE NOAUAMONHIbL U UT Npoussodiwue yrwkyuy . . . . . 107
B. Kaen

O nexomopwur ceolicmear npouseodnotl, e rapaxmepusyowur . . . . . . . . . 130
A. B. Akonsr, O. P. Mycun

O mnootcecmear ¢ 08YMA PACCTOAHUAMY . « o « o o v o v v v o v v oo ... 136
C. B. l'amkos

Onamov o muozoyzorvHukaxr Petnxapoma . . . . . . . . . ... ... ...... 152

Hpeno,u;aBaHne MaTeMaTUKN

. Wibunckuii, A. Kymasckuii, A. Paitropoackuii, A. CkorneHKOB
JTuckpemmoili anaaus 0as MAMeEMAMUK08 u Npoepammucmos (nodbopka sadav) 162

IIo moTuBam 3aJJa9YHUKa «MareMaTHIecKoro IIpocBereHnd »

H. H. Ocunos
Cemb 9m10006 06 00HOM HECOBNAJEHUY . . . . . « v v v v v v e e oo e oo . 182

H. Hukonos, b. Crankos
06 00HOM PYHKUUOHAAOHOM YDABHEHUU . - « o « o o o o e o o oo e . 192

3amaqHbIil pa3aen
Veaosus 36004 . . . . . e e e 196

Pewenus 3aday u3 npeduldyuwur 6unyckos . . . . . . o oo oo .. 198



MaremaTndeckuii Mup

Anan ThropuHr 1 Teopusi duces

TO. B. Maruscesuua

Hacrosiimast my6uKaIust siBIsSeTCsl CJIerka PaCIIMPEHHBIM TEKCTOM
pssa BeICTyILIeHUH aBTopa Ha Kondepennusax The Alan Turing Cente-
nary Conference (Manchester, UK, June 22-25 2012), The 7th Inter-
national Computer Science Symposium in Russia (Huxauit Hosropop,
3—7 wong 2012 r.) u wa 3acemannu Cankr-IlerepOypreckoro marema-
Traeckoro obmecrsa (9 okTsabpst 2012 .) U He IPeTeHIyeT Ha MOJIHOTY
OCBEIIEHUsT TEOPETHKO-IUCIIOBBIX uccaenoBannii Ajana Tropunra. Bo-
Jiee oApOOHBIE CBEJIEHUs MOXKHO HaiiTu, Hanpumep, B [2,3,6,7].

B 2012 romy mo BceMy MEPY OTMEYAIOCH CTOJIETHE CO JTHS POXKaeHust Aa-
Ha Marucona Trropunra (Alan Mathison Turing, 1912-1954). 9o crasno 60Jib-
UM COOBITHEM KaK JIJIs YIEHBIX PA3HbIX CIEIUAJIbLHOCTENH, TaK U JJIsl JIIOJIeH,
JAJIEKUX OT HAYKMU.

st koro-to Anan ThIOpUHT B TIEPBYIO 0OY€peib — OJMH M3 OCHOBOTIOIOXK-
HUKOB TEOPETUYIECKONH MHMOPMATHUKH, MO AHIVIMACKN Ha3BIBAEMON computer
science. Tezuc Yépua — ThiopuHra OTKPBLI IIyTh JIJIT MATEMATHIECCKU CTPOTHUX
JIOKA3aTeIbCTB HEBO3MOXKHOCTHU PEIICHUS HEKOTOPBIX AJITOPUTMUAYECKUX TPOO-
JieM, a 1po Mamuay Tbiopumra, 1o KpaiiHeil Mepe CIbIajgn U O9eHb MHOT'HE
U3 TeX, KTO BECbMa JAJIEK OT TOYHBIX HAYK.

st npyrux Autad ThIOpUHT — IHOHED UCKYCCTBEHHOI'O MHTEJIJIEKTA, ITOIhI-
TaBIIuiics naTh (pOpMAM30BAaHHBIN OTBET Ha (uocodckuit Borpoc «Moxer
JIX MAIllUHA JYyMAaTh?» U HAIUCABIINI HEPBYIO POIPAMMY JIJI UTI'PhI B MIaX-
MaTbl B TO BpeMsi, KOIJia eli¢ He ObLJI0 KOMIIBIOTEPA, CIIOCOOHOI'O BBIIOJHUTH
3Ty IPOrpaMMy.

Ileponauanpuas mybOmukamust: «Marematnka B BbICIIeM obpazoBammms», Nel0, 2012.
C. 111-134. Bnech mybymKyeTcst ¢ JIFOOE3HOTO paspelleHns pelakiuy KypHasa «Maremaru-
Ka B BBICIIEM OOPa30BAHUNS .

MaremaTuueckoe npoceellerune, cep. 3, Boin. 17, 2013(6-34)



Astan TeOpHHT H TEOPHST THCET 7

[MTupoko uzBectHO PO BKJIaL Ajtara ThiopuHra B pacimupoBKy HEMEITKUX
pajimorpaMM Bo BpeMst BTopoit MUPOBOIi BOWHBI.

Opurunanbibie paborel Anara ThIOpHHTa 10 GHOJIOTUH HAMHOTO OIEPE TN~
JII CBOE BpeMsl U He OBLIN OIIEHEHBI 110 JOCTOUHCTBY €r0 COBPEMEHHUKAMH.

Ho mapsiiy ¢ npuBHECeHHEM PEBOJIIOIMOHHBIX Uil B MH(POPMATHKY, UCKYC-
CTBEHHBI MHTEJIJIEKT U 6uosiornto, Aytan ThIOpUHT BHEC CyIIECTBEHHBIN BKJIAT
U B TAKOil TPaJUIMOHHBINA pa3/iesl MaTeEMATUKHU, KaK Teopus duces. K coxkadsre-
HUIO, JTayke O CaMOM CYIIEeCTBOBaHUU TaKUX HccienoBaHuit Anana ThropuHra
3a mpejieslaMi Kpyra TeOPEeTUKO-UYMCIOBUKOB U3BECTHO HemHOruM. lless sToit
myOIUKATIMY — MMO3HAKOMUTD IMPOKYIO ayIUTOPHUIO C OCHOBHBIM BKJIaj0oM Ata-
Ha ThIOpUHTa B TEOPUIO UUCEJI.

Bce onybukoBamHbie UM PabOTHI IO TEOPUU UHUCEJI CBA3AHBI C OJIHUM, HO
dyHIAMEHTAJBHBIM BOIIPOCOM 3TOI 00/IACTH MATEMATUKU — PACIPEIETICHIEM
npocTeix dnces. [lo Tpaguium, KOJTUIecTBO TaKUX YUCEs, He IIPEBOCXOJISATITIX
HEKOTOPOro x, obosHaudaercs m(x). Yke EBkim 3uas1, 9r0 918 GyHKIUS BO3-
pacTaeT HEOI'DAHWYEHO, HO MaTEMAaTHUKOB MHTEPECOBAJI BOIPOC OoJiee TOYHOI
OIEHKH CKOPOCTH pocTa ().

OtBet, KoTopblit Haru B 1896 roay HesaBucumo apyr ot apyra zKak Ca-
aomon Agjamap (Jacques Salomon Hadamard) u [apsas 2Kan se s1a Basue
ITyccen (Charles Jean de la Vallée Poussin), usBecren kax

3AKOH PACIIPEAEJIEHNA ITPOCTBIX YMCEJI.

m(x) ~

In(z) (1)

Tounblit cMbIca cuMBoJia ~ B (1) Takos:

lim % =1. (2)
In(z)

Hedopmainbao, dopmyity (1) MOXKHO MHTEPIIPETUPOBATD TaK: 60AU3YU “4UC-
AQ T cpedree paccmosanue Mexicoy npocmuimy wucaamu pasho In(x). dpyras
MHTEPIIPETAIUS TAKOBA: BEPOAMHOCTILL MO20, YIMO HEKOMOPOE YUCAO, DAUSKOE
K x, 6ydem npocmoim, pasna 1/1n(z).

DTa BTOpasi MHTEPIPETAIlNsl IOJICKA3BIBAET PACCMOTPEHHE CJIe/IyIoneit
bYHKIINY, HASBIBAEMON COBUHYMBIM UHTNEZPAALHBIM A02ADUPMOM.:

Li(z) = /2 ’ lntt) dt. (3)

Jlerko mpoBepuTh, ITO

Li(a) ~ 5 (4)

1, COOTBETCTBEHHO, 3aKOH pacCIIpeJIeJICHUA ITPOCTDBIX YHUCEJI (1) MO2KHO 3alliCcaTb
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B 9KBHUBaJICHTHOM BI/I,Z[G KaK
7(z) ~ Li() (5)

nJI

T™xT
z—>nolo Li((x)) =1 (6)
IIpu paccmorpenun mpejiesios orHoenuit, kak B (2) u (6), dyukius Li(z)
He HMeeT HHUKAKHX <«IPEHMYIIecTB» Iepes «bosee mpocToit» dyHKIwmei
x/In(x). Curyanusi craHOBUTCsI JAPYTOii, €CJIM BMECTO OTHOIIEHHI HPABBIX U
neBbIx vacreil B (1) u (6) MBI cTaHeM H3ydaTh UX PA3HOCTH, HEKOTODbIE W3
KOTODBIX (OKPYIVIEHHBIE JI0 IIEJIBIX HHCEJT) IPUBEIEHB B CJIELYIOMIel TabIuIe.

Tabn. 1. IIpubsmkennst K w(x)

| x| n(@)—x/In(z) [ n(x) — Li(z) |
102 3 —4
103 23 -8
10% 143 —16
10° 906 —36
109 611 —128
107 44158 —338
108 332773 —753
10° 2592591 —1699
1010 20758029 —3102
101! 169923159 —11586
1012 1416705192 —38261
1013 11992858451 —108970
1014 102838308635 —314888

B sr0it Tabuune pasaoctu () — Li(z) mo abcosoTHON BesimunHe Cylie-
CTBEHHO MEHbIIIe COOTBETCTBYMONMX pasHocreil 7(x) — x/In(z). Kpome roro,
MBI BHJIUM, YTO BCe NPUBEIEHHBbIe TaM 3Hadenus 7(z) — Li(x) orpuraresbHbl.
Bruio nposepeno, uro HepaBeHcTso m(x) < Li(z) cupasemiuBo jis Beex x, He
npesocxosmnmx 104, BosHukaer Bompoc — Gyer Jii 9TO Tak Beeraa?

Hexkoropeorit nedopMabHBI apryMeHT B IMOJIb3Y ITOrO MaT CJIELyIOIiast
dbopmyiia, koropyto ycranosuit I'eopr @puspux Bepuxapn Puman (Georg Fried-
rich Bernhard Riemann) B cBoeii ocnoBomnomararormeii padore [13]:

m(x) = Li(x) — %Li(:vl/z) + Z Li(z”) 4+ maJible 4jIeHb. (7)
¢(p)=0



Astan TeOpHHT H TEOPHST THCET 9

CymmupoBaHue B 9T0# GpopMyJie HJIET 10 HEBEIeCTBeHHBIM KOMILIEKCHBIM HY-
JISIM TaK HasblBaeMoil dzema-gpynkyuu Pumana ((s), 0 KOTOpoil pedb moigéT
nmasbine. Bee cimaraembie moj 3HAKOM cyMMBI B (7) OCHHJLIHPYIOT M MOXKHO
0XKIJIaTh, UYTO B CPEJHEM OHU «TacsaT» JIPYT Apyra, TaKk 4TO UX CyMMa MaJia

1. " " s
110 CpaBHEHHIO C §L1(ZL‘1/2), abCOIIOTHON BeJIMYMHOR BTOPOI'O 9JICHa B IIpaBOU

gactu (7). Okasaaock, OJHAKO, YTO ITO HE TAK — [PHU HEKOTOPBIX & MHOIHE
cJlaraeMble MOIYT <IIOIACTh B PE30HAHCY , IIPH KOTOPOM UX CyMMa, CTaHeT 5O0JIb-

e %Li(:cl/ 2). A mmenro, [Ixxon Unensop JIutasys (John Edensor Littlewood)
nokazaa B 1914 rojy cieiyroniyo Teopemy.

TEOPEMA [10]. Cywecmsyem Geckonewno muozo & makuz, 4mo
m(x) > Li(x). (8)

JlokazarenbcTBo, gannoe JIUTIBYIOM, OBLIO «IUCTBIM JOKA3ATEIHCTBOM
CYIITECTBOBAHUSI» , HE JAIONIAM HU KOHKPETHOTO 3HAYUECHUS T, YIOBICTBOPSIO-
miero (8), HU JlaxKe OIEHKH CBEPXY Ha BEJIMIMHY TAKOIO .

Dror «1pobes» Bocnoaama yuernuk Jlurisyna Crenmun Ckbios (Stanley
Skewes), omybsimkoBasiuii B 1933 rojy CJIeyIOINLyIo OIEHKY Ha HAUMEHBIIIee T,
Y/IOBJIETBODSIIONIEe HEPABEHCTBY (8):

01034

x < 10!

(9)

«AcTrpoHOMEUECKOe YHCI0» B mpaBoil yactu (9) mpomsBeso B TO BpeMs
6osbmoe Bruedarienne. Lordpu Xaposy Xapau (Godfrey Harold Hardy) oxa-
PAKTEPU30BaJI €10 KaK «CaMoe HOJIBIIN0e IUCI0, KOTIa-Tub0 UCIOJIB30BAaHHOE B
MaTeMaTHKe JIJIs KaKOH-TM00 KOHKpeTHOit mem» (cM. [22]).

[TpaBast yacts HepaBencrBa (9) mosyumia zaspanue wucaa Ckvlo3a; Ko-
[/1a BIOCJIEJCTBUM 3TOT PE3YABTAT YCUJIMBAJICSI, HOBBIE OIEHKHU IO-IIPEIKHEMY
uHaspiBasn anciamu Ckpioza. Ceituac uncjaom CKbI0O3a WHOTIA HA3BIBAIOT HAU-
MeHblIee &, yjaosierBopsitoriee (8). Tounoe 3HaUeHME TAKOTO HAMMEHBIIETO T
10 cux 1op (2012 rox) HEM3BECTHO, YCTAHOBIECHO OJHAKO, ITO OHO HE HPEBOC-
xomur 10317,

B 1931 roxy Anan Teropunr nmocrynui B KeMOpuKCKuit yHUBEPCUTET B
Anrymu. CKbIO3 K TOMY BPEMEHH YK€ OKOHIIJ 3TOT YHUBEPCUTET, HO EIIE TaM
pa6oras. Corsacuo [7], Anan u Creniu, 3aHuMasich rpebiieil, I1aBaIn B OJIHOI
JIOJIKE, ¥ BECbMa BEPOSITHO, YTO MMEHHO TaM, Ha peke Kem, TropuHr y3HaI O
qncyie CKbi03a «U3 MEPBBIX YCT». ThIOPUHTA ITPUBJIEKJIA UIEs MOy IUTh MEHb-
Iee 3HAYEHNE, HO KaK 9TO CAeIaTh?

Haiinennast CkbrozoMm orenka (9) OblIa yCIOBHOM, a NMEHHO, OH TIOJIY 91
CJEYIOINI pe3yJIbTaT.

TEOPEMA [14]. Ecau eunomesa Pumana sepra, mo cyuecmeyem wucio
x, makoe Wmo eunosnens, nepasencmea (8) u (9).
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Wcnonw3oBannast B qoka3arebcrBe CKbIO3a THIIOTE3a KACAETCsT pACIIPeie-
JIEHUsI KOMIJIEKCHBIX HyJeil Tak HasbiBaeMoii dzema-@ymnruyuu Pumana ((s),
ompeenasieMoit padom Jlupuzae

)= =, (10)

n=1

KOTOpBIN cxonuTcst B nosymuiockocru Re(s) > 1. Dry dyHkuuioo npu Bemie-
CTBEHHBIX 3HAUYEHUAX apryMeHTa udydal emgé Jleonapy Ditaep, u oH yKasas eé
aJbTEePHATUBHOE Olipejie/ieHUe B BU/JIE 1IPOU3BEJICHUSA

o~ 1 1

>ow= 1l — (11)
n=1 p TpocToe

CcXOoJISIerocs mpu s > 1.

Toorcdecmeo Diinepa (11) siBiisiercs, 110 CyIECTBY, aHAJIUTHYECKON (hOpMOii
O0CHOBHOT, MEOPEMBL APUPMEMUKU, TTIACSITIEH, ITO KayK10e HATYPAJIbHOE TUCIIO
[PEICTABUMO, U €IMHCTBEHHLIM 00pa30M, B BUIE IIPOU3BEICHUs CTeleHeil Ipo-
CTBIX YHCEJI: JOCTATOTHO 3aMETHUTE, UTO

# 1+ 1% + p% . (12)
[OJICTABUTH TpaByio 4dacTb (12) B mpasyto 1dactb (11), pacKpbITh CKOOKH 1
HOJIYYHUTh JIEBYIO YacTh (11).

ToxxmecTBo Dityepa oObsiCHsIET, TOUeMy A3eTa-pyHKIUs PuMana urpaer
TaKyl0 BayKHYIO POJIb B M3YYEHUH MPOCTBIX 4duces. B wacrHocTu, Ditiep maj
HOBOE JIOKA3aTeIHLCTBO GECKOHEYHOCTH KOJTMIECTBA IIPOCTHIX YHCEI, TI0 KPacoTe
CPaBHUMOE C KJIACCHYECKUM JIOKA3aTeIhbCTBOM EBKINIA: ecau 6vl KoAuuecmseo
NPoCMuT wuces 0bui0 KoHewno, mo (PacrodAuuics) 2apmoruseckuld pad, no-
aysarougutics usd aeot wacmu (11) npu s — 1, umen 6ol Koneunyro eausuny,
pasryro npouseedenuro 6 npacot wacmu (11) npu s = 1.

B ocHoBe paBencrBa (7) TakkKe JIEKUT TOXKIECTBO Diijiepa, HO IPU ITOM
HAJI0 PAcCMaTPUBATh AHAJIUTUYECKOE IMPOJOJIKEHNe a3eTa~-(DYHKIMA Ha BCIO
KOMIUIEKCHYIO IJIOCKOCTD (3a MCKJIIOUYEHHEM TOYKH § = 1, KOTOpasi sIBJISIeTCsI
HOJII0OCOM 9TOii (byHKINK). PuMan j0Kazas, 4ro BCe OTpUIATE/bHbIE YETHBIE
qucna, —2,—4,...,—2m, ..., ABJSIOTCI HYJISIMA n3eTa~(QpYHKIMN, U 9TH HYJINA
[IPUHSITO HA3BIBATD MPUSUAALHuLMU. OH TaKyKe YyCTAHOBUJI, YTO JPYIUX BeIle-
CTBEHHBIX HyJIel y j3eTa-(pyHKIUE HET, a OCTAIbHBIE, HeMPUSUdAbHbLE, HYTH
(o0 KOTOPBIM U BeIETCs cyMMupoBanue B (7)) JexKaT B KPUMU4eckot I0JI0Ce
0 < Re(s) < 1. Dra nosoca JiexKUT BHE MOJIYILUIOCKOCTH cxojumocTu psija (10),
9TO BBI3BIBAET TPYAHOCTH B U3yUYE€HUN HETPUBHAJBHBIX HyJIeH j13eTa-QyHKIUN.

JloKazareabCTBO 3aKOHA PACIIPEIeJIEHHsT TPOCTBIX JHCeI, JanHoe Agama-
pom u Base ITyccenom, cocrosiyio, o CyTH, B YCHJIEHUN pe3ysbTaTa Pumana
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1o crporux HepaBeHcTB 0 < Re(s) < 1. Puman, ojHako, mpe/iojaras, 9ro
UMEET MECTO ellé 6oJiee CUIbLHOE YTBEPIKICHHIEe, N3BECTHOE HbIHE KaK

I'unoTe3A PUMAHA [13]. Bee nempusuanvrvie nyau dsema-@pynryun ae-
orcam na KpuTudeckoii npsimoii Re(s) = 1/2.

Dta runore3a Obuta omnybdsmkoBana Pumanom B 1859 rogay. B 1900 romy
Hapun [M'unbbepr BKIIOUMI €€ B BOCBMYIO W3 23 BasKHEHIUX HEPEIIEHHBIX
MaTeMaTUIeCKUX TPOOJIeM, KOTOPbIE YXONSIIUN JIeBATHAMIATHIN BEK OCTaB-
JIsJI B HacJIe/ie HACTyHalomeMy nBajnaromy. ['unoresa Pumana 70 cux mop
(2012 ropm) ocraércsi HeJJOKA3aHHO U HEOLIPOBEPIHYTOI, U sIBJISIETCs OJHOM 13
CeMH TaK Ha3bIBAEMBIX npobaem moicavesemus [23].

lNunoresa Pumana mMmeeT MHOTO BaXKHBIX CJIEJICTBUIl KAK B CAMON TEOPUU
4qnces, Tak u BHe e€. Harpumep, nsz runoresst Pumana cieyer, 4To

7(z) — Li(z) = O(z'/? log(x)) (13)

(u, HAOGOpOT, 13 (13) MOXKHO BBIBECTU CIIPABE/JIMBOCTH I'MIOTE3bl PuUMaHa).

To, uro orenka (9) 6buta noydeHa CKbIO30M B IPEJIIOIOKEHNH CIPABE]I-
JIIBOCTH T'MIIOTe3bI PuMmana, caMo 10 cebe He SIBIISIETCST «<IPDEXOM» — B COBpe-
MEHHOII TEOPUU YUCEeT UMEETCsl OIPOMHOE KOJIMYECTBO PE3YJILTATOB, I0JIyYeH-
HbIX TOJIbKO KaK CJIEACTBHA I'MIIOTE3bI PI/IMaHa. O,H‘HaKO B TaHHOM CJIy4dae CH-
Tyalus Obl1a HECKOJIBKO HHOI — JIeJI0 B TOM, YTO HCXO/HAst TeopeMa JInTiBy1a
ObL1a nostydeHa 6e3ycsiopHo. Todnee, €€ JJOKa3aTEILCTBO COCTOSLIIO U3 JIBYX Ha-
creii: B OJHON CyIIECTBOBAHUE X, YJOBJIETBOPSIOIIETO (8), yCTaHABINBAJIOCH B
IIPEIIOJIOKEHNN UCTHHHOCTH THIIOTe3bl PuMana, B APyroil — B IIPEIIIOJIozKe-
1A e€ JI0KHOCTH. CKbIO3 BCKOPE HOJIy I/l U Oe3yCJIOBHOE JOKA3aTEeILCTBO, HO
10 KaKOM-TO MIPUINHE TOJHKO B 1955 rojy BBHINLIA U3 IEYaTH BTOpas YacTh €ro
pabOThI CO CIIEAYIONNM PE3YJILTATOM:

TEOPEMA [15]. Ecau eunomesa Pumara nesepra, mo cywecmsyem “ucio
X, MaKoe Ymo 6vinoaHeno nepasencmeo (8) u

103
z <10 (14)

Korma Anan Teiopunr yumica B KemOpumke, TaM OIHUM U3 IpeoiaBa-
Tesieli Mmaremaruku (mathematics supervisors) 611 Asbbepr Dusap Varam
(Albert Edward Ingham). B 1932 rosy BbIILIO B CBET IIEPBOE U3IAHKE €10 CTaB-
meii 3aTeM Kiaccnieckoii Kuuru [8| «Pacmpenesrenne npocTix wncesny (KHATA
obL1a epensgana B 1964 u 1990 romax, e€ mepeBojbl Ha PYCCKUN sI3bIK BBIILIN
B 1936 u B 2005 romax). B sroit kaure Muram nan HoBoe, GoJiee IpocToe J0-
Ka3aTeJIbCTBO TeOpeMbl JINT/IBYyHa, COCTOsIIIee Tak»Ke U3 PacCMOTPEHHS JIBYX
C/IyvdaeB — CIPaBeJIMBOCTH U JIOKHOCTH TUIIOTEe3bl PuMaHa.

Trropunr MHOTO 001IANICSA ¢ VITHTaMOM 1 BO BpeMsi 00yUeHHsI, U MO3THee 10
nepernrcke. Korma Toiopunr coobmun MHraMmy, 9T0 X04eT yMEHBIIUTH YHCJIO
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Taban. 2. Ilposepka rumoressl Pumana 1o A.Teropunra

] Ton [ KomuuecTBo Hyei [ AgTop ‘
1903 15 | J. P. Gram
1914 79 | R. J. Backlund
1925 138 | J. I. Hutchinson
1936 1041 | E. C. Titchmarsh

Ckbro3a, cienyst, kKak u Ckbi03, jiokazarebeTBy Jlurnsymna, Maram orBeTm,
4qT0 OoJiee MEPCIEKTUBHBIM JIJIsl 3TOW TEJIH €My [IPEJICTABISETCS er0 HOBOE JI0-
KazareabcTBo u3 [9], u Ha 3ToM myTn CKbIO3 yrKe YJIyUIIUI CBOH Pe3yJIbTar.

B Toit yacTu nokazaTebCTBa, B KOTOPOU MIPE/IITOIAraeTC sl CIIPABEJIMBOCTh
runoTe3bl Pumana, st 1ojiydeHnusi XOpoleil oneHkn TpeboBajIoCh 3HATH He
TOJIBKO TO, 9TO BCE HYJIM JIeyKAT Ha KPUTUIECKOW IPSIMOIi, HO TaK>Ke U TIIe
MMEHHO JIEXKHUT JIOCTATOYHO OOJIBIITOE KOJIMIECTBO HAYAIbHBIX HyJeit. [ljist mep-
BbIX 15 HyJiell TOUHbIe 3HAYEHNs BEIeCTBEeHHBIX dacTeil (paBuble 1/2) u npu-
GJIH3HTeIbHbIE 3HAYEHHS MEIMBIX dacTeii 6p11n omy6mkosansl Moprenom Ile-
nepcenom I'pamom (Jorgen Pedersen Gram) s 1903 rogy. K tomy Bpemenn,
korja ThropuHr Bommén B 9Ty TemarTuky, dasapa Yapass Turamaprn (Edward
Charles Titchmarsh) mosén nposepky rumoresst Pumana q0 1041 magasbHOrO
HyJist (cM. Tabur. 2).

Teopust gncen 6bL1a CepbE3HBIM yBIeueHneM Aana ThiOpUHTa HAYMHAS OT
CTYEHYECKUX JIET U JIO NOCJIEHUX JIHEN >KU3HU, HO, [IOXO0XKEe, 3TO yBJIEUYEHUE
HUKOTa He ObLI0 TyiaBHBIM. B 1936 romy TwroOpuHT OmyO0JIMKOBAJJI OCHOBOIIO-
Jaratortyo pabory [16], B KOTopoil BBEJ CBOIO 3HAMEHHUTYIO MalluHy. B Ha-
17 JTHE MaIuHy ThIOpUHIa TPAJIUIIMOHHO OIMHMCHIBAIOT KAK KOHEYHOE yCTPONi-
CTBO, paboTaiolee KOHEIHOE BpeMs C KOHEYHBIM 00bEMOM HHMOPMAINH, HO
HHTEPECHO OTMETHUTb, 4TO THIOPUHI paccMaTpuBaj (M 9TO HAILIO CBOE OT-
paxkenue B Hazpanuu [16]) BBeJEHHDIE UM BBIYUCJIUTENbHbIE YCTPOHCTBA KaK
CPEJICTBO 3a/aHUsI BEeIeCTBEHHBIX THCeJ] — TaKhe MAIIUHBI JOJXKHBI paboTaTh
HEOTPAHUYEHHO JI0JITO, BBINKUCHIBas Ha JieHTe BCE GoJibiliee U GOJIbINIEe KOJIU-
YeCTBO JIECATUYIHBIX 3HAKOB 3aJ[aBA€MOI0 BEIeCTBEHHOro uncia. He nckiio-
4eHo, 4To ThIOpUHTa MPUBET K STOMY €0 MHTEPEC K TEOPETUKO-YUCIOBBIM
pobeMam.

B 1938 romy Teiopunr nammcas csoto jguccepranuio (omybsnkosana B [17])
[0 MaTeMaTH4YecKoii jioruke moj; pykoojcTBoM Asonzo Yépua (Alonzo
Church) B ITpuncrone, CIITA. OjHako BO3BPATHBIIMCL B TOM ¥Ke rojay B EB-
pory, TriopuHr cHOBa cTaj 3aHUMaTbCs 3eTa-byHKImeir Pumana.

Kak 6bu10 CcKasaHo BbINE, 1jist yiaydmieHusi oneHkun CKbioo3a Ha Hau-
MeHbIIlee T, yJOoBJeTBOpsitoniee (8), UMeJOCh JiBa MyTH — WA HANTH HYJIb
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n3eTa~-(pYHKINK, JIEXKAIMNH BHE KPUTUYECKON MPSIMON, WM JIJIS BO3MOXKHO
6OJIBIITEr0 KOJIMIECTBA HAYAJIbHBIX HYyJIEH 9TON (DYHKIINU OIPEIE/IUTh UX [10JI0-
JKeHMe Ha KPUTUIEeCKOit mpsaMoit. OIHAKO TarKe TPOCTO BBIYUC/ICHNE 3HATECHUST
n3eTa~-PYHKIUN B KAKOH-TUO0 TOUKE B KPUTUUIECKON I10JI0CE OBLIO HETPUBU-
aJIbHON 3a/1aveli.

C He00X0IMMOCTBIO BEITUCINTD 3HAYEHNE M36Ta-PyHKIMI BCTPETHUICS eIIé
Ditep, B3SIBIMUIICS 3a PEIIeHNe TaK Ha3bIBAEMON baseabckots npobiemovt, KOTO-
pyto nocrasui [Iberpo Menvosu (Pietro Mengoli) B 1644 romy — yemy pasHO
3HAYEHNE CYMMBI

Sttt T (15)
itsep Bbraucan 6osiee TOKUHBL JECATUIHBIX 3HAKOB ((2) ¢ IOMOIIBIO 1300-
PETEHHOTO UM ODIIEro MEeTo/1a, KOTOPBIil HbIHE HOCUT HA3BAHUE «CYMMUPOBAHUE
Ditnepa — MakJjiopenay.

Puman namén apyroit MeTos, crueruduaecKuil 1 BEIYUC/IeHU 3HATCHII
nzera-pyaknun Pumana. 9ToT MeTo 1 He ObLI UM OIyOJIMKOBAH U TOJIBKO B 20-M
crosternn Kapur JTronsur Suress (Carl Ludwig Siegel), pasbupasi Heorrybimko-
BaHHBIE TPY/JHOUYNTaeMble pyKoncu Pumana, cMmor cienath oTkpbiTe Pumana
BCEOOIIUM JIOCTOSIHIEM.

B 1939 roxy Teiopunr nogan 3asBky (cMm. puc. 1) na rpant Koposesckoro
obmmecrsa (the Royal Society ), urpatomero B Besqmkobpuranuu Ty e pojib, 9T0
aKaJIeMIU HayK B JIPYTUX cTpaHax. B 3Toil 3asgBKke ThIOPUHT IPOCUIT CPEICTBA
JIJIsI M3TOTOBJIEHUSI «aIlllapaTay Jjisl BHIYUC/IEHUS 3HaYeHUil a3era-pyHKIINN.
B xadgecTBe npororuna ObLIM B3SITHI MAIITUHDI /15T PACIETOB BHICOTHI IPUJIMBOB.
Takune MaIIUHbBI UCIIOIB30BAJINCH HAUUHAS C CepeIuHbl 19-ro BeKa U BILIOTH JI0
nosiByieanst DBM. Ha puc. 2 nzobparkeHa cxema OHOM U3 TAKUX MAIIUH, & HA
puc. 3 — dororpadus peasbHON MAITUHBI.

Bricora mpuiinBa B JaHHBI MOMEHT B JJAHHON TOYKE 3aBUCUT OT HECKOJIb-
KUX [MEPUONIeCKUX (haKTOPOB: BpaIlleHUus 3eMJIM BOKPYI CBOEl ocH, Bpaliie-
Hust JIyael Bokpyr 3emuin, Bpamenust 3emin Bokpyr CoJiHIA, IPU 3TOM JIJIst
[IOJTyYEHUs JIOCTATOYHON TOYHOCTU HEOOXOIMMO YUUTHIBATH SKCIEHTPUCUTET
opbur Jlyuet u 3emau. B wrore BbICOTA TPUINBA OMPEICTISICTCH KaK CyMMa
BHJIA

Za,« cos(wyt — 6,.). (16)
r=1

BHavyenne mepeMenHoil ¢ — BPEMEHH — 3aJ1a8TCs MOBOPOTOM DPYKOATKH B JIe-
Boit wactu mamuubl (cM. puc. 2). Kosddunuenrsr wy onpenessitorest coor-
HOIIEHUSIMU JIMAMETPOB MOMAPHO CIEIIEHHBIX 3y0UaThiX KOJIEC, PACIIONOKEH-
HBIX B HIDKHHX pgagax. Ha komécax B TOYKAX ¢ MOJSPHBIME KOODIMHATAMU
(ar,0,) uUMeTCS NITHIPbKU, BEPTHKAJbHBIE (JIE€KAPTOBBI) KOODJUMHATHI KO-
TOPBIX, OYEBHJIHO, PABHSIOTCs ciaaraeMbiM u3 (16). HecimoxHblil MexaHW3M
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King's College,
Cambridge.
24 March 1939,

“1. It is proposed to make calculations of the Riemann
zfu-funnt_uon on the critical line for 1,450 < ¢ <6,000 witha
view to discovering whether all the zeros of the function in this
range of ¢ lie on the critical line. An investigation for 0 <t <
1,464 has already been made by Titchmarsh. The most laborious
part of such calculations consists in the evaluation of certain
trigonometrical sums

=]
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In the present calculation it is intended to evaluate these sums
spproximately in most cases by the use of apparatus somewhat
gimilar to what is used for tide prediction. When this method
does not give sufficient accuracy it will be necessary to revert
to the straightforward calculation of the trigonometric sums, but
this should be only very rarely necessary. I am hoping that
the use of the tide-predicting machine will reduce the amount
of such calculation necessary in a ratio of 50:1 or better. It
will not be feasible to use already existing tide predictors because
the frequencies oceurring in the tide problem are entirely different
from those occurring in the zeta-function problem. { shall be
working in collaboration with D. C. MacPhail, a research student
who is an engineer. We propose to do most of the machine-shop
work ourselves, and are therefore applying only for the cost of
materials, and some preliminary computation.

“9, Cost of materials for making tide predictor, estimated at
£25, and not exceeding £35. Cost of preliminary computation,
estimated at £3 10s,, and not excceding £5. Some further
computation may be necessary after the work with the tide
predictor, but the amount of this cannot be accurately estimated
at this stage, and might be negligible. No upplication is being
made on this account at present.

“ 4, Fellow of King's College, Cambridge.

5. Apparatus would be of little permanent value. Tt could
be added to for the purpose of carrying out similar caleulations
for a wider range of ¢, and might be used for some other investi-
gations connected with the zeta-function. 1 cannot think of any
applications that would not be connected with the zeta-function,

6. At Cambridge University, principally in the Engineering
Laboratories. Professor Hurdy and Professor Titchmarsh are,
I believe, willing to support this application.”

Puc. 1. 3asiBka Ha rpaHT

http://www.turing.org.uk/sources/zetamachine.html
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Puc. 2. Tperbst marinaa 1151 IpeJcKa3aHus IPUJIUBOB capa Yuibsama ToMmcoHa,
aopaa Kenppuna (William Thomson, Lord Kelvin), 1879-81

http://en.wikipedia.org/wiki/Tide-predicting_machine
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Puc. 3. Mammmba j1st npejicka3aHus IPHIHBOB

http://tidesandcurrents.noaa.gov/predma3.html
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[TO3BOJISIET UTHOPUPOBATH NOPU30HTAJIBHBIE ITEPEMEIEHNsT MITHIPHKOB, a Bep-
THUKAJIbHBIE IIPE0OPA30BLIBATH B CTPOIO BEPTHKAJbHBIE IIEPEMEIIEHHS TVIAIKIX
(6e3 3y6BeB) KOJIEC, PACHOTIOKEHHBIX HA/T IecTepéHKaMu. st cyMMupoBanust
CJIy?KUT HUATH, OTHOAIOIasi Bee TIajkue Kojeca. IIpaBblil KOHEI[ HUTH YKECTKO
3aKpeIlIEH, a Ha JIEBOM BHCHT II€PEMEIIAOINICSI IPy3, MOJOXKEHNE KOTOPOI'o
ompe/iesisiercss cymMmoit (16) u TeM caMbIM IPEJCKA3bIBACT BBICOTY HPUJIHBA.

Takum o6pa3oM, ujest KOHCTPYKIME <«allllapaTa JJjisi BEITUCIEHUS J3€Ta-
dyHKIUI» He Obla HOBOM, HO OPUIHHAJIBLHBIM OBLIO IpUMEHEHHE IT0L00HOT0
yCTpOICTBA HE JJIst TPAKTUIECKON eI — BBIYUCICHUS IPUINBOB, & JIJIsI CY-
ry6o reoperudeckux reseit. B apxuse Trhiopunra [24] coxpaHumeh «CUHBKI»,
[TOKA3BIBAOIINE, 9TO KOHCTPYKITUS «allllapaTray He ObLIa CJIEHbIM IMOIPaKaHU-
eM MallliHe I pacdéra MPUINBOB.

Trropunr nosyumni rpant (3amnporersbie 40 GyHTOB CTEPJIMHIOB) U IIPH-
crynmi K pabore. Emy momorast cTyneHT nHKeHepHOro dakyisibrera JJoHaib
Maxkdeitn (Donald C. MacPhail). VauBurenbHo, 9T0 OHH B3sIMCH CIEIATDH
9TOT JIOCTATOYHO CJIOXKHBIH MexaHu3M BjBoéM. Jljst TpebyeMoro mHTepBaJia
1450 < ¢t < 6000 (cm. puc. 1) snagenne m B (16) paBro 30, TO eCTh OJHUX
3y0UaThIX KOJIEC TpebOBAIOCH U3rOTOBUTEL Hosee 60 mTyK.

Triopunry TpeboBasuch B KadecrBe wy B (16) sorapudMbl 1es1bIx ducer,
TO €CThb YHCJIa UPPAIMOHAJIBHBIE, U OH UCIIOJIB30BaJl IeIHbIe IpOoOU JJisl IPHU-
OJIMKEHUsT 9TUX JOrapU(pPMOB pallMOHAJIBLHBIMEI YUCIAME, IUCTUTE/IN U 3HAME-
HaTeJ M KOTOPBIX 3aaBajii Obl KOJUYIEeCTBO 3yObeB Ha ImecTepéHkax. HekoTo-
pO€e KOJTMIEeCTBO 3TUX IECTEPEHOK OBLIO M3TOTOBJIEHO, HO HaYaBIIasicst Bropast
MEUPOBas BOiiHa IpepBaJia padboTy, U padoTa HaJ «alnapaToMy 1bIOpUHTA JIJIsT
BBIYUC/IEHNS 13eTa~(PyHKIINY HUKOTIa He OblIa 3aBepIleHa.

[TousiTHO, YTO 3aMeHa JIOrapu(dMOB HATYPAJIbHBIX UUCE/ Ha UX PAIlIOHA b
Hble IPUOJINKEHUs IPUBOAU/IA K JIOMOJHATEILHON OIPENTHOCTA B BBIYHCIIE-
HUW 3HAYCHUS 13eTa-DYHKINN (IIOMAMO OIMUOKY, CBSI3aHHO ¢ HCIIOJIBb30BAHI-
eM KOHEYHOH CYMMBbI BMECTO OECKOHEYHON), U B 3asiBKe Ha I'DAHT [HIOPHHIT
yKa3aJ, 9TO B HEKOTOPBIX CJIydasix MOTPeOyeTcs MOMOJTHUTD CIET HA «alllapa-
Te» TPAAUINOHHBIM BBIYUCIEHIEM. DTOMY ObLIa IMOCBAIIeHa paboTa ThopuHra
[18], mosannas B nedars B ToM ke Mae 1939 roza, 4ro u 3asBKa HA IPAHT JsI
MEXAHUIECKOTO BBIUUCIEHUS J13eTa-(PYHKIUN.

Texnuka u3 [18| cranma HOBBIM HHCTPYMEHTOM /It BBIYUCICHUS 13eTa-(DYHK-
W1, HO BHOCJEICTBUHU 3Ta pabora TwiopuHra ObliIa mpeB3oitaeHa. B wacTHO-
cri, 310 caenann Duapo Muxaens Ogyibizko (Andrew Michael Odlyzko) u
Apnonwy [lénxare (Arnold Schénhage), Koropble TpeIOKUIN METOJ, OCO-
6erno 3 deKTUBHBIN, KOra Hato HaiiTn 3HatdeHne ((s) He IS OIHOTO, a JJIst
MHOI'MX OJIM3KNX 3HAYCHUI aprymeHTa. Bor 4o oHm Hammcamu B [12].

Only one other method, besides the Euler — Maclaurin and
Riemann — Siegel ones, seems to have been proposed for computing



Astan TeOpHHT H TEOPHST THCET 17

¢(s) to moderate accuracy at large heights, namely the one due
to Turing. It was designed to provide higher accuracy than was
guaranteed by the crude bounds on the remainder term in the
Riemann — Siegel formula that were available at that time, and at
the same time be more efficient than the Euler — Maclaurin formula.
However, very good estimates for remainder terms in the Riemann
— Siegel formula are now available, which seem to make Turing’s
method unnecessary.)

3nech mon «MeTogoM ThIOpHUHra» aBTOPLI UMEIOT B BUJLY IIPEIJIOXKEHHLII
UM CITOCOD BBIYMC/ICHUS 3HadYeHuit a3era-yuknnn Pumvana. To, 9To B Teopun
qurcesT TPAIUITNOHHO HA3BIBAETCST «MeTOIOM ThIOPUHTa» — 9TO CPEJICTBO st
[IPOBEPKHU TOTO, UTO BCE HYJIH Ji3eTa~-(DYHKIIMU C MHUMBIMU YaCTSIMU B 3aJaH-
HOM HMHTEpBaJie yIOBJIETBOPSIOT I'uiore3e PuMana.

Sror merox 6bl1 BBenéH AsanoMm Twropunrom B pabore [19], omy6imko-
BanHoit B 1953 rozy. Bor kak ornennn eé Duupio Bykep (Andrew R. Booker)
B [3]:

Reading Turing’s paper on the subject, which was one of his last,
one marvels at what he accomplished with the limited computational
resources of the day. His method was truly ahead of its time.?)

[To dopme crarbs [19] BBINISIUT KaK OTYET 06 OJHOM KOHKPETHOM BbI-
qucjieHnn, nmposenéaaoM Thiopuarom B 1950 rony #a 9BM «Mark 1» 8 Man-
JeCTEPCKOM yHUBepcuTeTe, HO Bo Baenenun ThIOpUHT HaIMCAT IPOPOYECKUE
CJIOBa, O 3HAYNMOCTH BBOJIUMOIO UM METOIA:

This paper is divided into two parts. The first part is devoted
to the analysis connected with the problem. All results obtained in
this part are likely to be applicable to any further calculations to
the same end, whether carried on the Manchester Computer or by
any other means.?)

YDloxozke, 9TO TOTBKO OIMH METOJ, IOMAMO METOMOB iinepa — Makiopena n Pumana —
3uresist, GBI IPeJJIOXKeH [l BBIYUCAeHUs ((S) ¢ yMEPEHHOH TOYHOCTDHIO /It GOJIBINNX BBI-
COT, a UMEHHO, MeToI, TpuHa iexKarmuii Triopunry. O 6bUI IpeHA3HAYEH JaBATh GOJIBITYIO
TOYHOCTh, Y€M Ta, KOTOPYIO FapaHTUPOBAJIN IPyObIe OIEHKHN OCTATOYHOTO UjieHa B (DOpMyJIe
Pumana — 3ureiis, uMeBIIrecs B TO BpEMs, U B TO Ke BpeMs ObITb OoJsiee 3 DEKTUBHBIM, YeM
dopmysa Ditnepa — Maknopena. Tenepnb, onHaK0, IMEIOTCST OU€Hb XOPOIIIHE OIIEHKN OCTATOY-
Horo 4ieHa B (popmysie Pumana — 3uresisi, KoTopble /1eJ1a10T MeTO |, 1T bIOPUHTa M3JIMIITHUM.

DYyras pabory ThIOpEHTA IO STOMY MPEAMETY, KOTOpasl 6bIJIa OIHOI U3 €ro MOCIIEHNX,
[IOparKaelibCsi TOMY, YTO OH COBEPIIUJI C OTPAHUYEHHBIMI BBIYUCINTEIbHBIMUA PECYPCAMU TEX
nHeit. Kro meron monctune omepeaus CBOE BpeMsi.

3)Dra craTbs cocrouT M3 AByx dacreil. IlepBas HOCBSINCHA aHAJIN3Y PACCMATPUBACMOIL
mpobsembl. Bee pe3ysbTaThl, MOMTydYeHHBIE B 9TONW YACTU, BEPOSITHO, OYIyT MPUMEHUMBI KO
BCEM IIOCJIEJIYIOIINM BBIUUCIEHUSIM, IIPOBOJUMBIM C TOH K€ I[eJIbI0, HE3aBUCHMO OT TOTO,
Oy/IyT J OHM OHU BBINOJIHATHCs HAa Mandecrepckom KommbioTepe uan ApyrumMu CpeicTBaMu.
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WaTepecHo orMeTnTh, 9T0 THIOPUHT HEe BEPUJI B CIIPABEJINBOCTH THIIOTE3bI
Pumana:

The calculations were done in an optimistic hope that a zero
would be found off the critical line, and the calculations were directed
more towards finding such zeros than proving that none existed.?

IIpu sTom Trropunr Hajzestica HailTH HyJIb § = 0 + it = ¢ + 27iT, onpoBep-
raforuii runore3y Pumana, yKe Ipu CpaBHUTEIBHO MaJjoil BeJIuvdnHe t:

The principal investigation concerned the range 632 < 7 < 642
... The result of this investigation, so far as it can be relied on, was
that ... all zeros of ((s) in the region 27632 < t < 27642 are simple
zeros on the critical line.?)

IlongaTHo, ¥YTO Ha/MW4YMe HyJd BHE KPUTUIECKON IMPSIMON MOXKHO YCTAHO-
BUTb, BBIYUCJIUB 9TOT HYJIb C TO‘IHOC”{I)IO, JIOCTATOYHOM JJIsT BBIBOJIA O TOM, 9TO

€ro BelleCTBEeHHad 9aCThb HE paBHa 5 , HO KaKUM o6pa30M IIpoBeE/isd KOHETHOE

BbIUHuCJIEHUE C OFpaHquHHOﬁ TOYHOCTBHIO MOXKHO 3aKJIIOYUTh, YTO pacCcMaT-
pUBaeMble HYJIU JIeYKAT POBHO Ha KPpUTUUIECKOH mpsimoit? ThrOpUHT mpugaBal
MaTeMaTUIeCKON CTPOrocTu OOJIBIIOE 3HAYECHHUE:
There is no reason in principle why computation should not be
carried through with the rigour usual in mathematical analysis.®)

The procedure was such that if it had been accurately followed,
and if the machine made no errors in the period, then one could be
sure that there were no zeros off the critical line in the interval in
question.7)

Even with the automatic computer this rigour can be rather
tiresome to achieve, but in connexion with such a subject as the
analytical theory of numbers, where rigour is the essence, it seems
worth while.®)

4) Berancotenus 6b11m IIPOBEJIEHBI B ONITUMUCTAYECKON HAJEXK/Ie HANTH HOJIb BHE KPUTHYE-
CKOI TIPSIMOI M BBIMHCJIEHNSI ObLIM HAIIPABJIEHBI CKOPee Ha HAXOXKJEHUE TaKUX HyJel, dem
Ha JI0Ka3aTeJIbCTBO UX OTCYTCTBUSI.

5)OcHOBHOE HCCIIeIOBAaHEE OTHOCHIOCH K obiactu 632 < 7 < 642 ... Pesynprar sToro
HUCCJIEIOBaHUS, HACKOJIBbKO MOYKHO Ha HEro IO0JIaraThbCs, COCTOUT B TOM, YTO ... BCe HYJIHA
¢(s) B obnacru 27163% < t < 2m642 jexkaT Ha KPUTHUECKO MPSIMOii.

S Her mpHYMHBL, 1O KOTOPOH HENb3s1 GBUIO GBI BBHIOIHATE BBIMHCIEHHE CO CTPOTOCTBIO,
OOBIYHOI B MAaTEMaTUIECKOM aHAJIH3E.

7)Hpoueﬂypa OblIa TAKOBA, UTO €CJIM CJIEIOBATH €Il aKKyPATHO, U €CJIM MAIlNHA He CeJa-
€T B 9TO BpPEMd ONIMOKM, TO MOXKHO OBITH YBEPEHHBIM, UTO B IIPeeIax PacCMaTPUBAEMOTO
HHTEepBaJla HEeT HyJed BHe KPUTUYIECKO ITPAMOM.

8>,ZLa>Ke C aBTOMaTHUYECKUM KOMIIBIOTEPOM JOCTU>KEHHE TaKOM CTPOI'OCTH SIBJISIETCS BEChH-
Ma YTOMHTEJLHBIM, HO B CBA3U C TAKUM IPEJIMETOM, KAaK AHAJIUTHUIECKAs TEOPHS UUCEI,
JIJIs1 KOTOPON CTPOr'OCTh IBJISI€TCS KBUHTICCEHIIMEH, 9TO IIPEJ/ICTABIISAETCS 3aC/IyKUBAIOITIM
YCHAIAA.



Astan TeOpHHT H TEOPHST THCET 19

N o

=1l 1 2 3
-1

Puc. 4. [onymmiockocTs CXOQUMOCTH, KDUTHIECKHE TI0JIOCA U MPSIMAasi, KOHTYD
UHTErPHPOBAHUS

3/echb MHTEPECHO OOpaTUTh BHUMAHWE Ha CJIOBOCOYETAHUE <«aBTOMAaTHUUe-
CKUIT KOMIBIOTEP» — UyThb paHee THIOPUHT HANKCAJ CJEIYIOIIee.

The computer will probably have his own ideas as to how certain
steps should be done. When certain steps may be omitted without
serious loss of accuracy he will wish to do so.?

TlorsaTHO, YTO IOJ TPOCTO «KOMIIBIOTEPOM» TBHIOPUHI UMEET B BHJY HYesoBe-
Ka-BBIYUUCITIATES.

[IpemmecrBernuky ThiOpUHra B BBIYHACJICHUH HyJeil n3era-dyHKunn Pu-
MaHa, TPOBO/ISI CBOM BBIYUUCJIEHNST BPYYHYIO, TaKyKe TOJTyJa Il MaTeMaTuIeCKN
CTPOTOE JIOKA3aTEILCTBO TOTO, YTO HAMJEHHbIE MU HYJIH YJIOBJIETBOPSIIOT T'H-
nore3e Pumana. I'pam ucnonb3oBas st 3Toro meopemy Pywe, a mocremryio-
Iye uccaeioBarein — meopemy Kowu.

Q)KOMHBIOTep, BEPOSITHO, Oy/IeT WMeThb CBOM COOCTBEHHBIE HJEHU IO TOBOIY TOTO, KAKIM
0o0pa3oM cilenyeT BBINOJIHATH OIPeNeséHHble maru. Korga HEKOTOpBIE IIarm MOTIYT OBITH
OIYIIEHbI 6€3 CEePhE3HOIM MOTEPH TOYHOCTU, OH MTOXKEJIAET ITO CAECTATD.
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[Tycrs N(T') obo3HauaeT KOJIMIECTBO Hyseil J3eTa-DyHKIMNI, JIeXKAlUX B
IPAMOYTOJIbHUKE

0<Re(s) <1, 1 <Im(s) <T. (17)

B npemnosioxkenun, 4To Ha €ro rpaHuile HeT HyJsell n3era-byHKIUH, TEOPEMa
Kormu rosopurt, wro

Najziﬁfig%b, (18)

rJile KOHTYDHBIN uHTerpaj Gepércst mo rpanuie npsimoyroibauka (17). ITlo-
cKoJIbKy 10 onpegenenuto N(T') — qucio nesoe, /I €r0 HAXOXKIEHUST JJOCTa-
TOYHO BBIYUCJINTH PaByIo 9acThb (18) ¢ omubKoil, He MPeBOCXOIsIIEll, CKazKeM,
1/3, a 3aTem npoBecTu OKpyIJIeHHE JIO OJIMKANIIEro 1eI0ro Yucia. Takoe Bbl-
9HUCJIEHHE W CTPOTYIO OIEHKY €ro MOTPEITHOCTH MOXKHO CHeaTh CPeICTBAMU
YHUCJICHHOTO aHAJIU3a.

Teopema Komm — 3T0 0011ee CBOHCTBO BCeX AHAJIUTUIECKAX (DYHKITUI.
B marmem koHKpeTHOM ciytae a3eTa-QyHKIINKA €CTh eI OIHa CIeIuduIecKast
TEXHHUKA, JIJIsI TI0/ICUETa KOJIMIECTBa HyJIEH.

Pacemorpum dyuKImo

Z(t) = 9O +it), (19)

rie
0&):IHMH<F<Z—%i>>——;hKW) (20)
OKCIOHEHIMAIbHBIH MHOKUTEIL B (19) Hyseil, oueBuaHo, He umeer. Kora
t IpUHUMAaeT BeIeCTBeHHBbIE 3HAUEHUSI, apryMeHT % + it y n3era-dbyHKIUHU B

(19) npuHEMaeT 3HAYEHUST HA KPUTUIECKON IPsIMOii, a 3HavdeHust byHKnu Z (t)
OKa3bIBAIOTCSI BENECTBEHHBIMU.

[TpeacraBum tenepn, uro mbl Hamin N(T') + 1 Bemecrsennoe uunciao fo,
-+ In(r) (6emmie Touxu ma ocn abcmuce Ha puc. 5) Takoe, UTO

I<fo< - <fo<frm < <fnm)<T (21)

u
Z(fr-1)Z(fe) <0 (22)
upu k = 1,...,N(T). OueBugno, uro B TakoMm ciaydae byHkius Z(t) umeer,

1o KpaitHeii Mepe, oJuH Hy/JIb B KaXKJOM M3 OTKDPBITbIX uHTepBasios (fo, f1),

ooy (fN)=15 fN(1)) 1, cenoBarenbro, bynkims Z(t), a, sHaquT, 1 GyHKIH
1 .

<(§ + it), mmetor o kpaiineit mepe N (T') nyneit npu 1 < t < T ITockoabky

N(T) — konm4uecTBO Hyseil BO BCEM NPSMOYTOJIbHUKE, TO HUKAKUX JPYIHX
HyJiel 13eTa~QyHKIUU B HEM OBITH HE MOYKET.
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Puc. 5. @yuknust Z(t)

OTmernM, 9TO Uit TPOBEPKU HepaBeHCTB (22) HaMm He TpeOyeTcst BBIYUC-
JISTh TOYHblE 3HavYeHUs! DyHKIWU Z(t), Mbl MOXKEM JeJaTh 3TO ¢ HEKOTOPOIi
MOTPEITHOCTHIO W OIEHUBAThH €€. FEC/Iu OleHKa MOTPEITHOCTH OKaYKeTCs 1Mo ab-
COJTIOTHOI BEJIMYNHE MEHBIIE BBIYMCACHHOTO MPUOJINKEeHHOrO 3HadeHus Z (t),
TO MBI Oy/IeM JIOCTOBEPHO 3HATH 3HAK HCTHHHOIO 3HadeHus Z ().

[Ipun mpaxTwdeckoil peaqu3anuu STOrO TIaHa BO3ZHUKAET BOMPOC — KakK
Hafitu uncia fo,..., fyr) ¢ Tpedyembivu cpoiictsamu? KoHneuHo, MOKHO Bbl-
uyncsisiTh 3Hadenne Z(1+kh)upu k =1,..., (T —1)/h u Bce yMeHbIIAIOIUMUCST
sHavueHust h u xkjaarb nossiaenus N (1) nepeMen 3HaKa, HO 9TO OYEHb TPYIO-
E€MKUI IIPOITecC.

I'pam ykazaJy 9BpUCTHYECKHUIl MeTOJl BbIOOpa 3HadeHwii fy, ..., fN(T). On
paccMOTpesl MHIMYIO 9aCTh 9KCIOHEHIIMAIBHOIO COMHOKUTENSA B (19)
Im(e®) = sin(0(2)). (23)
Oyukiws 0(t) mMeeT aCHMITOTHIECKOE PA3JIOKEHUE
_1 Ly o -1
o(t) = (ln (%) 1)t SO, (24)

U3 KOTOPOro BHJHO, 4TO (1) pacTér movTH Kak JjuHeiiHas DYHKIUS C JIOra-
puPMUIECKE MEJJIEHHO YBeJTMIUBAIOMMMCs KO3 dunmentoMm mpu t. CooTreT-
cTBeHHO, rpaduk (yHkiuu sin(f(t)) BLIVISIAUT KaK CHHYCOUJIA C BO3PACTAO-
mieit gacToToii (cM. puc. 6).

U3 puc. 7, Ha koTopoM n3o6pazkens! dyHkImn Z(t) u sin(f(t)), Bugno, aro
OHU BeJlyT cebsl TMOI00HO CUHYCY M KOCUHYCY — HYJIH KayKI0i n3 3Tux (PyHK-
Uil COOTBETCTBYIOT KCTpeMyMam Apyroii. [Tosokurenbuble Hymu GyHKIUEI
sin(A(t)) nonyunin HazBauue movex I'pama, O TPAJUIUI UX ODOZHAUAIOT G,
U HyMepYIOT TaK, 4TO

0(gm) = mm, (25)
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Puc. 7. @ynxnun Z(t) u sin(0(t))

TO €CTh IEPBbI Hy/Ib nMmeeT uHiuekc —1. ['pam, BbIUMC/INB HaYaJbHBIE HYJIN
J3erTa~-PYHKIMYM, OOHAPYKUJI, ITO OHU YEPEILYIOTCS C TUCTAMU Gy U TIPU STOM

(=1)™"Z(gm) > 0. (26)

xon Upeun Xarunuacon (John Irwin Hutchinson) massas nepaBeHCTBO
(26) saxonom I'pama, u, IO UPOHUK Cy/bOBI, BEIYUCJIUB HadaabHble 138 Hyseii,
OH >Ke ODHAPY2KWJI IT€PBbIE UCKIIOYEHHUS U3 ITONO «3aKOHA»
Z(glgg) = —0.7763 . .. 5
Z(g134> = —0.0169... y
Z(9135> —3.4698. .. .



Astan TeOpHHT H TEOPHST THCET 23

Ceituac MBI 3Ha€M, 9TO «3aKOH ['pamay Hapyraercs 6€CKOHEIHO 4acTo, U
MOXKEM DPa3JIndaTh xopouwiue mouwky I'pama, yIOBIETBOPSIOININE HEPABEHCTBY
(26), 1 naozrue, emy HeyaoBIeTBOpsomue. Takum 06pa3oM, mpu GOIBIIOI Be-
simauae T MbI He MOXkKeM OpaTh Touku ['pamMa HEemOCPEeICTBEHHO Ha POJIb YUCET
fos- s fnery B (21) m (22). Mo MokeM, OJTHAKO, TMOMBITATHCS HEMHOTO CJIBH-
HYTb TIIOXHE TOYKH, TO eCTh HafiTn Takme (Mangenbkue) wmcia ho, ..., hyr),
sl KOTOPBIX HepaseHcTBa (21) u (22) BbiosHsIOTCsI IpU BBIGODE fi, = gk + M.

B urore Mbl IPUXO/UM K CJIEJLYIONIEMY KJIACCUIECKOMY MeTOoy (HCII0JIb30-
BAHHOMY IpeJliecTBeHHUKaMu ThIOPUHIa) Jisi IIPOBEPKU TOTO, U4TO BCE HYyJIU
n3era-dyHKnun PuMaHa, IMEIOIe MHUMYIO 9aCTh, HE TPEBOCXOISIIY IO HEKO-
TOoporo yucja 1', jiexkaT Ha KPUTUIECKOU HPSIMOiA.

1. Beruuc/iuTs ¢ norpemHocTsbio He 6osee 1/3 unrerpad
1 "(s
N(T) = & ¢ £ g,
27 ¢(s)
OKPYIVIATH IIOJIy9YeHHOe 3HaUeHNe 10 OJIMKANIIero Iejloro Jucia, Hails

rem cambiM N (T') — KommdecTBO HyJieil B psiMoyrosibHuKe (17).
2. Haitru N(T') + 1 uucen h_1, ho, ..., hy(ry—1 Takux, aro

1<gat+ha<...<gm+thn<...<gnm-1+hnr-1<T,
u nposepuTh, uro nipu k =0,..., N(T) —1
Z(gkfl + hkfl)Z(gk + hk) < 0.

Eciin nam ynacres 9To ciearh, TO MbI JIOKAXKeM, YTO BCe HYIH (DYHKIUU
¢(s) B npsimoyrosibHuKe (17) JjiezkaT POBHO HA KPUTUIECKOl IIPSIMO.

Yro ke, KpoMe BO3MOXKHOI OINMOOYHOCTH TUIIOTE3bl PuMaHa, MOXKET Io-
MeIaTh HaM B OCYIIECTBJIEHUN STOTO IiaHa! KojuaecTBo Hyseil MOXKHO TO/I-
CYUTBIBATH JIByMS CIIOCODAME — C yYETOM KPATHOCTHU U 6€3 yuéTa KPATHOCTH.
Uurerpan Kommu (18) yumrThiBaeT KpaTrHOCTb, HO KOIJa MbI OIEHHUBAEM KO-
JITYECTBO HyJIEH Yepe3 KOJUIECTBO IEPEMEH 3HAKOB, KayKJbII HYJIb HEUETHON
KPATHOCTH CUUTACTCs 3a OJIMH HYJIb, & HYJIU YETHBIX KpaTHOCTEH BOOOINE He
MOTyT OBbITH OOHAPYKEHBI MO IMepeMeHe 3Haka GyHknun. [lo sToMy moBomy
Tbiopunr namucast:

We know no way of dealing with multiple zeros, and simply hope
that none are present.'%)

Hanexma Toropunra 10 cux mop OIMpaBIbIBAIACH — KPATHBIE HYJIH 13eTa~-(pyHK-
nun PuMana noka He oOHaApPY2KEHBI.

10)1\/[131 HE 3HaeM HUKAKOI'0 CII0coba JJIA pa6OTI>I C KpaTHbIMU HYJIAIMUA U IIPOCTO HaJleeMCd,
9TO UX HET.
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YcosepieHcTBOBaHRe, KOTopoe ThIOPUHD BHEC B ONUCAHHBIN BBIIIE METO/|
IIPOBEPKY I'MIOTE3b PuMana, oTHOCHTCS K 11epBoit yacTu — Bbraucsennto N ().
Merton Triopunara ocHOBaH Ha OIHON Teopeme, omybnKOBaHHOM JIUT/IBYIOM B
1914 rogxy. Ona upoussoxur cpashenue N(T') ¢ kosmdecrBoM Touek ['pawma,
He TpeBocxodmux 1', KoTopoe JIerko onpenennTs. JeficTBuTebHO, HepaBeH-
CTBO gm < T B cmy MOHOTOHHOCTH (DYHKINHN € SKBHBAJIEHTHO HEPABEHCTBY
0(gm) < 6(T) u, cormacuo (25), uepasercry mm < O(T'), To ectb umeercst
|0(T) /7] 4+ 2 roukn I'pama, ne npesocxozsiue T (ciaaraemoe 2 BBI3BAHO Hy-
Mepareii Todek Haunuas ¢ —1). Onpegenus dynknuio S(1) depe3 paBeHCTBO

Ny =T 4 s, (27)

™

MBI MOYKEM OXKUJIATh, YTO OHA OY/IEeT MPUHUMATH HE CJUIIKOM OOJIbIIIe 3HAYTE-
nus. Teopema, nokazanHas JINTIBYIOM, yTBEPKIAET, IYTO STO BEPHO B CPETHEM.

TEOPEMA [10].

/ " S(t)dt = O(In(T)). (28)
0

Cam JluTiiByn He ykas3aj, KaK 3Ta TeopeMa MOXKeT ObITh HMCIIOJIb30BaHA
qist eraucsienust N (7T). He ysugen sroro u Turumapin, nposepusiuii B 1936
romy rumnorely Pumana mrsa mepseix 1041 mymeit, m Tosbko ThiopmHT HAIENT
HpuMeHenue pesysbrara JIUTIBy1a 11 yIPOIEHUs BbIYUCIEHUIA.

Teopema JlutnByma ccopmyaupoBaHa ¢ UCIOJIb30BaHHeM cuMBoJia O U 110
9TOI IpWIuHE OHa caMa I0 cebe Oecrosie3Ha st KaKuX-1n00 (PaKTUIeCKUX
BBIYUC/IEHUI, NOO HE YTBEPKIaeT HUYIEro HU PO OJHO KOHKPeTHOe 3HadeHue 1 .
B cBazu ¢ atum Trropunr nurier:

In analysis it is customary to use the notation O{ f(x)} to indi-
cate ‘some function whose ratio to f(x) is bounded’. In the theory
of a computation one needs a similar notation, but one is interested
in the value of the bound concerned. We therefore use the notation
O(«) to indicate ‘some number not greater in modulus than o’.
The symbol © has been chosen partly because of a typographical
similarity to O, partly because of the relation with the use 9 to
indicate ‘a number less than 1’.1V)

1B anasmse npussTo ucnonb3osark samuck O{ f(z)} a1st 06o3HaEH s «<HEKOTOPO# (byHK-
UM, OTHOIIIEHHNE KOTOPOii K f(x) orpannvento». B Teopuu Beraucaenuii HeobxoaumMo nomo6-
HOe OOO3HavYeHHe, HO IPH ITOM HMHTEPEC NPEJCTABJIAET 3HadeHHe Takoil rpanumbl. Coor-
BETCTBEHHO, MbI OyJIeM HCIIOJIb30BaTh 3amuch ©(a) 1 0603HAUEHHs] «HEKOTOPOrO YHCIIA,
HE TPEBOCXOSAIIEr0 MO MOAYII0 yuciaa «». CumBoa © BBIOpaH OTYACTH M3-38 THIOTPAd-
ckoit cxoxkectu ¢ O, 0TYACTH U3-3a UCIIOJIL30BaHUs ¥ [11st 0003HAYEHHSI «HEKOTOPOro YHCIIA,
MEHBIIIEro 1».
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Ucnonb3ys BBenénnoe obozuadenue, ThlOpuHT yTOUHUI Teopemy JIuTiaBy-
J1a, JiokazaB, u4To ecau 1687 < T < T, TO
T> T
n S(t)dt = ©(2.3040.128In (52)) . (29)
JokazarenbcTBo 3aHUMaeT B [19] nsTh CTpaHuI] Tpa/IMIIHOHHBIX TEOPETUKO-INC-
JIOBBIX OIIEHOK.

Hambueiimmit xox Mpiciieit ThiopuHra MOXKHO onucaTh Tak. Hala konevuHas
[IeJIb — YCTAHOBUTH TOJIOKEHHUE HyJIel q3eTa-DyHKITNN PruMana ¢ MHUMBIMUI 9a-
CTSIMU, HE IIPEBOCXOJISANIUMU 110 aDCOIOTHON BeJIMYMHE HEKOTOPOro uncia 1.
BwmecTo 3T0r0 MBI MOYXKEM IOIBITATHCH IIPOJEIaTh ITO JJisd HeKoToporo 1j, Ko-
Topoe 6oJibIie T', TIOCKOJIbKY MOXKeT OKa3aTbes, 4To Beraucautb N (Tp) nerde,
geM Bbraucautb N(T'). U geficTBUTENBHO, 0KA3AJI0CH, YTO 9TOIO MOXKHO J10-
CTUYb, €CJU BMECTO TOro, 4Tobbl BeraucysaTh S(T)), ucxoas u3 3nadenust Tp,
MOCTYIUTb HA00OPOT — MOTPebOoBaTH, YTOOLI

S(Tp) =0, (30)

U UCKaTh TaKoe 3HaudeHHe 1.

s (30) u (27) cremyer, aro 3uadenue (7ThH) KpaTHO T U HO OLPEIETECHAIO
Ty moKHO OBITH HEKOTOPOH Toukoi ['pama g,,. Haobopor, eciiu Ty = gy, TO
0(Ty) rakxke kpaTHOo T u coryacHo (27) S(Ty) — uuciio nenoe. ITo O3HAUAET,
9TO JJIsA yeTaHOBJIeHUs paBeHcTBa (30) JOCTATOUHO TOKA3aTh, UTO BBIIOIHEHDI
HEPaBEHCTBA

—1 < S(Tp) < 1. (31)

BoJtee Toro, HeTpyHO NpOBEpPUTH, UTO €Cjau B KadecTBe 1 MbI BO3bBMEM HE
IPOU3BOJILHYIO, & XOpoIyio Touky ['pama, To S(Tp) obsizaresbHO Oymer 46T-
HBIM YHCJIOM, U BMeCTO HepaBeHCTB (31) JocTtaTodHo mosy4duTh Gosee ciaabble
HEPABEHCTBA

—2 < S(Tp) < 2. (32)

Urak, nycts g, — xoporas Touka ['pama. Heckosbko mociemsyronux To-
Y€K MOTYT OKa3aThCs IJIOXUME, U HAM MOTpedyeTcs HailTu ¢aBUrd hpy41, .- .,
Riptk—1 TaKue, 9TO

(_1)m+1Z(gm+l + hm-‘rl) > 07
: (33)
(—)"™ 1 Z(gmsk—1 + hmir1) > 0.

Pano win no3nHo (a 06bIMHO BeCbMa CKOPO) Mbl Ha#EM CJIE/IYIONLYIO XO-
poryio Touky I'pamMa gpik, Mt koropoit (—1)" 1k Z (g, 1) > 0. Hcnonssys
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cBoto Bepcuio (29) Teopemsr JIntiysa, Trelopunr jJokasas, 94To

230+ 0.1281n (20E) L 5okt n,

S(gm) <1+ e (34)
I9m+k — dm
AHAJOTUYHO MOYKHO TIOJTYUUTH ABOHCTBEHHYIO OIEHKY CHU3Y:
2.30+0.128In (L) — k= 1p,
S(gm) > —1 - (5) = : (35)

gm — Gm—k
Eciu B (34) u (35) caraeMble 1moj 3HaKaMH CyMM JIOCTATOYHO MAJIBI, TO MBI
nostyuaeMm Tpebyemble HepaseHcTBa (32). TakumM o6pa3oM, rIaBHOE [IPEUMYIIe-
cTBO MeTojia ThIOpUHIa COCTOUT B 3aMEHE TPY/I0EMKOTO BBIUUCJICHHUS KOHTYD-
Horo nHTerpasa B (18) Ha Beraucsenne 3Hadenuit pyHkiwn Z(t) B HeGOIBIIOM
KOJIMIECTBE JIONOTHATEIBHBIX TOUEK.

Bropast yacts crarbu [19], npecraisiioniast HbIHE TTIaBHBIM 00Pa30M UCTO-
pHUUecKnil HHTEpeC, MOCBSIIEHa KOHKPETHOMY CUYETy, IpoBea¢HHOMY ThIopuH-
roM. DT0 OBLIO OHO M3 MEPBBLIX mpuMenennit IBM i momydenns: HeTpUBU-
AJIbHBIX MaTeMaTHYeCKUX Pe3yJbTaToB, n THIOPUHI IIPUBOUT MHOTO JleTaJleil,
KOTOPBIE CETrOjIHSI y2Ke He MPHUHSATO IIyOJIMKOBATH B MATEMATHICCKUX JKYDHa-
nax. B gacTHOCTH, OH ONUCHIBAET YCTPONHCTBO MAIIHMHBL:

The storage of the machine is of two kinds, known as ‘electronic’

and ‘magnetic’ storage. The electronic storage consisted of four

‘pages’ each of thirty-two lines of forty binary digits. The magnetic

storage consisted of a certain number of tracks each of two pages of

similar capacity. Only about eight of these tracks were available for

the zeta-function calculations.!?)

TriopuHT Jatee TPUBOANT TAOIUILY PacCpee/IeHUsT TaMATH — CM. PHUC. 8.
PesynbpraThl cuéra BhIIABAIUCH HaA MEPQOIEHTY C IATHIO PAIaMU OTBED-
CTUH, U TOTOMY HCIOJIb30BAIACH CUCTEMa CUHCIeHus ¢ ocHoBanueM 32. Comep-
JKIMOE JIEHTBI MOYKHO OBLITO TOTOM paciedaTaTb. T bIOPUHT CUET HYKHBIM TTPHU-
BeCcTH TabJINILy COOTBETCTBUSA UMD W CHMBOJIOB Ha pacmedaTke — CM. puc. 9.
[Ipo wucrmosib30Banme ECATUIHON 3amucu ThIOPUHD HAIMCAJ CJICIYIOIIee:

More conventionally the scale of 10 can be used, but this would
require the storage of a conversion routine, and the writer was
entirely content to see the results in the scale of 32, with which
he is sufficiently familiar.'®)

12 [JamaATh MAIIMHBI GbLIA IBYX TUIIOB, H3BECTHBIX KAK «JICKTPOHHAS» U «MATHATHAS> IIa-
MSTH. DJIEKTPOHHAS TaMsITh COCTOSIA U3 YEeTHIPEX «CTPAHUIL», KAXKIasi U3 KOTOPBIX MMeJIa
10 TPUALATH J[B€ CTPOKU M3 COPOKA JBOMYHBIX Pa3psoB. MaruurHas nmaMmsiTh MMesa HEKO-
TOPOE KOJIMYECTBO TPEKOB II0 JIBE CTPAHUIILI TAKOTO Ke pasmepa. ToJbKO TPUMEPHO BOCEMb
W3 9TUX TPEKOB OBLIN JOCTYIHBI IIPU BBIYUCIEHUSIX N3€Ta-(DyHKIINN.

13)Bogee TPANIMOHHO MOXKHO HCIIOJIB30BaTh OcHOBaHHEe 10, HO 3TO MOTPeOOBAIO OBI
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The storage available was distributed as follows:

Magnetic store

Logarithms routine {(for ) . . . . . . ‘ 1 page
Table of logarithmes and reciproonl quun roots N 4 pagea
Routine for ealculating the terms n L oos 2rir log —ux) uml t_nlrln ni

cosines v ! + 2 pages
Hemainder of routineg ['ur Lﬂlln]ntlug the rlllit.tlllll ,£|:r‘|| = i i 2 PR
Input routine ‘ i ‘ . ‘ ; . . ‘ . 2 pages
Output routine . . . ' . . . . + 2 pages

Electronie store, as cceupied during the greater part of the time

Instructions and cosines . . . . . . . & pages
Logarithms and reciprocal square roots . ‘ ; . z . 1 paga
Miscellaneous date and working space . . V ' ' : 1 page

Puc. 8. Pacripesnesienue naMsitu

¢ 1 2 3 4 6 6 7 8 96 10 11 12 13 14 15 16 17 18 19

] E@A : SIU}DRJ NFC KETZEZ LW
20 21 22 23 24 285 28 27 28 20 30 31
H Y P Q O B G | M X V £

Puc. 9. Konuposka rup cucTeMbl CIUCACHHS ¢ OCHOBaHHEM 32

Boapmoit mpobaemoit Oblsia paboTOCIOCOOHOCTh MAINWHBI. T BIOPUHT
IIIIeT:
If it had not been for the fact that the computer remained in
serviceable condition for an unusually long period from 3 p.m. one
afternoon to 8 a.m. the following morning it is probable that the

calculations would never have been done at all.'4)

[Tomumo unTepBasia 27632 < t < 2m64%, THIOPHHT XOTeJ IIPOJIOJIAKHTE
BBIUUC/IEHUsT T UTIMapIIa;
Another investigation was also started with a view to extending
the range of relatively small values of ¢ for which the Riemann
hypothesis holds. Titchmarsh has already proved that it holds up
to t = 1468, i.e. to about 7 = 231... It was intended to continue
the work up to about 7 = 500. .. %)

MaMATH JJIsl TPOLEAyPbl TpeobpasoBanmsi, a aBTop [ThOpWHT| GBI BIIOJIHE YIOBJIETBOPEH
VBUJETH PE3YJIbTATHI C OCHOBaHUEM 32, K KOTOPOMY OH JIOCTATOYHO MPUBBIYEH.

"Ecam 66l HE TOT dakT, 9TO KOMIBIOTEP OJHAXKJLI OCTABAJICI B pabodeM COCTOSTHUN
HEOOBIYHO OJITHI MEePHO OT 3 YacOB TOIMOJIYIHUA JI0 8 YacoB yTpa CJIEAYIONIEro HsI, TO
BBIYMCJIEHUsT BOODIIE HUKOI/IA He ObLIM Obl IIPOBEIECHBI.

15) Bpuo HauaTo JIPYTO€E UCCIIEOBAHME C IIEJIBIO PACITUPUTH 06J1aCTh CPABHUTEILHO MaJIEHb-
KUX 3HAYEHUN t, [JIs KOTOPBIX Immore3a Pumana crmpaBeminBa. TUTUMApIT yKe TOKA3AJI,
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Tabn. 3. Ilposepka rumnorespl Pumana, naunnas ¢ A. Toropunra

’ lox [ KommgecTBo myireit [ ApTop

1953 1104 | A. M. Turing

1956 25000 | D. H. Lehmer

1958 35337 | N. A. Meller

1966 250000 | R. S. Lehman

1968 3500000 | J. B. Rosser, J. M. Yohe, L. Schoenfeld

1977 40000000 | R. P. Brent

1979 81000001 | R. P. Brent

1982 200000001 | R. P. Brent, J. van de Lune,
H. J. J. te Riele, D. T. Winter

1983 300000001 | J. van de Lune, H. J. J. te Riele

1986 1500000001 | J. van de Lune, H. J. J. te Riele,
D. T. Winter

2004 900000000000 | S. Wedeniwski

2004 10000000000000 | X. Gourdon

The interval 1414 < t < 1608 was investigated and checked, but
unfortunately at this point the machine broke down and no further
work was done. Furthermore this interval was subsequently found
to have been run with a wrong error value, and the most that can
consequently be asserted with certainty is that the zeros lie on the
critical line up to t = 1540, ... a negligible advance.!6)

JleiicTBUTEIBHO, €CJIM CPABHUTH KOJUYIECTBO HYJIEH, IIPOBEpEeHHBIX Thio-
PHHIOM, C KOJIMYECTBOM HyJIeil, IPOBEPEHHBIX J0 Hero (Tabsmia 2) u mocje
Hero (rabiuna 3), TO JOCTH:KeHUsi ThIOpHHra KayKyTCs HE3HAUUTEIbHBIMU.
Ha camom neste Britag Tohropusra orpomen. OH He TOJBKO OBLI ITEPBBIM, KTO
IPUMEHHUJI KOMIIBIOTEp JIjIsi IPOBEPKU Iuiore3bl PuMana (paHO WM 1IO3HO
9TO cesias Obl KTO-nG0 UHOI), HO, Y4TO ropasjio BaXKHee, KaK M IIPEIBUIE]

4qTO0 OHa BepHa 110 t = 1468, To ecTh mpuMepHo 10 T = 231... Ilpenmnonaransocs TpoIOIKUTH
pabory mo mpumepno 7 = 500. ..

16)I/IHTepBam 1414 < t < 1608 6bLT HCCIETOBAH M IPOBEPEH, HO, K COXKAJIEHHUIO, B 9TOT
MOMEHT MaIllMHA CJIOMAJIACh U HUKAKOM JaJbHelleil paboThl mpoBeieHo He ObLmo. Brocite-
cTBUU OBLIO OOHAPY?KEHO, YTO CYET JJId ITOrO0 MHTEPBAJa ObLI IIPOBEIEH C HENPABUIBHOM
BEJTMYUHOM OIMMMOKHU, W caMoe OOJIbINOe, YTO MOXKHO YTBEPXKIATH C YBEPEHHOCTHIO, — ITO
TO, 9TO HYJIH JI€eXKaT Ha KPUTHUYECKOH IpsMOil BIJIOTH no t = 1540, ... HecyIleCTBEHHOe
MIPOJBUZKEHNE.
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ThropuHT, BCe IMOCIEIYIONINE BBIYUCIEHHS, BIUIOTh JI0 HAIUX JTHEN, ITPOBOIN-
JIUCBH TI0 €0 METOJLY.

Tpaaumuonto B onucanusix ucciaenoBannit Anana TrhopuHra Mo Teopun
YUCesI TOBOPUTCH, YTO €r0 HAy4YHOe HACJEeUe COCTOUT U3 HECKOJIBKUX ITHCEM K
JPYTUM MATEMATUKAM, HEOIyOJITMKOBAHHBIX PYKOIUCEH, U TOJILKO JBYX IeYaT-
HBIX pabor — [18,19]. Do, oxHako, He coBceM Tak. Ecrb emé onHa omybinKo-
BanHasi Tpropunrom pabora, rae oH udydaer runoredy Pumana. Ilo xakoii-to
IpuIrHe 3Ta padoTa TPAKTUYECKH HE MUTUPYETCs CIEIUAIUCTAMU 10 TEOPUU
qncesi. Bo3MOXKHO, OHU HE IEHSIT IOJyJYEHHBI TaM pPe3yJIbTaT, a, BO3MOXKHO,
OHU TIPOCTO HE 3HAIOT, YTO B pabore [17|, nazsaunoit Systems of logic based on
ordinals'”) Twiopunr u3yuaer, B 9aCTHOCTH, THIIOTe3y Puvana (sTa crarbs —
u3JioxKenue juccepranuu ThopuHTa).

Tperuit pazgen aroit paborThl HaszBaH <« TeOpPETUKO-UUCIOBBIE TEOPEMBI» .
TrropuHr HAYKUHAET €ro ¢ TOro, 9TO JaéT (OPMATLHOE OIPE/IETEHNUE:

By a number-theoretic theorem we shall mean a theorem of the
form “f(x) vanishes for infinitely many natural numbers z”, where
6(z) is a primitive recursive function.®

Teropunr TyT 2Ke J1e/1aeT MOACTPOIHOE TPUMEIAHUE:

I believe that there is no generally accepted meaning for this
term, but it should be noticed that we are using it in a rather
restricted sense.!?)

3arem TpopuHr JaéT BTOPOE, SKBUBAJICHTHOE OIPEIEICHUE «TEOPETHKO-
YHUCJIOBBIX TEOPEM» B €I'0 CMBICJTIE:

An alternative form for number-theoretic theorems is “for each
natural number z there exists a natural number y such that f(x,y)
vanishes”, where f(z,y) is primitive recursive.20)

Oba 3TuX oIpee/eHus], TO-BUIUMOMY, TyKIbI CIEIIHAJIACTAM 10 TEOPUH
quceJi, IIOCKOJIbKY B HHX HCIOJIb3YyETCA IHOHATHUE NPUMUTUBHO peKprI/IBHOﬁ
GYHKIIUN U3 TEOPUH BBIYUCIUMOCTH. MOXKHO, OIHAKO, 1aTh TPETHE OIpEIeIe-
Hue, 6oJiee GJIM3KOE 1O JyXy K TEOPUU UUCEJI.

Ob6ozHaunM depes H8 " 4epes 28 KJIACC BCeX apudpMeTHIecKuX (pOpMyiI,
B KOTOPBIX BCe KBAHTOPHI orpanmdenbl. [locie BbIOOpa 3HAYEHNH CBOOOTHBIX

1D Cucmenmvl A02UKL, OCHOBAHbLE 1A OPOUHAAAL.

1) [0z TeopeTHKO-UmMCIOBOM TeOpeMOil MbI GyieM MOHUMATH TEOPEMY BHIA «O(x) obpama-
€TCsl B HOJIb 71151 GECKOHETHO MHOTUX HATYPAJIbHBIX >, re 6(x) — NIPUMUTUBHO PEKypPCHBHAS
byHKIWS.

19 6] nosraraio, 4T0 HET OGLIEIPUHATOrO HIOHUMANHKS YTOrO TEPMUHA, HO CJELyeT OTMETHTE,
YTO MBI UCIIOTb3YEM €ro B OUY€Hb y3KOM CMBICJIE.

20) AnprepuaTuBHOil POPMOIl TEOPETUKO-UUCIIOBBIX TEOPEM SIBJISETCS <«I/Is KAXKIOIO HATY-
PaJIbLHOTO YHCIa T CYIECTBYeT HATYpPaJbHOE YUCIO Y, Ipu KoropoM f(z,y) obpamaercs B
HOJIb>, Tae f(%,y) — NPUMUTUBHO peKypCUBHAs (PYHKIHS.
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[IEPEMEHHBIX B TaKUX (DOPMYJIax Mbl, OUEBUIHO, MOXKEM YCTAHOBUTDH WX MCTUH-
HOCTL WM J0xKHOCTB. asee, mycrs 119 ofosnauaer mpu n > 0 Kjacc Beex
dopmyt Buga

VIy...Tmp (36)

0 1 aHAJIOTHIHO X0 — Kracc GhopMysT BIIA

n—1
A 1) (37)

e 1) — dbopuyna u3 xnacca 112 . Mur nomyuaem apugdmemuneckyro uepap-
TU10, B KOTOPO# KaXKJIbIHl KJIACC COMEPXKUT JII000I APYToii KJacc, PACIOIOKeH-
HBII1 JIeBee Hero Ha 3TOH cXeMe:

rie ¢ — dopMmysia u3 Kjaacca X

9 o9 o ...
1) = %9 (38)
¥ 3
TeopeTuko-4rucaoBbIe TEOPEMbI B CMbICe ThIOpUHTa — 9T0 B TOYHOCTH (HUC-
TurEBIe) OPMYIHI U3 Kmacca 19

Yr106bI MOTUBIPOBATL BBEAEGHHOE HazBaHue, THIOPUHT IPUBOLUT IPUMED —
Beauxyro meopemy Pepma. B KadecTBe MeHee 09eBUIHOTO IIpuMepa ThIopuHT
YKa3bIBa€T I'UIIOTE3Y PI/IMaHa..

CuadaJjia BOOOIIEe HEMOHATHO, ITOYEMY T/1e-TO B apU(PMETUIECKON nepapXxum
JIEXKUT rurnoTe3a PuMaHa, MOCKOIBKY UCXOMHO OHA ObLa ¢hOpMyIHpPOBaHa KaK
yTBEepXKIeHNEe PO KOMILIEKCHLIE umcia. TeM He MeHee, MX MOXKHO IIPEICTa-
BHUTbH KaK Iapbl BEIIECTBEHHBIX YUCE], KOTOPBIE, B CBOIO OYEPeb, MOI'YT OBITh
LPEJICTaBJIeHbl KaK [PeJIeIIbl (CXOJSIIUXCsI) 0CJIeI0BATeIbHOCTEl palnoHa b
HBIX guces. MolHas TexHuKa apu@memuidayuy, passuras Kyprom [€nemem,
[TO3BOJIIET B UTOr'e 3alliicaTh I'MIoTe3y PuMana Kak apudMeTHIecKyo (popmy-
JIy ¢ OOJIBIIAM YUCJIOM KBAaHTOPOB 10 HATYPAJIBHBIM THCJIaM.

