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MaTemaTU4eCcKuu MUP

Omuro CepreeBuuy MibAliieHKO — 75!

. B. lypos

4 Hos16ps 2018 roza ucnonHwiock 75 et Omuio CepreeBudy NibsaImeHKo.
[To MPOTOKOIY TYT AOKEH OBITH CIIMCOK JODKHOCTEN M peraauii rowispa,
U 1 €T0 HauHY IIPUBOJAUTD: ZOKTOP GU3NKO-MaTeMaTUYECKUX HaYK, Tpodeccop
MexmaTa MI'Y u KopHenbckoro yHuBepcuteTa (0 2017 roga), oAMH U3 OCHO-
BaTesell, peKTop u npodeccop HezaBucumoro MOCKOBCKOTO YHUBEPCUTETA;

MaTtemaTtnyeckoe npocselleHune, cep. 3, Bbin. 24, 2019(5-8)



6 H. B. Illypos

opAVHApHBIN mpodeccop Briciiell UTKOIBI 9KOHOMUKH; COTPYAHUK MaTeMaTu-
YecKoro MHCTUTyTa UM. B. A. CTeksioBa, OIH U3 TVIAaBHBIX peflakTopoB Moscow
Mathematical Journal... [TpozomKaTh MOKHO Z101T0 — aKTUBHOCTB HOnua Cep-
reeBUYa MeHA BCErZia BOCXUIANa — HO, TOXKaMYH, MOXHO OCTAHOBUTBCA.

O Hay4YHBIX JOCTIDKeHHUs U nHTepecax IOmusa CepreeBudya TO)Ke MOXKHO TTH-
catb ziosiro. OHU BKJIIOYAIOT B cebs IecTHAAIATYIO pobiemy ['bbepra (FOmmmit
CepreeBrd /I0Ka3aj KOHEYHOCTDb YHCJIA TIPe/Ie/IbHBIX [IUKJIOB ITOJTMHOMUATBHO-
TO BEKTOPHOT'O TOJIT Ha IUIOCKOCTH), TEOPHUIO aTTPAaKTOPOB (eMy MpHHAazIe-
’KUT OZIHO U3 OMpeZIeIeHNI aTTPaKTOpa — CTaTUCTUYECKUH aTTpakTop), 6udyp-
KAl AMHAMHYecKUx cucrteM (coBceM HezaBHO lOnwmii CepreeBUY OTKPBLI
HOBYIO, COBEPIIEHHO HEOXXUAAHHYIO IVIaBy 3TOW TeOpUH — IiobasbHble OU-
dypKaluy BEKTOPHBIX MOJIeH Ha AByMePHOU cdepe), KOMIUIEKCHBIE CIOEHUS
Y MHOTHE JIPyTHe BOIPOCH Teopuu AuddepeHIInaNibHbIX YPaBHEHUHN U CMEXK-
HBIX obsacTeil. Jlaxke iepeyrc/ieHre OCHOBHBIX paboT 3aHsI0 OBl MHOTO CTpa-
HUI]— HO MHE BMECTO 3TOT'O XOTeJOoCh OBl paccKa3aThb HECKOJIbKO JIMYHBIX
HWCTOPUH.

B Hauase 2003 roza s ObUI CTyZIEHTOM BTOPOTro Kypca Mexmarta MI'Y u,
“Mesl X TPU CeCcCUU 3a IUIeYaMU, Ha JIeKIUU XOAWI... uHorza. K Tomy mo-
MEHTY 5 yKe TBEPJO YCBOWI, YTO IPSAMO Ha JEKIUM MOTY IMOHSTh IPOIeH-
TOB /lecAThb, @ OCTaJbHOE MOXXHO pa3Be YTO KOe-KaK 3alucaTh B HaZexX7e
pa3zobpaThcs Korga-HuOyas moToM, Girnke K ceccuu (M, CKOpee BCEro, 1o 4y-
’KUM KoHcrekTaMm). FOnmuit CepreeBud Torja 1o OCEHHUM ceMecTpaM paboTas
B Kopuesuickom yuuBepcutete (CIIIA), a BecHOM unTal AuddepeHInaabHbIe
yPaBHEHUSA U CITEIKYPChl Ha Mexmare. CBOO YacThb AnuddypoB (OHH 0 3TOTO
yke 1w ceMectp) FOnuit CepreeBud Havas ¢ MOHATHA $a30BOro MOTOKA.

«[IpeacTtaBbTe cebe, YTO BbI CMOTPHUTE, KaK TEUET peka. Bvl mokpacuim
KaK/[yt0 TOYKY TTOBEPXHOCTH BO/IbI B CBOM IIBET U MOJIOXKAATIN MUHYTY: KaXXas
TOYKa IT0TIajla Ha HOBOE MECTO; OToOpakeHHe, KOTOpOe Ha HUX TaKUM obpa-
30M MoZieicTBOBaso, OyZieT oToOpaskeHHneM (pa3oBOro IOTOKA 32 OJHY MHUHY-
Ty». BMecToO IpUBBIYHON CKOPOTOBOPKU «OIpe/iesieHe-TeopeMa-10Ka3aTeb-
ctBO-dopmya-hopMysa-10Ka3aTebCTBO-3aBEPIIEHO» TYT ObUTM MOTUBUPOB-
KH, IPUMepBI, WUTIOCTPAIH, 00bsICHEHHE MexaHU3MOB. KoHeuHo, onpezere-
HUsI, TEOPEMBI U J0KA3aTENbCTBA TOXKeE OBLTA — YETKUE, AaKKyPATHBIE U CTPO-
rue, — HO TIPU 3TOM OHU MaruyecKuM oOpa3oM OKa3bIBAJIWCh MOHATHBIMU
Ha JieKunu. K aKk3aMeHy s TOTOBWICSA IO COOCTBEHHBIM KOHCIIEKTaM — II0XKa-
JIyi, BIiepBble 32 BpeMs y4€0bl. V1 MOHsI, YTO 3TO MMEHHO Ta MaTeMaTHKa,
KOTOpasi MHE HPaBUTCS.

He pasaymbiBasg HU MUHYTHL, A nonpocuicd K FOnmuio CepreeBudy B yueHU-
ku, a IOnmuit CepreeBud MeHs B3sul. Tak A momnas B yAUBUTENbHBIN cEMUHAP
110 AMHAMUYECKUM CHCTEMaM, KOTOPBIM cMesio MOT'Y Ha3BaTh CBOel HaydHOMU
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ceMbéli. BepHee, crepBa A monasn Ha JIETHIOIO KOy, O KOTOPOW ciefyeT
CKa3aTh 0c000.