Takum obpazom, B apudmerndeckoit nepapxuu (38) ecrb GOPMyIIbI, K-
BUBAJICHTHBIE T'UIIOTE3EC PI/IIVIaHa, HpI/IqéM OHU MOT'YT BCTP€4YaTbCA B PaA3HbIX
KJIaCCaX. BOSHI/IKaeT ecTeCTBEHHbI BOIIPOC — CKOJIb MaJIbIM MO2KET 6])ITI) Ta~
Koit Kiacc?

ITocrapennsprit B Takoil hopmMe, STOT BOIPOC SIBJISIETCST OECCOAEPHKATE b
HBIM HJIM TPUBUAJILHBIM, IIOCKOJILKY OTBET OYEBUIEH — KOHEYHO, 3TO CaMbIil
MaJstenbKnit Kiaace 119 = 28. HeitcTBuTenbHO, TUNIOTE3a PUMaHa — 9TO KOH-
KPETHOE YTBEPKJIEHUE, He COJePKAIlee apaMeTpOB, U OHO JINDO UCTUHHO, JIU-
60 JjioxkHO. B mepBoMm ciydae runoresa Pumana sksusBasenTHa dpopmyite 0 = 0,
Bo BTOpoM — dopmyne 0 = 1, u 0be 3Tu hopMyIbI TPUHAIEKAT KJIACCY
) = 9.

BoJtee KOppeKkTHOI SIBJIsSIETCsT CIIeIyIOIIasl TOCTAHOBKA BOIIPOCaA: T B apud-
MeTn4ecKoii nepapxun (38) Mbl MOXKEM yKa3aTh, NPU HAUEM HOUHEUHEM YPOBHE
snanuti, GopMyJly, SKBUBAJEHTHYIO THIIOTe3e Pumana?



Astan TeOpHHT H TEOPHST THCET 31

Astan Triopunr Hamén Taxyio Gopmyrty B knacce 119, To ecTs B ero kiacce
TEOPETUKO-IUCJIOBBIX TeopeM. HecyioxkHoe 1oKa3aTebcTBO, 3aHUMAIOIIEE Iy Th
6oJIbIlle OHON CTPAHUIIBI, HE BBI3BAJIO, MO-BUIMMOMY, OOJIBIIONO MHTEpPECa y
CIIEIIMAJINCTOB [0 TEOPUU TUCET.

B 1958 rojy maremarudeckuii joruk I'eopr Kpaiizesns (Georg Kreisel) ycu-
s pesynbrat ThiopmaTa, ocTpons hopMysy n3 Kiracca I1), skBuBasenTHYTO
runioreze Pumana. M ero ero KOHCTPYKIIMKA MOXKHO TOSICHUTD CJIEIYIOIIUM 00-
pasom.

N3BecTHO, 9TO BCe HEBeIeCTBEHHbIE HyIH i3eTa-pyHknuun Pumana pac-
[OJIO’KEHbl CUMMETPUYIHO OTHOCHTENHHO mpsMbix Re(s) = 1/2 u Im(s) = 0,
pasbUBAIOIINX BCIO KOMILUIEKCHYIO IIJIOCKOCTH HA YeThIpe KBaJpaHTa, M03TO-
MY JIOCTATOYHO IIPOBEPUTH, YTO HET HyJell, CKaXKeM, B OTKPBITOM KBa/[PAHTE
Re(s) > 1/2 & Im(s) > 0.

Mbl MOXKEM TPEJACTABUATL ITOT KBAaJIPAHT KakK CUETHOE OOLEIMHEHUE CO-
JIEPIKAIUXCS B HEM MPSAMOYTOJIBHUKOB U COPMYyJINPOBATh ruroresy Pumana
KaK yTBepPXKJIEHNEe, UYTO HU OJUH U3 dTUX MPIMOYTOJIbHUKOB HE COMEPYKUT HY-
sieit n3eta-pyukimu. K coxkasiennio, HeIOCPEICTBEHHO 3AIMCATEH 9TO YTBEPHK-
JIEHEe KaK HEPABEHCTBO C COOTBETCTBYIOIIUM KOHTYPHBIM HHTEIDAJIOM MBI HE
MO2KEM, ITOCKOJIbKY & Priori HOJIb MOXKET JIeXKATh Ha T'PAHUIIE HUCIOJIH30BAH-
HOT'O HAMH NIPAMOYTOJbHEUKA, HO Kpaiizenb namén crnocod obouTH 3Ty TPy/i-
HOCTb.

CremyoomuM maroM B ycujeHuu pe3ysibraroB Teiopunra u Kpaiizens cra-
710 GBI TIOMermenne runoTessl Pumana B kiace 119 = X9, 1o ecth eé mokasa-
TEJILCTBO WJIM OIIPOBEPIKEHHE, HO ITO ceiivac HAXOJUTCH BHE IIPEIeJIOB HAIINX
BO3MOXKHOCTEM.

Tem HEe MeHee, 3TO HAIIPaBJIEHUE UCCJIEJIOBAHUI IIOJIyYUI0 HEKOTOPOE Pas-
surre. B 1970 roxy 6bi1a nokasana tak nasbisaemas DPRM-reopema?!) | yera-
HABJIMBAIOMAS, 9TO B ompefesnenun knacca 119 B pomm bopMysTsl ¢ Beera
MOXKHO Gparb (opmyity Buga P(z1 ... xy) Z 0, rjge P — MHOIOUWIEH C IIeJIbIMU
koaddurmentamu. COBMECTHO ¢ pe3ysibraroM Kpaiizess 3To 1aj10 Takoe cJie/l-
CTBHE: MOMCHO NOCMPOUMb KOHKpemHoull mHozouaer R(x1 ... %) ¢ ueavmu
xoapuyuenmamu maxotd, ¥mo sunomesa Pumana sxeusasenmma ymeepoicde-
Huto 00 omcymemeuu pewenus y duodanmosa ypasrenus R(xy...x,) = 0
(KOHKpETHBIii Cr1ocob MOCTPOEHNUST TAKOIO ypaBHEHMsI ONUCAH, HAIIpUMED, B [1]).

lNunoresa Pumana 6buta Briouena lasugom ['uabbeprom B ero 8-10 mpo-
bstemy, a B 10-it mpobsieme OH Ipejyraraj HAfTH AJTOPUTM JiJis PaCIO3HABA-
HUs Pa3PenInMOCTH IIPOU3BOJILHOIO INO(aHTOBa YpaBHEHUs. TakuM 06pa3oM,
HadaToe THIOPUHIOM BBISICHEHHE BOIIPOCA O TOJIOKEHUH T'UI0Te3bl PuMana B

21)A66peBI/IaLTypa B Ha3BaHUU TeOPEMbI 0Opa30BaHa W3 MEPBBIX OYKB (haMUINil MaTeMaTH-
koB Mapruna Issuca (Martin Davis), Xunapu ITaraema (Hilary Putnam), Txxynun PoGus-
con (Julia Robinson) n FOpua Maruscesnva. — Ilpum. pea.
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Puc. 10. Ilamsirauk Asnany Teropuary B CakBuiib-iapke, Mardecrep

apudMeTUIeCKON NepapXu MPUBEJIO K YCTAHOBJICHUIO HEOXKUIAHHON JIJIsi CIie-
[MAJUCTOB IO TEOPHUHU Unces cBa3u mMexay 8-it u 10-it mpobaemamu ['mipbep-
Ta — 0Ka3aJI0Ch, UYTO TUIIOTe3y PuMaHa MOXKHO 1IepeOpMyITHPOBATh KaK OUeHb
qacTHBIH ciydait 10-it npobsiembr ['miibbepra.

Bes tesuca Yépua — Trropunara Mbr He MOTIH ObI Jaxke chOPMYIUPOBATH,
9TO O3HAYaeT HepazpermmmocTh 10-i mpobiembl ['unbbepra, ycraHoB/I€HHE KO-
TOPOIi OBLIO CTUMYJIOM JJIst HokazaTeabcTBa DPRM-reopembr. Ceituac Mbl nMe-
eM (popMajIbHOE JIOKA3aTeJIbCTBO TOTO, UTO HUKaKasl MallnHa ThIOpUHTa He
MOXKET PaCIO3HABATH, UMEET JIM ITPOU3BOJIbHOE TUOMAHTOBO yPABHEHHUE Pellie-
une win HeT. CBenéHue ke TUMOTE3bl PuMama K KOHKPETHOMY JHUOMAHTOBY
YPABHEHUIO, [EPBBIN Iar Ha MyTH K KoTopomy ciaesjiaa Ajian Thropunr, maér
«IICUXOJIOTUIECKOE» O0bsICHEHIE TPYAHOCTH JTNOMDAHTOBBIX yPABHEHH — OBLIO
OBl YJIMBUTEIBHO OXKUJIATH CylecTBOBanue Tpedbyemoro ['uapbeprom ajiropur-
Ma JJTsT TMO(PaHTOBBIX YPaBHEHUH, 10O TOTIa MOXKHO OBILIO ObI, 10 KpaiiHeil Me-
peé B IPUHIUIE, «MEXAHUIECKU» YCTAHOBUTH CIIPABEJJIMBOCTD WA JIOXKHOCTH
TaKON TPYJIHOM I'MIIOTE3bl, KaK IurnoTe3a Pumana.
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3aMeTKI 0 MaTeMaTHIecKOM 00pa30BaHUN BO
OpaHnnun

C. Tumenko

Or pexkosterun. C. Turienko — BbITyCKHUK BTOPOIl IKOJIBI, KOTO-
pblit 3aTeM yumnica u npenogasas Bo Ppannuu. Ham npepcrasisercs,
9TO €ro 3aMeTKHU O crucTeMe (DPAHIy3CKOTO MATEMATHIECKOTO 00pa3o-
BaHUsi OyJIyT UHTEPECHBI MHOI'MM THTATEJISIM.

CpapHenne 06pa30BaTe/IbHBIX CUCTEM — CJIOXKHAsI U HoraTasi TeMa, JiJisi Heé
HEODXOIUMO CephE3HOE MHOTOTOMHOE HAYYIHOE MCCIEIOBAHUE, KOTOpOe 0bsi3a-
TEJILHO JIOJ2KHO TTPOBOJIUTHLCs B HaIlllell crpane. Be3 kpenkoit dyHaMeHTa b
HOI 6a3bl onmpoMerdnBo Oparbed 3a pedopmbl B Poccnu, or KoTopbix Oyier
3aBHCETb MHOT'O€ B HaIeM OymyiieM. £ yBepeH, UTo cepbEé3noe nsyuenue ppan-
Iy3CKO# crucTeMbl 00pa30BaHUs YK€ ITPOBOJUIOCH U CYIIECTBYIOT OoJjiee To-
JIpoOHbIE HAay4HbIE TPYJ/bl HA 3Ty TeMy. Tem He MeHee, OIUIILY Te€ MOMEHTHI,
KOTOPBIE MHE BHJIATCST OIPEJENSTIONIUMEA U OCTpbiMu. OTpaHudyCch PaccMOT-
PEHUEM TOJILKO TO¥ CTOPOHBI (DPAHILY3CKOU CHUCTEMBI 0Opa30BaHUsi, KOTOPas
KaCcaeTCsi MATEMATHKHU U €€ [IPEO/IaBAHIS.

Maremaruka Bo @paHiun e€CcTh JIIOOOTO yPOBHS, B JIIOOOM KOJUIECTBE U
Ha JI000i BKyc. Hy»>KHO TOJIBKO 3HATH «IIPABUJIBHBIN aJpecy U UMEThb <«IIPO-
IIyCK», 9TOOBI YBUJETh T€ «KY3HUIII», B KOTOPBIX (DPAHILy3CKAs MATEMaTHKA
obperaer cBou popmbl, Te «dabpukuy, B KOTOPBIX MaTeMaTHIeCKoe 00pa30-
BaHue peasuzyer cebsi. OHaKO, PPAHILY3CKHUT MUP MAaTEeMATHKH, KaK HAYKH,
TaK U oOpasoBaHUs, HE UMeeT cTporoit uepapxuu. Maremaruka Bo PpaHiun
HE BBICTPOEHA BJIOJIb KAKOI-TO BEPTHUKAJH, & CYIIECTBYET OTJIEIEHHBIMU MUK-
pocoobiiecTBaMU, KUBYIIUMHU He3aBucuMo. Jlaxke dbpaniry3y, HaxOHdIeMyCs
BHYTPH (DPAHILY3CKOIl CUCTEMBI 0OPA30BaHUs, YACTO OBIBAET MAJIO UTO ITOHST-
HO o Heit B nesom. [losTomy HaleMy COOTEYeCTBEHHUKY, CTOJKHYBIIEMYCS C
GbPpaHIy3CKUMU peasiusiMU, B IIEPBbIe IOJbI TOXKE HEe BCE MOHITHO M MHOI'OE
BBI3BIBAET YIUBJIEHUE UJIN JlaXKe BO3MYIIIEHUE.

BBICIIIEE OBPABOBAHUE

[TepBoe, u camoe BaxKHOE, UYTO HAJIO YIUTBHIBATH, — ITO pasieseHue (ppam-
Iy3CKOTO BBICIIIETO 00pa30BaHMs HA JIBe apaJljiesIbHble CHCTEMBI. Y HUBEPCHU-
TETCKYIO0 U BpICIIne MKoIbI. DTO pasiejeHue IPUBOIUT K TOMY, 9TO KarKIbIi
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TOJI JIydIliue 3 ThICAYN CTYJICHTOB-MATEMATUKOB UIYT B CUCTEMY BBICITINX IITKOJI,
U TOJIBKO WHOIJA HA ISATOM — IOCJEIHEM — Oy ODYYEHUs MOSIBISIOTCS B
yuuBepcutere. Bo dpaniysckux ynusepcurerax, a ux okoso 80, Ha HEPBLIX
Kypcax ydarcs TOJILKO «YCJIOBHO CIOCODHBIE» K MATEMaTHKE CTYJIEHTHI, JIUOO
00JIbIIIE POMAHTUKHU, OOJIBIIYIO YacTh BPEMEHU B YHUBEPCUTETE OTKPOBEHHO
CKYYaIoIlue.

Briciime mkonbr Bo @pannum Kpaiine pasHooOpa3Hbl. BoJbmuHCTBO u3
HUX BBIIYCKAET UHXKEHEPOB, (PYHKIIMOHEPOB, QJIMUHUCTPATOPOB U (PUHAHCH-
CTOB. DTHU MIKOJIbI OJiarojapst 0oJiee IPUBJIEKATEILHBIM EPCIIEKTUBAM TIOC/Ie-
JUILJIOMHOTO TPY/A0YCTPONCTBA KaXKIBIH IO YBOJAT «U3-TI0J HOCAY» YHUBEPCH-
TETOB OKOJIO 3 ThICAY HambOJIee CIIOCOOHBIX K MaTeMaTuKe abUTypUEHTOB, a
TaKXKe <«JIbBUHYIO» JIOJIF0 TOCYAaPCTBEHHOr0 (DPUHAHCUPOBAHUS 00PA30BATE b
HOIl CHCTEMBbI. DTO, Ka3ajJ0Ch ObI, MOJ2KHO HAHOCHUTL yIap IO (DPaHILy3CKON
Hayke W MareMaTuke B dacrHocTH. Ho B peasibHOCTH 3T0 He Tak. OKOJIO
200 Jiy4mmmx CTYIEHTOB BTOPOTO T'OJa B CHCTeMe BBICIIIX IIKOJI 110 UTOraM
OOITIEHAITNMOHAJIBHBIX KOHKYPCOB KaXK/JIBII T'0Jl CTAHOBSATCS CTyJeHTamMu Bbic-
mux HopMajbHBIX ITKOJ U CIENUAJM3UPYIOTCs B MaTeMaTuke. V3 mx dmc-
Jia 50 CTYZIEHTOB CTAHOBSTCS IJIUTONU (DPAHITY3CKONH MATEMATUKM, IOCTYIIUB B
Broiciryro HopMmaabayo mkosy «Yiabmy. THOCTpaHIEB cpein HUX IMPAKTHIEC-
KW HET.

Cucrema oTbopa B 3JMTYy (ppaHIly3cKoii MareMaTuku paboraer Bo OpaHinm
npakTudecku ujeasbao. Cpemu dpanirysckux JjaypeatoB OuiiicoBCKOi mpe-
vun 10 n3 11 3akonumau Boiciyio Hopmasbayto mkoay «YibMs, 3T0 60bIIIe,
YeM YHCJIO BCEX COBETCKUX M POCCUMCKHUX JIAypPeaToB BMECTEe B3sITHIX. A Bejlb
B 9Ty IIKOJY KaXKJIbII T0J MOCTYIAET Ha OTJEJIEHHE MATEMATHKH TOJBKO 50
qesioBek. Crout ckazarh u To, 4To [IIKOIa «YIIbM» 3HAUUTENHHO CTAPINE Ca-
Mot DuICOBCKOM IPEMUM U CPEAM €€ BBIMYCKHUKOB — ILIESIbl APIANIIIX
MaTEeMATUKOB.

Bpewms peBania jijisi yHUBEpCUTETOB HACTYIIAET HA D Kypce U B aCIUPaH-
Type. Bbiciiue mikoJibl, 3a PeJIKUM KUCKJIIOYEHUEM, 3aHUMAIOTCH HAaydHOH Iie-
ATEJLHOCTHIO 3HAUYUTEIHHO MEHbINEe, YeM yHuBepcuTeTbl. DpaHIly3cKue yHU-
BEPCUTETHI — 3TO, B HEPBYIO OvYepe/b, HAyIHbIE IEHTPhI. U HEyJIUBUTEIBHO,
HaIlpuMep, IYTO Ha b Kypce TaKuxX yHuBepcuTeToB Kak IIbep u Mapu Kropu nin
Henn Huapo Bce wam mouTH BCE CTYIEHTHI n3 Boicmiux HopMabHBIX ITKOJI.
[IpakTuaeckn Bce acUpPaHTBI TAPUKCKUX YHUBEPCUTETOB JTHOO MHOCTPAHIIBI,
Jinbo BeiyckHuku Boicimmx Hopmasbubix mikosi. B npoBuHNmMaIbHBIX yHUBED-
CATEeTaX 9Ta TEHJEHIINS MEHee MOMICPKHYTa, HO MECTAMHU ITOBTOPSETCS C TEM
JINIIb OTJIMYUEM, 9TO CTYJIEHTBI IIPUXOJISIT U3 MeHee MPECTUXKHBIX BhIcIumx
IIIKOJI, PACIIOJIOYKEHHBIX B TOM K€ TOPOJIe, YTO W IIPOBUHIMAJIbHBIN yHUBED-
CHTET.

Kyna ke npomajaroT CTyIEHTbI, YUUBIINECS B YHUBEPCUTETE 110 O Kyp-
ca? MHOruXx W3 HMX HE IEPEBOJNAT Ha CJIEIYIOMNA KypC U OTIYCKAIOT U3
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VHUBEPCUTETA C JAWIIJIOMOM O HEIOJIHOM BbiciieM obOpazoanuu. HekoTopbie
[IEPEBOJIATCST B YHUBEPCUTETHI «II0CIa0eey, HEKOTOPhIE yXOMIAT Ha CHEIUAJIA3U-
pOBaHHBIE KyPChl U CTAaHOBATCS IIPelojaBaTe/ MU CPeJHUX IIKOJI U JIUIEEB U,
HAKOHEIl, MHOTHE MTOKHUAI0T YHUBEPCUTETCKYIO CPeJly U HAUYMHAIOT CBOIO IIPO-
deccnoHATBbHYIO KU3HD Y2KE BIAJIM OT MATEMATHKH.

To, ¢ ueM MOXKeT CTOJIKHYTBCS IpPernojaBaTeb MJIAIIINX KypcoB (paH-
Hy3CKOFO yHI/IBepCI/ITeTa, yauBUT JlaxKe YdeJjI0OBeKa, BUJIaBIICrO MHOIroe. C.qua—
ercs, 9TO Ha 2 Kypce MapuKCKOrO YHUBEPCHTETa 10 CIEIUAJLHOCTH «(YH-
JaMEeHTaJbHasl MaTeMaTHKa» TOJIbKO IOJOBHHA CTYIEHTOB MOXKET IIOCUHTATH
CyMMy T€OMETPUYIECKON MPOTPECCUH, Ha 3 Kypce — TOJBKO MaJjiasi 4acTh CTY-
JIEHTOB COCYUTAET BEKTOpHOE IpousBesenne. Ho, Kak cjemyer w3 HAIUCAH-
HOT'O paHee, 3TO HUCKOJLKO HE XapaKTepusyeT (PpPaHIly3CKYI0 MaTeMaTUKYy
mwim caMmy cucreMy obpazopanus. Bo ®OpaHnunm HUKTO He CTABUT IEIb IIPO-
U3BOJIUTDH Ka}K,ILbIIU/I I'oJ AeCATb ThICAY BBICOKOKJIACCHBLIX MaTeMaTUKOB. Ha Je-
Jie TI0JIy9aeTcs, YTO IperogaBare i (PPaHIly3CKHX YHUBEPCUTETOB KarKIbIii
roJl U Ha KayKIOM KypCe CTaJKHBAIOTCS CO CJIa00 IMOATOTOBIEHHBIMHU CTY-
JedTaMM 1 HadinuHaloT CBOIt Kpr C IIOBTOPEHHA dSJIEMEHTapHBIX OCHOB Ma-
reMaTuKn. lIpemomaBarenn OKa3bIBAIOTCS <«IIPUKATHIMU CIIMHOW K CTEHE» U
BBIHYZKIEHBI IIPUCIIOCADIMBATLCSI U «ype3aTh» MporpaMmy Kypca. VI MOXKHO
IIOHATH BO3HUKAIONICE B TaKOM CI/ITyaHI/H/I yﬂI/IB.HeHI/Ie. T&KyIO CI/ITyaHI/IIO oTY3a-
CTH MOXKHO OO'bSICHUTH BBLICOKO# 06e3paboTHIIeil cpeiy MOJIOAEKY, U YHUBEPCH-
TeT B TAKOW CUTYyallui OKa3bIBAeTCs €IBa JIU He eIUHCTBEHHONH BO3MOXKHOCTHIO
HaliTu cebe B majbHefirieM paboTy, HE CBA3AHHYIO C TAXKEIBIM (PUSTIECKUM
TPYJIOM.

Cam coTpyauuK (HPaHILy3CKOI'O YHUBEPCUTETa — B IEPBYIO OYePeIb y<UIé-
HBIY, IPEroJalomuii Ha MJIQJIINX KypcaX pPaJyd BO3MOXKHOCTU 3aHUMATbHCHA
HAyKOM, obJiajiasi CTaTycoM rocymapcTBeHHOro ¢yHkmuonepa. Craryc 3ToT
JIaéTcst OIUH pa3 M Ha BCIO »Ku3Hb. llocrostHEble Ipodeccopa U IOMEHTH pa-
boraloT BO (DPAHIly3CKUX YHUBEPCUTETAX 10 KOHTPAKTAM, TEHCTBYIOIIAM JI0
BbIXO/a Ha neHcuio. [Ipu 3ToM caM KOHTPAKT OTJIMYAETCsl OT TOrO, KOTOPBIi
HOIINACHLIBAET OOLIYHLIA COTPYIHUK OOBIYHOIO MNpeanpusaTHs. OyHKIHMOHEPHI
Bo OpaHiuy 00/IaJaI0T MHOYKECTBOM ITIOJIOYKEHHBIX 10 CTATYCY MPaB U IIPUBHU-
Jierun.

Taxum obpazoM, Kaxkiblii rog Bo OpaHIuy OYTH BCe JIydIlde B MaTe-
MaTHKe CTYIEHTBI yuaTcs B Boicmmx mkosax u IlomroroBurebHBIX Kiaccax
U CTAHOBSTCS MEHE/KE€paMU, WHKeHepaMu, (PUHAHCUCTAMU, TOJTUTHKAME, BO-
€HHBbIMU 1 YMHOBHUKAaMU. HOJICOTHI/I JIYIIINX U3 HUX IIOCTYIIalOT B BbICI_HyIO
HopwmasibHy1o KOy W CTAHOBSITCS YIE€HBIMH U, B OOJIBIIMHCTBE CBOEM, IIPO-
deccopamu GpaHIy3CKUX YHUBEPCUTETOB. B yHUBepcuTeTax Ke Ha MJIAJIIINX
Kypcax BCTPETUATH 4YeJIOBECKa, MHTEPECYIONIECrocss MaTeMaTUKON Kpaline CIioxK-
Ho. Ho, GeccriopHo, ecTh U ApKUEe UCKIIOUYCHHS.
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CPEIHEE OBPA3OBAHUE

VYporensb cpemrero obpazopanus Bo Ppannuu mociaeanne 40 jgeT HEMHO-
IO CHUXKAETCsl, MTOHMKAETCs W ypoBeHb TpeboBanmii. Co CJIOB cTapIiero Io-
KOJIEHUsI IIpeIoiaBaresieil, HEMHOTO YXYAIIIIACH JUCIUIINHA U OTHOIIEHNE K
yuébe B mikoJiax. [losBuInCch Tak Ha3bIBaeMble «30HBI IIPHOPUTETHOrO 0Dpa-
30BaHUSI», T. €. KBAPTAJIbI C HECIIOKOWHON COIMAIBHON 0OCTAHOBKOI, OOIBIIIM
quca0M 6e3pabOTHBIX U He IMOJTHOCTHIO aJIAIITHPOBABIIUXCS IMMUTPAHTOB. Ma-
TeMaTHKa B TAKUX IIKOJIAX 3a00TUT BCEX B ITOCJIEIHIO OYEpEb.

Bonbmmuaerso yunresneit Bo ppaHIy3CKUX MIKOJAX U JIUIESIX — OBIBIIHE
CTYJIEHTHI MJIAJIINUX KypCcoB (DPAHILY3CKUX YHUBEPCUTETOB, IPOIIEIIINE OINH
WA JIB& T'0/la WHTEHCUBHOM MTOATOTOBKHU K IIPEIoIaBaTe/IbCKON eI TeTbHOCTH.
Cama TIOATOTOBKa HE IIeIarorudecKkasi, a CKopee Hay4dHasl. Bcé BHUMaHMe yie-
JISIETCS COBEPIIIEHCTBOBAHUIO BJIAJIEHUSI IIPEJIMETOM IIPEIIOIABAHIS U CTPOTOCTH
1 SICHOCTH €TI0 U3JIOXKEHHUSI.

Yauresiss BO (ppaHIly3CKUX IIKOJIAX, KAK U MPENoIaBaTe/Iu B YHUBEPCUTE-
Tax, 00JIaJaI0T CTATyCOM TIOCYIJAPCTBEHHBIX CJIYXKAIIUX, ¥ KOHTPAKT C HUMU
3aKJII09aeTCsd IO BBIXOJIa Ha MeHcHio. Pacupemesenne yduTeseil MPOUCXOIUT
10 Pe3yJIbTaTaM €XKEeroHOTO ODIEHAIIMOHAILHOIO KOHKYPCA COIVIACHO ITPEIII0-
YTEHUSIM KaHIUJIATOB, CAME IIKOJIbBI BBIOMPATh BO3MOXKHOCTH He uMeroT. B pe-
3yJIbTATE B CAMBIX OTCTAIONIUX CPEIHUX IITKOJaX B CAMBIX ITPOOJIEMHBIX KBap-
TaJilaX OKa3bIBalOTCsd HanMeHee IIOAT0OTOBJICHHbIE YIUTEJIAd.

Bo ®pannun rocymapcrBenHoe obpasoBaHne u oOydYeHHEe B yHUBEPCHUTE-
TaxX moJiHOCThIO Oecruratnoe. Ho mpakrudeckn wer u crunenuii. CyiecTBy-
10T OY€HDb pEJAKNE IOCyapCTBEHHBIE, DPETUOHAJIbHbIEC 1 COIUAJIbHbIE CTUIICH/IUN.
Panbiire cymecrBoBain «y4uTeIbCKAE» CTHIIEHINN, KOTOPbIE BBIIABAJINCH JIy -
IIIAM yI€HUKAM OTJIeTbHBIX IITKOJI JJIsI II0JTY 9€HU BBICIIIEr0 0Opa30BAHUS C 00sI-
3aTeJIbCTBOM BEPHYTBHCA B CBOIO HIKOJIY U CTATh YIUTEJIEM. OTMeHa 3TOM Ipak-
THUKH, [IOCTOSIHHBIN CIIPOC HAa (PUHAHCUCTOB U IPOTPAMMUCTOB U BOSHUKHOBEHUE
BCE HOBBIX BBICIINX IIKOJI 110 9TUM CHEIUAJIbHOCTIM IPUBOIUT K CHUKEHUIO
00IIIero ypoBHS IIPENOJABATEILCKOIO COCTaBa CPeIHNX Ko Bo PpaHiun.

Tem He MeHee, MaTeMaTHKa BO (ppaHIly3CKUX IIKOJAX IPEIoIaéTcsl Ha Bbl-
COKOM CpeJTHEM ypPOBHE, MPUIEM HET OOJIBIION PA3HUIBI MEXK/IY CTOJAIHBIMA
MKOJIAME U IIKOJAMHU U3 «TJIYOMHKU». YuuTess Bo DpaHIuum pacroaraioT
BEJIMKOJIEITHO MTPOPAOOTAHHON METOIMIECKOl JIMTEPATYPOl U MEeTOHO0JIOTIYIe-
CKOM TTOATOTOBKOM. Y YHUTE/IsT PEJIKO BBIXOAAT 38 PAMKHU OOINEro Kypca, XOTd 1
paciojiaraioT mojHoi cBoOO0I0N B BHIOOpPE yUeOHONM MPOrpaMMbl, YIeOHUKA 110
KOoTOpOMY m3ydaercs npeamer. Cama mporpamma, ¢ yIETOM JIOTOJTHUTEBHO-
ro rojia Jjist (PPaHIly3CKUX IKOJIHHUKOB, HE YCTYIIAeT IPOrPaMMe POCCUIACKOI.
31ech Hy»KHa HeOOJIbIIast OTOBOPKA: aTTeCTaT O CpeJlHeM 0Opa30BaHUU BPYYa-
eTCsl TI0CJIe MTPOXOXKICHUST (PPAHITY3CKOI0 €IMHOIO I'OCYIapCTBEHHOI'O SK3aMe-
na — Baccalauréat, cokpaménno — bak. ArrectaT 3TOT JAETCH IO Pe3yJIbTaTaM
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obrreit cymMMBbl 0aJIJIOB, HAOPAHHBIX 110 BCEM JUCITUILINHAM C COOTBETCTBYIOIIN-
MM UM KO3(MDPUIMEHTAMA. DTO 3HAYUT, YTO MOKHO OKOHYUTDH IIKOJY U IOJIy-
YUTH JUILJIOM, He HAOpPaB Ha BBIIYCKHOM 3K3aMeHE II0 MAaTEeMATHKe MPaKTH-
YeCKU HEU OJHOrO 0aJjijia, €CJIM 10 OCTAJbHBIM IIPEIMeTaM y Bac JOCTATOTIHO
XOPOIIINE OIEHKH.

Bak cymecreernno orangaercs or EI'D. D10 He TecTupoBanne, a HACTOAIIAS
nrchbMeHHasi paboTa. 3a/JaHne COCTABIEHO TAKUM 00pa30M, UTO s MKOJIbHI-
KOB HAOpaTh abCOTIOTHBIN OAJIT 38 OTBEIEHHOE BPpEMsI TPAKTHIECKU HEBO3MOXK-
HO. B ciydae eciii cTaHOBUTCSI M3BECTHO O KAKUX-TO HAPYIIEHUSIX B IIPOIEILY-
pe IpoBeleHnsT K3aMeHa bBak, Bce pe3yJsibTaTbl 110 00JIaCTH aHHYIUPYIOTCS 1
TBICAYIN YYalllUXCdA CHAI0T IIpeJaMeT 3aHOBO. EC.HI/I OKa3bIBACTCA, 9TO YYECHUK
KaKMM-TO 0Opa30M HAPYIIUJI IIPABUIIA IIPOBEMIEHUST IK3aMEHA, TO €r0 JIUIIAIOT
IpaBa Ha OOydYeHHe BO BCEX By3ax CTPaHbI Ha CPoK 5 jieT. 10 Ke HakasaHue
[IPElyCMOTPEHO B TEOPUU M 34 CIUCHLIBAHME HA JIFOOBIX INMKOJIBHBIX U yHUBED-
cuTeTcKuX sKk3amenax. Cama crucrema sk3aMeHa Bak XOpPOIO 3alluIeHa, U O
HapyIIEeHUIX MOXKHO CJIBIIIATL KpaiiHe peKo.

JIMIEN — IOATrOTOBUTEJIbHBIE KYPCHI

Emié me cranbl Bce BBITYCKHBIE 9K3aMEHDBI, a OyJ/yIine CTY/IEHTHI y2Ke Ha-
YUHAIOT YCTPAWBATH CBOIO B3POCJYIO KW3Hb. BBICIINAE MIKOJIBI, B OTJUYIUE OT
YHUBEPCUTETOB HAOMPAIOT CTYJIEHTOB ¢ 3 Kypca. [losromy Bce cTrpemsites mmo-
IIaCTh Ha TaK Ha3bIBaeMbI€ HOﬂFOTOBI/ITeHBHbIe KYypPChbI K BBICH_H/IM IITKOJIaM.
[TomroroBuTe/ibHBIE KYPCHI SIBJISTFOTCS IIEPBBIME JBYMsI ['OJIAMH BBICIIIETO 00pa-
30BaHusA. Y UeOHbIE 3aBeJeHNs, TOTOBAIIHUE 110 porpamme [logroroBurebHBIX
Kypcos Bo @pannuu, — suren. B cTeHax camux JinieeB ydaT B MEPBYIO OtUe-
peb YIEHNKOB TPEX CTAPIINX KJIaCCOB cpeiHeil mKoJibl. [Ipn mydamux jumesx
oTkpbiBatoTcs [loAroroBuTE/IBHBIE KJIACCHI JIJIsi CTYJIECHTOB MJIAJIIINX KyPCOB.
[TonroroBuTenbHBIE KYyPCHI TPEICTABISIOT COOOM 2 TOMa 3aHATHIT OYEHD BBICO-
KOU MHTEHCUBHOCTHU. 3aHSITUsI BeAyTCs O JTHEH B HEJEII0, HAUNHAIOTCS KaK-
JIBlit OyIHUI JIeHb B 8 yTpa U 3aKaHIMBAIOTCA B 8 BeUepa C IepePhIBOM TOJIBKO
Ha 00eJl. 3aHATHs MPOXOIAT «IapaMnu» IO JIBa acTPOHOMHYecKHX daca. Cry-
JEHTBI CBEPX TOT'O PETYJSIPHO IOJIYyYalOT OUYEHb TKEJIbIE JOMAIITHUE 33 IaHUsI.
B pesyaprate mpakTuueckKu BCE BpeMs Ha 00€ll U BCE BOCKPECEHUs yXOJAT
Ha BBIMTOJIHEHUE ITUX 3aIaHuil. BoabmuHCcTBO cTyaenToB [lomroroBurebHbIX
KJIACCOB PabOTAIOT HAJ MPEIMETaMH JI0 IBYX-TPEX YacOB HOYH, CHJIBHO OTpa-
HUYMBas BpeMs cBoero cua. llpomyckaTh 3aHATHS HEBO3MOXKHO, 3a KaXKJIbIi
HPOTYJI CJIEJyeT HEMEJJIEHHBIH BBITOBOD.

Bo ®pannuu yBepeHbl, YTO TOJIBKO YeJIOBEK, CIOCOOHBIN BBIJIEPKATH Ta-
KHe HATPY3KU, MOYKeT MPO(heCCHOHATBLHO 3aHIMATLCS HayKoit. MaTeMaTnkos
Ipu 3TOM B 00sI3aTEJILHOM IOPSIAKE y4daT U APYTUM JUCIUTLIMHAM: (pusuke,
UHYXKeHepuy, nHpOpMaTHKe, XUMUKA U T.JI. JBa roma ¢pusuku, Hampumep, Ha
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HallpaBJICHUN «MaTeMaTHuKa» B JIYYIIUX HO,ZLFOTOBI/ITG.HI)HBIX KJIaCCaX BO chaH—
MM SKBUBAJEHTHBLI 110 00bEMY MaTepraja U JaDOPATOPHBIX PAabOT 00bEMY
obrelt (pU3UKHU B JIYUMINX POCCURCKUX (PUBHIECKUX By3aX, TAKNX KaK, HAIIPU-
mep, Pusrex unn Ouzdax MI'Y. Hazio npu 3T0M 3aMeTUTh, 9TO IpPOrpaMma
[ToaroroBUTEILHBIX KJIACCOB HE BBIXOINUT 3a PAMKH OOINeil (pU3MKH U MHOI'UE
ACIEeKThl 3aTPArmBaIOTCs Ha JIEKIUSX JIMIIL TOBepXHOCTHO. OCHOBHASA YacTh
BpPeMeHU yjiesigeTcsa Teoperumdeckoi ¢pusuke. [Ipenomaiorcs Takke WH2KEHEP-
Hble HaykKd. TakuMm 00pa30M COXPAHSFOTCS CTapble TPAIUIUU (DPAHILY3CKOI
IIIKOJIBbI, COTJIACHO KOTOPBIM (PPAHILY3CKHE MaTeMaTUKN BCETa XOPOIIIO BJIaJIie-
JI TIpeIMEeTOM (PU3UKM.

TTOCTVYIIJIEHUE B BBHICHIVIO HIKOJIY

ITo mporecTBumM IBYX JIET CTYAEHTHI CAAIOT OKOJIO JIFOXKUHBI MAPaJIIeIb-
HBIX 9K3aMEHOB B pa3Hble BbICHINE IKOJbI. DTU 9K3aMEHbI B 00s3aTeILHOM
MTOPSIJKE COCTOST M3 MUCHMEHHBIX W YCTHBIX HCIIBITAHWI IO BCEM IIPEIMETaM.
9K3aMeHbI IIPOXOIAT BO BCEX yFOJIKaX q)paHI_[I/II/I, B Ka)KI_LyIO H.IKOJ'[y B HOBOM
ropojie, U Jijisi CTYAEHTOB 3TO 4acTO ObIBaeT YHHMKAJbHOI BO3MOYKHOCTBIO 3
OH MecsI] 00bexaTh BCIO CBOIO CTpaHy IO BceMy eé mepumerpy. Ilo pesyib-
TaTaM 3TUX 9K3aMEHOB CTYIEHTOB KjaacCHuUIUPYIOT. ¥ Bcex BbICHUX IIKOJT
ITOABJILAETCA CBOA K.HaCCI/I(i)I/IKaIlI/IH. I/I .)'[y‘H_HI/Iﬁ B KazKJIOM CIIMCKe HOﬂyqaeT I10-
96THOE IIPaBO IEPBBIM BLIOPATH TY BBICIIYIO KOy, B KOTOPOR XOYeT YUUTh-
Csl, 38 HAM BBIOMpaEeT BTOPOH M TakK Jajiee. 3aKAHIUBAECTCS 9TO OOBITHO TEM,
YTO IIepBbIE CTyﬂeHTbI N3 KazKJI0I'o CIIMCKa HOCTyHa.IOT B BI)ICH_[yIO HOpMa.J'[b—
HYIO IIKOJIY «YJbM» WK IIoJUTEeXHUYIECKYIO MIKOIY, B KOTOPOi, B YCJIOBHSX
WHOTAa OJM3KUX K BOEHHBIM, TOTOBAT OOJIBIIYIO YACTh BBICIINX (PYHKIIHOHE-
pos @panruu. OcrajbHble XKe BLIOMPAIOT TO, YTO UM OocTaHeTcs. Tak B OJuH
JIeHb JIIOJMA CTaHOBSITCSI METeOpOJIoraMu, OaHKHpaMy, BOEHHLIMU OhuIlepaMu
I YUHOBHUKAMMU, 9aCTO BBIOMpas IO OCTATOYHOMY IPUHIUILY. Y HUBEPCUTE-
TaM Ke OCTAETCs MPUHUMATD BCEX TeX, KTO He BbIKUBAET B 9TOH CHCTEME WJIN
UAET IPOTUB HEE:

— Tex, KTO 10 KAaKUM-TO ITPUYMHAM He BbIJIEP>KMUBAET HUHTEHCUBHOI'O PUTMa,
dPaHIY3CKUX JIUIIEEB;

— TeX, KTO XO4YeT 3aHUMAThCS HAYKOW U HE XOUYeT CTAHOBUTHCHA DAHKUPOM
(Bo @panruu ecTb U Takue), HO He TocTynua B Beiciryio Hopmambmyio
HIKOJIY;

— TeX, KTO X04eT CTaTh IIpelojaBaTesieM CPEeJHUX MIKOJI U JOYUUTHCH 10

TPeThero WJIn YeTBEPTOrO Kypca YHUBEPCUTETA;

— Tex, KTO mojiy4ni Ha bake Beicokmit a1, HO Koro He B3siiu B [logroro-
BUTEJIbHBIE KJIACCHI. B OCHOBHOM 3TO IIKOJIbHUKU, Ha6paBH_H/Ie BBICOKHIT
6aJuI 110 BCeM IIpeIMeTaM KPOMe MaTeMaTHUKH;
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— HY U, HAKOHEII, 9TO CTYJIEHTHI, IIPUE3KAIONINE YInTbCcsd BO DpaHIuio u3
JPYTUX CTPaH.

[ToctynuTh 1m0 00IMIEMY KOHKYpPCY B Jiydiiue BbIciiue MIKOJIbI JIjis WHO-
CTpaHIa, He BJIAJEIONIEr0 B HEOOXOMMOM COBEPIIEHCTBE (DPAHITY3CKUM SI3bI-
KOM, HeBO3MOXKHO. OJIMH TOJBLKO TMUCHMEHHBIN 9K3aMeH 10 (hpaHity3ckoit ¢hu-
Jiocopun OCTaHOBUT JTI000r0 Ha nojnyTu. [lobiaxkek we genaoT nukomy. Uuo-
cTpaHIaM mocTynarsk B Boiciryo HopMabHYO MIKOIY HAJIO 110 YHUBEPCUTET-
cKOMy OOMeHy U3 JIydIllero By3a CBOefl CTpaHbl, WJIM IPUE3KATh 3abJiaroBpe-
MEHHO U JIeT IISATh YYUTbCsl BO (bpaHIy3ckoil mmkose. Vm ke mocTymarh I1o
VIPOIIEHHOMY KOHKYPCY <«JIJIi MHOCTPAHIIEB». [Ipu 3TOM BBI OTKaXKETeCh OT
MHOT'MX HPUBUJIETUH, TIOJIOXKEHHBIX CTYy/eHTaM BpIcIieil MmKojbl, u Oyjgere eé
BBIIIYCKHIUKOM C 00s3aTeJIbHBIMUA OTOBOPKAMHU. UTO B PEAJIbHOCTH MOXKET 3a-
TPYIHUTD BaIlly JaJbHEHITY0 HHTEIPAIIAIO B CHCTEMY (PPAHILY3CKUAX 3aKPBITHIX
€o0DIIECTB, 00PA3YIONUX TPOMDECCHOHAIBHYIO JJIUTY.

Taxkum obpazom, B oTimdne OT Boicmmx ko1, myOjnKa B yHUBEPCHTE-
TaxX oUeHb pasHomépcTHas. OcobeHHO, Ha MyaImuX Kypcax. IIpodeccopa xe
B YHUBEPCHTETAX OYEHb BBICOKOTO ypoBHsi. [lomobnasi curTyarusi co3maér Ty
o0rryio arMocdepy BO3MYIIEHHUsI, KOTOPYIO MOYKHO 9aCTO HAOJIIOIaTh B pa3ro-
BOpax ¢ KoJjuieramu u3 (ppaHIly3CKUX YHUBEPCUTETOB. B OCHOBHOM, B TPyIIIax
TOJIBKO HECKOJIBKO U€JIOBEK MHTEPECYIOTCsT MATEMATUKON U U3 HUX IacTO 6OJThb-
masi YaCTh — UHOCTPAHIIBL.

C. Tumienko, sxonomuueckuit paxynprer MI'Y



Aurebpa reoMeTpmiecKuX IMOCTPOEHMIA

[TocTpoenus mupkyaemMm u JUHENHKOI

A.T. Xoauckuit

JlpeBHUE T'pEKM PEIIUIN MHOTO KPACHUBBIX 33Jad Ha MOCTPOCHUE IUPKY-
JIEM ¥ JINHEHKON 1 0OHAPYKUJIN HECKOJIBKO MTPO0JIeM, KOTOPhIE CTAJU IPE3BbI-
4JaifHo 3HAMEHUTBHIMHU M3-33 MHOI'OYHUCJIEHHBIX 0E3YCIENIHbIX MTOIBITOK UX pe-
IIE€HUs, TPEAITPUHUMABIINXCS Ha MPOTIKEHUN MHOTUX BEKOB. /IpeBHUE rpekun
IIOCTPOUJIA IPABUJIbHBIE T-YTOJIBHUKH JJIA N = ok .3 k. 4, 2k .5 2. 15, tne
k — moboe HeoTpunaTeabHoe 9ucyo. [locTpouTsb NpaBUIIbHbBIN N-YTOJIBHUK IS
KaKOro-Jinbo JIpyroro n HUKOMY He YJIaBaJIOCh JIO TeX Iop, moka [aycc ne no-
CTPOWUJI TPABMWJIBHBIN 17-yrOJILHUK M HE OIKCAJI ITOJIHOCTLIO YUCJIa N, JJIsd KO-
TOPBIX 3aJatva MOCTPOEHUSI paspennMa. ['ayce moIydIns 3ToT 3aMedaTe bHbIN
PEe3yJIbTAT ellie /10 BOSHUKHOBeHUs Teopuu [asya. Ero ynnsurebnoe oTKphITHE
0Ka3aJI0 OIPOMHOE BJIMSTHUE HA Pa3BUTHE Dsifia 00JacTeil MaTeMaTHKH. 3/eCh
MBI paccka3biBaeM 00 3TOil 3a/1ade U O JIPYIUX 3ajadax Ha MOCTPOCHUE.

Sagaun Ha TTOCTPOEHNE — CAMBIE CTAPhIe 33JIa9N O «PA3PEITIMOCTH B SIBHOM
Buze». Mbl pasjandaeM TpU Kjacca MOCTpoeHuii. B mepBoM, caMoM IIpOCTOM,
KJjlacce JIOIyCKaeTcs JIUIIb IIOCTPOEHUE IPAMOI, NMPOXOJAIeil yepe3 JBe 3a-
JAHHble TOYKHU, OKPY?KHOCTH JAHHOI'O Pa/INyca C JAHHBIM IIEHTPOM U TOYKU
repeceveHns JaHHBIX MPSAMBIX U OKPYKHOCTER.

B Tpernem, camom ciioykHOM, Kjlacce KpoMe IEePEYUCTEHHBIX TOCTPOSHUH
JIOITYCKAETCsI BBIOOD ITPOUBBOJIBHBIX TOYEK, HO TpedyeTcst, ITOObI pe3yJIbrar
ITOCTPOEHUsT HE 3aBUCE] OT CIAEJAHHBIX TPOU3BOIBHBIX BHIOOPOB.

Bo BTOpOM, NpOoMexKyTOUYHOM, KJIACCE MPOU3BOJIHHBIN BBHIOOD HE HOIYCKAa-
eTcsl, HO pa3pelraloTes JIBa IOCTPOEHUS, OCYIIECTBIIeMble IIPU ITOMOIIU STOMH
ollepally: IIOCTPOEHHUE IEHTPa JAHHOI OKPYKHOCTHU U IIOCTPOEHUE IIepIIeH/1-
KyJadpa K JJAHHON IPAMOH, IPOXOLAIICTO Yepe3 JAaHHYIO TOYKY, He JICXKAIILYIO
Ha IPAMOIL.

MaTtemaTtunyeckoe npoceewyeHue, cep. 3, Boin. 17, 2013(42-60)
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Jlorudecku moCTpOEHUsT TPETHErO KJIaCCa OTIUYAIOTCS OT IMOCTPOEHUH OC-
TAJbHBIX KJIACCOB: IMPOMEXKYTOUYHBbIE OOBEKTHI, IOJIYYAIONINECs B IPOIECCEe
[IOCTPOEHNUsI, MOTYT 3aBUCETH OT IIPOU3BOJILHOTO BbibOpa. B aToM ciryuae onu
HE CUYUTAIOTCHA TMOCTPOEHHBIMHU IUPKYyJIeM u JinmHeiikoi. Mbl crapaemcs o6oii-
THCh, KOIJIa 3TO BO3MOXKHO, 0€3 olepaluu BeIOOpa MPOU3BOIBHOM TOUKH. MbI
JIOKA3bIBAEM, YTO HCIOJIH30BaHUE ITOH oleparuu B OOJIBITUHCTBE 3aJa4d Ha
[OCTPOeHNE He J[06aB/IsSeT HUYero HOBOrO (BCe, YTO CTPOUTCS IPU [OMOIIM
9TOil oIepaIyu, MOXKHO IOCTPOUTH U 6e3 Hee). HacTb KIacCHIecKux 3a/a4 Ha
[IOCTPOEHNUE BIIOJIHE YJIOBJIETBOPUTEIHLHO (DOPMYJIIUPYETCS U PEIIACTCS BHYTPHU
IIePBOTO KJIacca IIOCTPOCHUIA.

3asiava 0 TPUCEKIUHU YIJIa HYKJIAeTCsl B Oll€paIiii BHIOOpa IPOU3BOJILHOMN
TOYKM: 110 ABYM JAHHBIM IIPAMBIM, IIPOXO/IANINM Yepe3 JaHHYIO TOUKY, OCTaJIb-
HBIMU OIEPAIUSAME BOOOIIE HEJIb3s MOCTPOUTH HIIero HoBoro. Mbl moKa3biBa-
eM, 9TO €C/IM K JIByM JAQHHBIM IMPSIMbIM J00ABUTH IIPOU3BOJILHO BBIOPAHHYIO
TOYKY Ha OJHOM U3 HUX, TO II0 3TUM HOBBIM JJaHHBIM OIlepallusiMU IIepBOrO
KJIaCcCa MOXKHO IOCTPOUTH BCE, YTO CTPOUTCH ONEPAIUAMI TPEThEro KJjacca I10
JBYM JIAHHBIM IIPAMBIM.

Bropoit kytacc mocrpoenunit HyKeH, 9TOOBI PACIIUPUTH UCXOIHOE MHOMKECT-
BO HaYaJbHBIX JaHHBLIX. Hampumep, oneparuu nepBoro Kjacca moCTPOeHU He
IIO3BOJIAIOT IIOCTPOUTH HUUETO HOBOT'O, €CJIA MHOXKECTBO HaYaJIbHBIX JIAHHBIX —
HECKOJIBKO HellepeceKalonuxcsi okpy2kuocreii. Ho ecitn Kk okpy»kHOCTSIM 71008~
BUTh WX IIEHTPBI, TO IO 3TUM HOBBIM JIAHHBIM OIlePAIIASIMU II€PBOTO KJlacca
MO2KHO IIOCTPOUTH BCE, YTO CTPOUTCS OIepallusAMU TPeThero KJacca II0 UCXO/I-
HBIM JTAHHBIM (€CJIH CPe OKPYZKHOCTEH eCTh JBe ¢ PA3HBIME IEHTPAMHA).

B mepBoMm maparpade MbI 06CyKTaeM 3aady O pa3perruMocT aaredpan-
YeCKUX YPaBHEHMIt IIPU ITOMOIIN KBa/IPATHBIX KOPHEN, HY?KHYIO JIJIs 33/1a4 Ha
nocrpoerne. Mbl JiejiaeM 9T0 Jazke B 60JIbIIeil O0IHOCTH, YeM HeOOX0MMO (MbI
He IIPeJIosaraeM, 9T0 OCHOBHOE IIOJIE€ COBEPIIEHHO U 9TO €r0o XapaKTEePUCTUKA
He paBHA JBYM). DTa 3aJada MHTEPEeCHa caMa 10 cebe, a JIMIIHsAsT OOIMIHOCTh
He obaBisieT OOJIBIIX XJI0MOT. Bropoit naparpad mocssieH 3agadaM Ha I0-
CTpOCHUE.

§1. PABPEIHIMMOCTDb YPABHEHUI B KBAJIPATHBIX KOPHAX

B sTom naparpade Mbl 06Cy)KIaeM CIIEAYIONINI BOIPOC O PA3PEITUMOCTH
YpaBHEHHUI B KOHEIHOM BHJIE: KOTJIa HEIPHUBOIUMOE ajredpanmtieckoe ypaBHe-
Hue HaJ nojieM K perraercs mpu MOMOITN apudpMETHIECKUX Olepalnii U u3-
BJIedeHUsi KOpHeit crenienn jBa’ Teopusi ['asya orBedaer Ha 3TOT BOIPOC, €CIU
nosie K CcoBepIlleHHO U ero xapakTepucTuka He paBHa AByM. lIpocrbrie mo-
IIOJTHUTEIbHBbIE PACCYZKJIEHUsI [T03BOJIAIOT OTBETUTh Ha 3TOT BOIIPOC, HE Jiesiast
HUKaKUX ITPeJnosozxkennii o moje K.
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O pacnosioxkenun marepuaja. B m. 1.1 cobpan HyKHBIII BCIIOMOTaTe/IbHBII
marepuaJ. B m. 1.2 nmpuBoauTcs HEOOXOIUMOE U JTOCTATOTHOE YCIOBUE Paspe-
IIMIAMOCTH YPABHEHUsI IIPU ITOMOIIN KBaIPATHBIX KOPHEH, eCIn XapaKTePUCTUKA
nosist K we pasua nByM. B 1. 1.3 TOT 2Ke BOIIPOC pernaeTcs /i MmMoJieil XxapakTe-
puctuku asa. B . 1.4-1.5 nmpuBoasTca pe3yabTaThl ['aycca o KOpHSIX cTeneHn
N U3 eUHUILI (HyKHBIE Il 3812491 O TIPABUIHLHOM 7-YTOJIBHUKE).

1.1. BCIIOMOTATEJIbHBIA MATEPUAJI

HanmomuuM HECKOJIBKO 3IeMeHTapHBIX yTBepKaeHuit. Ecau mone K comep-
Kuted B nojie F', To F' sBasiercs BEKTOPHBIM TipocTpaHcTBoM Hayl K. Ecian
dimg F' < 0o, TO nosie F' Ha3bIBaeTCS KOoHeuHbiM pacwupenuem mons K, pas-
MepHOCTL dimp F' Ha3bIBAETCS CMENEHHIO PACIIUPEHUT U 0D03HAMACTCS CUM-
BosioM [F': K.

TEOPEMA 1. Ecau K C F u F C M — xoneunvie pacuuperus, mo:

1) K C M — xoneunoe pacwupenue;
2) [M:K]=[M:F][F:K].

JOKABATENBLCTBO. Ilycts uy,...,u, — 6azuc F wam K u vy,...,vpy —
6aszuc M naz F'. Jlerko BugieTs, 9To ajleMeHTHI u;v;, Tae 1 <1< n, 1 < j <m,
obpasyior 6azuc M nayx K. OTKyna BbITEKAIOT 00a yTBEDPKICHUS TEOPEMBI.

YTBEPXKAEHUE 2. 1) Ecau [F: K] =n ua € F, mo cyuecmeyem noau-
nom @ nad noaem K cmenenu, ne 6oavwet wem n, maxod, wmo Q(a) = 0.

2) Ecau Q — menpusodumvili nad K noaunom u Q(a) = 0, mo
[K(a): K] =degQ.

JOKA3ATENBLCTBO. 1) Tak kak dimg F' = n, To ssementsr 1, a, ..., a”

3aBHCHMBI, T. €. HafiyTcss \; € K, Takue, 910 Apa” + Ap_1a” 4+ X g =0,
IIpUYIeM JJisi HEKOToporo ¢ > 0 KoapuIneHT \; He paBeH HYJIIO.

2) IMone K(a) msomopduo nomo K|x]/I, rae I — wmmeas, MOPOKIEHHBII
ITOJIMHOMOM () CTereHu 1.

YTBEPXK/JEHUE 3. Ecau cmenens Henpusodumozo nOAUHOMA HAO NOAEM
xapaxmepucmury p > 0 ne deaumca Ha p, Mo 6ce €20 KOPHU HEKPATHDL.

JIOKABATEJIbCTBO. KparHblilt KOpeHb MOJTHHOMA, () SBJISIETCS KOPHEM €TI0
npoussoanoit Q'. Henpupoaumelii mosimHoMm () He MOYKET UMeTh OBIIEro KOpHs
C HEHYJIEBBLIM ITOJIMHOMOM MeHnbiiei crernenu. [losTomy eciin (Q uMeeT KpaTHBII
koperb, T0 Q' = 0, T.e. Q(z) = R(2P), rme R mexoTopblil mosmuoM. B sTOM
ciaydae deg QQ = p - deg R u, cireioBaresibho, deg () JeuTest Ha p.
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1.2. 2-PAJITUKAJTILHBIE PACIIUPEHUS.

BepHeMcs K BOpocy O pa3pelimMOCTd YpaBHEHUH TP TOMOIIU KBaJpaT-
HBIX KOpPHEIA.

OIPEAEJIEHUE. Pacmupenne K C F Ha3blBaeTCs 2-padukanbHolm, €CIIH
cymtecTByer Oarrust oneit K = Fy C Fy C --- C F,, Ttakas, aro F' C F, u
F;=F,_1(a;) mpu 1 < i< n, vae a? €eF,_1ua; ¢ Fiq.

TEOPEMA 4. Ecau K C F — 2-padukanvroe pacwupenue, mo [F : K| =
=2k,

JOKA3ATENBLCTBO. Hdua K = Fy C Fy C --- C F, nmeem [F, : K] =
=[F,:Fpq]-...-[F1: Fy)=2".Ecom K C F C Fy,, 10 [F : K|-[F,, : F] =2".
[Tosromy [F' : K] — cremnenb ABOHKH.

CJIEACTBUE 5. Ecau nenpusodumwniti nad K noaurnom P umeem xopenv 6
nexomopom 2-padukanvrom pacuuperun noss K, mo deg P = 2F.

JTOKABATENBLCTBO. Ecim P(a) =0, o [K(a) : K] = deg P.

CHEIACTBUE 6. Ilycmo zapaxmepucmura noss K we pasna dsym. Kybu-
yeckoe ypasrerue P = 0 nad norem K pewaemcs 6 K6adpammvi KOPHAL, eCal
U MONBKO €CAU 00UH U3 KopHell ypasHeHus codepocumcs 6 noase K.

JIOKABATENBLCTBO. Ecim a € K u P(a) =0, 10 P = (x — a)Q, tie Q €
K|z]. KBagparnoe ypasuenue () = 0 permaercss B KBQJPATHBIX KOPHSIX, TaK KAk
xapakTepucTuka nojig K He paBHa a1ByM. Ecin KyOudecKuit moJuHOM HE TMEET
KopHs B K, TO OH HENIPUBOJIUM M MOYKHO BOCIIOJIB30BATLCS CJEICTBUEM 5.

SAMEYAHUE. st K = Q ciencrBue 6 IpUHUMAET sIBHBIN BUJL: JIJIsT TTOJTU-
Homa P € Q[z] MOXKHO SIBHO HaiiTH BCe €ro paIioHaIbHbIE KOPHH (B 9aCTHOCTH,
MOKHO sIBHO IIPOBEPUTH, YTO TaKuX KopHeil Her). Ecim kopenb a naiineH, To
kBaJsipaTHoe ypasHenue 0 = Q(z) = P/(x — a) pemaercsi siBHO.

O6os3naunM 4depes Ep 1moje pasjioxKeHus mnojnHoMa P nan mosem K.

CJIEACTBUE 7. Ecau nenpusodumwniti nad K noaurnom P umeem xopenv 6
HEKOMOPOM 2-padukarvHom pacwuperuu noas K, mo [Ep : K| = 2™.

JOKABATE/NLCTBO. Pacmupenne K C Ep B ycmoBugx CJAEIACTBUS 2-Pa-
JUKAJILHO.

CrencrBue 7 JIOIyCKaeT CJeIyIoiee YaCTUIHOEe ObpalleHue.

TEOPEMA 8. Ecau das nenpusodumozo nosurnoma P nad nosem K, zapax-
mepucmuKa Komopozo He pasha 08YyMm, évinosnaemca pasencmeo [Ep @ K| =
= 2™ mo pacwupenue K C Ep asasemcs 2-padukasbHbim.
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JTOKABATENBCTBO. Crenens paciumpenusi [Ep : K| nenurcs Ha crelneHb
nosmHOMa P, tostomy deg P = 2F. CiieioBaresibHO, 110 yTBEPIKICHHIO 3, ypaB-
meane P = ( cemapabespbHo n K Hemy npumenuMma Teopusi Lasya. Ilopsmox
rpynus Nanya G nosnst Ep vag nosem K pasen uncay [Ep @ K| = 2™, Tak kak
OPSAIOK TPYIIbI (G SIBJISIETCS CTEIEHBIO JTBOWKM, TO CYIIECTBYET HOPpMAaJIbHAS
6ammus noarpynn G = Gop D G1 D -+ D Gy, = e, Takas, aro G;/Gi—1 = Lo
mpu 1 < ¢ < k. oz 6amun nmoret K = Ko ¢ Ky C --- C K, = Ep,
cooTBeTCTBYIOMIEH dT0i Gamue noarpym, umeeM [K; @ K;_1] = 2. Tak kak
xapakrepucruka mojst K (a, sHaunt, u nosis K;) He paBHa aBYM, TO moJe K
nojtydaeTcs u3 1noss K;_ IpucoeIuHeHneM KBaJIPATHOTO KOPHSI.

1.3. 2-PAIUKAJIBHBIE PACIINPEHUSA [TOJIEM XAPAKTEPUCTUKU IBA

B sTom mynkTe MbI Oysem ob6o3HaUaTH cUMBOJIOM K HEKOTOpOE IoJe Xa-
PaKTEPUCTHKN [Ba M CHMBOJOM K — ero ajrebpamdeckoe 3aMblKamue. Hac
WHTEPEeCYIOT JIUINb ajredpandeckne 3JieMeHTHl HaJl mojeM K u ajrebOpante-
ckue pacrmupenus oy K. He orpanutuBast oOITHOCTH, MOYXKHO CUATATD, UTO
STH 3JIEMEHTHI U PACIIMPEHns CoAeprKarcd B 1moje K.

JIEMMA 9. Mnoocecmso anemernmos y, makux, wmo y> € K, asasemca
NOAEM.

JIOKABATE/IBCTBO. Jlemma BhITekaer m3 pasenctsa (a + b)% = a? + b2,
CIIpaBEJIJINBOT'O B ITIOJIAX XapaKTEPHUCTHUKHN JIBa.

Onpenenum nenouky mnogmnoseit K = Ko C K1 C --- C K, C ... Homi?
IIpYU TIOMOIIY COOTHOIIEHN §y € K11, €Ci U TOJTBKO €CIn y2 € K;. Ilone K =
= |J K GyJieM HasbIBaTh cogepuueHHbiM 3amvikaruem tosst K. Jlerko Bujers,
YqTo I110JI1€e ]':(V— ABJIFAETCA MUHUMAaJIbHBIM COBEPIIEeHHBIM IIOJIEM, COJAep2KallliM I10-

ae K.

TEOPEMA 10. Koneunoe pacwupernue K C M noas K asasemca 2-padu-
KaAbHBM, ecat U moavko ecau M C K.

JIOKABATEJIbCTBO. Ecan masa 6amnm moneit K = Fy C Fy C --- C F,
nmeeMm F; = Fi_1(a;), re a? € F,_1, 10 F; C K;.

[Momunom P € K[z] HA3BIBACTCS MUHUMGADHBIM NOAUHOMOM aJrebpande-
ckoro snementa a Hajg K, ecin P(a) = 0, nosmuoM P HEIpUBOIUM M YHUMO-
naiet (T.e. crapumii kosddupent nosuaoma P paBeH eauHuIe).

TEOPEMA 11. IToaurom P AGAAEMCA MUHUMAAGHHM NOAUHOMOM HEKO-
mopoeo saemenma a € K, \ K,_1, ecau u moavko ecau P(x) = 22" — b, 2de
be K ub#c? das scaroeo c € K.

JIOKABATEJIbCTBO. DyeMeHT a € K, siBIsieTcsl €JMHCTBEHHBIM (Kpat-
HBIM) KOpHeM mosmaoMa 22 — b, rie b = a?" € K, 109ToMy MUHEMAJIbHBIH
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noJinHOM P 3j1eMeHTa @ MMeeT eJIMHCTBEHHBIN KopeHb a. Yucaa m, Takue, 94To

a™ € K, obpasywor ajyurusayto noarpyuny B Z. Ecm a € K, \ K,—1, 10
n

a™ € K, Tonpko ecim m jgenures wa 2", OTkyma suamo, uro P(z) = 22" — b.

CNEACTBUE 12. Ecau P € K[z] — ynumodarvhvit u nenpusodumuvii 1ad
K, mo ypasnernue P(x) = 0 paspewumo 6 K6a0pammvix KOPHAT, €CAU U MONb-
ko ecau P(z) = 22" —b, 2de b € K ub # ¢ daa ecaxoeo c € K. B nacmmocmu,
BCAKOE HENPUBOOUMOE YPAGHEHUE cmeneny boavwet edunuyb, Had cosepuLeH-
oM nosem K we pewaemces npu nomow Keadpammsix KopHet.

1.4. KOPHU U3 EJVHULIBI

31ech MBI HAIIOMUHAEM KJIACCHIECKHE PE3yJIbTaThl ['aycca, OTKPBLITHIE €IIe
J10 BOBHUKHOBCHUSA TCOPUU Faﬂya.

[Tycrs ©,, C C— MHOX)eCTBO UnCes T, TaKUX, 910 =" = 1, n ) — MHO)KeCT-
BO BCEX NPUMUMUEGHBLT KOpHeli U3 eOunUyb, CTEIICHH 11, T. €. MHOXKECTBO YHCEJT
a € Qy, rakux, 9r0 @™ # 1 upu 0 < m < n. Ecim w € QF, 1o: 1) a € Q,,
eCIH U TONBKO ecin @ = wF s mekoroporo menoro k; 2) a € QF, eciu u
TOJIBKO ecin a = wF, rie k B3amMHO HPOCTO ¢ M, T.e. BBIYET k O MOIYJIIO
N JIEXKUT B MYJIBTUILIMKATHBHON Tpymie U(n) oOpaTuMbIX 3I€MEHTOB KOJIb-

na Z/nZ. Luxiomomuseckum noAuHOMOM CTEIIEHU N HAa3bIBAETCS HOJIMHOM
B, (1) = [Tyeq, (x — a).

n —
JIEMMA 13. Cnpasedauso pasencmeo v — 1 = Hd‘n ®y(x), 2de npousse-
denue bepemcs no ecem deaumensm d 4uUcaa 1.

JOKA3BATEJIBCTBO. BriTekaeT m3 COOTHOIIEHMIA

O, =J u Q[0 =2 upu d # ds.
dln

CNEACTBUE 14. [oaunom ®, yrumodasen u umeem ueavie Koapghuuu-
eHMbL.

JIOKABATENBCTBO. Eciu P, Q) € Z[x] — yHuMOoa/ibHble HOJIUHOMBI, TO:
1) momuuom PQ) yuumonasen u PQ € Z[z]; 2) ecim T = P/Q) — nosuHOM,
to noymuaoM 1" yrumonasen u 1 € Z[x|. Mbl ucniosib3dyem oueBuiHbIE (HDaKThI
1)-2) 11t MHYKIIMOHHOTO JOKa3aTeIbeTBa caenctsust. s n = 1 ciaencreue
BepHO, Tak Kak ®j(x) = x — 1. Homoxum V¥, = [[ Py, rue uponssenenne
Geperca 1o geaurensaM d auciaa m, MEHbIIMM 4eM n. Ecim creacrBue BepHO
st d < m, o, cornacho 1), nosmuom ¥, yaumopasen u W, € Zlz]. Ilo
aemme 13 @, (z) = (2" —1)/¥,(x). CornachHo 2), ciaeacrBue BepHO Jyist d = n.

[Mosmuom f € Z[x] HasblBAETCS NPUMUMUSHBIM, €Cii ero Kodhduimen-
ThI HE UMEIOT OOINero jenutess. [Ipoussedenue NpumMumusHbT NoAUHOMOS
ABAACMCA NPUMUMUSHBIM Nosunomom. VI3 sroro dakra u TeopeMbl [aycca
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aBTOMATUYECKU BBEITEKAET CJICJLYIOIIee CEOTCMEO UeAOMUCAEHHOCTU: €CIIH IJIs
f1 = fafs, vae fi, fo — yHuMmonaabHble moauMHOMBL, f1 € Zlx] u fo, f3 € Q|x],
TO TIOJIMHOMBI fo, f3 IMEIOT I1eJIble KOI(MDPUITUEHTRI U TIOJTMHOM f3 YHAMOJIAJIEH.

HamoMmuuM Taxzke, 9TO €CJIM p B3aMMHO IIPOCTO C 7, TO HOJUHOM T — 1 €
Zp|z] He umeer KpaTHBIX KOpHeil (Tak Kak n # 0 mod p, To mpousBogHast

nz™~! monmnoma 2™ — 1 He MMeeT HeHyJIeBLIX KOpHeit).

TeOPEMA 15 (I'avece). Hoaunom @, nenpusodum 1ad Z.

JIEMMA 16 (I'avee). ITyemv w € 2, f — MUHUMAADHOIT NOAUHOM YUCAG
W up — npocmoe wucao, s3aumno npocmoe ¢ n. Tozda f(wP) = 0.

JOKABATEJILCTBO. Ymucmo w — xopenb mojsunoma P,,. [Hostomy @, =
= fg, tne g € Q[z]. Cormacuo cBoiicTBy 1es0UNCACHHOCTH, g € Z[x] U 10
auHoM g yrumogasien. Jomycrum, aro f(wP) # 0. Torga g(wP) = 0, Tak Kak
0= ®,(wP) = f(wP)g(wP). B aTOM cityuae w — KopeHb noauHoma g(x?), mosro-
my g(zP) = fh, tie h € Q[z]. CornacHo cBoiicTBY 1estouncIennocTn, h € Z[x]
u mosmaoM h yruMmonasnen. Ilycrs m: Zlx] — Zy[x] — romomopdusM, Ipogos-
»Kalomuii Ha KOJIBIO II0JIMHOMOB €CTeCTBeHHOoe oTobpaxkenue Z — Zy,. Vimeem
(rg)(aP) = (7 f)(mh). B konbue Zy[zr] 11st BCIKOrO HOJIMHOMA (0 CHPABE/JINBO
toxzgectBo p(zP) = ¢P(z) (oHo BBITeKaeT u3 ToxKAecTBa af = a B Z, u u3
ToxkecTBa (¢ +1)P = P +9YP B Zy[z]), nosromy (rg)? = (wf)(wh). Cregosa-
TesIbHO, ToJHHOMBI 7(¢g) n 7( f) uMeror obImumit MHOXKHUTEb, TO9TOMY [TOJIHHOM
w(f)m(g) mmeer kparublii kKopeub. Ho nommuom w(®,) = n(f)n(g) asuser-
cst memmresneM nosmuHoMa (2" — 1) = (2™ — 1) € Zp[z], KoTopslil He MMeer
KpaTHBIX KopHeii. [IporuBopeune nokaseiBaer gemmy [aycca.

JIOKA3ATEJILCTBO TEOPEMBI ['AVCCA. Ilycrs (w, f, p) Takme, Kak B
nemme Taycca. lyst tpoiiku (w1, f, p2), rme w1 = wP', p1 = p u py awoboe
[IPOCTOE YHUCJIO, B3AUMHO IIPOCTOE ¢ N, mpuMeHuMa JjemMma [aycca. [leficTBu-
TresbHO, wy € OF u f(w1) = 0. Anamoruano f(wPrPm) = 0 paa moboit
TOCJIEIOBATEJILHOCTH ITPOCTBIX YUCEN P1, - - - , Pm, B3AUMHO IPOCTHIX € 1. Kaxk-
Jblil ssteMeHT « € ()} IpejcTaBUM B BuJe o = w', IjJe m — IPOU3BEJIeHNE
MPOCTBIX YUCEJ, B3AUMHO TIPOCTBIX C 7. YHUMOJAJBHBINA TOTHHOM @, mMeeT
Te K€ KOPHH, 9TO U YHUMOAAJbHbIH nosmHOoM f. [Tostomy ®,, = f u momunom
®,, HerpuBoOIUM.

ChaeacTBuE 17. I'pynna laaya G noas E, pasasooicenus nosunoma x™—1
nad nosem Q usomoppra myavmunaukamuenot epynne U(n) xosvya Z/nZ.

JIOKABATEJILCTBO. Jlerko Bujersb, uro rpymna G sBjgeTcs TOArpyImoi
rpynust U(n). Kopau zenpusogumMoro nosmuoMa P, j1exKar B 10JI€ pa3JioxKe-
Hust nosmHoMa ' — 1 = 0, nosromy #G > deg ®,,. Ho deg®,, = #U(n).
[Tostromy rpynna G cosnagaer ¢ rpynnoii U(n).
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3AMEYAHUE. Ilycte Q C E pacmupenue lajya u nycts £ C E,. To-
rna rpynna lanmya G pacmmmpenuns Q C F komMmyTraTuBHA, Tak kak G —
dakroprpymmna rpymmnet U(n). Cormacno smamenuroii Teopeme Kpomekepa
— Bebepa, BepHO M 00paTHOE yTBepKIeHUE: ecau epynna laasya pacuwupe-
Hua Q C E xommymamusena, mo E codeporcumces 6 nose E, npu mexo-
mopom n.

1.5. PABPEHIMUMOCTBL YPABHEHUAI 2" —1 =0

3/1eCh OIMUCBIBAIOTCSI IUCTA N, JJIsI KOTOPBIX 2-pajdKaJbHO PACIIHPEHUE

QcCeE,.

YTBEPXKJAEHUE 18. [lycmv n = p’fl . -pfnm — PA3AOAHCEHUE N HA NPO-
cmuie mmosicumenu. Toeda U(n) = U(p)* x - x U(pm)*™ u #U(n) =
=10} —p"1).

JIOKABATEJ/IBCTBO. BpIiTekaeT m3 KUTaiiCKOil TeopeMbl 006 OCTATKaxX W U3
TOrO, ITO B KOJIble Z/ pFZ ecrb posHo pF~! HEOBPATHMBIX 9IEMEHTOB.

IIpocToe uucso p HasbiBaeTcs npocmuim wucaom Pepma, ecau p = 2™ + 1.

Jlist mewerHoro m wmcio 28 4+ 1 mesmrest ma 2F + 1 1 sIB/IsieTCsT COCTABHBIM.
q

ITosTomy mpocreie uncia Pepma npeacTaBuMel B Buje p = 227 + 1. Yucia 3,
5, 17, 257, 65537 mocraBisoT mpuMepsl TpocThix uncea Pepma. HenspecTHo,
SABJISIETCS JIM MHOXKeCTBO 1pocThiX unces Pepma Heckonednnsim. [esroe amciio
n GymeM HasbBaTh wucaom laycca, ecmu n = 28py - ... py, Tne k > 0, a
Pl ..., Pm — PA3IUIHBIE IPOCTHIE uncia Pepma.

TeEOPEMA 19 (T'Avce). Pacwupenue Q C  E, 2-padukanvho, eciu u
moavko ecau n — wucao lLaycca.

JTOKABATEJNBLCTBO. [leiictBurensro, deg ®(n) = #U(n). U3 yreepx ie-
uus 18 Bumo, uro #U(n) = 2¥, ecim u Toabko ecin gmceio n — ancio laycca.

[TPUMEP. Pemmwm ypasuenue ®5(z) = 0. Vmeem
Ps(z) =@ -1)/(z—D)=a+23+22+z+1=0.
Haee,
e 205(x) =2+t 1t i = bu—1,
rie u = x + 2. YTo6BI HAHTH T, TOCTATOYHO CHAYA/IA PENTNTH KBaPATHOE

ypaBHeHne u 41— 1 = 0 i 3aTeM pelruTh KBaIpaTHoe ypaBHeHne tu = 24 1.

AsnHoe pemenne ypasuenust ®17(x) = 0 6puto Haiineno layccom. Ono mo-
CJIyZKUJIO OTIIPABHOI TOYKO# W JIJIT JPYTUX €r0 3aMedaTebHBIX OTKDBITHI.
U ceituac, Baages Teopueit ['anya, caMOCTOATEIHHO PENIUTD 3TO YPABHEHHUE Ja-
Jsieko e npocro. Mouwm crygenram FO. Bypaa u JI. Kazer aro ynanocs (em. [1]).
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§2. HTO MOYKHO MMOCTPOUTH LIUPKYJIEM U JINMHEUKOW?

OToT maparpad HOCBAIIEH BOIPOCAM PA3PEITUMOCTH U HEPA3PEITUMOCTH
3ajad Ha rocTpoenne. HecKObKO CJIOB O PACIIOIOKEHNN MaTepHuasia.

B . 2.1-2.2 onmcan kjtacc To4ek, MPAMBIX U OKPYKHOCTEH, KOTOPbIE MO-
I'yT OBITH ITOCTPOEHBI IIPU MOMOIIHU OIIEPAIUil U3 IIEPBOI0 KJIacca MOCTPOEHU
10 HAYAJILHBIM JIAHHBIM, SBJISIONUMCS KOHETHBIM MHOYKECTBOM TOUEK: B II. 2.1
JIaHBI HEOOXO/IMMbIE YCJIOBUS MPUHAJIE2KHOCTH 9TOMY KJIACCY, B II. 2.2 J0CTa-
Tounble. B 1. 2.3 MbI 00CyKJaeM HECKOJIBKO KJIACCUYECKUX 3aJ1ad Ha [TOCTPO-
eHne (BKJ/IIOYasl 337ady O [OCTPOEHUH NPABHJILHOTO N-YIOJIbHUKA), KOTOPBIE
VKJIAJILIBAIOTCA B KapTUHY, pazobpanuyio B mm. 2.1-2.2.

B 1. 2.4 BeIesiennl 1Ba MOCTPOEHUST, UCIIOJIB3YIOIIHE BHIOOD MIPOU3BOJIBLHBIX
TOYEK, KOTOPbIE TI032Ke PACCMATPUBAIOTCS KaK JIBE HOBBLIE oreparuu. B m. 2.6
OIIMCAHO, YTO MOXKHO ITOCTPOUTD MO JIIOOBIM (KPOME HECKOJIbKIX UCKJIIOUNTE b
HBIX TUIIOB) HAYAIBHBIM JAHHBIM C HCIIOJb30BAHUEM OI€PAIUK BHIOOpPA IIPOU3-
BOJIBHBIX TOUeK. OKa3bIBAETCsI, ITO BCE, UTO MOYKHO ITIOCTPOUTH C €€ UCIIOJIh30-
BaHUEM, MOYKHO TOCTPOUTH U O€3 Hee, MOJIb3YACh JBYMs HOBBIMU OIIEPAIUSIMUI
U IOCTPOEHUSIMH U3 Il 2.1-2.2.

B . 2.7 MBI ontucbiBaeM, 4TO MOXKHO TIOCTPOUTD IO MHO2KECTBY HAYAJIBHBIX
JAHHBIX OJHOTO MCKJIOYUTENHHOTO THIA, CBI3AHHOTO C 33j1adeil O TPUCEKIINN
yrJa, 1 moapoObHO 00CyK1aeM BOIIPOC O PA3PEIUMOCTH dTOHW 3aa4Nn.

B . 2.8 nokazana onaa Teopema u3 BelecTBeHHOM adbdUHHON reoMerpu,
CBsI3aHHAS C BBIIOJHUMOCTHIO aprudMETUIEeCKUX Ollepaluil HaJ| BENECTBEHHbI-
MU YHUCJAMHU IIPU TOMOIIUA F€OMETPUICCKUX ITOCTPOEHUIA.

2.1. HEPA3PEIIMMOCTb HEKOTOPHBIX 3AJIAY HA ITOCTPOEHUE

Hpex{;pe geM JO0Ka3bIBaTb HEBO3MOXKHOCTL TOI'O HMJIM MHOI'O IIOCTPOEHUI,
HY2KHO TOYHO OIPENEIUTD, 9TO 3T0 Takoe. [Ilycts M — MHOXKeCcTBO BCceX TOYEK,
OPSIMBIX ¥ OKPY?KHOCTEH Ha MJIOCKOCTH (TOJBKO TaKue 0ObEKTHI MOKHO CTPO-
UTH MUPKYJIEM U nHHeI‘/’IKoﬁ). MozKHO 3aJ1aTh HEKOTOPBINH Jonycmumsili KAacc
M C M u ckazarh, 9TO TOUYKA, IPIMas UK OKPYKHOCTh MOI'YT OBITH ITOCTPO-
€HbI, ecJIi OHM IpUHAJJIE)KAT dToMy Kiaccy. Kitacc M MOXKHO Ompe/iesnTh,
3aJaB HavaJIbHbIC JIAHHBIEC U JOILyCTUMbIC Ollepaliiu.

CHUCOK JOIYCTUMBIX OIIEPALIMA (HAYAJIO CIIMCKA)

1. Onepavyusa nocmpoerus npamoti CONOCTABJISIET IMape PA3JIUIHBIX TOUYEK
IIPOXO/IAILYIO Yepe3 HUX IPAMYIO.

2. Onepayus nocmpoenus oKpYsHCHOCMAY CoTIoCTaBsgeT ToukaMm P, ), O,
riae P # @, okpyxkuocTh ¢ nearpoM O u pajmycoM, paBHbIM [P, Q).

3. Onepayus nepeceuerus COMOCTABISET IMape HECOBIAIAIONINX TePeceKar-
foruxcst kKpuBbix ', T'o, tie I'; — subo upsimast, jinbo OKPY?KHOCTb,
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UX TOYKH IlepecevdeHusi ([epecedeHne MOKeT COJEPKaTh OJHY HJIU J(BE
TOYKH).

OnpPEAENEHUE. Kiace M(D) C M Todek, UpsMBIX ¥ OKPY?KHOCTEH, KO-
TOPBIE CMPOAMNCA NO HAYAALHBM danHbim D C M, — 370 MUHUMAJILHBII
KJIacc, cojyiepzkamuit D m 3aMKHYTBII OTHOCHUTEJIBHO JOIMYCTUMBIX OIIePa-

mit 1)-3).

BamkHayTOCTH Ki1acca M (D) 0THOCUTEBHO TIepeceueHns O3HAUAET, YTO €C-
mu 'y, Ty € M(D), xpusbie I'y, T's ne coBnagaor u P € T'1Nly, To P € M(D).
AHAOTUTIHO OMpeeTsieTcss 3aMKHYTOCTb OTHOCUTENIHHO JIPYTHUX OMEePAIiii.

TeopeMbl 0 HEBO3MOYXKHOCTH T€X MJIM MHBIX IIOCTPOEHMI OCHOBAHBI Ha, (HOp-
MyJIUPyeMOil HIKe POCTOoit anredbpamdeckoit Teopeme 20.

ONPEAEJNEHUE. Kaacc M — 9T0O KJIacC BCEX TOYEK, MPSIMBIX U OKPY K-
HOCTel Ha KOODJMHATHON IIOCKOCTH, OIPEJIEJIEHHBIX Ha0 HeKOMOpbiM Geuie-
cmeentovim nosem T (Touka onpesesena Han T, ecan obe ee KOOPIUHATHI Jie-
xKaT B T, npsAMast WK OKPYKHOCTH OIIpeeseHbl Hat 1, ecjin UX MOXKHO 33JaTh
ypasnenusmu az + by +c =0 uwm (x —a)® + (y —b)2 +¢c=0, tne a,b,c € T).

Ecim sewecmeenrnoe nose T' C R samxnymo omnocumesvHo udsieueHus
keadpammuz kopred, T.e. ecina € Rua? € T, 1o a € T, 10 Ki1acc Mp BMecTe
€ KaXKJIOll OKPY?KHOCTBIO COJEDPXKUT €€ MEHTDP M PACCTOAHUE MEXKJIy TOIKAMU
P,Q € My nexur B nosne T.

TEOPEMA 20. FEcau seuecmsennoe nose T’ C R samrnymo ommnocumens-
HO UBBAEHEHUS KEAIPAMHBLT KopHet, mo xiacc Mp s3amrnym omuocumenvho
donycmumvir onepayud 1)-3).

JIOKABATE/IBCTBO. B koopmumnaTax mmockoctu R? omeparuu 1)-3) cBo-
JIATCS K HAXOXK/IEHUIO BEIECTBEHHBIX PEIleHnii JTUHEHHBIX 1 KBaIPATHBIX yPaB-
wenwnii. Pertenne Takmx ypaBHEHUI He BBLIBOIUT U3 MMOJisd 1, TaK KaK OHO 3a-
MKHYTO OTHOCUTEIHLHO U3BJIEUEHUS BENECTBEHHBIX KBaIPATHLIX KOPHEI.

[TIycts Dy — HEKOTOPOE MHOXKECTBO TOYEK HA IIJIOCKOCTHU, COIEpKaIiee He
MeHee JBYX TOoYeK. EBKIINIOBBI JIBUXKEHUST U TOMOTETUH TIEPEBOJIAT MPSIMYIO B
IPSIMYIO, OKPY?KHOCTH C OTMEYEHHBIM IIEHTPOM B OKPY?KHOCTb C OTMEUYEHHBIM
ITEHTPOM. TaKI/Ie JABU2KEHNA COIVIaCOBaAHBbI C 3aJav9aMMt IIOCTPOEHUA.

ONPEAENEHUE. [losem, coomeemcemsyrowum Dy, Ha30BeM HaMMEHbBIIIEE
Bemecteernoe nojie T'(Dy), 3aMKHYTOE OTHOCHTEIHHO HU3BJICYCHUS KBaJPaT-
HBIX KOPHEl M cojieprkaliiee OTHOIIEHUs JJIUH OTPE3KOB, KOHIIBI KOTOPDLIX JIe-
xKart B Dy.

Bribepem nse pasubie Toukn O, E € Dy u HOpMHUPYeM PaCcCTOSIHHE Tak,
4T00bI JitHa orpeska (O, F] pasusiiack equnuie. CkaxKeM, 9T0 OPTOHOPMHU-
poBaHHasl CHCTeMa KOOpHAT cozaacosana ¢ Dy, ecim O = (0,0) u E = (0, 1).
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TEOPEMA 21. B coeaacosannoti ¢ Dy cucmeme xoopdunam cnpasediuso
sxarovenue M(Dy) C My, 2de T =T (Dy).

Jlpyrumu cjioBaMu, €CId TOYKa, MpsMasi UJIH OKPY?KHOCTh He OIPEeIe/IeHbI
HaJI TT0J1eM 1, TO UX HEJIb3s TOCTPOUTH IIPU IIOMOIIIY OII€PAITit 1)73) 10 TOYKaM
u3 MHOXKecTBa Dy.

JIOKABATEJILCTBO. B yci1oBHsIX TeOpEMBI KOOPJAUHATHI TOUEK MHOYKECTBA
Dy nexar B nose T'(Dy). Tenepb Teopema BbiTekaeT u3 TeopeMbl 20.

2.2. HECKOJIBKO $IBHBIX IIOCTPOEHUN

JLnst BBITIOJIHEHUST TeX WJIM WHBIX [MOCTPOEHUN B KAYECTBE «CTPOUTEIbHBIX
KUPIUYUKOBY» HYKHBI PeIleHns] HECKOJIbKUX ITKOJIbHBIX 33/1a9 Ha OCTPOEHUS.
Hamomunm ux.

1) o mouxam A, B nocmpoumv mouky, aesxcauyyro ene npamot AB, u
cepeduny P ompeska [A, B]. Ilyctb @, R — TOUKH Ilepecevdenusi OKPY KHOCTeH
c nenrpamu A u B u pajguycamu, pasubivu [A, B]. Kaxnas u3 rouek Q, R
nexut BHe AB, u P — rouka nepeceuenust AB u QR.

2) Boccmanosums nepnenduryasp k npamot | us mouxku P € L. B nameit
curyanun Tpebyercst mo Toukam A, P € [ mocrpoutsk Touku (), R, Takue, ITO
npsimbie AP u QR nepuenjukysspabl u P € AQ. Ilycte B # A — Touka
nepecevdennst psiMoii AP ¢ OKpYKHOCTDHIO € TIEHTPOM P U ¢ pajinycoM, paBHBIM
[P, A]. B kauecTBe HCKOMBIX TOUEK MOXKHO B3sTh TOUKH (), R u3 npepiiyero
ITOCTPOEHUSI.

3) Ha npamyro I onycmums nepnendukyasap ud mouku P ¢ . B mameii cu-
Tyanun Tpedyercs 1mo TpeM ToukaMm A, B, P, He JexKalluM Ha OIHON IpsiMOii,
ITOCTPOUTH TOUKY (, Takyto, 4To upsimbie AB u P(Q) neprieHuKyJsipHbl. B Ka-
yecTBe () MOXKHO B3ATH TOUYKY Tepecedenus () # P OKpy»KHOCTEH ¢ IeHTpaMu
A u B, npoxoxsiumu depes P.

4) nocmpoums npamyio li, napasiseavryro npamot I u npoxodawyyro wepes
mouky P ¢ 1. JoctaTrouno uz Touku P omycTuTh MEepPIeHuKyIIsip lo K IPIMOii
[ 1 3aTeM BOCCTAHOBUTH HEPIEHIUKYJISIP [ K IPAMOIA [o.

[Iycts O # E — nase touku. PaccMoTpuM cucTeMy KOODIAMHAT Ha ILIOC-
KOCTH, coriacoBanHyio ¢ MHoxkectBoM Dy = {O, E'}. IlepBasi koop/uHara Ha
IUIOCKOCTH 3aJ1aeT KOOpAUHATY Ha mpsmoii g = OF. OToxaecTBUM TOYKY Ha
lp ¢ ancyiom, paBabIM ee Koopanuaare. [Ipu atom O u F otoxaectsarcs ¢ 0 u 1.

JIEMMA 22. Iyems a,b € lg N M(Dy). Toeda: 1) —a, a™', a +b, ab €
lo N M(My); 2) ecau ab > 0, mo (ab)/? € Iy N M(Dy).

OI‘paHI/I‘{I/IMCH KapTHUHKaMM, IIOACHAIOIMINMU J0Ka3aTeJIbCTBO, CM. PHUC. 1.

3AMEYAHUE. [lpu mocTpoeHnn mpsiMoii, mapasiiebHON JaHHO| U IIPOXO0-
JIAIeil Jepe3 JaHHYI0 TOYKY, MbI [TOJIb30BAJINCH IUPKY/JIEM W JUHEHKONH. DTO
IIOCTPOEHNE MOXKHO PaccMaTpPUBaTh KaK €JIUHYIO oneparuio. Takoil oreparun
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QY
S

—a o J1 a 0

a+b

a b

Puc. 1. Jluaunu 3aHyMepOBaHBI B MOPSJIKE ITOCTPOCHHST

JIOCTATOYHO, 4TO0BI, HMest Toukn 0 i 1, HOCTPOUTH TOYKH —a, a” ', a + b, ab
[0 TOYKaM @, b Ha YUCJI0BON HpsiMoii (cMoTpu puc. 1, Touka (Q B 9TOM CJIy-
yae BBIOMPAETCsl MPOM3BOJILHO). DTOT (aKT MMeeT KPacHBOe MPHMEHEHHEe B
addbunnoit reomerpun (cm. 1. 2.8).

TEOPEMA 23. B ycaosuaz meopemuvi 21 cnpasedauso pasencmeo M(Dy) =
= Mr.

JIOKABATEJILCTBO. [ocrarouno nokasarb, aro M(Dy) D My, T.e. aro
MOXKHO TIOCTPOUTB JIE000it 3mement uz Mrp. Eciu P, QQ € Dy, o kinacc M(Dp)
COZIEPKUT TOUKY p € lo, TJe p — oTHoIIeHue JymH otpe3kos [P, Q] u O, E|:
9TO OJIHA U3 TOYEK MEePeCcedeHnst IPAMOii [y ¢ OKPY»KHOCTBIO ¢ eaTpoM O u pa-
quycoM, pasubiM [P, Q]. Corsacuo jiemme 22, kaxjas Touka (a,0), rae a € T
nexut B M(Dy). Touka (0,b), rie b € T', Toxke nexxur B M(Dp): ee MOKHO 110-
CTPOUTD, IIEPECEKAst OCh Y ¢ OKPY?KHOCTBIO ¢ TeHTPoM O, IPOXOISINYIO IepPe3
touky (b,0). Crposi npsiMble, NEPIEHIUKY/ISIPHBIE K OCAM, yOeXKIaeMcsl, ITO
upu a,b € T rouka (a,b) nexur B M(Dy). Ilpsvas [, oupenenennas nazx T,
COZIEPKUT APy TOUEK, ompefeaeHubix Ham 1, mosromy | € M(Dy). Okpyx-
HOCTB S, omnpejesieHHast HaJl 1, CONEPKUT TOUKY, onpesesneHHyo Hay 1. Ee
HEeHTp Toxe omnpejesier Hay 1T, mosromy S € M(Dy).
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2.3. KITACCUYECKHUE 3A/JAYU HA [TIOCTPOEHUE

B HECKOJIbKUX KJIACCHYECKUX 3a/[a9aX Ha MOCTPOEHIE HAYATbHBIM JTAHHBIM
SIBJISIETCsT OTPE30K, WJIU, UTO TO Ke camoe, mapa ero koumnos O, K. B srtom
IYHKTE CUMBOJIOM T MbI OyeM 0003HAYATH N0AE KOHCIMPYUPYEMBIT “UCen,
coorBercrByloniee MuoxkecrBy Dy = {O, E}. Ilo Teopeme 23 B cucreme Koop-
JIMHAT, cornacoBaHHoil ¢ Dy, cupasepinBo paseHcTBo M(Dy) = M.

KBAOPATYPA KPYTA. Ilo moukam O, E nocmpoums ompesox I maxod,
wmo naowads kpyea paduyca [OE] pasra naowadu xeadpama co cmoporoti 1.

TEOPEMA 24. Jlas mobvixr movex P, Q € My ompesox [PQ| ne pasen
ompesxy I. Jlpyeumu caosamu, 6 kaacce My xeadpamypa kpyea we ocyuie-
cmeuMa.

JIOKABATEJIbCTBO. Paccrosuune mexxny Toukamu P, ) € Mg — Kon-

CTPYHUPYEMOE YHUCJTIO, & JIJTMHA OTpe3Ka I — TpaHCIEeHIeHTHOE YUC/IO0 7l/2,

YABOEHUE KYBA. Ilo mouxam O, E nocmpoums ompesox J makoti, wmo
obsem Kkyba co cmoponotd J 6 dsa pasza boavuie obsema kyba co cmoponot 1.

TEOPEMA 25. /[lasa awbvx mouex P, QQ € Mp ompesox [PQ)] ne pasen
ompesxy J. dpyeumu crosamu, 6 xaacce M yosoenue xyba ne ocyuw,ecmeumo.

JIOKABATEJIbCTBO. Paccrossaue mexxnay toukamu P, Q € Mg — KoH-
CTpyHpyeMoe UuciIo, a JjauHa orpeska J pasaa 21/3. Vpasmenne z° — 2 = 0
HenpusoguMo Haj Q 1 He pelnaercs IpHU ITOMOIIY KBaJAPATHBIX KOPHE.

SAAYA O MNPABUJIBHOM n-YI'OJIbHUKE. Ilocmpoumsd npasuabHvitl mn-
yeonvruk ¢ dannot cmoponot [OE].

TEOPEMA 26 (I'AvCC). IIpasuavnoiii n-y20avhuk MOHCHO NOCMPOUMD
(T.e. ero BepIIMHBI JexKaT B Kjaacce Mr), ecau u MoAvKo ecau n — HUCLo
Taycca.

JIOKABATEJ/ILCTBO. Hecnoxxuo BumeTh, 9TO 3a/1a9a SKBUBAJIEHTHA CJIE/IY-
FOIEl: TOCTPOUTH BEPINUHBI IPABUJIBHOTO N-YTrOJbHUKA C eHTpoM (O, OjTHa U3
BepIuH KOToporo — To4uka F. [lpu oToXK1ecTBIeHNN TJIOCKOCTH C KOMILJIECKC-
HOI TIPSIMOM BEPIITUHBI TOTO N-yTOJTHHUKA — KOPHU ypaBHeHus 2" = 1. 910
YPaBHEHUE PENIaeTcs IIPU IMMOMOIIU KBaIPATHBIX KOPHEN (B OJI€ KOMILJICKCHBIX
qHCest), eCJIU ¥ TOJBKO ecyin n — 4uucio Laycca. Ocranoch 3aMeTUTh, YTO KOM-
IJIEKCHOE YUCJI0 BhIpazkaeTcs Ha/l rosieM (Q mpu moMorny KBaIpaTHBIX KOPHEIT,
€CJin U TOJIbKO €CJ/In €r0o BelleCTBEHHad W MHUMAaAd IaCTU — KOHCTPYUPYEMbBIE
qHCIIa.

2.4. JIBA CHELUAJIBHBIX [TIOCTPOEHUA

Brimenum gBa mMpoCTBIX MOCTPOEHUSI, UCIIOJIb3YIONINEe BHIOOD ITPOU3BOJIb-
HOIl TOYKM M3 KOHTHHYaJIbHOIO MHOXKECTBa. DTH IIOCTPOECHHSI HEBO3ZMOXKHO
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OCYIIECTBUTDH IIPU MOMOIIM orepanuii 1)-3), 1 X MOXKHO pacCcMaTpUBATh Kak
HOBBIE ollepaluy (ITO MO32Ke Mbl U OyJIeM JIeIaTh).

BAJAYA 1. o npamot I u mouke P ¢ | natimu mouxy E € 1, maxyo,
ymo npamwvie | u EP nepnendukysiprod.

Kirace M(D), rje MHOKeCTBO HaYaIbHBIX JAHHBIX D COCTONT U3 IPsMOii |
u Touku P ¢ [, coBnajaer ¢ MHOXKeCTBOM D: IpUMeHEeHue JIONYCTUMbIX Ollepa-
nnii He yBeJm4duBaeT MHOKecTBa D. OmHaKo ecin Ha IPIMOil [ npouseosbHvim
06pazom BLIOpATD JIBe pasjimdHbie ToUkd A, B, TO Takoe IOCTPOEHUE JIErKO BbI-
nosHUTD (CM. 11. 2.2). Ero pesyabraToM sIBJISIIOTCSI IEPHEHANKYJISD [p 1 TOUKA
E =1Nlp, KOTOpBIE HE 3A6UCAM OM COEAGHHO020 NPOU3BOALHOZ0 GbLOODA.

ITo Toukam O = P u E MOXKHO MOCTPOUTH BCe 00beKThI Kjacca Mrp. Pe-
3y/IBTAT KaKIOT0 U3 3TUX IMOCTPOECHUH He 3aBUCUT OT BHIOPAHHBIX ITPOU3BOJIHLHO
rouek A, B € [, A # B, KOTOpbIe UCIOJIB30BAJIUCH B TIOCTPOCHUHU.

SAIAYA 2. [locmpoumsb yenmp dannot okpyotcnocmu S.

Kiacc M(D), tne D = {S}, coBnagaer ¢ muoxkecrsom D. OjHaKO eciin Bbl-
6parb sBe pasHble Toukn A, B € S, 10 nepueHmKysp K upsamoit AB, nes-
it orpe3ok [A, B] monosam, mpoxoquT vepe3 IeHTp OKpyzKHocTH. Haxoms
CEPeJINHY MOCTPOEHHOIO JIMAMETPA, TIOJIYIUM IEHTP OKpyKHOCTH O.

Y106l BKIIIOUATH TaKHe KOHCTPYKIIMH B HAILY CXeMy, HyKHO JIOIlyCTUTH
BBIOOD NPOU3BOALHBIT TROUEK, JIEXKAIINX B OJHOM N3 MHOXKECTB (CTPATOB), Ha
KOTOpbIE pa36I/IBaeTCH IIJIOCKOCTb y2K€ IOCTPOEHHBIMU TOYKaMU, IIPAMbIMU U
OKpy2KHOCTsIMH. HO 1Ipu 9TOM cYMTATh HOCTPOCHHBIMU JIMIIb OOBEKTHI, KOTO-
pble He 3aBUCST OT CJEJAHHBIX [POM3BOJIbHBIX BBIGOPOB. Huzke Mbl moKaxkeMm,
9TO Takasl PaCIIMpeHHas MHTEPIPETalus IPOIecca MOCTPOeHHsI UPKYJIeM |
JIMHEHKOW HE MEHSIET y2Ke IOJIYICHHBIX Pe3yJIbTATOB U MO3BOJISIET PACCMaTPU-
BaTh U JIPyIUe 3a/1a4u, B YaCTHOCTH, 334y O TPUCEKIUH YIJIA.

Haunem ¢ paccMOTpeHUsi CTpATUUKAIMH IIIIOCKOCTH, CBA3aHHOI ¢ KOHEed-
HbBIM IIOIMHOZKECTBOM MHOXKeCTBa M BCeX TOYEK, HPsAMBIX U Opr}KHOCTeﬁ.

2.5. CTPATUOUKALUA TIJIOCKOCTU

ITycts V' C M — koneunoe noamuoxkecTBo. C V' cBsizaHa cmpamuduranus
3y IJIOCKOCTH, T. €. ee pa3bueHne Ha cmpamul Sy, € Yy PasHBIX PA3MEPHOCTEN.
(Ecam Toukwm, mpsiMble B OKPY?KHOCTH 13 V' HAPHCOBAHBI, TO CTPATH(DUKAIIIS
Yy BUJHA HA KapTUHKe.)

Hyavmeprowi cmpam B Xy — jrrobas Touka MHOYXKeCTBa V) Bcex TOUeK Tepe-
CeveHNsl Pa3IMIHbBIX MPSIMBIX U OKPYKHOCTeH n3 V' 1 J1t060e 13 0THOTOYETHBIX
MHOXKECTB, comepKaiumxcst B V.

Odromeprniti cmpam B Xy — Ji00asi KOMIIOHEHTa CBSI3HOCTH MHOXKECTBA
[\ (T; N Vp), e T'; — srobast nipsiMasi Wil OKpy»KHOCTH u3 V.
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Lleymeproii cmpam B Xy, — a0basi KOMIIOHEHTa CBSI3HOCTHU JIOTIOJTHEHUST
IUIOCKOCTH K OObEeIMHEHUIO BCEX TOYEK, IPSIMbBIX U OKpyzKHOCTEl u3 V.

IIycrs T — BelmecTBeHHOE I10JI€, 3aMKHYTOE OTHOCHTEIHLHO U3BJIEUEHUSI
KBaJIpaTHBIX KopHeit. I3 Teopembr 20 BeITEKAET CJIeIyIOIIEe CJIE/ICTBHE.

CHEACTBUE 27. Ecau V. C M7 v P — nyavmepnoili cmpam 6 3y, mo
P c Mrp.

YTBEPXKIEHUE 28. Touku, onpedeaernvie nad T, naommuwve wa: 1) naocko-
cmu; 2) npamot, onpedesernnots nad T'; 3) okpyorcnocmu, onpedesentoti nad T'.

JIOKABATENBLCTBO. Ilyukret 1) u 2) oueBuznbl. [Ipsivble Buga y = ¢, rje
c € T, wnorusl B R2. Ouu nepecekaioT OKpy»KHOCTb, OIpejeaennyio nay 1,
B TOYKaX, OIpesesieHHbIX HaJl 1. MHOXKeCTBO TaKuX TOYEK BCIOJLy IIJIOTHO Ha
OKPY2KHOCTH.

CHEACTBUE 29. EcauV C M, mo mouku, onpedeaennoie Had T', naom-
HbL 6 KA2HCOOM CTPATNE TOAOICUMEABHOT PAZMEPHOCTU CMPAMUPUKAUUL D/ .

2.6. KJTACCHI TTIOCTPOEHUN, JOMYCKAIOIIWE IPOU3BOJIbHBINT BHIBOP

Pesysbrar npuMeHeHus olepanuy IIepeceveHnst 3aBUCUT OT BbIOOPa OJIHOI
U3 TOUEK IepecedeHrs JBYyX KpuBbIX. Oupemesmm omepaiuio 4), 3aBUCSIILYIO
HE TOJIBKO OT JINCKPETHOTO, HO ¥ OT KOHTHHYAIBHOro BeibGopa. IIpu ee momorru
MOXKHO BBIIIOJIHUTH J[B& [IPOCTBIX HOCTPOEeHUsi (CM. I 2.4), KOTOpPbIE MOXKHO
IPUHATH 3a HOBBIC omepanun 5) u 6).

ITPOIOIXKEHUE CIIMCKA JOIIYCTUMBIX OITEPAITAN

4. Onepayus 6vib6opa Mouku IPpUMEHIMa K KOHEYHOMY MHOXKecTBy V C M
1 3aKJI09aeTCs B BbIOOpe cTpara S, € Xy MOJIOXKUTEJIHHON pasMepHo-
cru 1 Touku P m3 3Toro crpara.

5. Onepayus nocmpoenus 0CHOBAHUA NEPNERIUKYAAPA COTIOCTABIISIET TIPSI-
Mmoit [ u rouke P ¢ | rouky E € [ Takyto, uro npsimbie EP u [ nepren-
JIAKYJISTDHBL.

6. Onepayus 60CCMANOBACHUA UEHMPA COMOCTABIIACT OKPYXKHOCTHU €e
HEHTP.

Omnpenemum kinacc Mg(D) 2/1eMEHTOB, KOTOPBIE MOXKHO 6 0600UWeHHOM
CMBICAE NOCTPOUMS TI0 KOHeUHOMY MHOXKecTBY D. Ckaxkem, uro v € Mg (D),
€CJIM CyIIECTBYeT KOHEUHBIH aaropuTM (T.e. IPABUJIO, OMKUCHIBAIOIIEE BCE JIUC-
KPETHbIE BBIOOPHI), k-if IAar KOTOPOro — IIEPEX0J OT OJHONO0 KOHEYHOTO MHO-
xkecrBa Vi, C M k caenytomemy Viy1 C M. Ipu stom: 1) Vi = D; 2) Vg =
= Vi U{a}, rae a nim mosyvaercss npuMeHEHHEM K HEKOTODBIM 3JIEMEHTAM
MHOX)KecTBa V), ofuoit u3 oneparmit 1)-3) (em. 1. 2.1), wm a = P u Touka P
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[OJIy9eHa [IPU IOMOIIU OllepaIlnl BbIGOpa u3 MHOXKeCTBa Vi ; 3) 9/leMeHT v co-
JIEPYKUTCS B HEKOTOPOM U3 MHOXKECTB Vy BHE 3aBUCUMOCTHU OT KOHTUHYAJIbHBIX
BBIOOPOB, KOTOPBIE BCTPEUAINCH HA TPEIBLAYIIIX TIarax.

TEOPEMA 30. IHycms T — sewecmeentoe noae, 3aMKHYmMoe OMHOCUMENb-
HO u3eaeuerus Keadpammuux xopret u D C Mp — Konewnoe mmooicecmso.

Tozda M¢g(D) C Mr.

JOKA3ATEJILCTBO. Ecm v € Mg(D), T0 KOHTHHYaJIbHBIM BBIOOPOM,
BCTPEYAIOIINMCSI B IIPOIECCE IMOCTPOEHUSI ¥, MOMKHO PaCIOPSIIUTHCS IO CBO-
emy yemorpenuto. Ilo yeiosuto Vi = D C My u Vo = Vi |J{a}. Ecau nepssrit
[mar COCTOUT B IPUCOEIUHEHUN TOYKU ¢ U3 CTPaTa IOJOXKUTEJILHONH pasMep-
HOCTH B CTpaTH(UKAINN 2y, , TO BEIOEpEM TOUKY «a, olipefieseHHyto Hag 1. Ilo
ciencTBrio 29 310 MOXKHO caenarh. [Ipu rakom Buibope Vo C M. Eciu Touka,
IpsSIMasl WK OKPYXKHOCTD @ IIOJIYYaIOTCsI IPUMEHEHNEM K HEKOTOPLIM 3JIeMEeH-
TaMm MHOXKecTBa V) ommoit u3 oneparumit 1)-3), To Vo C My 1o teopeme 20.
Bynem mociieioBaTeibHO Ha KaXKJIOM IITare MOCTPOEHUs, COCTOSIIIIEM B IIPUCO-
eIUHEHNHI [IPOU3BOJILHO BLIOPAHHON TOYKH, BLIOUPATL TOUKY, OIPEIEICHHYIO
man 1. I[lpu npumenennn 510 npasumia Beibopa Vi C My s mgoboro k > 0.

CHEACTBUE 31. Ecau Dy — xoHeuwHoe MHOMHCECTBO MOYEK, cOOEpitcaulee
ne menee deyx mouex, mo Ma(Do) = M(Dy). B wacmuocmu, onepayus 4) ne
nomozaem pewums 3adayu o keadpamype kpyza u 00 ydeoenus xyba. C ee no-
MOULLIO MOAHCHO NOCMPOUMD MOALKO Me NPAGUALHBLE N-Y20AbHUKU, KOTMOPbLLE
cmpoames u bes Hee.

ONPEAENEHUE. Munumanbustii kiace M, (D), conepxamuii D n 3aMKHY-
TBIli OTHOCUTEJILHO omiepaituii 1)-3) u 5), 6), Oy/ileM HAa3bIBATh KJIACCOM OObEK-
TOB, KOTOPLIE 6 PACUUPEHHOM CMDBICAE CIMPOAMCH NO HAMANHDOLM 0anivim D.

CkaxeM, aro D — uckaronumenvroe muoosicecmeo muna R;, eciu D co-
JIEPKUT:

Jutst Tuna Ry — eduncmeennyio mouky;

Jtst tura R — eduncmeenHyo npamyio;

qutst tuna Ry — k > 1 napaaresvsHulx npamoz;

st tunia, Ry — k > 0 npamoix, npoxodawux wepez mouxy O;

st tunia Ry — k > 0 npamuviz, npoxodswux wepes mouky O, u mouxy O;

st tutia, Rg — k > 0 oxpyoicnocmed ¢ obwum yenmpom O

st tunia Ry — k > 0 oxpyorcnocmedi ¢ obwum yenmpom O u mouxy O.

YTBEPXKJIEHUE 32. /[aa KoHewH020 HEUCKAOUUMEALHO20 MHOdHcecmea D
cywecmeyem xorneunoe mroscecmso Dy C M, (D), codeporcauiee moavko mou-
Ku naockocmu, u makoe, wmo D C M(Dy) (6oxee Toro, mist ganHoro D MHO-
kecTBa Dy MOXKHO TIPEIbsIBUTE SIBHO).
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Hanpuwmep, st D = {S,1}, rne S — okpyzkuocTh ¢ niearpom O, | — upsi-
mast 1 O ¢ [, nocrarouno nonoxutrs Dy = {O, E, P}, rne E € | — ocnoBauune
IepreHuKyJIapa, omnymennoro u3 O wa [, u P € S N1. g npyrux HEUCKJIo-
YUTEIBHBIX MHOXKECTB D) MHOXKeCTBO Dy NMperbsaBIsAeTCsl CTOIb 2Ke ABHO.

CHELCTBUE 33. /[[aa KOHEWH020 HEUCKAOUWUMENLHO20 MHOHCECTNEE Ha-
wasvnoir dannox D C M enpasedausv, pasencmea Ma(D) = M, (D) =
= M(Dy) = My, 2de T — nose, coenracosarnoe ¢ Dy.

JOKA3ATENBLCTBO. CormnacHo yreepxkiaenuto, D C M(Dy). Ho M(Dy) =
= My (cm. teopemy 23) u Mg(D) C Myr (cm. teopemy 30). Crpase/iuBbl
sriodennst Mq(D) O M, (D) D M(Dy). Crencrsue 10Ka3aHo.

Msr onmcamu kinace Mg (D) yist HEUCKIIIOUUTEBHBIX D U [OKA3aJId, 9TO
JIJIsl HOCTPOeHUsl ero 06beKToB onepaius 4) He Tpedyercs: Mg(D) = M.,.(D).

2.7. TPUCEKLIVA VIJIA

Cuaentyrormas KiaccudecKkas 3aj1a4da csi3ana ¢ Kiaaccom Mg(D) st uckito-
qUTEeJILHOr0 MHOXKecTBa D Tuna Ry.

3AJIAYA O TPUCEKIIUM YIJIA. Pasdeaumv darmvid y2oi wa mpu pagHv
Yacmu.

Onnmem knacc M (D) mns muoxkecrsa D tuna Ry (kinacest Mg (D) auist
HCKJIIOYNTE/BHBIX MHOXKECTB D JPYIHX THIIOB OIMCHLIBAIOTCH TakxkKe). lrak,
nyctb D — sro k > 0 mpstmbix, mpoxogdanux 4depe3 Touky O. Pukcupyem
m06y10 OKpyKHOCT S ¢ meHTpoM O. Bynem monb3oBarbest coetyomumu 060-
sHadennaMu: D' — MuOXKeCTBO TOUeK, pasHoe | J;ep(S N1); T — mose, corna-
cosannoe ¢ D'; |y € D — dpukcupoBaHHas OpsMasi.

TEOPEMA 34. Kaacc Mg(D) cocmoum uz mowrku O u u3 6cex npamvir
I, nporodswuz wepez O u makux, wmo | cos(l,lp)| € T (3aecsh (I,1y) — n0boii
U U3 JBYX YIVIOB, 0OPa30BaHHBIX IPsIMbIME [ 1 [p).

JJOKA3ATEJILCTBO. Bribepem so0yio Touky F € lp\ O, moab3ysch omnepa-
nueii 4). Tocrpoum okpyzkuoCTh S ¢ 1ienrpom O u paguycom, pasabiM (O, E.
Bumecre ¢ S mocrpoum muoxkecrso D', Kmace M(D') = My comepxut Bee
upsiMbie [, npoxogmue depe3 O, takue, uto | cos(l,lp)| € T, u He comepxkur
JIpyTUX OpsiMbIX, poxosmux depe3 O. Kinace Mg (D) npunaiekur kiaccy
M(T) u ToxKe HE CONEPKUT JAPYTUX IPSMBIX, IPoXoasmx depes O.

O6beKTBl MHOYKECTBA D MHBAPUAHTHBI OTHOCUTEILHO TPyIIbl GO romore-
tuii ¢ nearpom O, 103TOMY BCe 00BeKThI Kiacca Mg (D) Toxke MHBAPUAHTHDI
ornocurenbHo Go. JleficTBUTEIbHO, TP TOMOTETUH MOCTPOEHUE MEPEXOJUT
B TOMOTETUYHOE MOCTPOEHHE, €CJIM TPOU3BOJIbHBIE TOYKU BBHIOMPATH FOMOTE-
TUYHBIME TOYKAM B MCXOMHOM nocrpoenun. Ho obbekTsl kiacca Mg(D) me
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3aBUCAT OT MMPOU3BOJILHBIX BBEIOOPOB, C/IE/IAHHBIX IIPU UX ITIOCTPOEHUU, T. €. OHU
MHBAapPUAHTHBI OTHOCUTEIBHO TPyIIbl Go. TOIBKO HpsMbIe, IPOXOISIIIE Yepe3
O, u Touka O MHBAPUAHTHBI OTHOCUTEJIHHO STOW I'PYIIIILI.

PazpemmMocTs 3a71a4m 0 TPUCEKIMN yIIa CYyNIECTBEHHO 3aBUCUT OT BEJIH-
YUHBL 9TOrO yria (cM. ciegcrsust 35-38).

CHneEACTBUE 35. Ecau D = {lo,l1}, 2de ly, i — npamwvie, nporodausue
wepe3 O, u a = |cos(lo, l1)|, mo xaacc Mg(D) cocmoum us O u u3 npamvir
I, maxux, wmo O €l u |cos(l,lp)| € T, 2de T — munumarvroe sewecmseroe
noae, codeporcauee a U 3AMKHRYMOE OMHOCUMENDHO USBALHEHUA KEAOPAMHHIL
KopHed.

CHEACTBUE 36. B ycaosuaxr caedcmseusa 35 MOHCHO NOCMPOUMD NPAMDBLE,
deaswgue yeon (lo,l1) Ha n pasnur wacmet, ecau U MOALKO €CAU YPABHENUE
P,(z) = a, 2de P, — noaurom HYebviwésa cmenenu n, paspewumo 6 2-padu-
xanax Had T

OTMeTHM, 9TO ecAu a — MPAHCUEHOEHMHOE YUcA0, Mo ypasrerue Pp(x) =
= a nenpusodumo nad nosem Q(a). Heitcreurensro, nose Q(a) mzomopdno
nosro parmonanbubix Gyakmmit Q(t) nag Q, a ypasuenue P, (x) = t Henpuso-
Mo gaxke Hagl ojieM C(t) (puMaHOBa MOBEPXHOCTH anrebpanveckoii (yHK-
muu 2(t), onpeiesIeHHON TuM ypaBHeHueMm, — cdepa Pumana).

CHEACTBUE 37. Ecau 6 ycaosuax caedecmeus 36 wucao a mpancuendenms-
HO, MO Y20 MOAHCHO NOJEAUMD HA N PABHBIT UGCMET UUPKYAEM U AUHETKOU,
ecau u moavko ecau n = 2. B wacmmocmu, mpucekuyua maxozo yeaa mecos-
MOHCHG.

JleficTBUTEILHO, €CJIM HEPUBOIUMOE YPAaBHEHUE PEIIACTCS B 2-paInKaIax,
10 ero cremens pasra 2F. C JIpyroif CTOPOHBI, yroJ MOXKHO HOAeINTH Ha 2F
4yacTeil, 10c/IeI0BaTEIbHO CTPOs OUCCEKTPUCHL.

CHEACTBUE 38. Ecau 6 ycaosuar caedcmeus 35 wucao a payuorasbHo,
MO MPUCEKUUSA Y2A0 BOZMONCHA, ECAU U MOALKO ecau ypacrenue 43 — 3z = a
uMeem PayUOHAALHHT KOPEHD.

CnemctBue 38 MOCTABISIET SIBHO MPOBEPSIEMBIH KPUTEPHiT PA3PENTUMOCTH 3a-
JIauu O TPUCEKIINU YIJIa, KOCUHYC KOTOPOro panuonajeH. B yacTHocTu, Jierko
BUJIETh, YTO TPUCEKIMs yrya B 60° HEBO3MOXKHA.

2.8. OJHA TEOPEMA U3 A®O®UHHOW 'EOMETPUU

QopMmynupyeMasi HUXKE TeOpeMa IMOKA3bIBAET, YTO JJisi IIOCTPOEHUs BeIle-
cTBeHHOH adOUHHOI reOMETPUH Ha, IJIOCKOCTU HYKHbI JIUIIb TOYKHU U [IPSIMbIE,
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a IOHSITHEe HEeIIPEPBIBHOCTU He Hy»KHO. Ee J0Ka3aTeibcTBO OCHOBAHO HA BO3-
MOZKHOCTH BBIIIOJIHEHNST aPU(PMETHIECKUX OIEPAIMI C IOMOIIBIO ITaPaJLIeIb-
HBIX OPSAMBIX (CM. II. 2.2).

TEOPEMA 39. ITycmo F: R? — R? — e3aummo 00nosnaqroe omobpadice-
Hue, nepegodauiee KaHcoyo npamyro 8 npamyro. Toeda F' — addurroe npeob-
pa3osarue.

JIEMMA 40. Ecau ¢: R — R asmomoppusm nosa R, mo o(x) = x npu
z € R.

JOKABATENBLCTBO. Ecim z € Q, To oueBunno ¢(x) = x. Ecim z > 0, To
r=a%u p(r) = ¢*(a) >0, T.e. ¢ monoTonno. 3uauut, p(z) =z upn = € R.

JIEMMA 41. Ecau 6 ycaosuax meopemo, F(O) = O u F(E) = E, 2de O #
% FE, mo oeparunenue F' na npamyro OE — moorcdecmsernnoe omobpastcerue.

JIOKA3BATEJ/IbCTBO. Baemem xoopauaaty na mpamoit OF, 0TOXKIeCTBIIsIsI
O c nyneMm, a FE ¢ emqununeit. Orobpaskerne F 1epeBOIUT HelepeCceKaroIu-
ecsl IpsIMble B HEIEPECEKAIOIINecs: IpsMbIe, T.€. OHO COXPAHSIET COOTHOIIIE-
HUEe NapasuIeJIbHOCTH MeXKIy HpsMbIMU. VICIOIb3ysl mapaJule/ibHble MPSMble
uroukn O = 0 u E = 1, mo toukam a,b € OF MOXHO MOCTPOUTH TOUKHU
—a,a"t, a + b,ab (cm. memmy 22). TTostomy orpanmuenne F ma OF szamaer
aBTOMOpP(MU3M YHCJIOBO# 1psiMoit. OCTasioch BOCIOIB30BaAThCH JeMMoit 40.

JIOKABATEJIbCTBO TEOPEMBI. OTobpakeHus, yI0BJIETBOPSIOIIUE yCJIO-
BHIO TeopeMbl, 06pa3yioT rpyiiy G, comepxKaliyio rpymuiny ab@uHHBIX 1peod-
pasoBanuii. Ilogrpynma G, ¢urcupytomast Touku A, B, C, He Jjiexkalue Ha
OJIHOI W IIPsIMOIi, TpuBHaJbHa. eiictBurenbHo, ecau ¥ € G, To 1o jiemme 41
orpanunyenne ¥ Ha IpOIOJKEeHUs CTOPOH Tpeyrojbauka ABC saBjsieTcs ToxK-
JIECTBEHHBIM ITpeobpazoBanueM (Tak kak WU hUKCHPYeT BEPIUHBI TPEYTOIbHHU-
ka). Yepes KaxK/yl0 TOUKY P MOMXKHO IIPOBECTU HPSIMYIO [p, IIEPECEKAIOILYIO
croponbl Tpeyroibauka ABC' B 1ByX pasHbIX Toukax (KoTopbie W dukcupy-
er). [Ilpumensis emmy 41 k npsivoit [p, nonyanm W(P) = P, T.e. rpynna G
rpuBnaibHa. CjenoBare/ibHo, rpymna G colepKuT He 60jee OJHOrO peodpa-
soBanus, nepesoggamiero A, B, C B Ttouku A’, B’, C', ne nexamue Ha oJHOil
npsimoit. Ho cpean Taknx mpeobpasoBamnuii ecTh adduHHOE Ipeodpa3oBaHue.
Teopema mokazaHa.

CIIUCOK JINTEPATYPbI

[1] Bypua 0., Kagen JI. Cemnaduamuyzorvruk u 3axon edaummocmu Layc-
ca // Maremaruueckoe npocsemienue. Cep. 3. Boir. 17. 2013. C. 61-67.

A. T Xopanckuii, Univ. of Toronto
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CeMHaIIATUYTOJIBHUK W 3aKOH B3auMHOCTH [aycca

Bypaa HO. Kaner JI.

B sroit 3ameTKe 06cy)KaeTCd KaK IOCTPOUTH CEMHA/IIIATHYTOJIbHUK
IIPU TIOMOIIY IUPKYJIA U JIUHENKN U KaK JJAaHHOE IIOCTPOEHUE CBA3aHO C
KBaIPATUIHBIM 3aKOHOM B3auMHOCTH [aycca.

1. BBEAEHUE

TeOpI/Iﬂ Faﬂya IIO3BOJIACT JaTb IOJIHBIIA OTBET HAa BOITPOC O BO3MO2KHOCTH
IIOCTPOEHNA TPABUJILBHOT'O N-YI'OJIbHUKA C IIOMOIIbIO MUPKYJIA U JIMHENKN:

TEOPEMA 1. IIpasuavtviti N-y20abHUK MONHCHO TOCTPOUMD UUPKYAEM U
AUHETKOT ECAU U MOALKO ecau n umeem eud n = 2™ -py-...-pg, 20eP1, ..., Pp —
S
pazausmsie npocmoie wucaa suda 22 + 1.

K coxasenuio Teopus ['astya 103BOJISET JIUITH CYJIUTH O BO3MOYKHOCTH TOTO
WJIM UHOTO MTOCTPOEHUS U MOJCKA3bIBAET HEKOTOPBIE AW Ha IIyTH K HEMY, HO
fdBHOE TIOCTPOEHUE IPUXOJUTCI HAXOAUTH OTJEJIHHO B KAXKIOM KOHKPETHOM
caytae.

Tem OoJsiee yIUBUTENBHO, UTO ITOCTPOEHUE CEMHAIIATUYTOJILHUKA C ITOMO-
IBIO [UPKYJISA U JIMHEHKH ObLIO HPUAYMaHO do MOsiBJIeHUsi Teopuu lajya.
IlepBbIM 3TO 1MOCTpOEHME HamIés ['aycc B KOHIlE BOCEMHAJIIATOrO BeKa, CIIy-
CTsl MHOTO CTOJIETH ITOCJIE TOTO KaK MpaBUWIbHbIE 3-, 4-, 5-) 6-, 8- 10-, 12-; 15-
u 16-yroJIbHUKHU OBLIN TOCTPOEHBI JPEBHUMU I'€OMETPAMHU.

B sT0it 3aMeTKe IIpeJICTaBIIEH CIIOCOO ITOCTPOEHHS NTPABUJIBHOIO 17-yrosb-
Huka. Onucanue MOCTPOCHUS HE UCIOJIb3yeT HUKAKUX UJIeH, KOTOPbIe HE ObLIN
U3BECTHBI B TO BpeMs, Korjia ['aycc ero npuymast. YBbl, HEKOTOPBIE JIEHCTBUS B
9TOM IMTOCTPOCHUU BBITJISIISIT HECKOJILKO 3ara/I0OUHO U MOT'YT OBITh KY/Ia JIydIlle
[OHSATHI B cBeTe boJiee obteit Teopun. OObsCHEHNST TAKOTO POJIA JAHBI B 3aMe-
vanusax 1 u 2. B 3ameuannu 3 Mbl 00bsICHSAEM CBSA3b OCTPOEHUS 17-yTroIbHIKA
¢ apyrumu paboramu [aycca, a UMEHHO, ¢ KBQIPATUIHBIM 3aKOHOM B3aUMHO-
CTH.

BJIATOAAPHOCTU. Mpul Gsaromapum Ackoibia leopruesuya XoBaHCKOIO,
Y9bU 3aMevaTesJIbHbIC JICKIITUU 110 TeOPpUHN Faﬂya BJOXHOBMJIN HaC 3aﬂyMa’TbCH (6]
noctpoennn 17-yronbanka. Mbl Takske 6arogapum bopuca Kanera, koropsbrit

MaTemaTtuueckoe npoceetyetne, cep. 3, Boin. 17, 2013(61-67)
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COOOINN HAM HECKOJIbKMX KpaifHe KPACHUBBIX JI0KA3ATEIbCTB KBAIPATUTHOTO
3aKOHA B3aUMHOCTU.

2. IIJTAH IOCTPOEHUSA

Ec/i OTOKIECTBUTH ILIOCKOCTH R2 ¢ IJIOCKOCTBIO KOMILIEKCHBIX HHCEIT
C (¢ ormeuennpivu ToukamMu 0 u 1), TO 3a/a9a O MOCTPOCHUH MPABUIHHO-
T'O N-YyTroJIbHUKa NIEPEXO/JUT B 3aJa91y O HOCTPOCHUU IIPUMHUTHUBHOTO KOPHA U3
ejuHuIb  crenenn n (Hanpumep § = e2mi/ ™). HelcTBUTENBLHO, €CJIU 3TO YUCIIO
ITIOCTPOEHO, TO €r0 CTENEHN SIBSIOTCS BEPITUHAMA TPABUIILHOTO N-YTOJLHUKA.

B nmanbneiiniem MbI Oy1eM 9acTO UCIIOJIB30BATE CJIEAYIOIIEe TOCTPOECHHE: eC-
JI YHCTIA 2] ¥ Z9 SBJISIIOTCS PEHMICHUsIMU KBaJIPATHOIO ypaBHeHus 22 4 az +b =
= 0, 1 TOYKM @ U b y»Ke TOCTPOEHBI, TO TOYKU 2] U Z2 MOYKHO MOCTPOUTH IUP-
KyJIEM ¥ JIMHEHKON. DTO MOCTPOEHNE OCHOBBIBAETCS Ha (POPMYJIE JIJIST PENTeHn
KBaJIPATHOTO YPaBHEHUs, B KOTOPOIl MPUCYTCTBYIOT JIMIITL OIEPAIIUH CJIOYKE-
HUs, BBIYUTAHUS, YMHOXKEHUs, JIeJIEHUSI U W3BJI€UE€HUs KBaJIPATHOT'O KOPHHI.
BCG 9TU OIlepalur C y2Ke IMOCTPOECHHBIMU TOYKaAMU MO2KHO BBIIIOJITHUTH C ITIOMO-
IIBIO TUPKYJIS U JIMHEHKH.

Hamr nan Torna cBofuTest K HAX0XKJIEHUIO SBHBIX KBaJ[PATHBIX YDaBHEHUI
CO CJIECAYIOIMUMHI CBOMCTBAMMU:

— TepBOE W3 ITUX YPaBHEHHUI MMeeT IeJIOUNC/IeHHbIE KOI(DDUITNEHTHI;

— KO(DUIMEHTBI KazKJI0r0 U3 ypaBHeHuit Jimbo 1esibie ducia, jubo (¢ Tou-
HOCTBIO JIO 3HAKA) COBIAJAIOT ¢ KOPHAMU IPEBIAYIIEr0 YPABHEHUST;

— YHUCJIO é. ABJIAeTCA OJHUM U3 pemeHHﬁ IOoCJIEIHETO YPpaBHEHUA.

OTu ypaBHEeHUs OyIyT MPOJABUTATh HAC BHHU3 II0 CJIELYIOIIEH quarpamMme:

/\
/\ /\
/& /\ /X /\

l& A A l& A Z& l& Zk

1-14-42-2 8-86-67-75-5 3-3

Crpesiku B 3TOM JepeBe BeIyT OT UYHCe] K UX KBaJIPATHBIM KOPHSIM IO
Moy 17.

C KaKIbIM y3JIOM JepeBa MbI CBSZKEM UHCIO » ., &', rae cyMMEUpOBaHIe
MIPOU3BOUTCSI IO HAOOPY TeX UHCeN ¢ U3 CAMOT0 HUYKHETO Psijia, 10 KOTOPBIX
MOKHO JI00paThCsl IO CTPEIKaM U3 JAHHOIO y3JIa.
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Huxxe MBI 1OKaxKeM, 9TO 4YHCJa, CBS3aHHBIE C y3JlaMH B KaXXJOH CTpO-
Ke, YJIOBJETBOPSIOT KBAIPATHBIM yPABHEHUSAM € KOI(DMUIUEHTAMEI, KOTOPbIE
SIBJIAIOTCS JIHOO IEJIBIME 9HCJIAMH, JIHOO (C TOYHOCTBIO JI0 3HAKA) UHCJIAMU,
CBSI3aHHBIMH C y3JIaMU IIPEJIbIIYINEN CTPOKMN.

3AMEYAHUE 1. MunumanabHbIM ypaBHEeHUEM Ha/T 1ojieM Q, KoTopomy yi10-
BJIETBOPSET IPUMUTUBHBIN KOPEHD U3 €JINHUIIBI £ IIPOCTO# CTEIEHNU P, ABJIAETCS
ypasuenne 1 +x + ...+ 2P~! = 0. Ero rpynmna [ajya — nukjimgeckas rpyiia
G = Z,. lna xaxnoro genurens d auciaa p — 1 9Ta rpymna ColepKuT €JuH-
CTBEHHYIO HOAIpYyIIy nopska d. B wacraoctu ecim p = 2F 4 1, moarpyrmms:
rpymnsl G obpasytor bamuio G = G O Gg_1 D ... D Gy = {1}, rue G,
umeet nopsiok 2. CoorBercrBue [atya comocrasiisier 310l OalllHe MOPYIIT
[eNoUKy KBaJApaTHuIHbIX paciupenuii noseit Q(§) = Lo D L1 D ... D Ly = Q.

Beruersr u3 m-it crpoku jepesa cocrapisior rpynmny Gp,. Yucaa Y £
i€Gm

CBsI3aHHBIE C y3JIaMHU JUArPAMMBbI, OPOXKIAIOT paciupenue Ly, /Q. Kosddu-

[IMEeHTHI KBaIPATHOTO yPABHEHUs, KOTOPOE Mbl HaXOIUM Ha M-M Iare, HaXo-

naTcst B 1ogie Ly, —1, a €ro KOpHU MOPOXK AT pactupenue Ly, /Ly, 1.

3. IIIAr HOMEP 0

[ycts € # 1 — KopeHb u3 enuHUILl cTenern p. Torma

p—1
Zg: &f-¢_ 4
i=1 ¢-1

Takum obpazoM, ¢ KOPHEM JepeBa CBSI3aHO Iucao —1.

4. IIEPBBIN IIIAT — KBAJIIPATUYHBIE BBIYETEI

TEOPEMA 2. Ilycmo QQ — MH02HCECTNBO KEAOPAMUYHBLT GHIUEMOE NO MO-
dyaro mewémmozo npocmozo wucaa p. Ilyemv £ — npumumusHud xKopens u3

edunuyb, cmenenu p u nyemov x =y, &
i€Q

Jlaa p 6uda p = 4m + 1 evnoanaemea 2 + x — % =0
Jlns p euda p = 4m — 1 swnoansemes x> + x + % =0.

SAMEYAHUE 2. [lyis1 1106010 HEYETHOrO NPOCTOrO p rpyuiia Z,, COJEpKHUT
eIMHCTBEHHYIO TIOJATPYIIIY WHEKCA 2, 4 UMEHHO TPYIIny () KBaJIpATUIHBIX BbI-
YeToB 10 Mojlyso p. I'pynna Z,, ssngerca rpynnoii I'anya pacmupenus Ianya
Q(€)/Q: snement m € Z; nefictByer aproMopdusMoM, nepesopgmmm & B ™.
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Opbura yncia x = Y £ npwu jieficTBIN STOI IPYIIIBI COCTOUT U3 JBYX JI€MEH-
i€Q

ToB. Takum 06pa3oM, X sIBJISIETCS KOPHEM HEKOTOPOrO KBAIPATHOTO yPABHEHUST

¢ paruoHaJ bHbIMU KO3 dunmentamu. Teopema 2 mpemocTaBiseT sIBHBIN BUJ

9TOI'O ypaBHEHU.

JIOKABATEJ/IbCTBO TEOPEMBI 2. YT0ObI HailTM X, MBI BBIYHUC/IAM Y =
p—1

= > & u ucnosnbdyeM ToxjectBo y = 2z — 1. KoMiulekcHoe comnpsizkeHue
i=0

_ p—l —i2
qucsia y paBHo § = » &', a 3HauWT,
i=0

p—1 p—1 p—1
yg= () (D7) = >
i=0 i=0 i,j=0

Koaddurment npu £F B 970it bopMysIe paBeH KOIMYECTBY peIeHmit (,7)
cpasrenns i2 — j2 = k mod p. O6parumoii 3aMenoii koopaunar (a,b) =
= (i — j,i+Jj) 9T0 cpaBHEHUE nepeBoauTCs B cpaBHeHue ab =k mod p. V mo-
cJieHero cpapHenust p — 1 pemtennii, eciu k # 0, u 2p — 1 perennii, eciau
k=0.

Takum obpaszom,

p—1
yw=22-1+@p-1)> &F=2p-1-(p-1)=p
k=1

Ecim p = 1 mod 4, to §y = y. HeiictBurebHo, Tak Kak —1 siBJIsI€TCsI
KBa/I[PATUIHBIM BBIYETOM IO MO/IYJIIO P, BhIPaKeHHE Z?:_ol 13 ~ He oTmvaercs
or Beipaserms Y h_y £,

Ecmup = —1 mod 4, oy = —y. [eiicTBuTenbHo, Tak Kak —1 He sABSIETCS
KBaJIPATUIHBIM BBIUETOM 110 MOJLYJIIO P, B BBIPDAXKEHUU Y + J KaXKJiasi CTEIeHb
& BCTpedaeTcst POBHO JIBaXKIbl. A 3HavuT, y + 7 = 2 Zg;(l) & =o.

B oboux cityuyasix oKOHYATEJHHBII PE3YIbTAT CJIEAYeT U3 TOXKJIECTBA Y =
=2z — 1.

3 Teopembl ciemyer, UTO YHCia, CBI3aHHBIE C y3JIaMU BO BTOPOU CTPO-
17-1
4

Ke, SIBJISIIOTCS PElIeHNsMI yPaBHeHUs T2 + & —

-1+ V17
=—.

= 0, To ecTb x1,To =

3AMEYAHUE 3. VHTEpecHO 3aMeTUTh, UTO BBIYHUCJIEHHE U3 JIOKA3aTeNb-
CTBa TEOPEMBbI 2 MOXKHO HCHOJIb30BAThH JIJIsI IIPOCTOTO M 3JIETAHTHOI'O JIOKa3a-
TEJILCTBA, KBAIPATUIHOTO 3aKOHA B3aMMHOCTH ['aycca.
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YT100bl BLISICHUTD, SBJISETCS JIM P KBAJIPATUIHBIM BBIYETOM I10 MOJLYJIIO
IPOCTOI'O YHUCJ/IA ¢, JOCTATOYHO BBIACHUTD, IPUHAJIEIKUT 1 /P 11o/10 Fy BbI-
YETOB 10 MOJLYJIIO .

[Tone F, cocrour B TOYHOCTHM M3 ¢ KOpHel ypasHenus y? = TaK 9TO

q )
aJIeMeHT ¥y pacimmpenus nona F, naxomuresa B Fy B Tounocru xorga y? = y.
p—1
i? -
[Tycrs, Kak u pasbiie, y = »_ £, rje & — IPUMUTHBHBINA KOPEHDb U3 €~
i=0
HUIBI CTEIeHH P, JIeXKaIuil B HEKOTOPOM pacmupeHun 1o [Fy.
Boranciienue u3 joka3aresibcTBa TEOPEMbBI 2 MOKA3BIBAET, 4TO ecjid p = 1
mod 4, To y = /p u naxomurcs B Fy, ecmm u Tonmpko ecin y? = y. Oanako B
pacumpenusx mosst F, umeer mecro dopmyna (a + b)? = a? + b7, a 3unaqur,
p—1

y? = > &9, Takum obpasom, y? = y B TOUHOCTU TOLJA, KOTJA ( SIBJISETCS
=0

KBQIPATUIHBIM BBIYETOM 110 MOJLYJIIO P.

Nrak, ecsiu p=1 mod 4 u ¢ # p — IPOCThIe UUCTIA, TO P SBJISIETCS KBaJl-
PaTUYHBIM BBLIYETOM IT0 MOJIYJIIO ¢ TOTJIA U TOJBKO TOTJA, KOTJA ¢ ABJISIETCS
KBa/I[PATUIHBIM BBIYETOM I10 MOLYJIIO P.

Eciiu p= —1 mod 4, To y = \/—p U Te 2Ke pacCyKJICHUS MOKA3BIBAIOT, ITO

) )
—p SBJISIETCH KBaJIPATUYHBIM BBIYETOM I10 MOJIYJIIO ¢ TOIJIa U TOJIBKO TOTJIA,
KOT/Ia, ¢ ABJISIETCH KBAJIPATUIHBIM BBIYETOM IO MOIYJIIO P.

5. IIIAT BTOPOI1, HECKOJIbKO TPUT'OHOMETPUYECKIX
TOYK/IECTB

JIEMMA 1. Jlas arboeo € # +1

2n+1 2n+1

E+ENE+ENE+EhH (T +) = %
DTO TOXKIECTBO JIETKO MPOBEPUTH, JTOMHOXKWB 00€ YacTW pPABEHCTBA Ha
€ — €71, a 3areM n pa3 MCHO/IB30BAB TOXKJIECTBO (§2k - fzk)<§2k + §2k) =

= (2 -,

CNEACTBUE 1. Ecau £ # +1 — xopens u3 edunuyvs, cmenenu p, 2de p =
2t 11 mo

(E+ENE@+ENE +eD () =1
[ycrs Temeps ¢ = &F 4 €7,
JIEMMA 2. /Jlas aw0bovix s, t
Cs* Ct = Cg4t + Cs—¢ .

BAMEYAHUE 4. Eciu € pasen €', To ¢, = 2coska. B atom ciryuae jem-
Ma 2 corestyer u3 Gopmysisl 2 cos(sa) cos(ta) = cos((s +t)a) + cos((s — t)a), a
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craencTeue 1 caemayer U3 TOXKIECTBA,
sin(2" o
2" cos a cos(2ax) cos(4av) - ... - cos(2"a) = (7) :

Sin &«

Haiiném Temepb KBagpaTHOE YpaBHEHME C KOPDHSIMU €] + C4 U Co + Cs.

CyMMa KOPHEH 9TOro ypaBHEHUS — YUCJO C] + C2 + €4 + €8, KOTOPOE MBI
HAIIJIE Ha [IPOIILJIOM IIare: 3TO KOPeHb 1 ypasHeHus x>+ — 4 = 0.

Yrobbl HaiiTu npousseenne (¢ + ¢4)(ca + ¢g) OylieM paccyKIarh Tak: U3
caencTeud 1, IPUMEHEHHOIO K KOPHIO M3 eIMHUIBI &, MbI HAXOIUM C1C2C4C8 =
= —1. To ke cjIe/CTBIE, IPUMEHEHHOE K KOPHIO U3 €IHMHUILI £, TIPUBOIAT K

TOXKJIECTBY C3C6C12C24 = —1, TO €CTh c3cgcscy = —1.
TloncraBiisiss TOXKIECTBA c3¢5 = Co + €8, CgC7 = €1 + €4 B c3cgCsc7 = —1,
nosyaaeM (c1 + cq)(c2 + cg) = —1.

Taxum obpazoM, ¢1 + ¢4 U € + Cg ABJISIOTCS PENIEHUSAMY Y1, Yo YPABHEHUS
y? —x1y — 1 =0, tie o1 — pemenne ypasHenus 2 + x — 4 = 0.
Tak ke HAXOIUM, UTO C3 + C5 U Cg + C7 SABJSIOTCH PEIICHUSIMHA Y3, Y4 YPAB-

wenus y2 — xoy — 1 = 0, rje x9 — Apyroit Kopensb ypasuenus 2 + x — 4 = 0.

6. LIIAT TPETUN

CyMmMa 49mcest ¢ U ¢4 paBHa €1 + ¢4 = Y1, & UX IPOU3BEIECHNE PABHO C1Cq =
= ¢34 c5 = y3. CJIe10BATENBHO, €1, C4 ABJSIOTCS PEIICHUSIME yPABHEHNS 22 —

—y12+ys=0.

7. IIOCAEAHUN IIIAT

Iockombky € + 6L =cpm €671 =1, 10 € u €1 apnsmorcs KopusMu
ypaBrenus w? — ciw + 1 = 0.

8. 1IOJABEJEHUE UTOTOB

[Ipu perternn 4eTbIpEX KBaPATHBIX YPaBHEHUN, BBIITUCAHHBIX BBIIIE, HAM
MIPUXOJIUTCS Y€ThIPE pa3a BhIOUPATH OJUH u3 JIBYX KOopHeil. Takum obpaszom,
MBI MO2KEM ITOJIYIUTD 16 PA3JIMYHBIX OTBETOB, SIBJISAIONIUXCS PA3JINIHBIMA [IPU-
MWUTUBHBIMYA KODHSIMH U3 €JIMHUIIBI cTereHn 17.

Ecnu mbr Beibepem £ = e2™/1T 10 MBI MOXKEM IIPOCJIEIUTD, KAKHE KOPHH
HaM CJIeJlyeT BbIOUPATh, 9TOOBI HAWTH &:

—1+V17

c1+c+cq+cg = 5 )

—-1-17
03+65+66+C7=#7
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—1+\/17+ 17 — V17
2

2
c1+cy = 5 = A,
—1-17 17 + V17
7 T 2
c3+c5 = 2 :B7
A++VA2 —4B
clzf:c‘,
£ = C+VC?—4
=

IOpuit Bypaa, Univ. of Toronto

Email: yburda@math.toronto.edu
Jliocst Kager, Univ. of Toronto

Email: 1ucy.kadets@math. toronto.edu
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()pI/IFaMI/I7 NI 9TO MOZKHO IIOJIYHIUTBL C IIOMOIIBIO
CKJIaJIbIBaHU JINCTa 6y1\/IaFI/I

. . I'purienko

1. BBEAEHUE

XOpOoIIIo U3BECTHO, YTO MHO2KECTBO KOOPIUHAT TOUYEK, KOTOPhIE MOXKHO 10~
JIYIUTH ITPUA TOCTPOEHUSX C MOMOIIBIO TIUPKYJIS W JIMHENKW, eCTh T10JIe, TTOJIY-
qaroreecs n3 (Q uTepupoBaHUEM ONEPAIMY U3BJIEUEHUSI KBAIPATHOIO KOPHS.
ECTeCTBeHHO IIOCTaBUTHL BOIIPOC O MHOXKECTBaX TOYEK, IIOJIYyHalOIIUXCdA B pe-
3yJIbTaTe IPYTUX MeOMETPUIECKUX ITOCTPOEHUH.

B sToit paboTe MBI U3YyYMM MHOXKECTBO YUCEJ OPUTAMU, TO €CTh MHOXKe-
CTBO KOOD/IMHAT TOYEK, KOTOPble MOYKHO TOJIYYUTH IPU MMOMOIIN CKJIa IhIBa-
HUsl JucTa Oymaru (IIpy 9ToM 06pa3yloTcsl IpsIMble, KOTOPbIe, KOHEUHO, IIPU
repecedeHuun JaoT HaM TO‘IKI/I). OKHBbIBaeTCﬂ, C IIOMOIIBIO OpUT'aMM BBIIIOJI-
HUMBbI TaKHe Ollepalluid KakK yABoeHue Kyba, TpHCEKIUs yIJja ...Bbojee Toro,
MHOKECTBO YHCEJI OPUTAMHU eCThb 1oJie, mojydatorieecss n3 (Q urepupoBanumem
omneparuil u3BJIeUeHUsT KBAIPATHOTO U KyOU1IecKOro KOpHeii.

OcHOBOIT J1J1sT TaHHO pabOThI OCTYKUJI& CTAThS [3], B KOTOPOIl (popMyJin-
pyetcst pe3ybrar 00 onucanun qucesi opuramu. OJHAKO, MHOTHE CYIIECTBEH-
HbIE JIOKA3aTeJIbCTBA B [3| OTCyTCTBYIOT, B TOM YHCIIe U JIOKA3aTebLCTBO TOTO,
9TO MHOYKECTBO YHCeJ OPUTaMM He BBIXOJIWUT 34 PAMKM TOT'O, UTO OMHUCAHO B
TeopeMe O XapaKTepusaluu Juces opuramu. Kpome BOCIIOJIHEHUS HEIOCTAI0-
[IUX JI0KA3aTEeJIbCTB, MbI [IOJLy9aeM HOBbIE PE3YJIbTaThl, OTCYyTCTBOBABIIHUE B [3].
Cpean mpodero, 3To TeopeMa 0 XapakKTepusalun (hajecoBBIX YNCeSl U TeOpeMa
O BbIJICJICHUN IIOJIHOM HEe3aBUCUMOI CHUCTEMBI aKCHUOM opuraMmu.

OcHoBbiBasich Ha [5|, Mbl GepeM ecTeCTBEHHBIN HAGOD U3 IMIECTH AKCUOM,
OIIMCBHIBAIOIUX ITPOIECC CKJIa/IbIBaHUA U3 6yM&FI/I. Mbl Imocjie 10BaTeJIbHO U3Y-
JaeM BCe YBEJMIUBAOIINECs] MHOXKECTBa TOYEK, IOJIYYaIONInecs: 100aBJIeHU-
€M K TIepPBBIM TPEM aKCHOMaM YeTBEPTOi, MATOH, a MMOTOM paccMaTpUBasi Bce
mectb akcroM (umcsia Paseca, [udaropa, Eskiunga u auciaa opuramu). Oc-
HOBHOH pe3yJbTaT ONHUCHIBaeT CJIeAyIoNasl TeopeMa:

TEOPEMA. Mnootcecms8o mouer, nocCmpoumMbsly ¢ NOMOULI CKAGOLLEAHUS
u3 6yMa2u NPu U3Ha4aAvHo darnvix movwkaxr 0 ul — amo Haumenvwee nodnoie

MaTtemaTtunyeckoe npoceeleHue, cep. 3, Boin. 17, 2013(68-87)
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C, samrHymoe omHocumesvHo onepavutl u3eieueHus K8adpammozo u Kyouve-
CK020 KOPHA.

B komnIe Hamu jjokazana TeopemMa, BbIIEISIONIas U3 MIeCTH aKCUOM He3aBU-
CAMYIO TIOJICUCTEMY, COCTOSIIYIO U3 aKcuoM 2, 3 u 6.

2. AKCHMOMBI CKJIAJBIBAHUS

B sToit pabore MbI OyIeM paccMaTpUBaTh TOJBKO Tak HasbiBaemoe “One-
Fold Origami”, korma paspemniaercsi CKJIaJIBIBATh TOJBKO 110 OJHOW JIMHUU U
HEJIb3sl OCYIIECTBJIATH OJJHOBPEMEHHOE CKJIaJIbIBAHUE TI0 JIBYyM U OoJiee JIMHU-
sam. [Tomumo sToro ects “Two-Fold Origami” u “Multi-Fold Origami”, korma
pasperaeTcsi CKJIaJblBaTh JIUCT OymMaru B JAByX (miam Tpex u Gosiee) mecrax
OJIHOBPEMEHHO. DTH BapUAHTLL I MHOIOE APYroe IOAPOOHO OIMCAHO B CTATHE
P. Anbnepuna n P. Jlenra [4].

Nmeercst 1mecTh aKCHOM CKJIAILIBAHUS JINCTa OYMAaru, BBINOJHEHHE KOTO-
PBIX JIerKO TpoBepuTh. Mbl He OyzieM 3TOro aeiarh, KakK U 00CYXKIAaTh BOIIPOC
0 TOM, [I0YEMY 3TH aKCHOMBI OIMCLIBAIOT BCE BOSMOXKHEIE CKIaabiBanus. Hama
[eJIb — OIMCATH MHOYKECTBO IIOCTPOUMBIX TOYEK.

(Al) Ecim touku A u B nocTpouMbl, TO npsiMast [, Ipoxojsiiias depe3 A u
B, nocrpouma.

(A2) Ecnu upsimbie k u | mocTpouMsl, TO Touka k N [ mocrpouma.

(A3) MOXKHO TOCTPOUTH CEPEINHHBII TEPIEHINKYIISIP K OTPE3KY ¢ KOHI[AMHU
B IIOCTPOUMBIX TOYKAaX.

(A4) MoxkHO mOCTPOUTDH OHCCEKTPHCY JIIOHOr0 MOCTPOUMOro yriia (yros cuu-
TaeM IIOCTPOUMMBIM, €CJIN MbI MO2KeM ITOCTPOUTHL €ro CTOpOHbI).

(A5) Ecim nana nocrpoumast mnpsiMasi | u moctpouMbie Touku P, (), To mo-
CTpOMMa Takasl MpsaMasi, TPOXOAIIas depe3 (), 9TO TPU CHMMETPUH
oTHOCHTENBHO Hee P nomasaer Ha [ (IIpu ycsioBum, 9TO Takasl HpsiMast

CYIIECTBYET).

(A6) Ecim panbr npsimbie k, [ u Touku P, (), TO MBI MOXKEM IOCTPOUTH TAKYIO
UpsiMyIo m (€c/in OHa CyIIECTBYET), U4TO IIPU CUMMETPUN OTHOCUTEIHHO
m, Touka P mepexomut Ha k, a Touka () mepexoanT Ha .

OTH aKCHOMBI SIBJISIIOTCSI 3aBUCUMBIMU U SKBUBAJICHTHAsI UM HE3aBUCHUMAas
[IOJICHCTEMa, aKCUOM OyJIeT OIMCaHa B CEIbMOM paselie.

KoncTpykinu, KoTopble MOXKHO TOJIYYUTh, UCIIOJb3YSd TOJBKO IePBbIe TPU
AKCHOMBI HA3BIBAIOTCsI (DaIECOBCKUMHU, J€ThIPE — MU(ATOPOBLIMHE, IIATH — €B-
KII0BRIMHU. Jl0 TTepexoa K MO0 Iucesl OpUTraMu, OIHUIIEM MHOXKECTBa TOUEK,
MTOJTyYaeMbIX C ITOMONIBIO KaXKJI0N M3 3TUX KOHCTPYKITHIA.
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(A5)

Puc. 1. AkcruoMbI CKaAbIBAHUS

3. OAJIECOBCKHNE KOHCTPVYKIINU

Jlist Havaa X0TeoCh Obl Pa300pPaThCst C TEM, 9TO Mbl MOXKEM ITOJIyIUTH
IIPYU KUCIOJIL30BAHUY TOJIHKO IEPBBIX TPEX aKCUOM.

XoTesoch OBl MPEAYIPEUTh YUTATEIsI, 9TO He BCe (DaKThl, OINUCAHHBIE B
9TOM pasjiesie, SABJSEeTCH 00sI3aTeIbHBIMU JIJIS J0KA3aTEIbCTBA OCHOBHOM T€O-
pembl. Ecin nnTEepecyeT TOJIBKO YaCTh, CBI3aHHAs C HEW, TO JOCTATOYHO IIPO-
4eCcThb TOJIBKO JieMMbI 3.1-3.2, ciiencrBuda 3.1-3.5, npejyioxenne 3.1.

Bce koncrpykiun mbl paccmarpubaeM Has noieM C (T.e. ucronbdyeMm Ha
IJIOCKOCTH KOMILJIEKCHYIO KOODJIMHATY ).

[Tycts panbt Tpu Toukun A, B, C, He jiexarue Ha OO mpsimoii. Ompe-
qemnm muOkectBa Todek II = II(A, B,C) n npsameix £ = L(A, B,C) xak
HaMMEHBIIINE MHOYXKECTBA, 9JIEMEHTBI KOTOPBIX — TOUYKH 1 npstmbie Hajg C co
CJIEJIYIOIIIUMU CBOMCTBAMMU:

(0) II conepxkur Touku A, B, C,
1

(1) npsiMast, Ipoxojsias yepe3 TouKu MHOXKecTBa 11, npunasexur L;
(2) Touka mepecedeHus IBYX HPSMBIX U3 L npuHajgexur I1;

3

CepeMHHBIA TePIeHTUKY/ISIp K OTPE3KY ¢ KOHIaMK B Toukax u3 11 npu-
Ha1exkuT L.
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Bynem nazbiBaTh TOYKY HOCTpPOMMOIL, ecyin oHa npuHaiekuT 1I. Bymem
HA3BIBATH MPIMYIO TTOCTPOUMO#L, €CJIN OHA PUHAIIEKUT L.

Samerum, uro Il — 3T0 MHOXKECTBO, KOTOpPBIE MbI MOXKEM IOJyIUTHb U3
rouek A, B,C, ckiajbiBasi TUCT OGyMaru ¢ MUCIOJIBL30BAHUEM TOJIBKO TEPBOif,
BTOPOI U TpeTbell aKCUOM.

Ha npotsizkennu sroro nmaparpada Ml Oyaem paboTaTb UMEHHO C TaKUMU
[IOCTPOEHUSIMU.

JIEMMA 3.1. Ecau umeemces ompesox AB u mouxa P, mo mwv moorcem
NOCMPoOUMB OMPE30K € KOHUOM 6 MOt MoYKe, NAPAAACALHBIT UCTOOHOMY U
PaABHBIT emy NO OAUHE.

JIOKA3ATEJILCTBO. Ilycte Touka P He mexkur Ha orpeske AB (cm.
puc. 2). Coemuuaum Toukun A u B ¢ Toukoii P. OrMerum cepeJiiHbI CTOPOH
[IOJIYYUBIIETOCST TPEYTOJIbHUKA P, @, b, JieXKaIe MPOTUB COOTBETCTBYIOIIUX
BePIHH (9TU TOYKH HOCTPOUMBI IO TPEThEil aKCHOMe).

Ilepeceuem Pp ¢ ba, nonyuum Touky O. Ilepeceyem pa u AO, moiryunm
touky 1. 3amernm, uro PT || AB u |AB| = 2|PT|.

Teneps mepeceuem mpsimbie Aa uw PT monyaum Touky V. Torma PV —
TpebyeMblil OTPE30K.

P T 1%
b_~0
a
A p B
Puc. 2.

[Iycts P mexxut na AB, Torja BOCHIOMB3yeMCsT HEKOTOPOU TOUYKOi (), He
gexkareit Ha AB (oHa cyriecTByer, Tak Kak 10 ycsiaosuio Touku A, B, C' He
JieKaT Ha OJIHOM IIPSIMOI), 1O MEepBOH YaCTH J0KA3aTe/JbCTBA U3 HEe MOXKHO
OTJIOXKUTH OTPE30K, 38TEM OTJIOXKUM PABHBIN TAaHHOMY OTpPe30K u3 Touku P. [

CNEOCTBUE 3.1. M3 dannoli mouku MOHCHO ONYCMUMD NePnerourysap
HG JGHHYIO NPAMYIO.

JOKABATEJIBCTBO. Ilo jiemme 3.1 MBI MOXKeM IMIPOBECTH Uepe3 TAHHYO
TouKy P npsiMyio m’ napajuiesbHyo JaHHOM IPMOi m (MbI MOXKEM IIPOBECTH
[apayIeIbHYIO MIPSMYIO, TaK KaK 110 jieMMe 3.1 MBI MOXKeM IIPOBECTH OTPE30K
paBHBII U MapasIebHbI JAHHOMY, & Yepe3 HEro MOXKHO MPOBECTHU MPAMYIO).
Tenepb BozbMeM Ha m’ Takoil orpe3ok 4ro, P — ero cepejuna (cMm. puc. 3).
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Py m’ P P

Puc. 3.

[TposejieM K HEMY CepeIMHHBII TTePIEeHUKYIISIP (9TO BO3MOXKHO 110 aKCHOMeE 3 ).
970 u OyseT TpedyeMblil IEPIEHIUKYJISIP. U

CHEACTBUE 3.2. Fcau danve mpu mouku A, B, C, aesicauwue na 00not
npamot, u mouka P, ne aescausan na net, mo Mol MOAHCEM NOCTPOUMD MAKYIO
mouky D, wmo poABD ~ AACP (cm. puc. 4).

Puc. 4.

JIOKABATENBLCTBO. Yepes touky B (puc. 4) mpoBesieM HpsiMyIo, mapasi-
senbayto PC, 310 Bo3moxkHO 10 JemMme 3.1. Ona mepecever npsmyio AP B
HEKOTOPOit Touke, 910 n Oyer Touka D (oueBugHOe m01060M€e 110 2 yraam). [

CHEOCTBUE 3.3. Ecau danor mouka P u npamas l, mo mow mosrcem ompa-
sums P ommnocumenvno l. Ecau daroe npamwie k, [, mo moL modicem ompasumo
k ommocumenvho .

JIOKABATEJ/IbCTBO. Ecaum Mbl ymMeeMm oTpazkaTh TOUYKY, TO, OYEBUIHO, MbI
yMeeM OTpazkaTh HPAMYyIO (OTpa3WB JIBe TOUKH, JIEXKAIe HA TON MPSIMOii).

Ecan P nexxut Ha mpsimoii [, To ee obpas ecTb oHa cama. Ecan HeT, TO mpo-
BejieM depe3 TouKy P upsimyto [y, napasensayio | (em. puc. 5). Temnepb mbl
Bo3bMeM Ha [y Touky A, orimunyio or P. 13 Touek A u P omycTuMm IeplieH-
IUKYIIpel Ha TpsaMmyto [. Onn mepecekyT | B Toukax B u C' COOTBETCTBEHHO.
Tereps 1o Jiemme 3.1 MBI MOXKEM IMOCTPOUTH OTPe30K U3 TouKu (', PABHBII
u napaJjuiesibublii AB, He coBnajaomumit ¢ PC' (970 BO3MOXKHO, Tak KakK Mbl
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A l P
B l C
Py

Puc. 5.

yMéeeM CTPOHMTH JiBa TakuxX orpeska). Torma ero konern, ormusbiii or C, u
OyaeT obpazoMm P npu oTpaykeHuH OTHOCUTEIBHO MIPSIMOii [. U

CHEACTBUE 3.4. Mnoocecmeo Il 3amrnymo ommuocumenvho dobasieHus
ompesxos 6 C, m. e. ecau y nac ecmv 06a ompesra, Mo Mot MOHCEM NPUPUCO-
8u8aMb UT Ipye K 0pyey U NOAY%AMsd nocmpoumvie mouku. Eciu noaoscums
A =0, mo Il — abesesa epynna.

JIOKA3ATEJIbCTBO. Bosbmem AQ, RT, Torna Mbl MOYKEM U3 TOUKH () OT-
JIOKUTH OTPE30K, PABHBIN 1 mapasuiebublii RT', mosydanm orpesok QO. Torma
A u O nocTpouMsbl, a 3HAYUT 0TPe30K AQ IOCTPOUM.

Eciu Mbr mosoxkum, aro A = 0, TO MBI ostyunM abejieBy IpyIiny, TaK Kak
BCe CBOMCTBaA abesIeBOl TPYIIIBI BHITOJHEHBI. O

Bes orpanndenus obmuocru mosaraeMm, yto A = 0 u B = 1. Torma II =
= I1(0, 1, C') 3aBucur Tos1bKO OT KOoMILTeKcHOro uncia C. Oboznaunm C' = z
oynem mastee mucats 11(2) Bmecro I1(0, 1, C).

Tenepb MbI MOXKEM IIOCTPOUTH KOOD/MHATHBIE OCH KakK IOJMHOXKecTBa R
(MBI MO2KEM IpOBecTH IpsiMyio AB, Ha3BaB ee 0CbI0 X', U HEPIEH UKYISAPHYIO
K Heil npsiMyto depe3 A, KoToyio Mbl HazoBeM ocbio )). Oboznadnm depes X'(z)
npoexiwio I1(2) Ha ocb X, a gepe3 )(z) npoeknuio I1(z) va ock Y. Cunraem 4ro
X(z),Y(z) C R. Torga X (z) niY(z) sro nommuoxkecrsa II. Tak kax I abenesa
rpymma, To X u Y toxke abesessl rpyunbl. OueBuuo, aro [1(2) = X(2)®i)(z)
(1o ceacTBuIO 3.4 MBI MOXKEM «CKJIQ/IBIBATH OTPE3KH», & BCe dy1eMeHTh X 1 )
[OCTPOMMBI, TaK KaK Mbl MOYKEM OILYCTUTH HEPIEHJNKY/IAP Ha KaXK/YI0 OCh).

CHEACTBUE 3.5. Jlas aobozo z € C\ R mmoorcecmso 1(z) — sexmopnoe
npocmparcmeo nad Q, 3amrHymMoe 0OMHOCUMENLHO ONEPAUUY KOMNAEKCHO20
conpasicenus u codeporcawee noonpocmparcmea X (z) u i)(z).

JOKABATEJILCTBO. Ecan mam gana Touka W u HEKOTOpoe HaTypabHOE
9HCIIO M, TO MBI MOXKEM penuTh orHocuTeabHo U (To ecth Haiitn Touky U)
ypaBuenue nU = W. JleficTBuTe/IbHO, BO3bMEM HEKOTOPYIO TOUKY V| He Jje-
2KaIlyio Ha mpsamoit, npoxofsiieit yepes 0 u W. Ilo semme 3.1, MBI MoXKeM
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nocrpouth Touky nV (orpesok 0(nV) B n pas miunnaee orpeska 0V u onn
conamnpasJienbl). [lo caencreuio 3.2, B3siB 3a Touky P Touky W, 3a rouky C —
TOouKky NV, 3a TOuKy B — Touky V', MBI MOXKEM MOCTPOUTH TOUKY [), KOTOpas
Kak pa3 u Oyzer uckomoii Toukoii U. U3 sroro dakra ciaemyer uro II(z) —
BEKTOpHOE pocTpancTBo HaJ Q. 3aMKHYTOCTH OTHOCUTEIBHO KOMILJIEKCHOTO
CONPSI?KEHNS TOJIyIaeM U3 CIeACTBUS 3.3. U

JIEMMA 3.2. Ecaut#0ute Y, mol/te ).

JIOKA3ATEJILCTBO. MBI MOXK€M IOCTPOWTH TOYKY P ¢ KoopJuHaTaMu
(1,t) (BoiGepem Ha ocu Y Touky t (cM. puc. 6) U OTJIIOKUM OT HEe OTPE30K
eJIMHUYHON JIJTMHBI, napaJjuiesibublii ocu X). Temeps Mbl MOKEM BOCCTABUTH

=
~

e e D

Puc. 6.

u3 P nepnenjukynsp k orpesky OP, rtoryia oH mepeceder ock ) B ToUke ().
13 npocThIX reoMeTpudecKnx coobparkeHuil (hopmyia ijist BHICOTBI B IIPSIMO-
yrosbHOM Tpeyrosbhuke) AQ = 1/t, rne A = (0,t). Ho Torga sror orpesok
MozkHO oTytokuTh u3 (0,0) u nosxyunts Touky 1/t. O

[TPEATOXKEHUE 3.1. Ilyemov x € X u v,y € Y, moada 6uinosneno caedy-
rowee:

1l.oye X, xy e ).

2. 22 € X u X ecmv Q-anzebpa.

3. Ecauy #0, moY = Xy.

4. Ecrux #0, mo 1/x € X u X — noae.

5. Ecau Y NX # {0}, mo X =Y ull(z) = X (7).
6

. i € R asaaemea y2408vMm K0IhHuyuemom nocmpoumots npamoti, mo-
20a u moavko moezda, Koeda p € Y.
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HOKABATEJILCTBO. 1. Ilycrh y Hac ecThb aBe TOUkH u,x € X U TOYKA
y € Y. Toryma Mbl MOXKEM OCTPOUTH TOYKY (X,%), & 3HAYUT U TOUKY (u, uy/x)
TOKE MOXKHO IOCTPOUTH IO cjieAcTBuio 3.3, caenoBaresabro uy/x € Y. Ecin
u=1,71oy/x .

[Mycts © € X u v,y € ), TOrja aHAJOTUIHBIE PACCYZKJICHUS TPUBOJAT K
Tomy, uro vz/y € X. Ecim x = 1, o v/y € X.

BbIBO/IBI 110 TIOBOLY vy JIETKO CJE/IaTh, MOJL3YsSICh HAIMCAHHLIM BBIIIE, a
umentuo 1/v € Y, a suauur y/(1/z) € X. lonoxkum 1 = u, v € X, y € Y,
Torpa mo jgemme 3.2 1/y € Y, a snaqur u 1/xy € Y, vHo Torma mo Jjemme 3.2
xy € V.

2. lyist Havasta nocTpouM TouKy (x,y). Torma npsmast, mpoxo/siasi qepes
(0,0) u (x,y), u npsimasi, napajiejbHas ocu X, IPOBEJEHHAsI HA BBICOTE XY,
nepecekarorcs B Touke (22, xy), a smaunt x2 € X. Tak kax X' cozepxur Q, To
9TO BEKTOPHOE MPOCTPaHcTBO Hal Q. 3aMKHYTOCTH OTHOCHTEIBHO yMHOYKEHHST
cJlejlyeT U3 PABEeHCTBA:

2uv = (u+v)? —u? — %

3. Uz nmyukra 1 Mbr 3naeMm, aro Xy C ). Bosemem v,y € )V, x € X, Torma
xy € Y, a naunt vx/(xy) € X. Ilepenecem Bce, KpoMe v, B IPABYIO 4acTh U
noyduM, 4To v € Xy, a 3uaunt Y C Xy.

4. Mlyctb ¢ # 0, x € X, y # 0, y € Y. Torna uz nyukra 2 u JeMMbl 3.2

1
cremnyer, uto 1/xy € Y my? € X, 0o - = =Y ¢ X no nemme 3.2. Torna us
T yx

9TOrO U IMyHKTa 3 cjaeayer, 910 X — 370 ToJie.

5. Ecmy#0uyeXNY, 0l/ye), urorna 1l €)Y, azuaunr X =Y,
caenoBaresbho 11(z) = X (7).

6. BozbMeM IpsiMyTo, IIPOXOJANLYIO Yepe3 HAYasIo KOOPAMHAT M MMEIOILY IO
Tanrenc HakaoHa . OHa HMepeceKaeT BEPTUKAILHYIO MPAMYIO, MPOXO/ISILYIO
gepes (1,0) B Touke p € Y, a 3naunt Touka (0, 4) nocrponma. Orcroga YUoo —
9TO MHOXKECTBO IIOCTPOUMBIX [i. O

TEOPEMA 3.1. (i) Jaa mobozo z = a+bi, z € C\R, mmnoorcecneo II(z) —
amo nose, asamoueeca pacwupenuem Q u codeporcawiee anemenm z, 3aMKHY-
moe OMHOCUMEABHO ONEPAUUY KOMNEKCHO20 CONPANCENUA U COOEPHCAULEECH 6
nose Q(a,b,1).

(i) T1(z) = Q(a, b?) + Q(a, b)bi.

JTOKABATEJBCTBO. (i) Iokaxkewm, uro II(z) — sro nose. Cymma u pas-
HOCTB IIOCTPOMMBIX TOY€EK, OYEBUIIHO, TOCTPpOUMBI. 13 npejyioxkenus 3.1 cie-
JIyeT, 9TO JjIst JTI060T0 TMOCTPOMMOTO U = T + yi Touka u? = x? — y? + 2zyi
TakKe MoCTporMa. Ecim w u z IOCTPONMBI, TO W2z HOCTPOUMA, TaK Kak

2wz = (u+w)? —w? — 2%
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2 t

CymMa KBaJ[paToB KOOP/IMHAT 1 = :n2—|—y2 IIOCTPOUMOM TOYKH 2 = T+Yi = re
nocrpouMa u npuHajgiexkut X 1o npepiuoxenuto 3.1. Ilo jsemme 3.2 Touka 1/ r?
nocTponMa, 3HauuT 1/2 = re~% /r? mocrpomma. Takmm obpasom, I1(z) — more.
Kpome Toro, W = r?/w, a 3HAIAT TIOCTPONUMA, TO €CTh HAIIIE TOJIe 3aMKHYTO
OTHOCUTEIBHO OIlEePAINy KOMIIJIEKCHOTO COMPSIZKEHUSI.

Eciu y Hac ects TOouka 2z = a + bi, TOrma cepeUHHbIE TEPIEH UK YJISPbI
K JIFOOBIM ITOCTPOMMBIM OTPE3KaM JIeXKaT B MHOKECTBE, IIOPOXKICHHOM a, b 1 i
Ha Q. D10 yTBEpKIeHUE JIETKO JOKA3aTh UHIYKITHEH 110 TOCTPOEHUO0 MHOYKE-
crBa II. Kpome Toro, jirobasi mocTpouMasi psiMasi UMeeT YIJIoBoi Ko3dhduiu-
enr u3 Q(a,b). Torma KOOpIUHATHI JTIOOBIX IIOCTPOMMBIX TOUEK IIPUHAJJICKAT

Q(a,b). A snaunt, pst aroboro z € C\ R nose II(2) € Q(a, b, 7).

(i) JTokazkeM mHIyKImei 1o mocrpoenuio Muoxkectsa 11. Baza odesumo
sepra. Ilycts mmeercs momvuoxkectso Q(a,b?) + Q(a, b?)bi. Tlokaskem, |To
IIPUMEHUB .HIO6yIO aKCI/IOMy K TOYKaM 3TOr'o IOJMHOXKeCTBa, Mbl HE BbIﬁI[eM 3a
npejiesibl MHOXKecTBa. JleiicTBUTeIbHO, 3allulleM HaIlll TPU aKCHOMBI B KOOD-
JIHATAX.

(A1) Ilycre y nac 6btmm Touku A(0,0) u B(c, d) (Mbl yMeeM CABUHYTH [IEPBYIO
touky B (0,0), kaxkast 661 oHa HE Obl1a). Torma npsmMast |, IpoXosiast
4Jepe3 9T TO4KH, OyjieT uMersb ypasuenue: dr — cy = 0.

(A2) Ilycre y Hac ectb mpsivble [: [1x + loy = I3 u m: mix + may = ms, TO-
rja TOUKa UX IepecedeHnst P umMeer KOOpJAuHaThI

<m2l3 —lomsg mylsy — l1m3>
mily —moly " mily —maly /-

(A3) Ecim xonmpl orpeska — 310 Toukn A(0,0) u B(e,d), 10 cepeuHHbIIR
TIepIeHINKYJIsp 3a/aeTcs ypasHenneM: cx — dy = (¢/2)? + (d/2)2.

T[IpoBepnM |TO TIepBas aKCHOMa He BLIBOJUT Hac m3 MHOKecTBa Q(a, b?) +
+Q(a, b?)bi. MbI 3H2eM U3 TIpeIOKeHnsT 3.1, 9TO yT10Boit KO3 bHUIMenT mpsi-
Mol Beerma siexkuT B ). Ho MBI Takzke 3HaeM, 9TO HallH ¢, d TAKOBBI, 9TO

c € Q(a,b*)b, a d € Q(a,b?), a sHaumT MO MpeTOKeHMIO 3.1 _d € Q(a,b?)b,
C
TO €CTh ¢ aKCMOMOIl 1 MbI pa3obpasuch.