Kaxzgoe neto HOnuit CepreeBud mpoBoAUT JIeTHIOIO MIKOMY «/lMHaMu4e-
CKHe CUCTeMbl», ODUEHTUPOBAHHYI0O Ha YYaCTHUKOB CEMHHapa U TeX, KTO
HHTepecyeTcs ero TeMaTUKoM. IIIkosa 0ObIYHO IPOZOIKAETCA [ecATh JAHeH
Y 10 HACHIIIEHHOCTH He YCTyHaeT IieioMy ceMecTpy. O630pHBIE KYPChI U JIEK-
I[UU 110 OTAEJIbHBIM TEMaM, «IUKOe3» JJIsT HAYMHAINIUX, 00CYKAeHHuEe HOBBIX
3a/iay4, MOATOTOBKA CTaTel — Ha HeW MPOUCXOAUT MHOTO BCAKOM paboThl. OT-
ZlelIbHOTO YIIOMUHAHUA 3aCIyKUBaeT ITyMaHUTapHasA COCTaBJAoLasA, OTpaxa-
fomasa mupokul kpyrosop lOmua CepreeBruua, — BedepHUe I'yMaHUTapHBIE
JIEKLIUY Ha caMble pa3Hble TeMbl, I03THYeCKHe U My3bIKajJbHble Beuepa, «Ila-
pajbl» U TIECHU TIOZ TUTApPY. BCE 3TO CO3aET YAMBUTENBHO TEIUTYIO aTMocde-
Py — Ha MO¥ B3I/, HE MeHee BAXXHYIO /Ui pabOThl, YeM Hay4yHbIe 3aHATHUA.

Ha oznoii us mkos IOnuii CepreeBud ynTaa ryMaHUTapHYIO JIEKIIUIO IIPO
HCTOPHI0O MOCKOBCKOM MaTeMaTH4ecKoU IIKOIbl — HauyuHas oT JlysuHa. OH
pacckasbIBal, HaBepHOe, ITOJTOPA Yaca, U B KOHIIE JIEKIINH, KaK OOBIYHO, CIIPO-
cun: «EcTh 1M Kakue-To BOIIPOCH?». CIyCTs Iapy MIHOBEHUM HECKOJIBKO CIIy-
nraTesie OIHOBPEMEHHO CIPOCWIN: «A yTo ObLIO fAasnblie?». U FOmuii Cepree-
BUY NIPOJOJKII PacCKasbIBaTh...

JleTHss UIKOJIa IPOXOAUT 06bIYHO B PatmuHo (o7 [ly6GHO#), HO HECKOIBKO
pas MBI BbIE3Xa/IU B JJOBOJIBHO 3K30THYeCKHe MecTa: B ajbIuiarepb beseHru
Ha KaBkase, Ha CosoBelfkue ocTpoBa U B CloBakuio. B aTux moeszkax pabora
IIKOJIBI HAUMHAETCS TPSIMO IO IyTH — €CJIM He B BHJE JIeKIUil (UX BCE-TaKu
CJIOXKHO BECTH, HAlIpUMED, B MOe3/e), TO B Bujie Oecesl ¢ yIeHUKaMU U YIeHHU-
KOB MEXy COOOM.

I[To mytu Ha COJIOBKM, Ha TEIUIOXO/E, A BIIepBble ycibllan pacckas onua
CepreeBuya 0 «4épHOM /JBallaTWIETUN» MeXMaTa, KOTOPbIM IIPOU3BEN Ha Me-
HA OueHb GoJbIIOe BledatieHre!). BMecTe ¢ BBICOYAMIIMME CTAHAAPTAMHU
npodeccroHanbHOU AesaTenbHOCTH FOnmuit CepreeBud mepesaéT CBOMM y4eHU-
KaM CBOU OTKPBITBHIM U TYMaHUCTUYECKUI B3IVIAJ HA MUP, MOpajbHbIE U 3TU-
4yecKre CTaHJapThl.

Bupouewm, BepHéMca k MmateMaTuke. C 2012 roza IOnuii CepreeBud ynra-
eT MaTeMaTH4ecKUi aHajJnu3 Ha MaTdake Briciiell IIKOIBI SKOHOMUKU. DTO,
Ka3aloch ObI, KJIACCMYECKUH KypC, B KOTOPOM MHOTO JIECTKOB JIET HUYEro
He MEeHSIOCh — YTO 3/leCh MOXKHO cZesnaTh HoBoro? I0nuii CepreeBud B3sicA
3a Hero co CBOMCTBEHHBIM eMy SHTY3Ma3MOM U CTpeMJIeHHeM K COBepILleH-
CTBY — U OOHAPYKWJI, UTO CZleIaTh MOXKHO MHOToe. Ceifyac BpeMs OT BpeMeHH!

D [ogpo6GHee cM. B uHTepBbiO FOmus CepreeBuya Aus polit.ru:
https://polit.ru/article/2009/07/28/ilyashenko2/
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OH JIeJIUTCA C HAMU — ero [TOB3pPOC/IeBIINMU yYeHUKaMU — CBOMMU Ie/larory-
YeCKUMH HaxoZkaMu. YacTb M3 HUX HallpapjeHa Ha TO, YTOOBI cZie/1aTh Kype
JOCTYITHBIM /IS TIOHUMAaHUSA MPSMO Ha JIEKIUAX. Jlpyras 4acTh — Ha BKJIIOYe-
HUEe HOBBIX 2JIEMEHTOB M PAcCKa3bl O CBA3fX C Pa3HBIMU 00JIACTAMH MaTeMa-
TUKU — AudepeHIInanbHBIMA yPaBHEHUAMU, QYHKIIMOHATBHBIM aHAHU30M,
Teopuel 0co6eHHOCTEN. YCIINA He OCTAIOTCA He3aMeYeHHbIMHU — o/l 32 TO-
oM IOnuit CepreeBud mosy4aeT CTaTyC JYYIIero MpernojaBaTesis 10 UToraM
CTYZIeHYeCKOT'0 r'0JIOCOBAHUA.

[Toxxanmy#, miaBHOe, yeMy A Hayuwica y FOmms CepreeBuda, — 4TO JIy4IINAN
YUIUTENb — 3TO TOT, KTO UCKPEHHE JIIOOUT CBOMX YIEHHUKOB. DTO BCETZIa B3AMHO.

C ngHéM poxkaeHbs, Aoporoil FOnuit CepreeBuu! Jloarux jeT *XU3HU U HO-
BBIX 3aMeyaTeIbHbIX OTKPBITHM!

Wnba BanepbeBuy llypos, HIY BIID
ilya@schurov.com



Biaaumup AHApeeBUY YCIIEHCKUU
(27.11.1930-27.06.2018)

B. M. Tuxomupos

Ouepk ku3HU. CBHIIIE CEMUECATHU JeT KU3Hb BiraguMmupa AHZpeeBrya
YcrneHckoro 6bUTa cBsA3aHa ¢ MOCKOBCKUM YHUBepCHUTETOM. BecHoit 1945 roga
OH 06paTHJICA C BOIIPOCOM K CTYZEHTY IIATOro Kypca Mexmata JKeHe JIbIHKUHY.
Tot npurnacui Bosofio 0CEHBIO IIPUHATL y4acTHUE B €ro IIKOJIBHOM KPYXXKE,
1 YCIIeHCKUM cTajl y4aCTHUKOM 3TOr0 Kpy»KKa. BecHoOU ciefyrolero roja oH
cTtan ydacTHUKOM IX MOCKOBCKOUM MaTeMaTHdeckKol onummnuazabl. Ha 3Toit
OJIMMIIMaZle YCIIeHCKUI MOMy4YWI IePBBI IPU3 110 BOCBMBIM KJIaccaM.

O1u 06CTOATENBCTBA MIPEIOTIPEEIIN BIOOP BBICIIETO YIeOHOTO 3aBese-
Hud. B 1947 rozy Bosozs YcmeHCKU MOCTYTIWI Ha MeXaHUKO-MaTeMaTHYecKui
daxynbreT MOCKOBCKOTO yHUBepcuTeTa. V B 1IKOosle, U B YHUBEPCUTETE OH
y4YWICS O4eHb Xopollo. B 1949 rozy npousonuio BaxHek1Iee COOBITHE B 3KU3HU
B. A. YcneHckoro. Bot kak (4 He pa3) oH dpopmynupoBai 3To: «MeHs MpUHSI

Penaxuus 6marogaput H. H. AHapeeBa, npepoctaBuBiiero ¢pororpaduio B. A. YeneHckoro.

MaTtemaTnyeckoe npocselyeHue, cep. 3, Bbin. 24, 2019(9-15)



10 B. M. Tuxomupos

B YMCJIO CBOUX YYEHHUKOB OVH U3 TPEX (Hapsazy c JloMoHOCOBLIM U MeHzere-
€BbIM) BEJIMKUX Y4€HBIX Poccun Anziper HukosmaeBud KoimMoroposs.

Y Bragyumupa AHZpeeBrYa YCIIEHCKOrO, HAUMHAA C €r0 IOHOIIECKUX JIET,
ObUTH OY€eHb OJIM3KUE APY3bsi: CO MIKOMbHBIX JeT — Muxawn KOHCTaHTHHOBUY
[ToMBaHOB, ¢ PaHHUX YHUBEPCUTETCKUX JieT — Posanz JIbBoBuY J[oOpYIIIHH,
BsdeciaB BeceBosmogoBud VMiBaHOB 1 Hukuta /IMuTpueBHa BBezeHcKasd. B cTy-
JleHJecKue roZibl BOKPYT Hero CJIOXKWIAch KOMITaHUA IPKUX U UHTePeCHBIX JII0-
Zlell — MaTeMaTUKOB U rymaHurtapueB. Ciaydanoch, uro Hukurta BBezgeHckas
IpUIIalIaia py3el k cebe, MHOIIA HEKOTOPBIX U3 HUX, @ UHOT/Z]A U BCEX BMeCTe.
Bo BpeMs Apy:kecKuxX BCTped OFHY W3 LIeHTPaIbHBIX pojiel Urpaa YCIeHCKUM.

YeneHckuil nof pykoBoAcTBOM KoaMoropoBa Hammcaa 3aMedaTesbHYIo
JUIUIOMHYI0 paboTy «O6I1ee onpeziesieHNe alrOPUTMUYECKON BEIYUCTUMOCTH
Y aJITOPUTMUYECKON CBOAMMOCTH». Ha TeMy cBOel JUTUIOMHOM pabOThI YCITeH-
CKUM czesnan foKaaj Ha MOCKOBCKOM MaTeMaTH4ecKoM obmiectBe. O6 3TOM
MOABUJIOCH COOOIIIeHNe B JKypHaJIe «YCIeXy MaTeMaTH4eCKUX HayK».

3aTeM OBUTA aCIUPAHTYPA, 3aBEPIIMBLIAACA 3AUTON KaHANAATCKOMN JC-
ceprauuu «BrlumcianMmble omepanuy HaJ IepedrCANMBIMA MHOXKECTBaM»
(1955), npusHaHHOM YYEHBIM COBETOM BBIJAIONIENCs. YCIIEHCKUM ObUT OCTaB-
seH B MI'Y, a mocje Toro, kKak 6p1a oOpaszoBaHa kKadeZpa MaTeMaTUIeCKOU
JIOTUKHW, OH cTan e€ coTpyfHuKoM. C MOMEHTa IIOCTYIUIEHWUS B YHUBEDPCH-
TET HAaYaJoCh BOCXOXK/|€HVE Ha OCHOBHBIE JJIA IIpeIoaBaTessa CTYIIEHU: ac-
CUCTEHT, IOLIEeHT, 3alllUTa JOKTOPCKOW AuccepTaliy, MOCBAIIEHHON TeOpuU
BbIYMCIUMBIX GyHKIMit (1963), mpodeccop, 3aBeaytomuii kapeapoii. Ho atu
JOJKHOCTY Y CTeIIeHHU JIMIIb B MaJOi Mepe OTpakaloT TOT BKJIaJ, KOTOPBII
BHEC YCIIeHCKUU B HayKy, IPOCBellleHNe U B KU3Hb Halllero YHUBepCUTETA.

OO6mmii 0630p TBOpUYecTBa. Bragumup AHApeeBUY YCIIEHCKUH ObUT TAKUM
JeJIOBEKOM, MHTEPECHl KOTOPOr'O PaclpoCTPAHSAINCh Ha BeCh UHTE/UIEKTyalb-
HbIM Mup. OH OBUT MaTEeMaTHUKOM, ITHCAJI CTaThU 0 ¢procodun, KUOEPHETHKE,
SA3BIKOBEIEHUIO, GMIIONOrHH, 061aZ1aJ1 OTPOMHBIM UCTOPUYECKUM KPYTO30POM.
CBoiicTBO YesnoBeka INIyOOKO MHTEPeCOBaThCA Pas3InIHbBIMU CTOPOHAMHU YesloBe-
4eCKOM Ky/IBTYpbl KOJIMOTOpOB Ha3bIBAI UHMeLIUZEHMHOCMbI0. [10 3TOMY CBO-
CTBY OH CTaBWI YCIIEHCKOT'O BBIIIIE BCEX CBOMX YYEHHUKOB. [Io mIMpoTe oxBara
HAyYHBIX U T'YMaHUTAPHBIX 3HAHUH YCIIEHCKOTO TPYZAHO C KeM-TUO0 CPaBHUTb.

MarteMaTuka. B cBoux MaTeMaTH4YeCKUX UCCIeLoBaHUAX B. A. YcieHCKuH
rckan GrIocodpCKyro CylHOCTb U3y4aeMoTo MpeaMeTa Wi sBiaeHus. OH 00-
QyMBbIBaJ Takoe QpyHJaMeHTaJbHOE TOHATHE, KaK aJTOPUTM, M UCCIe0Ba
CBSI3U IIOHATHUSA aJTOPUTMAa C YaCTUYHO-PEKYPCUBHBIMU QYHKITUAMU. DTOMY
OBUTH MTOCBAIIEHBI HAYaIbHbIE PAOOTHI AUTUIOMHUKA U aCIIUPaHTa YCIIEHCKOTO,
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IIpUBEALINE CPe/iy Pa3HOr'o K MOHATHIO anroputMa Koamoroposa — YcneHcko-
ro, IO/ 3TUM MMeHeM BOIIIe/IIeMy B COBPEMEHHYIO JINTepaType IO JIOTHKE.