Tenepb mpoBepuM st BTOPOil akcnoMbl. HeTpymHo, 3aMeTUTh 4TO T-KO-
opmuHaTa Gyjer npunaiexkats Q(a,b?), Tak Kak GHCIUTETh W 3HAMEHATE T
npobu npunateskar Q(a, b?)bi. A y-xoopaunara npunaiexut Q(a, b?)bi, Tax
Kak amcuTens npuaagiexnt Q(a,b?), a snamenarens Q(a, b?)bi.

OcTanoch TPOBEPUTH YCIOBUE JJII TPEThell aKCUOMBI, 3TO JIEIaeTCs U3 CO-
00parkeHni, NCIOIb30BABIINXCS IJIsT IEPBOl AKCHOMBIL. ]
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4. IITM®ATOPOBCKHUE YUCJIA U KOHCTPVYKIINU

B sTom pazzese Ml OyjieM paboTaTh y2Ke C MEPBBIMUA YETHIPbMS aKCHOMA-
M. K ncrosib30BaHHBIM B IIPEABIIYIIEM Pa3jiesie akcuoMaM J100aBIIsgeTcst

(A4) npsimas, jgessnmas JOO0H TOCTPOUMBIH yTOJI TIONOJIaM, OCTPOUMA.

Kak u BoIe, Mbl npemmosiaraeM, uTo vy Hac ecTh Touku 0 m 1. Bymem
Ha3bIBaTh 3TO CBOHCTBO akcuomoii 0.

[TPEAJIOXKEHUE 4.1. Ecau nwam danv, akcuomv, 0-3, mo caedyroujue ym-
8EPIAHCIEHUSA IKGUBANEHIMHDL:

1. Axcuoma 4.

2. Ompesox edunuunot daurbL MO2HCEM OBIMB OMAOICEH 6 A10OOM NOCTNPO-
UMOM HANPABAEHUL U U3 A1000T NOCMPOUMOT, MOUKY.

3. Jhoboti nocmpoumnlii ompesor MoHcem 6vims 0MAOHCEH 6 A000M No-
CMPOUMOM HANPABAEHUL U U3 A1000T NOCMPOUMOT, MOYKY.

JTOKABATEJILCTBO. (3 = 2) OueBujHo.

(2 = 1) MoxHo cunrarh, 9T0 yroj, 06pa30BaHHBIN HAIINM HAIPABJICHUEM
¢ BeIecTBeHHON ocbio, MeHbine 180°. OToKuM Ha KaXKJ0il U3 CTOPOH yTJia
eJIMHUIHBIN OTpe30K. 3aTeM U3 BTOPBIX KOHIIOB OTJIOXKEHHBIX OTpe3KoB A, B
(He SBJISIIONIUXCSI BEPIMHON yIJIa) BOCCTABUM IEPHEHUKY/IAPbl K COOTBET-
crByomuM croponam. Ouu repecekyrcs B HekoTopoit Touke C. CoemuHuM
Bepinny yria u C. Torma o6pa3soBajuch IBa MPSIMOYTOJIBHBIX TPEYTrOJIbHHU-
Ka, KOTOPbI€ paBHBI 110 KaTE€Ty U I'MIIOTEHY3€, a 3HaAYUT IIOJIyYCHHasd IIpAMad —
buccekTpuCa yria.

(1 = 3) MbI upejnonaraemM, 9T0 MOXKHO IPOBECTU OUCCEKTPUCY y JIFOOOIO
moCTpOUMOTo yria. [Ipeamososkum, 9To oTpe3ok A B oCTpouM U JIAHO MOCTPO-
umoe Harpasjenne C'L, B KOTOpOM TpeDyeTcst OTJIOXKUTH OTPE3OK C HAYAJIOM
B Touke C', paBHblil oTpe3ky AB. g nadana mompuHeM oTpe3oK AB Tax,
aT06b! OH HaunHaJjcst B C, mojiyanm orpe3ok C'D. Orpa3uM ero 0THOCUTEIBHO
buccekrpucel yriia LCD u nonydum HEKOTOpbIH oTpe3ok C.S, jexamumii Ha
cropore C'L. 9To u ecTh TpebyeMblil OTPE30K, TaK KaK OUCCEKTPUCA SIBJISIETCSI
OCBIO CUMMETPUH YTJIA. O

OdeBuIHO, YTO TOYKA i MOCTPOMMA (MBI MOYKEM IIPOBECTH OUCCEKTPUCY
MPSIMOTO yIJIa, 0OPAa30BaAHHOTO KOOPAWHATHBIMU OCSIMH, W OTPA3UTH OTHOCH-
TeJILHO Hee JIFo0Y0 TOUKY 13 X)), & 3HAYUT, B 0003HAUEHUSIX [IPEJIbLILYIIEro pas3-
nena, X = ). Jlerko BumeTh, 4To ¢ 1o06aBIeHIEM HOBOI aKCHOMBI MBI TIOJTy TaeM
BOBMO>KHOCTb CTPOUTH TOYKHU IIEPECEUEHHs OKPYKHOCTHU JIFOOOIO IIOCTPOUMO-
ro pajnyca U C MEeHTPOM B JIFOOOH MOCTPOMMOM TOUKE U MPSIMOI, ITPOXOIATIE
Jepes IEHTP C JIIOOBIM IOCTPOUMBIM Kodd durnrmenTom. OKa3bIBaETCsI, MHOXKE-
CTBO Z-KOOPJMHAT HOCTPOMMBIX TOYEK 3aMKHYTO OTHOCUTEJILHO Va2 + b2 s
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70601t ocTponmoii Touku (a, b). IlosryauBiieecss MHOKECTBO X-KOODMHAT 110
CTPOUMBIX TOYEK X IPUHATO HA3LIBATH NU(MArOPOBCKUMHU YUCIAMH, P.

TEOPEMA 4.1. Ilyecmd T 9M0 MHOHCECMBO YUCEA, NOCTPOUMBLL C TNOMO-
wvro akcuom 0—4. Toeda m = P@iP, 2de P — maxoe nodnoae deticmeuesvrvlx
YUCEA, YO TONOHCUMEALHBLE IAEMEHMDBL U3 P — 9mo 6ce603mocHbIE OAUHDL
NOCMPOUMDLT OMPEIKO8E.

JIOKABATEJ/IBCTBO. 3aMeTHM, 9TO Mbl MOYKEM ITOCTPOUTH JTIOOYIO TOUKY
Buga vVa? 4+ b%, tae a,b € I1(z). [lelicTBUTEIbHO, MBI MOXKEM OTJIOXKUTH OT-
PE30K, paBHBIN JAHHOMY, B JIOOOM ITOCTPOMMOM HAIIPABJIEHUH, a, TaK KaK Ha-
[IpaBJjIeHue IePIEeHINKY/ISIPHOE JAHHOMY IIOCTPOUMO, TO MbI MOYKEM ITOCTPOUTD
IPSIMOYTOJIBHBIN TpeyroJbHUK ¢ Kareramu a u b. Torma ero runorenysa 6ymer
NCKOMBIM DJIEMEHTOM.

JokaxkeM UHIYKIMeHd 110 IOCTPOEHHUIO, YTO HUKAKUX APYTUX TOYEK HE J0-
GaBUTCS.

Ncxonno nmerores snements 0 u 1.

IIpeamonoxkum, 910 B pe3yabrare k MpuMeHeHN aKkcruoM 1—4 oIy 4aroTcst
JINIIB 3JIEMEHTHI U3 TPeOyeMOro B YCJIOBHHM Te€OPeMbl MHOKeCTBa. [IpumeHmM
K TOJIYYEeHHBIM TOYKAM OJTHY U3 aKCHUOM 1—4 M IIOCMOTPUM, UTO IPOUCXOJIUT C
KOOPAMHATAMHI TOUEK.

(A1) Ilycrs y mac 6butn Toukn A(0,0) u B(a, b) (Mbl yMeeM CBHHYTD IIEPBYIO
touky B (0,0), kakas 61 oHa HE Obl1a). Torma mpsimast [, TpPOXo/sIIAST
gepes3 9TU TOUKH OyJ/ieT uMmeTh ypasHeHue: br — ay = 0

(A2) Ilycrs y mac ectsb npsimbie [: [1x + lay = I3 1 m: mix + maoy = ms, TO-
TTJa TOYKa UX IIepecevdeHudg

p— <m213 —lomz mylsy — llm3>
mile —maly’ mily — maly /)

(A3) Ecuau xonupr orpeska 3ro rouku A(0,0) u B(a,b), To cepeauHHbIH 11€p-
NeHIMKYJIAp 3a/1aeTcs ypapienneM: ax — by = (a/2)? + (b/2)2.

(A4) Ecau cropossl yriia 310 npsmble [: iz + loy =0 1 m: mix + moy =0
(MoxkHO mepemecTuTh TOUKy mepeceuenust B (0,0)), To ypaBHeHue Grc-
CEeKTPUCHI OyieT

y=0.

l m l m
21 2 + 21 2 x+ 22 2 + 22 2
\/ll—i-l2 \/m1+m2 \/ll+l2 \/m1 + mj

Tax kax Bce KO3 DUIUEHTHI B HAYAJIBHBIX MPSAMBIX U KOOPIMHATHI TOYEK
ObLIM U3 HAIIETrO I0Jisd, TO U BCe KO3 DUIUEHTH B YPABHEHUSIX KOHEUHDBIX
MIPSIMBIX U KOOPAWHATHI KOHEIHBIX TOYEK OYIyT M3 HAIIErO IIOJId. g
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5. EBKJIMJOBBI KOHCTPYKIIUM U YUCJIA

Temeps mpunuio Bpemsi pa3zodpaTbCs, UTO MOJYUUTCHA, €CJIU y HAC JAHBI
akcroMmbl 0-5. HamomuuMm nsTyio akcuomy:

(A5) Ecim mama mocrpoumast mpsiMasi [ u mocTpouMble Touku P, (), To mo-
CTPOMMAa TaKasl MpsiMasi, MPOXOJsias depe3 (), ITO MpPU CUMMETDPUU
oTHOCHUTEILHO Hee P nonajgaer Ha [ (Ipu ycjioBuH, 4TO Takas MpsiMast
CYIIIECTBYET).

EC.TH/I HaM JaHbl TOYKHN 0 n 17 9T AKCHOMBI ITO3BOJIAIOT HOJIqu/ITb TaK
Ha3bIBaEeMble eBKIMA0BLI ducia €. Ha camom mene, £ — 3T0 B TOYHOCTH TO Ke
caMoe IoJIe, KOTOPOE MBI MOYKEM IOJIYYUTh C MOMOIIBIO NUPKYJ/IS W JIMHEHAKH.
A sro, Kak u3BecTHO [2|, HammeHblnee 1oJie, cojgepKamiee Q, U 3aMKHYyTOE
OTHOCHUTEJILHO OLepaliy U3BJIeYeHUs KBaJPATHOTO KOPHSL.

OnunieM, Kak MbI MOXKEM HM3BJIeYb KBAJPATHBIA KOPEHb N3 KOMILIEKCHOI'O
ancna 2 = re? ¢ momompio akcmom 1-5. DTOT MPOIECE MOKHO BBIOTHATD B
JBa Imara.

1. 3Bneuyenne KBaJIpPaTHOI'O KOPpHA U3 IIOJIOZKUTEJILHOT'O ,ZI\eI‘/)ICTBI/ITeJH:HOFO
qucJjaa 1.

2. Tocrpoenue yria #/2 nocpeacTBoM POBEIEHHsT OUCCEKTPUCH yTiIa 6.

Mpbl ymMeeM HM3BJIEKATH KOPEHb U3 HEKOTOPBIX MU(ATrOPOBCKUX YUCEJI, HO
TOJILKO U3 TeX, 4To mMeroT Bui a’ + b® mast mocrpommbix a u b. Ilopa mc-
[IOJTh30BATh IISITYI0 aKCHOMY: OHA KaK pa3 U J00aB/IsieT 3aMKHYTOCTB IIOJIsI
OTHOCHUTEJILHO OIEPAIMU U3BJICUEHNsT KBaIpaTHOrO KOpHs. PaccMoTpum mapa-
6oy 7 ¢ mupekTpucoii [ 1 poKycom F.Y Torna nsaras akcnmoMa Io3BOJISIET HAM
[MOCTPOUTH TOYKH TEPEeCceueHus ITON mapaboJibl ¢ TOCTPOUMBIMU MPSIMBIMUA T
KacaTeJIbHbIe B HUX. ITOOBI B 9TOM yOeaUTHCsI, BO3bMEM HEKYIO BCIIOMOIaTE b=
HYIO TOYKY () W IIPOBEJEM depe3 Hee TaKylo HPAMYIO t, ITO IPU CUMMETPUU
oTHOCUTENILHOO Hee F' momasaer ua [. Ileprnengukynsapruas npsimasi, £, IPOX0-
namas yepe3 P, mepeceder t B mocTpouMoii Touke R. Temepsb mocrpouM mep-
neuuKyJsip K [ u3 rouku K. On nepeceder npsimyio ¢ B Touke S. Taxk kak ¢ —
9TO CepeIMHHBII epeHKy/Isap K F' R, Touka S paBHOymajeHa or Touek F, R,
a 3HaYUT OHA JeXKUT Ha mapabose 7. [Ipsmas ¢ — KacarenbHast K mapabose B
TouKe S, TaK KaK OHa siBJseTcs buccekrpucoii ,FSR.

C moMoIpio ToYeK mapaboJibl JIETKO MMOyYaTh KBajpaTHble Kopuu. 1loso-
xuM, P = (0,1), u B KauecTBe JAUPEKTPUCHL | PACCMOTPUM TIPsAMyt0 y = —1.
Torma HeTpPyAHO 3aMETUTh, YTO COOTBETCTBYIOIIAs mapaboja 3a1aeTcsl ypaB-

HEHUEM Y = sz. Kacarenpnas K 970t mapabosie B TOUKe (I, ng) nMeeT

1)CIDOKyc ¥ JUPEKTPUCa — ITO TOYKA W MPsIMasi, CBs3aHHBIE ¢ mapabosoit. OHn xapakre-
PU3YIOTCs CJIEJYIOIIAM CBOMCTBOM: Iapabosia — 3TO MHOXKECTBO TOYEK, DABHOY/IAJIEHHBIX OT
doKyca U AUPEKTPUCHI.
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. 1 .
yry10BOit KO3 dbuiment m = 50, & BHATHUT YDAHCHIC KACATE/ILHOIH HMeeT BuL
ol (x — x). [lepecevenue 3roii npsiMoii ¢ npsimoii = 0 Ha3OBEM
Y 2%0 = 5% 0)- P P p =
. 1 1
roukoit @ = (0, —ng). Torsa, BeiGpas B Kadectse Touku Q Touky (0, —17“),

MBI C TIOMOMIBIO OIMCAHHBIX BBIIIE KOHCTPYKIMI MOKEM TIOJIy AT Ha IapaboJIe
MOCTPOUMYIO TOUKY € abCIUCCOR /T

TEOPEMA 5.1. Ilocmpoumbvie ¢ UCNOAB3OGAHUEM MOALKO NEPEHLL NAMU
aKCUOM CKAGIDIBAHUA U3 HavaAsbHbir movek O u 1 anemenmor noas C, mo ecmob
noae eskaudosvir wucea £, — naumernvwee noonose C, samxnymoe ommocu-
MEALHO ONEPAUUY UBAEUEHUSL KEAOPATMHO20 KOPHA.

JOKA3ATEJBCTBO. To, 4T0O U3 BCeX IIOCTPOUMBIX YHCE] MOXKHO U3BJIEYb
KBaJIPATHBINl KOPEHDb, MBI YK€ IMOKAa3aJu BbIIe. ITOOBI 10Ka3aTh, YTO HUYE-
0 JIpDYroro IOCTPOUTDH HEJIb3s, BOCIOJIL3YyEMCA TeM (PaKTOM, UYTO HAMMEHb-
mree nogmose C, 3aMKHYTOEe OTHOCHUTE/ILHO ONEPAITUN U3BJICICHUS KBAPATHO-
'O KOpHA — 3TO I10JI€ IIOCTPOUMBIX C IIOMOIIbIO NUPKYJIA U JIMHEUKN Touek.?)
Tenepb JJIg 3aBEPIIIeHnd JO0Ka3aTeJIbCTBa TEOPEMbBI JOCTATOYHO ITOKa3aTh, YTO
JIefiCTBHUSI OIMCAHHBIE B JIIOOON M3 MEPBBIX ISITH AKCUOM CKJIAIBIBAHUSI, MOXKHO
OCYIIECTBUTDH C IOMOIIBIO IMUPKYJIS W JUHEHKH. 3aMeTUuM, 4TO IIPO MepBbie 4
AKCHUOMBI 93TO O9€BUJHO, TaK KaK ITIOCTPONMOE C IIOMOIIbIO HUX ITI0JI€ 6]:>IJIO OIln-
CaHO BBIIIE, U OHO COJEPKUTCS B MHOYKECTBE IIOCTPOMMBIX TOYEK C ITOMOIIBIO
NUPKY/Is U JIMHeHKn. PaccMOTpUM ISITYI0 aKCHOMY W OITHIIEM COOTBETCTBYIO-
1ee II0OCTPOCHUE C IIOMOUILIO IIUPKYJIA U JIMHEHKU:

1. CrpouM OKpPYXKHOCTH C IEHTpPOM B Touke () u pammycom QP. Touxa
[epeceveHnst ITOM OKPYXKHOCTHU C MPsIMOii [ ecTh ToUKa (1.

2. CrpouM cepeqWHHDIN MEPIEHIUKYIAP K OTpe3Ky Q)1 — 910 m Oyaer
MCKOMAsI IIPsiMast

Mps1 nokaszain BjIoKeHUE B 00€ CTOPOHBI, & 3HAYUT MbI JJOKA3aJI1 Y TBEPKICHUE
TEOPEMBI. O

6. KOHMYECKUE KOHCTPYKIIUM U TIOJIE YUCEJI OPUTAMU

JlobaBuM MIECTYIO U MOCJIETHIOI aKCHOMY CKJIaIbIBAHUS:

(A6) Ecau naubt upsivbie k, [ 1 Touku P, (), TO MbI MOYXKEM [IOCTPOUTH TaKyIO
psiMyto m (ecjim OHa CYIIECTBYeT), 4TO MPU CUMMETPUH OTHOCUTEILHO
m, P nmepexomur Ha k, () nepexoaut Ha .

YT106bI TOCTPOUTH TAKYIO HMPSIMYIO C ITOMOIIBIO CKJIAIbIBAHIA OyMaru, Ha-
JI0 0Tpa3uTh P B Kakyio-TO TOYKY HpsAMOil k, a IMOTOM HaYaTh HEIPEPHIBHO
JBUTATH MOJYYEHHYIO TOYKY JIO BBIIOJHEHUS BTOPOT'O YCJIOBUSI.

2),Z[pyroe JIOKa3aTeJIbCTBO TeOPEeMBI 5.1 COIEpP:KUTCS B JIOKA3aTEIbCTBE TeopeMbl 6.1.
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Puc. 7.

I[IPEOJIOXKEHUE 6.1. Axcuoma 6 noszsoasem nocmpoumsv obwyio xaca-
MENDHYIO K 08YM NaAPadosam, KOmopue 3adarb, c80UMY Porycamu u Jupek-
MPUCAMAL.

JIOKA3ATEJIBCTBO. [leficTBUTE/ILHO, ITYCTD JIBE MPSIMbI€, O KOTOPBIX HJIET
pedb B aKCHOMeE IIEeCTh, — 3TO JUPEKTPHUCHI, & TOYKH — ITO (POKYCHI HapadoJI
(P uly omnoii, Q u k y npyroit). Torja mocrpoeHHasi B akCuoMe mpsiMast — 910
o0Iriast KacaresbHas STUX JIBYX 11apaboJI, TaK Kak y mapaboJibl eCTh CJIeIyIOINIee
cBoOiicTBO: 00pa3 dokyca PU OTPAXKEHUU OTHOCUTEIHHO KACATEJHHOU JIEXKUT
Ha JupekTpuce (cM. puc. 7). O

Obmast kKacaTeabHas CYIECTBYET HE JJIsT BCSIKOM MApbl Aapabo, TTO3TOMY
B YCJIOBUM aKCHOMBI CYIIECTBOBAHME TAKOH MPsIMOil OrOBapUBaeTCs OTIAEIBHO.

Axcrombr 1 — 6 HA3BIBAIOTCST AKCHOMaMU OpUTaMu. MHOKECTBO 9Hces, KO-
TOpBIE MOXKHO IMOJIyIUTh C WX HCIIOJb30BAHNEM, — 3TO MHOXKECTBO UHCEJT OPHU-
ravMu 0. DTH KOHCTPYKIUH TTO3BOJISIIOT HAM HOCTPOUTH BEIECTBEHHBIE Dellre-
HUsl KyOMYeCKUX ypaBHEHUN ¢ BelecTBeHHbIMU KOdddunmentamu u3 moJist O.
Y0661 yOeIUTHCS B 9TOM, PACCMOTPHUM JIBE MAPabOJIBL:

1\2 1.9
<y—§a) = 2bx, y =z

D1 napabosbl UMEIOT (DOKYCHI U JIUPEKTPUCHI, IOCTPOUMBIE B TI0JI€, B KOTOPOM
mocTpouMbl ¢ 1 b. ITo3TOMY K HIM MOYKHO ITPOBECTH OOIILYI0 KacaTeabHyo. OHa
nepeceveT ux B ToUkax (o, Yo), (x1,y1) coorBercrBenHo. U3 jokasarenbersa
npeJyioykerus 3.1 BUJIHO, 9TO psMasi MOCTPOUMA, TOJIBKO TOT/IA, KOTJA €€ yI-
JIOBO KO DUIMEHT L MPUHAJIEZKHUT MO0 WX IIpsiMasi BepTukajibaa. Ecim
npoaudepeHnupoBaTh ypaBHEHUsT TapadoJi, TO HOJIYUINM YpaBHEHUsI, OIpe-
(yo — %)2 1 9

b 1
JleJIAIoNINe KacaTe/bHble: —g = (L = T] U Y1 = 5“2’ To=—(5 " =3

yO‘g
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Orcrona
Woa b
— 2 2
—¥-Y% _ 62“, T. e
1= %o p— gh

p +ap+b=0.

3HAYUT, MBI MOXKEM HalTH Bce JEHCTBUTEIbHBIE KOPHH JIOO0I0 KyOMIeCcKOro
ypaBHEeHHsI Takoro suia, eciau a,b € O NR.

B wactHOCTH, MBI MOXKEM H3BJIEKATH KyOWYECKHil KOpPeHb u3 4ucia b €
O NR ¢ nomomsio ypasaerns > — b = 0.

Kpome Toro, Mbl MOKEM ClIeSIaTh TPUCEKIHIO yTuia. st 3T0oro gocTaToaHo
BOCIIOJTb30BaThCA ypaBHermeM Jebprmésa: ecmm 4x3 — 3x = cos(30), To x =
= cos(6).

Orcrona cieyer, 9To Mbl MOKEM U3BJIEKATH KyOUIeCcKue KOPHU U3 TOCTPO-
UMBIX 9uces (IIpU U3BJICYCHUH KyOHYECKOro KOPHSI U3 KOMILJIEKCHOTO YHCJIA
YToJI yMEHbIIaeTCd B TPU pa3a, & MOJIYJIb MEHAETCs, KaK Y BEIleCTBEHHBIX YU-
ces1). BHaUUT, KOPHU Kybudeckux ypasHeHuil ¢ koaddunuenramu u3 O Takxke
ITOCTPOMMBI, 9TO BHIHO U3 (POPMYJIBI [IJI pelIeHnsl KyOndIecKoro ypaBHEHUsT
(dbopmyna Kapgano), koropasi BKiodaer B cebsi TOJIBKO U3BJI€UEHHE KBAPAT-
HBIX U KYOHMYIECKUX KOPHEHl M3 MHOIOYJICHOB OT KO3 PUITMECHTOB yPABHEHUS.
KopHu ypaBHeHmii 4eTBEpTOIl CTEEHN TaKyKe IOCTPOMMBI, TaK KaK JJId HUX
nmeercss popmyna Peppapu, BKIOUIAONAsT B ce0s TOJIBKO M3BJICYCHUE KBaJI-
PATHBIX U KyOM9IecKrX KOpHeil (KOpeHb 4 cTerneHn — 9T0 KBaJIPATHBI KOPEHb,
B3STHIIl OT KBaJIPATHOI'O KOPHSI).

Temepb MBI TOTOBBI JI0Ka3aTh OCHOBHYIO TEOPEMY:

TEOPEMA 6.1. IHocmpoumvie u3 nauaronolr mouvex 0 u 1 ¢ nomousvio
axcuom 1-6 mouxu 6 C, mo ecmsd MHOIHCECMBO NOCTPOUMBLT HUCEA OPULA-
mu O, — amo naumenvuee nodnose C, samrHymoe omHocumesvHo oneparut
UBBAECUEHUA KEAOPAMHO20 U KYOUUECKO20 KOPHA.

JIOKABATEJIBCTBO. 3aMeTHM, YTO MBI MOXKEM IOCTPOUTH JTIIOOYIO TOUKY
TAKOI'O BUJIA, KAK OIMCAHO B YCJIOBHU T€OPEMbI (3TO ObLIO Pa3oGpaHO BBIIIE).

JlokarkeM MHJIYKIIMEl 110 TIOCTPOEHUIO, YTO JAPYTUX TOUYEK HET.

Hcxomao nmerorcest snementsr 0 u 1.

[Ipenmonoxum, 4To B pesyibrare k npuMeHeHuil akcuoMm 1-6 rmosydaorcs
JIAIIIb JIEMEHTBI U3 OIIMCAHHOT'O B YCJIOBUU TE€OPEMbI MHOXKECTBA. HpI/IMeHI/IM
K HOJIYYE€HHBIM TOYKAM OJHY U3 aKCHOM 1—6 U IOCMOTPHUM, UTO IIPOUCXOUT C
KOOD/IMHATAMU TOYEK.

(A1) IIycrs y nac 6butn Touku A(0,0) u B(a,b) (MBI yMeeM CABHHYTH LHEPBYIO
trouky B (0,0), kakast 661 oHa HE Obl1a). Torma npsivast [, npoxosiiast
Yepe3 9TU TOUKH, OyJieT uMerh ypasrenue: br — ay = 0.
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(A2)

(A3)

(A4)

(A6)

[Iycts y mac ectsb npsmbie [: [1x + loy = I3 1 m: mix + may = ms, TO-
IJa TOYKa WX IMePECedeHUsT

p— (m2l3 —lomg mql3 — l1m3>
mils —maly’ mily —maly /)

Ecu xonner orpeska sro roukn A(0,0) u B(a,b), To cepeuHubIii m1ep-
TeHTUKY/IAp 3a71aeTca ypaBHenuem: ax — by = (a/2)? + (b/2)2.

Ecmu croponsr yria sto npsamoie [: l1x + loy =0 uw m: mix + moy =0
(MoxkHO mepemecTuTh TOUKy nepecedenus B (0,0)), To ypaBuenue Guc-
CEeKTPUCHI OYIET:

l m l m
21 2+ 21 2 T 22 2+ 22 2 y=0.
\/ll+l2 \/m1+m2 \/llJrl2 \/m1+m2
Ecmn ganer Toukn P = (a,b) u @ = (0,0) (MoxkeM MOABHHYTH TOU-
Ky) u upsivas [: x +y = —1 (MOXKeM IIOBEpHYTb OTHOCHTEJbHO () U

CKaTh/pPaCTSIHYTh), TO IPsIMast M, OIUCHIBAEMAsl B YCJIOBUH aKCHOMBI 5,
Oyaer 3amaBarbes ypasuenueM: (a +t)z — (b+t+ 1)y = 0, tne t =
_ —14+v2a2+2b% -1

= 5 )

[IpoBepum jtsi TIECTON AKCHOMBI. TOYKa B IPOEKTHUBHOM IIPOCTPAH-
CTBe — 9TO HAOOP M3 TPEX BEIIECTBEHHBIX THCE (T, Y, 2), HE BCE U3 KOTO-
pbix pasHbl 0, npudeM s Jsiroboro ¢ # 0, Touka (z,y, z) = (cx, cy, cz).
CrannaprHas adduHHaAsE KapTa B TAKOM IIPOCTPAHCTBE — 3TO KapTa
z =1 (2 # 0). Torma 6ecKOHETHO y/IaTMeHHAs OPSIMas — 9TO MHOYKECT-
BO TOYEK, JJisi KOTOphiX z = 0. OaHOpOJHOE ypaBHEHME BTOPOI cTerie-
HU OT TPeX IIePEMEHHBIX OMUCHIBAET HA IMIPOEKTUBHON IJIOCKOCTUH TOYKH
KOHUKH. B MaTpuvHOM BHUJIe TaKO€ YPABHEHUE BBITVISIIUT CJIEIYIOIIAM
06pa3oM:
F(xa Y, Z) = (‘7:7 Y, Z)A(ZII, Y, Z)t =0,

rae A — HeHyJIeBas CHMMeTPHIecKass MaTpuia 3 X 3.

MbI xoTHUM J0Ka3aThb, UTO K JIBYM IapadojiaM MOYKHO IIPOBECTH 00-
IIyI0 KacaTeJbHYIO, HE BBIXOJIS 3a IIPeJesibl Haliero mossd. s jjoka-
3aTe/IbCTBa HaM HOHaILO6I/ITCH IIoHATHUEe HpOeKTI/IBHOﬁ I[‘BOI';'ICTBGHHOCTI/I
(6osiee mogpobHoe u3okenue cMm B [1]). st BEKTOPHOTO mpocTpan-
crBa V uepe3 V* obo3HAYNM JIBOHCTBEHHOE €My BEKTOPHOE IIPOCTPAH-
crBo. IIpoekrususie npocrpancrsa P(V) u P(V*) naseiBaiorcs 1Boii-
CTBEHHBIMU IIPOCKTUBHBIMU ITPOCTPaHCTBAaMM. :FGOMeTpI/I‘-IeCKI/I7 Ka>K10€
U3 HUX — 9TO MPOCTPAHCTBO THUIEPIJIOCKOCTEH B JPYrOM, TaK Kak
ypasrernne £(v) = 0, tme £ € V*, a v € V npu durcupoBaHHOM
¢ samaer runepiiockocts B P(V), a npu dukcupoBanHoM v — TuU-
nepriockocts B P(V*). JlpoiicrBenHasi KpuBasi K Kpuboii JF — 310
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MHOYKECTBO T'HIlepILIocKocTeil, Kacaomuxca F. Iloctpoenne obieit ka-
CaTeIbHOM K JIByM KPUBBIM — 3TO [TOCTPOEHUE ODOIIEel TOUKU JBOVCTBEH-
HBIX KpUBLIX. /IBoiicTBennast kpusas K Kouunke F'(x,y, z) = 0 3amaerca
ypasuenuem H (u,v,w) = (u,v, w)Adj(A4)(u,v,w)t, rae Adj(A) — mar-
pUIa, KOMILJIEKCHO-CONPsixKeHHast K A. DTa KpuBasi Toxke KOHUKa. Ha-

1
npumep, ecan F(x,y,z) = §x2 — yz = 0, To ypaBHeHUEe TBOWCTBEHHON

1
kouuku — H(u, v, w) = —uw + 57)2 = 0. BameTuM, 4TO, €CJId B MATPULIE

A Bce aj1eMeHTHI ObLIN U3 Hamiero 1oJisi, To u B Marpure Adj(A) onu
TOXKe OyJIyT U3 HAIIEro IOJIs.

Jlnst Toro, 9To0BI JOKa3aTh, ITO MTOCTPOEHNE ODINX KacaTeTbHBIX K KO-
HUKaM H€ BBIBOJUT N3 HAIIEro II0Jigd, Mbl MOXKEM II€pEBECTU OJJHY U3
JIBYX MPSIMBIX M COOTBETCTBYIOINLYIO €if TOUKY B IPsAMYIO §y = —1 1 To4-
Ky (0,1) ¢ mOMOIIBIO TOBOPOTA, TOMOTETUH ¥ MAPAJIIETHLHOTO MEePEHO-
ca, KOTOpble He BBIBOJAT 3a Ipejesibl mojsd (npsMast y = —1 u Touka
(0,1) — s70 doKyc u AupeKTpHCca mapaboIbl y = %:ﬂ) Torma BrOpas
npsiMasi U TOYKA OYIAyT AUPEKTPUCOil 1 (POKycoM HEKOTOPOi mapadoibl
¢ ko3 durmenTaMu u3 1mojisd. BosbMeM JBOHCTBEHHBIE KOHUKH K 3THM
JBYyM ItapabojiaM, y HUX TOxKe KO3(M@UITHEHTHI U3 I0JIsI, IPUIeM ypPaB-
HeHUe MepBOit U3 HUX — —uw + 502 = 0, Tak 4YTO U JIETKO BBIPA3UTh
yepe3 v u w. CheaeM 3TO W TOJCTABUM B ypaBHEHHE BTOPOI KOHUKH,
[IOJIy9UM ypaBHeHHe deTBepToil crenenu ¢ Kodddunuentamu u3 O, ero
periernst Toxke npuHaieskar O. Ho 9Tu perierunst 3a71at0T ypaBHEHUST
00X KacaTeJIbHBIX K UCXOIHBIM apabosiaM, a 3HAIUT KO3 MUIneHThI
B ypaBHEHUAX OOIMIX KacaTe bHbIX 13 O. O

7. O HE3ABUCUMOCTU AKCUOM

B sTom pasmese OyiayT omumcaHbl HEKOTOpbIE (PAKTHI PO 3aBUCHUMOCTH

aKCHOM.

[TPEAJIOXKEHUE 7.1. Axcuoma 4 caedyem u3 axcuomovs 5.

JIOKABATEJILCTBO. [leiicrBuTesibHO, BO3bMeEM yroJi ¢ BepmnHoii A. ITycTs

TOYKa B JIeXKUT Ha CTOPOHE yIJa, & IpsiMas [ — Ta ero CTOPOHA, KOTOpas He
copepxkut B. Tlo nsroit akcrmome MbI MOYKeM depe3 A MpoBecTH Takyio Mpsi-
My1o k, aTo 0Opa3 B npu cumMeTpun OTHOCHTEIbHO Hee jexkuT Ha [. Ho Torma
HECJIOXKHO yOEIUThCA B TOM, 9TO k — OUCCEKTpHCA JAHHOTO YIJIA. O

IIPEOJIOXKEHUE 7.2. Ecau danvt axcuomv, 1, 2, 3 u 6, mo mv, moocem

cdeaamsv nocmpoerue, onucaHHoe 6 9.
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JIOKA3ATEJIbCTBO. Bosbmem e Touku A, B u upsimyro [, 0 KOTOPBIX
ropoputca B akcuoMme 5. IIposenem Takyro upsamyio I, uro I’ napasnenbna [ u
I nupoxomut gepe3 B (310 MOXKHO CJIJIaTh, IOTOMY YTO Y HAC €CTh [EePBble TPH
akcroMbl). Terepb 110 11€CTOI AKCHOME MBI IIPOBEJIEM TAKYIO HPSIMYIO 1M, 9TO
00pa3 A npu cuMMeTpUH OTHOCUTEILHO Hee Iomajer Ha [, a obpas B — na l'.
Torna umeercs nBa caydasd. JIubo m nepnenaukyaspHa I/, To ecTh mepHeH -
KyJisipHa [, HO Torma obpa3 A HUKaK He MOXKET IOIAaCTh Ha [, eciin A He JIeXKUAT
Ha [ (ecsim JIezKUT, TO psiMasi, yJIOBJIETBOPSIIONIAs YCIOBUIO IISITON AKCHOMBI —
910 10O MpsiMast, Ipoxoadmas yepes AB, mubo nepueH uKy/Isap K [, OmyIeH-
HbIl U3 B, HO 06e 9TUX HPSMBIX Mbl MOYXKEM I[OCTPOHUTH). JIu6o m mpoxomur
gepe3 B, Tor/ia 9TO U €CTb IpsMast, KOTOpas yJIOBJIETBOPSET YCJIOBUIO ISITOM
aKCUOMBI. [l

I[IPEOJIOXKEHUE 7.3. Ecau danwv, axcuomor 2, 3 u 6, mo movr modtcem cde-
AQMD NOCMPOERUE, ONUCAHHOE 8 NEPBOTL AKCUOME.

JIOKABATEJIbCTBO. OnuimeM nocTpoeHue.

1. ITocrpoum cepenuuHblii epnesuKysp [ (cm puc. 8).

2. Bocnosibayemcst 1ectoit akCMOMOIi, IpUMeHNB ee K ToukaMm P, () u npsi-
mott . Tlosyuum mpsmyio m. Touka mepecedenusi [ u m — 9TO TOYKA

R.

3. IlpoBeneM cepeauHHBbIE TEPHEHIUKYISIPEI K oTpeskam PR u QR. Onu
[IEPECEKYT MPAMYIO M B To4Kax S u 1T COOTBETCTBEHHO.

4. TlpoBesieM cepe/iuHHBIE TEPIEHAUKYIAPBl K oTpe3kaM SR u T R. Oun
repecekyT mpsamyio [ B Toukax X u Y COOTBETCTBEHHO.

5. IIpoBemeM cepeMHHBIN MEPIIEHIUKYJIAD K OTPe3Ky XY — 3T0 u Oyer

HCKOMasl IIpsAMasd. |
AN RN : : e
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TEOPEMA 7.1. (i) Habop akcuom 2, 3 u 6 sxeusarenmen nabopy u3 6cex
wecmu axcuom. Kpome mozo amo munumasvivil (HEAD3A BIKUNYMb HUKAKOT
aKcuomovt) Habop, YoosAemeopAOUUT IMOMY MPebOBAHUIO.

(ii) Ecau y nac ecmv mpemva mouka, He AEHCAULAA HA NPAMOT, NPOTO-
dawet wepez 0 u 1, u npamovie, nporodawue weped A0bve d6e U3 IMUL MPET
MOYEK, MO MUHUMAALHBIM 0Yydem nabop akcuom 2 u 6.

JIOKABATENBLCTBO. (i) U3 npesyoxkennit 7.1, 7.2 u 7.3 ciejyer, 9T0 Mbl
MOZKEM BCE IOCTPOUTH. IIpOBEPUM, 9TO HHM OJHY AKCUOMY HEJIb351 BHIKUHYTb.

(A2) Akcmoma 2 — 9TO eJIMHCTBEHHAsl aKCHOMA, KOTOpasl OIMCHIBAET, KaK
MOKHO IOJIy9UTH TOYKY, & TaK KaK Mbl CTPOMM II0JI€ U3 KOOPIUHAT
TOYEK, TO OHA HaM HeoOXOoanMa.

(A3) Ecsm y6parb akcnomy 3, TO € MOMOIIBIO OCTABIIUXCS TPEX aKCHOM MBI
He CMOXKEM BBIUTH 3a TIPeNiesbl psMoil, mpoxoadreil yepe3 0 u 1.

(A6) Akcmoma 6 pacumupsier mojie (HhaJecOBCKUX YUCEN, TIOITOMY €€ HeJb3st
BBIKAHY Th.

(ii) JocraTouno m0Ka3aTh, YTO MOYKHO IIOCTPOUTH CEPEINHHBI TE€PIEH 1~
Kyasap K orpe3ky AB. BosbMem TOUKy A u JiBe TpsiMble: MEpBasi MPOXOAT
yepe3s A n B, a BTopasi HpOXOoauT depe3 B 1 MOCTPOUMYIO TOUKY, HE JIEXKAIILYTO
Ha [epBoil mpsiMoii (Takasi cymiecTByer 1o ycjopuio). Torma, mo mecroii ax-
CHOME, MbI MOYKEM MPOBECTH TAKYIO MPAMYIO [, 4TO TOYKa A NpHU CUMMeTpUH
OTHOCHUTE/IBLHO | MOTaJIeT Ha MEPBYIO MPIMYIO, a TAKXKe IOIMAJIeT U HA BTOPYIO
npamyio. O6pas npu CUMMETPHUM €IMHCTBEHEH, 3HAYUT 0Opa3 — ToUYKa Iepece-
YeHUsl EPBOM M BTOPOi NPSIMBIX, TO €CTb | — CEePeMHHDII ePIeHUKYIAD K
orpesky AB. O

3AMEYAHUE. Ecan caurarh, 970 00pas3bl TOUEK, YIOMAHYTHIX B aKCHO-
Me 6, TIOCTPOUMBI U €CTh TPeThsI TocTpouMasi Touka (Kpome 0 u 1), He siexkarast
Ha IpsIMOM, mpoxojsieil gepe3 0 u 1, U IpsMble, IPOXOISINe Yepe3 JIoObie
JB€ W3 ITUX TPEX TOYEK, TO MOXKHO ODOHUTHUCH TOJBKO IECTON aKCHMOMOM JIJIsT
IIOCTPOCHHUA IIOJISI OPpUT'aMMU.

JlelicTBUTEILHO, BO3bMEM JIBE IIPsSIMbIE, TOUKY IlepecedeHnss KOTOPhIX Ha-
JIO TIOCTPOUTH U IPOU3BOJIBHYIO MOCTpPOUMYIO ToukKy P. IIpumenum mrectyio
AKCHOMY W TOJIYYIHUM, 9TO 00pa3 P — 9TO TOYKa ImepecevdeHns: IBYX TaHHDBIX
MPsIMBIX, TO €CTH TpedyeMas B YCIOBUM TOUYKA, a OHA 110 YCJIOBHUIO TIOCTPOUMA.
3Ha4unT, 110 TeopeMe 7.1 JT0CTATOIHO TOJBKO aKCHOMBI 6.

WMHorma K CIUCKY aKCHOM OPUIaMM JI00ABJISIIOT €Ie OJIHY.
(A7) Ecau pana touka P u upsimpie k u [, TO MbI MOXKEM IPOBECTH TaKyIO

IPAMYIO M, TEPIEHANKY/IIPHYIO k, UTO 00pa3 Touku P mpu cuMMeTpun
OTHOCHTEJILHO Hee MONaJIeT Ha IPSIMYIO .
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Puc. 9. H36prrounas akcuoma 7

Ha camom mese, mobapiieHme 3TOi aKCMOMBI HUKAK HE PACIIMPUT IOJe T0-

CTPO

MMbIX TOYEK. HpOBepI/IM 9TO.

[TPENJIOXKEHUE 7.4. Axcuoma 7 asasemca credemsuem axcuom 1-3.

JOKABATEJIBCTBO. BBINIOTHEM C ITOMOIIBIO MEPBBIX TPEX AKCHOM Jieii-
CTBHUE, OIIUCAHHOE B CEJIbMOUN aKCHUOME.

1.

[Tposesem uepes P upsimyio k', mapasutensayio k (em. puc. 9). Ona
epeceder | B Touke (.

. [ocTpoum cepeIuHHBI EPIIEHIUKYIIAD M K 0OTpe3Ky P — 310 u Oyaer
HUCKOMad IIpsgMas.

HeiictBurenbHo, 06pa3 ToUku P 1pu CUMMETPUN OTHOCUTEIHLHO 1M TOHAJIET B
Touky Q. Kpome Toro, Tak kak nupsamag k' napasiensna k, To m L k. O

[1]
2]
3]
4]
[5]
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Hamr cemunap:
MaTeMaTHIecKe CIOXKeTbI

KopoTkoe onpopepkeHne rumnore3bl bopeyka,

A. B. Ckonenkos*

IIpuBoauTcst mpocTeiinee U3 N3BECTHBIX OMIPOBEPXKEHUI CJTEIyIONIEeiH
runoTe3bl bopeyka: sr060e 02paHudentoe TOOMHONCECTNEO T-MEPHO20
eskAudo6a npocmpancmea, codepoicawee boree n MOver, MONCHO Pa3-
oumo na n + 1 nenyemoir wacmeds menvwezo duamempa.

JokazarenbcrBo mpuHaieskuT H. AJoHy u siBjIsieTcst 3aMevareib-
HBIM IPUJIOYKEHIEM KOMOMHATOPUKH U aJredpbl K T€OMeTPHH.

DTa MeToUYeCKast 3aMeTKa JOCTYIIHA CTYIEHTAM, CTAPIICKIACCHU-
KaM U yUUTeIAM, UHTePEeCyIomUMCca MaTeMaTuKOM.

TEOPEMA 1 (BOPCVYK). Jhoboe oeparnuventoe noOMHOHCECTNBO NMAOCKO-
cmu, 6 Komopom 6oaee d6YxT MOUEK, MONCHO Pa3OUMb HA MPU HENYCMBLE Ya-
cmu menvwezo Juamempa.)

Huamempom HEIyCTOrO MOJIMHOXKECTBA IIJIOCKOCTH HA3bIBAETCS HANOOJIb-
IIee pacCTOsiHUe MEXK/Ly ero TOUYKaMu (TOUuHee, CylPeMyM TaKUX PacCTOSHMUIA).
[TomMHOYXKECTBO MJIOCKOCTH HA3LIBAETC 02PAHUMEHHIM, €CJTH €r0 JTUaMeTP KO-
HEYEH.

Toukol x = (x1,...,2Ty) N-MEPHOIO eBKJIM/OBA IPOCTPAHCTBA HA3BIBAETCS
YHOPsiZI0UeHHbIi Habop n unces. Paccmosnue Mexy TouKaMu & = (X1, . .., Ty)
uy=(y,...,Yn) onpejesusercs GopmyIoi

2yl == V(@1 —y1)? + -+ (2 —yn)?.

*Tlopuepxxan rpaarom donga CaiiMoHca.

D Viasanue % doxasamenvcmey. CHavama, UCIOIB3Ys «COOGPAsKEHUsT HEIIPEPHIBHOCTH Y,
JIOKaYKUTE, YTO JIIOOYIO IIOCKYIO (DUI'Yypy AuamMerpa 1 MOXKHO 3aKJIOYUTH B IIPABUJILHBIN
MIECTUYTOJILHUK, JIMAMETP BIUCAHHONW OKPY?KHOCTH KOTOPOro paBeH 1. 3areM JIOKaXKUTe, 9TO
XOTsl AUAMETD HOJIYYEHHOI'O IIPABUJILHOIO IIECTUYTOJIbHIKA HOJIbIIe 1, ero MOXKHO pa3pe3arb
Ha Tpu gactu guamerpa menbime 1. Cp. [11].

MaTtemaTtunyeckoe npoceeleHue, cep. 3, Boin. 17, 2013(88-92)
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Juamemp 1 o2paruvenocms IOJIMHOXKECTBA N-MEPHOTO eBKJINI0BA ITPOCTPAH-
CTBAa OIPEJIEIIIOTCS TOYHO TaK K€, KAK U B CJIydae IJIOCKOCTH.

Bopcyk npemoxui ciemyroriee 0600IIEHe CBOEro Pe3ysIbTara, KOTOPOe
JIOJITHE TOMbl OBLIO OfHOM M3 Hanboee HHTPUTYIONIUX TPOOIEM KOMOMHATOP-
HOIl reoMeTpHun.

I'mnoTe3A 1 (BOPCYK). Joboe ozparuventoe noOMHOHCECMEO T-MePHO-
20 esKAUd08a npocmpancmea, codepoicausee bosee n MoOveKr, MOAHCHO Pa3ouUmMv
na n+ 1 nenyemoux wacmets menvwezo duamempa.

B 1993 r. 1. Kan u /Ix. Kajgan, cirenys naesm Boarsackoro, Dpaéimma u
Jlapmana o mpuMeHeHrnr KOMOMHATOPUKHY Jjisl IIOCTPOEHUST KOHTPIIPUMEpPA, Ha-
LM KOHTprpuMep K runorese Bopeyka [7,10]. Tlogpo6buo ucropusi Bompoca
ommcana B |3, 6).

TEOPEMA 2. Cywecmsyem n u 02paHUMeHH0E NOOMHONCECTEO M- MEPHO-
20 eskAudosa npocmparcmea, codeporcauwiee boaee n MoOver U KOmMopoe He803-
MO2HCHO pasdbumov Ha 1+ 1 wacmv menvwezo duamempa.

MpbI npuBejieM pocTeiiliiee U3 W3BECTHBIX JI0KA3ATEJIBCTB, TPUHAIEXKA-
mee H. Asiony, cp. [1,3,5,6,8,9]. (ITpu sTom apyrue Joka3areabcrBa JAK0T
6oJice CUIIbHBIE PE3YJIbTATHL.) DTO YIUBUTEIBHBIH MPUMED BayKHOTO DE3YJib-
TaTa B COBPEMEHHOI MaTreMaTuKe, He TPeOyIOINero sl MOJHOIO IMOHUMAaHUSI
[OJIyTOJIOBOIO CHEIUAIBHONO YHUBEPCUTETCKOTO Kypca (Hocjie JBYXT00BOrO
obst3aTeIbHOrO Kypca). Bostee pocThbie IpUMeHeH!sI AaHAJIOMMIHBIX ajrebpan-
9ecKUX COOOpaykeHuil B KOMOMHATOPUKE MOXKHO HaiiTu B [2,4].

Yepes | X| obosmadaercss 4ucio smeMenToB B MuHoxkecrse X. Ckaaaproe
npouseederue BeKTOPOB T = (X1,...,Zpn) 1Y = (Y1, ..., Yn) OLPEIEIIETC KAK
Ty = T1Y1+- -+ TpYp. BEKTOPHI T U Yy HABBIBAIOTCS 0PMO2OHAAGHHLMU, ECTTU
z-y=0.

JIOKA3ATEJIbCTBO TEOPEMBI 2. O603Ha4nM

M ={(z1,...,2n) |1 =1, z € {1,-1}
U CPEI T2, ..., Ty TACIO MUHYC €JIUHHUI] TETHO }.

2 2

Beprmuna n*-mepaoro xkyba — HabOp JJIUHBI N° U3 IJIIOC WX MUHYC €JIMHUIL.
Ero ymobuo mpejicraBiisth cebe Kak Tabsuiyy n X n. [loctaBum B coorBeTCTBIE
KaxkJ0it Touke r = (z1,...,Ty) € M tabauny fx, onpeaenennyo Gopmystoi
(fzx)ij := z;x;. Hanpumep,
1 -1 -1
fa,-1,-1)=|-1 1 1
-1 1 1

JlokaxkeM, 9TO KOHTPIPUMEPOM K rurmore3e Bopcyka siBisiercst f-obpas3 MHO-
xkectBa M Jj1s1 1OCTATOYHO GOJIBIIOTO IIPOCTOTO YHCIa p U n = 4p.
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Hycrs 2,y € M. Torna (z;2;—vyiy;)? = (1—zy;7y5)%. O6osnauum uepes a
KOJINYECTBO UHJIEKCOB 4, JJisl KOTOPBIX X; = y;. Torma x;y; = 1 1j1a a uHIeKCoB
imay; = —1 g1a n — a wagexcos 4. Hostomy |fz, fy|? = 4a(n — a). Dro
BBbIpaKeHne MaKCUMaJbHO Upu a = n/2. 3uaqur, ycaosue |fx, fy| = diam fM
PABHOCUJIBHO YCJIOBHIO @ = N./2 U PABHOCUJIbHO yCJIOBUIO X - i = 0.

ITosromy ecnu muoxkectBo fM paszbuto Ha k gacreit Z1,. .., Z; MEHDBIIETO
nEaMeTpa, TO B KaxaoM f!Z; HuKaKue JiBa BEKTOpa He OPTOroHaJbHBEL. Tak
Kak ¥1 = 1 jaya moboro x € M, To f wmbektusHo. 3uaunt, |Z;| = |f~1Z;].
Tenepb TeopemMa BbITEKAeT U3 CJIEAYIONIUX JIEMMbl 1 00 OIEHKEe U yTBEPIKJIe-
Hus 1. g

JIEMMA 1 (OLEHKA). IIycms p — npocmoe (ne o6azamenvro 60abwoe),
n=4p, A C M u Huxaxue dea sexmopa u3 A we opmozonasvhol. Toeda

Al < aln) = CO_y + Chy +---+ R4

VTBEPXKIAEHUE 1. a(n)(n? + 1) < |M| = 272 das docmamouno Gono-
wux n.

JTOKABATENBCTBO. st ocrarouno 6oubinux n u iobbix 1 < s,k < n/4

5 —k— 1 3
mieer 22 > 5k — s — 2, oTkysa "L > 2 Spaun,
4 +k—s 2

4

ck-1 (G+hk=-DCG+k=2)...k

n _ n
Cni‘ll"‘k 1 (nfk))(nfkf1)‘...'(”71?*14‘1) (3)n/4 9
2 >n-.

Hosromy a(n)(n? +1) < CY_; +CL_ | + -+ 02121_1 =2n-2, O

Ocrajoch JmoKasaTh jieMMy 00 oreHKe. Ilpu ee mokazaTebCTBE MOXKHO 3a-
OBITH ITPO KOHCTPYKITNIO oTobparkenust f. Ciemyroree yTBepK IeHre OUEBUTHO.

YTBEPXKAEHUE 2. /Jlaa npocmozo p u 4ea020 t wucao
Gt)y=t—-1)({t—=2)-...-(t—p+1)
deaumeces ma p moz2da U moavko moada, koz2da t ne deaumes wa p.

Pavuonasrvroti sunetinot xomburayuet MEOTOIIEHOB F1,. .., Fy Ha3biBa-
eTcst 000t MHOTOUWIEH A F] + - -+ + A\ Fs ¢ paMoHAJIBHBIMA Af, ..., As. Ha-
[IpUMEP, MHOTOUJICH X9 ABJIAETCS PAIMOHAIBLHON JIMHENHONW KOMOMHAIIIEH MHO-
roajeHoB 2x1, 1 u 1 + 9.

MHoro4ieHbl HA3bIBAIOTCH AUHETHO HE3ABUCUMDBLMU, €CTH JIT00asd UX pa-
[MOHAJbHAs JIMHElHAast KOMOUHAIMs, B KOTOPOil He BCe \j HyJIEBbIE, HE paBHA
nyso. Hanpumep, n muorousiesos 1, o, T3, ..., Ty ABISIOTCS JIMHEHHO HE3a-
BUCHMBIMHU.

Mmuorowien ¢ panuoHaJbHbIME KO3bdUImeHTaMmu or n — 1 IepeMeHHOl
X9, ..., Ty HA3BIBACTCS cmenenu menee n/4 u c6ob0dnvim om K6adpamos, ecin
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OH SIBJISIETCS PAIMOHAJIBLHON JIMHEHHOW KOMOWHAITHEHT MHOTOWIEHOB
Tiy *-.. Ti,, TIE =0,...,p—1

(%)

Jlemma 00 OIleHKe BBITEKAET M3 HUKECJEIYIONNX JIEMMbI 2 O JUHEHHON He3a-
BUCHUMOCTY U YTBEPKIEHUS 3.

A 41,...,bs — pa3JIUIHBIE YHUCJA OT 2 JIO N.

JIEMMA 2 (JIMHEVHAS HE3ABUCUMOCTD). ITycmw p npocmoe, n = 4p,
A C M u nuxaxue dea sexmopa u3 A He opmozonasvhu. Bosvmem eexmop
a € A. Packpoem cxobxu 6 npoussedernuu G(a - (1,z2,...,2,)). B xastcdom
U3 MOAYHENHHIT 00HOMAEHO6 Oaf Kadicdozo i Gydem samensmv T2 na 1 noxa
amo 603mootcho. Toayuennvil mrnozounen obosnavum Fo(xo, ... xy,). Toeda
Kaotcovll mnozounen Fy(xa, ..., x,), a € A, cmenenu menvwe n/4 u ceoboden
om K6adpamos; IMu MHO2OUACHDL AUHETHO HE3ABUCUMDL.

YTBEPXKJEHUE 3. Joboe Aunetino He3asucumoe cemeticmseo MHO204Ae-
HO8 OM To,...,T, cmenenu menee n/4 u cobodnvir om Kkeadpamos, codep-
orcum e boaee a(n) MHO204AEHOG.

JOKABATEJILCTBO JIEMMbLI O JIMHEVMHON HE3ABUCUMOCTU. YTBep-
JKJIEHUs O CTENEHU U O CBOOOJE OT KBaIPATOB 04eBUIHbI. JloKakeM JInHERHY IO
He3zaBucuMOCTb. 1lycrs, HanpoTus, A1 Fy, + -+ + AsF,, = 0 JIJIs1 HEKOTOPBIX
a1,...,05 € A U paIUOHAJIBHBIX A1, ..., Ag, IPUIEM HE BCE \j HyJEBbIE. 37€Ch
a1,...,0s — BEKTODPBI, a HE KOOPJAUHATEI. MOXKHO CUMTATH, UTO Al, ..., As IE-
Jple (MHAYE YMHOXKHUM 5TO DABEHCTBO Ha IIPOU3BEJCHHE UX 3HAMEHATeJeil).
MoKHO TakzKe CYMTaTh, YTO HE BCE OHU JEJATCS Ha p (MHAYE MOJEIUM TO
PaBEHCTBO Ha WX HamOOJbIMi obmuil jgesmresb). He ymenbinast obmaOCTH
cuuTaeM, 4To A1 He jenurcd Ha p. llomcraBuM B 1OJIydeHHOE PABEHCTBO 3HA-
geHust To = (a1)2, ..., Tn = (a1)n.

U3 a1-a; = n = 4p u yrBepKaeHus 2 BBITEKAeT, 4TO A1 F,, He nesurcs Ha P.

Tax xkak n genurcs Ha 4 u s JTO0OBIX T,y € M 49ucio MUHYC €IUHAIL B T
U B Yy HedeTHO, T -y jesurcs Ha 4. [losromy x -y & {£p, £2p, £3p}. Tak kak
x-y # 0, To T -y He IesuTcd Ha p. 3HAUNT, 10 yTBEPXKICHUIO 2 A\, Fy, nesmTcsa
Ha p upu jgobom k > 1. IIporusopeune. [l

HABPOCOK HIOKABATEJIbCTBA YTBEPXKAEHUA 3. O6o3HaUNM Uepes
Q1,- -, Qa(n) COMEHCTBO MHOTOUICHOB () 1 wepes F1, ..., Fy mannoe juneii-
HO He3aBucHMoe cemeiicTBo. BosbmeM Tabuuity k X «(n) paroHaJbHBIX H-
cen Aij, Ui KOTOpbIX [ = Zj Aij@Q; mpu gobom i = 1,..., k. CemeiicTBO
MHOT'OYJICHOB, II0JIy4eHHoe u3 cemeiicrsa [, ..., Iy samenoit F; na F; + A\Fj,
j # i, muHeltHO He3aBUCUMO. TakKuMU 3aMeHAMHU U TIEPECTAHOBKAMU MHOTOUIE-
HOB (1, .. ., Qq(n) MOXKHO MPOBECTH paccMaTpuBaeMylo Tabmumy k X a(n) x
«BEPXHETPEYTOJIbHOMY » BHJIy. Tak Kak B HOBOI TabJiuIle HET HYJIEBO! CTPOKH,
o k < a(n). O
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bBaarogapHocTU. baaromapro H. I1. Jlonbummaa u A. M. Paiiroposckoro, ot
KOTOPBIX s y3HaJ KOHTPIPUMEDHI K runorese Bopcyka, yueHuKOB (us.-mar.
mkoJbl uM. A. H. Koamoroposa u mikossl Ne57 r. MOCKBBI, KOTOpBIE y3HAJIN
9TH KOHTPIpUMEpPHI 0T MeHsi, a Takke M. B. Axmenosa, B. H. Jly6posckoro u
A. JI. PyxoBuua 3a 1moJie3Hble 00CYXKICHUS.
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[Tosmmaombr HebnImépa 1 ux obpallieHust

A.T. XoBauckuit

[Tosiurom YebbimméBa cTerenn n Onpeae/sdeTcs Ciaeayoeit hopmyJIoit:
T, () = cosnarccos x.

DTN TOJMHOMBI OBLIH OTKPBITHI UeObIEBBIM B CBA3M C 3a1a9eil O HAMIyIIIeM
NpUOJIMKEHNN 3aIaHHOR (PYHKINK MOJUHOMaMHU creniern < n. OHM uUrparoT
OOJIBIITYIO0 POJIb B TEOPUU NPUOJIUMKEHUIA. YIUBATEIBHO, ITO 3TU HOJUHOMBI
OKa3aJIMCh HOJIE3HBIMU U B ajrebpe: Beb 3a/1a9a, B CBS3U C KOTOPOl OHU BO3-
HUKJIM, OT ajJreOpbl JajieKa, a X HUCXOJHOEe OIpeJiesIeHUe UCIIOJIb3YeT TPAHC-
[EHJIEHTHBIE (DYHKITHH.

Tem He MeHee B psjie 3a/ad aareOpbl HAPsLy C CepUeil CTemeHHBIX ITOJIU-
HOMOB =" BCTpeuaercs cepust nmoauHoMoB 1;,. C «bdustocodckoii» TOYKU 3pe-
HUsI TIOsIBJIEHNE STHUX JIBYX CEPUIl MIOJIMHOMOB CBSI3aHO C CYIECTBOBAHMEM JBYX
cepuil KOHEYHBIX I'PYII HPOEKTUBHBIX IpeobpasoBanmii mpocrpancrsa CP1L:
nukandeckux rpyun C,, u rpyun gusgapa D,.

B koMmILIeKCHOM aHau3e cepusi MOJTMHOMOB L' PACIIUPSIETCS JI0 CeMeicTBa
MHOTO3HAYHBIX aHaInTHIecKux GyHKIui %, o € R, comepxKaiiero, Hapsamgy
nmoanHOMAaMHR T, MX OOpAaIeHnsT /" n VIOBJIETBOPSIOINIETO TTPEXKHUM KOMIIO-
3UIHOHHBIM cooTHOMmenusM (22)7% = 198,

AHaJIOrmIHO MBI pPaCHIIPsIEM CEpUIO MOJuHOMOB Yebbimésa 1;, o0 ceMeii-
CTBa MHOT'O3HAYHBIX aHAJMTHIECKUX QyHKIWNH Ty, o € R, comepxkariero, Ha-
pasy ¢ nosmHoMamu T, ux obpamenust 17/, 1 yJOBIETBOPAIONIETO IIPEKHIM
KOMIIOBUIIUOHHBIM cooTHOIeHUAM 15 o Ty, = Th3.

Muoroznadnyio (pyHKIHUIO MOXKHO OIPEIeTUTh 063 UCIOJIL30BAHUS aHAIU-
THYIECKOIO ITPOIOJIXKEHMSI, OIINCAB MHOXKECTBO €€ 3HAYeHUI B KaXKIOi TOYKe.
DTO MHOTJA JAaeT BO3MOYKHOCTD ITIEPEHECTH OIpejesienne (pyHKIUU Ha JII0O0e
nosie (HaJ{ KOTOPBIM OIlePaIlis AaHAJTUTUIECKOTO [IPOJIOJIZKEHHsI He OIIpe/Ie/IeHa).
Haupumep, npu marypaisaoM n dysximus /" onpeesena Hal T00bIM 110-
jieM k: 970 MHOrO3HAUHAas (DYHKIINA, KOTOPasi COMOCTaBIsIeT £ € K MHOXKeCTBO
9JIEMEHTOB Zz, JEXKAINX B 3aMBbIKAHUHU TT0J1sT K 1 Takux, 4To 2" = .

Jlerde mmeTsh J1€710 C POCTKOM OIHO3HAYHON (PYHKITNI, 9eM ¢ MHOTO3HATHOMN
dyukimeit. Bo MHOrIX BOIIpocax STHM MOYKHO OTPAHUIUTHCS, €CJIN BCe 3HATE-
HUsI MHOTO3HAYHOM (DYHKIINY TIOJTYyYAIOTCs IPU aHAJTUTAIECKOM ITPOOJIKEHIT
OJIHOBHAYHOI'O POCTKA.

MaTemaTtuueckoe npoceeweHue, cep. 3, Boin. 17, 2013(93-106)
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B 1. 1.1 onpenensercs muorozunaanas gpyuxius Yeboimésa T, o € R, kom-
IJIEKCHOT'O MIEPEMEHHOI0 & MPU MOMOIIU OIUCAHUS MHOXKECTBa, €€ 3HAYCHHUII.
B 1. 1.2 onpenensiercss psim B TouKe x = 1, aHATUTUYIECKAM ITPOLOIKEHIEM
KOTOpOro oHa sijsiercst (cm. 1. 1.3).

B . 2.1 mb1 npuBoiuM asiredbpanmveckoe ompeeeHne moanHoMoB Uebbié-
Ba U uX O6paIleHuii Ha I JTIOOBIM TOJIEM, XapaKTepuCTHKa KoToporo # 2. Ecn,
JIOTIOJTHUTETHLHO, XAPAKTEPUCTUKA TOJTST £ 3, TO 3TH (DYHKITUU IPUMEHUMBI JJTsT
pellleHust B paJinKajax ypaBHEHUIN CTEeHU TPU U CTEIEeHU YeThbIpe HaJl STUM
nosteM (cM. mm. 2.2-2.3).

B . 3.1-3.3 MbI 00cy2K1aeM TPpHU KJIACCUYECKHUE 3aJ1a91, B PENIEHUU KOTO-
PBIX BCTpeTWJINCh cepum moiauaomoB x™ u T,,. B m. 3.1 obcyxmaercst perren-
nasg Purrom 3a/1ada 06 onucaHuu BCEX KOMILIEKCHBIX OJIMTHOMOB, OOpAaIeHusT
KOTOPBIX IPeICTABUMbBI B pajimkaiax. B 1. 3.2 obcyxmaercs penteHHas Opu-
noMm mipobutema [Ilypa 06 onmcanun Beex nmommaoMoB P € Q[z], nyst KoTopbix
orobpazkenus P: Zy, — Z, 0OpaTUMBbI Jjis1 OECKOHEYHOI'0 MHOKECTBA IIPOCTDHIX
qucesi p. B n. 3.3 mb1 bopmysnupyem pesyibrar 2Kymua, @ary u Purta 06 ad-
dbunHO KTaccubUKAIIT UHMeZPUPYEMBIT (CM. OTIPEIeIEHIE U3 STOrO IIYHKTA, )
MMOJITHOMHUAJIEHBIX OTOOpAarKeHN KOMILIEKCHON TIPSIMOiT B cebsl.

§1. OVHKIIUU YEBBIIIEBA HAJI KOMIIJIEKCHBIMU YHUCJTAMU

1.1. MHOTO3HAYHBIE ®YHKIINN YEBLIIIEBA

Qynxuyueti Yebvuuésa cmenenu o € R Ha30BeM MHOIO3HAYHYIO (YHKIIUIO
T, KOMILJIEKCHOTO TIEPEMEHHOTO I, OMPEIETIEHHYIO COOTHOIIEHUEM:

(6% —
To(z) = W 7 (1)
raie u — ﬂByBHa‘IHaH d)yHK]_H/IH, OHpe,ZLeJIeHHaH COOTHOIIIEeHueM
—1
p= MO ) (2)

B dopmysie (1) umeercst B BujLy, 4To KaxKioe 3Haderne f () MHONO3HAYHOMN
bynkmum u®(z) ckmaapBaerca co snadenueM [ (z) dynkumm u”%(z) (a me
¢ KakuM-sinbo apyruMm ee 3uadenueM). Cormacuo (2) dyuxims u(z) ymosie-
TROpsieT ypasuenuto u?(x) — 2zxu(z) + 1 = 0. Ero xopun u;(z), us(z) casanbl
coorHommenneM uj(x)ug(z) = 1, HOITOMY He BayKHO, Kakoil W3 JIByX KOpHei
ucrosb3oBarh B hopmyite (1). (OrmernM, 9T0 9TH KOPHU BBIYUC/ISAIOTC SIBHO:
u12(z) = z£va? — 1.) Beibop Apyroro KOpHsl JIMIIb IIEPECTaBJISIET CJIaraeMble
u®(x) n u”*(r) U HE MEHSIET UX CYMMBI.

TEOPEMA 1. Qynxuuio Ty, ModcHO onpedesumsd COOMHOUEHUAMU:

x=cosz(z), Tu(x)=cosaz(x).
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JTOKABATEILCTBO. Ecim x = cos 2g, 1o z(x) = £(z0 + 2k7) u

exp(iaz(r)) + exp(—iaz(x)) )
2

cos(az(x)) =
IIpu sTom uy 2(z) = exp(+iz(z)) u ufcg‘(x) = expia(xz(z)). Orkyna u BbITe-
KaeT TeopeMa.

YTBEPXKIEHUE 2. Qynkyus T, 048 HAMYPAALHO20 T ABAAELMCA NONUHO-
MOM CMENEHU N ¢ YeAbtMU KodpPuyuenmamu. Cnpasediusa Gopmyaa

Tux)= Y. <2T;€>x"2k(x2—1)k.

0<k<[n/2]

JOKABATENLCTBO. Coorsnomenne T),(z) = (u™(z) +u "(z)) /2 ¢ yue-
toM pasencts u"(z) = (z + Va2 — 1)" n u™"(z) = (x — V22 — 1)" u Gunoma

Herorona npespamiaercst B dbopmyay st T, ().

ONPEAENEHUE. Oyuknus T, HasbiBaeTCs noiuromom debviwésea cmene-
HU N

CupasenBo Toxkjecto Tp,(cos z) = cosnz (cm. Teopemy 1). ITosmuom Ye-
OBIIIEBA MOYKHO OLPEJIEIUTh, OJL3YSCh ITUM TOXKIECTBOM (COOCTBEHHO, TaK U
caenait cam Uebpimés). [Tomunom T, siBasiercs geTHOI (DbyHKIHEH TP 9€THOM
n 1 HedeTHOM yHKIMeH mpu HedeTHOM N. Crapiimiit KoahUImeHT MoJIHHOMA
T, pasen 2". Hike nam nonagobures opmyna T3(x) = 43 — 3.

CNEACTBUE 3. Vpasuernue Tp(x) = a a6no pewaemcs 6 padukanal.
Hwmenno, e2o xopru — 3navenus 6 mouke a mMH02031a Mo Pynrxuyuu T /n(a).

z
JIOKABATEJIbCTBO. Ecim cosz = a u x = cos —TO X = Ty /n(a). C mpy-

roii croponsl, B 31oM ciydae Ty, (x) = a.

Dra «TPUrOHOMETPUYECKAs» BBIKJIQJIKA IIEPEHOCUTCS B ajiredpy U 1103BO-
JsieT pemuTh ypasHenue T, (x) = a, T7e @ — 3JIEMEHT T0Jisl, XapaKTePUCTHKA,
KOTOpOro He pasHa jiByM (cM. 1. 1.4). Ormernm, aro T} /n — N-3Ha"Hasg QyHK-
nust: BeIGOp 3HaveHust GyHkuun u(a) He MeHsier 3HaveHuil Ty (a), a dyHKIMs
u'/™(a) npuHEMaeT 1 3HAMCHU.

1.2. POCTKM ®VHKUNNA YEBHIIIEBA B EAVMHULIE

Mmuorosnaunas dyukius Ty (x), Tak Ke Kak U crerneHHas QyHKus %,
MMeeT BbIJEJIEHHBIN POCTOK B TOUKe & = 1, 3HadeHme KoToporo pasuo 1. C oj-
HO3HAYHBIME POCTKAMH JIerde UMEeTh JIeJI0, 9eM € UX MHOTO3HAYHBIMU aHa-
JINTUYECKUME TIPOJIoJKeHusiMu. Hike cumBosiom % Mbl 0603HAYAEM POCTOK

Za~...-(z¢!7k+1)($71)k.
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CBOWMCTBA POCTKOB CTENEHHBIX ®YHKIMI B EAWHUIIE:

1) ceoticmeo vomnosuyuu: ecm f =% u g = 27, To fog = x*%; npyruvm
ciopamu, (29)® = 27,

2) ceoticmeo myavmunsukamuenocmu: x®xd = rots;

3) ceoticmeo anzebpauwnocmu: njist o = 1/n, rjie n — HATypabHOE YHUCIIO,
POCTOK 2z = % yIOBJETBOPseT ajaredpandeckoMy ypaBHEHHUIo z" = .

AHAJIMTUYECKUE POCTKU, NHBAPUAHTHBIE 1P MHBOJIIOLIUN.

uBosonust T KOMILIEKCHO# npamMoit 7(u) = u~! mepesoaur Touky u = 1
B cebsi. Jlerko onmcars Bce pOCTKHU f aHAJIUTHIECKUX (PYHKIMIT B 9TOH TOUKE,
UHBaPUAHTHBIE OTHOCUTEIHLHO WHBOJIIOIMA T, T. €. Takue, 9ro f = f(7).

YTBEPXKAEHUE 4. Pasencmeo f = f(T) cnpasedauso, ecau u moavko ec-
e flu) = @(x), 2de x = (u+u"1)/2 up — pocmox anarumuneckoti dyrryuu
6 mouxe T = 1.

JOKABATENBLCTBO. Ecom f = f(7), ro dyuxmus ¢(z) = f(u(z)), rue
u(x) — omHa u3 AByX BeTBell GyHKIUM, oupejeseHHoil ypasHernueM (u(x) +
+u~1(2))/2 = z, He zaBuCHT OT BLIGOPA BETBH M AHANUTHYHA B MPOKOJIOTOH
okpecrroctu Touku & = 1. ITo Teopeme 06 yerpanumMoii 0cobeHHOCTH OHa aHa-
JIMTUYHA U B 9TOIl TOUKE TOXKE.

Poctku anamurudeckux (GyHKIUU OT U, He WHBAPUAHTHBIE OTHOCUTEIHHO
MHBOJIIONIAN T, 33J1a10T d8y3naumsie pocmru IIviouso ot x.

Pocmxom dynrxuyuu Yebvwésa T, 6 mouxke x = 1 Mbl OyjeM Ha3bIBATH
uOL + u—Oé
2
(naBapuanTHBI 1pu uHBOMOMEH T) pasen Ty (z(u)), e z(u) = (u +u~1)/2.
B stom mynkTe Mbl Oymem obo3HadYaTh POCTOK (PyHKINKU 1eObIéBa TeM Ke
cuMBOJIOM Ty, 9TO W caMy MHOTO3Ha4HYyIO dyHKIMO. Poctku T, Hac/IeqyOT

CBOMCTBA POCTKOB CTEIMEHHBIX (DyHKITUH.

POCTOK aHAJUTUYIECKON (DYHKIMK OT &, TAKOU, YTO POCTOK (DYHKITHH

CBOICTBA POCTKOB ®YHKLMN YEBBIIIEBA B EJAUHULIE:
1) ceoticmeo Komnosuvyuu: To 0 Ty = Ty
2) ceoticmso myavmunausamuerocmu: ToTg = (Totp + Ta—p)/2;

3) ceoticmea anzebpauvnocmu: IJis o« = n, TJI€ N — HATYPAJIbHOE YHCIIO,
pocrok Ty siBasiercst poctkoM nosmaoma ledpmmésa T),. Pocrok Ty,
yIoBersopsier anrebpamdeckomy ypasaeruto Ty, (T, (7)) = ;

4) mpuzonomempuneckoe ceoticmso: Ty (cos z) = cos az. Ilox sTuM pase-
CTBOM MBI [IOJIPA3yMEBAEM PABEHCTBO POCTKOB (DYHKIMI OT 2 B TOYKE
z = 0. Cynepnosurust T, (cos z) onpejenena, Tak kak cos (0 = 1.
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YTBEPXKJAEHUE 5. Cemeticmeo pocmkos gynxyuti Yebvuésa 6 edunuye
ydosaemeopsaem ceoticmeam 1)—4).

JTOKABATEJIBCTBO. 4) ciefyer u3 TeopeMbl 1. DTO CBOWCTBO MOJIHOCTHIO
xapakTepudyeTr poctok Ty. HelictBurenbHo, dpyHKIus cos z derHas. [lo Teo-
peMe O HesABHOH (BYHKIME POCTOK B Hyje (DYHKIUH 2° SBJISETCS AHAJMTH-
Jeckoil (pyHKIMEH OT pOCTKa B eauHuIle (QyHKIWH cosz. B cBoio odepenb
byHKIMA oSz — aHaJIUTHYeCKasg (DYHKIUA OT 22 1)-3) — sT0 1pOCTHIE
cBoiicTBa dynkiuu cos: 1) ecam cosv = cos Bz = Tg(cosz), To cosav =
= T (cosv) u T, T cos z = cos o3z; 2) BBITEKAET U3 TOXKIECTBA COS (v COS 32 =
= [cos((a+B)z) +cos((a—3)2)]/2; 3) g a = n MOKA3aHO B yTBEPXKIEHUN 2,

1

JJId ¢ = — BBITCKaeT U3 CBOIICTBA KOMITO3UIIH.
n

1.3. AHAJIUTUYECKOE I[POJIOJIXKEHUE POCTKOB

B sToM mymkTe MBI IIOKa)keM, 9YTO MHOXKECTBO 3HAYEHUN MHOI'O3HAM-
HOI DYHKIINU, TOPOKIECHHON pocTKOM T, COIIacyeTcsi C OIpEJe/IeHIEeM U3
m. 1.1.

Obparenne pocTka B HyJie (DYHKITME COS 2 — JABY3HAUHBII pocTok lIbrom30
B TOuke ¥ = 1, 3HadYeHHs KOTOPOro pasjmdaiorcsa 3uakoM. Ilycrs 71 (z) —
OJIHO U3 JIBYX Pa3/IMYaIONIUXCs 3HAKOM MHOTO3HAYHBIX OOpareHuit (yHk-

MU COSZ = I, UMEIIUX B TOUKe £ = 1 3T0oT pocTok IIpomzo. Pacemor-
puM dernyio dyukuuio P, (z) = cosaz nepemennoit z. Ilo onpenenernto
T, =®,0n L.

DyHKIMSs COS 2 UMEeT HEeKPaTHbIe KPUTUIECKHE TOYKKM 2z = K7 U JiBa KPH-
tudecknx 3Hadenns ¢ = +1. Ckaxkem, 9to KpuBas z(t), Waymas U3 TOYKA
1 B Touky xpo, T.e. z(0) = 1, z(1) = zo, donycmuma, ecan x(t) # +1 upn
0 < t < 1. Pocrok ITbronso B Touke £ = 1 GyHKIMH 71 B CJEAYIONIEM CMBIC/IE
IPOJOJIZKAETCH BJIOJIb JOIIYCTUMOII KPUBOMA Jr(t), uaymeit u3 © = 1 B TOUKy Zq:
1) mobast U3 IBYX BeTBell POCTKA AHAJIMTUYECKH IIPOJIOJIKAETCs BIOJb ()
BILIOTH 710 t = 1, ecsin g # +1, u BrjioTh 10 Jroboro t < 1, ecom xg = +1.
B nocsennem ciayuae mpojozKenue g0 t = 1 — aBy3HauHbIi pocTok [Ibion3o
B TOuKe (g = £1 (BeTBH KOTOPOro B T( COBIAJAIOT).

Pocrok T, = ®, 07! B 9TOM 3Ke CMBICIIE TIPOJIOJIZKACTCS BIIOJIb 000 J10-
mycrumoit kpusoii 2(t). Poctok T, peryisipeH u ofHOo3Ha4YeH (a He JIBy3HAYEH,
KaK 7 1), I09TOMY OH mMeeT eduncmeentoe npodossicenie BIOIb JTOIYCTHMOI
KpUBOii. [IJ1st HEKOTOPBIX JOIMYCTUMBIX KPUBBIX, UJLYIIUX U3 TOYKH & = 1 B TOY-
Ky & = k7, pe3yabTaT IPOJIOIKEHIs TOXKE MOXKET OKa3aTbCsl AHAJTUTHIECKIIM
POCTKOM (& He JIBy3HAUYHBIM POCTKOM IIbion30).

[Tokaxkem, aro dbopmyust (1), (2) onuceiBaoT Bce 3HAUEHUS MHOTO3HATHOI
dbyukIwu, noxydennoil nupojoszkerneM poctka Ty. Ilycrs xg u a = To(xo) —
J00ble gucia, yuosiaersopsionme (1), (2).
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YTBEPXKIEHUE 6. Cywecmeyem donycmumasn kpusas x(t), udywan u3
mouku x =1 6 mouky xg, maxas, ¥mo anasumuyeckul pocmox (uiu pocmork
ITv10u30), noaywernwl npodossicenuem pocmra Ty, 6doav x(t), npurumaem 6
mouke To 3HaveHue a, onpedeseHtoe Gole.

JTOKABATEJIBCTBO. Boibepem zp Tak, 4robbl exp iz = u(xg), exp(aizg) =
= u(xp). Ilycrs 2(t) — xpuBasi, Takasy, aro z(0) = 0, z(1) = 2o u 2(t) He
npoxoauT depe3 Toukn z = km upn 0 < t < 1. Torga xpusas z(t) = cos z(t)
JOIYCTUMA, UJET U3 TOYKH ¥ = 1 B TOUKY X( U aHAJIUTUIECKOE ITPOIOIZKEHNE
BJIOJIb 3Toft KpuBoit pocTka T, = cos a(cos™!) maeT pocToK, IPUHEMAIONIMI B
TOYKE X( 3HAYCHUE Q.

Mg mac ocobenno BaxKubl nosmunombl Jebpimésa Ty, u dyukimun T /,, 00-
paTHBIe K HUM. Biarogaps yTBep:KIeHWIO 6, MBI UMEEM ONUCAHUE MHOHCE-

cmea snavenuld gynwyuu Ty, B Touke a. Ilycrs ug, uz — Kopuu ypapHeHust

u—&—u71

2

Hu ypapHenns v = u;, e i = 1,2; 1 < j < n. Muoxecrso {T'/,(a)} Beex
-1

V1, U

(2%
2

= a (mocTaTouHO B3sATH OAMH u3 9THX KopHeil). [Iycrs {v;;} — op-

3HaYEHU (byHKLLHH B TOYKE a PaBHO MHOXZKECTBY { } 1 MHOXKECTBY

(=)
Py

§2. OYHKINN YEBBIIIEBA HAJ ITOJIAMU

2.1. AJITEBPAMYECKOE OIIPEJEJIEHUE

[Tonnrom Yebwnmésa 1), € Z|x| onpenenen nas gobbiM moeMm k. Ecin xa-
pakTepucTuka 1oJsi pasHa Hyuao, o Z C k u T, € k[z]. Eciin nosne nmeer
xXapakTepuctuky p > 0, To Z;, C k n nomunom, nosyydennsiit us 1), npuseje-
HEEeM ero Ko3(hMUIMEHTOB 110 MOJYJIO P (KOTOPBIA MbI Oy1eM 0603HAYATH TEM
x)e cumBosiom Ty,), npunajiexkur k[z]. Ecau p # 2, to degT,, = n, Ttak kax
crapmmit kKoaddurment nonunoma T}, pasen 27 1.

YTBEPXKJIEHUE 7. Ecau xapaxmepucmuka noss K e pasna dsym, mo 6
noae payuonasvror Gyrkuyud k(z) cnpasedauso mootcdecmeso

-1 n —-n
T, <a:—|—x ):a: +x ‘ (3)

2 2
JIOKA3ATEJILCTBO. Boitekaer u3 dopmya (1), (2).

CHIEOCTBUE 8. Ecau zapaxmepucmuxa noas kK we pasna deym, mo ypas-
newue T (z) = a nad nosem k, 2de a € k, asno pewaemes 6 paduxanrax.

JIOKABATEJILCTBO. B roxkaecrso (3) mogcrasum z = (v + v~ 1)/2. Tlo-
gayanm (v 4 v~ ") /2 = a. Permum kBajparnoe ypasnenne u’ — 2au + 1 = 0
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st w = v". Ilyers ui, ug — ero kopum u {vy j} — MHOXKECTBO BCeX KOpHeif
cTeneHu n u3 ui. Torjga sJIeMeHTbl vy j = vy 31 00Pa3yIT MHOXKECTBO BCEX KOP-
Heil crereHn n U3 w2, Tak Kak ujus = 1. Bce kopuu ypasuenus T, (z) = a
IIPeJCTaBUMBI B Busie & = (v1,; + vl_’Jl-)/Q, a TaKkxke B Buje = (v + UQ_’JI)/Q

JokazaresibcTBO citeicTBus 8 MOKasbiBaet, 9To ypasrerue T (r) = a Ha
nosieM Kk, XxapakTepucTuKa KOTOPOrO He PaBHA JIBYM, PEULAEMCA AGHO NPU NO-
mouyy, popmyan, x =T /n(a), KOTOpasl MMeeT CMBICJ U HaJ mojeM K.

2.2. YPABHEHUSI CTEIIEHU TPU

[Tycrs F' — mosmHOM creneHu n Hag noseM K, XxapakTepucTuka KOTOPOro
win paBHa HyJt0, uian 6osbiie deM n. [onoxum Q(y) = aF(Ay + xg), rue
a#0, A# 0 u xg — snemenTsl moJist k uu ero pacmupenust. [Ipu ciaemanHabx
IIPE/IIOIOKEHUSAX O XapaKTepUCTHKe 1ouist K nmeem

a k (k) X
Q) = 32 P

k!

Jluneiinas GyHKIMSA Q=1 obpamaercs B HYyJIb B HEKOTOPOil Touke ¢q. [lo-
JIOXKUM T = ¢, Toraa Kodddurment B Q npu y" ! obparurcs B nyab. Menss
a U A\, MOXKHO JIOOUTbHCsI, 9TOOBI JIBa HEHYJIEBLIX KO3 PUIMEHTa TOJTHOMA ()
[PUHSJIN 33/[aHHblE HEeHYJIeBble 3HAYEHUS.

OmnncaHHBIM TPeoOpasoBaHueM MOJIUHOM F (a:) = a3x3 + a2x2 + a1x + ag
MOYKHO IIPUBECTH JIH60 K BUY y° + ¢, mmbo K sumy 4y° — 3y + c. Ilommom F”
obparaercsi B HyJlb B TOUKe Lo = —az/3a3. BO3MOXKHBI J1Ba CJrydast:

1) F'(z0) = 0. B sToM ciyuae mommroM F mpusomuTesa K Bumy y° + ¢
npeoGpasosannem aF (y + 29), tae a = agz ' pu arom ¢ = F(z0)a.

2) F'(xg) # 0. B atom ciayuae nosmraom F npusomtes K Buy 4y° — 3y + ¢
npeobpaszosanueM aF (\y + xp), rue

A= (—4F(x0)/3a3)"/?;  a = —3(\F'(20)) "

IIpu stom ¢ = F(zp)a. (3Hak A MOXKHO BBIODATH JIIOOBIM: MBI HIIEM OJHO
npeobpaszoBanue, 0bJajamomee Hy KHBIM CBOICTBOM, a He OIIMCBIBAECM KX BCe.)