Bcro JKU3HB YCIIEHCKOTO 3aHUMaJIu MpobieMbl, HaBesTHHbIE TeopeMaMu [é-
JieJisA: TOKa3yeMOCTh U HeZJOKa3yeMOCTb, BBIYUCIUMOCTb ¥ HEBBIUUCIUMOCTb,
a Takxe U bostee procodcKre BOMPOCH, KAaCAIOIIHUECS MMOCTHKUMOCTH U HETIO-
CTIDKMMOCTH. DTOM TeMaTuKe Brazummup AHApeeBUY ITOCBATHI HECKOIBKO
cTaTel, OpOILIOp, KHUT, BKJIIOYas €€ B CBOM OCHOBHBIE U CITELIMATbHbIE KYPCHI.

YermeHckuii YnTanm OCHOBHOM KypC 110 MaTeMaTHU4YeCKO JIOTHKE U CIIelKypPChl
«BBezieHNEe B MaTeMaTUYECKYIO JIOTUKY>, «Bbrancinmele GyHKINN», «Teopema
[€nemnst 0 HEMTOTHOTE», «SI3bIK MaTeMaTUKW», «AKCHOMaTUYECKUN METOZ».

JlBafillaTh MATh YYEHUKOB YCIIEHCKOTO 3alTUTHIN KaHAUAATCKUE ANCCepTa-
I[UY, YETBEPO CTAIH JOKTOPAMH HayK.

Kosmoropos. Brazumup AHzpeeBud mocBATHI KonmmoropoBy — omuca-
HUIO ero JIMYHOCTH, TBOPUYECTBA U JesTeTbHOCTU — 3HAUUTEIbHYIO JI0JI0 CBO-
UX OIyOJMKOBAHHBIX paboT. Ero craTesa «KosMoropoB, Kakum s €ro ImoM-
HIO» — OJIHA M3 JIYUIITNUX CTaTel, OCBANEHHBIX KOIMOTOPOBRY.

Auzpeit HukonaeBud 6bU1 cesimenib. OH paccerBas GpyHAaMeHTalIbHbIE UAEU
3a 00eZIeHHBIM CTOJIOM, BO BPeMs MPOTYJIOK, Ha CEMUHApaX, Ha JIEKIUAX. .. Bechb-
Ma JacTo cobeceHUK KoMOropoBa MCIIONb30BaJ OAHY M3 TaKUX WU/EH, U OHa
CTaHOBWIACh OCHOBOIIOJIATAOMIEH /1A 11eJIoro HayYyHOro HarpasieHuda. Ho He-
peako uMsa KosMoroposa, BbICKAa3aBIIEro OCHOBOIIONATAIONIYIO W/El0, HUTZe
He YIIOMHHAJIOCh. Birazumup AHApeeBUY YCIIEHCKHI, HA000POT, TTOKa3hIBAET
Ha CBOEM IIpyMepe, KaK HeKOTOphle ero MaTeMaThuiecKye JOCTIKEHUA PoXK/a-
JIMCh U3 OCMBICJIEHUS 3aMedaHuii KoJMoropoBa, KpaTKHUX TEKCTOB, HAITMCAHHBIX
Ha 0OpBIBKe OyMaru, WM OTBETOB Ha BOITPOCHI, Ka3aJIoCh OBl «<He Ha TeMy». Bcé
3TO 3aMevaTesIbHO OMMCAaHO y BiagumMupa AHpeeBUYa B YIIOMAHYTOM CTaThe.

Bnaanvup AHZpeeBUY YCITEHCKUN OYeHb MHOT'O CZeJIasT JJIsl TIpoIaraH/ bl
nocyeZiHero IukiIa pabot Kosmmoroposa, B koropoM AHZApe#t HukosnaeBud cze-
JlaJl TIOTIBITKY COeAIVHUTDH BCE JIMHUU CBOEM XU3HU — MaTeMaTHYECKYIO JIO-
THUKY, TEOPHIO BEPOSTHOCTEN U TEOPUIO MHPOPMAIMHU, CBA3aB IIPU STOM /IBE
KpaliHUX TOYKU €CTECTBO3HAHUA U GUIOCOPUH — XaoC U MOPSAA0K. MHoraa
OCHOBHYIO HZiel0 GOPMYIHUPYIOT TPeMs cI0BaMu: KOIMOTOPOB Aa «aJropuT-
MHYECKOe OTpeZieJieHre CIydaliHOCTU». AHApel HukomaeBUd 0bOpMUI 3TOT
CBOM ITMKJI B BUJIE IBYX, [10 CYTH ZleJia TIOCIEHUX CBOUX ITeYaTHHIX paboT 1965
1 1969 romoB 06HEMOM OKOJIO TIOJMYTOPA JE€CATKOB CTPAHMII.

VITorom 1eATeIbHOCTY YCIIEHCKOTO TI0 OCMBICIEHHIO 3TUX paboT Kosmoro-
poBa ObUT COBMECTHBIN ZI0KJIa KoMoropoBa u YCIIEHCKOTO, TPOYUTAHHBIN
YereHckuM B ceHTs6pe 1986 roza B TamikeHTe Ha BceMHpPHOM KOHTpecce
obmrectBa BepHy/umn. Kak numiet YeneHckuit: «K coxxanenuro, AHapent Huko-
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JIa€BHY YK€ HE MOT' HE TOJIbBKO O3HAKOMMUTBCA C TEKCTOM, HO aKe 06CY)K,Z[aTb
AOKJIaZ B IIpolecce €ro InoAroToBKH. PaBYMeeTCH, OH ITOJTHOCTBIO OCHOBAH
Ha ero uzesax». B. A. YCHCHCKOMY MBI BO MHOTOM O0fI3aHBI TE€M, YTO 3TH UJEU
CTa/I JOCTOAHHUEM HMIMPOKOI'O Kpyra MaT€éMaTHUKOB.

OO61ecTBeHHAsA ¥ TYMaHUTapHAas AeAaTeJIbHOCTh. Biaanmup AHzpeeBUY
VIMeJT OYeHb aKTUBHBIN O0IleCTBEHHBIH TeMiiepaMeHT. OH ObUT MOABIKHUKOM,
CTaBUBIINM Ilepe/; co60 HeoObI9aiiHO BEICOKME ITPOCBellleHYecKye e/, MHO-
T'ie U3 KOTOPBIX OBUTH He TOJIBKO 33Z[yMaHBbl ¥ OOBABIEHBI, HO U OCYIIIeCTBIIEHBI.
Cpezu sofieil, He «BCTPOEHHBIX B TOCYZAPCTBEHHYIO CUCTEMYy» U TaK MHOTO
JOOUBIINXCS Ha HUBE TIPOCBEIEHHs, YCIIEHCKOTO He C KEM COITOCTABUTb.

fI3pIko3HaHMe. Biagumup AH/IpeeBUY SABJSIETCS OHUM U3 OCHOBOTIONOXK-
HMKOB HayYHOTO HampaBJeHUs B A3bIKO3HAHUU, TIOJIYUUBIIIErO Ha3BaHUE Ma-
memamuueckoll TuHe8UCMUKU. DTO HaIlpaB/ieHNe Y HaC UMeeT TOYHYIO JAaTy
cBoero poxzaeHusa. OHo poawiock 24 ceHTsA6psa 1956 roga. Toraa cocTosics
MepBBIN ceMUHap Ha ¢uitosorudeckom GakyabreTe 1Mo Ha3BaHueM «HekoTo-
pble TpUMeHeHUA MaTeMaTU4eCKUX MeTO/IOB B sI3bIKO3HAHUM» — IePBBIH ce-
MMHap 10 MaTeMaTU4ecKol JUHTBUCTHKE B Halllell cTpaHe. PykoBoguTensamu
cemuHapa 6sutn ipodeccop I1. C. KysHenoB u gBa accucrenTa — B. B. 11BadHOB
u B. A. YcnieHckuii. JI[ByM accUCTeHTaM U MpUHA/JIexKana ujes OpraHu3oBaTh
3TOT ceMHUHap.