CIEICTBUE 9. Kybuueckoe ypasrenue F(x) = azx®+ asx? +a1z+ag nad
noaem K, xapaxmepucmura Komopozo He pasHa 08YM U Mpem, cAeOyIowuMm 00-
pasom pewaemcs 6 padukasaz. Iycmo xg = —ag/3as — xopensv noaunoma F”.
Tozda:

1) ecau F'(xo) = 0, mo x = xo + (—F(x0)/az)"/?;

2) ecau F'(xg) #0, mo x = xg + AT} /3(—c), 2de X u c onpedenenvi cviwe.
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2.3. YPABHEHUSI CTEIIEHU YETBLIPE

YpaBHEHHUE CTElEeHN YeThIpe MOXKHO CBECTH K yPABHEHWIO TPEThEH cTereHn
(koTopoe pemraetcst ¢ momontbio byHKIIHI T /3), PACCMATPHBAS My IOK IITOCKIX
KBaJIpuK [4].

IIycrs Q: V' — k kBajgparuunasi popma u dimy V' = n. Kpagparuuanyio
dopMy Ha IJIOCKOCTH U HA MPSIMOI MOXKHO Pa3/IOKUTh HA JIMHEHHbIE MHOYXKH-
Tenn (BO3BMOXKHO, HE HaJ| UCXOTHBIM TToJieM K, a HaJl ero KBaJpaTHIHBIM pac-
mupenneM K). Ilycre K — pacmupenne noust k, a Vg u Qg — npocTpancTBo
u dopma, coorBercTBytomue V u () upu pacmmpennn k C K.

JIEMMA 10. Feau Qg packaadvisaemces na muostcumenu, mo dimy ker QQ >
> n — 2. Ecau 9mo Hepasencmeo 6bimoAHEHO, O MOHCHO AGHO HATMU PA3A0-
orcenue Qi = LyLo nad xeadpamuunvim pacwupernuem K noas K.

JOKABATENBLCTBO. Ecmm Qi = LiLa, To ker Qg D (,_1{Li = 0} u
dimg ker Qg > n — 2. @opma @ onperenena Haj k, M0ITOMY dimy, ker@Q >
> n — 2. Ecam HepaBeHCTBO BBINOJHEHO, TO V mpencraBuMo B Buie V =
=kerQ ® W, re dimy W < 2. Ilycre 7 : V. — W — upoexuus Bjosb ker @
u () — orparmdenue ¢popmbl Q) Ha W. Ha W ectb pasnoxkenne () = L1Lo u,
caesoBarensho, Q = (w*Ly)(n*Ly).

YTBEPXKIEHUE 10. Koopdunamo: x, y mouek nepecevenusn 06Yxr niockur
xeadpuk P =0 u R =0, 2de P u R — nosuroms, 6mopoti Cmenenu, MoHcHo
HATMU, PEUas 00HO KYOUUecKkoe U HeCKOADKO KEAOPAMHBLT U AUHETHT YPaG-
Henu.

JIOKABATEJILCTBO. Bee kBagpuku nyuka 0 = Q) = P+ AR, riue A — na-
pameTp, IPOXOIAT Yepe3 uckoMble Toukn. [Ipu HekoTopbix A kKBagpuka Q) = 0
pacmajiaercst Ha napy upsiMbix, T.e. Qy = L1Lo, tie L1, Lo — MOJMHOMBI I1€p-
BOil cremeHu. D10 A yJOBJIEeTBOpsieT Kybuueckomy ypashaeruio det(Qy) = 0,
e @y = P+ AQ — (3 x 3)-marpuria KBagpaTnaaoit (hopMbl, COOTBETCTBYIO-
el ypaBHEHWIO KBaJIPUKHU B OJHOPOJIHBIX KoopauHaTax. JleficTBuTeibHO, IpU
3roM A dopma () UMeeT HEeTPUBHAJIBHOE SIIAPO, o3ToMy Q) = LiLs, tipu-
geM L1, Ly MOXKHO HafTH, peliasi 0JHO KBAJPATHOE U HECKOJIBKO JIMHEHHBIX
ypaBuenwuii. Bo3sparmasicb Kk KoopguHaTaMm x,¥y, u3 L1, Lo MOIyInM HyKHbIE
nojmHOMBL L1, Lo. Ocraercst penuTh KBaJpaTHbIE YPaBHEHUsI JJIsT HAXOXKJIe-
HUsl TOYEK rnepecedenns: KBagapuku P = 0 u npsambix L1 =0 u Lo = 0.

CHEACTBUE 11. Kopru noaunoma apx* + a1z3 + asx® + asx + as moocho
HATMU, Pewas 00Ho KYbuMeckoe U HECKOADKO KEAOPAMHBIT U AUHETIHDIT YPas-
HEHU.

JIOKABATE/JILCTBO. KopHu 3T0ro mojgnnomMa — IpoeKIinu Ha OCh & TOYEK

epecedeHns KBajIpuK y = &2 u agy’ + a1y + agy + azx 4+ ag = 0.
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[Tosiurom F' HA3BIBACTCA KOMNOZUUUOHHO PA3AOAHCUMbBLM, €CJIA OH TPE-
crapuM B Bugie F' = P(Q), tne P u () — MOJIMHOMBI cTerenu, GoJiblieii 1em
OJTVH.

YTBEPXKJAEHUE 12. [loaurom F cmenenu wemwipe KOMNO3UUUOHHO PA3-
NOACUM, €CAU U TNOADKO €CAU BHINOAHEHO 00HO UL CACOYOULUL IKEUBAACHIMHHLL
ycaoeul:

1) das nexomopozo xo cnpasedauso moosicdecmeo F(x — xg) = F(xg — x);

2) F'(xz0) = 0, 2de xg — maras mowka, wmo FB)(zq) = 0.

JOKABATEJIBCTBO. Eciu ToxK1ecTBO cripaBeiyinBo, TO ' — mosmmHoM BTO-

poii creneHu OT y2, rme y = = — xg. 1lo dpopmyne Teitaopa 310 CBOMCTBO
skBuBasenTHO pasercrBam F'(zg) = F®)(z9) = 0. Ilyets F = Q(P), To-
ria Tak Kak mojmHOM P mpeicrasum B Buge P o= a(r — mg)? + b, umeem

F(x — x9) = F(xg — ).

§3. O TPEX KJIACCUYECKMX 3AJIAYAX

3.1. OBPAIIIEHUE OTOBPAYKEHUI B PAJIUKAJIAX

Korna nomunomuasibaoe orobpakenne P : C — C obpaTtumo B pajmkaiax?
Haunem ¢ mpumepos.

I[TPuMEP 1. Eciim P — creneHHoii moJmHOM ', TO 0O0paTHOE 0OTOOparKeHme
z = zY/" no onpenenennio, npeacraBuMo B paqukanax. Ecim n = km —
COCTaBHOE YHUCJI0, TO oTOOparkeHue x" packKJiaJIbIBa€TCs B KOMIIO3UIUIO " =
= (2™)*. IIns mpocToro n mOMHHOM 2™ KOMIIOZUIHOHHO HEPA3IOAKIM.

I[TpuMEP 2. Ecimu P = T,, — nonunom YebbiméBa, 1o obpaTHoe orobpa-
xkenne T' /, npejcTaBuMO B pajukaiax. Ecmu n = km — cocraroe 1mcsio, To
orobpaxkenue T,, packiaajpBaercs B kKomnosunuio 1, = Ti(T,,). Host npocro-
ro n moJmHOM 1}, KOMIIO3UIIMOHHO HEPA3JIOKUM.

I[TPuMEP 3. Ecaiun P — moJuMHOM CTelleHu YeThipe, TO obpaTHoe oTobpa-
JKEeHHE TIPEeJICTAaBUMO B paJiKajaxX (Tak Kak ypaBHEHHs YeTBEPTOil cTerneHu
peraorcs B paukaiax). Kak mpaBuiio, HOJIMHOMBI CTEIEHH YeThIPEe KOMIIO-
3UIMOHHO HEPa3JI0KUMbI. MckiodeHns onucanbl B yTBepKIeHun 12.

TEOPEMA 13. Fcau P = Pyo...o P, 2de npu 1 <1 < k noaunom P; au-
60 AuHeEH, AUOO PABEH KOMNOSUUUOHHO HEPAZAOHCUMOMY NOAUHOMY CMENEHU
yemuwipe, Aubo pasen T, 2de n — npocmoe wucAo, Aubo pasen Ty, eden > 2 —
npocmoe wucao. Toeda omobpascernue P: C — C obpamumo 6 padurarar.

JIOKA3ATEJILCTBO. Cielyer m3 pacCMOTPEHHBIX IpuMepos 1)-3).

Purr [14] nokazan obparnyio Teopemy (cm. Takxe [3,5]).
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TEOPEMA 14 (J. RITT). Ecau omobpasicenue P: C — C obpamumo 6 pa-
Jduxanazx, mo noaurom P npedcmasum 6 eude, onucarnrnom 6 meopeme 13.

C reopewmoit 14 cBszan ciemyronuit uHTepecHbIit Boripoc. Hackosibko euH-
CTBEHHO IIpeJICTaBJIEeHuEe IIOJIMHOMA B BUIE

P=Po...oP, (4)

riae upu 1 < ¢ < k nosmHOMBI P; KOMIO3UIIMOHHO HepasaoKuMbl? Purr nam
HOJIHBIHA oTBeT Ha 10T Bompoc ([15], cm. Takxe [17]). Ecrb psjn coorHomennii
AoB=CoD, (5)
B KoTOophiX A, B, C, D — nomurombl. Hanpumep, ects paercrso 1, o 1), =
= T,,0T,,. Ectb ciienyromiee 0606mienne pasencrsa (™)™ = (x™)™: njs1 Besko-
ro nosimaoMa H pasenctso (5) Buimosneno st A(z) = 2", B(x) = ™ H (2"),
C(z) = 2™H"(z), D(x) = ™. PurT 10Ka3aj, 9T0 MO MOJYJIIO BBIIUCAHHBIX
PaBEHCTB U KOMITO3UIITMOHHBIX COOTHOIIIEHUI C JIMHEHHLIMI (byHKLH/IﬂNH/I npe-
crasiieHue B Bujie (4) eIMHCTBEHHO.
Urax, Purt mosHocrhio ommcan Bce MOTMHOMBI, OOpaTHMBIE B paJdKa-
sax. CemMelicTBa CTEIMEHHBIX TOJMHOMOB U ITOJIMHOMOB e0bINIEBa UTPAIOT TIEH-
TPAJIbHYIO POJIb B 9TOM OIUCAHWU.

SAMEYAHUE. B crarbe [7] moJaHOCTBIO OIHMCAHBI BCE MOJIMHOMBI, OOpaTH-
Mble B k-pajukajiax, T.e. oOpaTUMble TPHU IOMOINKA PAJUKAJIOB U PEIIeHUs!
anrebpanyecKiX ypaBHeHWiT crenenn He Bbime k (e k — Joboe 3ajanHoe
HATYPAJIbHOE 9nCI0). DTo 0000IIeHre TeopeMbl PurTa onupaercst Ha IpuHaI-
nexanryo Mrosurepy kiaccudukarmo nognHoMoB [13], obpaieHne KOTopbIx
UMEET TPUMUATHBHYIO TPYIITY MOHOJPOMEH.

Purry Takke ynaJoch IOJHOCTBHIO OIUCATH PAIMOHAILHBIE OTOOPAXKEHUS
R: C — C upocroii crenenu p, Koropble obpaTnuMbl B pajukaiax [14]. B ero
onucaHnu PUrypupyoT OYHKIUH, CBsI3aHHBIE C Je/IeHHeM apryMeHTa JLIUII-
Tudeckoit byHKIuK (M0J00HO TOMY, KaK MoJuHOM T, CBSI3aH C JIeJIEHHEM ap-
rymenTa dbyskun cos). Ilogpobuee o Takux orobparkenusx cM. [5,6].

3.2. OBPATUMOCTB OTOBPAYKEHUI KOHEYHBIX ITOJIEN

[Tommurom P € Q[x] MOXKHO onpelnesnTb Haj Zp, €CJIH MPOCTOE HHCIIO
p He JeJuT 3HaAMeHaTeau ero Koaddummentos. Jnsg kakux P orobparkeHne
P: Z, — 7Z, obparumo (T.e. B3aUMHO OJHO3HAYHO) JIJIs1 OECKOHEYHOIO MHOZKE-
CTBa NPOCTBHIX unces p? Dtor Boupoc Obul nocrassied lypom [16], koropsiit
HalleJ TUIIOTEeTUYeCKUI OTBET U IIOJIYYINJI PAT PE3YJ/JIbTaTOB B 3TOM HalIpaBJie-
ann. Opuyy nokasan runoresdy Lllypa gaxke B Gosbineii obuHocTH [8] — BMecTO
moJtst Q oH paccMaTpuBas ero KoHedHoe pacmupenne K. 31ech MbI OTpAHUIIM-
cst camydaeM K = Q. Muorma HaMm moHamo0sITCs KBaJIpaTUIHbIe pacimupenust k
nosteit Zj, cofieprKariue p? 31eMeHTOB.
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[TPuMEP 4. Ipu p > 2 uernsii nommuaom P € Z[x] (mampumep, 2" wm

Tyy,) 3amaer Heobparumoe orobpakenue P: Z, — Z,, Tak kKak P(z) = P(—x)

. -1
U YMCJIO0 3HAUYECHUN ITOJIMHOMA He OOJIbIIe YeM pT +1< p.

o a a
[TpuMEP 5. st jsimHeitnoro nosmuoma P(z) = bflzv + be orobparkeHue
1 2

P: 7, — Z, onpeneneno n obparumo, ecau biby ne genurcsa Ha p.

[TPUMEP 6. Orobpaxkenne P: K — K mua P(x) = z9, tne ¢ # 2 —
poctoe yucjao u K — KoHedHoe 1oJie, obparumo, eciau #K # 1 mod q. s
K = 7Z, ycnosue p # 1 mod ¢, B 9acTHOCTH, BBIIOTHEHO Jyig p = 2 mod q.
Jna xBagparmanoro pacmmpenus k mons Z, yciaosue p # £1 mod ¢ mpn
q > 3, B YaCTHOCTH, BBIIOJHEHO, ecau p = 2 mod q.

YTBEPXKJEHUE 15. ITycms q > 2, p > 2 — npocmuie wucaa u p # +1
mod g. Tozda omobpasicerue Ty: Zy, — Ly, obpamumo.

JJOKABATENILCTBO. JlokazkeM, 9To 1pn J060M a € Zj, ypasnetrne Ty (z) =
= a umeeT pemenue B Zy,. Ilycrb k — pacmupenune crenenn JBa 1o Zyp.
Vpasuenue v2 — av + 1 = 0 umeer pemenns vi,vy € k. Taxk kax p # +1
mod ¢, cymecTByeTr eIMHCTBeHHOE perieHue u; € k ypasmenust u? = vy, rue
v1 — Jioboe u3 pemreHuit vy, ve. IlycTh g — HETPUBHAJIBHBIN JIEMEHT IPYIIIIBI
Tanya mons k man Z,. O6osuatuum g(ug) depes up. Tax kak g(v1) = vz, TO
ud = vy. VI3 pasencrsa (ujug)? = vivg = 1 BeITeKaer, aro ujuy = 1. OTkyna
CJIeJIyeT, ITO d1eMeHT & = (uj + u2)/2 — pemnenne ypasuenus Ty(x) = a. Tak
Kak ¢(x) = x, T0 € Zp. Mbl nokazanu, aro orobpaxkenue Ty : Z;, — Z, aB-
Jgerca oTobpaxkenneM «Hay. [lockosbko nose Z, KOHEIHO, 3TO 0TOOpazKeHue
obpaTHUMO.

SAMEYAHUE. Ilpo T3 B yrBepxKiaeHun 15 roBOpHTCs JIMIIBL, 9TO OTOOpa-
xenue T3: Zz — 73 obparumo (410 oueBraHO). MOKHO MPOBEPUTD, ITO 0TOO-
paxkenue 13: Z, — 7, HeobpaTumo 1pu p > 3.

TEOPEMA 16. IIycmv P = Py o...0 P, 2de npu 1 < i < k noaunom
P; € Q[z] aubo auneen, aubo pasen x4, 2de q > 2 — npocmoe wucao, AubO
paser Ty, 2de q > 3 — mpocmoe wucno. Toeda omobpasicenue P: Zy, — Zyp
06paMuUMO 0nsA BECKOHEUH020 MHONCECTBG NPOCTIVOIL YUCEN.

JIOKA3ATEJIbCTBO. Obo3Haumm depe3 F KOHETHOE MHOXKECTBO ITPOCTHIX
YUCEeT P, NI KOTOPBIX JIMHEHHBIE TIOJUHOMBI, BXOJSINNE B PA3JIOKEHHUE I10-
muaoma P, ne ompenenenst Hax Zy,. Ilycts M = {q;} — mHOXecTBO pasimd-
HBIX cTeneHeil noannoMos Ty, u x%, BXOAANMX B pasjlozKeHue nojauHoMa P, u
m = Hqie v @G- Hyers S — MHOXKeCTBO HaTypaJbHBIX UHCEN, PABHBIX J[BOIKE
o Moxysiio m. Ecim a € S u q; € M, To a mod ¢g; = 2. Ilo Teopeme Hupuxiie
B apupMEeTHIECKON OC/IeI0BATETHHOCTH S €CTh OECKOHETHO MHOIO ITPOCTBIX
quces p > 2, He TPUHAJIEIKAINX KOHeYHOMY MHOXKecTBY F. [t Kaxk 1010 u3
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TaKHX HPOCTBIX YHCEN P KazKjoe u3 orobpakenuii Pj: Z;, — 7, obpaTumo (cM.
npumepsbl 5, 6 u yreepxkenne 15). Teopema nokazana.

TEOPEMA 17 (Prupn). Hycmov das P € Q[x] omobpasicenue P: Ly — 7y,
06PAMUMO O0AA DECKOHEYHO20 MHONCECTNBA NPOCLIT “uces P, mozda P nped-
cmasum 6 sude P = Pyo...o Py, 2de npu 1 < i < k noaunom P; aubo auneen,
aubo paser x4, aubo pasen Tj.

Crarbst @puja (8] comepKut Kpacupblie pe3yIbTaThl O KOMILIEKCHBIX TOJIH-
Homax, oiuskue K Teopeme 14 Purra. OHa TakkKe HUCHOJB3YET CBIA3M MEXKLY
Teopueil dncen u aaredbpantdeckoii reoMerpueil (B YaCTHOCTH, HEKOTOPBIE pe-
sysbrarsl A. Beitst).

3.3. UHTEIPUPYEMBIE OTOBPAXKEHU S

Wrepanun mosmHomuabaoro orobpaxkenuns P: C — C KOMILIEKCHOI IIpsi-
MO B ce0s1 115t ToTuHOMOB &' 1 1), BeayT cebst odenb HeoObrdHo. X quHamMuka
HallOMUHaeT IIOBeJeHne BIIOJIHEe I/IHTerI/IpyeMbIX cucTeM B raMUJILBTOHOBOII Me-
XaHUKE.

[TPuMEP 7. Ureparuu oTobpaxkeHusi © — " ONUCHIBAIOTCS SBHO: k-s1 uTe-
k k
parust — 9710 orobpaxkenne x — x" . Ecim k — oo, 1o 2 — 0 mpu |zo| < 1 u
k . "
xy — ooupu |xg| > 1. IIpoexnust © = exp it npsimoii R Ha oKpy2KHOCTS || = 1
conpsiraer pacrszkenue t — nt ¢ orobpaxkenunem r — x". Orpe3ok [t — tg| < &
nocJie k-it nTepannuy pacTIKEeHUs IEPEXOUT B OTPE3OK |t — nkt0| < enk. IIpn

k

3
k > 0 kaxjas TOYKa OKPYKHOCTH UMEET MOpsIKa —n" Mpoodpa3oB B 3TOM
™

orpeske. Touxu exp 2min~F mocsie k-it wreparuu monagyT B TOUKy 1 1 oCTaHyT-

Cs B 9TOU TOYKE IPH CIEAYIONNX UTEPANNAX. XOTsS UTEPAIUN OTOOPAKEHUsT
OLIMCAHBI SIBHO, €r0 JIMHAMIKA Xa0THYHA Ha OKpy»KHOCcTH |z| = 1.

ITpuMEP 8. Urepanun orobparkenusi & — T, (x) ONUCHIBAIOTCS SIBHO: k-si
urepanust — 910 orobpazkenue r — T, . Eciu k — oo, 1o T, x(x9) — 00 1pn
xo ¢ I, tne I C R orpesok, onpeenenmpiit nepaserncTsoM || < 1. [Ipoexrus

u—+u
& = ———— OKDYXHOCTH |u| = 1 Ha orpesok I coupsiraer oToOpaykeHust u —

u" ¢ orobpaxkenunem x — T, (z). Ha orpeske I nunammka orobpaxenust 1),
CTOJIb 7K€ XaOTUYHA, KaK JUHAMUKA 0TOOparkeHus u" Ha OKPyxKHOCTH |u| = 1.

ONPEAEJEHUE. IlosmaoMuansroe orobpaxkenune P: C — C unmeepupy-
emo (em. [1]), ecim cymecrByer mosmHoMuaabHOe orobpaxkenne G: C — C,
takoe, uro P o G = G o P, npuuem: 1) deg P > 1, degG > 1; 2) k-s1 ure-
panus nojuHoMa P He coBmamaer ¢ g-it mrepamueii mommaoMa G s JTHO0BIX
HaTypaJbHBIX k, q.

Orobpazkerune © — & UHTErpupyeMo, TaK Kak OHO KOMMYTHPYET CO BCe-
MU CTEIeHHBIME OoToOpakeHusiMu © — x'. Keaun m # n¥/4 e k,q € 7, To
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urepalyu 3Tux orobpazkenuii pasiundnabl. Orobpazkenue r — T, (x) unrerpu-
pyeMo, TaK Kak OHO KOMMYTHPYET co Bcemu orobpazkenusmu & — o, (). Ecin
m # n¥/1 rne k,q € Z, To nTepanun STUX OTOOPAIKEHHIT PA3IIITIHDL.
[Momunomer P u G ok6usasenmmv,, eciau cymecrByer mnoiaunoMm H(z) =
=ax+b, a # 0, rakoit, uro P o H = H o G. Purt, 2Kynua u @ary onucaum
BCe MHTEIPUPYEMBIE TOJIMHOMHAJIbHBIE OTOOPAYKEHUsI C TOTHOCTHIO JI0 SKBUBA~
aentaoctu. IlpuBeem nx 3amevarenbHblii pesysisrar (eum. [9,10,15]).

TEOPEMA 17. Omobpasicenue P: C — C unmezpupyemo, ecau v mosv-
Ko ecau noaunom P akeusasenmen odnomy us nosurnomos x", Top, Tomi1,
~Tomy1.

Kymua n Pary jokazaium 3Ty TEOPEMY, UCIOJb3ys METOJbl JTUHAMUKH.
HokazaresbcrBo Purra cosepinento japyroe (cp. 1. 3.1).

Pamnee Jlarre npuBes npuMepbl HHTEIPUPYEMBIX (B aHAJIOTHYIHOM CMBICJIE)
panuonanbHbX oTobpaykennit CP! B ceba [11,12]. PuTr mokasam, uTo Her
HHTErPUPYEMbBIX PaIlMOHAJBHBIX OTOOpakeHWit, KpoMe oTobpaxkeHuit Jlarre.
Hunavmudeckumu Merogamu, Bocxofsmumu kK 2Kynua u @ary, mokazaTb 3Ty
TeopeMy PuTra HUKTO He MOT, IOKa 3TO HE yaaJgoch EpemeHko [2].

Nurepecno, aro Bce orobparkenusi Jlarre obparumbl B pajukagax. Purt
OTHMCAJI 3aMEYATEIbHBIN KJ/IAaCC PAIMOHAJBHBIX OTOOpAKEHUI, 00paTUMBIX B
pajukaiax (cm. [5,14]). Dror kimacc gocrarouno mmupok. Hanpumep, o co-
JIEPXKUT Bce oTobpazkenust Jlarre u Bce 00paTUMBbIE B PaJIUKAJIaAX OTOOPAXKEHUS
HPOCTON CTEICHU.

N3zBecTHb MHOTOMEPHBIE TPUMEPHI UHTETPUPYEMBIX HOJUHOMUAILHBIX U
PaIMOHAJIBLHBIX OTOOPaKeHUH (I/IX MOXKHO HallTu B jUuTeparype, IIPUBEICHHON
B 0630pe MutHopa [12]).
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[OpM30HTAIBLHO-BBITYKJIbIE TTOJMAMOH b
1 X MPOU3BOJIsIIE (PYHKITH

B. M. ZKypazes

1. BBEAEHUE

B nureparype 1nmo koMOMHATOPHON IreOMETPUM XOPOIIO U3BECTHBI (DUTYPHI,
COCTaBJIEHHBIC W3 OJIMHAKOBBIX KBaJPATOB — MOJUMUHO, U3 OJINHAKOBBIX IIPa-
BUJILHBIX TPEYTOJILHUKOB — IOJIUAMOH/IbI U U3 OJIMHAKOBBIX ITPABUJIBHBLIX IIT€-
CTUYTOJIBHUKOB — II0JIUTeKChl (cM., Hanpumep, [1]). Purypbl JosKHbBL ObITH
CBSIBHBIMU W KaXKJIBIi ITPABUJIBHBI MHOT'OYTOJIBHUK C JJIMHOW CTOPOHBI 1
JIOJDKEH UMETh ODIIYI0 CTOPOHY € KaKMM-HHOY/Ib JIDYTUM ITPABUIBHBIM MHO-
rOYTOJIBHUKOM C JJIMHOI cTopoHBI 1. Bostee Toro, B yromsinyToit kaure C. [o-
JIOMO OTMEYAeT, YTO ITOCTABJIEHHAS Ha JIIOOYIO KJIETKY MOJUMUHO JIaIbs CMO-
JKeT 338 KOHEYHOE YUCJI0 XOJI0B HepeiiTu Ha JIIOYIO JPYTYI0 KJIETKY TOTO Ke
nosuMuHO. Takum 06pasoM, [JjIst OIpeae/IeHnsT TOJNMIHO OOBITHONR TeOMETPH-
YeCKOI CBSI3HOCTHU COCTABJICHHON (PUTYPHI HEIOCTATOYHO. TepMUH «XOJ1 JIaIbU»
HE SBJISIETCS OOIEIPUHSTBIM JJIs cJiyuas (PUTryp, COCTABICHHBIX U3 ITPABUIb-
HBIX TPEYTOJIbHUKOB U IIECTHYTOJIHHUKOB. UTOOBI BHIATH U3 STOH CHTYAIWNH,
MBI MOXKEM KaxKJI0i Takoil dpurype comoctaButh rpad. Kaxkmomy mpaBuibHO-
My MHOTOYTOJIbHUKY C JIJTMHON CTOPOHBI 1 OyIeT COOTBETCTBOBATH BEPIIUHA
rpada. Eciu jBa Takux MHOrOyroJibHUKa UMEIOT OOIIYIO CTOPOHY, TO COEJU-
HUM COOTBETCTBYIOIIME UM BepIuHbl pebpom. Temnepsb TpeboBaHUe CBI3HOCTU
COCTABJICHHO! (PUTYPBI MBI MOXKEM 3aMEHUTH TPeOOBAHUEM CBS3HOCTH COOT-
BETCTBYIOIIEro 9Toi dpurype rpada.

O6br9HO 3TH GUTYPBI PACCMATPUBAIOT HA COOTBETCTBYIONMINX PEIIETKAX:
KBJIPATHOI, TPEYroJibHOH U 1iecTuyroibuoil. [losromy Takme dpurypsr gacto
HA3BIBAIOT PEIIETYATBIME MOHCTpaMu') . Pasinmdanbie THIIBI PEITETIATHIX MOH-
CTPOB MOKHO IOJIYYHUTb, €CJIU PACCMATPUBATD PA3JIMYHBIE TPYIIILI JBUKEHUI
IIOCKOCTU. TPaHcAAUuorHb THIL TIOJIMMUHO (II0JIMAMOHJIOB, [IOJIUTEKCOB) 110~
JIYIAETCsl, €CJIM MBI CIUTAEM OJIMHAKOBBIMU (DUTYPBI, COBIAJAIONINE IIPU A~
paJsutesibHOM 1iepenoce. Hampumep, #Ha puc. 1 mokazanbl Bce TPAHCISAIHOHHBIE
l-amMoH/BI U 3-aMOHIbL. Bpawamenvtoidi (pomayuortoid) TUII BOSHUKAET, €C-
JIM CIUTATDH OJIMHAKOBLIMHU JIIOOLIE JIBa MOHCTPA, SKBUBAJIEHTHBIE OTHOCUTE/IHLHO

D Anura. “lattice animals”.

MaTtemaTtunyeckoe npocselyerue, cep. 3, sein. 17, 2013(107-129)
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ARRHQY T

Puc. 1.

IPYIIIIbI COOCTBEHHBIX JBMKEHUH IIJIOCKOCTH — ITOBOPOTOB U APAJIIEILHBIX I1e-
peHocoB. Mzomempuueckuti TUII BOSHUKAET, €CJIM CUUTATh OJIMHAKOBBIME (9K-
BUBAJICHTHBIMU) JIFOOBIE J[BA KOHIPYIHTHBIX MOHCTDA.

TpaHC/AsIMOHHOE TTOJMMIHO HA3BIBAIOT GHNYKAbM MO padam (COOTBET-
CTBEHHO 8bINYKAbLM N0 CMOAOYAM), €CIIU TIepecedeHne J00il FOpU30HTAIbHOI
(BepTUKAJIBHOl) TPSMON € MOJMMUHO, JUOO IIyCTO, JIMBGO COCTOUT TOJIBKO U3
OJHOTO OTpe3Ka. VHOorga Takue MOJJMMUHO HA3bIBAIOT NOPU30HTAIBHO-BBITYK-
JIBIMHI (BEPTHKAIBHO-BBITYK/IBIMI) WA <IITA0CTHHBIMIY MTOJUMUAHO. Boinyk-
ABLMU HA3BIBAIOT MOJUMUHO, KOTOPhIE OJHOBPEMEHHO SIBJSIFOTCS BBITYKJIBIMUI
10 PSIJIaM U BBIIYKJIBIME 110 cToji0maM. OTMeTHM, 9TO BBIYKJIOE ITOJIUMIHO HE
00s132HO OBITH BBIMYKJION IeOMETPUIECKON (DUTYPOIL.

IIycts s, 0b603HATAET KOJIMIECTBO PASIMIHBIX BBIMTYKJILIX 10 PIIAM 7-MU-
HO ([IOJIMMUHO COCTOSIIINX U3 N € IMHUIHBIX KBaIpaToB). HeTpyiHO BEIUUCIUTE
HadaJbHbIE YWIECHBI 9TOU IOCIEIOBATEAbHOCTH S1 = 1, S = 2, s3 =6, s4 = 19,
s5 = 61. 3BecTHO, 9TO 9Ta MOCJIEIOBATEILHOCTD Y/IOBIETBOPSIET PEKYPPEHT-
HOMY COOTHOIIIEHUIO TPETHETO MOPIKA

Sp = 95Sp_1 — (Sp_9 + 48,3, gassn > 5.

IIpousBomgameit pyHxmumeit 11 moC/Ie10BATEILHOCTH OYAET palnoHaIbHAS
dbyuKIHSI

[e.e]

S(x) = Z Spa™ =

n=1

(1 —xz)?
1— 5z + 722 — 423"

Dru pesyabrarsl 6l nosydenst 1. Kiapaepoum B [8] ¢ momomnipo kom6u-
HATOPHOI nHTepnperanuu narerpaia Opejaroasma. Tam ke B [8] emy yuanocs
BBIYHCJIATD IPOU3BOMAILYI0 (DYHKIIUIO JJIst KOJUIECTBA BBIMYKJIBIX 0 PIaM
ITOJTUT'€KCOB

1— 6z + 1022 — 72° + 2%

F(l’) _ Z _ z(1 —3:)3
n=1

Kax cnemcrBue, nmocieoBaTelbHOCTD JIJIsi KOJIMYIECTBA BBIIYKJIBIX I10 Psi-
JIaM TIOJINTEKCOB OYy/IeT YIOBJIETBOPSATH PEKYPPEHTHOMY COOTHOIIEHUIO IETBED-
TOT'O TIOPSIJIKA

fn = 6fn71 - 10fn72 + 7fn73 - fn747 iAo 2 5.
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HawanbHble wieHbl 3T0i mocsieioBaTeIbHOCTH TakoBbL: f1 = 1, fo = 3, f3 = 11,
fa = 42.

[To kakuM-TO HpUYKMHaM B yrnoMmunasieiics padore [8] . Kiapuep He na-
MET TTPOUBBOJAINILYI0 (PYHKIIAIO JIJIsT [TOJTUAMOHJIOB, XOTS W TOJIy9IUJI OIEHKY
CHU3Y IJIsl MX KOJMYIECTBA.

Kpome mpousBojgamux (hyHKIUH, COOTBETCTBYOIIUX ILJIOMIAIN TOJIUMUHO,
TaK2Ke PacCMaTPUBAIOTCI JAPYIUe BUILI IPOU3BOAANIMX (PYHKIN, B YACTHO-
CTHU, POU3BOIAIIIE (DYHKIUH, COOTBETCTBYIOIIUE IEPUMETPY IHOJUMUHO, WJIN
npousBo/isiue (yHKIMU HeCKOIbKuX repemeHHbix. Tak M. lese [5] namén
PAIMOHAIHLHYIO TTPOU3BOJISIILY IO (DYHKITUIO JBYX MEPEMEHHBIX JIJIsT KOJIMYECTBA
BBIIIYKJIBIX 110 PAJAM NM-MUHO C 1M CTOJOIAMU U AJIredpanvIecKyo MpOUu3BOIs-
Y10 (DYHKITUIO JIJIsT KOJIMYECTBA BBIMYKJIBIX IO PsIIaM IOJUMHUHO C HEPUMeET-
pom 2n + 2.

Jl1s1 KosmmdaecTBa, BBILYKJIBIX N-MIHO IOJIYIEHBI aCUMIITOTHIECKHAE OIEHKN
cM. [4,9] (HauaabHbIE YJIEHBI TIOCIIEI0BATEIBHOCTH JJIsl UX KOJIUYIEeCTBA TAKOBbIL:
1,2, 6,19, 59, ...). B to xe Bpems M. [Teste u 2K. Boenno [6] namum rounyio
dopMyIy I KOJIMIECTBA BBITYKJIBIX ITOJUMUHO P2, C IEPUMETPOM 27

Ponts = (2n +11) - 4" —4(2n + 1)

AcuMnroTudecKne ONEeHKH I OOMIero KOJIMYeCTBa HOJUTeKCOB U HOJIha-
MOHJIOB 1oJTy4eHbl B padore [10].

[To aHagorum MbI MOYKEM OIPEIETUTh TOPU30OHTAIHHO-BBINYKJ/IbIE TOJIHA-
MOH/IBI (110UreKChl ). [T0CKOIbKY /7151 TPEyTOJILHON U MIECTUYTOIbHO PEIETKH
y HaC UMeeTCsl TPU OCHOBHBIX Halpasienus 0 (ropusoHTanbHoe), /3 u 27/3,
TO JJIgd oIIpeaesieHus BBIITYKJIBIX ITOJIMaMOHIO0B (HOHI/IFGKCOB) MBI JOJI2KHBI 110-
TpeboBaTh BLIIOIHEHUE BBITYKJIOCTU IO BCEM TPEM OCHOBHBIM HAIIPABJICHUSIM.
B T0 ke BpeMsi, MbI MOXKEM PACCMATPUBATH MOJIMAMOHJIBI (IIOJIUTEKCHI) BBIIYK-
JIbIE I1O JABYM HallpaBJICHUAM.

[Ty6aukamuy, cBA3aHHbIe ¢ U3yYeHHeM [IOJIMAMOHIOB, BCTPEYAIOTCA ropas-
10 pezke, 9eM IIyOJIMKAIINT CBA3AHHBIE C MTOJUMUHO. MBI XOTHM COKPATUTH 3TOT
pas3pbIB, U IO3TOMY B 3TOH cTaTbe MbI OyJIeM pacCMaTpUBATh NOPU3OHTAJH-
HO-BBIIYKJIbIE TOIHaMOHABL. MbI He GyleM 3aTparuBaTh IPoOJIeM, CBA3ZAHHBIX
C BBIITYKJIBIME TOJTHAMOHJIAMHE, TOCKOJIBKY 9TO TEMa JIJIst OTJAEJBHOTO HCCIEI0-
BaHUI.

Yro KacaeTcss TOPU30HTAILHO-BBITYKJILIX IIOJIMAMOHJIOB, TO HAM yIAJ0Ch
BBITUCJINTL HECKOJIBKO PAallMOHAJILHBIX ITPOU3BOJIAIINX beHKHI/H‘/,I JJId UX KO-
JIn9eCTBa, IIPU 3TOM MbI HCIIOJIB30BaJIA K01\16I/IHaTOprIe METO/Ibl, OIIMCaHHbIE
B [2|. B pesyibrare 0Ka3aaoch, 9To MOCJIEI0BATEILHOCTD JJisi KOJUYECTBA TO-
PU30HTAJILHO-BBITYKJIBIX MTOJUAMOHIOB yIOBJIETBOPSET PEKYPPEHTHOMY COOT-
HOIIIEHUIO CeJIbMOro nopsizika. Kpome roro, noz BredarierneM paboTsl [7], Mbl
HAILIN JPYyroe J0Ka3aTe/IbCTBO PEKYyPPEHTHOIO COOTHOIICHUSI, UCIOIL3YIOIIee
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QJIEMEHTapPpHbIC BbIKJIQJIKU. 1o JA0Ka3aTe/JIbCTBO JOCTYIIHO JIJId IIOHUMaHUA
IHOATOTOBJIEHHBIM yYalllUMCA CTapHINX KJIaCCOB.

2. OIIPEJE/JIEHUSI 1 OBO3HAYEHUSI

Bo MHOXKecTBe TpaHCISIIMOHHBIX ITOJIUAMOHIOB MBI PACCMOTPHUM IIOJIMHO-
JKE€CTBO TOPU30HTAJILHO-BBIMYKJIBIX OJHAMOHIOB. B AayibHeleM Mbl Oyaem
OIIYCKaThb YIIOMUHaHUWE TPAHCJIAIMUOHHOI'O THUIIa W T'OBOPUTL IIPOCTO <«IIOJIHa-
MOH/IBI> .

Topu3oHTaILHO-BBIYKIBIMA MbI Ha3bIBA€M TaKHE MOJUAMOHIBI, UTO JIIO-
Oasi TOPU3OHTAJIbHASI TpsiMasi JIMOO He IepeceKkaeT IOJMaMOHI, b0 Iepe-
cekaer ero 1o OTpe3Ky wim Touke. Ha puc. 2a) npuBeséH npumep ropusoH-
TaJIbHO-BBIILYKJIONO IOJHAMOH/IA, 3aMETUM, 9TO 9TOT IIOJUAMOH HE SBJISIETCS
BBIIYKJIBIM 110 Hampasierusm 7/3 u 27/3. Ha puc. 2b) npusenén mpumep
OJIMaMOH/[a He ABJIAIONIETOCA INOPU30HTAJJIbHO-BBIIIYKJIBIM, IIOCKOJIbKY CYIIEC-
TBYET IOPU30HTAJIbHAS [IPsIMasi, KOTOPas IEPECEKaeT €ro IO JIBYM OTPE3KaM.
Ha puc. 2¢) npuBesiéH npumep CBsA3HON GUTYDPbI, KOTOpast HE SIBJISIETCS MOJIHa-
MOHJIOM.

A

a) TOPHU3OHTAJILHO-BBI- D) He TOPU3OHTAIb- C) CBsA3Has (urypa, He
IIYKJIBIN ITOJIMaMOH]L HO-BBIIYKJIBII ~ TIOJIMA-  SABJIAIONIASCA roJiva-
MOH/J, MOH/JIOM

Puc. 2.

MBI orMedasn, 9To UMeEeTCst TOJBKO JBa l-amoHa (puc. 1), OHU sIBJISIOT-
Cs1 TOPU3OHTABLHO-BBIMTYKIBIMA. EIMHUYHBI TPABUIHHBIN TPEYTOTHHIK, PAc-
ITOJIOYKEHHBIIT OCTPpUEM BBEpX, MBI OyjieM 0003HadaTh depe3 A, a eIuHUIHBII
MPABUJILHBIA TPEYyTOJIBLHUK, PACIIOJOXKEHHBIH OCTPUEM BHE3, MBI Oy1eM 000-
sHadarh depe3 V. [lousarHo, 94ro 060# MOJTHAMOH COCTOUT U3 €TUHITHBIX
TpeyroJbHUKOB V 1 A.

OrnpetesinM MHOXKECTBA TOPU30HTAIBHO-BBIYKJIBIX TTosimaMouioB A, B, C,
D u D* B 3aBucumoctu or hOpMbI UX BepXHEil cTpoKu (puc. 3):

) eCJI BePXHsisl CTPOKA TIOJIMAMOH I COCTOUT TOJIBKO U3 OJTHOTO TPEYTOJIb-
HuKa A, To OTHeCEéM ero K MHOxkecTBYy A (B wacTHOCTH K A OTHOCHTCSI Tpe-
yroapauk A);
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O O3

a) MuoxkectBo A ) Muoxecrso B ) Muoxecrso C

d) Muoxecrsa D u D*

Puc. 3.

b) eciiu BepxHsisi CTPOKA MOJIMAMOH/IA SIBJISIETCsI PABHOOEIPEHHOI Tparely-
eff, HUyKHee OCHOBAHUME KOTOPO# JIJTHHHEe BEPXHETO, TO OTHECEM €ro K MHOXKe-
cTBY B;

C) ec/i BEpXHsis CTPOKA SIBJISIETCS PaBHOOEIPEHHOI Tpareryeil, HizKHee
OCHOBaHME KOTOPOI KOpodYe BEpXHEro, To OTHeCEM ero K MuoxkectBy C; s
y106CTBa JIAJTBHEAIITIX BBIYUC/IEHUN TPEYTOJbHUK V TaKKe OTHECEM K MHO-
xectBy C}

d) ecsm BepxHsIs CTPOKA MOJMAMOHJIA SIBJISIETCS HAPAJLIEJIOIPAMMOM C
KpailHUM MPABBIM TPEYTOJLHUKOM V 60 TPEyroJbHUKOM A, TO OTHECEM €ro
K MHO>KecTBy D jmmbo K MHOXKecTBY D* COOTBETCTBEHHO.

K muOx)ecTBY H OTHECEM MTOJTMAMOH/IBI, Y KOTOPBIX B BEpXHEH CTPOKe Ha-
XOIUTCS HE MEHee JBYX TPEYTOJbHUKOB, T. €. MHOXKeCTBO H siBiisteTcst 06ben-
HeHueM MHOXkecTB B, C', D u D*.

MmuozxkectBo G 6y/IeT COCTOSITH U3 BCEX MOPU3OHTAJILHO-BBIIYKJIBIX [TOJIHA~
MOHJIOB, T. €. MHOXKecTBO (G siBJisteTcsi OObeuHeHrneM MHOXKecTB A n H.

Yepes Ay, By, Cn, Dy, D}, H,, G, 0003HaAYNM ITOJIMHOXKECTBA MHOYKECTB
A, B, C, D, D*, H, G, B KOTOPBIX IOJAAMOHJBI COCTOSIT U3 7 IPABUIbHBIX
TPEyTOJIbHUKOB C JIJIMHON cTOPOHBI 1 (n-amouioB). KosmaecTBo 3/1eMeHTOB B
COOTBETCTBYIONINX HOJAMHOYXKECTBAX 0003HAYUM Y€PE3 Uy Upyy Cy Ay, Ay By G

Ucxomst u3 coobpakeHuii CUMMETPUN, MBI MOYKEM 3aKJIIOUNTh, ITO [TOJIHA~
MOH/JIOB B MHOXKeCTBE [, POBHO CTOJIBKO K€, CKOJIbKO TIOJTUAMOHJIOB B MHOYKE-
cree D). CiesoBaresbHO, J17ist JI000r0 1 BBIIOJIHEHO dy = d,.

Torna n3 HAIIMX ONPEJIEIEHUI CJIeIyeT ITO

hyp, = by, + cn + dp + d), = by, + ¢ + 2d,, (2.1)
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gn = + by +cp +dp + d;, = apn, + ho,. (2.2)

B nasnbreiinieM MbI XOTUM HCIIOJIB30BATh U U3yUUTh JETATU3AINAIO [T0THA-
MOHJIOB II0 KOJIMYECTBY COCTABJIAIOIINX UX TpeyroiabHukos A u V. Bojee To-
ro, st Hac OymeT BasKHO, CKOJIBKO TPEYTOJBHUKOB BUJA V PACIIOIOXKEHO B
caMoif BepxHell cTpoke momamoHaa. Vexons us 3tux coobpaskeHnil, 0003Ha-
amm 1epes a(p,q,m), b(p,q,m), c(p,q,m), d(p,q,m), d*(p,q,m), h(p,q,m) n
9(p, ¢, M) KOJIMIECTBO TOJMAMOHJIOB IPUHAJIEKAIIX MoaMHOKecTBaM A, B,
C, D, D*, H, G cooTBETCTBEHHO, KOTOPbIE COCTOSIT U3 P TPEYTOJbHUKOB V,
¢ TPEyroJIbHUKOB A U BEPXHLH CTPOKA KOTOPBLIX CONEP:KUT 11 TPEYyroJILHU-
KoB V.

ITockosibKy y MOTUMAMOHIOB W3 MHOXKECTBa A BEpPXHsSIST CTPOKA COCTOWT
TOJIKO U3 OJIHOrO Tpeyrosibauka A, 1o a(p,q,m) = 0 npu m > 1.

ITpumensisi coobparkenusi cuMmmerpu, mnosaydaeMm d(p,q,m) = d*(p,q,m).

MbI MOXKEM 3alliCaTh PABEHCTBA aHAJOIMIHBIE IIOJIYIYEHHBIM PaHee

h(p,q,m) = b(p, ¢, m) + c(p, q,m) + 2d(p, g, m), (2.3)
9(p,q,m) = a(p,q,m) + h(p,q,m). (2.4)

M ciesia/ii XOpOIyIo MOArOTOBATEIBHY IO pabory. U Bee ke, mpexkie dem
[IEPEXOJIUTH K HMPOU3BOJAIINM (DYHKITUAM, Mbl XOTUM IPEJJIOKUTH BBIBOJL, pe-
KYPPEHTHOT'O COOTHOIIIEHUS, UCIIOJIB3YIONINI JIEeMEHTAPHBIE BBIKJIAIKH.

3. PEKYPPEHTHOE COOTHOIIEHUE

CrpyKTypa mnpearaeMoro J0Ka3aTeJbCTBa IPeACTaBJIIeT CcO0Oil ps
sgemm. Kaxknast meMMa CBSI3bIBAET PEKYPPEHTHBIM COOTHOIIEHUEM ITOCEI0BA~
TEJILHOCTH KOJIMYECTBA MOJTUAMOHJIOB B OIPEJIEIEHHBIX TOJMHOXKeCTBax. Pak-
TUYECKH KarKJas JIeMMa YCTaHABJINBAECT B3aUMHO OJITHOZHAYHOE COOTBETCTBUE
MEXK Iy HECKOJbKMMU OJIMHOYKECTBAMHE IMOJINaMOHI0B. B nTore Mbl moJrydaem
CHUCTEMY PEKYPPEHTHBIX COOTHOIICHUN MEXK Iy TI0CJIeI0BATEILHOCTIMY. BhIBOI
ATOTOBOI'O COOTHOIIEHUsI IIPEACTABIIsIET CODOM TEXHMIECKOe yIIparKHEHNEe Hal,
MOJIYYeHHBIMU ITPOMEXKYTOYHBIMU COOTHOIICHUAMM.

TEOPEMA 1. Jlas n > 8 6unoAHAECMCA DEKYPPEHTHAA POPMYAG:
gn = 3gn—1 - 4gn—2 + 9n—a4+ gn—5 + 3gn—6 — 9n—7 - (31)

IIpex e yeM mpucTynaTh K JIOKa3aTe/JbCTBY TeopeMbl 1 copmyaupyem u
JIOKayKeM HeDOJIbINNE JIEMMBI.

JIEMMA 1. Jlaan = 2 8binoAHAEMCA COOMHOWEHUE
Cn = gn—1 -

JIOKA3BATEJILCTBO. Eciu Mbr 706aBUM TPeyroJbHUK V CJIeBa B BEPXHIOKO
CTPOKY TOPU30HTAJIbHO-BBIIYKJIOrO (n — 1)-amonia u3 MHOXKecTBa D)1, TO
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[IOJIy YUM T'OPU30HTAJIbHO-BBILYKJILIA n-amon u3 Cy,. DTa uporeiypa odpaTn-
Ma, U U3 KazKJIO0T0 I'OPU30HTAILHO-BBIIYKJIOro n-amouga us C,, yuajss Jie-
BBIIl TPEYrOJbHAK M3 BEPXHEH CTPOKM, MBI HMOJYYUM TFOPH30HTAJILHO-BBIIIYK-
ablit (n — 1)-among u3 muoxkecrsa Dy,_1 (puc. 4).

v._.

Puc. 4.

Mpbr mosiydaeM B3aUMHO OTHO3HAYHOE COOTBETCTBHE MEXKJIYy TAKUMU MHO-
xkecrBamu. Crie10BaTe/IbHO, JIJIsI JIIOOOIO 1 2> 2 BBIIOJIHEHO Cp = §p_1. U

JIEMMA 2. Jlaan = 2 8uNOAHAEMCA COOMHOWEHUE
dp = apn—1+bp_1.

JOKA3BATEJBCTBO. PaccMorpuM mnomaMoHI n3 MHOXkecTBa D). Ecin
9TOT TOJIMAMOH]I UMeeT He MeHee YeThIPpEX TPEeyroJbLHUKOB B BEpXHEH CTPO-
K€, TO MBI MOXKEM VIAJUTH CAMBII MIPaBbBIil TPEYTOJIBHUK V U3 BEPXHEH CTPOKU
¥ MOJIYIUTH MOJUAMOHJ W3 MHOXKecTBa By,_1. Ecim sToT moamaMoH uMeeT
B TOYHOCTHU JIBa TPEYrOJbHUKA B BEPXHEH CTPOKE, TO, TaK K€ ylIaJsisisl CaMblil
[IPaBbIil TPEYTOJIBHUK V U3 BEpPXHEH CTPOKH, MBI ITOJTy IUM TIOJTMAMOHT U3 MHO-
kecrBa A,—1. OueBnjHO, 9TO STOT HpOIecc obparum (puc. 5).

Co—C57

Puc. 5.

BHaunT st 06010 1N > 2 MBI IOJIyYaeM B3aMMHO OJHO3HAYHOE COOTBET-
CTBHE MEXKJIy MHOKeCTBOM D, 1 00beJuHeHIeM HellePeCeKaIOIXCsl MHOXKECTB
A,_1u B,_1. Cnenosarenbno, d, = ap_1 + by_1. O

st moJTyueHus JOMOJHUTEILHBIX COOTHOINEHUN BBEIEM €IE HEeCKOJIHKO
[IOJIMHOKECTB IOPU30HTAIHLHO-BBIITYKJIBIX [TOJTHAMOH/IOB.

B muOXKeECTBE A OTTpesiennM moIMHOKECTBA TOPU3OHTATHHO-BBITYKJIBIX TO-
smamonioB I, J, F u E* B 3aBucuMoCcTH OT (POPMBI UX BTOPO CBEPXY CTPOKHU

(puc. 6):
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=

a) Muoxecrtso [ b) Muozxecrso J

&5@

) Muoxectso E u muoxkecrso E’

Puc. 6.

a) ecym BTOpasi CBEPXY CTPOKA IOJIMAMOHJA SIBJISIETCS PABHOOEIPEHHOMN
Tparerueii, HuKHee OCHOBaHUE KOTOPOH JJIMHHEE BEPXHEro, TO OTHECEM €ro
K MHOXKeCTBY [

b) ecam BrOpasi cBepXy CTPOKa HOJHMAMOHJIA SIBJISIETCS PABHOOEIPEHHOMN
Tparerueil, HuzKHee OCHOBaHHE KOTOPOW KOPOUYe BEPXHEI0, TO OTHECEM €ro K
MHOXKECTBY J;

C) ecJin BTOpasi CBEPXy CTPOKA MOJIMAMOH/IA ABJISIETCS TaPAJIIIEIOIPAMMOM,
KpaitHuii mpaBblil TPEYyrOJIbHUK KOTOPOI'O HallpaBJIEH OCTPUEM BHU3 W/ Ha-
[IpaBJIeH OCTPUEM BBEPX, TO OTHECEM €ro K MHOXKeCTBY F wium MHOXKecTBY F*
COOTBETCTBEHHO.

Yepes I, Jy, Ep n E} 0003HaAYUM MHOYKECTBO I'OPH30HTAJIBHO-BBIIIYKJIBIX
nosmaMouioB u3 I, J, ' u E* cOOTBEeTCTBEHHO, KOTOPBIE COCTOSIT U3 7. Tpe-
YTOJIBHUKOB, & KOJIMYECTBO 3JIEMEHTOB B 9TUX MHOXKECTBAX i, jn, €n, €5, COOT-
BETCTBEHHO.

CoobparkeHnsI CHMMETPHUH JIAI0T PABEHCTBO €, = €,

[TousiTHO, uTO MHOXKECTBO A sIBJIsSIeTCst 00beIMHEHUEM HEIIePEeCEeKAIOITUXC ST
nogmuoxkects I, J, E u E*. CregoBareabHo, IjIsd 1o > 2

an:in+jn+en+e*n:in+jn+26n-

JIEMMA 3. Jlaa n = 2 8uinoAHANOMCA COOMHOWEHUSA

1) Jn =Cn—1+€n_1,
2) en =dp—1+ tn_1 -
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JIOKABATEJILCTBO. 1) Paccmorpum n-amonj uz muoxkecrsa J. Eciu B
TAKOM N-aMOHJI€ TPEYrOJbHUK U3 BEepXHEil CTPOKU PACIOJIOXKEH B TOYHOCTH
HAJ[ CAMBIM [IPABBIM TPEYTOJBLHUKOM BTOPOil CTPOKH, TO, YJIAJUB TPEYTOJbHUK
u3 BepxHeil cTpoku, Mbl nosyunm (n — 1)-among uz C' (puc. 7). Kosmvecrso
TaKUX MOJIMAMOHIOB OyJIeT ¢, 1. ECau e B TaKOM N-aMOHJIe TPEYTroJbHUK U3
BEPXHEH CTPOKU PACIOJIOKEH He HaJ CAMBIM HMPaBbIM TPEYTOJLHUKOM BTOPOii
CTPOKH, TO yJAJUM CAMBbIii IPABbI TPEYTOIbLHUK U3 BTOPOil CTPOKH U IIOJTY IHM
(n — 1)-amonx uz E*. KomuecTBo TaKUX MOJTHMAMOHJIOB OYIET €5 1.

AN
AN I

L
e

Puc. 7.

DTH onepaiun 06pATUMBbI, 3HAYUT JIJIs JTFOO0r0 1 2> 2 MBI IIOJIy9aeM B3aM-
HO OJJHO3HAYTHOE COOTBETCTBUE MEXKY MHOXKECTBOM J, U 00beINHEHNEM HeIle-
pecekarontuxcss MHOKecTB Cp,—1 u E*_|. CilenoBaTeslbHO, jp = Cp—1 + €p—1.

2) Byzem paccyKjarh aHAJIOMMYHO. PaccMOTPUM N-aMOHJ| U3 MHOXKECT-
Ba F. Eciim B TakoM n-aMOH/Ie TPEYTOJbHUK N3 BEpXHEH CTPOKH PACIIOIOXKEH
B TOYHOCTH HAJI CAMBIM MPABBIM TPEYTOJbHUKOM BTOPOil CTPOKH, TO, VIAJINB
5TOT TPEYrOJIbHUK M3 BEPXHEH CTPOKHU, Mbl moaydIuM (n — 1)-amosg u3 Dy, _1.
KosmgecTBo Takux mosmaMoH10B Oyier d,,_1. Ecim xKe B TaKOM n-aMOHJIe Tpe-
YTOJILHUK U3 BEpXHEH CTPOKHU PACIIOIOXKEH He HaJl CAMBIM IIPABBIM TPEYTOJIbHE-
KOM BTOPOM CTPOKHU, TO YJAJUM CaMBbI IIPaBbId TPEyroJbHUK U3 BTOPOU CTPO-
ki 1 iosiyanm (n—1)-amons us I. KosimaecTBo Takux MOJTMAMOHIOB OYJIET 4y, 1.
OTHU oreparuu 00paTUMbI, 3HAYUT JJIst JIFOOOTO 1 2> 2 MBI TOJIy9YaeM B3aUMHO
OJTHOBHATHOE COOTBETCTBUE MEXKIy MHOXKECTBOM F,, m o0bequHeHneM Herepe-
cekarommmxcst Muoxkects Dy, 1 u I, 1. CiaenoBarenbHo, €, = dyp_1 + tp_1. [

Haxonern HaM moOHAIOOUTCSI €Ié TPU IMOIMHOMXKECTBA TOPU30HTAJIBHO-BBI-
IIYKJBIX TTOJINaMOHIOB.
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K muoxkectBy P, OTHECEM MTOJMAMOHIBI U3 MHOXKECTBA B, y KOTOPBIX Kpaii-
HUH MPaBbIl TPEYrOAbHUK A BepXHEH CTPOKH PACIIOIOXKEH HaJ CAMBIM JIEBBIM
TPEYyTroJLHUKOM V BTOPOI CTPOKHM (CaMblil JIeBbIil TPEyTOJbHUK V MOXKET ObITH
BTOPBIM CJIeBa TPEYIOJIbHUKOM ), CM. PUC. 8.

M

Puc. 8. IlonmmamoHabI u3 MHOXKecTBa P

K MHOXkKECTBY (), OTHECEM T€ TIOJIMaMOH I U3 I, ¥ KOTOPBIX TPEYTOJbHUK U3
BePXHel CTPOKHU He PACIOJIOZKEH HaJl BTOPBIM CIIpaBa TPEyrOJbHUKOM BTOPOIi
crpoku (puc. 9).

XXX

Puc. 9. Muoxkectso ()

K MHuO)ecTBY R, OTHECEM Te MOJIMAMOH/IbI U3 (), Y KOTOPBIX KpaiiHuiil mpa-
BBII TPEYTOJIBLHUK A BTOPOH CBEPXY CTPOKHU PACIOJIOKEH HaJ CAMBIM JIEBLIM
TPEyroJIbHUKOM V Tperbeil CBepXy CTPOKH (CAMBbIil JIEBBIH TpeyrojbHuK V
MOKeT OBITH BTOPBIM cjieBa TpeyroiabaukoMm) (puc. 10). Takum obpaszom, 1mo-
JINAMOH/IBI U3 MHOYKECTBA, R COCTOAT U3 HE MEHEee 4eM TPEX CTPOK.

Ha pucynkax 9 u 10 3HAKOM «XXX» 0DO3HAYEHA TO3UIINS, 3AIPENIEHHAS JIJIs
PACIIOJIOXKEHUsI TPEYTOJbHIKA A,

XXX XXX

Puc. 10. Muozkectso R
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Yepes P, Qn, R, 0603Ha4YNM MHOXKECTBa IOPU30HTAIHLHO-BBIIYKJIBIX I10-
JIMAaMOHI0B THIOB P, (), R cOOTBETCTBEHHO, KOTOPbIE COCTOST U3 7, TPEYTOJIb-
HUKOB, a 9€pe3 Pn, (n, I'n KOJUIECTBO SJIEMEHTOB B 9THX MHOKECTBAaX.

JIEMMA 4. /lran = 2 8uNOAHAEMCA COOMHOWEHUE
bn — dnfl + DPn -

JTOKABATEJILCTBO. Muoxecrso B, \ P, COCTOMT U3 rOPU30HTAJIbHO-BbI-
IYyKJILIX N-aMOHJIIOB, ¥ KOTOPBLIX CAMBIl IPaBblii TPEeyroJbHuK A u3 BepxHeil
CTPOKH HE PACIIOJIOXKEH HaJI CAMBIM JIEBBIM TPEYIOJBLHUKOM YV BTOPOI CTPOKHU
(camblii sieBbIil TPeYroIbHUK V MOXKeT OKa3aThCsl BTOPLIM cjieBa rnocse A). DT1o
O3HAYAET, YTO Y BEPXHEHl 1 BTOPOH CBEPXY CTPOKU ODIIUMH SIBJISIIOTCS HE MEHee
JIBYX CTOPOH TPEYIroJILHUKOB. Ecim Mbl yaaauM caMblil PaBblid TPEeyroJbHIK
U3 BepXHel CTPOKH, TO Mbl noiay4duM (n — 1)-among uz D (puc. 11).

SR NN —A
& —-C &

Puc. 11.

[TousTHO, YTO 3Ty OHEPAIMI0O MOXKHO ODPATHUTH, MOCKOJIBKY K KaXKJIOMY
(n — 1)-amonay m3 D MBI MOXKeM [00ABUTH CIIpaBa TPEYTOJBHUK B BEPX-
HIOIO CTPOKY. 3Han/IT, KOJINYECTBO T'OPU3OHTAJIbHO-BBIITYKJIbIX 7-aMOHJ/IOB B
mHOXKecTBe By, \ P, Takoe ke, kKak u B MHOxkecTBe D, _1. CiiesoBaTesbHO,
by, — pn = dp—1. Ocranoch 1epeHecTH cjaraeMble B HYKHbBIE YACTU PABEH-
CTBa. [l

JIEMMA 5. Jlasa n = 2 8uNOAHAEMCA COOMHOWEHUE
in = bn—l + qn -

JIOKA3ATEJILCTBO. Muoxkectso I, \ @, COCTOUT M3 TOPU30HTATLHO-BbI-
MyKJIBIX N-aMOHJIOB, V¥ KOTOPBIX TPEYroJIbHUK A U3 BEpPXHEH CTPOKM pacio-
JIOKEH B TOYHOCTU HAJI BTOPBIM CIIPaBa TPEYrOJbLHUKOM BTOpOil cTpoku. Fc-
JIT MBI yJIaJIMM TPEYTOJbHUK M3 BEPXHEH CTPOKH, TO mostyduM (n — 1)-amMon1
u3 B. IlousaTHo, 9TO 9Ty Omepannio MOXKHO OOPATUTH, MOCKOJIBKY K KaXKI0-
My (n — 1)-amony u3 B Mbl MOXKeM J00aBUTh TPEYTOJIbHUK B TOYHOCTH HaJl
BTOPBIM CIIPaBa TPEYTOJIbHUKOM BepxHeil cTpoku (puc. 12).

3HAYNT, KOJUIECTBO I'OPU30HTAIBHO-BBIIYKJIBIX 7-AMOHIIOB B MHOXKECTBE
I, \ @, Takoe xe, Kak u B MHOXKecTBe B),_1. CireoBaTesibHo, iy — ¢ = bp_1.
Ocrajioch mepeHecTH cjiaraeMble B Hy?KHbIE 1aCTH PaBEHCTBA. O
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Puc. 12.

JIEMMA 6. Jlaan > 3 8binoAHAEMCA COOMHOWEHUE
Qn = Tnp + In—2 .

JIOKABATEJILCTBO. MuoxkecTBo @), \ R, COCTOUT U3 rOPU30HTATIHHO-BbI-
IIYKJIBIX 7-AMOHJOB, Y KOTOPBIX TPEYIOJIBHUK W3 BEPXHEH CTPOKH HE PACIO-
JIO?KEH Ha/l BTOPBIM CIIpaBa TPEYyrOJbHUKOM BTOPOIl CTPOKHU, & CaMBbIil IIpaBbIi
TPEeYTOJbHUK BTOPOIl CTPOKH He PAcCIIOJIOXKeH HaJ, CaMbIM JIEBBIM TPEyTOJIb-
HUKOM V TpeTbeil cTpoKHU (camblil JI€BbIil TPEYTOIbHUK V MOXKET OKa3aThCs
BTOPBIM cJieBa 11ocsie A). DTo 03HaYAET, 9TO Y BTOPOii 1 TPEThell CBEPXY CTPOKH
OOIMUMU SIBJISIOTCSI He MEHee JIBYX CTOPOH TPEYTOJBHUKOB. Ecam Mbl yaaanm
JBa KpalfHUX CclIpaBa TPEYTOJbHUKA U3 BTOPOU CBEPXYy CTPOKH, TO MBI IOy YUM
(n — 2)-amony u3 I (puc. 13).

XXX

VAV R YAY

Puc. 13.

IlonsgTHO, YTO 3Ty OIlEpAIUI0 MOXKHO OOPATUTDL, IOCKOJLKY K KarKIOMy
(n—2)-amonty u3 I Mbl MOZKeM JI00ABUTH CIIPABA JIBa TPEYTOJbHUKA BO BTOPYIO
CBEpPXY CTPOYKY. SHAYHUT, KOJUIECTBO I'OPU30HTAIBHO-BBIIYKIIBIX 7-aMOHIOB
B MHOXkecTBe @, \ R, Takoe ke, Kak u B MHOXKecTBe [, 9. Ciie/loBaTE/ILHO,
Gn—Tn = in—9. OCTAIOCH IEPEHECTH CIaraeMble B Hy>KHbIE YaCTH paBeHcTsa. []

JIEMMA 7. Jlaa n = 4 sunoanaemca coommouweHue

Tn = Tn—2 + Pn-3-
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JOKABATEJILCTBO. Paccmorpum n-amonn u3 R. Eciiu B TakoMm n-aMom/ie
TPEYTOJBLHUK U3 BEPXHEH CTPOKU PACIOJIOXKEH B TOYHOCTU HaJI BTOPHIM CJIeBa
TPEYTOJBLHUKOM BTOPOI CTPOKH, TO, YIAJUB 3TOT TPEYIOJbHUK U JIBA CAMBIX
JIEBBIX TPEYTOJIbHUKA U3 BTOPOI CBEPXY CTPOKH, MbI HOJIydIuM (1 — 3)-aMOH/L
u3 P. CriefioBaTe/IbHo, YUC/IO TAKUX N-aMOHIOB OyIeT p,_3. Eciu ke B TakoM
n-aMOH/Ie TPEYTOJIbHUK U3 BEPXHEN CTPOKH PACIIOJIOXKEH He HaJl BTOPBIM CJIeBa
TPEYTOJBLHUKOM BTOPOI CTPOKH, TO, YJIAIUB JIBa CAMBIX JIEBBIX TPEYTOJbHUKA
U3 BTOPOIii CBEPXY CTPOKHU, MbI ojiyanm (n — 2)-among u3 R (puc. 14). Huciao

TaKUX N-aMOHIOB OyJIET Ty _9.
XXX
-/ - ; ; ; \

% 2

SR v

Vv Vv

Puc. 14.

Or1u oneparuu obparumbl. Ciie10BaTEIbHO, Ty = T'p—2 + Dp_3. [l

JIEMMA 8. Jlaan = 4 6unosHAEMCA COOMHOWEHUE
Pn = DPn-2+hn_3.

JOKA3ATEJBCTBO. Paccmorpum n-amoua n3 P. Eciu B TakoMm n-amoH-
Jle BepxHsisl CTPOKa COCTOUT W3 5 u 0OoJjiee TPEyroJIbHUKOB, TO, VIAAJUB CJie-
Ba J[BA TPEyTOJIbHUKA U3 BEPXHEl CTPOKM, MbI mOay4IuM (n — 2)-aMony u3 P
(puc. 15). Ecau B TakoM n-aMOHJIe BEPXHsist CTPOKA COCTOUT POBHO W3 3 Tpe-
YTOJIBHUKOB, TO, VIAAJUB BCIO 3Ty CTPOKY U3 TPEX TPEYTOJLHUKOB, MBI ITOJIY THM
(n — 3)-amony u3 H.

3aMeTHUM, 9TO BCE M-aMOHJBLI U3 PP MOXKHO ITOJIyYUTH TAKUMHU OOpPATHBIMEI
onepamusmu. Crie10BaTe/bHO, Py = Pp_2 + hp_3. U
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VAVAnTAVAVAN
V

Puc. 15.

CreniéM 101y YeHHbIE PEKYPPEHTHBIE COOTHOIIIEHUS BMECTE:

(gn = ap + hy,
hp = by + ¢, + 2d,,,
Cn = dn—17

dn =ap—1+ bn—lv

ap = in + Jn + 2€p,

Jn = Cn—1+ e€n_1,

en = dp_1 +in_1,

b, = dp—1+ pn,

In = bp_1 + Qn,

Gn = Tn + in—27

Tn = Tn—2 + Pn—3,

Pn = Pn—2 + hn_3.
STI/IX COOTHONIEHNII HaM XBaTHUT, qTO6bI JO0Ka3aTb TeopeMy 1.
JanbHeiimme BeIKIaAKKA OyyT UMETh YACTO TeXHUYECKHIT XapaKTep ¢ HC-

IIOJIb30BaHUEM OTAEJIbHBIX PEKYPPEHTHBIX COOTHONIEHUHN CUCTEMBI JJId TI0JTYy -

YEHUs JIPYTUX PEKYPPEHTHBIX COOTHOIMEHUH. UTOOBI HE YyTOMJISTDL YUTATEISA,

MBI IIPOCTO IIPpEAJIOZKHM €MY B Ka4deCTBE€ YIIpaKHEHU:A ITPOME?KYTOYHBIE De-
3yJIbTAThI.

YIPAXKHEHUE 1. JloKayKnTe COOTHOIIEHUS:

a) gn—1 = dp + 2dp—1 + dp—2, 1151 N > 3;
b) —Gn-1=2dy, +dp1 —dp_2—2dy,_3+ by, +byp_2+1ry+ 181, 105
> 4;

)
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C) 9n — Gn—1 + 2gn—2 =2d,+3dp—1+3dpn—2+bp +bp_o+7,+ Tn—1, AJI5d
n > 4;

d) 9n —29n—1+3gn—2 — 2gn—3 = 2dy, +2dp—1 — dp—2 — 2dp—3 — dp—s +pp —
— Pn—1+ Pn—2, A N = 5;

e) In—20n—-1+39n—2 — gn—3 = 2dp, +2dp—1 +pn — DPn—1 +Dn—2, LA N = 5;

f) Pn — Pn—2 — Pn—-3 = 2(dn—3 + dn—4)7 I N 2> 9;

g) In — 29n—1 + 2977,—2 — Ggn—4 — 2977,—5 + In—6 = 2dn + 2dn—1 - 2dn—2 -
—2d,_3—2dp_4+4 2d,,_g, mtI N 2> T,

h) gn — 2gn—1 + 29n—2 — 9n—4 — 4gn—5 + In—6 = Q(dn + dn—l) - Q(dn—Z +
+dp-3) —4(dn—a+dn—s), s n > 7.

JIOKA3BATEJIBCTBO TEOPEMEI 1. IlposeMoHCTpUpYyeM TEeXHUYECKUE BhI-
KJIQJAKN JIJId IIOJIyYE€HU A UTOTOBOTO COOTHOIINEHMA.

Ucnons3yst pesyabrar ynpaxkuenusi 1h) mus n > 8 umeem
In—-1 = 29n-2+ 29n-3 — gn-5 — 4gn—6 + gn-7 =
=2(dp—1 +dn2) —2(dp—3+ dp—a) — 4(dn—s5 + dn—s)-
Torna
9n — 29n-1+29n—2 — gn—4 — 4Gn—5 + gn—6+
+ (gn—1 — 29n—2 + 20n-3 — Gn—5 — 4gn—6 + gn-7) =
=2(dp +dp—1) — 2(dp—2 + dp—3) — 4(dp—g + dp—5)+
+ 2(dnfl + dnf2) - 2(dn73 + dn74) - 4(dn75 + dn76) =
= 2(dn +2dy—1+dp2) —2(dn—2+2dy 3+ dn_a) —4(dp-a+2dy 5 +dn ) =
=20n-1—29n-3 —4gn_5.
CreroBaTe/IBHO,
In — 2001+ 29n—2 — gn—4 — 49n—5 + Gn—6+
+ 9gn—1—29n-2 +29n-3 — gn—5 — 49n—6 + gn—7 =
= 29n—1 - 2gn—3 - 4gn—5 .

[Tepenecém Bce ciaraemble KpOMe MEPBOrO B IPABYIO YACTh PABEHCTBA U
pUBEIEM TOA00HBIE YIeHbl. B nTore mojaydaeM TpedbyeMoe COOTHOIIEHHE

In = 39n-1 — 49n—2 + gn—a + gn—5 + 39n—6 — Gn—7-

Teopema 1 moxazama. O

[TpuBeném Tabauily HadaIbHBIX 3HAYEHHUI IOCJIEI0BATEILHOCTEI.
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n| a b c d i J e p|l g l|r| h g

1 1 0 1 0] O 0 0] 0] 010 1 2
2 1 0 0 110 1 0] 0] 010 2 3
3 2 1 1 11 0 0 1101 010 4 6
4 5 2 1 31 1 2 11 1] 0]0 9 14
51 12 5 3 T 2 2 41 21 00| 22 34
6| 31| 12 7| 17| 6 7 9|1 5] 10| 53 84
T 77| 28| 17| 43|15| 16| 23| 11| 31| 131 | 208
81192 | 70| 43| 105 |36 | 40| 58 |27 | 8|2 | 323 | 515
9| 474 | 169 | 105 | 262 | 91 | 101 | 141 | 64 | 21 | 6 | 798 | 1272

Tabn. 1.

4. TIPOU3BOASNIINE ®YHKIINN

Bce psiapt B 9T0i1 cTaThe MBI paccMaTpuBaeM KakK pOpMaJIbHbIE CTEIeHHbIE
PsIABI, He BaBasiCh B BOIPOCHI cxoauMocTu. Omepamnuy CJIOXKEHUsI, YMHOXKe-
nusg, TudOepeHInPOBaAHNAS PAJIOB MBI PACCMATPUBAEM KAaK COOTBETCTBYIOIINE
oneparuu HaJl (POPMAJIbLHBIME CTEIIEHHBIME PsIIaMIA.

Opmolt n3 Hammx 1eseil 6ygeT HaXOXKIeHNEe IPOU3BOAAIIEH (DYHKIIUN JIJIsT
TOPU30HTAJIBHO-BBITTYKJIBIX TOJINaMOH/IOB

)
) =2 o
n=1
ITomryTHO MBI HailIEM TPOUBBOIMIINYIO (DYHKIIUIO ABYX HEPEMEHHBIX

_ D,q
v) = E Gp,quPv?,
p.q

rjie gp,q 0003HAUACT KOJIMIECTBO I'OPU30HTAILHO-BBILYKJIbIX HOJTHAMOH/IOB, CO-
CTOSIINIAX W3 P TPEYTOJBHUKOB BHjia V U ¢ TPEYTOJbHUKOB Buja A.

Bamerum, uro G(z) = G(z, z).

JList HaXOXK IeHNsT YKA3aHHBIX (DYHKIINI pAaCCMOTPUM ITPOU3BOIsAIIAE PYHK-
[N TPEX TTEePEMEHHBIX

Gu,v,y) = Y glp.qmuPv%y™,  A(u,v,y) = Y alp,q,m)uFviy™

pq7 p7q7m

(w,0,9) = > b(p, g m)uPoly™,  Clu,v,y) = > c(p, g, myuPviy™
p,q,m p,qg,m

D(u,v,y) = > d(p,q,muPvly™, H(u,v,y)= > h(p,qm)ulviy™

p,q,m p,q,m
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3 Hammx MOCTPOEHUi BUJIHO, 9TO é(u, v) = G(u,v, 1), nosromy jjist Ha-
mux 1esteit ne o6si3aTesbHo Haxo U Th Gynknuio G(u, v,y), a J0CTATOUHO Hali-
i G(u,v,1).

U3 (2.3) u (2.4) creayer

H(u,v,y) = B(u,v,y) + C(u,v,y) +2D(u,v,y),

G(u,v,y) = A(u,v,y) + H(u,v,y). (4.1)

Mer ormeuasu uro a(p,q,m) = 0, eciu m = 1. Iosromy byukius
A(u,v,y) daxrudecku sipisiercss pyHKIMe IBYX II€PEMEHHBIX M He 3aBUCHUT
or y, B yacrHoctu A(u,v,y) = A(u,v,1).

0
[Tycrs x(u,v) = a—yH (u,v,y) ) o6o3HaYaeT (PYHKIMIO JBYX IepeMeH-
y:
HBIX, MOJIyYeHHYIO IIPU MOJCTaHOBKE y = 1 B mpoanddepenmpoBaHHbIil 110
niepeMeHHO# y (opmMasbhblii psj H (u, v, y).

[TpoBenéM HEOOJBINIOE TEXHUYECKOE BBIYHCIEHHE, KOTOPOE MbI BIIOCJIE]-

CTBUM UCIIOJIL3YEM.

[Tpu mownennom guddepeHnInpoBaHur POPMAJILHOIO Psifia MOy IUM s
Becex neanix k > 0

9 (. k ‘ _9 D\, m+k
()| = (z g )ty

p?q?m

y=1
= Z (m + k)h(p, g, m)uPv? = Z (Z(m + k)h(p, q, m)) uPvl.

C fapyroit CTOPOHBI, UCIIOJIB3YsT CBOMCTBO JaudepeHImpOBaHUs IIPOU3Be-
JieHusi (pyHKIUH, TOJTyIUM

(W H @, y)| = k(v 1)+ x(w,0).
Y y=1

CienoBaTenbHO, 11 BeeX mebix k > 0

kEH(u,v,1) + x(u,v) = Z (Z(m + k)h(p, q, m)) uPvi. (4.2)

p.q m

B wacrtuoctu, npu k = 0

x(u,v) = Z (Z mh(pq,m)) uPvi, (4.3)

p7q m

JlapaiiTe TOJIyIMM PEKypPEHTHBIE COOTHOIIEHHWsI Ha KO3(DUIIMEHTH
a(p,q,m), b(p,q,m), c¢(p,q,m), d(p,q, m) u 3aTeM cOCTABUM COOTHOIIEHUS JJIsI
HPOU3BOASIIIX (DYHKINHA.
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TTocMmoTpuM, Kak IOJIydaroTcs MoJauaMoHabl u3 A. BosbMEM TpeyroabHUK
A v HaYHEM TIPUKJIAIBIBATH €r0 CBEPXY K HEKOTOPOMY MOJIHAMOHJLY (HA30BEM
€ro MCXOJHBIM) TaK, 9TOOBI MOJIYYUJICS HOBBIN mosnaMoHa. MBI He cMOKeM
[IpOJIeJIaTh TAKYI0 OIEPAINI0, €CJIM UCXOJHBIN mojuaMon Obl u3 A. Ecian
UCXOJIHBIIN TToTuaMoH T U3 H 1 B €ero BepxHell CTPOKE COJEPIKUTCS M TPEYTOIb-
HUKOB V, TO TAKYIO OITEPAIINIO MOYKHO IIPOJIEIATE M criocobaMu. 3aMeTHM, 9TO
TaKUM 06pa30M MBbI MOZKEM IIOJIYyIUTH BCE€ MOJIMaMOHAbI ITIOAMHO2KECTBa A KpO-
Me cobcTBeHHO TpeyrobHuKa A. CiieqoBaTeIbHO, JIJIsS BCEX P, § BHIIOIHSIIOTCS
COOTHOIITEHHST

a(p,q+1,0) =Y mh(p,q,m).

st tpeyrosbauka A mbt umeem a(0,1,0) = 1.
U3 3THX COOTHOWIEHUI CJIelyeT COOTHOIIEHUE /IS IPOU3BONAIMX (DYHKIMIA

Alw,v,9) = v +v- g—yH(u, v, y)’yZI = o(1 + x(u,v)). (4.4)

HeiicrBurenbho, Bcnomunas (4.3), mosydaem

v+ x(u,0) =v+ Y | Y mh(p,qm) | uPviTh =
p,q m

=v+ > alp,q+1,0uPv? = A(u,v,y).
psq

ITocmoTpuM, Kak IMOJIYIarOTCs IOJUAMOHJIBI U3 MHOXKecTBa B. Bozbmém
MMOJIMAMOHI U3 B, cocTosAmuit TOJIBKO U3 OTHON CTPOKMW M COCTABJIEHHBIH u3 k
TPeyroJIbHUKOB V, U k + 1 TpeyroJbHUKOB A, 1 HAUHEM MPUKJIAJIBIBATD €10
CBEpPXy K HEKOTOPOMY (MCXOIHOMY ) IIOJIMAMOH/LY TaK, YTOOBI TIOJIy UJICST HOBBI
moInaMoHI. MBI HE CMOXKEM IIPOJE/ATh TAKYIO OIEPAIMIO, €CJIM HMCXOTHBIM
[HOJIMaMOHI0M ObLI mojuamon, u3 A. Eciu ucxonubiii nonuamon, 6ot u3 H
U B €r0 BEPXHEM CJIOE COMEPIKUTCS M TPEYTOJbHUKOB V, TO TaKyIO OIEPAIIHIO
MOKHO IIpojiesiaTh m+ k crmocobamu. 3aMeTHM, 9TO TAKIM 00pa30M MbI MOYKEM
ITOJTyIUTH BCE TOJTUAMOH/IBI U3 MHOXKECTBa B KpoMe Tex, KOTOpbIE COCTOSIT U3
onnoii crpoku. CiienoBaTeabHO, st BCEX P, ¢ BLIIOJJIHSIOTCS COOTHOIIECHUST

bp+k,q+k+1,k) = Z(m + k)h(p,q,m).

L1l MosTMaMOHIOB U3 MHO2KECTBa B, COCTOANINX TOTHLKO U3 OIHONU CTPOKH,
11oJIy4aem

bk, k+1,k) =1.
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Ucnonb3yst (4.2), BbIBeJeM COOTHOIIEHUE JIJIsT TIPOU3BOASIIUX (DbyHKI[HI

B(u,v,y) = Y b(p,q,m)uPv'y

p,q,m

= bk, k+ LEWFORT Y+ b+ kg + B+ 1 Rl TRt TRLR =
k P,k

:Zukvkﬂyk—i—Zuk k+1 k Z (Z(m‘i‘k)h(l),%m))upvq] —

E>1 E>1 pg  m

= Zukvkﬂyk —|—Zuk Rl (KH (u, v, 1) + x(u,v)).
k>1 k>1

Nrax
(u,v,y) Zuk Ry —i—Zuk MLk (H (u, v, 1) + x(u, v)). (4.5)
k>1 k>1

IIpomenaB aHAJIOrTYHBIE PACCYKICHUS sl OJUAMOHIOB U3 MHOXKecTB ('
u D, MBI ITOJIyIUM €I1€ JBa COOTHOIINEHUsI JJIsi TPON3BOAAIINX PYHKITAI

Clu,v,y) = uy + Y _ufoF Y% 3 b " 1k (k= 2)H(u, 0,1) + x(u,v)),
k>2 k>2
(4.6)

(u,v,y) Zukvkyk + Zuk Ry ((k — 1) H (u,v,1) + x(u, v)). (4.7)
k>1 k>1

CkutasieiBaem paercTsa (4.5), (4.6) ¢ yusoenHbiM paseHcTBoM (4.7) u, yuu-
reiBast (4.1), nosyuum ypasaenue Ha dbyukiuo H(u,v,y)

H(u,v,y) Zuk k+1yk+uy+zukvk lyk+22ukkk

k>1 k>2 k>1
+Zuk Rl (KH (u,v,1) + x(u, v))+
k>1 (4.8)
3wty (k= 2)H (u,0, 1) + x(u,0)+
k=2
—i-QZuk FyR((k — 1) H (u,v,1) + x(u, ).
k>1

Y0061 HE yTPYKIAATH INTATEJISA TTOAPOOHBIM BLITUCHIBAHUEM JTAJIHLHEHIITNX
IPOMO3JIKUX ITPe0OPA30BaHMIT, MBI IIPOCTO COODINNM, KAKUE IIard HeOOXOIUMO
[POJIEJIATh, YTOOBI TOJIyIUTh ABHBIH BUI (DYHKITUH.

YacTb IPOMO3JIKIX BBIPAXKEHUH, MOAIAETCS YIIPOITIEHUSIM.
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VYIPAXKHEHUE 2. Ucnonb3yst hopmyity cyMMbl OECKOHEYTHON TreoMeTputie-
CKOW TIPOTPECCHUH, JIOKAYKUTE, ITO

Zukvk-i—l:yk + uy + Zukvk_lyk + QZukUkyk _

k>1 k>2 k>1
 wy u?vy2 o WY _ woy(v + 2 + uy)
1wy 1l—wwy T 1—uvy 1 — uvy '

VYIPAXKHEHUE 3. Ucnonb3yst unrerpupoBanue u auddepeHimpoBaHne
dOpMaJIbHBIX PAJIOB, JOKAXKUTE, UTO

Z kuFoF P 4wy + Z(k: — DuFF Tk 2 Z(k — DuForyt =
k>1 k>2 k>1

B uv?y(1 + uy)?
(1 —uwy)?

B urore mbr ynpocrtum (4.8) 110 cireyromiero Bujia

2 2
H - wy(+2+uy) \ 4 H ey +uy)”
(urv) =yt (MY (1) + 0 1) M

(4.9)

U3 ypasuennst (4.9) Jerko MOJIyYNTh CHCTEMY YPABHEHHH OTHOCHTEJIHLHO

H(u,v,1) n x(u,v). IlepBoe ypaBuenne cucreMsl Mbl HOIydnM, ecian B (4.9)

clleslaeM TI0JICTAaHOBKY y = 1. BTopoe ypaBHeHHe cHCTEMBI MOJIy9aeTcsi, ec-

mu (4.9) npopuddepeHnmpoBarh 10 Yy U 3aTEM C/eIaTh II0JCTAHOBKY Yy = 1.
Nnmeem

2 2
Hwo1) =+ (MDY (1w 0) + Hlao, )
0 (uww(v+2+u
()
0 uv2(1+u)2
\ + H (u,v, 1)(97! (m> ‘y:l .

Pemus cucremy, naitném H (u,v,1) n x(u,v). Sarem naxomqum A(u,v,y) =
=v(l+ x(u,v) u G(u,v,1) = A(u,v,1) + H(u,v,1).

He 6yneM yTpyKaarh duraTessi BHUINCHIBAHUEM BCeX (DYHKIHMIA JBYX IIe-
PEMEHHBIX, JIsl IpUMepa IPUBEIEM JiBe U3 HUX. JlJjisi HPOCTOTHI 3aIUCH Olpe-
JIeJTAM JIBa MHOTOWJIEHA OT JIBYX HEPEMEHHBIX

r(u,v) = 1 — 6uv — 2u’v — 2uv? + 8u’v? + 4uPv? + 4u*v® — Sudvd—
— 6ut® — 6uPo? — P — WP® — sutet + u5v5,
t(u,v) = u+ v + 3uv — 2uv — 2uv? — P — uv® — Tuv? — w2 — PP+

+uto? + ot + 5uded + dutod + 40t + 3utot
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Tora mMeeT MecTO CJIeIyIonas TeOPEMA.

TEOPEMA 2. [Ipouseodawumu GYHKUUAMY O8YT NEPEMEHHVLL OAA MHO-
oicecms H u G 20pu3onmanbro-6unykisit noisuamondos oydym dyrkyuu

w(v + 1)2(1 — ww)?(1 — uv — uv)
r(u,v)

v) = ngﬂupvq = G(u,v,1) =

H(u,v,1) =

)

(1 —uv)t(u,v)
r(u,v) '

Ormernm, urto parmonasibhast pyukiust G (u, v) sBISETCS CUMMETPUIECKOI
dyHKIMEN OTHOCUTE/HHO TEPEMEHHBIX U, V.

CrenaB IMOACTAHOBKY % = ¥ = T, Mbl HaifAEM mpousBoAsme (pyHKITH OT
OJTHOM TIEpEMEHHOMN:

z(z+1)(1—2)?(1 — 22 — 2?)

I{(x’a:’l):1—3‘76—0—4363—174—935—31:6—|—m77
z(1—z)(1 —z)?(1 — 2% — 2?)
A(x7$’1): 1—3z+42® — 2t — 25— 320 427
B(z,2,1) = 23(1 — 22 + 22°)
T (14 z)(1 — 3z + 423 —z* —2° — 325+ 27)’
C(z,2,1) = z(1 — 2z — 222 4 32% + 2% — 32% — 2")
T Q4 a) (1 -3z +42® — a2t —2® =325+ 27) ]
2 2 3.4, .5_ 6
l—z-2 2 -
D(z,z,1) = z°(l—xz —22°4+22° + 2~ +2° —2°)

(1+2)(1—3z+42® — 2t — 25 =320 +27)

1, KOHEYHO, MOJIYIUM CJIEJICTBAE TEOPEMBI 2.

CJIEACTBUE. Ilpoussodsauweti dyrxyuets 0is KOAMUMECTNGG 20DU3OHMAND-
HO-GBINYKADLL NOAUAGMOHI08 6Ydem payuoHasbHaA GYHKUUS

m(l—x)(Q—x—4x2+2m4+3$5)
Zgn = [E$) G(:Cux’]‘):1_3$+4$3_m4—x5—3$6+$7‘
(4.10)

U3 (4.10) momyaaem
(1—3z+42 —2* —32% 427 Zgnx 1—x)(2 -z — 422 + 22" + 32°).

ITockoiibKy npaBas 9acThb IIOCJIEIHEIO PABEHCTBA SBJISeTCs MHOI'OUYJIEHOM,
TO 1 JieBasg YacTb PaBEHCTBA JOJIKHA OBITH MHOroduaeHoM. CrenoBaTesbHO,
HI0CJIeJOBATEJIbHOCTD §p, YJIOBJIETBOPSET PEKYyPPEHTHOMY COOTHOIICHHUIO, COB-
najatonieMy ¢ coorsomtenreM (3.1) uz Teopemsr 1

In = 39n-1 — 49n—2 + gn—a + gn—5 + 39n—6 — Gn—7 -
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st mocjieoBaTeIbHOCTENH, 3aJaHHBIX PEKYPPEHTHBIMHU COOTHOIIEHN-
SIMH, MOXKHO COCTABUTH XapaKTEPUCTHUYECKOE ypaBHEHHE (CM., HAIpuUMep,
A. . Mapkymesuu [3]). st moc/ie10BaTeILHOCTH Gy, XAPAKTEPUCTHYECKOE
ypaBHeHHe OyIeT CJIeLyOINuM

2’ =325 + 42 — 2 — 22 —3x+1=0.
9To ypaBHEHHE UMeeT JefCTBUTEIbHBIE KOPHU, HAUOOJIBIINI U3 HUX
Tmax ~ 2.463536 .

IToCKOMIBKY Zmax HE SIBJISIETCST KOPHEM YHUCJUTE]IsT TPOU3BOISINEH (DyHK-
UM, TO UMeeM aCHUMOTOTHYEeCKyIo oleHKy 2.4635" < g, < 2.4636". Yro,
€CTeCTBEHHO, JydIne HumKHeid ornenku 2.13" < g, noayduennoit /1. Kiapue-
pom B [8].

OcTaeTcst OTMETUTD, UTO IIOCJIEIOBATEIBHOCTH Uy, Ry YIOBIETBOPAIOT pe-
KYPPEHTHOMY COOTHOIIIEHHUIO CE/IbMOTO MTOPSJIKA, AHAJIOTHIHOMY COOTHOIIEHUIO
(3.1). B Toxke Bpems, Kak BUJHO U3 NPOU3BOAININX (DYHKIIHH, 10CIIEI0BATE b
woctu by, ¢y, dy OYAYT YIOBIETBOPSATH PEKYPPEHTHOMY COOTHOITICHUIO BOCH-
MOTI'O TIOPSIJTKA.

Yro0bl HAITH TPOUBBOJAILYI0 (DYHKIUIO JIBYX HEPEMEHHBIX IJIst KOJIMYIe-
CTB& NOPU30HTAJIBLHO-BBIITYKJIBIX N-aMOHJIOB C M CTPOKAMU, KAK 3TO CleIa
M. Hdese [5] qyist mosuMuHO, HAM CJI€JI0BAJIO ObI PACCMOTPETH [POU3BO/IAIINE
yHKIIMU OT YeThIPEX mepeMeHHbIX. [[0BTOpUB HaIlll paccyzKjieHusi, MbI I10-
Jy9auin Obl COOTHOINEHNE, aHAJOTHIHOE COOTHOIMIEHUIO (4.9), HO OT YeThIPEX
IepeMeHHbIX. Pa3perniuB mo/iy9eHHOe COOTHOIIEHNE, MbI ITOJTy YUM UCKOMYIO Pa-
UOHAJIBHYIO (DYHKIIHIO.

JLy1sl TEXHUYEeCKUX OTlepalyii yMHOYKEHNT MHOTOYJICHOB ¥ HAXO0XKIEHUST KOP-
HEell AaBTOPOM HCIIOJIb30BaJICS mopTaj http://www.sagenb.org/ .

Astop OGmaromapur K. A. BambkoBa u II. . CamoBosia 3a BHUMaHme K
pabore.
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O HEKOTOPhIX CBOMCTBAX IIPOUBBOIHOI,
e€ XapaKTepu3yroImx

B. Kazen

IIycts A u B — 1Be ajireOpbl HaJl OJTHUM I10JIeM, IpudéM B — mogasrebpa
A. Jluneituwiit oneparop D: B — A naswiBaercs auddepeHIupoBaHueM, eCaIn
Juist mobbIx f, g € A Beinosaeno «mpasuiio Jleitbuunas: D(fg) = f-Dg+g-Df.

B maremaruke momobHbIe quddepeHInpOBaHNSI BOSHUKAIOT IIPU PACCMOT-
peHnr pas3HbIX BOOPOCOB (cM. Hampumep [3,5,6] u, Jjisi HEKOMMYTaATHBHOIO
cayaast, [1]).

UsBectHo, uro soboe quddepentmposanne anredpst C°(R) B cebst — 10,
C TOYHOCTBIO JI0 HOPMUPOBKH, OOBIUHBIA OIEpaTOp B3sITHs IIPOU3BOIHOIL |6,
rit. 1, §2]. Oxnako anasor aroro dbakTa i Apyrux aiaredp riaajkux dbyHKIumii
He SIBJISIETCSI IIMPOKO U3BECTHBIM. MHe He YJIaJIoCh HAWTHU B JINTEpaType OIh-
canus uddepennuposanmit u3 C1(R) B C(R), a m3BecTHLIE OKA3ATEIHCTEA
Jutst C'°° Ha 9TOT cIydail He MepeHocsaTCs. BO3MOXKHO, 9TO 3TO OMICAHIE MOYKHO
MTOJIyIUTH U3 00ImmX TeopeM Teopun JudPepeHITupoBaHus DAHAXOBBIX aaredp
(em. [1,7]), onaako MHe Takoro obIIero yTBepiKIeHUs HANTH He y/aJioCh.

B sT0it 3aMeTKe pUBeIEHO 3/TeMEHTAPHOE TIOKA3ATETBCTBO TOTO, UTO JTI060€e
nmuddepenuposanne n3 C1 8 C 110¢i1e €CTECTBEHHOIT HOPMUPOBKH COBIIAJIAET C
IPOU3BOHOMN (HAM JIayKe He TI0TPebyeTCsl B OJTHOl Mepe yCJIOBUE JIMHEHHOCTH] ).
Mpbl He 3HAEM, BEPHO JIM AHAJIOTUYHOE YTBEPXKIeHNUE JJTsT TuddepeHITmpoBaHmii
u3 aarebpol auddepenupyemMbix QyHKINM B anredpy Bcex dyuKIimni Ha R.

Paccmorpum oneparop D: C1(R) — C(R). MbI moKaxkeM, 9TO, €CIH OH
YJIOBJIETBOPSIET OJTHOMY W3 CJIEIYIOMUX HaOOpPOB YCJIOBUIA:

(1a) D(fg)=f-Dg+g-Df («upasuino Jleitbuumas),
(2a) Da-z+b-1)=a-1,

i
(1b) Da-z+b-1)=a-1.
(2b) CymiecTByioT He ciopbekTuHas dynkmus ¢ € O u Touka

xo Takue, aro (Dg)(xo) # 0,
Bb)  D(f(9))(x) = (Df)(g(x)) - (Dg)(x) («nennoe npasuo»),

To jyist moboit dyukuuu f Bepuo D f = f'. (3mech u manee 3naukom 1 06o3Ha-
yaeTcst (PYHKIUsT, TOXKJIECTBEHHO PABHAsI €JIMHMUIIE. )

MaTtemaTtudeckoe npoceeweHue, cep. 3, sbin. 17, 2013(130-135)
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MpbI TakKe IMOKaXKeM CyIeCTBOBaHME abCTPAKTHOTO TudPepeHITnpoBAHUT
Ha IIPOCTpaHCTBe (DYHKIMI C JIOKAJBHO OrPAHUYEHHON [TPOU3BO/IHOM, HE COB-
NaJaloNIero ¢ onepalueil B3aThud ITPOU3BOHON.

1. /IBE TEOPEMBI O COBIIAJIEHUU ABCTPAKTHOT'O
ANOPOEPEHIIMPOBAHIA C OBBIYHBIM

OCHOBHBIM NHCTPYMEHTOM 6y,ZLeT CJIYy2KHUTDBb CJIelyIollasd IIPpOoCTad JieMMa.

JIEMMA. ITycmo onepamop D: CH(R) — C(R) ydosaemeopaem ycaosusm:

(1) das mobwix a,b € R swnoanerno D(ax +b-1) =a- 1,

(2) dan ar0boz20 Konewnozo unmepsasa J = (s;t) us f|; = gly caedyem,
wmo (Df)|; = (Dg)|s (aokarvrocmy).

Toz0a das noboti pynrkuyuu f eepro Df = f'.

JIOKABATEIBLCTBO. Ilycrs f € CY(R), z9 € R, I1 = (29, +0), I =
= (=00, 20), 9(x) = f(zo) + f'(x0)(x — x0). Beném dynkmo h Takyo, 9To
hlr, = f, h|r, = g. Torna h HeupepbiBHA B TOUKe o 1 limy_4, B (2) = f(z0).
[Mostomy h € CY(R). Torma, Tak kax I u Iy ectb (cuéTHbIC) O6BEIMHEHMS
unrepsasios, o (Dh)|r, = (Df)|r,, (Dh)|1, = (Dg)|r, = f'(x¢) -1. Ho Df u
Dh nenpepbIBHBI, X J€KUT Ha rparuiie Kak [1, tak u Iy. [Tostomy (D f)(zo) =
= f/<330). ]

Tenepnb OKazKeM CJIEIYTONIYIO TEOPEMY.

TEOPEMA 1. ITyemn onepamop D: CH(R) — C(R) ydosaemeopaem ycao-
GUAM:

(1) D(fg)=f-Dg+g-Df;

(2) D(a-x+b-1)=a-1.

Tozda dasn moboti pynwxyuu f eepno Df = f'.

JOKABATE/ILCTBO. Jokakem, uro D — «IoKaabHBIIN» omeparop. [lycrs
I — unreppan. Pacemorpum dyuxnmio b € C! taxyio, uTo h He paBHO HYJIIO HE
B ojHoit Touke nnTepsana I, a hlg\; = 0. Ilycrs g|; = f[;. Torna f-h = g-h na
Bceit ocu. Ilostomy f-Dh+h-Df = g-Dh+h-Dg. Snaunr, (Df)(x) = (Dg)(z)
npu Bcex x € I. Takum obpazom, omepaTop D yI0OBIETBOPSET yCJIOBUSAM JI€M-
Mbl, mostomy D f = f'. O

BAMEYAHUE. Bes yciosus (2) reopema Heepha. leiicTrBurebHO, 0TO6-
paxenue (Df)(x) = L(f(x)), tne L(z) = x - In|z|, L(0) = 0, yroBiaerBopsier
ycaosuio (1).

[Torrpobyem Tenepsb MoCMOTPETh, KAKUE YCJIOBUsT HAJO TODABUTH K «IEITHO-
my npasuity» (D(f(g))(z) = (Df)(g(z))- (Dg)(x)), 9T00BI mOTYICHHBIE YCIIO-
BUS 3aJ1aBajiu oneparop auddepenruposanus. [I[puBeaém cHadasia HECKOIHKO
[IPUMEPOB OTODPaYKEHMUIA, YJIOBIETBOPSIONIIX «IEITHOMY HTPABUIIY S .
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[MpuMeP 1. (Df)(x) = T;f(g)), rie T € C' — mponsBosibHAST BCIOY TTO-

JiokuTenbHas pyuknus. JleficrBureabHo,

D(f(g)) () = LU — ZHED) . Z0) — (D) (g(x) - (Dg) a).

[puMEeP 2. Ilycts Df = f’, ecim f — Gueknus, u Df TOXKI€CTBEHHO
pasHa 0 Jy1st ocTaabHbix f (1715 HenpepblBHBIX GyHKIwmil 13 R B R KoMmosurust
sIBJIsIeTCsl OUeKIMeil TOJIBKO Torjia, Korjaa obe dyHKImun — GueKIium).

[Mocaenuuit mpumep 00bsICHSIET €CTECTBEHHOCTH OsIBJICHHsI yciioBust (2) B
caenyIoleit TeopeMe.

TEOPEMA 2. ITycmw onepamop D: C1(R) — C(R) ydosaemeopsem ycro-
BUAM:

(1) D(a-z+b-1)=a-1;

(2) cywecmeyem ne cropsexmusnas dynryus p € Ct u mowka o maxue,
wmo (D) (xo) #0;

(3) D(f(9)(x) = (DF)(g(x)) - (Dg) (@),

Tozda Df = f'.

JIOKABATEJILCTBO. OCHOBOIi JI0Ka3aTe/IbCTBa, CHOBA OyIeT IIPOBEPKa JIO-
KaJIbHOCTH OIlepaTopa. By/ieM cuurarh, 9T0 00pa30M ¢ CIIYKAT KOHEUHBIN OT-
PE30K, MHTEPBAJI WU TIOJIyUHTEPBaJI, BHYTPEHHOCTH KOTOPOTO MbI 00O3HAIUM
I (moka3aTeabCTBO 711 CIydast OTKPBITOrO MM 3aMKHYTOTO JIyda HOJHOCTHIO
AHAJIOIMYIHO).

Bamernm, uro u3 cpoiicrs (1) u (3) caemyer, uro D(f(ax + bl))(zg) =
= a-D(f)(axg +b) u D(a- f+ b)(z) = aD(f)(x). [Tosromy jyist srr060r0
unTepsana J u moboit Toukn y € J cymecrsyer dyukiusa fy € C' u Touxa
x1 Takue, aro fo(x1) =y, (Dfo)(x1) # 0, fo(R) C J (fo — 910 ciipunyTas u
pacTsiHyTast (DYHKIUS ©).

Hokaxkem teneps, uro, ecau f|; = g|j, tme J — unrepsan, to (Df)|; =
= (Dg)| ;. Badukcupyem npousBosbuyio TouKy y € J. Beibepem Takyto dyHK-
muto h, aro h(zx1) =y, (Dh)(z1) # 0, h(R) C J. Torma f(h(x)) = g(h(x))
npu Beex x € R. Ilpumensiss oneparop D u HOJCTaBIsAS & = X7, HOJLYIUM

(Df)(y) - (Dh)(x1) = (Dg)(y) - (Dh)(z1), r.e. (Df)(y) = (Dg)(y). Snaun,

omnepaTop yJIOBJIETBOPSIET YCJIOBUAM JIeMMbl, T.¢. Df = f'. O

2. ®UJIBTPHI U ITPUMEP CTPAHHOTI'O IU®PEPEHIIMPOBAHUA

Jlst mokazaTesbCTBa CJIEAYIONIeil TeopeMbl HaM ITOHAJIOOUTCS TEXHUKA
GUABTPOB U YALTPADUILTPOB, XOPOIIO M3BECTHAS CIIEITUAJICTAM B 00Ieit To-
HOJIOIMHU, HO PEJIKO YIOMUHAeMasl B OOIIUX YHUBEPCUTETCKUX Kypcax (1moapob-
Hee cM. [2,4,8]).
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[Tpu pacemorpenun byHKIUT, He UMEIONTUX Mpejieia (B 0ObITHOM CMBICIIE),
yI06CTBO TIpEJIesia 10 yabTPapUIbTPY 3aKII0YAETCS B TAKOM €IMHOOOPA3HOM
BBIJIEJIEHUU [IPEJIETIBHOI TOYKY, YTO BBIIOJIHAIOTCH apudMeTUIecKue CBOMCTBA
npeJesa.

Hamomunm HEoOxomuMbIie onpeiesieHust u (DaKThI.

OnPEAENEHUE. CemeiicTBo noaMuoxkecTs F MHOXKecTBa X Ha3bIBACTCS
Pusvmpom Ha X, ecan

(1) F memycro;

(2) @ ¢ F;

(3) ectu A,Be F, 10 ANB € F,

4)ecm Ae F,ACBCX, 10 BeF.

OnpeJENEHUE. CemeiictBo MHOXKeCTB C Ha3LIBACTCS UCHMPUPOCAHHBIM,
ecJIin mepecevyeHre Jboro KOHeYHOro Habopa saeMeHToB u3 C HEeIyCcTo.

TEOPEMA. Kaxnoe HemycToe IMeHTPUPOBAHHOE CEMENHCTBO MHOXKECTB CO-
JIEPYKUTCS B HEKOTOPOM (DUJIBTPE.

OnPEAENEHUE. Ilycrs X — mHO)KecTBO, F — dusbTp Ha X. Touka y € R
HasbiBaeTcs npedesom pyruxuyun f: X — R mo bunbrpy F, ecau jjs aob60it
okpecraoctn U Touku y cymectByer A € F takoe, ato f(A) C U.

ONPEAEJEHUE. Yavmpaguarompom Ha X HasblBaeTCd MAKCUMAJILHLIA 110
BKIodennio puabTp Ha X. To ectb F — yabTpaduabTp, €C/Id HE CYNIeCTBYET
dunbrpa U # F Takoro, uro F C U.

TEOPEMA. JI1060#t GUIBTP COMEPKUTCSI B HEKOTOPOM VJILTPadUIbLTPE.

TEOPEMA (O CYHIECTBOBAHVM 1 EJVMHCTBEHHOCTU ITPEJEJIA TIO VJ/Ib-
TPAO®UIBLTPY). Ilyers F — yabrpadbunsrp va E, f : E — R dysknus, u
o6pa3 HEKOTOpPOro 3jeMeHTa yJIbTpaduiIbTpa OTHOCHUTEIHHO KOMIAKTEH (TO
eCThb JIEXKUT B KAKOM-TO OTpe3ke). Torja CyImecrByer u eJuHCTBEHEH pPejies
dbyuknun f mo F.

TEOPEMA (APUOMETUYECKUE CBOWCTBA IPEJIEJIA 110 ®UJIBTPY).
IIycts f, g — BemecTBenHO3HAYMHbIE DYHKIMN Ha MHOXKecTBe F, F — buistp
Ha F, n cymecTByoT npeesibl hyHKIWMA f u g mo GuiabTpy F, paBHbIE, COOT-
BercTBeHHO, a u b. Torma cymecrBytor npemensr o F byaknuit fg u f + g,
paBHBIE, COOTBETCTBEHHO, ab u a + b.

Bepnémcst Tenepnb K oneparopaM, yJAOBIETBOPSIONNM «yca0BuIO JIeiGmu-
na» D(fg) = f-Dg+g-Df. Obo3naunm qepes D By(R) nmpocrpamncrso nudde-
PeHIMPYEMBIX (DYHKIINI, TMEIONINX OIPAHNYCHHYIO B OKPECTHOCTHU HYJIS IIPO-
u3Bo/IHYI0, a yepe3 RF — mpocrpancreo Beex dynkrumii u3 R B R.



134 B. Kazern

TEOPEMA 3. Cywecmsyem onepamop D: DBy(R) — RE omauwmnwiti om
onepamopa Judpeperyuposanus u ydosaemeopsowul yceaosuam (1) u (2)
meopemot 1.

JIOKABATE/IBCTBO. Pacemorpum dymkmmio h(z) = 2?sin(1/x), n mycrs
p(x) = K (x), b — npeneapnas touxka p(x) npu z — 0, ormmuanas or p(0)

(nanpumep, b = 5). Paccmorpum cemeiicTBO MHOXKECTB BHIA

{z:|p(x) = bl <e}N(—0,+9)

Upu pasaudHbix €,0. OHO INEHTPUPOBAHO, 3HAYWT, CYIIECTBYET COJEPIKAIMI
310 cemeiicTBo yanbrpaduiabrp F. OdeBnano, 4To obpas 3Toro yabrpaduibrpa
[OJT JIEHCTBHEM P CONEPXKUT 6a3y okpecTHOCTEH Toukm b, T.e. limz(p) = b.
Tenepb MOKHO paceMoTperh oneparop D, rakoit uro (Df)(z) = f'(x) npn
x#0wu (Df)(0) =limg(f'(z)). Tak kak Jsobast dyukuus uz DBy(R) umeer
OrPAaHMYEHHYIO IPOU3BOIHYIO B OKPECTHOCTH HYyJIsl (& OKPECTHOCTU HYJIA — 9TO
9JIEMEHTHI yIbTPa(UILTPa), TO 110 TEOPEMe O CYIIECTBOBAHUH [IPE/IeIa 110 Yilb-
rpadbuabrpy limz(f'(x)) cymecrsyer. I3 apudmernueckux cBoiicTE npejesa
no duisrpy cienyer, uro paseacrso D(fg)(z) = (f(Dg) + g(Df))(z) Bepuo
u npu 2 = 0. Ho (Dh)(0) =b # 0 = 1/(0). O

Mrme He m3BECTEH OTBET Ha CJIEIYIOIIUH BOIPOC.

Bormroc. Bepno s yrBeprKienne TeopeMbl 3 /I OIEPATOPOB U3 MHOXKE-
crBa Beex quddepenmupyembix byuxmmii 8 RF?

Bripaxkaro riy6okyio 6irarogapuocts C. JI. I'edprepy 3a mocraHoBKY 3a1a4u
U IEHHOEe 00CY2KIEHUE.
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O MHO)KeCTBax € JIByMs PacCTOSTHUSIMU

A. B. Akonanu* O. P. Mycun'

B sroit 3ameTKe TOIET pedub 0 MHOXKECTBE TOUYEK B IMPOCTPAHCTBE
win Ha cdepe, PACCTOSHUS MEXKy KOTOPBIMU IIPUHUMAIOT HE OoJjiee
geM Ba 3HadYeHuss. OOCyXKIaeTcss BOIPOC O TOM, KAK MHOT'O TOYEK MO-
2KeT UMETh TAKOe MHO2KECTBO, a TaKKe KaKne KOHMUrypaiun o6pasyor
TOYKHU U3 SKCTPEMAJBHBIX HAOOPOB.

BBEJIEHUE

CKOJIBKO TOYEK MOYKHO BBIOpaTh B d-MEPHOM EBKJIHJIOBOM IIPOCTPAHCTBE
TaK, YTO PACCTOSHUS MEXKJy JIOOLIMU ABYMs M3 HUX OyAyT paBHBI? JIerko
BHJIETh, YTO MOXKHO BBHIOpaTh He Oosiee d + 1 TodeK, a BepIIUHBI d-MEPHOTO
CHMILIEKCA KakK pa3 u OyayT oOpa30BBIBATH TAaKOe MHOXKECTBO. lIpaBuiibHBII
cuMiieke Brimcat B (d — 1)-mepuyio cdepy, u 1103TOMy Ha Takoil cdepe Toke
MOKHO BBIOpaTh (d 4 1) TOUKY Tak, 9TO pACCTOSTHUSI MEXKJLy JIIOOBIMU JIBYMsi
TOYKAMH [IPUHUMAET (PUKCUPOBAHHOE 3HAYUEHUE.

OrmeTnM, 9TO BOIIPOC O TOM, KaKOe MaKCHMaJbHOE KOJTMIECTBO TOYEK Ha
OJIMHAKOBOM JIPYr OT Apyra PACCTOSHUM TapaHTHUPOBAHO MOXKHO BLIOpaTb B
d-MepHOM 6AHAXOBOM IIPOCTPAHCTBE OCTAETCsI OTKPBITHIM (CM. 0630pbI [16,17]).

Muoxecrso S B R? wmm S¢ (nmm TI060M JPYTOM METPUIECKOM IIPOCTPAH-
CTBE) HASBIBACTCS MHONCECTNEOM C § PACCIOANUAMUY) | €CIIH PACCTOSHIS MeK-
JIy €ro TOYKaMy IIPUHUMAIOT He Hojiee § 3HAYEHMI.

B 3700t craThe B OCHOBHOM 00CY K IAI0TCST MHOYXKECTBA C JABYMsI PACCTOSTHHUSI-
mu. OKa3bIBaeTCsl, 9TO, HECMOTPSI Ha, TAKOE, B ODIIEM-TO, JIOCTATOYHO IIPOCTOE,
OrpaHUYEHNE, STU MHOXKECTBa 00JIaIaI0T PAIOM JOBOJILHO HMHTEPECHBIX M MHO-
I8 HEOXKUIAHHBIX CBOMCTE.

OrmeruM, uro Ditaxopu u [oubepr B [9, 10] nmokazanu, 4To cylecTByer
JIMIITH KOHEYHOE YHCJI0 MHOXKECTB (C TOUHOCTBIO JI0 101001s1) ¢ JABYMSI PACCTOsI-
musivu B RY, cocrosmumu u3 Gostee deM d 4 2 Todek. 3aMeTHM, 9To MoJ0GHbII

*Pabora BBINOJIHEHA TIPU YaCTUYHON momep:kke douma «Iunnacrusi», rpanros PODU
11-01-00735 u 12-01-31281 u rpanra IIpaBuresncrBa PO Ne11.G34.31.0053.

TPaBora BbIIOIHEHA IpK YacTHYHON HojeprKke rpanta 11-01-00735 u rpanta Ilpasu-
tesberBa PO Nel1.G34.31.0053.

Dlo-anrmmitckn s-distance set.

MaTtemaTtuueckoe npoceeweHue, cep. 3, sbin. 17, 2013(136-151)
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Pe3yJIbTAT JIJIT MHOXKECTB C § > 2 paccroguusamu ObLn mojyden X. Hozaku
coBceM HesaBHO [19].

VMeeTcst mpuMep MHOKECTBa ¢ JByMsi paccrosuumsMu B RY, cocrosmero
w3 C7, | = d(d + 1)/2 Touex. Mbr Gyzem 0603HAYATE 9TO MHOKECTBO Sy. Pac-
CMOTPHM IIPaBIIBHBIH cumiLieke B R, y KoToporo mmmHbt Beex pébep pasHbr 1.
VY sroro cumiuiekca Beero d(d+1)/2 pédep. Vx cepenunbl OynyT 06pa30oBbIBATH
MHO2KECTBO C JIByMsl paccrosinusimMu. JleficTBuresbHo, ecjin jiBa pebpa UMeoT
OBIIY IO BEPIIHHY, TO PACCTOSTHAE MEXKIY UX cepeMHaMu PpaBHoO 1/2 (HOCKOIBbKY
COEJIMHAIONINN UX OTPE30K OYIET CpejHell JINHUEell TpeyroJibHIKa, 00pa30BaH-
HOTO BepIIMHAME TuX pébep). Eciun ne umeror, To 1/v/2, HOCKOIBKY B 3TOM
cJlydae BEPIIMHBI 9TUX PEOEP sABJISIOTCS BEPIIMHAME IIPABUIJILHOIO TPEXMEp-
HOT'O TETPa3/Ipa, & PACCTOSTHUE MEXKJTY CEPeJIMHAMU IIPOTUBOIIOJIOXKHBIX PEOEP
[MPABUJIBHOT'O TeTPa’y/ipa MMEHHO TAaKOBO.

DTO MHOXKECTBO MOYKHO OIUCATH TaKKe C MOMOIIBI0 OPTOHOPMUPOBAHHOTO
basuca ey, €a, ..., eqy1 npocrpancTsa R, Pacemorpun Touku Bua

e+ e (1<i<j<d+1).

Paccrostaie MeK/Iy TAKIMI TOYKAME MOKET OBITH PaBHO JH60 /2, nubo 2, B
3aBUCUMOCTH OT TOT'O, UMEIOT JIU OHU OOIIYIO €/INHUILY B KOOD/JIMHATHON 3aIucu
wm Her. Cymma Koopauuat mosyuansiuxes d(d + 1)/2 Todyek Gyner pasHa 2
U IIO3TOMY OHHU OYIyT JieXKaTh B TUIIEPIIOCKOCTH, 3aJ1aBaeMOil ypaBHEHHEM
r1+ ...+ T4 = 2.

Bamernm, uro ecsim a u b (a < b) — ;1Ba PaCCTOSTHUST MHOXKECTBA Sg, TO
b?/a? = 2. OxasbiBaeTcs, 9TO MOMOOHOE CBOMCTBO BEPHO JIJIsT BCEX JOCTATOTHO
OOJIBIINX MHOYXKECTB C JIBYMSI PACCTOSTHUSIMU.

Jlapman, Pomxepe u 3eitgens B [14] mokazanu, 4ro ecim MHOXKECTBO €
aByMms paccrosmuamu a 1 b (a < b) B RY cocront m3 6omee wenm 2d + 3 Touek,
TO

2
%:%,FﬂekEN, u 2<k§%. (1)

Henasuo sror coorHomienne 6bu10 06061meno Hozaku [19] wa cirydaii Mmuo-
JKECTB C S PACCTOSTHUSIMHU.

E:CTGCTBQHHO7 9TO HaC 6yﬂeT naorepecoBaTb MaKCUMaJIbHasd MOIITHOCTH MHO-
2KECTB C S PACCTOSHUSIME. JacTo 3KCTpeMajbHble KOH(DUTY pallui, TO €CTh MHO-
JKECTBA C S PACCTOSIHUSIME, COCTOSIINE U3 MaKCHUMAJILHOIO BO3MOXKHOIO HUHC-
Jia TOYEK, OKA3BbIBAIOTCS BEChbMa, JIIOOOMBITHBIMU U rpad PACCTOSHUN MEXK Ty
TOYKAMU MMEET BBICOKYIO CTEIIEHb CUMMETPHUM. DTO OJHA U3 IPUYUH, T0YEMY
MHTEPECHO MCCJIEIOBATH BOIPOCHI O MOIIHOCTH M BUJE TAKHX MHOXKECTB.

OTMeTnM, 9TO BEPXHUE OIEHKH Ha MOIIHOCTH MHOYKECTB C § PACCTOSTHUSIMU
B R? cramm mssecTrsl okoso 30 jeT Hazax. B uacTHOCTH, Biokxayc mokasai,
YTO YHUCIIO0 TOYEK Y MHOMKECTBA S € JBYMsI paccTosiHusmMu B RY He mpeBocxoauT
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(d+1)(d+2)/2 (cm. Huke Teopemy 1). Kak nokasas JIuconek (cm. pasier 3),
9Ta OIEHKA JIOCTUTAETCS B pa3MepHOCTH 8.

B pabore [8] 6b111 10Ty Y€HBI OLEHKH JIJIsT CJIydast, KOrJ[a TOYKHA MHOXKECTBa
S nexar na chepe B RY. (Mbl Gynem HasplBaTh TaKue MHOXKECTBA, chepuie-
CRUMU MHOHCECTNEAMU, ¢ 08YMA paccmosnuamu.) B arom ciaydae onenka Gyjer
d(d+3)/2 (cm. Teopemy 2). 3aMeTHM, 9TO 9TA OIEHKA JOCTUTACTCS I d = 2,
6 u 22.

B pazgene 3 Mbr paszbupaem pabory JIncoHeka 1o MHOXKECTBAM C JIByMs
paccrosamsivu B R? juist d < 8. KpoMe BepxHEX OIEHOK u paGoTe! JInconexa,
OCHOBAHHOW HA KOMITBIOTEPHOM TIepebope, MPAKTHIECKN HUKAKUX PE3YIBTATOB
JJIdd MaKCUMaJIbHBIX €BKJIMJIOBBIX MHOXKECTB C JABYMA PACCTOAHUAMU HET.

B orsmmaun ot eBrinm0Ba, /st cHEPUIECKOTO CIIydasi UMEeeTCsl 3HATUTE b
HBI 1porpecc. Mbl HemHOrO 06CyauM 310 B pasjese 5. B pabore [18] 6bL10
mokazano, 91o ajs 6 < d < 22 u 23 < d < 40 KOIUIeCTBO TOYEK He IPEBOCXO-
mut d(d + 1)/2. CrenoBarenbHO, B 9TUX Pa3sMEPHOCTSIX MHOXKECTBO S, sIBJIsI-
eTcs MakcuMaJjbHbIM. HeaBHO 9TOT pe3ysbrar ObL1 paciuiuped s d = 23 u

40 < d < 93 (d # 46,78) B pabore A. Bapra u B.-III. IO [4].

1. MHOYKECTBA C JIBYMSI PACCTOSIHUSMU /151 d < 3.

B ciyuae, korya mHale npocTpaHCTBO — 3TO HPAMAasi, JIEI'KO BUIETb, UTO
MaKCHUMaJibHas MOIITHOCTH MHOXKECTBA C JBYMS PACCTOSHUSIMHU PaBHA TPEM.
DKCTpeMaJIbHON KOH(MUTrypalmeit TyT C/Iy’KaT KOHI[BI OTPE3Ka U TOYKA B €ro
cepesuHe.

Ha mmockoctn Takoe MHOXKECTBO MOYKET y2Ke COCTOATD U3 ISITU TOUEK —
BEPIIUH IPABUILHOIO NATUYTOJIbHUKA. JIBa paccTosiHUS — 3TO JIMHA CTOPOHDI
MATUYTOJBHUKA U JJINHA €r0 JuaroHaau. B ciaemyioneM pa3iesie Mbl TOKazKeM,
9TO 9Ta KOHPUTYpaIlUs eJUHCTBEHHA.

Puc. 1.

B TtpéxmepHOM mpocTpancTBe MaKCHMaJIbHAS MOITHOCTD HE CHJILHO DOJIBITIE
u paBHa 1ectu. J1o nokasan Kpodr B [7]. OkaseiBaercs, 4T0 pasMepHOCTb TpH
B JJAHHOM CJIydae SBJISIeTCS HUCKIIOUNTEILHONU CHTyalldell, TOCKOIbKY TaKUX
MHOKECTB U3 IIECTU TOYEK HE OJIHO, & IeJIbIX IecTb mTyK. llepeducinm ux.
Bo-miepBhIX, cyliecTByeT IBa MHOXKECTBA C OTHOIIEHWEM JJINH, PaBHBIM
V2. TlepBoe — 3TO BEPIIUHBI MPABIIBHOIO OKTadIpa. JIpyroii mpumep — 910
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Puc. 2.

IpHU3Ma, OCHOBaHNE KOTOPOI — IPaBHJILHBII TPEyTrOIbHUK, a OOKOBBIE PEOpa
paBHBI CTOPOHE 3TO TPEyroJbHUKA (pHUC. 2).

EcTb emg gernipe J0BOIBHO JIOOOIBITHLIX IPUMEPa, KOTOPBIE IOy Yai0TCs
U3 IPABUIBLHOTNO MKOCad/pa. B mpaBmibHOM ukocasape 12 epmun (puc. 3).
st KaK/ioit BepIMHBI €CTh D COCENHUX BepIuH (JaBaiiTe CcYUTaTh, UTO
paccTosiHue JI0 HUX PABHO 1), IPOTUBOIIOJOXKHASA M 5 COCEJHUX C HPOTUBO-
HOJIOXKHOIT (paccTosinue J1o HUX paBHO /5/2). laBaiiTe u3 KaxK10if mapbl 11po-
THUBOIIOJIO’KHBIX BEpPIIMH BbibepeM ojHy. Torma Mbl moaydum 6 TOYeK, MexK Ly

~——

o3

Puc. 3.

S>BO

Puc. 4. Yerbipe npuMepa MHOXKECTB C JIBYMSI PACCTOSTHUSIMH, ITOJLY 9aIONMUMUCS
U3 MPaBUJIBHOIO HKOCAdIpa. AKUpHbIe JUHUH 0003HAYAIOT PACCTOSHHUSI, DAB-
meie 1, a Tonkne — \/5/2
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Puc. 5. MuoxkectBa u3 7 TO4YeK Ha IJIOCKOCTH, MEXKJ[y KOTODBIMH TOJBKO TPH
BHUJIa PACCTOAHUH

KOTOPBIME paccrosiane jmbo 1, mubo /5/2. Takum 06pa3om, MBI MOXKEM II0-
JIyIUTH 9eThIpe HOBbIE KOHCTPYKIINU, N300paskEHHbIE Ha PUC. 4.

WHTepecHo, 9TO Jjisi TJIOCKOCTH W MPOCTPAHCTBA TaKXKe peIleHa 3a/ada
O MHOXKeCTBaX C TpeM#d PaCCTOAHUAMU. Ha IIJIOCKOCTHN OHO MOZKET COCTOATH
MaKCUMyM U3 CEMH TOYEK, U CYIIECTBYET JIBE TaKue KOH(MUIYPAIUH: BEPIIMHbI
IPABUILHOIO CEMUYTOJIBHUKA U BEPIITMHBI TPABUIHLHOTO [IIECTUYTOJIbHUKA U €10
nenTp (puc. 5). IToaHOCTHIO BCe MHOXKECTBA € TPeMsl PACCTOSIHUSIMU Ha, [1JI0C-
KOCTHU, COCTOsIIIME U3 IsTH U Oosiee Touek Kiaccuduruposai [Iluroxapa [21]
(ux okazasoch 24 mrykn). On ke mokazas [20], 4To B TpEXMEPHOM MPOCTPAH-
CTBE €/IMHCTBEHHOE MaKCHUMAaAJIbHOE€ MHOXKECTBO C TpeMd PaCCTOAHUAMMH — I3TO
ukocasap (puc. 3).

[Tpumepbl MHOYKECTB C JIByMsI PACCTOSHUSIMUA B OOJIBIIHX DPa3MEPHOCTSIX,
obcyX)KTaf0Tes B pasjete 3.

2. MAKCUMAJIbHOE MHOYKECTBO C JIBYMSA PACCTOAHUAMU HA
IIJIOCKOCTU

HpI/IBe,ZLéI\/I 3eChb N0Ka3aTeJIbCTBO TOI'0, YTO IIATH TOYEK Ha IIJIOCKOCTU C
JIBYMs PaCCTOSIHAAMH, BCerja o0pasyloT HpaBHJILHBIA IIATHYTOJLHUK. llep-
BbIM 970 Jokazas Kesm [12], pemrasi moxoxyio 3aiady Dpzéma u3 3a1ad-
muka American Mathematical Monthly. Bagata Dpaémra cocrosiia B cienyo-
IIEM: CKOJIBKO TOYEK MOXKHO PACIIOJIOKHUTh Ha ILJIOCKOCTH UM B IIPOCTPAHCTBE
Tak, 9T00bI JIFOOOH TPEYTrOJbHUK C BEPIIUHAMU B HUX OBLT PaBHOOEIPEHHBIM.
MHO)KGCTBO C ABYyM<I PacCCTOAHUAMM, OYEBHU/HO, fABJIACTCA IIPUMEPOM TaKOI'O
muoxkecTa. ObpaTHoe HeBepHO. B 9acTHOCTH, OTBETOM Ha BOIPOC IPAEIIa
I IUIOCKOCTH OymeT 6 — IpaBU/IbHBIA IATUYTOJBHUK M €ro HeHTp. Keum
IIOKa3aJI, 9TO 9Ta KOHCTPYKIUS U3 IIECTU TOYEK OyIeT emHCTBeHHOM. B Tpéx-
MEpPHOM IIPOCTPaHCTBe 3ajady Idpxéuia permmnt Kpodr [7], mokaszas, uro B
3TOM CJIydae To4deK He 6ojee 8. MHOXKECTBO U3 8 TOYEK CYHMIECTBYET: IPABUIb-
HbIl IATUYTOJBHUK B TOPU30HTAJBLHOHM IIOCKOCTH, €r0 IEHTD M ABE HOYKH
Ha/Ja 1 110 HEHTPOM Ha PaCCTOAHHUN PABHBIM paﬂHyCy OIIMCAHHONI Opr}KHOCTI/I
naTnyroabauka. OIHAKO IOKA3aTh, 9TO 3TO €JAMHCTBEHHAA BOCHMHTOYCYHAS
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KOH(MUIYpaIus yIaJ0Ch JOKa3aTh JHIIb cpaBHUTEIbHO HejpasHo (Kungo [13]).
ITozxxe FO.U. MoHnHy yHaJoCch IMOJYyYATH pEIIeHHe ITOW 3aJadd JJIsd IIPO-
crpaHcTB pasMepHocTu He Gosibieii 8 [11]. Bosee nmoapo6Ho 06 sToit 331aue u
[IOXOKUX BOIIPOCAX MOXKHO IIPOYHUTATh B €ro HeJlaBHell crarbe [2].

Bepuémcst Kk Hateii 3a1a9e 0 MHOXKECTBE C JIBYMsI PACCTOSTHUSIMU Ha, TIJIOCKO-
cru. OYeBUIHO, 9TO K BEPIIMHAM IIPABUJILHOIO MATHYTOJbBHUKA HEJIb3s1 OyaeT
J0D0ABUTH €IIE OJIHY TOYKY, TaK ITOOBI UMUCJIO PA3/IUIHBIX PACCTOSTHUN HE yBe-
Jimamiock. [losTomy, U3 e IMHCTBEHHOCTH OYIET CJIeJI0BATh, 9TO MaKCUMAJIbHASI
MOIITHOCTb MHOKECTBa C JABYMS PACCTOAHUSIMU Ha IJIOCKOCTU PaBHA IIATH.

Nrak mycTb JaHO MHOXKeCTBO S M3 D TOYEK Ha IIOCKOCTH, TaKHUX, ITO

MeKJly HUMH TOJIBKO JBa paccrositust a u b (a < b). Bamerum, uro cpeu
9THX TOYEK HET TPEX, 00pa3yoyX IpaBUILHBIA TPeyroabHuK. JleficTBuTeIb-
HO, ycTh Tpu Touku A, B u C 06pa3yioT IpaBUIbHBIA TPEyroJbHUK. Torma
po Jio0y10 Touky X U3 JBYX OCTABIIUXCS TOUEK S, MOXKHO CKa3aTh, UTO
a) u3 Tpéx paccroguuii 10 A, B u C 1Ba JOJKHBI ObITH PABHBI, TI0ITOMY X
JIEXKUT Ha OIHOM M3 CEPEIMHHBIX IEePIEHIUKYIIpax K CTOPOHAM;
6) Bce Tpu paccrosiaust 10 A, B u C' He MOTyT ObITh OJMHAKOBLIMHA (CJTyvai,
korga X 1eHTp A ABC JIerko MCKIIIOYAeTCsl, TaK KaK MSATYI TOYKY K 9TOMY
HabOPY J00ABUTH HEJIB3s1), TI0ITOMY OJIHO M3 HUX JIOJKHO ObITh paBHO |AB|.
CuetoBaTeIbHO 9Ta TOYKA JIEXKUT Ha OKPYKHOCTH pajnyca |AB| ¢ neHTpoM B
OJIHOIl W3 BEPIIUH TPEYTOJbHUKA.

Takum ob6paszoM, KaHIAUIATAMA B Hallle MHOYXKECTBO MOTYT OBITH TOJIBKO 9
TOYEK, OTMeYeHHBbIX Ha puc. 6. Jlerko 3aMeTuTb, 9TO B MHOXKECTBE C JIBYMsI
PACCTOSTHUSIMA TOYKH JIOJIZKHBI OBITH OJ{HOTO THIA (T. €. OMUHAKOBO OTMEYEHBI
na puc. 6). Ho, npoanajnsupoBas Bce TpH BO3MOXKHbBIE B 9TOM CJIydae KOH-
CTPYKIIUU, MBI BUIUM, 9YTO OHH MMEIOT TPU Pa3IUIHBIX PACCTOSIHUSA.
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SaMeTuM TakKxKe, 9TO JJIst KaxKJ10il Toukyu X M3 MHOXKeCTBa S, CYIIEeCTBY-
er pPOBHO JBe TOYKM u3 S Ha PACCTOSHUM @ W JBEe Ha pPaCcCTOSHUU b.
HeiicrBurensuo, ecan Tpu Touku A, B u C Haxoudrcss Ha PacCTOSAHUU, CKa-
xKeM, @ oT X, To b0 MEXK/y KAKUMU-TO JIBYMsI U3 HUX PACCTOSIHUE @ U OHU
00pa3yIoT MpaBUIbHBIN TPEYTrOJIbHUK BMECTE ¢ TOUYKOM X, OO0 MEXKIy HIMU
BeeMmu paccrosinne b u o ABC' npaBuIbHBIH.

Pas rak, To mostygaem, 9To €CIU COEIMHUTH OTPE3KAMU BEPINIUHBI HA PAac-
crosgHun b, TO OHI 00pa3yIOT MATU3BEHHYIO JIOMAHYIO, IIPA 3TOM KasKJi0e pedbpo
9TOl JIoMaHO# sABjsiercss nuamerpoMm S. Ho Jrrobble JiBa aramMeTrpa MHOXKECTBA
Ha IJIOCKOCTHU JIOJIZKHBI JIHOO IepeceKaThest, JTU00 MMeTh OOIuil KoHery (ecsmn
JIBa JaMeTpa He [IePECEKAIOTCsl, TO U3 KarKI0I'0 MOYKHO BBIOPATD 110 BEPIIMHE
TaK, YTO PACCTOsIHIE MEXK/Iy BRIOpAHHBIME BepiiHaMmu Oy/ier 6oibiie). Ciiejto-
BaTeIbHO, 9Ta JIOMaHas yCTPOeHa 3Be3/10#, Kak n300parkeHo Ha puc. 7. Ocra-
JIOCh 3aMETHUTh, 9TO BCe CTOPOHBI 0OPa30BABIIErOCS MATUYTOJbHUKA JOJIZKHBI
ObITh paBHBI a. OTCI0Ia yKe JIErKO HMOJIYYUTh PABEHCTBO €0 YIJIOB, & 3HAYUT,
9TOT IATUYTOJbHUK MPABUILHBIIA.

Puc. 7.

3. MHOYKECTBA C JIBYMSA PACCTOAHUSAMU B IIPOCTPAHCTBAX
PA3BMEPHOCTU d < &

B 1997 romy I1érp Jluconek omybaukoBaa mHTEpeCcHyO crarbio [15], B Ko-
TOPOI OH € ITOMOIIBIO KOMITBIOTEPA IMOKA3AJI €JIMHCTBEHHOCTD (C TOIHOCTDHIO JI0
IIO,ILO6I/IH) MaKCUMaJIbHBIX MHO2KECTB C JIBYM¢ PACCTOAHHAMU B PA3SMEPHOCTAX
4,5, 6 u 7 (camu KOHCTPYKIIUU OBLIM M3BECTHBI €IIE JI0 HEro), a B Pa3MEPHO-
ctu 8 OH OOHAPYKUJ MHOYKECTBO COCTOsIIee u3 45 TOYeK, T.e. MAKCUMAaJIbHO
BO3MOKHOE corviacHO rpanuiie biokxayca (cM. Teopemy 1 B pasjeie 4).

Paccmorpum sty pabory 6ostee nonpobro. Ilepebepém Bce MakcuMaIbHBIE
MHOKeCTBa, ¢ jiByMsi paccrosiamsivu B RY, tie d < 8. MbI yke 3HAKOMBI C
TaKUMK MHOXKecTBaMu ajist d = 2 u d = 3.

d =4. B sToM ciiydae WHCIO TOYEK B MHOXKECTBE C JIBYMS PACCTOSTHUSIMU
He npeBocxoauT 10. VI eamHCTBEHHBIM MHOXKeCTBOM u3 10 TOUYEK SIBJISIETCST
OIIMCAHHOE BBIIIIE MHOXKECTBO S5, COCTOMINEE U3 CEPeInH pEdEep MpaBUILHOIO
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Puc. 8.

cumriiekca. Marepecto, ato rpad pédbep OoJbINeil AIuHBI B 9TOI KOHPUrypa-
nuu obpasyer 3Hamenursiii rpad Ilerepcena (puc. 8).

d = 5. B 3710if pa3MepHOCTH MOYXKHO TOJIYIUTH OOJIBbINE TOYEK, €M JaéT HAM
MHOXKECTBO U3 cepeluH peébep cumiiekca — 16 Bmecro 15. [l sroro Hamo
«TOJKPYTUTD» YETBIPE TOUKHU, ITO TTO3ZBOJIUT NOOABUTH eIné ony. OmuiieM 3Ty
KOHCTDYKIIMIO sIBHO (OHA 2Ke SIBJISIETCsI eJIMHCTBEHHON MaKCUMAJIbHOM B ISTH-

MepHOM npoctpancTse). IlycTs e, €2, €3, €4 U €5 — 9TO0 OPTOHOPMUPOBAHHBII
5

baszuc. Hamre mHOXKECTBO Oy/ieT COCTOSITH M3 MATU TOYEK BUIA —e; + Zej
i=j

(1 <1i<5),10 Touek Buza e; +e; (1 <i < j < 5)u Havasa koopauHaT. Jlerko

BHJIETD, YTO MEK/Iy TOYKAMU STOTO MHOXKECTBA PACCTOsHIE b0 /2, 1160 2.

5
1
Kpowme Toro, Bce onn Jsiexkar uHa cdhepe pagmyca V5 /2 ¢ neHTpoM B 3 Z €.

i=1

d = 6. OxasbiBaeTcsl, YTO B CEMUMEPHOM IIPOCTPAHCTBE CYIIECTBYeT 28 mpsi-
MBIX, ITPOXOJSAIINX Yepe3 HadaJlo KOOPJMHAT, TAKUX, YTO yroJ MeXKJy HUMHU
ofMHAKOBBI n pasen arccos1/3. Kak mocrponts Takue mpsimbie? Pacemor-
puM npsmble B RS, BhIXOAsIIIEe N3 Haua/a KOOPIMHAT B HAIPABICHUAX BIOJIb
BEKTOPOB, Y KOTOPBIX JIB€ KOODPJIMHATHI PABHBI 3, & OCTAJIbHBIE IECTh PABHBI

—1. Takux IPAMbBIX 082 = 28 u Bce oHHU JIexKaT Ha TUIIEPIIJIOCKOCTH 3a/iaBac-
8

MOl ypaBHEHUEM Z x; = 0. Bce BeKTOPBI, TOPOXKTAIOIIUE ITH [IPSIMbIE, UMEIOT
i=1
nmay /24, a cKaJIspHOe IPOU3BE/IEHIE STHX BEKTOPOB PABHO 160 8, 1160 —8.
BHauuT, yroy Mexiy STHMH BeKTopamu jmbo arccos1/3, smbo — arccos1/3.
BribepeMm euHUTHBIN BEKTOP € Ha OJHOM M3 MPsAMOil U 27 e TMHUIHBIX BEK-
TOPOB Ha OCTABIIUXCS MPAMBIX, TAK UYTO OHM 00PA3yIoT ¢ € Tymoii yroJi. Jlerko
[OHATD, YTO KOHIIbI 9THX BEKTOPOB JIEXKAT HA IMIECTUMEPHO IJIOCKOCTH, I€p-
HEHIUKYJ/ISPHON €, U PACCTOSIHYSI MeXKJIy HUMU PaBHbI Jin00 /4/3, mbo +/8/3.
(M1 omsiTh 2Ke, BUJIHO, YTO BCE OHU JIezKaT Ha OJHOI cdepe.)
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d =7. B s7oit pazmepuoctu JIuconek obHapyKMI, YTO MAKCUMAJIHHOE MHO-
JKECTBO €JIMHCTBEHHO U COCTOUT OHO u3 29 Touek. Kak u B pa3MepHOCTH MSITh,
MOXKHO «IIOJIKPYTUTH» KOHCTPYKIIUIO, OOPA30BAHHYIO cepejuHaMu pEdep mpa-
BUJIbHOT'O CUMILIEKCA U JIOOABUTH €IIE OJ[HY TOYKY.

MpbI onuiieM 3TO MHOYXKECTBO C IIOMOIIBIO OPTOHOPMUPOBAHHOIO Oasmca
e1,ea,...,eg npocrpancrea RE. CyMMa KOOpDJMHAT HOJIYUUBIINXCA TOYEK 6Yy-
JIeT paBHA 2 U MOITOMY OHHU OyJIyT JieXKATh B CEMUMEPHON TMIIEPILIOCKOCTH,
3ajlaBaeMoOl ypaBHeHUEM 1 + ...+ xg = 2.

7 TOYEK HAIIero MHOXKECTBA 3a/IAI0TCS TaK:

7
1 1 .
—e¢+2k§ ek — €8 (1<i<gT).
=1

21 TouKa MMeeT BUI:
e t+e; (1<i<j<7),

1 29-g ToYKa — 9TO TOYKA

7
D
2 kot
=1
PaccrosiHust Me¥KJLy TOYKAME ONSTH K€ PaBHBI aubo /2, mmbo 2, HO B

OTJIMYHE OT IPEABLIYIINX CAYyYaeB, Ha 3TOT pa3 TOUYKU He OymyT JiexKaTh Ha
oxHoit cdepe.

d =8. Kak u B mnpeabiaymieM ciydae, 3aJaJlUM 9TO MHOXKECTBO B KOODIIHU-
HaTax IPOCTPAHCTBa OoJibIieit pasmepHocTu. IlycTs e, es,. .., e9g OPTOHOPMU-
posannblii 6azuc B RY. CyMMa KOODAMHAT IOCTPOEHHBIX TOYEK OIATH OyJIeT
paBHA 2, TO €CTh OHU OyIyT JIe2KaTh Ha TUIIEPIJIOCKOCTH, 3a/[aBaeMOil ypaBHe-
HUEM T1 + ...+ Tg = 2.

9 ToYeK 3aJIaI0TCs C MMOMOITBIO TAKUX COOTHOITEHUIH

9
1 .
—€i+3kglek (1<i<9).

Ocrajbable 36 00pa3y0T MHOXKECTBO Sg U MMEIOT BT
e +ej (1§2<j§9)

Kak u pamblile pacCTOSHIS MEKIy TOUYKAMH OyIyT PaBHBI JHO0 \/2, JIH-
00 2. DTOT pUMep SBJISIETCS MAKCHMAJIBHBIM, [TIOCKOJIBKY Ha HEM JTOCTUTAETCsI
rpanuna Biiokxayca (teopema 1). Ho siBiisiercst i 9Ta KOHCTPYKIMS €JIUH-
crBenHOi? Kpome TOro, oTMeTuM, 9TO IMOJIYYHUBIIHECA TOYKH OyIyT JEKaTb
Ha JIBYX KOHIEHTpUIecKuX cdepax. MoxkeT ObITH, 9TO BEPHO U I JAPYTHUX
9KCTPEMAJIBHBIX KOHMUrYpalmii B 6GJIbIUX PA3MEPHOCTAX (9Ta rurnoresa Obi-
JIa BBICKa3aHa HECKOJbKO JerT Ha3al A. A. [nmaseipunbiv u O. P. Mycunbim)?



O MHOXkecTBaxX C JBYMsI DACCTOSHHSIMI 145

Mero, nepebopa ocHoBal Ha cooTHomenun (1), Gaarogapsi KOTOPOMY Mbl
MOYKEM CYUTATh, YTO 3HAEM OTHOIIEHWS MEXKy paccrosausMu. [loce gero
HAJI0 PACCMATPUBATE PAa3JINIHbIE TPAMBI U TTPOBEPATH, PEATU3YIOTCS JIM OHU B
[IPOCTPAHCTBE COOTBETCTBYIONIEIl PA3MEPHOCTH (JJIsl 9TOTO CYIIECTBYIOT KJlac-
CUYECKUe METOJIbI, OCHOBAHHBIE HA MOJIOKUTETLHOM OTPEIeIEHHOCTH MATPHUITEI
CKAJISIPHBIX TPOU3BE/ICHUIN ).

B crarne Jlnconeka Takke MPUBOJSTCS JAHHBIE O BPEMEHH, TIOTPAICHHOM
Ha BBIYUCJIEHUS Ha JIOBOJILHO MOIIHOM 110 MepkaM 1996 roma KomiibioTepe
(DEC Alpha 2000 4/275 ¢ 256 MB RAM u cynepkommsiorep IBM/SP2 ¢ 40
yzaamu RS6000 o 256 MB RAM B kaxmoit). Tak Ha ciyvait d = 4 ynuio
Bcero 0.2 cekyuipl, Ha d = 5 — 7 cekyua, Ha d = 6 — 12 munyT, ana d =7
rmoHa06mmoch axk 40 mHeit.

4. BEPXHUE OLEHKU HA MOIIHOCTH MHOYKECTBA C JIBYMSI
PACCTOSAHUAMU B RY

TEOPEMA 1. ITyems S — amo mmooicecmso ¢ dsyma paccmoanuamu 6 RY.
Tozda koauuecmso mouex 6 S ne npesocxrodum (d + 1)(d 4+ 2)/2 (wmo pasro

Ciia)-

[Tepronavasbho onenka (d + 1)(d + 4)/2 6blia nosyuena Jlapmanom, Pog-
skepcoMm u 3eiinenem B [14]. ITorom Biokxayc [6] cierka momosmui sro mo-
Ka3aTebCTBO U IOJIYyIHII OIEHKY U3 TeopeMbl 1. Mbl ceifuac npusegéM sru
JIOBOJIBHO IIPOCTBIE PACCY 2K JICHHUSI.

JIOKA3ATEJIbCTBO TEOPEMBI 1. [ljist KaxK10it Touku p € S 3aBeEM MHO-
TroO4JIECH OT d IIEPEMEHHDBIX:

Fy(a) = (o = pl* = a®)([|lz — pl* = °), (2)
rje a u b — 3TO Te caMble JBa PACCTOSTHHUS.

JIerko BUIETH, 9TO STH MHOTOWIEHBI JTMHEHHO HE3aBUCHMBI, MOCKOJIBKY,
IIO/ZICTAaBJIAA B KadeCTBE HepeMeHHOﬁ X TOLIKy P, MBI I_IO.]_[yLH/IM7 9TO BCE MHOTI'O-
wiensl Fyy, p' € S, p' # p, obuynsorcst, a 3nadenue F), B 9T0il TOUKe paBHO
a’b?. BaMeTuM TaKyKe, UTO OHH SBJISCTCS JIMHEHHBLIMUA KOMOHHAITUSIMU CJIETy-
omnx GyHKIAII:

), NelPei, wixj, @i, 1. (3)
Ho pasmepHOCTB MMHEHHOrO MPOCTPaHCTBA, 3a4aBAEMOT0 STUME (DYHKIIUSIMH,
pasna 1 +d+d(d+1)/2+d+1=(d+1)(d+4)/2.

D10 paccyxkenne Ob10 puBeneHo B padore [14]. Teneps npuseém yrou-
HeHue, npuyManHoe Biokxaycom B [6).

[Tokaskem, aro HabOp dyukumii {F),, z;, 1} TakKe SBJIseTCS INHEHHO He3a-

sucuMbiM. Otcioga Oyner ciegosarh onenka (d + 1)(d +4)/2 —d — 1 =
=(d+1)(d+2)/2=C3,,.
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Wrak, mycthb

d
Z cpFp(x) + Z civi+c=0. (4)

peES i=1

3aMeTnM, 9TO MOCKOJBKY MHOTOYWIEH — TOXKJIECTBEHHBIN HYJb, KO3ddu-
4 _
IUEHT 1pH ||z]|* JOJIKEH PaBHSATHCS HYJIIO, IIOITOMY g cp =0.
peES
HO,ZLCT&B.HHS{ P B 3TU COOTHOIIIEHUA, TTOJTyIacM

d
2p? pi+c=0 5
a0 cp + cip; + ¢ =0, ( )
i=1
rje p; — 9TO j-asi KOOPAUHATa TOYKH p. YMHOXKasl coorHomtenue (5) Ha ¢p u
CyMMUpY$ 110 BceM p € S, ToJIydaeM

d
2,2 2 _
a°b E cp—l—g cig cppﬁ—cg cp =0. (6)
pES i=1 peS peS
BaMeTI/IM, qTO IocJjieJHnue JBa YdJIeHa C JIEBOM CTOPOHDBI O6HyﬂHIOTCEI, IIO3TOMY

E 012, = 0. OTrkyna Bce ¢, = 0, a 3HAYAT U BCE ¢; U ¢ PABHBI HYJIO, YTO U

peES
3aBepaIracT J0Ka3aTeJILCTBO.

JList MHOYXKECTB C S PACCTOSTHUSIMU 9TO OIleHKa ObLia 00o0IeHa B paborax
[3,5]. Passusast sToT MeToz, 6p110 mokazano, aro |S| < Cy, .

B cayuae cdeprnaecknx MHOXKECTB € JIBYMsI PACCTOSIHUSIMUA OIICHKY MOYKHO
YMEHBIIUTE eIle Ha 1, JJIsi 9TOro JOCTATOYHO MOKA3aTh, YTO HAOOP IOCTPOEH-
HBIX MHOTOY/ICHOB eI JIMHEfiHo He3aBHCHM OT MHorousena ||z||? — 1.

TEOPEMA 2. IIycmos S — 29mo MH0%HCECTNBO ¢ 08YMA PACCTNOAHUAMYU, PAC-
noaazaroweeca na chepe 8 RE. Tozda koauvecmeo mover 6 S ne npesocrodum
d(d+3)/2.

JIOKABATEJ/IbCTBO. Be3 orpanndenuss OOITHOCTH MOXKHO CYUTATD, YTO
TOYKM MHOXKecTBa S Jiexkar Ha enuHu4HOR chepe. Kak u B noKazareanLcrse
TeopeMbl 1 paccMOTPUM MHOTOUJIeHbI 3a1aBaeMble B (2). [Tokaxkem, aTo dhyHK-
nnn u3 nabopa {Fp, z;, 1, ||z — 1} suneiino nesasucumbL.

IIycTb 3TO He Tak. Torma

d
S coFyla) + Y cimit e+ (2] 1) = 0. (7)

peES =1
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OnsaThb e, MoCKoIbKY Koddbdurment 1pu ||z||* pasen 0, maeem Z cp =0.
peES
[ockombky ||p||?—1 = 0, Kax u panbITe, TOJCTABIAA B 3TO COOTHOIIEHHE T = P,
p € S, Mbl ostyunuM coorHorenust (5).
Komer qokazaTebeTBa, JOCJOBHO COBIAIACT C TOKA3ATEIHCTBOM IIPEIBILY-
mieit TeopeMbl. MbI HOJIydaeM, 9TO BCE Cp, BCE ¢; U ¢ PABHBL HY/IO. A 3HAYUT,

uc =0.

Ha camom mese, Teopema 2 ObLia J0oKa3aHa paHbIe TeOpeMbl 1 u cpasy
JIJISI MHOYKECTB C HECKOJIbKUMU PACCTOSHUAMU. lIpuBenéM 31ech 3TO JI0Ka3a-
TEJIbCTBO.

TEOPEMA 3 (ENBLCAPT, ['VTAJIC U BENAEND, [8]). IIyems S — amo
chepuneckoe MHOHCECTNBO ¢ § paccmOﬂHu,ﬂmu 6 R%. Tozda xoauvwecmso mo-

yek 6 S He npesocxrodum CdJrs .+ CdJrs g

JIOKA3ATEJIbCTBO. OusTb »Ke, MOYXKHO CIATATH, YTO BCE TOYKHU PACIIOJIA~
ralorcs Ha enuHUIHON cdepe. U Tora paccTOSHUIO MEXKJy IBYyMsi TOYKAMHU
COOTBETCTBYET 3HAYEHME CKAJIIPHOIO MPOU3BEICHUS UX BEKTOPOB. llosTomy
MOKHO CUUTaTh, YTO Y HAC 3aJlaHO CEMENCTBO €IMHUYHBIX BEKTOPOB, CKAJSP-
Hble IIPOU3BEACHNA KOTOPBIX IIPUHUMAIOT OJIHO U3 § 3Ha4YeHuit a;, 1 = 1,...,s.

Kaxoit Touke p € S conocraBuM MHOIOYIEH CTEIEHU S CJIELYIONUM 00-
pazoM

S
Fy(@) = [[((@.p) - a0). (8)

i=1

BamernM, 1o F,(2) paBeH HyIo BO BCeX TOUKaX MHOXKECTBA S, KpOMe P, B
KOTODOIl OH paBeH IPOU3BEIEHUIO a; (YMHOXKEHHOMY Ha —1, eciii § HEYETHO).
ITokazkeM, 9TO ITH MHOIOYUJIEHbI JIMHEHHO HE3aBUCUMBI, IIPHYEM TIOPOZK IAEMOe
VMU JINHEHOE MOIIPOCTPAHCTBO MEPECEKACTCsI ¢ IPOCTPAHCTBOM MHOIOYJIE-
woB Buma (||z]|? — 1)P(z), tme P(z) MHOTOU/IeHBI cTerenn He Gosbiie s — 2,
TOJIBKO 110 0 (970 MOXKHO MHTEPIIPETUPOBATDH TaK, Kak Oy/ITO MBI paccMaTpUBa-
€M MHOTOYJIEHBI, OIPE/IeJIEHHBIE TOIBKO Ha cdepe). A IOCKOJIbKY Pa3MEepPHOCTD
POCTPAHCTEA MHOTOUICHOB CTeneHn He Gombme s pasaa C'§, | a pasMEpHOCTD
nopocTpancTsa MEorounenos sua (||z||2 — 1) P(z) pasna pasmeproCTH TI0I-
NPOCTPAHCTEA MHOIOMICHOB CTenenu He Goubimeii s — 2, 1o ectb C4, o, 10-
JydaeM, 9TO Pa3MEPHOCTH JIMHEHHOIT 060/1049KH F),(x) He Goblre, deM

d d d d d
CdJrs - Cd+372 = Cd+571 + C’d+571 - Cd+572 =
d d
=Cars1+Cays ot Cd+s 2= Chiy a=Cho+ Cd+s - (9)

m _ (m n—1
31eck MBI TOJIb3yeMcs U3BeCTHBIM cooTHomenunem Cf) = C7 1 + C))
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Wrak, mycthb

> epFp(@) + (lz]* = 1)P(2) = 0 (10)

peES

ISl HEKOTOPOro HeHysieBoro nabopa ¢, u muorowiena P(x). Torma, nogcras-
Jasist p € S B KauecTBe T, Mbl OOHYJIMM BCe CJlaraeMble B JIEBOI YaCcTH 3TOTO
paBeHcTBa Kpome ¢, F,(p). Tlockonbky Fj,(p) He paBHO HyIIIO, HOJIydaeM, YTO
¢p = 0. ITockosbKy 9TO BepHO JJIsi BCEX P, IOJIydaeM MIPOTUBOPEYHE, 4TO U
JIOKA3bIBAET TEOPEMY.

5. HEJABHUE PE3VJIbTATHI 110 COEPUYECKUM MHOYKECTBAM C
ABYMA PACCTOAHUAMU

O/inH U3 aBTOPOB ITOH CTATHU YCUJIUI BEPXHIOIO OIEHKY JJIs Corydas cde-
PUYECKUX MHOXKECTB C JIByMSI PACCTOSHUSIMU, KOTJIa, CYMMa 3TUX PACCTOSHUN
HE IIPEBOCXOJIUT 7.

TeOPEMA 4 (O. P. MycuH [18]). Hycmos S — 2mo mmoosicecmeo ¢ deyma
PACCMOANUAMU, Pacnosazaroueecs na edunuunot chepe 6 RY npuném cymma
smuz (yeaoswx) paccmosnudi ne npesocrodum . Tozda Koauuecmeo mouer
6 S ne npesoczodum d(d+1)/2 (mo ecmv CF ;).

JIOKABATEJIbCTBO. Bynem cumrarh, 9TO CKajaspHbIE TPOU3BEIEHUS, CO-
OTBETCTBYIOIINE YKA3aHHBIM PACCTOSHUSAM, paBHbl ¢ u b. Torma ycmaosue, 9To
CyMMa 9TUX PACCTOSTHUI HE IPEBOCXOIUT T, SKBUBAJIEHTHO TOMY, 9TO a+b > 0.

Kak u B mpeabLyux 10Ka3aTelbCcTBax, Kaxk10il Touke p € S comocraBuM
MHOTOYJIEH

Fp(z) = ((2,p) — a)((x,p) = b). (11)

Kak MblI 3HAa€M, 9T MHOTOWICHBI JIMHEHHO HE3aBUCHMBI U MMEIOT CTEHEHb 2.
[Tokazkem, 4TO KPOME TOTO OHU JINHEIHO HE3ABUCUMBI C OJTHOPOJIHBIMY JIMHE-
HBIME (DYHKIIAME 1 MHOTOU/IeHOM ||7[|2 — 1.

IIycrn
Y epFp(@) + (v,2) +e(|lz]® - 1) =0, (12)
peES
rje 6e3 orpaHmyueHns OOIMIHOCTH MOXKHO cunTtaTh, urto ||v|| = 1. Torma, mox-
CTaBJIsIsl B KAYECTBE X TOUYKU P € S, MOJIYINM CJIeAyOINe COOTHOIIEHN:
E =0 — —(v,p) 13
ZCP p(p)+<vap>_ , TO €CThb cp_ (1704)(171))' ( )

peES
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Teneps nogcrasum B coornomtenre (11) B KadecTBe & TOYKH ¥ U —0:

3 %Fp(v) +1=0; (14)
peES
—<’U,p> _
p

Boranras (15) uz (14), mosydaem

0= Z (1 ,ii;)(f), b) (Fp(v) — Fp(—v)) +2 =

_ —(vp) 5 _ 2(a +b)(v,p)*
peES peS

2(a+b)(v,p)°
Yero He MOXKeT OBbITb, MMOCKOJIBKY a + b > 0 u, 3HAYUT, ———~——— BEJUYINHA

(1—-a)(1-0)
HEOTPHUIATEIbHAS.

Teopema 2 1aéT BEPXHIOK OIEHKY Ha MOITHOCTH MHOYKECTBA C JIBYMSI Pac-
crosmuamu na chepe B R pasmyio d(d + 3)/2. Mer yxe Buemm, uTo 3Ta
onenka pocruraercs npu d = 6. I[logobuo ciyvaio d = 6 crpourcs mpumep
st d = 22 [8]. dpyrux npumepos, Korga gocruraercs onenka d(d + 3)/2, ne
U3BECTHO.

C pyroii CTOPOHBI, y HAC €CTh YHUBEPCAJbHBIH mpuMep cheprudecKoro
MHOXKECTBA C JBYMsI PACCTOSTHUSIMU Sg — CepeJiuHbl pédep cumiLiekca. B sTom
cilydae KOJIM4IecTBO Tovuek pasHO d(d + 1)/2.

B pabore [18] paccmarpuBasach 3ajada 0 MAKCHMAJIbHBIX MHOXKeCTBaX S
¢ aByMst paccrostHusiMu Ha cdepe. 1o Teopeme 4, eciin cymMMa pacCTOsSTHUN HE
IPEBOCXOJIUT T, TO KOJIHIeCTBO Todek B S He npeBocxomut d(d + 1)/2. Takum
obpa3oM, ocTaéTcs paccMOTpeTh ciaydait a + b < 0.

N3 teopembr Jlapmana — Pomxkepca — 3eiigens caemyer, 4to b =
= (ka—1)/(k—1),tme k =2,..., (1 +v2d)/2]. Janee B [18] upumensercs
meroz lenbcapra (cM., HanpuMep, [1]) jIst OIEHKH MOIIHOCTH MHOXKECTBa, TO-
Y€K C TAKUMU PACCTOSTHUSIME. DTOT MeTox st 6 < d < 22 m 23 < d < 40 maér
oreHky Menblryio deMm d(d + 1)/2. CrenoBaresbHo, B 9TUX PA3MEPHOCTSIX Y
MaKCHMAJbHOTO MHOXKeCTBa a+ b > 0 1 MHOXKEeCTBO cepeuH PEdep CUMILIEKCa,
SIBJISIETCST MAKCUMAJILHBIM.

Henasuo B pabore [4] sTor pesynsrar Obur pacmupern Ha d = 23 u
40 < d < 93 (d # 46,78).

Bamernm, uto 6, 22, 46, 78 aasrorca anciamu suga (2m + 1)% — 3, tie
m=1,2,3,4. 9T0 UPUBOJUT K CJEIYIOMEN THIIOTE3E:

Mowrocmd MaKCuMaibH020 cHEPUtEcKo20 MHOHCECMEA ¢ 08YMA PACCNO-
anuamu 6 RY 2de d > 6 u d # 4m? +4m — 2, m € N, paena d(d +1)/2.
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OnsiTh 0 MHOTOYTOJIbHIKaX Pelinxapira

C. B. lN'amkos

B [9] Peitaxapar nokazan nzouaMeTpruieckoe HEPaBEHCTBO JIJisi IepUMeT-
pa m-yrojbHUKa JaHHOro juamerpa d. B [1] aBropom Hacrosimieil 3amerku
OBLTIO TPUBEIEHO DOJiee IPOCTOE JI0KA3aTEIbCTBO. 1lomyTHO OBLIO JOKA3AHO
AHAJIOTMYHOE HEPABEHCTBO Jlsl MUPUHLIY). A MMEHHO, JOKa3aHa CJIeLyIOast
TeopeMa.

Ecau p nepumemp, b wupuna u d duamemp Sunyka020 N-Y20AbHUKA, MO
™ . T

CNPABEIAUBD. HEPABEHCINGA 2nbtg2— < p < 2ndsm2—. Kaoiwcdoe u3 mepa-
n n

BEHCME MOYHOE, ECAU N F 2k ke N. Jocmuzaiomesa onu, 6 “acmHocmu, Ha
NPABUAOHBIT N-Y2O0ALHUKAT NPU HEYEMHOM T, U HA NOAYNPABUALHIT N-Y204b-

HUKAT NpUu YemHom 1, OmAUYHDLT Om CIMeneHu 060127cu2).

Bonpoc 06 5KCTpeMaIbHBIX N-yroJbHIKax>) oKazaucs HenpocThiM. OH Gbl
SIBHO ¢(hOPMYJTMPOBAH aBTOPOM B TEKCTE, MOMEIEHHOM BCJIe]T 38 CTaTbeil (moJy
HA3BAHUEM <«3aJIa4¥ JIJIsl UCCJIe0BaHusI» ). B HEM yTBep:KIa/I0Ch, B YaCTHOCTH,
YTO JIJTsT TIPOCTOTO P €IMHCTBEHHBIM IKCTPEMATBHBIM P-YTOTLHUKOM SIBJISIETCST
TMPABWIBHBIN, €TUHCTBEHHBIM IKCTPEMATBHBIM 2P-yTOJTHLHUKOM SIBJISIETCS TIO-
.J'Iyl‘[paBHﬂbeIﬁ7 cpean JEeBATUYTOJIBHUKOB HMEETCdA B TOYHOCTHU JIBa IKCTpPe-
MAaJIbHBIX (OJIMH TPABUILHBIN, APYTON MOJIYIIPABIIBHBIN), & JJisi BCEX OCTaJIb-
HEIX 1 # 2F cymecTByoT SKCTpeMATbHbIE N-YTOMBHAKH, HE SIBJISIONIECS HE
[IPABUJIbLHBIMU, HU MOIYIPABUIbHBIMUA. TaM ke ObLIO IMPUBEIEHO CJIE/LYIOINIee
HEpaBeHCTBO PeitHxap/ira Jiist TJIOMANNA N-yTOJIbHIKA

s < 2 cos ztg L&,
2 n 2n
B KOTOPOM DPABEHCTBO JIOCTUTAETCS TOJIBKO JIJIsl IIPABUJIBHBIX HEUYETHOYTOJIb-
HUKOB.
IIpumepno B TO K€ BpeMsi OBbLIU MOy YEHbI BEPXHUE U HUYKHUAE OIEHKH I[JIsT

qUCJIa Pa3JInIHbIX 9KCTPEMAJIbHBIX T-YT'OJIBHUKOB, HO OHy6JII/IKOBaTI) ux B XKyp-
Hame «KBaHT» He IpeaoCTaB/IAIOCh BO3SMOXKHBIM, a Hy6HI/IKaHI/II/I B HaYYIHbBIX

1)C001"BeTCTByIOIm/Ie olpeIeNIeHnsT MOXKHO Haijitu B [1-3].

2)HonynpaBI/InLHI)nvnxl B [1] HasBaHBI PABHOCTOPOHHME T-yTOJLHUKHU, BIMCAHHBIE B IIPa-
BWIbHBIE k-yrosibHUKHU Peso, rioe kK — menurenb n, HO GpaKTUIECKH TaM JaHO OoJiee siBHOE
onpeJiesIeHue.

3)I[n5{ KOTOPBIX 00paIlaeTcsi B paBEHCTBO JIF000E U3 JIBYX HEPABEHCTB, TaK KaK OHU OOpa-
IIAIOTCS B PABEHCTBO OJHOBPEMEHHO.

MaTtemaTuueckoe npoceeweHue, cep. 3, sbin. 17, 2013(152-161)
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JKypHaJlax IIPensaTCTBOBAJIO OTCYTCTBUE YBEPEHHOCTUA B HOBU3HE PE3YyJIbTaTOB,
m

B YAaCTHOCTH WU30/IMAMETPUYECKOr0 HEPABEHCTBA LIS IIUPUHBI 21D th— <p
n

(B |1] oHO BMecTe ¢ HepaBeHCTBOM Jyisi epUMeTpa ObLIO HA3BAHO HEPABEH-
crBoM Peiinxapra).

[Tocie BozobHOBIeHUS exkerofunka «MaTreMaTndaeckoe IIPOCBEIEHUE I10-
SIBIJIACH BO3MOXKHOCTD [yGJIMKALIMU B HEM, UTO U ObLIO ocylecTsicHo?) B [2].
TaM GBLIO KPATKO MOBTOPEHO J0Ka3aresbecTBo u3 1] (1o He BIOJSHE MOHAT-
HOI ceffuac caMoMy aBropy npuduie B 2| He 6bL10 cCblIKE Ha [1]), mOKa3aHbI
yTBEp2KJIeHusl, ocTaBjieHHble B [1| 6e3 joka3aTenbcTBa, a TAK¥Ke HEKOTOPbIE
HOBBIE YTBEPXKJCHUs. DKCTPEMAaJbHbIE N-YTOJIbHUKA B |2| ObLM Ha3BaHBI MHO-
royroJibHUKaMu PeifHxapara, UM ObLIH COIIOCTABJIEHBI JIBYXI[BETHBIE OyKEPEIThsI
U TIOJIMHOYKECTBa MOIIHOCTH 1 B TPYIIIEe KOMILIEKCHBIX KOPHE CTeleHn 2n u3
eJINHUIILI, He COeprKalie ITPOTUBOIIOIOKHBIX KOPHEH, U C ITOMOIILIO 9TUX JJIe-
MEHTAPHBIX COOOPAXKEHWl MOJIyIeHBbl BEPXHUE W HUKHUE OIEHKU I 9HC/Ia
N-yTOJIBHUKOB PeitHXap/Ta ¢ TOYHOCTHIO JI0 BpameHHﬁ5)
[TOJTIy YE€HBI OIIEHKH

. A nmenHo, It HETO

37 2 ((m) — p(m)) < R(n) < - >0 2" "(m),

2tm|n 2fm|n
riae pu(n) — dysakimus Mébuyca, ¢(n) — dyHkims Ditiepa; HUXKHsIS OLEH-
K& — 9TO B TOYHOCTH YHCJIO «IIEPHOIINIECKIX» N-yroabHukos®) . s n = 24pk,
k,l € N, rine p > 2 — npocroe unciio, B [2] 6bLI0 JOKA3aHO C TIOMOIIBIO KPYTo-
BBIX MHOT'OYJIEHOB, 9TO BCE N-yTroJbHUKK PeifHxapira rnepuoinydeckue, OTKY/1a
cireyeTr popmyia

R(n) = 5 > 2™ (p(m) — p(m)) =

2tm|n

1 n n n — n
= 52"+ 2" p(p— 1) + ... + 2" P (p — 1)) ~ 27/Pp/2m.

Henasro aBrop ciaydaifHO yBHJes B MHTepHeTe crarbio |7|, rue, B Jacr-
HOCTH, ObLIM Hali/ieHbl (DOPMYIIBI IS YUCTIA TMEPUOIUIECKUX N-YTOJIbHUKOB

DTlocie Toro, kak aBTOD HaIIleJI CBOU CTaphle 3aINCH U c¢leaj u3 Hux TEX-daiir, a TakxKe
mepeBol Ha Hemenkuit u mociast B «Elemente der Mathematiky», u momyama orryma orkas
II0J] TIPEJIJIOTOM, 9TO MOI0OHOTO CTUJISI CTATHU YKYPHAJI HE IPUHUMAET.

5)Hom)3yﬂc1> BO3MO>KHOCTBIO, 3aMETHUM 3/1eCh, 9TO B [2] B mByx dopmynax nocpean c. 98
€CTb OIE€YaTKU — B OJHON B IIOCJIEHEM DABEHCTBE MPOILYIIEH MHOXKHUTEJIb M /2n, a ApYyroi
MEXKy IBYyMsI CYMMAaMW BCTaBJICH HEHYKHBI 3HAK PABEHCTBA.

7. c. T€X, KOTOPHIM COOTBETCTBYIOT NEPUOANIECKUE OXKEPEJIbsl; B YaCTHOCTH, IOJIyIIpa-
BUJIbHBIE MHOTOYTOJIbHUKHU SIBJISTFOTCS TTEPUOTIMIECKIMU.
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Peﬁmcap;maﬂ C TOYHOCTBIO JIO BPAIIEHUN U OCEBBIX CHMMeTpHﬁS), HOBTOPEH

pesysbrar u3 [2] o Tom, uro npu n = 2'p¥ k.1 € N ne 6biBaer Herepuoe-
CKHX N-yTOJIbHUKOB PefiHxap/ra, ¢ MOMOIIBI0 KOMIBIOTEPHOIO MOMCKA Hafile-
HBI JIJIS1 HEKOTOPBIX 7 HElepHOJUdIecKre (Ha3BaHHbIE B [7]| CIOPAHIeCKIMI)
N-yTOJILHUKH, 1 OBLJIO BBIIBHHYTO IIPEIIOJIOKEHIE O TOM, UTO IIPU N = g, LJe
p > ¢ — HPOCTHIE, CIOPAJINYECKNX N-yTrOJIbHUKOB He cyiecTsyeT. 113 7] aBrop
y3HAJI TakKe, 9TO B [4] JOKa3aHO HEPABEHCTBO [ MIHPHHBI 2nb tg % < p Ges

ccplIOK Ha [1], Tje 910 6BUIO CIeJIAHO HAMHOTO paHee (M BEpPOSITHO, IPOIIE).
BHauuT, M0-BUIUMOMY, STOT pe3yabrar [1] sBJisiicst HOBBIM.

B [6], Hapsimy ¢ apyrumu pesysnbrarami, OblIa JT0Ka3aHa

TEOPEMA 1. Henepuoduueckuxr n-yeoavruros Petinxzapdma npu n, pas-
HOM MPOUSBEIEHUND J8YT PASAUNHLT NPOCMBLT, HE CYULECTNEYEM.

Huxxe Mbr mpuBenem 60Jiee mpocToe J10Ka3aTeaLcTBo 3Toro dakta. [loa-
raeM, 9TO U OCTaJIbHbIE PE3yJIbTarhl [6] MOryT OBITH JIOKA3aHbI H0OJIEe TIPOCTO €
HCIOJIb30BAHUEM yKA3AHHOI'O HIXKE MOIXOJIA.

HokazaresbcrBo [6] ocHoBano Ha Teopeme Peiinxapira [9] o ToM, 4To 9KC-
TPEMAJIbHBIM N-YTOJbHUKAM MOYKHO OJHO3HAYHO COIOCTABUTH MHO20UAEHbL
Petinzapoma f(x) maxue, wmo f(0) = 1, degf < n, @9, | f, 2de Pg, —
Kkpyeo6oti noaurom? nopadka 2n, a xospPuyuernmon f (x) pasnw 0,+1, npu-
YEM YUCAO HEHYNAEBBLT KOIPPUUUEHMO8 HeuemHo. Y TBEPIKIEHNE TEOPEMBI, T. €.
OTCYTCTBHE CIHOPAJANYECKUX TM-yTOJbHUKOB, OYCBUIHO CJICIYeT U3 CJCLYIOMeil
JeMMBI [6]:

JIEMMA 1. Ecau n = pq, 2de p > q > 2 — npocmoie, M0 MHOZOUAEN
Petinzapoma f(x) deaumca uau na ®p(—z9) uau na Pq(—aP).

eiicrBurenbHo, Tak Kak ®p(—x9) = eP=e — (=20 1+ 29 71, yka-
3aHHAA JEJIUMOCTh O3HAYAET AHTUIIEPHOINIHOCTD IIOCIEI0BATEILHOCTH KO-
dburmenTos MuOrouneHa f(x), T.e. BBIIOJIHEHHs PABEHCTB f; = — fi1,, e
0<i<gq(p—1), a3HAUUT U ¢-IIEPUOJAUITHOCTH COOTBETCTBYIOIIETO N-yTOJIbHU-
kal?) (9TO HEe OUEBUJIHO, TAK KAK 3JI€Ch MbI HE IPUBOJIMM [IPABUJIA TOCTPOECHUS
MHOTO4JIeHOB PeifHxap/ira, 0JJHAKO HECJIOXKHO JT0Ka3biBaeTcs B |6, 7|, Kyua Mbl
U OTCHLIIAEM YUTATEJIs).

") TepMun n-yroasaukn PefHxapaTa, KaXKeTcs, He UCIOIb30BALCH B |7| 1 IOSBHICS TOMBKO
B [6].

$)TlouenMy-To MHE He IPUILIO B FOIOBY PACCMOTPETH TAKYIO 3a1ady.