Y 3peck MuMoxozioM KosiMoropoB mocTaBwI 3aa4y A/ 00CYKAeHUA Ha ce-
MUHape, Yepe3 KOTOPYIO CTajia IPOSCHATLCA camMa OCHOBHAs 1leJib MaTeMaTHU-
YeCKOM JIMHTBUCTUKHU.

[Tepes cemuHapoM YciieHckui 3amén Kk KoamMoropoBy u pacckasai, 4To
WIET Ha TepBoe 3ace/laHne ceMUHapa Mo MPpUMeHEeHHI0 MaTeEMAaTHUKU K SI3bI-
Ko3HaHUto. JlanbpHelniee Biragumup AHApeeBUY ONHUCHIBaeT Tak: «K 3ambIc-
sy ceMruHapa KoaMoropoB oTHECCS couyBCcTBEHHO. OH ITOCOBETOBAJ MPeAJIO-
KUTh YYaCTHHMKAM CeMUHapa ABe 33Jaud /Jisd CAMOCTOSITEIbHOTO PeIIeHus
(obe Ha ompezeneHue TTOHATHUA: AaTh CTPOTHUE OIpPeAENeHUS MOHATUNA ‘AMO’
U ‘Tazex’). <...> YTo KacaeTcs Mazie’ka, TO Kakoe O6bl TO HU OBLIO OIpe/eie-
HUE DTOTO MOHATHA, XOTsA OBl K HEBEPHOE, MPOCTO OTCYTCTBOBAJIO».

g TymMaHUTapus caMa MBICIb O TOM, YTO Ha MPOTSKEHWU COTEH JIET
CYIIIeCTBOBAaHUS IPaMMAaTHK MHOTHX SI3BIKOB He OBUIO ZIOCTUTHYTO YETKOIO
MMOHVMMAaHUSA TAKOTO OCHOBOTIOJIATAIOIIETO /151 OONBIIMHCTBA 3BIKOB IMOHATHS,
KaK «Ia/ieXk», OblIa COBEPIIEHHO MapaZIoKCATbHON M PEBOIOIIMOHHON. [1ep-
BOe OoCcMEBIC/IeHUe 3aia4yu Koamoroposa fan YcneHcKUi B cTatbe «K omnpegerne-
HUIO Magexa 1mo Konmmoroposy» (1957). A nipu pelrenunu 3agayu KosMoroposa
cTaJia IOCTeNeHHO MPOSICHATHCA camMa OCHOBHAf 1iejib MaTeMaTUdeCcKOU JIMHT-
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BUCTHUKH, KOTOPYIO CITyCTs HEeCKOJIbKO JieT KoMoropos chopMyupoBas Tak:
HAZI0 TIOBEPTHYTH SI3BIK «MCYEPIIbIBAIONIEMY GOPMaIbHOMY HCCIEA0BAHUIO
COBPEMEHHBIMU B CMBICJ/IE JIOTUYECKUX IPUEMOB METOJaMU».

[epBBIi PpyHAAMEHTANBHBIN TPYZA, KOTOPBIA COOTBETCTBOBAJ MOCTABJIEH-
HOU 11eT1, ObUT BBITIOJIHEH AH/[peeM AHATONMbeBUYEM 3aMU3HAKOM, ITPEZCTa-
BUBIIMM B 1965 rozay auccepraiuio «Kinaccubukamua U CUHTE3 UMEHHBIX
rnapaZiirMm COBpeMEHHOI'0 PYCCKOTO A3bIKa» Ha COMCKaHUe CTelleHU KaHAuAara
¢dwronornyeckux HayK. Hukomy, Kpome YCIIEHCKOT0, He TIPUIILIA MBIC/Ib Olle-
HUTH OECIIPUMEPHYIO HE TOJBKO B OT€YECTBEHHOM, HO U MHPOBOM SI3bIKO3HA-
HUU paboTy, MPUCYKIEHUEM 3aTU3HAKY 3a 3Ty paboTy JOKTOPCKOM CTENeHH!.
[IpunoXuB yCUINA, KOTOPBIE JOCTYIIHBI TOJIBKO eMy, Bragumup AHApeeBUY J0-
O6wICsA MOCTaBIEHHON 1esH, U A. A. 3aMu3HAKY ObUIa PUCYXK/EHA JOKTOPCKas
creredb. KcraTy, pemnenue 3azaun KommoropoBa o6 omnpezeneHUH Tajgexa
OBUIO OKOHYATETHHO TOIYIEHO 3aTU3HIKOM.

PasBuTHe MaTeMaTUYeCKOM JUHIBUCTHUKHU ITIOCTOSIHHO ITOATIUTHIBAIOCH TEM,
YTO HBIHE 30BETCA MHGOPMATHUKOU, KyZla BXOAUT, B YACTHOCTH, MAITUHHBIN
IepeBo/l. YCIIEHCKU aKTUBHO YJacTBOBAJ B 3TOU JIUHTBO-UHPOPMAITMOHHON
JesTeTbHOCTU.

...B Hayase mectugecaTeix rogoB Porang JIbBoBUY JJoOPYIIMH 3aHUMAJICS
Teopuell HGOPMAIUU U IIPUHSIT ¢ UTHPOPMAIIMOHHOW TOYKU 3PEHUS YUaCTHE
B Pa3BUTUHU MaTeMaTU4eCKON JUHTBUCTUKU. OJHAXK/BI COCTOSAIACH APYKecKas
MMUKUPOBKA MeXAY JIOOPYIIMHBIM U YCIIEHCKUM: KOTO U3 HUX CJIeZlyeT CYUTATh
OCHOBOIIOJIO})KHUKOM, a KOTO KJIACCMKOM 3TOTr'0 pa3BUBaIoIerocsd Hay4HOT'O
HamnpasJyeHud. /Ipy3bs K COIIAaCUIO He IIPULLIW, HO HECOMHEHHO, YTO OCHOBO-
ITOJIOXKHUKOM SIBJIAETCA YCIIEHCKUH, a KJIacCMKaMM OHHU 00a.