9 Onpeesenne KpyroBbiX MOJMHOMOB, WM HOJMHOMOB JIEJIEHUs] KPYTra, MOKHO HAfTH B
J11060M y4eOHUKE BBICIIEH airebphl.

19 MuOroyro/IbHIK HA3BIBAETCS t-TIEPHOIMUYECKIM, €CIIM €ro IPYIIa BPAIIEHMIl HMeeT 11o-
PANOK T.
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st nokasaresberBa 9TOM JIeMMBL B 6] HCosb3yercs caeyomast JeMma,
dbakruaeckn coneprxarmasica B [5,8, 10]1).

JIEMMA 2. Ecau g(x) — npoussosvhuili MHO20MAEH CMENEHU, MeHbULET
n = pq, ¢ yeavmu Koapduyuenmamu, deaauwjuiics na Pn, mo

g9(z) = a(x)Pp(z?)+b(x)Pq(2P), a(x),b(x) € Z[z], dega(x) < g, degb(z) < p.

Tak Kak IpH HEYETHOM N, KaK M3BECTHO U3 anrebpoi, Po,(z) = @, (—z), 1O
U3 9TOfi JIeMMBI (U TOJICTAHOBKE & = —Y) ciemnyeT, 9to ecan Po, | g(x), TO
g(x) = a(x)Pp(—x?) + b(x)Py(—2P), dega(x) < ¢, degb(z) < p.

B [1] sxcTpemasbabiM n-yrojbHuKaM PeitHxap/ira Apyrum crnocoboM ojHo-
3HAYHO COIMOCTABJIEHBI MHOTOUIEHB! ¢(x), degg < m, y KOTOPBIX 6ce koapdu-
yuenmor pasho, £1, Takue, uro o, menur g, npudeMm, eciau KOIDDUIUEHTHI
gi MHOTOUJIEHA YJIOBJIETBOPSIOT YCJIOBHUIO AHTHUIICPUOMYHOCTH §; = —(jtt, LJIE
n/t HEYETHO, TO COOTBETCTBYIONIHIT N-yronbHuK Peitaxapara Oymer n/t-nepu-
OJIMIECKHM.

D710 1O3BOJISIET YIPOCTUTH PACCY?KJIeHNUsI 6] ¥ BBIBECTH OTCYTCTBHE CHODa-
JITIECKUX N-yTOJIBHUKOB IIPU 1L = pg, TAe P > ¢ > 2 — HPOCTHIE, U3 CIIeyIomeil
JIEMMBI.

JIEMMA 3. Ecau cymma deyx nocaedosamenvrocmeti, 00na u3 Komopur
anmunepuodudHa ¢ Nepuodom p, 6 OpYeas AHMUNEPUOIUYHA C TEPUOIOM ¢,
(p,q) = 1, ecmv nocaedosamesbHoCMb, YAEHAMU KOMOPOT ABAAOMCA MOALKO
064 PA3AUNHLT YUCAQ 4y b, MO 9Ma NOCACIOBAMEALHOCTG MOJICE AHMUNEPUO-
duuna Aubo ¢ nepuodom p, Aubo ¢ nepuodom q.

HeticrBuresibro, mycrb g(x), degg < n, mHOrOouwIeH ¢ KoadbduimenTammu
+1, rakoii, uro P9, | g, COOTBETCTBYIONMIT TIPOU3BOJIBLHOMY N-yrOJbLHUKY Peii-
HXapaTa, n = pq, p > q > 2 — upoctee. Coracuo semme 2 nmeeM ¢(x) =
= a(x)Pp(—2?) + b(x)Py(—2P), a(z),b(x) € Z[z], dega(zr) < ¢, degb(x) < p.
Tak kak mocsegoBaTebHOCTH KO3 durmentos MuoroweHos a(x)®,(—z9),
b(z)Py(—2P) aHTHIEPUOAUYHBI C IEPHOJAMHE ¢, D COOTBETCTBEHHO (I 0OpaTHO,
JIIO0O0#T MHOTOUJIEH CTEIeHr pg — 1 ¢ AaHTUIIEPUOMYHON ¢ IEPUOJIOM ¢ TIOCIIEI0-
BaTeJIbHOCTLIO Ko3dbduimentos npeacrasuM B Buje a(z)®,(—x?), dega(z) <
< @), & TOCJIeIOBATELHOCTH KO(bDMUIIEHTOB MHOTOUIeHA §(X) COCTOUT TOJIb-
KO M3 ABYX 4uces +1, To U3 JIeMMBbI 3 CJAeIYeT, YTO MMOCIeI0BATEIHHOCTD KO-
dbunuenror MHOrOUIEHA ¢(X) AHTUIIEPUOIUYHA C IIEPUOJOM P UJIH ¢, 3HAUUT
COOTBETCTBYIOMIUIL eMy N-yrOJbHUK MIePUOANTIEH (T. €. IMeeT IPYIILY BPaIleHuit
HOPsIJIKA ¢ WA P).

[TpuBenem noxazarebCTBO JieMMbI 3. Jlokarkem BHaUAaJIe, YTO OJIHA U3 ABYX
CYyMMUPYEMBIX aHTHIIEPUOIMIECKUX mocjaenosarensocreii {a;}, {b;} Takosa,

B [5,8,10] mokazano Gosee obmiee yTBEPKIAECHUE, HO OIPAHUYICHUI HA CTEIIEHH MHOTO-
wIeHOB TaM HeT. B [8] maHo Gostee mpocroe 1oKa3aTesbeTBO, YeM B [5| u ecThb ceplika Ha [5)].
B [10] ccbuiok Ha [5,8] Her.
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YTO BCE €€ UJICHBI C YeTHLIMU HOMEPAMU PaBHBI. J[omycTuM, 9TO 9TO HEBEPHO,
TOrJa HalilyTcs YeTHbIe Yucia ig, i1, jo, J1, TaKHe, 4TO Gy < @4, bjy < bj,
10,11 < 2q, jo,Jj1 < 2p. CoryracHOo KuTaiicKo#l Teopeme 00 ocTaTKax JJIsd JIIO-
obix o, € {0,1} maiigercs anciio N, g < 2pq, Takoe uro Ny g = i mod 2g,
Nag = jp mod 2p (kuTaiickas TeopeMa IPUMEHsSIETCs K IUCIaM iq/2, jg/2 1
MOJLYJISIM ¢, P, & IOTOM Bce yMHOXkKaercs Ha 2). Torna npu N = N, g umeeM B
CIILy NEPUOJMMHOCTH CN = an + by = a;, + bj,, 3Ha"AT N, = Qi + bj; <
< ajy + bj; = engy < aiy + b, = cny,, T.€. CyMMa IOCIe0BaTeIbHOCTE!
COCTOUT HE U3 JBYX, & XOTs Obl U3 TPEX PA3HBbIX YHUCEJI, YTO IPOTHBOPEUUT
ycyoBuio. [losToMy MOXKHO cuMTaTh, YTO, HAIIPUMED, B IIOCJIEIOBATETLHOCTH

{a;} Bce unensr ag;, i = 0,1,2,..., paBHBI HEKOTOPOMY uucay a. B cuiy g-an-
TUIIEPUOJUIHOCTH (241 = —0gt2i+1 = —a, ¢ = 0,1,2,..., mosromy {a;} =
= a,—a,a,—a,..., T.e. {a;} HA cAMOM JieJie aHTUIIEPUOJUIHA C HEPHOJOM 1,

a IMOTOMY U QHTUIIEPUOIUYIHA, C JIIOOBIM HEUETHBIM IepuoioM, Harmpumep p. Ho
TOIJIa AHTHUIIEPUOJMYIHA C TE€M K€ MEePUOJIOM p U cymMma {¢; = a; + b;}, arTo
JIOKA3LIBAET JIEMMY.

Samedanne. OIEBUIHO, TAKUM YK€ CIIOCOOOM JTOKA3BIBAETCS W CJICILYIOIAST
neMMa (KoTopasi jiajiee He [OHaI00UTCs).

Ecau cymma dsyzr nocaedosamenvrocmeti, 001G U3 KOMOPHLT NEPUOOULHA C
nepuodom p, a dpyzaa nepuoduyuna ¢ nepuodom q, (p,q) = 1, ecmv nocaedosa-
MEABHOCTND, YAEHAMU KOMOPOT ABAAOMCA MOALKO 068G DASANUMHBLL YUCAQ 4, ,
MO 9MaG NOCAEIOBATNEALHOCTL ModICe NEPUOdUdHG AUOO € NEPUOIOM P, AUDO C
nepuodom q.

J1j1st IOJIHOTHI IpUBEIEM JoKa3aTesibeTBo JteMMbl 2 u3 [6]. Tak kak @, D,
[PU IPOCTHIX P > ¢ B3AUMHO HPOCTBI, TO M3 U3BECTHOIO CBOHCTBA AJIrOPUTMA
EBkimza cieqyer cymecrBoBanue MHOro4aeHoB a(x), b(x) € Zz], dega(z) <
< q, degb(z) < p, raknx, aro a(z)®p(z) + b(x)Py(z) = 1. Ecm g(z) —
MHOTOWIeH Jesstuiicst ua @, 1o g(z) = ,(x)h(z), oTrysa

9(x) = h(z)a(z)Pn(z)®p(x) + ( )b() @ () Py ().
Hens h(z)a(z) na @4(z), nmeem h(z)a(z) = c(x)Pq(z) + fi(z), deg fi(x) < ¢,
U TIpeJIbILYIIee PABEHCTBO [EPENUIeM B BUJIE
9(x) = fi(2)®n(2)Pp(x) + (c(2)Pp(x) + h(2)b(2))Pp(2)Dq(2) =
= [1(2)Pn(2)Pp(z) + f2(2) Pn () Py (2),
fa(x) = c(x)®p(x) + h(z)b(2).
Tak kak ®p,(z) = % 0o @, ()P
O, (2)Pp(z) = Pp(29), Pp(2)Py(x) = @ (37 ), 103 TOMy npeﬂbmymee paBeH-
cTBO MOXHO mepermucarb B Buge g(x) = fi(z)Pp(x9) + fo(z)Pq(aP). Tak kak
deg fi < ¢, degg < n, 10 deg f1(2)®y(29) < ¢+ (p — 1)¢ = pg = n, 3naunT

p(T) = ol g p(2?), 3HaguT
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deg( f2(),(a?)) = deg(g(x) — f1(2)Dy(7)) < n, mosTOMY deg fo(z) < 1 —
— (¢ — 1)p = p, 9T0 U JOKA3BIBAET JIEMMY.

TakKe JJIsI TIOJHOTHI IIPUBEJIEM KPATKO JI0Ka3aTeIbcTBO u3 |1, 2] nepasen-
crBa Peiinxap/ra u yciaosuii ero obparienuss B paseHcTBo. Ilyers M* — cum-
MeTpuzarusi MUHKOBCKOTO n-yrojbHUKa M, T. e.

M* = (M +(=M)) = {(z —y)/2: 2,y € M}.

Tora muOXKecTBO M ™ €CTh IIEeHTPaIbHO-CUMMETPUYHBIN BBITYKJIbL 21M-yTroJib-
HIEK, IJle M < 7, ¢ TeMH 2Ke IIEPIMETPOM, JUaMeTPOM M IMUpuHOil uto n'y M.
W13 nentpasnbHoil cummerpudnoctn M™ ciie/lyeT, 9ToO ero BHYTPEHHUIT pajuyc
r* = b/2 u BHemmnuit paguyc R* = d/2 (10Kka3aTenbcTBa BCEX HCIOJIB3YEMbIX
dakroB moxxHO HaiiTn B [1,3]). [TocsenoBaresbHOCTD 1 tg % CTPOrO0 MOHOTOHHO

.
y6bIBaeT, a 1 Sl — CTPpOro MOHOTOHHO BO3pacTaeT. HOSTOMY
n

2nbtg il <
n

< 2mbtg I = 4mr* tg T < p<4mR*sin — = 2mdsin — <
2m 2m 2m 2m

< 2ndsin % )

™ . ™
mpudeM paBeHCTBa p = 2nbtg on P = 2nd sin 3, JWUIb TOLa CIPaBEIIBBL,
n n

korga M™ ecTb NpaBUJIbHBIN 21-YTOJIbHUK.
Jl1s1 TpaBUJIBHOTO M-yTOJbHUKA [IPU HEYETHOM 7 CIPABEIIMBbI PABEHCTBA
m . s
p=2nbtg o = 2nd sin 3, + & [IPH "ICTHOM 70 HI OJIHO U3 HUX HE BEPHO. Onuako
n n

[P YE€THOM 7, HE PABHOM CTEIIEHU JBOUKHU, yKa3aHHbIE PABEHCTBA MOI'YT JO-
cturatbes. [IpuMepnbl n-yroJbHUKOB, [IJIsT KOTOPBIX OHU JTOCTUTAIOTCS, MOXKHO
IOCTPOKTD CJIeAyIoNmM 06pasom’2) . TIpeacraBunM n IPOM3BOILHBIM 06PA30M B
suzie m(2k + 1). Bospmem npasnibnslit 2k + 1-yrobnuk ¢ nanbosrbIeii aua-
TOHAJIBIO d W C TIEHTPOM B KaXKJIOil €ro BepInHEe MOCTPOUM KPYT pajamyca d.
Breimykas durypa, sBIIONAsICs MepecedeHneM MOCTPOEHHBIX KPYTOB — 3TO
npaBWIbHBIN 2k + 1-yrosbpauk Peso. Ee nnamerp pasen d, a mepumerp wd. [n-
pHHa ee BO BCEX HAIIPABJIEHUsIX OJMHAKOBA U paBHa d (310 (urypa mocTostHHO
MUpUHBL). Brimmiem B Hee n-yroJbHUK ¢ PABHBIMU CTOPOHAMU TaK, YTOOBI CPEIn
€r0 BEPIIUH COJIEPKATUCH BCE BEPIIUHBI paccMaTpuBaeMoro 2k + 1-yroabHuKa.
Kaxkas uz 2k+1 yrmoMsiny ThIX JLyT IIPHU 9TOM Oy/JIeT Pa3dUBATHCS Ha 1M PABHBIX
JTy?KeK, XOPJbl KOTOPBIX OYIyT CTOPOHAMHU PACCMATPUBAEMOTO N-yTOJILHUKA.
Huamerp ero d, a mupuna pasia b = d cos(mw/2n) — BeicOTE pAaBHOOEIPEHHOTO
TpeyroJbHUKa ¢ pebpoM d u yriom npu Bepmuse 7/n. Torma ero nepmmerp
paser 2nd sin(m/2n) = 2btg(m/2n).

12 [1] onn Ha3BIBAMCH MOy IPABHIIBHBIMU N-YTOJBHUKAMEI
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VYKazkeM Telepb BBITEKAIOI[ee U3 IIPUBEJCHHOIO J0KA3aTEIbCTBA HOJIHOE
omnmcanue n-yrojabHnkoB Peiinxapara (B3sroe u3 [2]). [Iycrs M takoit n-yross-
HUK, Torga M* — npaBHIBHBINH 2n-yrOJAbHUK (B HPOTHBHOM CJIydae PaBEH-
cTBO He Jocruraercs). OpueHTUPYeM BCe CTOPOHBI MHOrOyrosibHUKa M™ B 0J1-
HOM HAIIPaBJICHUI M CONOCTABAM UM BEKTODA, N300PazKaroliie KOMILICKCHBIE

KODHH 2n-ii cTemeHn n3 enmnuns 1,e,e?,...e2" 1

i

, THe € = exp - Torma
CTOPOHAM N-yTONbHUKA M OJHOZHAYHO COMOCTABJIAETCA 7-3JIEMEHTHOE MHO-
JKeCTBO, Takxke obozuHadaemoe M, jiexkariee B TpyIliie KOPHEH U3 €IUHUIIBI
Wo, = {1,¢,...,e>" 1}, Ilpu noxxonsmem BeIGOpe 0603HAMCHEIT, MOKHO CHI-
Tath 1 € M. Eciin pacrosoKuTh BEKTOPa 9TOI0 MHOXKECTBA B OIIPEIeJIEHHOM
MOPSKE TAK, 9TOOBI HAYAJIO 0YEPEIHOr0 BEKTOPA BEKTOPA COBIAJIO ¢ KOHIIOM
NPEBIIYIINEro, TO OHU OY/IyT OTPAHUYUBATEL N-yTOJTBHUK, MOJOOHBINH N-yTOTh-
nuky M. EcrecrBeHHO, TIEHTPAIbHO-CUMMETPIHYHOMY MHOTOYTOJMBHUKY (—M)
cooTBeTcTBYyeT MHOXKeCTBO (— M) Takoe, uto M N(—M) = @. fcno, aro ycio-
Busgt MN(—M) = @ u MU(—M) = Wy, paBHoCubHBL. OHI PABHOCUIIHHBI TaK-
K€ TOMY, 9TO B KasKJIOil 1ape MPOTHBOIOJIOKHEIX BekTopos {ef, "t = —¢i}
omuH npuHanexnt M, a apyroit npunamiexur —M. Takzke o9eBHIHO, 9TO

3 & =0, Tak KaK cyMMa BEKTOPOB, B KOTOPBIE TIPEBPAIAIOTCs OPHEHTHPO-
eteM
BaHHBIE B OJIHOM HAIPABJECHUA CTOPOHLI MHOTIOYTOJbHUKA, paBHa HyJo. Pac-
MOJIOYKEHNE BEKTOPOB B JIIOOOM JIPYIOM MOPSIJIKE, XOTsI U UMEET BCErJia CyMMY
PABHYIO HYJIO, IPUBOANT K HEBBLIIYKJIOMY HJIM CAMOIIEPECEKAIOMIEMYCH MHO-
royrompauKy. Pacemorpum muorounen fyr(z) = . !, cremenm, MeHbImeit

eteM

2n, cocrosimuiit m3 N — 1 OFHOYIEHOB M €IWHUYIHOIO CBOOOIHOTO wiaeHa. Ero
KOpHeM 6yJ1eT T = €. 3aMEHUM B 3TOM MHOIOUJICHE Kax<iplil uied z1’ Ha
—z', 0 < i < n. Homywennsii Muorodnen obosmaummM gy (x). Om cocront
u3 n — 1 pa3inYHBIX OMHOWIEHOB ¢ Kodbduimentamu +1 (B cury yciaoBus
MnN(=M) = @) u euHUIHOrO CBOOOJHOIO UJI€HA, UMEET CTEIeHb MEHbIIe
N, 3HAYAT OH HE COLEPXKUT HYJIEBBIX KoddduiumenTos. Ero xopaem Takzke Oy-
ger © = €. CoryiacHO M3BECTHBIM CBONCTBAM KPYTOBBIX MHOTOUJIEHOB (CM.,
HanpuMep, [5,8,10] u so6oit Kypc airebpsbl) mocJie/iHee YCJI0BIe PABHOCHIIBLHO
gesmmoctu gy (x) Ha Kpyrosoit muorouwieH ®o,(z). Io srobomy MHOrOUIEHY
g (), yIoBIETBOPSIONIEMY YKA3aHHBIM YCIOBHSAM, OJJHO3HAYHO BOCCTAHABJIH-
BaeTcst MHOTOWIEH fir(x), MHOXKeCTBO M, COOTBETCTBYIOIIEE €My JIBYXI[BETHOE
oxepesibe (eM. [2]) u cam n-yrossauk Peitaxapara M. [lostomy 3aiada onuca-
HUsI BCEX TAKUX N-YTOJBHUKOB SIBJISIETCS IHCTO ajaredbpamdeckoii (4To u 6bLI1o
nokasaHo B [2]).

Jlerko BUIETDH, UTO yCJIOBUE QHTUIEPUOIUIHOCTH KOIMDPUINEHTOB MHOIO-
YJIEHA, )/ PABHOCHJIBHO YCIOBHIO IEPUOANIHOCTH KOI(PPUINEHTOB MHOTOMIIE-
Ha fpr, MHOXKecTBa M ¥ COOTBETCTBYIOIIErO €My JBYXIIBETHOIO OXKepesbs. 113
YCJIOBHsI AHTUIIEPUOIMYHOCTH C IEPUOJIOM t (Tora obs3aTesIbHO 1/t HEYEeTHO)
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Puc. 1. Herrepuoguiaeckoe oxxepesibe st 30-yroapauka Pertaxapara

kosdburmentos gys(z) cnemyer pasencrso gy (x) = h(z)(1 — 2t + 2% — ... —
— 2™ ), degh < t, m3 KOTOpPOro O4YEBMIHO CiepyeT paseHCTBO gpr(€) = 0
(a 3Hauwt, u yciosue Poy, | gM).13)

B kadecTBe mpumepa pasjnuus MeKIy MHOTOWIeHamu PeifHxapira, uc-
II0JIb30BAHHBIMK B [6, 7|, 1 HAIIMMI MHOIOYJIEHAME, PACCMOTPHM CIODAJUIe-
ckuit 30-yrosbHuK, HaiijeHuslil B [7] (Tam 6bL10 goKazano, ro upu n < 30
CIIOPAIMIECKHUX N-yTOJILHUKOB He cyiiecTByer). OUuineM ero BHaUase, UCIOJIb-
3ysi BBEJICHHBIE BBIIIE MHOXKECTBA, OXKepeJibsl ¥ MHOIOWIEHBl. Bo3bMmeM mpu

e = elm/ 30 £60 — 1 HemepmommUecKoe MHOKECTBO
[1,6,62,63,61, 65,66, e 8, % 10 Il .12 13 14 15 _ 16
17 18 10 .20 .21 .22 .23 .24 .25 .26 2T .28 29}
(B 9TOIT 3AIIIICH UCTIOMB30BATOCH TOKIECTRO &' = —g30+t i =0, ..., 29). Coor-

BETCTBYIOIIleE €My OXKepeslbe CM. Ha puc. 1.
[TpoBepum, 9TO COOTBETCTBYIONMIA MHOrOUWIEH ¢(x) uMeer KopeHb &. st
3TOr'0 HY>KHO YCTaHOBUTDL, YTO

l+e4+e?++et4ed 40— —2—

L0112y 18 1y 05 16, 17 4 I8 19, 20
_ Q214 22 234 244 25 4 26, 27 28, 29 _

Hermocpejicrenio 310 cjienarh 3aTPyIHATENHHO, HO MOXKHO HEIIOCPEICTBEHHO
IIPOBEPUTDh, YTO

13) PeomeTpiraeckoe 1OKA3ATETBCTBO CM. B [2].
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Puc. 2. Henepuonmueckuii 30-yrospauk Peiinxapra, coorBeTcTByOInii oxe-
pesbio puc. 1

(23— 2?2010 4 2% —2® — 2" a4 St 4 1)
(A 4a2?—ab =2 -0 M 1) =1 42?2t 2 b
P G~ T\ S § RSN £ ST t S Vs | R [ | s L I
g9 g0 g2 22 g2 24 05 L 096 L 2T 08 L 29
1 3aMeTHTD, uTo Pgo(e) = —1 + €2 — 0 — ¥ — 10 4 e 4 216 = O, rak kax
0=E"+1)E+1) =+ D)0+ 1)1+%—eb —e® -l 4 M 19,
S+1£0, 04140

Henepuoanaeckuit 30-yropauk Peitaxapara, COOTBETCTBYIOMNI OKEPEIHIO
puc. 1, uzobpaxken Ha puc. 2. Kpome cTopoH, Ha HEM IOKa3aHBI TaKXKe €ro

JANaMETPDBI.
B [7] JJIgd IIOCTPOEHUA ITOr'O 2Ke 30—yFOJII:>HI/IKa HCIIOJIb30BaJICd MHOI'OYJIEeH

Peitnxapara

r(z) =
T By 1516 1T 19 20 021 22 023 24 (28,00

HallJIeHHbIII KOMIIbIOTepHBIM mouckoM. Tor dakt, uro on gemurcs Ha Pgy (u
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nmMeeT KoOpHem 6) cjeayeT nu3 ToxKaeCcTBa

(B2 M4t 2% 242t 2?1 1) (20 42— 20— 28— 2822 41) = r(2).

Muorounen r(z) daxkropuzoan nporpammoii Maple, HO 1poBepKy yke Haii-
JICHHOI'O TOXKJIECTBa MOYKHO IIPU 2KE€JIaHUU BBIIOJHUTH U BPYYHYIO.

Pabora Beimosinena mpu dunancopoit momgepxkke PODU, npoexkt 11-01-

00508a.
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IIpenonaBanne MaTeMaTuKm

JMcKpeTHDIN aHaIns
JIJIsT MATEMATUKOB U MTPOTPAMMUICTOR
(mobopka 3a/1a1)

1. Nnbuncknii A. Kynascknit A. Paiiropojckmit®
A. Cxonenxos'

BBEJIEHUE

MbI npuBoAMM OAOOPKYU 3824 10 KOMOMHATODHKE U Teopuu rpados (B
TOM UHCJIE CITy9aiiHbIX ). DTHU 3aa91 OYAyT HOJIE3HBI PYKOBOIUTESM U YIaCT-
HUKaM KPYKKOB J[JIsi CTAPIIEK/IACCHUKOB U MJIQ IIEKYPCHUKOB, OPUECHTUPOBAH-
HBIX Ha OJIUMIHUAIAbI. HekoTopble MPUBOIMMBIE KPACUBBIE 3aJa9l U BarKHbIE
TeMbl MAJION3BECTHBI B TAPAINTMe KPYYKKOB 10 MaTeMaTUKe, HO TIOJIE3HBI KaK
JJIsT MaTeMaTHIeCKOTO 00pa30BaHMsI, TaK M JJIsSI MOATOTOBKNA K OJUMIIAAIAM.

Pemenne stux 3ama4a Oymer m0/I1e3HO TaKKe BCEM, KTO XO4YEeT CTaTh MaTeMa-
THUKOM, CIIEIMAJIICTOM II0 computer science mian IporpaMMUICTOM-pa3padboTIn-
KoM. IMEHHO TaKuX CIIEIUAJUCTOB Mbl TOTOBUM Ha, (DaKy/JIbTeTe UHHOBAIIUNA U
BbICOKUX TexHoJiornit MockoBckoro ®@usuko-Texandeckoro Mucruryra. [Ipu-
BeJAEHHDIE 3391 HMCIOJIB3YIOTCs MIPU U3YyYEHUN Kypca JUCKPETHOI'O aHaIn3a
Ha 3TOM akyJibrere, KoTopslit untaer ¢ 2009 mpod. A. M. Paiiropogckuii. Mbr
OJraro/lapuM CTYJIEHTOB 3a KaBep3Hble BOIPOCHI U YKa3aHUs HA HETOUYHOCTH.

@opMyTIPOBKN OOJBITMHCTBA 38149 JOCTYIIHBI CTAPIIEKIACCHUKAM, WHTE-
pecyIomuMcsa MaTeMaTUKON; MbI HMPUBOIUM BCE OIPEAC/ICHUs, He TaK YacTO
n3ydaeMble Ha KpykKKax. OIHAKO MHOTHME 3aJa49d TPYIHBI, JJIsl UX PElIeHUsT

*Tlogmepxkan rpanrom PODIU 12-01-00683 u rpaHTOM HOJIEPKKHA BEAYIIAX HAYIHBIX
mkos HITI-2519.2012.1.

Tacruano nopnepskan rpanrom domnga Caiimonca.

MaTtemaTtudeckoe npoceeweHue, cep. 3, sbin. 17, 2013(162-181)
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HY2KHO IIPeJIBAPUTEIBHO IIPOPENIATD JIpYTHUe MPUBEJIEHHBIE 38/I1a91 Ha JIAHHYIO
TeMy WJIM 3HATh JIEKIIMOHHBIA MaTepuadl.

OBIIUE COIJIAIIEHWS U OIPEAEJIEHUS

Ecin yciioBre 3a1a4un siBjIsseTCsl yTBEPKIECHIUEM, TO B 3aa4e TPEOYETCs 9T0
yTBEpXKJIeHNEe J0Ka3aTh. Kcm HeKoTopasl 3ajada He MOJIydaeTcs, TO YnTaiire
JIAJIBIIE — COCEJIHUE 3aJ]adi MOT'YT OKA3aThCsl MOJACKA3KAMU.

Eciiz He OroBOpeHO MPOTUBHOE, ACUMITOTUKY U IPENebl PACCMATPUBAIOT-
Csl IIPU 1 — 0O0.

Ipagom 6e3 nemeav u kpammuwvx pébep G = (V, E) HasbiBaeTcst KOHeU-
Hoe MHOXKecTBO V' = V(G), HEKOTOPBIE JIBYX3JIEMEHTHBIE TIOJIMHOXKECTBA (T. €.
HEYTIOPSITIOYUCHHBIE Tapbl HECOBIAAIONINX JIEMEHTOB) KOTOPOTO BBIJICJICHBI.
I'pad 6€e3 neresb U KpaTHBIX PEOGEP MBI KOPOTKO HA3bIBaeM rpadoM. DJIEMEHTHI
JIAHHOI'O MHOXKECTBa, V' Ha3BIBAIOTCH 6epuiuHaMi. Bblie/leHuble aphbl BEPIITH
Ha3bIBAIOTCs pébpamu. Eciin BepinHa MpUHAIIEXKHUT PeOPY, TO TOBOPUTCS, UTO
pebpO HA3BIBAETCS NPOTOJAULUM TEPE3 ITY BEPIIMHY WU UHUUJEHMHbLM STON
BepimHe. MHOXKECTBO BBIJIEJICHHBIX TIOJMHOXKeCTB 0bo3Hauaercss £ = E(G).
Eciin He oropopeHo IpoTHUBHOE, TO Yepe3 N U € 0003HAYAIOTCS COOTBETCTBEHHO
KOJIMIECTBA BEPIINH U PEOEp paccMaTrpuBaemMoro rpada.

[Ipusenérnoe orpeiesieHne He TOIUTCS I 2pado6 ¢ NeMAAMY U KPATHbL-
mu pébpamu (Mmyabrurpados). C HEMU MBI I0YTH He PabOTAEM U OIPeJIessieM
TaM, TJe OHU HCIIOJIb3yIOTCS.

Ipad MoxKHO mpeJicTaBisITh cebe Kak HAGOp TOUeK (HAIPUMED, HA ILIOC-
KOCTH ), HEKOTOPBIE TTAPbl KOTOPBIX COEJIMHEHBI IOMAHBIMI, IIPHYEM OJIHA [apa
BEPINIH He MOXKeT OBITh coenHeHa bojee deM omHoi muuneil. Touknm Ha3bIBa-
0TCa gepuuramuy rpada, a JoManbie — pébpamu. JIomMaHblie MOTYT IT€PECEKATH-
Cs1, HO TOUKH IIePECeUEHNs] «He CUNTAIOTCI», TO €CTh HE SIBJISIOTCS BEPIITHAMA.

Cmenenvio BepInHbl Ipada Ha3bIBAETC YHCJIO BHIXOIANINX U3 Heé pedep.

IIymém B rpacde HA3BIBAETCH MOCIEI0BATE/ILHOCTD BEPIIUH, B KOTOPOI JIIO-
Oble JIBe COCeIHUE BEPIINHBI COEIUHEHBI PEOPOM.

I'pad HasbIBaeTCS CEA3HBIM, ECIIH JIOOBIE IBE €r0 BEPIINHBI MOYKHO COEIH-
HUTDL IIyTEM.

fcHo, 9T0 «COEIMHEHHOCTD HEKOTOPBIM IIyTEM» SIBJISETCS OTHOIIEHHEM 9K-
BUBAJIEHTHOCTH Ha MHOXKecTBe BepuinH rpada. CeasHol xomnonenmot rpada
HA3BIBAETCSI KJIACC SKBUBAJEHTHOCTH.

I'pad, y KoTOpOro mpoBeiIeHbI BCe BO3MOXKHBIE pedpa MeXKIy BepPIIMHAMN
HA3bIBAETCS NoAHbLM U 0bo3HavaeTcs K,. Ecin Bepmunbl rpada MOXKHO pas-
JIeJINTH Ha JIBe YaCTU TakK, 9TO He CYIIECTBYeT PEOEp, COeMUHSIIONINX BEPITUHBI
U3 OJIHOI U TOM YKe JacTH, TO Tpad Ha3bIBAETCs 06YJOAbHBIM, & TaCTH HA3I-
BatoTcs doasmu. depes Ky, ,, obo3HaYaeTCH ABYIOIBHBIN Ipad ¢ 10IAME U3
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™M W U3 N BEPIINH, B KOTOPOM UMEIOTCSI BCe Pedpa MexKIy BEPIIHHAMU Pa3HbIX
JIOJIEN.

H3zonruposannoti eepuwunoti HA3bIBAETCS BEPIIUHA, U3 KOTOPOil HE BBIXOIUT
HH OJHOTO pebpa.

Packpacka BepmuH rpada B HECKOJIBKO IIBETOB HA3BIBAETCS NPaASUAbHOU,
€CJIi KOHIIBI JIIOO0ro pedbpa pa3sHOIBETHLI.

1. KOMBUHATOPUKA U BUHOMUHAJIBHBIE KOY®OUITMEHTHI

1.1.
o G
o el G

n+1 n n
2n—k
k‘+1‘ ‘k—l—l+ k

Bnecn (z), {Z}, m — COOTBETCTBEHHO KOJIMYECTBA,

— k-9JIeMEHTHBIX OJMHOXKECTB N-3JIEMEHTHOIO MHOXKeCTBa (Ipyroe 06o-
snagenne: CF);

— pa30ueHuii N-3JIEMEHTHOIO MHOYKECTBA Ha k dacTeil (T.e. HEIyCThIX HOJI-
MHOKECTB), Pa30MeHHs CIMTAIOTCA HeylIopsiodeHHbvu, T.e. {1,2} U

{3} = {3} u{1,2}
— k-MepHBIX JTHHEIHBIX HOAIIPOCTPAHCTB JIMHEHHOTO IIPOCTPAHCTBA Zi .

1.2. Haitmure «siBHYI0» POPMYILY st

@)22(2); &)E:(&);(@E:(&).

k>0 k>0 k>0

B oTBere ncnonbayiiTe TOMLKO 1IEI0UUCTICHHbIE (DYHKIUH IIEJI0UUCICHHOIO
apryMeHTa.

Byayr nonesubt mpuzonomempuueckan Gopma KOMNAEKCHO20 “UCAQ G +
+ bi = r(cosp + ising), rme r = Va?+b> u ¢ = arctg(b/a) wm ¢ =
= arctg(b/a) + m, Ppopmyaa Myaspa (cos @ + isin @)™ = cosny + i sinne.

1.3. (a) Bo ckosbkux mogmuOKecTBax MuOkecTsa {1,2,3, ..., 11} He naii-
JETCsI IBYX HOIAPSLI UILYIIUX TUCET ]
(b) To e ayist MPEr MOAPSL| UIYIHX TUCEL.

n J—
1.4. (a) ‘HpI/I FbI/IKCI/IpOBaHHOM n aucio () MakcumanbHo npu k = [n/2].
(b) Best in their own ways. B MaremaTuiecKoil osuMInaie yaacTBoBajo k
MIKOJIbHUKOB. BBISICHIIIOCH, UTO JIJIs1 JIIOOBIX JIBYX MIKOJILHUKOB A u B Hamuiach
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3aJ1a1ua, KOTOpyIo permt A u He permmit B, u 3aada, KOTOpyio permwit B, HO
He permut A. Kakoe HanMeHbIree BO3MOYKHOE KOJTIECTBO N, 387189 MOTJIO OBITh
[IPU 9TOM YCJIOBUN!

WNubivn cioBamu, HaliInTe HAMMEHbITEe BO3SMOXKHOE 1, JIJIsT KOTOPOTO Hali-
JIETCsT TAKOE CeMecTBO U3 k TOMHOYKECTB 1N-3JIEMEHTHOIO MHOYKECTBa, UYTO HU
OJIHO W3 MOJIMHOYKECTB CeMEHCTBa He COJEPKUTCs (COOCTBEHHO) B JPYTOM.

1.5. (a) Haiigure ‘i! s k = 0,1,2. (b) Haiigure ‘2’ s k= 0,1,2,3.
() [o] = [al = 1 [1] = [7] = 2" = 1@ [i] = [.7]- (¢) Haitnure [3].
(f) Haiipre |}|.

2. TIJIOCKUE I'PA®BI

ILrockum epagom HasbIBaeTCsT mM300pazkeHwe rpada Ha IJIOCKOCTH, JJId
KOTOPOTO JII0OBbIE JBa pebpa MepeceKaroTCsl TOJBKO IO WX OOIMUM BEPIIMHAM
(B 4ACTHOCTH, €CJIM TAKUX BEPIIMH HET, TO HE [IEePECEKAIOTCsl).

Nuorma Takoe m3obpakeHne HA3BIBAIOT MIPOCTO IpadOoM, HO 3TO HETOUHO,
[OCKOJIbKY TJIAaHAPHBIA Ipad MOKHO M300pasuth (6e3 camorepecedeHuit) Ha
ILJIOCKOCTH Pa3HBIMHU CIIOCODAMHU.

Puc. 1. Pazimuapie n3obpaskeHust rpacga Ha ILIOCKOCTH

[Lnockwuit rpad e uT MI0CKOCTH Ha YacTU, HA3bIBaeMble 2panAmy rpada.

2.1. DOPMVIIA DIIEPA. (a) st cBsasHOro miockoro rpada ¢ V sepiru-
namu, E péopavu u F rpausimu umeem V — E+ F = 2. (JlokazaresbcTBO 9TOM
TeopeMbl CM., HanpuMmep, B [1].)

(b) Haiinmure anajor sToro pesysibrarta s ILIOCKOro rpada ¢ k KoMIo-
HEHTaMU CBA3HOCTU.

2.2. Ipumenenusn gopmyave Jtsrepa. (a) Hu ogun us rpados K5 u K33
(cM. puc. 2) HEBO3MOXKHO 6e3 caMollepecedeHnii HapuCoBaTh Ha IJIOCKOCTH.

(b) Ha mockoctn ormedeHo n Touek. Pasperaercst coeMHATH HEKOTOPbIE
JIBe U3 HUX JIOMAHOI, He MPOXOJsIeil depe3 jpyrue Touku. J[Ba urpoka 1o
ovepe/id COEJUHSIOT JIOMAaHOW KaKUe-TO JIBE eIlé He COeUHEHHBbIe TOYKu. [Ipu
9TOM TPeOYeTCst, ITOOBI ITU JIOMAHBIE HE CAMOTIEPECEKANCDH U He TIePEeCeKaNCh
HUTJ/e, KPOMe OTMEUEHHBIX TOYeK. lIpourpeiBaeT TOT, KTO HE MOXKET CIesIaTh
xo/1. KTo BhIUrpBIBaeT npu npaBuiIbHOI Urpe (B 3aBUCUMOCTH OT 1)7
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K K33

Puc. 2. I'pacppr KyparoBckoro

(¢) Onumute (¢ TOYHOCTHIO /10 H30MOpdU3MA) TIOCKHE rpadbl, ¥ KOTOPHIX
CTEIeHN BCEX BEPINUH PABHBI U «CTEIIEHU» BCEX TPaHeil paBHbI (T. €. B TPAHUIIE
pasHBIX TpaHeil OIMHAKOBOE KOJIMIECTBO PEbep).

VYkazanue K (a), (b) u (c): ecsin He mosryvaercsi, To peraiiTe CieyOIHe
nyakThel. Onpenesnenue nzomopdusMa cM. B 3aga4de 3.5.

(d)* BBIMYKJIBIX NpasuAbHbIZ MHOTOIDAHHUKOB (BCE IDaHM — IIPABUJIb-
HbIe MHOIOYTOJIbHUKH C OJUHAKOBBIM YHCJIOM CTOPOH, CTEIEeHH BCEX BEPIIUH
paBHBI) POBHO 5 (¢ TOYHOCTBHIO 70 m3oMopdusma ux rpados). Korcrpykimio
COOTBETCTBYIOIMNX MHOIOI'PDAHHUKOB HYZKHO ITPUBECTH, OHA HE TIPEJIIIOIaraeTcCs
U3BECTHOM.

(e) st 106010 maockoro cBs3HOro rpada 6e3 nereb U KPaTHbIX pEdep,
umerorero 6osiee 1Byx BepimH, 2K > 3F u E < 3V — 6.

(f) B mobom 1rtockom rpade ecTh BeplinHa crereHn He Gosiee 5.

(g) Ecoim kaxk/1ast BepImHa JI0CKOTO CBSIZHOTO Tpada nMeer crerneHsb d, a
1 1 1

.. 1
B rpaHnIle KaxkKaoi rpann posuo k > 3 pébep, To p + P 5 + ok
2.3. Bepiunbl 1106010 MIOCKOTO Tpada MOXKHO TPABUJIBHO PACKPACUTD
B (a) 6 nperos; (b) 5 useros; (c)** [Bce paBHO He JoKaxKere).

Top u smcr Mébuyca n3o0parkeHbl Ha puc. 3. DTu (PUTYPHI PEJIoJIara-
1oTcst npodpaunvimu. T.e. Touka (MM MOJMHOXKECTBO), <«JIeKalllasi Ha OJHOMN
CTOPOHE TMOBEPXHOCTHY, «JIEXKUT W HA APYTOH CTOpOHEe». DTO AHAJOTUIHO TO-
My, 9TO IPU U3YyUEHUM N€OMETPUHU MBI TOBOPUM, HAIPUMEDP, O TPEYTOJIbHUKE
HA [JIOCKOCTH, & HEe O TPEeyroJIbHUKE Ha BepXHeil (UM HUXKHel ) CTOPOHE ILI0C-
KOCTH.

Puc. 3. Top, jsmuct Mébuyca, nuiuaap u cgepa ¢ pydxamMu
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F—=< '

Puc. 4. Iloapasgenerne pebpa

2.4. Hapucyiite 6e3 camonepeceuenuit (a) K na Tope. (b) K33 na smcre
Mébmnyca.

I'py6o roBopst, nodepag namHOro rpada — 1o ero yactb. PopmasbHO, rpad
G masbiBaercst nodepagom rpada H, eciim MHOXKeCTBO BepiuH rpada G co-
JIEpXKUTCH B MHO2KecTBe BepinnH rpada H u kaxjgoe pedbpo rpada G spisercs
pebpom rpada H. Ilpu srom ase Bepimmnbl rpada G, coeluHéHHBIE peOpOM B
rpacde H, He 0bs3aTe/IbHO coeauHeHbl pedbpoM B rpade G.

fcro, aro m0boit moArpad mIaHapHOro rpada IIaHapeH.

Omneparust nodpasdesenus pebpa rpacda mokasaHa Ha pUCYHKe 4.

JlBa rpada Ha3BIBAIOTCS 20MEOMOPPHBLMU, €CJTH OT OJTHOTO MOYKHO HepeiiTu
K APYyroMmy IIpU IOMOIIY ollepaluil nmoapasiaeaeHust pedbpa 1 oOPaATHBIX K HUM.
Wnu, sKBUBaJIEHTHO, ecjIu cylnecTByeT rpad G, MOy YeHHbIH 13 000UX JaHHBIX
rpadoB omepaIusiMu oIpa3IeeHus pebpa.

fcno, uro romeoMopdHbIe Ipadbl ABJIAIOTCH WK HE SIBJIAIOTCS ILIaHAPHDI-
MU OJHOBPEMEHHO.

TEOPEMA KYPATOBCKOTO. I'pad gaBjsiercs maaHapHBIM TOTJA U TOJIBKO
TOrJa, KOIJia OH He COep:KUT noarpada, romeomopduoro rpady Ks unn K33
(puc. 2). (JokazaTeabcTBo 9TOM TeOpeMbI CM., HanpuMmep, B [6].)

2.5. Ilpunywmaiite ajropurm

(a) pacrnosHaBaHusi IIAHAPHOCTH rpada (371eCh MOKHO UCIOJIB30BATh 6e3
JI0Ka3arebcTBa Teopemy Kypartosekoro);

(b)* pucoBanusi 6e3 camorepecedeHuii 3aBeJOMO IUIAHAPHOTO Tpada Ha
ILJIOCKOCTH.

Hajimure acHMIOTOTHKY CIIOXKHOCTH Balllero ajrOPUTMa B 3aBUCHMOCTH OT
qnciia n pébep rpada, T.e. aCUMIITOTUKY MaKCHUMyMa 1o rpadam ¢ n pédpamu
OT 4HCJIa [IaroB B aJIlOPUTME, IPUMEHEHHOMY K JaHHOMY rpady. (M3BecTHbI
JIMHEIHbIE AJITOPUTMbI, HO y BAC BPSLJ JIU TIOJIy IUTCsL JTazKe MOJTMHOMUAJIbHBIIL. )

CM. «ompeeeHnes HaX0XKIeHUsT aCAMITOTUKH B 3a1a4e 8.1.a.

3. IIEPEYUCJ/IEHUE T'PA®OB

Bamernm, uro rpadser ({1,2,3},{{1,2}}) u ({1,2,3},{{1,3}}) pasmuunsL
I'padom nazwpiBaercst umenno rpad, a He Kiace uzomopdusma rpados (ompe-
JleJieHre n30Mopdu3Ma HAIIOMHEHO B 33/1a4e 3.5, TJie OHO ucnosb3yercs). Wi,
roBops HedopMaIbHO, BEPIIUHLI IPpadOB CUMTAIOTCS 3aHyMepoBaHHbIMU. [lo-
9TOMY I'pad UHOIIA HA3BIBAIOT IIOMEYEHHBIM I'PadOM.
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Myavmuepagom (nmm rpadom ¢ neTisiMu 1 KpaTHbIMA PEOPaMU) HA3bIBA-
ercs KBaJpaTHas Tab/Iula U3 HeJIbIX HEOTPUIATEIbHBIX YMCe]I, CAMMETPUIHAIL
OTHOCHUTEILHO IVIABHOMN AUArOHAJIN.

Opuernmuposarnvim 2pagom (6ez nemeav u kpammuvx pébep) G = (V, E)
Ha3bIBaeTCst KOHeUHOe MHOXKecTBO V' = V(G), HeKoTOpbIe ynopadouerHbie Ta-
PBbI HECOBIAIAIONINX JIEMEHTOB KOTOPOI'0 BbIIEJIEHEI.

Opuernmuposarnvim mysvmuepagpom (MIM OPUEHTUPOBAHHBIM rpadoM ¢
HeTISIMUA ¥ KPATHBIME PEOPAMU) HA3BIBAETCs KBaJIpaTHAsl TAbJIUIA U3 [EJIbIX
HEOTPUIATEIHHBIX IHCE.

Yurareap Jlerko coobpas3uT, Kak M300parkarh (€ caMOIepecevueHUsIMN)
OPHEHTUPOBAHHBIC WM HEOPUEHTUPOBaHHBIE Tpadbl U MyJbTUrPpadbl HA
IJIOCKOCTH.

Pebpa ab u ba opuerTrpoBanHOrO rpada He CINTAIOTCS KPATHBIMI.

3.1. CkoJibKO BCcero rpadoB ¢ nm BepIIHHAMEI
(a) opueHTHPOBAHHBIX 6G€3 KPATHBIX PEOEP, HO, BO3MOXKHO, C HET/ISIMU?
(b) HEOpHUEHTUPOBAHHBIX 6€3 MeTe b, HO, BO3MOXKHO, C KDATHBIME pEOpamu’?

3.2. Ckombko Bcero rpadoB ¢ n BepimuHaMu u k pédpamu

(a) HEOPHEHTUPOBAHHBIX O€3 IeTeJIb U KPaTHBIX pébep?

(b) HeopueHTHPOBAHHBIX IPadOB, y KOTOPBIX JOIMYCKAIOTCsT KpaTHbIE pebpa
U 1eTym?

3.3. Kakux rpados ¢ n BepmuHaMu 6oJIbIIe:

(a) UMeOMUX M30JUPOBAHHYIO BepIHMHY (T.€., BEpIINHY, U3 KOTOPOii He
BBIXOJIUT HU OJIHOTO pebpa) uiau HeT?

(b) CBSI3HBIX WJIM HECBSI3HBIX !

I[ux.nom HA3BIBAETCS IIYyTh, B KOTOPOM II€PBasi U MTOC/IEIHsIsT BEPITUHBI COB-
magaroT. [IyTs (uHKﬂ) Ha3bIBAETCS HECAMONEPECEKANOUUMCH, €CJIA OH IIPOXO-
JIAT 110 KarKJI0 CBoeil BepInHe TOJIbLKO oaMH pa3. ['pad HasbiBaeTcst depesom,
€CJIN OH CBSI3€H U HE COMEPKUT HEeCAMOIIEPECEKaIONNXC s IUKJIOB. |'pad Ha3bI-
BAETCs AECOM, €CJTH OH HE COACPXKHUT HecaMOIlepeceKaromuxcs mukiaos. ['pad
Ha3bIBACTCd YHUUUKAUYECKUM, €CJIM OH CTAHOBUTCH JIECOM IOC/E YAAJICHUSI
HEKOTOpOro pebpa. Vm, SKBUBAJIEHTHO, €CJAN OH MMEET POBHO OIMH HECAMO-
IEPECEKAIONINICA TTUKJI.

3.4. Kakux rpados OoJibiite, nepeBbeB co 100 BepITUHAME UJIU CBSI3HBIX
yHUIUKJIn4YeckuX rpados ¢ 98 Bepmunamu?

3.5. I'py6o rosopsi, rpadbl n30MOPQHBI, €CJIU OHU OJIUMHAKOBBI (IIPU 9TOM
X U300parKeHusl Ha MJIOCKOCTH MOTYT ObITh pasubiMu). PopmasibHO, rpadbl
G1 n G (6e3 meresb U KPATHBIX pEOED) HA3BIBAIOTCS U3OMOPHHHIMU, €CIIH
CyIIeCTBYeT B3aMMHO OJIHO3HaUHOe oTobOpaxkenue f : Vi — Vo mHOXKecTBa V)
BepmiuH rpada G| Ha MHOXKeCTBO Vo BepimH rpada (o, YIOBIETBOPSIOIIEE
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yeaoBuio: eepwuns, A, B € Vi coedunennvt pedbpom 6 mom U Mmosvko 6 Mmom
cayuae, ecau sepuuns, f(A), f(B) € Va coedunerv. pebpom.

KommaectBo KiaccoB m3oMopdusMa JEpeBbEB ¢ N BepIIMHAMEU (T. €. KO-
JITYECTBO PA3JIMYIHBIX JIEPEBLEB C N HE3aHYMEPOBAHHBIME BEPITMHAME) MEHb-
e 4.

Kod Ilprogepa comocrapiisier aepeBy ¢ BepimnHamu 1,2, ..., 7 [OCJIeI0Ba-
TENBHOCTH YUCET OT 1 JI0 M O CJIEIYIONEMY AJITOPUTMY.

Cuauasta kox Iprodgepa — mycroe cioso. Iloka KoamyecTBo BepIInH 60JIb-
e JaByX

1. Beibupaercst aucm (BepiirHa cTerneHn 1) v ¢ MUHUMAJBHBIM HOMEPOM.

2. B kon Ilprodepa gobasiisiercss HoOMep BEPIIUHLI, CMEXKHOI ¢ v.

3. Bepmuna v (u uHImIIEHTHOE €if PebPO) yIATIAIOTCS U3 JAepeBa.

Korma ocraioch JiBe BEPUIMHBI, JIFOPUTM 3aBEPIIAcT paboTy.

3.6. (a) Haitnmure kox Ilprodepa nepesa ¢ Bepmuaamu 1,2, ..., 10 u pé6-
pamm (8,9), (8,4), (4,10), (10,3), (3,5), (10,6), (10,1), (1,7), (1,2).

(b) BOCCTaHOBHTe nepeso 1o koxy IIprodepa 1,1,2,5,4,2,7.

(c) Popmysa Kosu. Yucio nepesbes ¢ n BepIIMHAMU paBHO 1~ 2.

3.7. (a) TlocsenoBaTe/IbHOCTh U3 N IIOJIOKUTEIBHBIX HEJIbIX YUCEs $B-
JISIETCsI TIOC/IEI0OBATEILHOCTBIO CTEleHell BEPIINH HEKOTOPOIro JepeBa TOTIa 1

TOJTLKO TOTJIA, KOIJIa CyMMa €€ 9JIeHOB paBHA 2n — 2.

(b) Eciin cymma 11es1bIX 10JI0KATENBHBIX duces dy, . .., dy,, paBHa 2n — 2,
TO KOJIMYECTBO JEPEBLEB C N BEPIINHAMU, ¥ KOTOPBIX -5 BEPIINHA UMEET CTe-
(n—2)!

. Viabivu ciopavu, (11 + ...+ x,)" 2 =

neHb d;, paBHO
P (=Dl (dn — 1)
degp(1)—1 d -1

=>r xlegT( = -xnegT(n) , TJIe CyMMa — II0 BCeM JiepeBbsM 1’ ¢ Bepliu-
wamu 1,2;...,n, u gepe3 degy (k) obo3HaueHa crenensb Bepiuubl k jgepesa 1.

(c) Haityinre umcsio CBSI3HBIX YHHUIMKINYIECKUX IPacoB € N BEPIIMHAM.

3.8* Ilycrs T4, ...,T, — mepeBbs, MHOXKECTBA BEPIIUH KOTOPBLIX HE IEpe-
cekatoTcst. CKOJIBKO €CTh JIEPEBbEB, MHOXKECTBO BEPIIUH KOTOPBIX €CTh 00be M-
HEHME MHOYKECTBA BEPIINH 3TUX T JIepPeBbeB, U KOTopble comepxkar 11, ..., 1.7

4. DUJEPOBBI ITYTU U IUKJIbI B TPAD®AX

4.1. Bepmwmabl rpada MOXKHO PACKpPacUTb B 2 IBETA TaK, UTO KayKJI0€
pebpo OyIeT UMeTh Pa3HOIBETHBIE KOHIIBI, TOT/Ia U TOJIBKO TOT/A, KOTa rpad
COJIEPKUT IUKJIbI TOJBKO YETHON JIJTHHBI.

Dinepos yuka (yTh) — nuki (IyTh), IPOXOAIIHMii 10 BceM pébpam rpada
POBHO II0 OJIHOMY Pasy.

4.2. (a) B cBsasnom rpade ecThb 3il1epoB UK TOIJA U TOJBKO TOIJIA,
KOIJa CTEelleHb KazKJIOil ero BepIINHbI YeTHA.
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(b) TIpu kakom ycioBuu B rpade CymecTByeT 3iliepoB myTh?
(¢) Tlpu KaKOM yCJIOBUM B 0pUEHMUPOGaHHom rpade CyIecTByeT OPUEHTH-
POBaHHBIN SMJIEPOB UK

4.3. (a) Ipu kakux n rpad K, nmeer siinepos nuuka? (b) To xe s
rpacda Ky, 5.

4.4. Ha pébpax rpada, y KOTOPOIO CTEINEeHb KarKJIO0H BEPIIUHLI YeTHA,
MO2KHO IIOCTaBUTH CTPEJIKU TaK, 9TO Yy Ka)K,ZLOI;’I BEPIINHBI BXOJAINAasA CTCIICHDb
OyJIeT COBIIAJIATH C UCXOIAIIEH.

4.5. Eciau KOJIM9ecTBO BEPIINH HEYETHON CTEIEHN B CBSI3HOM Ipade pas-
HO 2k, TO MHOXKECTBO €ro pébep MOXKHO MPeICTaBUTh B BUIe oObeauwHeHnus k
myTeil, HUKaKOil M3 KOTOPBLIX HE IMPOXOJUT HU II0 KAKOMY Pebpy JIBaXKIbl U
HUKaKHe JIBa U3 KOTOPBLIX HE MMEIOT o0IIUX PEbep.

4.6. I'pann sitmepoBa MI0CKOro rpada MOXKHO IMPABUILHO PACKPACUTEH B
2 1uBera.

4.7. (a) MaremaTuk 3a0bLT TPEX3HAYHBI KOJ CBOETO 3aMK4. 3aMOK OT-
KpbIBaeTcst, ecan Tpu nudpbl Koja HaOpaHbl MOAPsL (JlaXKe eciu mepej 3TuM
6bLn HabpaHbl pyrue udpbl ). Maremaruk Habupaet oy 1udpy B CEKYH/LY;
nabpannas nudpa nodaBsieTcst B KoHer. Jlokaxkure, 4T0 MaTeMaTUK CMOXKET
OTKPBITH 3aMOK 3a 1002 ceKyHbl, €Cjiu B KOJIE MOTYT OBITH HCIIOJIH30BAHDI
TOJIBKO JI€CATH UdP.

(b) Cdopmynupyiite n gokazkure npasmio «0 < 1 < 2 < --- < 8 < 9»
OTKpbITUA 3aMKa 32 1002 cexyH/IbI.

4.8. Ilycts gan opueHTHpOBaHHLIN rpad G, y KOTOPOro Ha KasKIoM ped-
pe e Hanmca Bec v(e). (DrTor Bec MOXKHO HOHHMATH KaK paboOTy, KOTOPYIO
HY?KHO 3aTPATUTh JIJIS TOrO, YTOObI MPOHTH 110 pebpy OT Hadasa JI0 KOHIIA. )
Oyuxius p: V(G) — R («morennuan» ) takasi, aro v(x,y) = p(x) — p(y) mis
no6oro pebpa e = (z,y) CyIECTBYET TOIJAa U TOJIBKO TOTJA, KOIJa CyMMap-
HBI Bec pebep BIO0JIb 0600 MUKJIa paBeH HyJIio (IIPH MPOXOXKIeHIN pebpa 1o
IUKJIy B HAIIPABJICHUH, IIPOTUBOIOIOKHOM OPUEHTAINH, BEC B CyMMY OepeTcs
C OTPHUIATEIBHBIM 3HAKOM ).

4.9% Jlan cBs3HBI OpueHTHPOBaHHBIA Irpad ¢ BepmmHaMu 1,...,n, y Ko-
TOPOT'0 BXOJAINAs CTEIEHD dj KaXKI0# BEPIMUHBI k paBHA MCXOISIIEH.

(a) CymiecTByeT JepeBO, COfeprKaliee BCe BEPIIUHBI OPUEHTHPOBAHHOTO
rpada, y KoToporo Bce pebpa HaIllpaB/IeHbI B CTOPOHY BEPIIUHBI 1.

(b) @ukcupyem nepeso T u3 (a). Byuem 06xouTh OpueHTUPOBaHHBII Ipad
(mo crpesikam), MPOXOJs MO KaykjoMy pebpy He Gosiee ommoro pasa. ChHava-
Jla, BBIfJIeM W3 BepIIWHBI 1 B IPOM3BOJILHOM HalpasjieHuu. Jlajee, mycTb MbI
IPUIIIN B HEKOTOPYIO BepiiuHy v. Boixomum u3 Hee 10 Jirobomy pebpy, He
npuHajjexkameMmy 1, ecii 3TO BO3MOXKHO. A eC/id HEBO3MOXKHO, TO BBLIXOIIM
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u3 Hee 110 pebpy, npuHaexkaiemy 1’ (takoe peGpo euHCTBeHHO). JloKau-
Te, YTO 00XO0J 3aKOHYNTCA B BEpIInHE 1 1 9TO B pe3yJabTrare 00X0o/1a MOy YIUTCsT
OPUEHTUPOBAHHBIN SUJIEPOB MUKJI.

(¢) Yucs10 OpueHTUPOBAHHBIX MJIEPOBBIX IIUKJIOB B OPHEHTUPOBAHHOM I'Da~
de kparno unciy (dy — 1)! - ...+ (d, — 1)!.

5. TEOPEMA TyPAHA. JIUCTAHIIMOHHBIE 'PADBI

Tpeyeosvrurom B rpade Ha3BIBACTCS MUKJI JIJIMHBL 3.

5.1. (a) Ecim rpad He coiepsKuT TpeyroibHEKOB, To e < n?/4.
(b) Ecom e = [n?/4] +1, o B rpade ecth 110 Kpaiineii Mepe [n/2] Tpeyromis-
HUKOB.

(¢) Ecoiu n = km u rpad He comepzkut nosHoro nojarpada ¢ k + 1 sepriu-
ramu, To 2e < k(k — 1)m?. (Ilepexoas K gomoHATEHOMY Tpady, TOTydIaeM,
97O eci n = km u cpenu JIIoObIX k + 1 BepINH HEKOTOPBIE JBE COeINHEHBI
pebpom, To 2e = km(m — 1).)

(d) Ecan cpemu m1106b1x k + 1 BepImuH HEKOTODPbIE J(Be COeIUHEHBI PeGPOM,

= [n/k]l ur:=k{n/k}, 1o 2e = km(m — 1) + 2mr.

5.2. (a) Ecsin rpad aBymosien u He COAEPXKUT IUKJIA JIUHBL 4, TO € <
<nd?)2.

(b) B mro6om rpade ectb ABymobHBIN moArpad, comepKalmii He MeHee
TOJIOBUHBI pebep rpada.

(¢) Ecau rpad He comepxkut nukiia jJymHbl 4, To € < N

d) Eciu rpad e comepxut noarpada Ks 3, 10 e < < 2nd/2.
5/3

3/2

(

(e) Ecou rpad e comepzkur noarpacda Ks3, 10 e < 2n

(f)* st m06b1x niesibix s, ¢, 0 < s < t, ecau rpad ¢ He cozepKuT noarpada
Ky, 1o e < (s 4+ t)v2 /s,

5.3. urst ir00BIX M TOYEK Ha IJIOCKOCTHU CYIIECTBYeT He 6ojiee n duamem-
P06, T. €. (HEYIOPSIIOYEHHBIX ) TTap TOYEK, PACCTOSHUE MEK Y KOTOPBIMU PABHO
MaKCHUMYMY U3 BCEX BO3MOYKHBIX PACCTOSHUAN MEXKJTy ITapaMy U3 3TUX 7 TOYEK.

5.4. s moberx n Touek Ay, ..., A, B R? obozmaumm gepes D(Aq, ...,
Ay,) auciio (HeynopsiZIOUeHHbIX ) Tap TOYeK, PACCTOSTHIE MEXK/Ty KOTOPBIMU PaB-
O 1. O6Go3HAUYNM

E,(d) = max{D(A,...,A,) : Ay,..., A, € R},
(a) En(2) > nllogyn|/4. (b) En(2) < 2n3/2. (¢) En(3) < 2n°/3.

@ " < g < 20

5. (a) Iyers V' — 11F-snementnoe mommuozkecTBo mpocrpancTsa RF,
mo6Goe 10F-s71eMenTHOE MOJIMHOMKECTBO KOTOPOTO COJIEPIKHUT JIBE TOUKH I,y
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Ha paccrosiHun 1: |z — y| = 1. Jokaxkure, 4To0 JyIsi JIOCTATOYHO GOJIBIIOTO k
KOJIMYECTBO €JIMHUYHBIX PACCTOSTHUI MEKJy TOYKaMHU MHOXKeCTBa V' 0oJIblle,

aem 12F/2:

1 12F
5’{($,Q)EV><V3 |z —y| =1} >

(b) To e Gosbime, qem 12.1%.

6. '"AMUJIBTOHOBBI IUKJIBI U TIVTU

Tamunrvmonos nymo (yuka) B rpade — myTh (IUKII), TPOXOISAIIUI yepes3
KazK/[yl0 BEPIIUHY POBHO IO OJTHOMY pasy.

6.1. Pebepnoim epaom rpada G HaspiBaeTCs Tpad, BEPIIUHBI KOTOPO-
ro — pebpa rpacda G; jBe BepmuHbI pebepHOro rpada coeguHeHbl PedpoM,
ecau cooTBeTcTBYIOIINE pebpa rpada G umeroT obInyo BepimmuHy. Hailinnre B
TepMmuHax rpada G HeoOXOAMMOe U JOCTATOYHOE YCJIOBUE HAJTUIUS TAMUJIBTO-
HOBA IUKJIa B ero pebepHom rpade.

6.2. (a) I'pad, cymma creneneii Jr0ObIX JBYX HECMEXKHBIX BEDIIUH KOTO-
poro He MeHbIe 1 — 1, ©MeeT TraMUJIBTOHOB Iy Th.

(b) I'pad, cymma cremneneii OObIX JIBYX HECMEXKHBIX BEPIINH KOTOPOI'O He
MEHBIIIE 7, UMEET FaMUJIBTOHOB ITUKJI.

(c) Ecim rpad cpasen u 2e = n? — 3n + 6, To B HeM eCTb IaMHJILTOHOB
IIAKJI.

(d) Ecsin cpenn r06b1x k + 1 Beprus rpada ectb pedpo u mocjie yJaaeHust
qr060it k — 1 BepimHBL Tpad ocTaeTcss CBSI3HBIM, TO B HEM €CTh TaMHIJILTOHOB
Iy Th.

6.3. [Merox dupaxa| Eciu ay, . .., ap — MaKCUMAaJIbHBI [IyTh Cpe/i Heca-
MOIIEPECEKAIOIIIXCsI 110 BepIInHaM 1yTeil B rpade, k > 3 u degay+degay = k,
TO B 3TOM rpad€ eCTh HECAMOIIEPECEKAIOIIMIICA UK IJINHBL K.
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6.4. B rpade na puc. 5 HET raMuILTOHOBA IIyTH.

@

.5. MakcumaJjibHOE YHCJIO TOMApPHO HEIEPEeCceKaloNmuxcsi 1o pebpam ra-

n—1
MUJIBTOHOBBIX ITUKJIOB B mojinoM rpade K, paBHo [T]

7. XPOMATUYECKUN MHOI'OYJIEH U MHOT'OYJIEH TATTA

O6o3naunM yepe3 x (G) MUHEMAJILHOE KOJMUYECTBO IIBETOB, B KOTOPBIE MOK-
HO IPaBUJILHO MOKPAacUTh BepiiuHbl rpada G.

7.1. Ecau pyisg sekoroporo k B rpade ¢ n BepIInHaAMK cpeau JIIoObxX k -+ 1
BEPIIIUH eCTh PedPO, TO BEPIITUHBI HEBO3MOXKHO ITPABUJILHO IMOKPACUTh MEHee,
4yeM B n/k 1BeToB.

Yepes G — e obo3Haunm rpad, mosryuaeMslit yaajtenneM us GG pebpa e. Ye-
pe3 G /e obosnauuMm rpad, MOydIaeMblil CKIEMBAHUEM KOHIOB pebpa e (1pu
9TOM MOIYT 00pa30BaThCst KpaTHble pebpa). Mocmom HasbiBaeTcsi pedpo, Ipu
yIaJeHI KOTOPOro KOJUYIECTBO CBA3HBIX KOMITOHEHT yBeauunBaercs. Ocmo-
80M 2pagha Ha3bIBaETCs JIFO0OE TOJJIEPEBO, COJEPXKAIee BCe BEPIIUHBI Ipada.

7.2. (a) Ha kakoe 9MCI0 MOYXKET M3MEHUTHCSI XPOMATUIECKOE UUCIIO TPa-
da G, ecau 106aBuTh K rpady omHo pebpo? Wmm, popMasbHO, HalIATE BCE
nesble k, 1yisi KoTopeix cymecrByer rpad G u ero pebpo e rakue, uro x(G) —
—x(G—e)=k.

(b) x(V, E1 U E2) < x(V, E1)x(V, E2).
(c) Hns xaxmoro r > 0 mocrpoiire takue V, By, Es, uro x(V, E1 U Ey) =
x(V, E0)x(V, E2) u x(V, Ey) = 7.

7.3. (a) Ecau makcumasnbHast crenenb Bepimabl rpada G pasna A(G),

T0 X(G) < A(G) + 1.
(b) Ecsin nan rpad G ¢ n BepmnaaMmu u e pebpaMu, IPUYEM [IPH YA eHIN
JIF000M BEPITMHBI XPOMATHIECKOE THCIO yMeHbInaercs, To 2e = n(x(G) — 1).

7.4. (a) Hus soboro pebpa e rpada G soimosnneno x(G) = x(G —e) —
— x(G/e). (Moxuo cuurarb, 9T0 KparHbie pebpa B rpade G/e 3aMeHeHbI Ha
HEeKpaTHbIC. )

(b) Teopema Bupreopa — Yummnu. Hucno xg(t) NpaBUIbHBIX PACKPACOK
rpacda GG B t BETOB €CTh MHOT'OYJIEH OT t.

(¢) Ero crenenb paBHA KOJMYECTBY BepinuH, crapmmii koaddunuent 1,
BTOPOIT KO3 PUIMEHT paBeH Yuciay pébep B rpade, B3ATOMY CO 3HAKOM MU-
HyC, K03 UIUEeHTH 3HAKOIepeMeHHbI (T. €. K03 OUIMEHTHI TIpH t"2F neor-
purare bHbl 1 Kodbdurments npu " 2¢ ! menonokurenbub st mo6oro
1eJIoro k).

7.5. Berumcanre XpoMaTHUecKuil MHOTowWwIeH Jyisi (a) mosiHoro rpada
(b) mycroro rpada; (c) nenw; (d) mukia; (e) JaHHOrO JepeBa ¢ N BePIIMHAMUA.
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7.6. (a) Ecim xpomarmdeckuit muorowten rpada ects t(t — 1)"7 1 o

rpad — JepeBo.
(b) He cymectnyer rpada ¢ XpoMaTuaeckum MHOTOUeHOM t4 — 3t3 4 3t2.

7.7. Hns rpados ¢ neriasimu u Kparabivu pébpamu T(G) = T(G — e) +
+T(G/e), rne e — pebpo rpada G, He sBJIsIIONIEECS] HU TIETJIEH, HI MOCTOM, U
T(G) —

(1,1) gmuca0 OCTOBHBIX JiecOB (T.e. OObeIUHEHUIT OCTOBHBIX JEPEBHEB €ro
KOMITOHEHT ).

(1,2) uncsio Takux HAOOPOB pEGeEp, ITO yist OGO KOMIIOHEHThI CBSI3HOCTH
rpada Jexalue B Hell pebpa u3 Habopa 00pa3yloT CBA3HBIN moarpad.

(2,1) "mcsio anuKIMYecKuX HaGOPOB PEGED.

7.8. Teopema Tamma. B MyabTuMHOXKECTBE (T. €. B HEYTIOPSIIOYEHHOM Ha-
6ope ¢ kpaTHOCTsIMI) TpadoB pasperaercs st arodoro rpada G u ero pebpa
€, He SBJIAIONErocs HU TeTaeil, HM MOCTOM, 3aMeHATh onuH rpad G Ha JaBa
rpada G — e, G/e. Dra 3aMeHa IPUMEHSETCSI JI0 TE€X 0P, TIOKA HE OCTAHYTCS
TOJILKO Ipadbl, B KOTOPBIX BCe pebpa SBJIAIOTCS MeTIsaMA uian Moctamu. To-
TJa TSt JTI060TO UCXOTHOTO rpada MOTyIeHHOe MYIBTUMHOXKECTBO KOPPEKTHO
OIIPEJIESIEHO, T.€. He 3aBUCUT OT MOpsjka rpadoB u peédep, K KOTOPBIM MbI
MPUMEHSIEM 3aMEHBI.

Mnozousenom Tamma wasbiBaercst muorowien T'(x,y) or AByX mepeMeH-
HBIX, OIpEJIeNEHHbI peKkyppenTHoit hopmyiioit Tg = Tg—e + T Jes €CIIH € He
nersig u me Moct, 1 Tg(x,y) = z'y/, ecrm G mMeeT i MOCTOB, j TIeTesTb W He
uMeeT Ipyrux pedep.

7.9. (a) Bolpasure XxpoMaTHiecKnii MHOrOU/IEH Yepe3 MHOrOWIeH TarTa.
(b) IMovyemy Tak cTrpaHHO 3aHYMepOBAaHbI IIYHKTBI B 3aja4e 7.77

8. ACUMIITOTUKU

Byner monesua gopmyaa Cmupaunza n! ~ n"e™™/27n, 1. e.

!
. n:
lim o = 1.
n—oon'e V2mn

8.1. (a) Haiimure acumnroruky Jjjsi KojndecTsa A, IOIMHOXKECTB MHO-

xkectBa {1,2,...,n}, He COMEPKANTIX JIBYX MOAPST MIYIIAX THCEL.
(Mubivu coioBamu, Hafinure «siBHYIO» GyHKmo f(n), s KOTOPOii
A
i mo—1.
noo f(n) )

(b*) To xe myist mpér NOAPST UIYIIUX TUCEIT.

B orBete MoxKHO BCTIONB30BATH GYHKIMIO T p(a, b), KoTOpas 1o Jucaam a, b
U MHOro4JieHy P, mMeromeMy e uHCTBEeHHBI KOpeHb Ha oTpe3Ke [a, b], BblIaér
9TOT KOPEHbD.
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820 55 < (i) <20 () ~ o
8.3. (a) ([” ) = (a™*(1—a)* ' +0(1))".

an|
(b) n! _ (e*allnmfu-*as Inas + 0(1))71’ rne a; + - +as = 1.

[ain]!- ... [asn]!
8.4 () W2+ )" = (2+o(1))". (b) 3V (2+ )" = 2+ o(1))".
B nynkrax (b,c,d) ciemyrormeil 3a1a4u 10CTATOYHO HHTYUTUBHOTO IOHMMa-
HUA TOro, 9TO TaKOe€ BEPOATHOCTD.

8.5. (a)ln (n_l)(n_i)k"".(n_k) = —k(k;:l) <1+O (S)) s k = ky,.

n nk
(b) <k> ~ g A k = kn = o(y/n). uaunt, ;s k < /n BeposaTHOCTH
BBIIIAJEHUsI POBHO k OPJIOB IPU N IOAOPACHIBAHUAX MOHETLI IPUOINKEHHO
nk 2—7’L
pasna 27",

(¢) dust k < /n BEposSTHOCTD TOJIyYeHHs] POBHO k yCIIEXOB B CepuUU U3
N OIBITOB, C BEPOSITHOCTBIO /N ycliexa B OJHOM OIbITe, IPUOJINKEHHO PABHA

k
Ao (pacnpedeaenue Iyaccona).

k!
k2
(d) <n2_nk>/<2nn> — e_?(l-i-o(l)) g k = k, = o(n). 3nauur, s

k < n BepoATHOCTDb Pj BBINAJIEHHUsI POBHO 72— k OPJIOB IIPpH 27 TOA0paChIBAHUSIX
N 2
MOHETBI IPUOIIMKEHHO pasHa Pye * /" (nopmaavhoe pacnpedenerue).

8.6. Bepmo s, uro zamucu €™ u o(e") «paBrosHauHb»? T.e. BepHO

au, 9To jst 060l dyuknuu f: Z — (0,400) ycaoBus lim /() _ 0u
n—oo n

lim f(n)e™™ = 0 paBHOCHIBLHBI?
n—oo

8.7. Kaxas dbyukuus pacrér 6oicrpee: (&) wm (m!)(?)? T.e. maiigure
lim () (21)(=2%).

r—00

8.8. Haiiqure acUMIITOTUKY /150

(a) In (’:) (b)* ([:a]) a € (0,1). (¢) (2n — DI (d) . (Z)Q

(e)* kzn;) <Z>4.

8.9. Cymecrsyer ju dbyurnust ¢(n) = o(1), 11t KOTOPOii
(24 p(n))"2 e VP — 07
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(Kak B yiro6oit MaTemMaTHueckoii 3a/1aue, Hy?KHO 0O0CHOBATH OTBET: IPUBE-
CTH NIpUMEp TakKOi (DYyHKIIUU WU JTOKA3aTh €€ CYIeCTBOBAHNE WA JIOKA3aTh,
9TO Takoil QYHKIMK HE CYIIECTBYET. )

8.10. Haiigure acumnroruky dbysknun s = s(n), 3agantoil kak (a) s =

=n; (b) s =n.

8.11. (a) Haiigure acumuroTuky st Besmausbl u3 1.4.b.

(b)* Haiiure acUMITOTUKY JJIsl KOJMYECTBA JIMHEHHBIX IIO/IIPOCTPAHCTB
B Z%. B oTBeTe MOXKHO HCIOJIL30BaTh KOHCTAHTY, 33J[AHHYIO B BHJIE CYMMBI
psiza.

(c)* Haiiure acHMOTOTHKY 9HCIa CBSI3HBIX YHUIMKINICCKIX IPadoB ¢ n
BepIINHAMH.

8.12. B »sroit 3a7ave, B OTIWYME OT OCTAJbHBIX, HEJB3sT IMOJIb30BATHCS
dopmyoit Crupinara.

(a) n"e " < nl < ptlemn T (b) n! < n"e " T1/n.

9. IIPOCTENMINN BEPOATHOCTHBIN METO/I, UJIN MTOJICYET
9.1. CymectByer Takas packpacka pébep rpada K, , B JBa IBeTa, UTO

YHCJIO OQHOUBETHIX IoArpadgos K, j ne GojbIie <7:> (:) gl—ab,

9.2. k-odnopodnwti eunepepadp H = (V, E') — 310 MHOKecTBO V' BepiInH u
cucrema E u3 k-3/1eMEHTHBIX TTOIMHOYKECTB MHOXKECTBA, BEPIITHH. DTU TIOIMHO-
JKECTBA HA3BIBAIOT PEOpaMu (MaTEeMATUKK JIPYTUX CIEUAJIbHOCTEH HA3BIBAIOT
UX CUMILIEKCAMN).

(a) Ecomm |E| < 2871, 1o Beprmuubl rumneprpacda MOXKHO PACKPACHTD B JIBA
[[BETa [IPABIJILHO (T. €. Tak, 9TOOBI He HAIIIOCH pebpa, Bce BEPIIUHBI KOTOPOTO
OJIHOIBETHBI ).

(b) Ecim mj1st HEKOTOPOro YE6THOIO N

n/2 €
(1—2(k)> M <1,

(%)
To cymiecTByeT k-oaHopoubiii runieprpad H = (V) E) ¢ e pébpamu, BepIinHbl
KOTOPOT'O HeJIb3sI IPABUIBHO PACKPaCUTh B JBa I[BETA.
(¢) CymectByer Takoe ¢ > 0, 4T0 /115t JTFOOOTO k CyIIECTBYET k-OAHOPOIHDII
rurieprpadd, KOTOPbI# HEJb3s MPABUJILHO PACKPACUTD B JBa, I[BETA U KOTOPLIH
nMeer He Goiee ck?2F péGep.

9.3. s nobbIX N BEKTOPOB U1, . . ., Un € R™ muubl 1 cyIrecTByeT Takoi
HabOp €1, ...,y = £1, uro (a) | D7, exvr| < v/ (b) | Dofe; exvr| = v/



JluckperHsplii aHau3 JJisi MATeMaTHKOB H ITPOrPDaMMHUCTOB 177

9.4. NmeeTcst HECKOJBKO MBETOB. Kaxk10it BepIuHe JIBYI0JbHOTO rpada
C M BepIIMHAME COIIOCTABJIEHO He MeHee, ueM logyn + 1 m3 mux. Torma cy-
IIECTBYeT MPaBUIbHAs pacKkpacka rpada, MpPUINCHIBAONIasl KaXKI0i BepIInHe
HEKOTOPBIN CONIOCTABJIEHHBIN €il IBeT.

9.5. B ro6om MHOMXKeCTBE U3 1 pa3IUIHbIX HATYPAJIbHBIX YUCE]T HARJAETCS
HOJIMHOXKECTBO U3 Gosiee, ueM n/3 duces, B KOTOPOM HET TPEX UUCET, CYyMMa
JBYX U3 KOTOPBIX paBHA TPEThEMY.

9.6. Ecm B rpade G = (V, E) ¢ n BepummHaMu MUHUMAJIbHAsI CTENEHb
BEPIINHBI PaBHA 0, TO CYIIECTBYET TAKOe MHOXKECTBO BEPIIUH

(a) A C V, uaro nmeercs me Gomee np + n(1 — p)°*! pepmmm, mexkarmux
B A win He COeJIMHEHHBIX HU ¢ Kakoil Bepumuoit u3 A. 3uecs p € (0,1) —
MPOU3BOJIBHOE HAMIEPET 3aTAHHOE YHCIIO.

(b) D C V, uro nrobas Bepmuna u3z V\D coenurena pebpoM ¢ HEKOTOPOIi
1+In(d+1)

pepimuoii us D, u |[D| < n
p ,u |D| < S

10. CJIIVUAMHBIE 'PA®LI

Hasosém eeposammuocmuio rpada (B MOJEH, WIK B BEPOSTHOCTHOM IPO-
crpancrse, G(n,p)) ¢ n Bepmunamu {1,2,...,n} u e pébpamu uncio P,(G) :=
pe(1 — p)"(”_l)/z_e. Bepoammocmuvio TpousBOIBLHOTO ceMelicTBa (Hid, 9To TO
JKe caMoe, cBoficTBa) rpadoB ¢ MHOXKeCTBOM BepuiuH {1,2,...,n} Ha3bIBaeTCs
CyMMa BEpOSITHOCTE BXOJISIINX B HETO TpadoOB.

Cayuatinoti seaununoti Ha3piBaeTCs (MYHKIUSA Y, Olpee/éHHass Ha MHO-
KecTBe rpadoB.

[Tycre ciryuaitiast Besimaunaa Y TpUHUMAET Kk PA3JIMIHBIX 3HAYEHUH ¥, . . .,
yi. Torma mamemamuyeckum ostcudanuem (MATOKIIAHIEM) CJIydailHOM BesIH-

k
quHBl Y HasbiBaeTcs ed «B3pemtennoe cpemees BY = 3y, P(Y71(yy)), rae
s=1
Y ~1(ys) — muoxecTBO Beex rpados G, ans korophix Y (G) = y. Hocaemmion
BEPOSITHOCTH MOXKHO 0003HadaTh P(Y = y5).

10.1. Jlyst maHHBIX N ¥ p HAHAATE MATOXKUIAHNE KOJTMIECTBA (&) raMU/Ib-
TOHOBBIX IUKJIOB; (b) HecaMolepeceKamuXcst IUKIIOB.

10.2. (a) BeposraocTh Hasmmuust k BepIIH, MEXK/Ly KOTOPBIMHU HET PEGED,
Menbie ek nn—pk(k—1)/2,
(b) st m06bix 1esibix I, ¢ > 0 cymiecrByer rpad, He cojepKaniuii Hecamo-
IIePeCceKaoINXCsI IMUKI0B JIANHBI < [, KOTOPBI HEBO3MOXKHO MIPABUJILHO pac-
KPaCUTb B ( I[BETOB.
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10.3. Jljist JAHHOTO p BBIUUCIUTE ACUMITOTHKY (IIpu n — 00) s
E(Y) :=EY (Y —1)...(Y =k +1)) (re. mna k-20 gaxmopuarvnozo mo-
MEHMQ), ecaiu Y — YHUCII0 W30JUPOBAHHBIX BEPIIIHH.

Cobeitne A, npoucrodum acuMnmomuvecky nowmu Hasepnoe (Wm c
ACUMIITOTHYECKON BepoaTHOCTbIO 1), ecrn Py, (An) — 1.

10.4. Ilpu p = p(n) = 1/(2n)

(a) JuIst HEKOTOPOIi MOC/IE0BATENBLHOCTH dyy — 0 ACHMIITOTHYECKH HOYTH
nasepHoe umeercs (1 + dy)n/2 U30MpPOBAHHBIX BepIINH (CHEIUATNCTBL TOBO-
psaT: umeercst (1 4 o(1))n/2 u301MpOBaHHBIX BEPIIVH).

(b) st mexkoroporo C' > 0 aCHMITOTHYIECKH [TOYTH HABEPHOE KaxK/[asl KOM-
HOHEHTa CBsi3HOCTH nMeeT MeHee C'In n BepIinH (CIIeNUAINCTBI TOBOPST: MeHee
O(Inn) Bepruun).

(C) aCHMITOTHYECKHN MOYTH HABEPHOE KarK/1asi KOMIOHEHTa CBSI3HOCTH siB-
JISIETCST IEPEBOM HJIN YHUITUKINIECKIM TpadoM.

(d) must mekoroporo C' > (0 acUMITOTUYECKH [OYTH HABEPHOE HMEETCsl
meHee C' yHUIMKJINIECKUX KOMIIOHEHT.

10.5. (a) IIpu p = p(n) = o (n’3/ 2) ACUMIITOTUYECKU TIOYTH HABEPHOE
pebpa IONapHO He IIEePEeCeKAOT .

(b) IIpu p = p(n) = o (n_3/2) i pn? — 00 CyIIeCTByeT Takas (yHKIIs
M (n), aro 2M (n) ~ pn? n acumnToTIYeckn mouTn Haseproe 2M (n) creneneit
BEPIIMH PABHBI 1, & OCTAJLHBIE CTENEHN PABHBI HYJIIO.

10.6. (a) Haiiaure xorst 661 oy Takyio dyHkimo p*(n), aro

— upu p(n)/p*(n) — 0 acuMorornueckn noYTH HaBepHOEe rpad He comep-
KUt noarpada, nzomopdHoro Ky, u

— upu p(n)/p*(n) — +00 aCUMITOTHYECKH [TOYTH HaBepHOe I'pad comep-
KuAT noarpad, m3oMopdHbIi K.

(b)* To e c 3amenoit K4 Ha 3ajaHHbIi rpad ¢ v BepIIMHAMUI U € PEOPaMH.

11. IIEPECEYEHUSA TTOJIMHOYKECTB

B sTom pasmene depes F obo3HadaeTCs TPOM3BOJIbLHOE ceMeicTBO k-3te-
MEHTHBIX IIOJMHOXKECTB 71-3JIEMEHTHOI'O MHOZKECTBa.

11.1. (a) Ecim k > [ u kax0e [-3/1eMEHTHOE MTOJMHOYKECTBO N-3JIEMEHT-
HOTO MHOYKECTBA COJEPIKHUTCsI B HEKOTOPOM IMOAMHOXKecTBe n3 JF, 1o |F| >

>(1)/()

(b) Konmmuectso (k—1)-3/1eMEHTHBIX TOJIMHOXKECTB N-3JIEMEHTHOI'O MHOYKE-
CTBa, IIEJITMKOM COJIEPXKAINNXCS XOTsI ObI B OJTHOM 3 IIOJIMHOXKECTB ceMeiicTBa F,
k| 7]

HE MEHee .
n—k+1
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11.2. B n06om cemeiicTBe TOMApHO IIEPECEKAIONIUXCS TOIMHOXKECTB
N-3JIeMEHTHOr'0 MHOXKECTBa He 6ojtee 2" 1omMHOMKeCTB.

11.3. Teopema Dpdéwa — Ko — Pado. (a) Eciu 2k < n u jrobble jBa
n—1
no/MHOXKecTBa u3 F mepecekaiorcst, To |[F| < < k: 1>.

(b) Ecoin 2k > n u 06beiuHeHNe HUKAKUX JBYX HOJAMHOXKECTB 13 F He eCTh

n—1
BCE N-3JIEMEHTHOE MHOXKECTBO, TO | F| < < i )

11.4. Tlyctbn—2 2>t > 2.

(a) TlocTpoiiTe cemeiicTBo n3 2"~ TOIMHOMKECTB N-3IEMEHTHOTO MHOKECT-
B, JIFOObIE J[BA U3 KOTOPBIX [IEPECEKAIOTCs He MEHee, UeM 110 ¢ 3JIeMEeHTaM.

(b) Cymecrsyer jin Takoe cemeiictso uz 2" + 1 noamuoxkecTs?

Ilodcoanyzom ¢ m aenecmramu v Adpom Y Ha3bIBAIOT HAOOD MHOXKECTB
{F1,...,Fy} Taxoit, aro |F; N F;| =Y upu i # j u Bce MHOXKecTBa F; \ Y
HEITYCTHI.

Hamnpumep, nonapHo HellepeceKaloImuecs: MHOXKECTBa 00pa3yIoT MOJICOTHYX
C IYCTBHIM SIJIPOM.

11.5. (a) Ecmm |F| > k!(m — 1)¥, To B F maiiaércs moacommyx ¢ m Je-
[EeCTKaMH.

(b) Haitryres: (m — 1)F 110AMHOMKECTB N-3/IEMEHTHOIO MHOYKECTBa, B Kazk-
JIOM 3 KOTODBIX Kk 9JIEMEHTOB U CPeJiil KOTOPBIX HEJIb3si BHIOPATH HOJCOIHYX
C M JIEIECTKAMH.

12. JIMHEMHO-AJITEBPAUYECKUI METO/]

12.1. JTano cemeiicrBo F mojMHOXKecTB MHOXKecTBa {1,...,n}.

(a) Eciin B KaxK10M HOAMHOXKECTBEe u3 F HEUETHOE YHCIIO 9JIEMEHTOB, & B
nepecevdeHnn JTIOObIX JBYX TOAMHOXKECTB n3 JF Y8THOE YHCJIO JIEMEHTOB, TO
|F| < n.

(b) ITocrpoiiTe pumep, KoOrja Ta OlEHKA JOCTHIAeTCs.

(¢) Econ B nepecedennn obbIX ABYX IOAMHOMKECTB U3 F POBHO k 9J1€MeH-
TOB M B KaKJIOM MoJMHO)KecTBe u3 F Gosiee k snementos, o | F| < n.

(d) Eciim k > 0 u B mepecedennn JTr0ObIX JBYX MOJAMHOMXKECTB u3 F pPOBHO
k snementos, To |F| < n.

12.2. (a) Ilpuseaure pumep 2F HoMHOKECTB 2k-3JIEMEHTHOrO MHOKECT-

Ba, B KaXKJOM M3 KOTOPBIX YETHOE UHCJIO JIEMEHTOB, U B II€PECEUEHUH JIOOBIX
JIBYX M3 KOTOPBIX YE6THOE YUCJIO DJIEMEHTOB.

(b) Bosbime, uem 2F momMHOMkKeCTB B yCIOBUAX TYHKTA (a) GBITH HE MOYKET.
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12.3. (a) Cpe/u J1r06bIx 327 MOHAPHO IIEPECEKAONTUXCS JIEBSITUIICMEHT-
HBIX TI0/IMHOKECTB 25-3/IeMEeHTHOI'O MHOYKECTBa HailIyTCs JBa IOJIMHOXKECTBA,
B IIepecedeHny KOTOPLIX POBHO 3 UJIM POBHO 6 3JIeMEHTOB.

(b) Onst k € Z obosnauum V, , := {(x1,...,2,) € {0,1}" = > x5 = k}.
Cpenu y06bix 327 T04eK B Vas 9 €CTh J1BE, CKAISAPHOE IPOU3BEICHIE KOTOPBIX
nexur B {0,3,6}.

(c) Hust sro6oro @ € Vas 9 packpoeM CKOOKH B IIPOU3BEICHUN

(6 (561,1‘2, e ,.’1’;25) — 1)(6 ($1,LE2, Ceey :E25) — 2),
riue Ti,rs,...,Ts; — IlepeMeHHble. B KaxKJIOM U3 MOJIYYEeHHBIX OJIHOUIECHOB
T KazI0ro i GyjieM 3aMeHaATb 72 Ha 1, moka 3To BosMoxKHO. Ilosyvenubiit
MHOTO4IeH obo3HaunM Fg(z1,. .., To5).
JlokakuTe, ITO €CJaU CKAJISIPHOE MPOU3BEJIEHNE HUKAKUX JBYX BEKTOPOB
cpes ai, . .., ds € Vag g He JlesnTcd Ha 3, TO MHOTOWIeHH! Fg, , ..., Fg amuHeitHO

nesapucuMbl Haga Q.

12.4. (a) Cpean m06b1x 107 MATHIIEMEHTHBIX IIOAMHOXKECTB 14-371eMeHT-
HOI'O MHOXKECTBa Hail/lyTcs JBa IOJMHOYKECTBA, B IIepeCeUYeHNN KOTOPBIX POBHO
2 aJIeMeHTa.

(b) To ke mitst 93 HOIMHOKECTB.

(¢) To ke jjist 92 IOJMHOKECTB.

(d) HeBo3MOXKHO pacKpacuTb B 21 IBET BCe ISITUIIEMEHTHBIE HOMHOKE-
cTBa 14-3/1eMEHTHOTO MHOYKECTBA TaK, YTOOLI JIIOObIe [1Ba IATHIIEMEHTHLIC
HOJIMHOKECTBa, IlepeceKalolecs POBHO IO JIByM 3JIeMeHTaM, ObLIN pasHo-
I[BETHBI.

12.5. (a) HaubGourbiee unciio Touek B R™ ¢ paBHBIME HONAPHBIMU PACCTO-
SAHUAMH paBHO 1 + 1.

(b) ITocrpoiire n(n — 1)/2 Touek B R™, monapHble pacCTOSHUST MEKJLY KO-
TOPBIMH IIPHHUMAIOT TOJIBKO JIBA PA3JIMIHBIX 3HATEHNSI.

(c) Eciu monapuble paccTosiHust MeXK Ly M TOYKaMu B R" IPUHUMAIOT TOJIb-
KO JIBa Pa3/IMIHBIX 3HadeHus, T0 m < (n+ 1)(n +4)/2.

12.6. (a) Hust mpocroro p u mesioro t 9uciio
Gt)=0t—-1)t—-2)-...-(t—p+1)

JEeJUTCS Ha P TOTJA W TOJBKO TOra, KOTIa t He JEJIMTCS Ha, P.
(b) IIycres p npocroe u n = 4p. O6o3HAUNM

M = {(1;y27y3,~--7yn) | = 1a Yk € {17_1}
U CPEJ Y2, . . ., Yp, UUCIO MUHYC €JMHUIL YETHO}.

Hns moboro @ € M packpoem ckobku B npoussejennu G(a - (1,xa, ..., x,)),
rne Ti,xs9,...,T, — IepeMeHHbe. B KaxKI0M U3 IOJIYYeHHBIX OJHOYICHOB I
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2

KazKJIoro ¢ OyjieM 3aMeHATH xf Ha 1, IoKa 3To Bo3MozKHO. [losrydennbrit MHO-

rowien obosHauuM Fz(xa, ..., Zy).
Jlokazkure, 9TO €C/IM CKAJSIPHOE MIPOU3BEIEHNe HUKAKUX BEKTOPOB CPEIH
di,...,0as € M He paBHO HyIIO, TO MHOrOWIEHbI Fy , ..., Fg, JjnHeilHO He3aBH-

cumbl Hag Q.
(c)* CymecTByeT n U orpaHn9IeHHOE TTOIMHOXKeCTBO B R™, KOTOpOEe HEBO3-
MOXKHO pa3duThb Ha N + 1 HEIMyCTBIX YacTeil MEHBIIETrO IUaMeTPA.

12.7. (a) Ecam muoxkecrBo pébep rpada K, sBiasgercs o0beIiMHEHHEM
MHOKECTB PEOEp M IOJIHBIX JIBYIOJbHBIX rpadOB, He IePEeCceKaronuxcs 1Mo Ped-
pam, To m = n — 1.

(b) IMocrpoiiTe HAGOP JABYIOJBHBIX rpadOB, HA KOTOPOM 9Ta OIEHKA JOCTU-
raeTcs.

Bajaun 9TOro MyHKTa 3aMMCTBOBaHBI U3 |2, 3,5, 7|, rue uurarens Haiimér
pelrenHnst 1 0O60DOIEHNS.
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IIo moTuBam 3amaunmka «MaremaTmaeckoro
IIPOCBEITeHN S »

CeMb 3TIOJI0B 00 OJIHOM HECOBIIAJIEHUN

H. H. Ocunos

— Bunnre, BasaranoB, 4To MOXKHO cZieJIaTh U3 IIPO-
croii niBeiiHoit manmmael 3unrepa? Hebosibiiioe mpu-
crmocobyieHne — W MOy 9IHIACh MPEJIeCTHAS KOJIXO03-
Hasl CHOIIOBSI3AJIKA.

N. Uned, E. erpos. 3oaomoti meaérox

Ha oxnoii HemaBHeil MareMaTndecKon OJII/IMHI/Ia,ZLel) eé yJacTHHUKaM ObLiIa
TpeJIIoKeHa, CJIe Ty omast

BAIAYA. Joxasrcume, wmo wucaa arctg (4/3) u m necousmepumol.

WubiMu citoBaMu, TpeGOBAIOCh IIOKA3aTh, YTO IUCJIO0
arctg (4/3)
™

upparuonaabuo. Kcin npuBjiedb KOMILIEKCHBIE YUCIIA, TO 3TO yTBEPK/IEHUE
MOYXKHO c(HOPMYJIMPOBATD TaK: YUCAO

34 4y/—1
5

D Pezuonaavrnas cmydenueckas oiumMnuada no Mamemamuke, COCTOSBINAICS
B anpesie 2010 roma. Perynsprao nposomurcs Mucruryrom maremarnkun Cubup-
ckoro denepanbaoro yausepeurera (Kpacuosipek) u 06b4HO cobupaer KoMaH-
bl yHUBepcuTeToB Abakana, Kemeposo, HoBocubupcka, Yiau-Yis u caMoro
KpacnHosipcka.

MaTtemaTtuueckoe npoceeweHue, cep. 3, sbin. 17, 2013(182-191)
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HE ABAAEMCA KOPHEM U3 euHUYbL. TakuM 00pa3oM, pereHne 3aau CBOIUTCS
K JI0Ka3aTeJbCTBY Takoro gakra: npu a06om n =1, 2, ... pasencmeo

B+4V/-1)"=5" (%)
He603M0cHO. KOMY-TO 9TO MOXKET TOKa3aThbCs OYEBUIHBIM: B CAMOM JIeJie,
BeJIb He MOYKET ObITh, ITOOBI MHEMOE KOMILIeKcHoe ancio (3 + 44/—1)" oxa-
3aJ10Ch paBHBIM BemiecTBeHHoMy unciy 5. Ho mouemy, cobcrBenHo, mepnoe
YUCJIO sABJIeTCs MHUMBIM? Kak 910 MoxkHO Jokazarh? U BooOIe, Kakue ecThb
CrIocobbl AKKYPATHO OMPOBEPIHYTH PABEHCTBO (*)7
B manbreiimem u3m0KeHnn MBI OyIeM NCTOb30BATH HEKOTOPHIE CTAHIAPT-
Hble TIOHATU U (DAKTHI U3 TEOPUM KOJIEI U TEOPUU MHOI'OUIeHOB. Bee Heobxo-
JIUMBIE JIJIsi TOHUMAHWs IPEIBAPUTE/ILHBIE CBEJICHNS] IUTATE/b [PH JKEeJAHUN
CMOXKET HaiiTy, HanpuMmep, B Kuurax 1] u [6].

91104 I. KAHOHUYECKUI SIIUMOP®U3M

B gaxmoproavue Ry = Z[\/—1]/I1 woavua yesvx 2ayccosvix wucen
ZIV-1] = {a+b/-1: (a,b) € Z*}
o udeany Iy = (5) umeem 5 =0 u (3 +4v/—1)? = 3 + 4y/—1. Ho Torma
5"=0, (B3+4V/-1)"=3+4V/-1
pu JIIOOOM HATYDPAJIBHOM 71, ¥ PABEHCTBO (%) HE MOYKET OBITH BEPHBIM.
A B bakropkosbie Ry = Z[v/—1]/I2, tae Iy = (1+2+/—1), emg narnsmee:
5" =0, (3+4vV-1)"=1,
IIOCKOJILKY HO-TpezkaeMy 5 = 0, mo Temepb 3 + 4/—1 = 1.
OTMeTHM KCTaTH, 9TO KOJbIO R cocrout m3 25 = 5 3jeMEHTOB U He

siBJIsIeTCst 1oJieM (100, HAIpPUMED, COAEpPKUT desumenu wyas 1 + 2¢/—1), a
Ry —noste u3 5 snemenTtos (B ormtane ot [1 C I, umean Iy yKe makcumanen).

9110/1 I[I. DAKTOPUAJIBHOE KOJIBIIO

Hockomeky 3 + 4y/—1 = (2+v=1)2u 5 = (2 + v/—1)(2 — v/—1), pasen-

CTBO (*) MOXKHO II€PEIUCATh B BUJIE
24+v-1)"=(2-v-1)"

Ho 310 paBeHCTBO HEBO3ZMOXKHO, IIOCKOJIBKY B €6KAUJ060M (& 3HAIUT, U hakmo-
puaavhom) xosbie Z[y/—1] 0ba uncia 2+ +/—1 aBJstiorest npocmvimu, TpUaSM
HEACCOUUUPOBAHHBLMAUL.

[TpoTuBOPEYMBOCTL PABEHCTBA (*) TaKyKe CTAHET OUEBHJHOMN, e 3aMe-
TUTD, 9TO 9ncio 14+24/—1 — mpocToil gesuTess 5, KOTOpLIit He geaut 3-+4+/—1
BBUJTY paBeHcTBa 3+ 4v/—1 = 2(1 +2¢/—1) + 1.
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O1ioa 111, [IMKJIOTOMUYECKHUE MHOI'OYJIEHBI

XOpOIHO N3BECTHO, 9TO U,u%/tOmOMU%@CKU’[Z MHO20%AEH TTOPAIKA T
oo(x)= ] (@-¢D), Go=exp@nyv=1/n),
HOI (a,n)=1

UMeeT TIeJI0UUCIeHHbIe KOI(DMUIMEHTHI 1 HEIIPUBOUM HAJL [IOJIEM PAIMOHAI b
ubix ancesnt Q. Kak coescrsue, moboit muorowren f(x) € Q[x], nmeromuit 06-
mue kopuu ¢ P, (), obsasan nesmurbes Ha P, (x). B wacrHocTH, cupaBemyinBo
HEPABEHCTBO

deg f () > deg Pn(x) = ¢(n), (1)

rae p(n) — gynkyus Jiaepa.
[TycThb Temepb n — HauMeHbIIee HATYPAJIbHOE YUCIIO, I KOTOPOTO PABEH-
cTBO (*) cpasemiuso. Torma

344y—1 .,
T

JJIsI HEKOTOPOT'O @, B3AUMHO IIPOCTOro ¢ 1. IlockobKy 4nciio ciieBa — xeadpa-
muuHaA uppayuoHaabrocms, umeeM o(n) < 2, orkynan € {1,3,4,6}. Ho, kak
[OKa3bIBaET HEIIOCPEICTBEHHAS IIPOBEPKA, JIJIsl 9TUX 3HAYEHUI 1 PABEHCTBO ()
HE BBIITOJIHSIETCSI.

@akruvecku u3 (1) BbITeKaeT ciejyromias 6ojee odmast

TEOPEMA. Ecau ¢/m € Q ucosy € Q, mo cosp € {0,+1/2, £1}.
HeiicrBuresbho, ecim ¢ = 2ma/n, rae 0 < a < n u HO (a,n) = 1, To
2cosp =Gy + (%,
oTkyza (¢ — xopenb f(z) = 22 — (2cos p)x + 1 € Q[z].
Jlpyrue moka3aTejbCTBa 3TOM TEOpeMbI OyIyT JaHbl B 3TIogax V u VI
o104 IV. JIMAJUYECKUN ITOKA3ATEJIb

U3 paBencTBa (*) BbITEKAET, 9YTO MHUMAasl IaCTh IHCIIA
B+4v/-1)"=2+V-1)" =X, +Y,vV-1

JIOJIZKHA OBITH HyJ1eBoii. IIpumenus 6unomuaﬂbny10 Bopmy.ny, HaiiIEM
Y., — n 1 02k+122k
n = E

Ecau pasencrso Y, = 0 3amnucarh B Buje

n—1

Chy = = SR
k=1
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CTaHET MOHSTHO, ITO OHO HEBO3MOXKHO. [leficTBUTE/ILHO,

k
02k+1 _ C%ncgn—l
2n 2%k+1

nosToMy 1pu k > 1 umeem
2k+162k
v2(Ca, 2%) = 1 (

riae vo(m) — 2-aduneckul nokazamens HATYPAJIBHOTO YHC/IA MM, T.€. TAKOEe
mesoe aucyao [ > 0, aTo m menuTcst Ha 2l, HO He jesmrest ma 201

C3,C5h_ 2% ! !
2%k + 1 = V2(02n) + 2k > VQ(C’ZTL))

DT107 V. MHOIOYJIEHBI YEBBIIIEBA U EJBIE AJITEBPAUYECKUE
YUCJTIA

[Tpu mobom n =1, 2, ... aBywieH z" + 1/2" MOXKHO NpECTABATH B BHJIE
MHOTrOWIeHa Py, (y) o y = z+1/z, upu s1oM p,(y) HOPMUPOBAH U UMEET IeJIble
ko3 durmenTol. B camoMm jesie, nmeem

po(y) =2, py) =y, pPn+1(y) =ypn(y) — Pn-1(y)-
Eciu z = cosp + v —1sing, 10 y = 2cos ¢ u u3 gopmyave Myaspa moayanm
Paly) = 2" +1/2" = 2cos (np) = 2Tn(cos p) = 2T,,(y/2),
rie T, (z) — mmozounen Gebvuuéea 1-ro pona.
Teneps 3anuiiem paBeHcTBO (%) B Buje 2" = 1, rje

| _ 344yl
===
Torma y = 6/5, a Takxke
pu(y) = pn(6/5) = 2" +1/2" = 2.
Urak, 6/5 oka3blBaeTCsl palMOHAJIBLHBIM, HO He IeJbIM KOPHEM HOPMUDPOBaH-
HOTO MHOTOUJIEHA C IesbiMu Kodddurmentamu py,(y) — 2, 970 HEBO3MOXKHO.

D10 paccyKIeHnue — ellé OIUH CII0CO0 JI0Ka3aTe/IbCTBa TEOPEMBI U3 ITIO-
na III. Ero MoXXHO cieraTh cOBCEM KPATKUM, €CJIU 3aMETUTh, 9TO YUCJIO

y=2cosp=Cr+¢ =0 +¢ "

SIBJISIETCST UeabiM anzebpauieckum (IOCKOJIBKY TAKOBO (, & Iiesible ajirebpau-
Jeckue dnciia obpasyror kosbio). Ho B Takom ciayuae yciosue y € Q pasao-
CHJIBHO YCJIOBHIO Y € Z, a 3Ha4nT, cos @ € {0,+1/2, +£1}.

9104 VI. IMHAMUYECKUE CUCTEMBI

PaccmoTpum mreparnmoHHbIil Iporiece, 3aaHHbIi (hopMyIoit

Tpy1 =225 —1 (k=0,1,2,...).
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Puc. 1. Ilepasi Thicsida 4/ieHOB mociejoBareabHocTd {xy} upu xo = 3/5

Beeném obosmadenne: Ig = {r € Q: —1 <r < 1}.

[TPEUIOXKEHME. [lpu x¢ € Ig\ {0,%1/2,£1} sce waenol nocaedosamenn-
nocmu {x} nonapro pasauHoL.

B ommcannoit CUTYyalluU IIOBEJICHHE I10CJIeI0BaTCJIbHOCTU {xk} BbBITVIAIUT

xaoTudeckuM (cM. puc. 1). st gokazaresibcTBa MpeJIoKeHnsT HaM [OHAJI0-
ourcs

JIEMMA. ITyemo f(x) =222 — 1. Jasa k =1, 2, ... noaostcum
frlx) = f(..(f(x)...).
k

Tozda payuorarvhve Kophu ypasherus fr(x) =z cymov 1 u —1/2.
JOKABATEJIBLCTBO. Ilpu k > 1 cnpaBemyiuBo mpeicTaBienne
folm) =22 "122 4 41
[Tosromy 11060l PAIMOHAIBHBINA KOPEeHb o MHOrowieHa fi(x) — & J0JIKeH
nmersh Buj +1/ 21, e [ — HEeKOTOpoe IIeJIoe HeoTpUIlaTe/bHoe aucio. Vimeem
fe(xo) = fayo) = 8yp — 8y + 1 = o,

riae yo = fr—2(xo) — pammonasnbHoe uucio (cuanraem fo(z) = xz). Ho, kak
HETPY/IHO YOeIUThCsl, ypaBHEHUE BHUIA

8yt — 8yt +1 = +1/2
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UMeeT PAIMOHAJILHBIE KOPHA TOJHKO TOTJA, KOTJIa €ro mpaBas 9acTh paBHa 1
win —1/2.

Ilepexosst K JIOKA3aTENbCTBY IPEJJIOKEHUS, 3aMETUM, UTO €CJIUA TNk =
=xn, 10 fr(xn) =N u no gemme zy € {0,4£1/2,£1}. Ho B Takom ciyuae,
KaK HETPYIHO mpoBeputh, rn—1 € {0,+£1/2,+1} u ©. 1. — nporuBopeune.

Pacckaxkem emig o JByxX JApyrux crocobax JI0Ka3aTebCTBa MPEJIOKEHUS,
B KaKJ/IOM U3 KOTOPBIX IKCIJIYATUPYETCs IIPEJICTABJIEHNE PAIMOHAIBHBIX Y-
CeJl T} B BUJIE€ HECOKPATUMBIX JIpobeit:

T = Zf ,  HOM (a,bk) = 1.

I. Tlepssrit crtocob coBceMm KopoTkuii. Mimeem

a 202 — b?
Tpp1 = b:: = kbk k (1)
Tak xak dj, = HOJL (2a3 — b3, b3) € {1,2}, To
b2 b7
bk+1:i>§>bk»

KakK TOJIbKO by > 2. Ocrajoch 3aMeTuTh, 9T0 by > 2.

[Tomobubie s1eMeHTaApHBIE PACCYKICHUST COCTABJISIOT OCHOBY WHTEPECHOTO
CIO2KeTa O TOM, KaK U3 OJIHOI M3BECTHOU PAIIMOHAJIBHON TOYKHW HA JIAHHOU 3./4-
AUNMUYECKOT KPUG0oT, MOXKHO M3rOTOBUTH OECKOHEUYHYIO IIOCJIEI0BATEILHOCTD
pPalMOHAJBHBIX TOYEK 3TONW KPUBOI.

[Tpuseném onma npumep. Ilycrs S — mostoxkuTeIbHOE PAIMOHAIBHOE YHUCTO,
FEg — smumnrtuvecKkasi Kpubasi, olpejiesisieMasi ypaBHEHUEM

Sy? =2 — .
TEOPEMA. FEcau xpusas Eg codeporcum xoms 6vl 00HY payuUOHAALHYIO
mouky Py = (zo,y0) ¢ yo # 0, mo makuxr mouex na Hel OGeckoHeuHO
MH020.

JIOKA3ATEJILCTBO. IIposeném B Touke Py kacarenbuyio K Eg. Ona nepe-
ceuér Fg B HEKoTOPOIL ipyroit Touke P*. O6ozHaunM uepe3 P TOUKY, CHMMET-
puunyio P* orHOocuTesnpHO mpsimoit y = 0. [oBopsiT, uTo Touka P mosydeHa
ydsoenuem TouKu Py (Takas TepMUHOJIOIUs CB3aHA ¢ HEKOTOPOil €CTeCTBEeH-
HO#t onepayuel caoxcerus TOIeK JIIUTTIIECKOI KpI/IBOI‘/’I).

[Iycrs Py = (1,y1). IIpocTble, HO HECKOJIBKO I'POMO3/KUE BBIYMCIICHUSI
JTAFOT
. (x2 +1)2 _:r8—5m3—5x%+1
1= dxo(zd — 1) 1= 8Sxoyo(xd —1)

[Mockombky y1 # 0, 160 MHOTOUICH
2% =5zt — 522 4+ 1= (2% + 1) (2 — 22 — 1) (2% + 22 — 1)
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HEe UMeEeT PAIMOHAJILHBIX KOPHEH, n3 Touku P yJIBOGHHEM MOXKHO IOJIyYIUTH
Touky Py = (z2,y2), u3 Touku Pp aHAJOrMYHBIM 0GPA30M MOJIYYUTH TOUYKY
P; = (x3,y3) u 1. 1. ITokaxkeM, 910 Bce TOUKH P OymyT MOIAPHO PA3IAIHBL.

[Mycrs x = ay/br — 3anuck B BUue HecokpaTumoii apobu. Torma, kak
JIETKO BHUJIETD,

_ 4lag(ad — 3)|

b
1 d

2 | 12\2 2 42
bo, dg = HO,H ((CLO + bO) ,4a0b0(a0 — bO))
Herpyno nposeputs, uto dy € {1,4}. Tockomnbky |ag(a3 — b3)| > 1, umeem
b1 > bg. Anasiormano by > by u T. 1. Takum obpasom, 3HaMeHaTeN N by, Palyo-
HaJIbHBIX YHUCEJ X} MOHOTOHHO BO3PACTAIOT, & 3HAYUT, BCE X} U TeM boJiee P
[IOIAPHO Pa3JINYHBbL.

Kpusas Eg npumedaresbHa TeM, U9TO €¢ PAlMOHAILHBIM TOYKAM, OTJINY-
aeiM o (0,0) u (£1,0), COOTBETCTBYIOT PSIMOYTIOJIbHBIE TPEYTOJbHUKU ILJI0-
maau S ¢ panMoHAIBHBIME JIJIMHAMH CTOPOH. JI0Ka3aHHYIO TeopeMy MOXKHO
cHOPMYTUPOBATE TaK: €CAU CYULLCTNEYEM TomA Obt 00uH Maxot mpeyzons-
HUK, MO UX cywecmsayem 6eckoHeuno MHo2o (yTBEPXKIEHUE, KOTOPOe BIIepBbIe
Boickazas [1. @epma). OHAKO BOIPOC CYIIECTBOBAHUSI JIJIsl IAHHOTO S XOTsI ObI
OJIHOTO TPEyTOJBLHUKA ¢ TPEOYEMBIM CBOHCTBOM OKA3bIBAETCSI BECbMA HETPUBH-
aJIbHBIM (11071pobGHee 06 9TOM CM., HalpuMmep, B Gportope [5]).

II. Bropoii ciocob ocroBan Ha ciemyrormeM coobparkennu. Ilycts p — mpocToit
nenuTenb by. Torma mmst k=0, 1, ... uMmeem

QkVp(bo), ecau p > 2,

vp(by) =
v (b) 2% (vy(bo) — 1) + 1, ecmu p = 2,

rae vp(m) — p-adueckuti nokazamens, onpeaessieMblil aHAJOTHYHO 2-a/ute-
ckomy 1okazaresto (eM. arion IV). JlokazareabcTBO IPOBOAUTCS 110 UHJLYKIUHI
C WCIIOJIB30BAHUEM DEKyppeHTHOro coorHorenus (1). B gacrHom ciydae 510
paccyzKIeHne MOXKHO HAWTH, HAIPUMED, B OIyOJIMKOBAHHOM PEIIEHUH CJIEeLy-
fomeil POoIbKIOPHOIM 3aJa4u: JoKaA3aMb UPPAUUOHANLHOCTL 2PadYCHOT MEPDL
yeaa @ npu yeaosuu cos p = 1/3 (em. [3]).

Tenepsb MOXKHO JaTh €II€ OJHO TOKA3aTEILCTBO TeopeMbl n3 3Toaa 111
IIycte g = cosp € Ig \ {0,£1/2,£1}. Torma

xp =cos (2Fp), k=0,1,2, ...,

U [0 IPEJJIOKEHUIO B TI0CIIEI0BATEILHOCTH { ) } HE JIOJZKHO OBITH COBIIAICHMUII.
Ho Tak He GwiBaet, ecan /7 € Q.

Hekoropble sieMeHTapHbIE CBOCTBA MOCIEI0BATEILHOCTH {T)} PACCMOT-
peHbl B crartbe [2].
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9T110/1 VII. TPAHCHEHAEHTHBIE YNCJIA 1 MEPA
NPPAIIMOHAJIBHOCTU

VrBepxkaeHue 00 UPPAIMOHAIBHOCTH YUCTIA

By = arctg (4/3)

’Tl'
03HAYAET, 9TO ITO YMCJIO HE MOXKET ObITh KOpHEM MHOrodjeHa l1-if cremeHu c
neabiMu Kodddurmentamu. Ho Ha camMoMm fiejie 0HO He SIBJISIETCST KOPHEM BOOD-
I1e HUKaKOoI'o MHOI'o4JjieHa C IeJIbIMUA KOSd)(bI/IL[I/IeHTaIVH/I. I/IHBIMI/I CJIOBaMU, 3TO
YUCJIO — Mmpancuerdernmmoe. DToT (paKT BBITEKAET U3 CJIELYIONE TeOpPEMBl.

TEOPEMA 'ENb@OHJA (1934). Eciu «, 3 — anrebpanyeckue quciia, npu-
aém a & {0,1}, 8 € Q, To uncio o TpancienmenTHO.

JlokazaTebCcTBO 9TOIH BeChbMa HETPUBHAJILHOW TEOpPEMbI, pemrarorieil 7-10
npobaemy Nuavbepma, aurarens Moxker HaiiT B KHure [7]. B namewm ciaygae
nMeeM

(~1)% = exp (Bylog (1)) = exp (fmrv/~1) = 2L
a II0CJIe/IHee YHCJI0, OYEBUJIHO, ajredpandeckoe.

Upparmonaabtaoe auciio Jy sSIBASETCS BEIeCTBEHHBIM, a JJIsT TAKUX THCETT
MPEJICTABJISIET UHTEPEC BOIIPOC O TOM, HACKOJIBKO XOPOIIIO OHU MPUOTUKAIOTCS
PAIMOHAJILHBIMU JPOOSIMH.

Mepotii uppayuonarvrnocmu p(B) aucaa f € R\ Q Ha3bIBaIOT HUXKHIO
rpaHb Takux 4ucesi (> 0, 4T0 HepaBEHCTBO

B-1l< q% (8)
FMeeT JINTTh KOHeTHOe MHOMKeCTBO pemrenwit (p, q) € Z2. Ecrm wucen p ¢ yka-
3aHHBIM CBOWCTBOM HeT, TO nosiaraior () = oo (Takue dncia (3 CymecTByoT
U Ha3bIBAIOTCS wucaamu Juysuais). Ouupascs va npunyun JJupuxie, JErKo
OKA3aTh, UTO TIPH {1 = 2 HEPABEHCTEBO (§) nmMeeT GECKOHETHO MHOTO PEIeHuii,
nosromy Beerya u(3) = 2.

TEOPEMA PoTA (1955). Ecim 8 € R\ Q — anrebpanteckoe 49HCIIO, TO
JIsi JIE060r0 1 > 2 HepaBeHCTBY (§) y/IOBJIETBOPsieT KOHEYHOE MHOXKECTBO Iap

(p,q) € Z°.

Urak, p(5) = 2 mius moboro anrebpandeckoro unciaa [ € R\ Q. Hokasza-
TEJILCTBO TeopeMbl PoTa Tak:ke OUeHb CJIOXKHO U K TOMY 2Ke Hed(DEeKTUBHO,
[OCKOJIBKY HE IMO3BOJISIET YKA3aTh sIBHOI ONEHKN ¢ < ¢o = qo([3, () i1t BO3-
MOXKHBIX perernii (p, q) nepasencTsa (§) (cm., Hapumep, [4]).

BwMmecTe ¢ Tem p1s1 J1r000# BelecTBEHHONW KBaIPATUIHON MPpPAIlnOHAILHO-
cTH (3 TAKyIO OLEHKY BBINUCATD BIOJIHE MOKHO. DTO CBA3aHO C TEM, YTO MOXKHO
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[PEIbsIBUTH B sIBHOM BHJIe TaKyl0 KOHCTaHTY ¢ = ¢(/3) > 0, 4TO HEpaBEHCTBO

_Pb >@
‘ﬂ = &

GysieT BepHo juis JobbIX (p,q) € Z%. Tax, manpumep, jisa 3 = /2 rojurcs
c=1/4.

s mepsl uppannonaiabaoctu (4((3) TpaHCHeHIeHTHBIX dncea [ € R, me
SIBJISTFOIIIAXCsT IUCIaMu JImyBuIst, 0OOBIYHO U3BECTHBI TOJBKO BEPXHUE OIEH-
Ki (HEKOTOPBIE KOHKPETHBIE DEe3yJIbTaThl YATATE/b CMOXKET HANTH IO CCbLI-
ke [10]).

IIpo uucno [y uzBecTHO, YTO OHO He UMCIO JIMyBUJLIsI, IPU STOM MOXK-
HO yKa3aTh siBHYIO OleHKY [i((3p) < ap ero Mepbl HppalMoHaJ bHOCTH. Takoro
posia (HaKTHI BBITEKAIOT M3 CTEIIEHHON OIEHKU JJIST AUHEUHOU PopMbL 0m A0-
20puPM08 aA2ebPaUMECKUT “ucen, KOTOPYIO BrepBble mosaydun Penbnman B
1968 roay (cm. [7]).

B wacrrOCTH, N1 umcia

log (« 3+4v-1
50:#1), ap=—F——, ay=-1

log (a2) 5
peub uiér o juHeiinoit hopme A = ¢ log (1) + g2 log (a2), miist KoTopoii crpa-
BeJTMBA OIEHKA THUIIA

|A| > L%,

rie L = max{|q],|q2|,2}, npu sTom KoncTanTta by, 3aBHCAIIAS TOJBKO OT
a1, (g, a TaKyKe OT BbIOpaHHBIX 3HadeHuii log(aq), log(asz), MoxkeT OBITH sIB-
HO BbIYKCIIeHa. [[j1s nostydenust sToro pesysnbrara PesibMaH yCOBEPIIEHCTBO-
BaJI METOJL OIEHKH JINHEHHOI (hOPMBI OT JIorapudMOB anredpanvecKux Tuce,
npeiozkeHnsiii B 1966 romy Beitkepom (cu. [8]).

Onnako koHcranTa by (M, cjej0BaTENBHO, KOHCTAHTA () OKAa3bIBAETCSI
OYeHb OOJIBIIION, MOSTOMY JIJIs IPAKTUIECKUX IIPHJIOXKEHUI BBITO/HEE IPUMe-
HATH OIEHKY THIIA

|A] > exp (—colog® L),

XYJIIILYIO 110 TOPSIJIKY, HO ¢ OTHOCUTEILHO HEOOJIBIION KOHCTAHTOM ¢, TaKKe 3a-
BUCSIIEH TOJIBKO OT v1, g, log(ay), log(a). Ilpumep Takoii onenku dnraresb
cMoxKeT Hafiti B pabore |9].
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006 oj1HOM (PYHKIIMOHAJIBLHOM YpaBHEHUN

H. Hukosos B. Craukos

B crarbe obcyx)maercs perrenne 3agadn 16.6 3 3agaunuka «Ma-
TeMaTUIeCKOI'0 IIPOCBEIICHUA»

B a70i1 crarbe MBI uccieyem GpyHKIMOHAILHOE yPABHEHUE

f(f(@)) = g(x), (1)

na ¢yuxmmo f: N — NY rre g: N — N — nannas nmbekrusaas (yHkis.?)

Dyuknum g yaob6HO conocTaBuTh opueHTHpoBanHblil rpad I'(g), Bepiuna-
MU KOTOPOro cJryzkar sjemenTsl N, a pebpa BeqayT or K g(x) ajisi Becex x € N.
NHBEeKTUBHOCTD ¢ BJIEUYET CJIEYIONLYI0 CTPYKTYpy rpada: Bce Bepmmubl I'(g)
pasbuBarOTCsa Ha HelepeceKarolnecs: MHOKecTBa K;, The kaxmoe K; mmeer
OJIMH U3 CJIEAYIOININX TPEX THUIIOB:

i) Geckomeunas uyenouka: © — g(x) — g*(z) — ..., B xKoropoit g~ (z) =
=@, u g'(x) # ¢°(x) npn s # t;

i) yuxa daune oo: ... — g 2(x) — g H(x) — x — g(z) — ¢*(x) — ...
e g'(x) # g°(x) mpu s # t;

iii) yuma daunw k (k € {1,2,3,...}): 2 — g(x) — ¢*(x) — ... — ¢¥(zx) =
= x, rae Bce aeMents T, g(x), g2(x), . .., ¢ ' (z) momapHo pazsmdHbL

Bynem rosoputs, uro g — dbyukiusa muna (a;b; 1, ca, . . .), ecaun I'(g) pas-
OmBaeTcss Ha @ IENOoYeK, b IMUKJIOB JJIMHBI OC U Cp IUKJIOB JJIWHBI k, k =
= 1,2,... (31ech a,b, ¢y, MOryT HE3aBUCUMO JPYT OT JPyra IPUHUMATH 3Ha-
genns 0,1,2,...,00). CupaBemynBa cjIeyiomas TeopemMa, B KOTOPOil J1aercst
orser (B TepMuHAX THIIA (DYHKIUK ¢) Ha BOIPOC O PA3PENINMOCTH YPABHEHHUsI
(1), mpudeM U3 JOKA3ATEILCTBA SICHO OIMCAHIE MHOYKECTBA permenuii.?)

UN MOKHO 3aMEHHTH Ha IPOH3BOJIBHOE CUETHOE MHOKECTBO, TakK Kak apHpMEeTHIeCKHe
OIIEpaIuy 3/1€Ch HE UCIIOIb3YIOTCS.

Y HanoMumM, 9TO ¢ HA3BIBACTCS MHBLEKTUBHOI, e u3 g(z) = g(y) BbITeKaer = = .

3 st HaTypaJbHOTO k MBI IOJIAraeM g*(x) = g(¢" (). Kpome Toro, ¢°(z) = «,

1, 57 _ —k(N — —1(, —kF1

g (@) ={ylgly) ==z}, g "(x) =9~ (¢7"" (2)).

4 MeToz mOKa3aTENBLCTBA IIPIMEHNM JIJIsl OIIMCAHUS PellleHnii ypasHerns f* = g, rme k —
HaTypaJbHOe, a § — JaHHAasd UHbeKTUBHAA (DYHKIIUS.

MaTtemaTtudeckoe npoceeweHue, cep. 3, sbin. 17, 2013(192-195)



06 oxHOM (QYHKIHOHATHEHOM YPABHEHHH 193

TEOPEMA. IIyemov g: N — N — dynryus muna (a;b;cr,co,...).
a) Ypasuenue (1) nepaspewumo mozda u moavko moeda, Ko2da 6 MHOHCE-
cmee {a,b,cop | k=1,2,...} ecmb zoms 6vr 00H0 HeuemHoe HUCAO.
6) Ypasrerue (1) paspewumo u umeem KOHEWHOE MHOHCECTNEO PeueHUl
mo20a U MoAbKO Mo20a, K020a GbNOAHEHbL CACOYIOULUE YCAOGUA: 6 MHONCECTNGE
{a,cor | kK =1,2,...} sce wucaa wemmoi, b =0, u cymma
(o ¢]
Z(Czk—1(02k—1 —1) + cop)
k=1

KOHEUHQ.

OTmernM, 9TO YaCTHBIH ciydail Hameit 3amaan aist Gyskyn g(x) = © +
41987, npemiarasics Ha MexxnyHapomHoit MaTeMaTudeckoit opumMmuaae 1987 1.
Kak Bugum, sra dynknus umeer tun (1987;0;0,0,...), u, corsacHo Haieit
Teopeme, JiUist Takoil (byHKIMK g ypaBHeHue (1) He uMeeT pereHuii.

JIOKA3ATEJILCTBO TEOPEMBI

ITycte N — 39TO MHOXKeCTBO BCex BepuinH ['(g), HpUHAIIEKAINX IHK-
jaM (KOHeYHBIM U GecKOHeuHbIM), a M — 9T0 MHOXKecTBO Beex BepuinH I'(g),

o .
npuHaIeKamnx oeckoHedHbIM nenotukaM. (Popmansao N = () ¢'(N), M =

1=0
= N\ N.) fcno, uro g(N) = N u g(M) C M. O6oznaunm M; = g'(M)
(1t =0,1,2,...) u S; = M;41 \ M;, tak 9r0 Sy — MHOKECTBO HAYATBHBIX

9JIEMEHTOB BCeX GeCKOHeuHbIX Ienovek, S1 = g(Sp), S2 = g(S1), ... .
[Tycrs dbyuknus f ymosiaerBopsier (1). Tak kak ¢ wabekTHBHA, TO U f
uabekTrBHA. OTMETUM TaK»XKe, 9TO

f(g(n)) = g(f(n)) mrsa seex n € N, (2)

TaK Kak JieBast u npasast dactu (2) pasasl f(f(f(n))).

ITokaxem, aro f(M) C M u f(N) C N. JoctaTodHO HOHSATH, YTO MHO-
xkeerBa K = {k € M | f(k) e N} uL ={l € N | f(I) € M} nycrse.
[Ipenmonoxkum K wHenycro. Haiiiem MuHnMabHBIN HOMED ¢ Takoil uro K N.S;
Hemycro, u BosbMeMm k € K N S;. Tak xkak f(k) € N, o f(k) = g(z) ans
nekoroporo x € N. 113 pasencrsa f(k) = f(f(x)) u uabekruBaOoCTH f MIOJTY-
qaem k = f(x). Hdus snemenra x Haiinem y € N takoii uro ¢g(y) = . [Iycrs
z = f(z). Umeem k = f(z) = f(g(y)) = g(f(y)). Ecom i = 0, To ectb k € Sp,
TnoJTyHuan npoTusopedne, Tak kak ¢ (k) = @. Unade f(y) € S;_1. Kpome
toro f(f(y)) = g(y) = = € N, nosromy f(y) € K NS;_1 B mporusopedne ¢
BBIOOPOM 4.

[Tpeanomnoxkum, aro L memycro. Bosemem z € L. Ilo onpenenennio f(z) €
M. C npyroii croponst f(f(z)) = g(z) € N. Orciona f(z) € K, u Bce cBopuTCst
K OPEJIBIIYIIEMY PACCMOTPEHHIO.
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WTak, MBI pasmaenim HAITY 331249y Ha JBe HE3aBUCUMBIX IOI3a TN JIJIs
muoxkecTB M u N.

1. Pemmm 3amaay qus M (moxkuo caurars, uto N = &). [lomoxkum
A={aecSy| fla)e Sp}, B={be Sy| f(b)e M\ Sp}.

OueBuno AUB =Syu ANB=0a.

Bamernm, uro ecim x € A, 1o f(x) € B. [eiicTBUTeIbHO, IIPEJIIOIOKUAM
uporusnoe: f(x) € A. Torma f(f(z)) € Sy no onpeznenennto A. Ho ¢ apyroit
cropousl f(f(x)) = g(z) € S; — nporuBopetne.

[Mokazkewm, uro f(B)NMy = &. IlpeanonoxRum, 9410, HAIIPOTUB, CYIIECTBYET
y € B rakoit uto f(y) = g(g(z)) mnsa wekoroporo x € M. 3 (2) u (1) caenyer,
aro g(y) = f(f(y) = f(9(9(x))) = g(9(f(2))). Tax xax g umbexTHBHA, TO
y = g(f(z)), 9ro nporusopeunt BKOUYeHHo y € Sp. Vrak, s KaxKmaoro
y € B umeem f(y) € Sy, 1o ectv f(y) = g(x) mus mekoroporo x € Sp.
C apyroii cropoust, g(z) = f(f(x)), u B cuty uHbeKTUBHOCTH f IOJTydaeM
y = f(z). Tak kak y € Sp, To x € A. [lonyuaem, uro f(A) = B, B yacTHOCTH,
ecin a = |Sy| Korewno (|.Sp| paBHO KOIMYIeCTBY GECKOHETHDIX [ENOYEK ), TO OHO
YETHO.

C npyroit cTopoHbl, Ipu JIIOOOM pasOUEHUN MHOXKECTBa Sy Ha JiBe YaCTH
A u B rakue, uro |A| = |B| mobas 6uexiust h: A — B 1pOI0JKAeTCs €/11H-
CTBEHHBIM 00pa3oM 10 uckomoii pyukmun f: M — M ciaepyromum oOpasoM.
IIycrs x € S;, Torma

{ f(@) = g'(h(g™"(x))), ec g~'(z) € A,
fla) =g (W (g7 (x))), ecmmg™'(z) € B.

B ciydae gerHOrO @ 3TO Jaer (a%) - (a/2)! nckombIx DyHKIMIL.

2. Teneps pemmm 3azady st N.°) Jlns xaxgoro x € N myers G(z) =
= {¢'(z) | i € Z} — mukn (opbura) smementTa T (UKL JBYX 3JIEMEHTOB
700 HE TEePeCeKaroTCst, b0 COBIAIAIOT).

Bamernm, aro st Besikoro € N Bepro f(G(x)) = G(f(x)). DTo caexyer
u3 toro, uro f(g/(x)) = ¢/(f(x)) mna Beex j € Z. Orcroma nomydaeM, 4To
f(G(f(x)) = f(f(G(x))) = g(G(x)) = G(x). Buauur, jyisi KaxkKJIOro MUKIA
nmeercst jiBe Bo3MoxkHOCTH: Jmbo f(G) = G, nubo Halijgercss IPYroii K
G raxoit, uto f(G) = G u f(G) = G. 3abukcupyem | € {1,2,...,00} u
pacemorpuM nuka G sl |G| = 1.

a) Pacemorpnm caywait f(G) = G. Bosbmenm x € G. Tak xak f(7) € G,
umeeM f(z) = ¢/(z) ana mexoroporo j € Z. Jns xaxaoro y € G, y = g*(x)

2

%) @aKTHUIECKN 9TO 381440, PEIICHAs YPABHCHUA &> = ¢ B IPYIIE Soo GHEKIHI CICTHOrO

MHOZKECTBa.



mueem f(y) = f(g"(x)) = ¢"(f(x)) = ¢*(¢’(x)) = ¢/(¢"(x)) = ¢/ (y). Nmeen
g(z) = f(f(2) = ¢/ (¢’ () = ¢¥(x) mm g% ~(x) = 2. D10 03HAHUAET, uTO
koHewHO U 2j — 1 genures ua . Orciona | mederno: | = 2k — 1. [lostomy j =k

(mod 1), u 3HaunT cyxkenue f Ha G OJHOZHAYHO OIPEEIAETCS PABEHCTBOM
k
f(x) = g"(x). (3)

6) Paccmorpum Bropoit cayuait: f(G) = G u f(G) = G, G # G. B atom
cayuae cyxenne f na G — 1o 6uekmma mexay G u G (f(G) = G u f unb-
ektupHa). 3uaunt, |G| = |G| = [. 3adbukcupyem x € G. Ilycrn G
Torma omHO3HATHO

{ fy)=¢"@), ecmy=g")e€q,
f(y) =g (x), ecmny=g*@) € G.

Hao6opor, s npoussosbHoro T € G cyxenne na G U G rakoit dbynknuu f,
gro f(z) = T, oHO3HAUHO ompejesieTcst popmyiamu (4).

Urak, ecam | GeCKOHETHO UJIM YETHO, CJydail a) HEBO3ZMOXKEH, II09TOMY KO-
JITYIECTBO IUKJIOB JJINHBI [ b0 6eckoHedHo, b0 veTHOo. [Ipnm aToM Kazkmoe
paz6uenye MUKJIOB JIJIMHB | Ha maphl qaeT [ cnocobos onpeaenuts f na G| JG
l' -l

a!
—————— cnocoboB B TOM ciIydae, Korga [ u ¢
(c/2)! - 2a/2 ’

no dopmyaam (4) (uroro

KOHEYHDI ).

Ecnu [ HedeTHO, MHOXKECTBO IIUKJIOB JJINHBI | pa3dUBafOTCI HA MHOXKECTBA
SuT, (|T)| aerno nin 6eckoneuano). Torna f oupemessiercs Ha KaXK/OM IIHKJIe
u3 S eJMHCTBEHHBIM CIIOCOOOM Kak moka3aHo B (3). Lluxisr muoxectsa T npo-
U3BOJILHO Pa3OUBAIOTCS Ha MAPbl, U JJisk KaXK/10il napbl [ OlpeIesIseTcst OHUM
u3 | crrocoboB Kak MOKa3aHo B (4).

O6'b€,IH/IHHH IIOJIy9Y€HHbIC DPE3YJIbTAaTbhl, IMOJYYUM YTBEP2KIACHUE TEOPEMDBI.

ABTOpr 6J1ar0/1ap5{T II. KoxxeBHUKOBa 3a IIOMOIIIb B IIOAI'OTOBKE TEKCTa
9TOI 3aMETKH Ha PYCCKOM A3bIKE.

H. Hukosios, UncturyT MaTtemaruku u nudopmaTuku, boirapckas akaaemust
Hayk, yi. «Axazn. I'. Bounues», 6i1. 8, 113 Codus

email: nik@math.bas.bg

B.Crankos, Lyceé Louis Le Grand, 123 rue Saint Jacques, 75005 Paris

email: thrall.warlord@gmail.com



3aagHblii pa3aen

B sToM pasjesie BHUMaHUIO YUTaTesel NpeJjiaraeTcst MoJ00PKa 3aJad pasHoi
CTelleH! CJIO2KHOCTH, B OCHOBHOM TDPY/IHBIX. COCT&BI/ITGJ’IHI\/{ 3TOI IIO‘ZL60pKI/I Ka>KeTcd,
9TO IpejIaraeMble HUYKe 331291 OKAXKyTCs NHTEPECHBIMA KaK IS CHJIbHBIX IITKOJIb-
HUKOB, MHTEPECYIOIIUXCsI MATEMaTUKOM, TaK U IJjis CTYAeHTOB-MaTeMaTUKOB.

Mpur obparaeMcst ¢ TpOCbOOil KO BCEM YUTATENISAM, MMEIOIINM CBOM COOCTBEHHBIE
MO/I0OPKY TaKWX 3aJiad, MPUCHLIATh UX B pejaknuto. VI, pasymeercs, Mbl C yI0BOJIb-
cTBHEEM OyJieM MyOJIMKOBATH CBEYKUE aBTOPCKUE 3a/adH.

B ckofkax 1mocsie yc/ioBus 3a/a9u IPUBOAUTCS (pamMuing asropa (YTOYHEHHs CO
CTOPOHBI YUTATEJIEl IIPUBETCTBYIOTCH ).

1. Moxno qu B KyO mocTtaTodHo OOJIBINON pasmepHOCcTH ¢ pebpom 1 cm
BJIOXKUTD 31aHne MI'Y? (@. Hsnes)

o o 3
2. a) Haiitu 300-10 nucdpy nocse 3amsiroit unciaa v/0.99...9.

100 mTyk
6
6) C HOMOIIBIO KAJIbKYIATOpa HafiTu mepsyio mudpy uucia 2190,

(A. 4. Beaos)

3. Ha miockoctu mamo muokecTBO M, ILIOMIALL KOTOPOrO MeHbINe 1, u
n Touek. /lokazarh, uTO MHOXKECTBO M MOXKHO CIBUHYTH HA BEKTOD,

JUTHA KOTOPOTo MeHbIe \/n/m, tae m = 3,14159 ... | Tak, 970 MHOXKe-
CTBO, MOJIyIE€HHOE B Pe3y/IbTaTre CIBUTA, He Oy/IeT IMOKPBIBATH HU OIHOMN
U3 JIAHHBIX 1 TOYEK. (B. A. Cendepos)

6) (3amaua Ha ucciaenoBanue) IlocrapaliTech MOTYYUTH ONEHKH JIJISI
T-MEPHOT'O ITPOCTPAHCTRA.

4. A — orobpazkeHue IIOCKOCTH B cebsi, COXpaHSIONee paccTostuue (T. e.
|IXY| = |A(X)A(Y)| ansa mobbix Todek X, Y miockocrn). Jokaszars,
qro A — orobpazkeHue IJIOCKOCTH Ha cebs (T.e. KayK/ash TOYKa UMeeT
npoobpas 1mpu 3TOM 0TOOPAYKEHHN ).

5. Ha miockocTu HApUCOBAHBI JIBE &) TIePeceKaroNuecs 0) HelepeceKaoIu-
ecst OKPY2KHOCTH. MOXKHO JI OJHOI JINHEHKOH ITOCTPOUTH MX IEHTPHI!

6. Eciu 1menble m u n B3aMMHO MPOCTHI, a uncaa ™ + x~ ™, 2™ + =" —

nesbie, T0 x + 1/x — roxe nenoe aucio (z € C).
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10.

11.

12.

Ha kaxxom pebpe mpaBujibHOTO MHOTOrpaHHuKa M ¢ e uHuIHBIMEU PEb-
pamu B3sin o Touke A;. HaiiTum o6beM reoMeTpuyeckoro Mecra IieH-

TPOB MacC TakKnx HabOpoB. PaccMoTpeTh Bce 5 BOZMOXKHOCTE.
(A. 4. Kaneav)

CioBa © M ¥V YUKAUMECKU CONPAIHCENDL, €CIIH U = S152,V = S281 JJId
HEKOTOPBIX CJIOB S1, 2. CI0BO © HA3BIBAETCA NPAGUALHLIM, €CITH OHO
GoJbIle JII0OOrO CBOEro JieKCHKorpadudecku copsizkeHHoro. a) Jloka-
JKUTE, 9TO B JIIOOOM IIPABHJIBHOM CJIOBE U MOXKHO TaK OJHO3HAYHO Pac-
CTaBUTD JINEBBI CKOOKM [+, -], 9TO Tipn ux packpbiTu ([st] packpbiBaeTcst
Kak St — ts) CJI0BO U OyJeT CTAPIIMM HJIEHOM IOJIy4YUBIIErocs (HEKOM-
MyTaTHBHOI'O) MHOTOYJICHA.

6) Jlokaxkure, 4TO IOCTATOTHO JIJIMHHOE CJIOBO COJIEPIKUT TIOJICJIOBO BHJIA
UXU, rne U, X — npaBuIbHbBIE CTIOBA.

(D. Bakelin, B. A. Y¢naposcruii)

Nwmeercsa 2™ — 1 xopobok. B KopoOke mepBoit BeJIUIUHBI COIEPIKATCA TBE
KOPOOKE BTOpOil Bestianubl. B kazk1oit m3 251 KopoBok k-oil BeTmanHb!
cozieprKaTcs 1o ase Kopooku (k+ 1)-oif Besmunusl. B KopoOKax moctes-
Hell n-0ii BeJIMYNHBI JIEXKHUT 110 OJHOI MOHeTe. 3a OJIMH XOJI, Pa3peIlaeTcs
B OJTHOIT 13 KOPOOOK JII000I BEJIMINHBI IEPEBEPHYTh BCe MOHETHI. Jloka-
3aTh, 4TO 32 [n/2] + 1 X0I0B MOYKHO yPaBHSATH UUCJIO MOHET, JIEXKAIIHUX
OpPJIOM BBEPX W OPJIOM BHEU3. MOXKHO JIX YJIyUIIUTh 9Ty OINEHKY?

(A. 4. Beaos)

Hano BekTopuoe mpocrpancrso W, dim(W) = m, asa ero mommpo-
crparcrBa U u V, takne ayro U NV = 0 (dim(u) = ny, dim(v) = n2)
u obparumblii oneparop A: W — W. Hokaxure, uro A" (U)NV =0
PU HEKOTOPOM N < min((z), (:Z))

CymectByer Jin rpad ¢ XpoMaTHdecKuM [ucyioM, Gosbium 2013, Bee
[UKJIBL KOTOPOro uMeroT jymuHy Gosibire 20137 (Xpomamuueckoe wucao
epagha eCTh MUHUMAJIHLHOE UHCJIO TBETOB, B KOTOPBIE €r0 MOXKHO Ipa-
BUJIBHO PaCKPaCUTD. )

(3amaua Ha uccienosanue). a) dan muorounen P(z,y) crenenu n ra-
koit, uro P(z,y) > 0 npu Bcex z,y. IIpu stom P(z,y) = 0 ToabKo
eciu x = y = 0. Bepro Jin, uro st HEKOTOpO# KoHCcTaHTH C' > 0
BhINOJIHsIeTcst HepaseHerBo P(x,y) > C - (|z| + |y|)"7? 6) g xkakux
HATYDAIbHBIX 1M MOYKHO YTBEDXKJIATH UYTO JIs HEKOTOPOIl KOHCTAHTHI
C > 0 Bomosmnsiercs mepasenctso P(x,y) > C - (Jz| + |y|)™ (upm Beex
x,y € [—1,1])? (U. U. Bozdanos, I'. P. Yeanoros)
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6.11. YCJIOBUE. PaccmaTpuBatoTcs caoBa n3 OYKB PyCCKOro ajidaBuTa.
Ciosa Buga SUT u SUUT umeror ojuHakoBblil cmbica (3pecs S, U, T —
IPOU3BOJILHBIE CJIOBA, BO3MOXKHO, IycThie). JloKazkuTe, 9TO KOJIUIECTBO pas-
JINUHBIX CMBICJIOB KOHEYHO.

PEIIEHUE. Hazosém cioBa A u B axsusasenmuvimu (06O3HAUEHME:
A ~ B), ecau OJHO MOXKHO MOJYYUTh U3 JPYroro IEMOYKOil 3aMeH Buia
U < UU. O6oznaunm 1gepes |A| jyuny ciosa A.

JokazkeM cHavasIa CIeYIOIINe /[BE JIEMMBI.

JIEMMA 1. ITycmb A — npousdsoavroe ca060, codepocawiee ece OYKGbL a-
gasuma X, a B — npoussosvhoe cao60 6 smom aspasume. Tozda A ~ ABC
das wexomopozo caosa C.

JTOKABATEJBCTBO. Muayknus no june |B| ciosa B. Ecim |B| =0, yr-
BepK/ieHne TpuBnasbHo. Ilycrs Teneps |B| > 0, u b — nepsast 6yksa ciiosa B,
To ectb B = bB'.

Byksa b Bcrpeuaercs B A, To ectb A = UbV mns nekoropsix cios U, V;
tormga A ~ UbVbHV = AbV. llpumMeHsist Ipe/IIoIoXKeHne NHAYKIAA K CJIOBAM
A" = Ab u B’, naxomum cioso C’ takoe, uro A’ ~ A'B'C' = ABC'’; rorna
A~ AV ~ ABC'V, u moxuo nonoxurs C = C'V. Jlemma nokazana. O

JIEMMA 2. Cywecmeyem maxoe wucao f(n), wmo .awboe cio060 6 n-oyx-
sernnom angasume daunvl, ve menvwed f(n), sK6uUsaIEHMHO CA08Y MeHbLLel
OAUHDL.

JOKA3ATEJILCTBO. Uunyknusa o n. basa najaykmnuun rnpu n = 1 TpuBH-
aJbHa: MOXKHO MOJI0KUTE f(1) = 2. s mara HHAYKIMA JOKAaZKeM, 9TO MOYKHO
nonoxuts f(n) = (n/=D £ 1)f(n — 1). eficTBuTebHO, PACCMOTPIM CJIOBO
W mmumsl, He Menbieit f(n), u orgenm B mém nd ("~ 41 nenepecexaromxcst
nogcoB auasl f(n—1). o npuanuny Jupuxste, nBa u3 9Tux moacaoB OyayT
opuHakoBbiMu, TO ectb W = UABAV, tie A — csioso bl f(n — 1). Ecin
cnoBo A comepuT He Bce n 6yKB HAIIEro ajadaBuTa, TO MO MPEJITOJIOXKEHIO
unaykiun A ~ A’ rie |A'| < f(n—1); totna W ~ UA'BA'V, u yrBepx aenne
JIOKA3aHO.

IIycts Temeps A comep:kut Bce 6yKBBI ajidasura. Torma, MpuMeHsisi JieM-
My, mosydaeMm, uto A ~ ABC giaa mekoroporo ciosa C. Otcioma mmeeMm

MaTtemaTtuueckoe npoceeweHue, cep. 3, sbin. 17, 2013(198-207)
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ABA ~ ABABC ~ ABC ~ A, 10 cctv W = UABAV ~ UAV, u
|[UAV| < |W/|, aro u TpeboBaIoCh JOKA3aTh. O

Tenepn Jierko q0Ka3aTh yTBEPXKACHUE 3a/1a4u. PacCMOTPUM ITPOU3BOIHLHOE
cJI0BO B N-OykBeHHOM ajidasute; OyjeM IPUMEHSITb K HeMy JIEMMy 2, TOKa
ero jyimHa He MenbIne f(n). B urore mosyduM, 4ro Halle CJI0OBO 9KBUBAJIEHTHO
CJIOBY JUIMHBI, MeHblIefi f(n), To ecTb 0JJHOMY U3 KOHEYHOro Habopa CJIOB.

(4. U. Bozdanos)

11.3. YCJIOBUE. Ay,...,A, u By,...,B, — nBa pasbueHust eIuHIIHOTO
KBa/[paTa Ha HellepeceKalollnecsl H3MepuMble MHOXKeCTBa. S;j — IlepecedeHne
muozkecTs A; u By, |G| — mnomaap MuOoKecTBa G. JlokaxKuTe HEpaBEHCTBO:

D 18l - (1S5 = > Al - In(|Ad]) + D 1By] - In(|By)).

PEIIEHUE. HepaBeHcTBo 331241 — 9T0 (€ TOYHOCTHIO /[0 3HAKA) CTAH/IAPT-
HBIN (QAKT U3 Teopur HHPOPMAIIUN: SHTPOIUI COBMECTHOT'O PACIIPEICICHU He
IIPEBOCXOAUT CyMMBI sHTponuit. [IpuBenéM cranmapTHOE H0KAa3aTEILCTBO ITO-
ro ¢daxkra.

O6osnauum [Si;] = si5, a; = [Ail = 32 sij, bj = |Bj| = 3, sij. Sanumen

Pa3HOCTH
ZISwI In(].Si;) ZIAI In(]A;])
B BUJIE

S S
E Sij In Sij — E Sij lnai = E aiflnf . (*)
i.j i.j o

Bamerum, uro dbyuknus f(r) = zlnz Beimykia upu x > 0 (Bropas npous-
BOJ[HAs TOJIOKUTEIbHA). V13 HepaBencTBa VeHcena mosydaeM Mpu KaxKIoM j
CJIEIYIOIIEee HEPABEHCTBO

Zazsw In S” Za[%? In Zal—'j =bjInb,
Otcro/ia OlleHNBaeM IPABYO YacTh (%) CHU3Y Kak
> bilnb;,
J

OTKYy/a U CJIeJyeT HEPABEHCTBO 3aJa4l. (M. H. Baavii)

11.10. YcaoBUE. Ilycre A, B — menovncieHHble MaTpulbl. V3BecTHO,
gro det(A) = 1, det(B) # 0. Hokaxure, uro cymecrsyer n € N Takoe, 4ro
“1A"B — nenounciennast MaTPUIIA.
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PEIIEHUE. TTockosbky det(A) = 1, marpuna A obparumMa 110 J060MYy Tie-
JIOMY MOZYJIIO.

O6oznaunm A = det B. Torna B~! = A7!'B’, rie B — nenounciennast
marpuna. C Apyroii cTOpPOHBI, IPpU HEKOTOPOM N BhInoJiHsieTcst A™ = 1 mod A.
ro o3Hadaer, yro A" = I+AA,, rine I — equnnynasi, a A,, — I1eJIOYUC/IEHHAS
marpuna. Ho Torma marpuia

B7'A"B=A"'B(I+AA,)B=1+B'A,B

TaKKe IeJIOIICICHHASL. (M. H. Banwiii)

12.3. YCI0OBUE. Bepmmunansr A u B rpada G Ha30BEM 9KE6UBAACHMHBLMU,
€CcJI CyIIeCcTBYeT TaKasl IOoCaeIoBaTeJbHOCTh Bepmina A = Ag, A1, ..., A, =
= B, uto mobble aBe cocennue BeprwHbl A; m Aj+1 MOXKHO COeTUHUTEL K
myTaMu 6e3 00X MPOMEKYTOYHBIX BepiinH. JloKaxKuTe, 9To JII00bIe 1B K-
BUBaJIEHTHBIE BEPIINHBI MOXKHO COEIUHUTH k MyTsaMu 0e3 obmux pédep.

PEINEHUE. YTBep:KaeHne 331841 BbITEKAET U3 CJIEIYIONEro (akra.

Bepwurv, A u B epaga Ha306EMm SKBUBAJIEHTHBIME, €CAU CYULLCMBYEM M-
xasa nocaedosameavhocms sepwun A = Ag, A1, ..., A, = B, umo mobvie dee
cocednue sepwunve A; u Ajr1 mooicno coedunums k nymamu 6e3 obwux pé-
bep. Jhobvie dee IKBUBANEHMHDIE BEPULUHDL MOAHCHO cOCIuHUMD k nymamu be3
obwux pébep.

Zoxasameavcmeo gaxma. Eciu ynamnts mo0bie k— 1 pébep, To mtst 11060~
ro i BepmuHbl A; n A1 OKaXKyTCs B ONHOM KOMITOHEHTE CBSI3HOCTH. 3HAUMNT,
BepiuHbl Ag 1 A,, TaK»XKe OKaKyTCs B OJIHON KOMIIOHEeHTe cBsi3HocTh. OcTaercs
IPUMEHUTEL pEGepHyIo TeopeMy MeHrepa.

[IPUMEYAHUE. DT0 perieHne n3oMOpdHO IEPBOMY DEIIEHUIO, TTPUBEIEH-
HOMY B IIPOIILJIOM BBIITycKe cOopamKka «Maremarmaeckoe mpocserienues. /leii-
crBUTEIbHO, Teopema Popaa — PaskepcoHa s eIUHUIHBIX TPOITYCKHBIX CIIO-
cobHocTelt ecTh IpocTo pébepHast Teopema MeHrepa. (B. Mozap)

15.10. Yc/JIOBUE. Ha rpanm mpaBU/IbHOTO TETPadIpa OTMEUEHa TOIKA.
JlokakuTe, ITO TETPa’dap MOXKHO pa3pe3aTh HA UeThIPE PABHBIX BBIMYKJIBIX
MHOT'OIDAHHHUKA TaK, YTOOBI 9Ta TOYKA ObLIa BEPIINHON OIHOIO U3 HUX.

PEMIEHUE. Ilycre Ay AsA3Ay — ucxomublii Terpasap, O — ero meHTp, a
X1 — nannast Touka Ha rpaan Ag Az A4. Obo3HaUMM Uepes Y19 OTParXKEHUE OT-
HOCHUTEJILHO HPsIMOii {19, IPOXoAdIIeil yepes cepenunbl pébep A1As u AzAy,
uepes (13 U P14 — JABA AHAJOTUYIHBIX OTPAXKEHUS OTHOCHTEJLHO IPAMBIX £13
u (4. Torma p1; 0 @15 = 1, ecim {3, J,k} = {1,2,3}. Takum obpasom, or-
pasKeHust P12, P13, P14 BMECTE C TOXKJECTBEHHBIM OTOOpaskKeHueM o0pasyroT
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HOJIPYIIILY B rpylie Sy BCEX CaMOCOBMEIEHUH TeTpasipa (3ra moArpyma Ha-
3biBaeTcst epynnoti Kaetina).

[Monoxum Xo = p12(X1), X3 = ¢13(X1), X4 = 14(X1). Torma rouka
X; nexur wa rpann A;1A;12A; 13 (Bce mHzIeKCH GepyTes 1Mo MOIyo 4, TO
ectb, Hanpumep, As = Ap). Samernm, uro gerBépka Touek (X1, Xo, X3, X4)
nepexoauT B cebst mpu JII0OOM OTpaxKeHuu @i1;. 1l09TOMy M cyMMa BEKTOPOB

§=0X1 4+ 0Xo + OX3 + OX4 nepexoqur B cebsl MPHU JEHCTBAN HAIIAMEI
orpaxkenusmu; 3uaqnT, § = 0. Takum obpazom, 60 Touka O JEKUT BHYTPH
terpasapa X1 X9X3Xy, muoo toukn X, Xo, X3, X4 KoMIIaHAPHEI.

Ecan rerpasap X1X9X3X, HEBBIpOXKIEH, TO BCE IMPOCTPAHCTBO pas3bm-
BaeTcst Ha deTbipe TpéxrpaHHbix yria C7 = OXoX3Xy, Co = OX1X3Xy,
C3 = 0X1X9Xy, Cy = OX1X9X3. Hamm orpazkeHust HepecTaBiIsiioT 3TH TPEX-
rpaHHbIE YIJIbI W TEPEBOJAT TETpasdap B cebsi. SHAUHUT, €CJIU Mbl OOO3HATHM
gepe3 T; nepecedenne Hamero Terpasiapa ¢ Cj, 1o ¢1;,(T1) = T;, mosromy Bee
MHOrorpanuuku 1; paBubl. Kpome Toro, T; BBIIYKJIbI KaK II€PECEYCHHs] BBIITYK-
JIBIX MHOYKECTB, M TO4YKa X1 siBjsieTcs Bepmuuoit 17. Toro, Haimre pasbuenne
ITIOCTPOEHO.

Sy

Puc. 1
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IIycre, nakonern, Touku X1, Xo, X3, X4 xommianapubl. Torga 4eTbipéx-
yroibauk X1 X9 X3Xy umeer (B IpOCTPAHCTBE) TPH IIONAPHO TIE€PIIEHIUKYJIsIP-
HBIX OCH CHMMETDPUH; 3HATHUT, 9TO — IPSIMOYTOJBHUK (BO3MOYKHO, BBIPOK ICH-
HBIIT), €ro CTOPOHBI HAapaJlIeJbHbl JBYM U3 HpsiMbIX {1; (ckaxeM, {12 u f13)
U IepecekarT uX. TakuM oOpa3oM, 3TU UETHIPE TOUKHU JIEXKAT B «CEPEJINH-
HOil» IIJIOCKOCTH, paBHOYIAJIEHHON oT pébep A1 A4 m AsAs. B srom ciayuae
ITIOCTPOEHNE MOXKET OBITh IOJIYUEHO, HAIPUMEp, IIPEJeJIbHBIM IIEPEX0IOM U3
HEBBIPOXKJIEHHOT'O CJIyUasl.

Ha puc. 1 u 2 nokazanbl JBa BO3MOXKHBIX HEBBIPDOXKJIEHHBIX Da3pe3aHusd,
HOJTYYeHHBIX OIIMCAHHBIM CIIOCOOOM (CIpaBa OT KarKJIOr0 TeTpasdjpa MOKa3aH
OJIMH U3 MHOIOTDAHHUKOB pasbuenust). Ha puc. 3 u 4 — «BbIpOKI€HHbIE» Da3-
pe3anus, NoJIyUYeHHbIe U3 HUX MPEJIEIbHBIM [IEPEXOJIOM.

3AMEYAHUE. Bwmecro rpymmsr KiteitHa MOXKHO 651 OBLIIO pACCMOTPETH JIBU-
JKEHUe ITPOCTPAHCTBA, IIEPECTABIILAIONIEE BCE BEPIIUHBI TETPAIIPA IIMKJINIECKU,
U TPYIIIY, TOPOXKIEHHYIO 9TUM JIBUKEHHEM. AHAJIOTMYHOE TOCTPOEHNE, ECTECT-
BeHHO, Toxke paboraer. Ha puc. 5 u 6 nmokazanbl /iBa pa3pe3aHus, [10JIyYeHHbIe
TaKUM 0OPa30OM.

Puc. 5 Puc. 6

Herpymao Bumerhb, 9TO 5Ta Bapualus JIOIyCKaeT TakxKe 0000IIeHne Ha

N-MEPHBINA CJIyYail. (. . Bozdanos)

16.2. YCJIOBUE. B YepHomopcke Bo Bpemsi 00CYKIEHUsT BOIIPOCa, O TOM,
KOT/Ia YK€ HaKoHel UepHOMODPCK OODbSABAT BOJBLHBIM T'OPOJOM, CJIOXKHUIACH 3a-
HATHAS CHUTyalnsd. Bce TepHOMOPIIbI pa30m/inch Ha MAPTUU, & BCE HAPTUU
Ha dpakiuu Tak, 4ro: 1) CyIIecTByeT HapTusi, B KOTOPOi OObeIMHUINCH
BCe M KWUTEJell ropoja; 2) KaxK/as MapTHs COCTOsIa POBHO M3 JIBYX HeIle-
pecekatonuxcst dbpakimit; 3) Kaxaas (pPakiys TUCIEHHOCTHIO 6oJiee OJHO-
ro dejoBeKka cumTaja cebs maprueit. KaxKaplil KuTeab Topojia IIATAT JUJIeH-
ckuit B3Hoc (1 py6.) B KaxKJION mapTHU, WIEHOM KOTOPOi siBjsiercs. Kak um
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HaJ10 OBLJIO OPraHM30BaThCsl, YTOOBI CyMMa B3HOCOB ObliIa: &) MaKCUMAJIbHOI;
6) MUHUMAJILHO!?

PEMIEHUE. Ilycte Mx(n) — MakcuMaabHO BO3MOXKHAS CyMMa YJICHCKUX
B3HOCOB, Mn(z) — MuUHHMAJIBHO BO3MOXKHas. Ilycrs k — onTuMasbHOe IHCIIO
M3HAYAJIBHOIO JICJIeHNs] YePHOMODIIEB HA JBE MAPTUH, TaK YTOObI CyMMa JICH-
CKUX B3HOCOB Oblia Obl, cKaxkeM, muHnMaJsbHa. Torga Mn(n) = Mn(k) +
+ Mn(n — k) + n, nbo BHyTpH dDpakiuii 9epHOMOPIIBI JEJIATCH ONTHMATBHBIM
obpazom. Takum 0b6pa3oM, ©MeeT MECTO PaBEHCTBO:

Mn(n) = mkln(Mn(k:) + Mn(n — k)) + n. (1)

AmnajiornyusiM o6pa30M, JJId 3a a9 O MaKCUMYyMa 9JICHCKUX B3HOCOB MME-
€T MeCTO paBE€HCTBO

Mn(n) = m’?x(Mn(k‘) + Mn(n — k)) +n. (2)

13 dopmyssl (2) HemocpeJcTBEHHON HHJIYKIUEH JerkKo HPOBEPUTH, UTO
Mx(n) =n(n+1)/2 — 1.

PaBeHcTBO JIJIsi MUHUMYMa 9JIEHCKUX B3HOCOB HECKOJIBKO cjioxkHee. ITycThb
n=2F41;0 <1< 2% Torma Mn(n) = kn + 2. DTo paBeHCTBO TaKKe C ITOMO-
b0 MHAYKIUKH BbiBoauTcs u3 dbopmyssl (1). Coorsercreentno, Mn(2047) =
=11-2047.

BAMEYAHUE. MoXKHO paccMaTpuBaTh JBOMYHOE JIEPEBO, CBA3AHHOE C Pa3-
GuenneM Ha napTun/GPaKIUK 1 3aMETHTb, YTO €CJIM €CTh J[Be BUCSYNE BEPIIIN-
HBI, YbI YPOBHU OTJIMYAIOTCSI HE MEHee UeM Ha 2, TO OJ[HY U3 HUX MOYKHO Iepe-
HECTH K JIPYTOil Tak, YTOOBI 00Iast CyMMa UIEHCKUX B3HOCOB YMEHBIIUIIACD.

(A. 4. Kaneav-Benos)

n

16.11. YCJOBUE. llpu Kakux HATYPAJIBHBIX N IUCJIO €CTb KBaJpaT
[IEJIOTO YnCaa”!
OTBET: n € {1,2,5}.
PEMEHUE. Tpebyercst permuTs ypaBHEHHE
202 +1=3" (1)

B HaTypPaJbLHBIX YUCIAX 1 U T.

1-11 CIIOCOB. DTOT CHOCOO PEIeHnsl ONMUPAETCsT HA TEOPHUIO ypPaBHEHUIt
BHUJIA

X2 AY? = B, (2)

e A > 0, B # 0 — nensle uncia n /A uppanmonasen. YacTHBIM cIydaeMm

sprsiercss ypasruenue llearsa ¢ B = 1. Bee pemenus ypaBuenusi (2) B 1esbIx
quciax X, Y MoryT ObITb HaitieHbl u3 popMyI

X +YVA = +(X; + VA (X + YoVAK, ke,
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rae (X;,Y;) — Hekoropeie Gasucnwe pemenns, a (Xo,Yy) — munumanvroe
pellieHne acCONUMPOBAHHOIO ypaBHeHUs [lesis B HATYpaIbHBIX ducjaax (mo-
JPOGHOCTH YUTATE/Ib MOXKET HaifiTu, Hapumep, B crarbe |2| mm kuure [3]).

IIycrn cmagana n wétno, n = 2m. llonoxum y = 3™. Vpasuenue [lennsa

y2 —22 =1
B HATYPAJbHBIX YHCIaX UMEET eJIMHCTBEHHYIO CEPUIO PEelIeHuit:
y+avV2=3+2V2)*% (k=1,2,...).
Ecimt m > 2, ro y = 0 (mod 9), a 970 uMeeT MeCTO TOIJa U TOJIbLKO TOIJIA,
korya k =3 (mod 6).
JleficTBUTENIBHO, MIOCTIEI0BATEIBHOCTD unces (3 + 2\/5)’“ SABJISIETCSI TIEPUO-
JITIECcKOil 1o JIroboMy MOJIyIIo (mojyMaiite, modemy). 3aMeTUM, 4TO
(3+2v2)5=—-1 (mod 9).
[Mosromy ecau k = 6q + r, rue r € {0,1,...,5}, To
(3+2v2)" = (-1)9(3+2v2)" (mod 9).
[TpoBepKa MOKa3BIBAET, YTO TOJHKO IPHU T = 3 paldoHAIbHAs YaCTh YUCJIa
(34 2v/2)" Gyger =0 (mod 9).
Ho st k = 6¢+ 3 umeem y = 0 (mod 11), 9ro HEBO3MOXKHO, ecyn y = 3™.
B camowm gere, mockommbKy (3 + 24v/2)% = —1 (mod 11), mveem

(3+2v2)F = (-1)9(3+2v2)3 = (-1)%4v2 (mod 11),
OTKYJIa ¥ CJIEJLYET YTBEPIKICHHUE.
Urak, m = 1 — eluHCTBEHHOE BO3MOXKHOE 3HaUeHue, orkyjia (n,x) = (2,2).
B ciygae weuérHoro n = 2m + 1 paccyxkjeHus aHajaorudHbl. [logoxum
z =2x, y = 3. YpaBuenune
22— 6y? = 2
B HATYPAJIbHBIX YUCJIAX TAKKE UMEET €JIMHCTBEHHYIO CEPUIO PEIeHHuii:

2+ yV6=2+V6)(5+2V6)F (k=0,1,2,...).

Hasee MmoxkHO 1poBepuTh, uro cpasierne y = 0 (mod 27) paBHOCHIIBHO CpaB-
uernuio k =4 (mod 9), onnako ayist takux k nmeem y = 0 (mod 17) — nporu-
Bopeure. Takum obpazom, m < 2, uro gaér (n,z) € {(1,1),(5,11)}.

2-M CIOCOB. g 9éTHBRIX N = 2m MOXKHO PacCyKJIaTh COBCEM 3JIEMEH-
TapHO, IPEeIBAPUTEIbHO IIEPEINCaB ypaBHEHNE B BUIE

(3™ —1)(3™ +1) = 222
[Tonoxkum = = 2z, Torma
3m—1 _ 3" +1

2
) 2 :21:17
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npu stom uucia (3™ £ 1)/2 B3aumuo npoctbl. Bo3MOXKHBI ciiejyronye jiBa
caydast: b0

3m_1 RUL, |
= 2a2, t1_ b2,
2 2
6o — e
=a2, 21 _op2
2 2
(a, b — HeKOTOpBIE HaTYpabHBIE YKcsa). Ho B IepBoM ciydyae paBeHCTBO
3™ =46 +1

HEBO3MO2KHO, ITOCKOJIbKY 4(12 + 1 me JCJINTCA Ha 3. Bo BTOPOM CJjiyda€ MMeeM
3™ = (26— 1)(2b + 1),

orkyga 2b—1=1u2b+1=3"1re.b=1,m=1ux=2.
B ciiygae meuérubix n = 2m + 1 paccyxkjaeHune MeHee djIeMeHTapHO. Mbl
MOXKEM BOCIIOJIb30BATLCSI TEM, YTO KOJIbIIO

ZIV=2]={a+bV/—2:a,bc Z}

PaxmopuaabHo, T. €. JJisi HErO CIPABEJJIMB aHAJIOT OCHOBHON TeopeMbl apud-
METUKH 00 OJHO3ZHAYHOM DPa3JIOKEHUU B IIPOU3BEJIEHIE MPOCTHIX dnces1. I1po-
IIe BCETo 3TO JI0KA3aTh, 3aMETHB, YTO KOJIbIO Z[y/—2| eekiudoco, T.e. B HéM
BO3MOXKHO desenue ¢ ocmamiom (ToIHble (POPMYIUPOBKHA COOTBETCTBYIONTIX
oupeesiernii 1 HakToB cM., HaIIpuMep, B yuebnuke [1, c. 190-197]; nposepka
eBKJINI0BOCTH KOJIbIla Z[v/—2] ornocurensno nopmbl N (a +by/—2) = a? + 202
OCTABJISACTCS IUTATEIO B KAUECTBE HECJOXKHOTO YIIPAKHEHNS ).
[Tepenumenm ypasuenue (1) B Buje

(1+2vV=2)(1 — 2v/=2) = (1 + V=2)?"+ (1 — y/=2)?m+1, (3)

Bamernm, uro uucia 1 + xy/—2 B3auMHO HPOCTHI B KOublle Z[v/—2], a uucia
1 4+ \/—2 gBisiIorcst TPOCTBIME B 9TOM KoJiblle. [losromy u3 pasencrsa (3) u
cBoiicTBa (HAKTOPUATHLHOCTH CJIEIYET, 9TO

14+ 2v=2 = +(1+y/—2)2m+!

[IpY HEKOTOPOM BBIOOPE 3HAKOB. PacKpbiB OMHOM 1 MPUPABHSIB BEIECTBEHHDBIE
qaCTH, TOJIyYnM PaBEHCTBO

11— C’22771-1-12 + C§m+122 —...+ (_l)m 22$+12m ==+l (4)
[Ipu 3HAKE «MUHYC» B ClIydae m 2> 2 9TO PaBEHCTBO MOXKHO MEPENUCATH
B BHJIC
1= G + Copa2 — . 4+ (-1)"C30 277 =0,
Ho Takoe PaBEHCTBO HEBO3MO2KHO, IIOCKOJIbKY IIpHA JI000M 1M 9HCJI0
(2m —1)(2m>® —m? — 4m — 3)
3

1-C3q + C§m+12 =

He gejmmrcd Ha 4.
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[Tycrb Tenepsb B paBencTse (4) B3sT 3HAK «IUIIOC». Torja npu m > 5 oHO
HPUMET BUJL

2 4 6 2 8 3 2 —1
Coms1 = Comq12 + Copy12” = Cgpp 1 2° 4+ ... = (1) Cqp 12" = 0. (5)
fcHo, 9TO M TOMKHO OBITH YETHBIM. losTOXKUM

A=C3iy = Con124 05122 — 5,127 =
~m(m —2)(2m + 1)(8m® — 68m* + 158m> — 139m? + 254m + 102)
B 315 '
Hutst mro6oro nestoro ancia P # 0 mycrb vo( P) obo3HadaeT Takoe 1esioe HeoT-
pHIATeIbHOE YHCJIO (v, 9TO P menurcs Ha 2%, HO me mesurcs Ha 291!, s
n060ro parponaabHoro dnciaa P/Q nonoxkum va(P/Q) = va(P) — 12(Q). Kak
HETPYIHO BUICTD,

va(A) = va(m(m —2)) + 1.
Juist moKa3aTeIbCTBa HEBO3MOYKHOCTH PABEHCTBA (4) HaM JI0CTATOYHO yOe ITh-
csl B CIIPABEJIMBOCTH HEpaBEeHCTB Vo (By) > 15(A), rae

B =C%. .27 5<i<m.
Nnmeem B; = 0227171—_1832171’ rie

m—1)(m —2)(m —3)(m —4)(2m + 1)(2m — 1)(2m — 3)(2m — 5)(2m — 7)

_m(
B= 10— 1)(1—2)(1 — 3)(l — 4)(20 — 1)(2l — 3)(20 — 5)(2L — ) (20 — 9)

[TosTomy
va(By) = (B2 = vy(m(m — 2)(m — 4)) + a >
> va(m(m—2))+1+a=12(A)+a,

e

a=uvp (l(l 1)(12)(13)(14)) =0

1pu Jiobom [ > 5.
KoMMEHTAPUU. 1. YpaBueHus
2 +2=3" 2’4+4=5"

TaKKe MOI'YT ObITh PEIIeHbl JBYMsl CIIocobaMu (IlepBoe U3 HUX ObLIO [IPEJICTAB-
neno na VIII Kybke mamsaru Koanvoroposa). ¥YpasaeHue

Tat —4=3"
pelaercs MepBLIM CIIOCOOOM, 8 YpaBHEHUE

2+ 7=2"

(ypasuenne Pamamyxana — Haresst, cm. [4], a Taxxke [5, p. 205-206]) — Bro-
PBIM, HO TEXHHYIECKH GOJIee CJI0KHO. DTUM ¥Ke CIIOCOOOM, HO TEXHUYECKH [IPOLIE
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pelaeTcst ypaBHEHUE
1'2 +1= yn

npu sobom mesiom y > 1 (em. marepuansl X Kybka namsitun Kosmoroposa).

Ectb MHOrOUmMCIEHHbIE TPUMEDHI MONOOHBIX yPaBHEHUI, KOTOPHIE MOYKHO
PEINTh MKOJIBHBIMI METOIaMM, IPU STOM HCHOJIB3YIOTCA TOJIBKO OCHOBHASI
TeopeMa, apuPMETUKH U METOJI OCTATKOB.

O,Z[I/IH n3 HedJIEMEeHTapPHbIX ITOAXO/I0B CBA3aH C SJIJIUIITUICCKUMU KPUBBIMU.
Pemmenue ypasuenus (1) cBOIUTCSI K OTBICKAHKIO BCEX IEJIBIX TOYEK HA KPUBBIX

202 +1=3"y3 re{0,1,2}.

IIpu r = 0 sTa 3a1a9a MOXKET ObITH PEIleHa IeMEHTAPHO (CHOBA MOYKHO BOC-
II0JIb30BAThCsT (PAKTOPHAIBHOCTBIO KOJIbIa Z[v/ —2]).
I1. Pemenue ypaBuenus

22% +1=3"

IEPBBLIM CIIOCOOOM €CTh Ha Www.artofproblemsolving.com (cM. [6]).
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