®dunosnorua. OcosHaHUe 3HAUUMOCTU MaTeMaTH4eCKON JUHIBUCTUKU U
MeCTO €€ B M3MEHMBIIEMCA MHUPE, B KOTOPOM OIIPEJE/AIIIYI0 POJib CTala
WI'paTh TEXHOJIOTHA C e€ HOBEHIINMU cpe/ICTBaMU IpUéMa U nepeziauu HHOOp-
Manuu ¥ GaHTaCTUYECKUM Pa3BUTHEM KOMIIBIOTEPOB, MOOyAmwIo Bragumupa
AHipeeBHYa YCIIEHCKOT'O UCKATh HOBBble OpraHu3aliioHHble GOpPMbl YHUBEPCH-
TETCKOT0 00pa3oBaHUs TUHIBUCTOB. [IPHIOKUB OTPOMHBIE, TOIBKO JJIs HETO
BO3MOXKHBIE YCHIUSA, YCIIEHCKUH 100WIcsa opranusanuy B MI'Y cnerasbHOTo
OT/Ie/IeHNsI, B KOTOPOM IIPOUCXOAMIO OBl 00beJUHEeHNE JIMHTBUCTUKY C Ma-
TEeMaTHUKON. DTO OT[ejieHre HasblBajJoch cHadana OThesleHueM TeopeThude-
CKOM M IIPUKJIaZHON JUHIBUCTUKHY, a IIOTOM OHO ObLIO IeperMeHoBaHo B OT-
JieJieHre CTPYKTYPHOU U IPUKJIAHOM JUHIBUCTUKY (cokpamiénno OCUIL).
YcneHckuit pazpaboTan mporpaMmy IO MaTeMaTHKe /I 3TOTO OTJeIeHUs
Y opraHusoBa npernogasaHue storo npeaMmera Ha OCUILIe. /g Bcero aToro
€My IIpHUILIOCH IIPEOJOJIETh BOUCTHUHY HEIIPEOJOJIUMBIE IIPEIATCTBUA.
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dunocodus. Beuto ckazaHo, yTo B. A. YceHCKUM U caMy MaTeMaTUKy
paccmaTtpuBali ¢ ¢urocodpckoit TOUKM 3peHus. Emé B maATHgecAThEe TOAb OH
cras rmevaratbes B prutocodpckux maganusax (cpeau kotopsix «HoBas ¢uio-
codckas sHIUKIONEUsI», XKypHa «Borpock! prtocodpun», cCOOpHUK «3aKo-
HOMEPHOCTH Pa3BUTHs COBPEMEHHOW MaTeMaTHKU» U pyrue). B kauecTBe
IpUMepa IpUBeLEM CTaThbU YcIeHCKOoro «CeMb pa3MBIILIEHUH Ha TeMbI GU-
socodpun MaTeMaTUKN», «4TO Takoe MMapajoKc?», «AGCTPaKINA aKTyaaIbHOU
6eckoHe4YHOCTH». B. A. YcrieHcKui 6bUT OPUIIMATBbHBIM OIIIIOHEHTOM JHCCep-
tanyu 3. H. Mukenazi3e Ha COMCKaHHUE YY€HOU CTelleHU JOKTopa ¢umocod-
CKUX HayK.

YcrneHcKui Mo Mpocbbe CBOETo YYUTENs YIaCTBOBAJ B MMOATOTOBKE CTaThU
KonmoropoBa «KubepHeTrka» B 51 ToMe BosbIoi COBETCKOH SHITUKIONEAMH.
OTa mOATOTOBKA HAIlIa CBOE oTpakeHHe B pabore VIBaHOBa, [lommBaHOBa
U YcreHckoro «Te3uchl 0 KHMOepHETHKe ¢ KOMMEHTapUsAMu». HeoObr4aitHO
UHTepecHa Iepenvcka Kommoroposa ¢ B. A. YCIIeHCKUM U €ro Jpy3bsaiMU —
B. B. MiBdnoBeiMm u M. K. ITomuBaHOBBEIM. B mepemnucke obCyKJaeTcs O4eHb
MIUPOKUU CIIeKTP GHI0COPCKUX BOIIPOCOB.

JlexkTOop M nomyaspusaTrop. Biraaumup AHApeeBUY OBUT 3aMedYaTeTbHbIM
JIEKTOPOM, BO3MOXKHO, JIY4IIUM CPeH «MaTeMaTUuKO-I'YMaHUTAPHBIX» JIE€KTO-
poB. B ero jexknuax u JoKIajax Bcerja coyeranach CypoBas MaTeMaTudecKas
onpezieIEHHOCTD C BBICOKUMU PprtocoPpcKkuMu 06001IeHUAMU. BrICTyTUIeHUA
YcneHckoro Bcerzia GbUTH ITOJTHBI IOMOPA, UPOHUU Y UCTUHHOTO OCTPOYMUS.

Ha npotsa:xeHnu Beceli cBoel >ku3HU BragumMup AHZpeeBUY CTPEMIICA IIpe-
010J7IeTh 6apbep MeXy MaTeMaTHYeCKUM U 'yMaHUTapHBIM. 3aMeTHas J0Js
TBOPYECTBa YCIIEHCKOI'O IIOCBAIECHA IONyAApU3aluid MaTeMaTuku. B kadge-
CTBe TpUMepa MPUBEAY ero 6pourtophl: «HeKOTOphle TPWIOKEHU MEXaHUKU
K MaTeMaTuKe», «I'peyroabHuk [lackana», «MamuHna [TocTta», «Teopema ['€xena
0 HeIOoJIHOTe», «[IpocTelilire NpruMeprsl MaTeMaTU4IeCKUX [J0Ka3aTeNbCTB>.

B kakoMm-To cmbiciae Braaumup AHApeeBUY YCIIEHCKUU 3aBEPIIWI AEJ0
CBOEM JXKU3HHM, TOCBAIIEHHOE OOUIEKYJIBTYPHBIM M T'YMaHUTapHBIM TIPOOIIe-
maMm. Ceiiyac myOnukytorcs paboTel B. A. YcmeHckoro o6 3Tux mpobiemax
B IIATHU KHUTAX, 110/ OOIINM Ha3BaHUEM «TpyZbI IO HEMaTeEMAaTHKe». 3aryiaBre
He TIpe/ICTaBJIAETCS BIIOMHE yaadyHbIM. KaxkeTcs 6osiee ecTeCTBEHHBIM O€e3 13-
JIMITHUX 0ObACHEHUH HaMmMcaTh IpocTo: B. A. YceneHckuii. MeMyapbl U TPyIbl
o ¢mrocodpuu, I3IKO3HAHUIO ¥ GUIOIOTHU. YeThIpe TOMa y)Ke Beinuih. OHU
B CBOOOZIHOM /IOCTYTIE TI0 aZipecy https://www.mccme.ru/memoria/vau/. YeTripe
TOMa OBLTH ITOJTHOCTBIO MTOATOTOBJIEHBI aBTOPOM K II€YaTH, a MOCAeTHUH OyeT
uzgaH B 3ToM (2019) rozy. [IATUTOMHUK YCIIEHCKOTO TIOABOAUT UTOTH €T0 BCe-
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’KU3HEHHBIX Pa3MBIILIEHUH O ABMKEHUHU YeJI0BeYeCKOU MBICIU, 00 UCTOPUU
1 0 cyabbe U TBOPYECTBE OTAETbHBIX JMYHOCTEMN.

K aTomy Hazo IprCOeIUHUTEL €ro MaTeMaTUYeCcKue TPYAbL U IOIYJIApHBIE
COYMHEHNA, He BKJIIOYEHHBIE B IATUTOMHUK. V13 BCEro 3TOro CkjiaJblBaeTcs
TBOPYECTBO 3aMeyvaTeJbHOTO YyY€Horo BraguMmupa AHZpeeBruYa YCIIEHCKOTO.
YwuTas YcreHCKOTo, HUT/le BBl He HaW/IéTe ciieZloB YHBIHUA. Bciogy BBl nMee-
Te BO3MOXXHOCTb HAOJIOZIaTh MBICIM U MOCTYIIKU AEATENBHOTO U aKTUBHOTO
YyeJjioBeKa, KOTOPBIH CTpeMUTCsI BBITIOJIHUTD 3aBeT [loaTa: «CoTpu ciiydaliHbie
yepThl». OH He obelaeT HaM IPEKPACHOTO MHUPA, HO MOOYKAAaeT HAC coxXpa-
HATb Bepy, Hazexay u JIto60Bb BO Bcé xopotiee (1 KO BCEMY XOPOIIEMY), YTO
€CTb B OKPYXKalollleM Hac HeCOBEPIIEHHOM MUpe.

Bnaaumup Muxaiinosud TuxoMupos, mexmaT MI'Y
vmtikh@googlemail.com
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B. A. YCrIeHCKUU KaK UCTOPUK MaTe€MaTUKHU,
HayKU U LIUBWIN3AlUU

K cratbe Anekcanzpa Illens «Gauss multiplication trick?»

A.JI. CeMEHOB

[Tpeanaraemas BHUMAaHUIO ydTaTens craTbd AsiekcaHzpa llleHs mocss-
meHa Biaagumupy AHZpeeBuuy YcrmeHcKkoMy (BAY) He TOJBKO IOTOMY, YTO
aBTOp — y4eHUK Bragumupa AnzpeeBrnda. OHa oTpaskaeT BaKHYIO JIMHUIO
JIeSITeJTbHOCTU YCIIEHCKOTO B HAyKe U B )KU3HU. DTa JIMHUA B OOJBIION cTerle-
HM OTPaXeHa B BHIIIEJLIEM IIOCMEPTHO, HO IIOATOTOBJIEHHOM BiazumMupom
AHZpeeBHUYEM IIPU KU3HU [1ATOM, 1100-cTpaHUYHOM TOME counHennit?, kax
U B ZIPyrUX ToMax ero cobpanus counHeHui. (O camom A. IlleHe MOXKHO TIpO-
yuTaTh Ha . 325-331 yka3aHHOI MATON KHUTH. )

C yucTO MaTeMaTHU4eCKOM TOYKU 3peHUs cofileprkaHue nmyonrkanuu [lens
OTHOCHUTCS K BAXKHOU BeXe B TOM, UTO cerofHs HasbiBaeTcsa Mathematical Com-
puter Science, a IMo-pycckyl MOXKHO Ha3BaTh MaTeMaTUYeCKON NHPOPMATHUKOM;
B paccMaTpuBaeMsblii mepuo/, KosiMoropos HasbIBaj 3Ty 0o6acTh MaTeMaTH-
yecKor KubepHeTHMKOU. DTa Bexa — pemeHue A. Kapaiy6oii mocraBieHHOU
A. H. KoIMOTOpOBEIM 33a4¥ O BEIYHUCIUTEIBHOMN CJI0KHOCTH YMHOXEHHUA Iie-
JBIX urcesn. O caMOM pellleHUH U HEKOTOPBIX €ro OOO0OIIEeHUSIX U YCUIEHUSX
MOXKHO IIpouuTaTh B cTraThe A. besnosa u B. Tuxomuposa «CIIOXXHOCTB ajaro-
PUTMOB»2) .

YkazaHHoe penieHue KapaiyObl BO MHOTHX OT€YECTBEHHBIX U 3apyO€KHBIX
MyO6IMKaIUAX CUUTAETCA OHUM U3 IIepBhIX pe3y/IbTaTOB B TEOPUU CIOXKHOCTHU
BBIUMCJIEHUH, IPU 9TOM MMeIM 6ecCcliopHOe IpaKTHYecKoe 3HaYeHue. 3a-
MedaTesIbHO, 4To KoMoropos, ociefHUM Hay9HBIM JOCTHKEHUEM KOTOPOI'O

D Yenenckuii B. A. Tpyabl 0 HeMaTeMaTUKe. 2-e U3JA., UCHp. U foIl.: B 5 xH. Kuura maras.
BocromuHauusa u HabmogeHusa. M.: O6beinHEHHOE TYMaHUTapHOe u3gaTeabcTBo. PoHy «Ma-
TeMaTU4decKue 3Tiobl», 2018.

2 Benos A., Tuxomupos B. CIOXHOCTb anroputMoB // Keant. 1999. N22. C.8-11,
http://kvant.mccme.ru/pdf/1999/02/kv0299%elov.pdf

MaTtemaTnyeckoe npocselleHue, cep. 3, Bbin. 24, 2019(16-18)
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CTaJI0 OTKPBITHE CI0XHOCTH OO'bEKTOB, 3aJI03KIJI OCHOBBI U BTOPOTO, ellé 60-
Jiee BaXXKHOI'O HAIlpaB/ieHUA TEOPUU CJIOKHOCTU — CJIOKHOCTU BBIUUCIEHUH,
0 KOTOPOM UJIET peyb.

[lonnmaHue KoiMoropoBeIM BaXKHOCTHU 3a4a4u BUAHO U3 TOT'O, YTO OH CaM
3amnucai e€ pellleHus], HalileHHbIe MOJIOABIMU MaTeMaTrukaMu — A. A. Kapairy-
6oi1 u 10. I1. Odpmanom (mozpobHee 06 3TOM cM. c. 20).

Coeli mybsukariyeii [lleHb TeM caMbIM OTZAET JaHb YUUTENIO B. A. YcreH-
ckoro — A. H. KosiMmoroposBy, IIpy TOM 4YTO Hay4HBIMU ITIOTOMKaMU B. A. YcrieH-
CKOTO0 ABJIAIOTCA caM A. llleHb 1 — B HEKOTOPBIX BAXKHBIX aCIIeKTaX — aBTOP
JAHHBIX CTPOK.

Ho ecTb u e1ié ogHa cBA3b npeznaraemMoli 3ameTku IlleHs ¢ feATeNbHOCThIO
Yenenckoro. M aBTOpy 3aMeTKH, M aBTOPY HACTOAIIMX CTPOK IPUIUIOCH IIPU-
HMMaThb y4JacTHe B UCCIAeAOBAHUAX B. A. YCIIeHCKOIo, COCTOANIVX B ITOKCKE
HWCTOKOB TOI'0 WX MHOTO MaTe€MaTU4YeCKOTO JOCTHXKEHUA.

OTMedy, 4TO 3TU IOUCKU YaCTO B Ka4eCTBE CBOEr0 pe3y/IbTaTa IPUBOAWIN
He TOJIbKO K J00pOCOBECTHOMY IIUTUPOBAHUIO, HO U K BBIICHEHUIO OTTEHKOB
HWCXOJHOW MaTeMaTHU4YeCKON MBICIH, OKa3bIBABLINXCA CYIIeCTBEHHBIMU [JIf
MaTeMaTHYeCKOTO CoZiepyKaHUs Hallleli COOCTBEHHOU paboThI. YCIIEHCKUH ObLI
CKpYIy/I€3€H B BBIMUCHIBAHUU IIUTAT, OPOPMJIIEHUH CCHUIOK, CPAaBHEHUU Ile-
PEBO/IOB C IEPBOUCTOYHUKAMU, COMOCTABIEHNUU PA3INYHbIX U3JaHUHN U T. 1.
[Ipu 5TOM Y4acTO BBIABJISUIACH OIIMOKU Y HECOOTBETCTBUSA TaM, TZle UX HUKTO
He OXUZall.

B roToBsameiica B «Ycrexax MaTeMaTHYeCKUX HAyK» ITyOIMKaIY, TOCBI-
mEHHOM B. A. YcrmeHcKkoMy, oOpalieHO BHUMaHUe Ha MHOTHeE CIydau, KOTZa
OTKPBITUA YCIIEHCKOTO OKa3bIBAINCh He3aMeYeHHBIMU APYIUMHU, 4acToO U3-3a
TOT0, YTO U caM BiagumMup AHZpeeBUY UX He Iy6GINKOBaJ JODKHBIM 06pa3oM.

CxJIOHHOCTB Biazmupa AHZipeeBrYa K ITOUCKY UCTOKOB, OOBSICHEHUIO U BBI-
SIBJIEHUIO B TAKOM ITOUCKE YbUX-TO OIMINOOK, KyphE30B U MTAPaZIoKCOB, OBUIO BAXK-
HBIM 3JIEMEHTOM ero JIeITeIbHOCTU KaK ObITonucaTe s U ucTopuka. U 3zech oH
He OrpaHMYMBaJICA MaTeMaTUKoU. [IpuBeZiéM OfVH U3 COTEeH IPUMEpPOB, KOTO-
pBle MOXXHO HATH B COYMHEHUAX BAY, ipu 3ToM (C yuéToM crenndprKy HaIero
cOOpHMKA) UMEHHO MaTeMaTHYECKHUX, XOTS KOIMYeCTBEHHO HEMaTeMaTHIECKHe
MIPeBaMPYIOT (CM. IIUTHPOBAHHYIO KHUTY YCIIEHCKOTO, C. 813):

«B KauecTBe BCTYIUIEHUSA B JUCKYCCHIO O JIOGa4eBCKOM MOXKHO TaK)Ke
CIIPOCUTH, B 4YEM COCTOUT aKCHOMa O INapaUleJbHbIX. BOJBIIMHCTBO
<...> chopmynupyeT 3Ty aKCHOMY TaK: ,,9epe3 TOUKY, He JIeXKAIIyI0
Ha IpsAMOU, MOXKHO IIPOBECTH MPAMYI0, TapaUIeJIbHYI0 3TOM MPAMOM‘“.
Ha camoMm zene chpopMyImpoBaHHOE yTBepXK/eHe ABJIAETCA He aKCH-
OMOM, a HeCJIOXKHO JloKa3biBaeMoW TeopeMoil. AKcroMa ke O mapaJi-
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JIEJIbHBIX COCTOUT B TOM, YTO Yepe3 TOUKY, He JIeXKallylo Ha IIPAMOH,
MOXKHO TPOBECTH He O0Jiee OAHOU MPSIMOM, MapaUIeTbHON UCXOAHOMN
npsAMoi. [IpUYrHY TaKOTO UCKaXKeHUs OOBACHAET dJIeMeHTapHbIN (U-
JloylorudecKuil aHanmus. Jlesio B TOM, YTO B CpeZHel LIKoJe, s Ipo-
CTOTBI, OOBIYHO BHYIIAIOT TaKy!0 GOPMYIUPOBKY: ...MOXXHO IIPOBECTU
OZTHY U TOJIbKO OJHY NPAMYIO..., He 3a0CTPsAsA BHUMAHUA HA TOM, YTO
000pOT ,,MO’KHO IIPOBECTH OZIHY" BBIPAXKAET 3/IECh TEOPEMY, A ,,MOKHO
TIPOBECTHU TOJBKO OJHY“ — akcuoMy. B pesynbraTe B CO3HaHHUU OCTaéT-
csa 6osiee mpocTas uzes 0 BO3MOXKHOCTH, a OoJiee CI0KHAsA UJesi O e/[iH-
CTBEHHOCTHU TepsieTcsl. Ho ckazaHHOe HUKAK He OOBsCHAET BceoOIero
3a0JyKAE€HUSA O CYLTHOCTHU CZieJITaHHOTO JIo6aueBCKUM OTKPBITHS; TIPHU-
YUHBI 3TOTO 3a0/IyKeHHUA TaK U OCTAIOTCA 3araZiKoi».

[peanaraemas nybnukanus A. llleHd ABIsAeTCS MPOJODKEHUEM YKa3aHHON
JIMHUU JeATebHOCTU B. A. YcIeHCKOro U JJOCTOMHOM AaHbIO aMATH HaIlleTro
yuuTesa. CU4uTar0 O4eHb YAAYHBIM e€ IoABJIeHWe MMEHHO B «MaremaTuye-
CKOM IPOCBELIeHNUW», BO MHOTOM OPHUEHTUPOBAHHOM Ha HAYMHAIOIIMX MaTe-
MaTUKOB. 3TO MOXeT CO/leliCTBOBATh BOCIIUTAHUIO Y HUX CepPhE3HOTO U yBa-
KUTEJIbHOTO OTHOIIIeHNA K CBOUM IIpe/IlecCTBeHHUKaM, KeJJaHUIO MPOYUTaTh
MIEPBOMCTOYHUKH U TIIATEJbHOM MTOATOTOBKE CBOMX pabOT. Ba’kKHO U TO, YTO
OHU TIPY 3TOM IIOTPY3ATCA B KUBYIO MaTEMAaTHUYECKYIO )KM3Hb BO BCé Oosee
aKTyaJIbHOU 06JIacTH.

YBaekaTeIbHOTO YTEHHU, KOJUIEeTH!

Asekceii JIbBoBUuY CeMEHOB, aKaZleMUK, 3aB. KapeZpoii MaTeMaThu4eCcKou
JIOTUKU Y TeOpUHU ajroputmon MI'Y

alsemno@ya.ru
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Gauss multiplication trick?

A. IIleun

Bnadumupy AHuOpeeguuy YcneHckomy

81. HEIOPA3SYMEHUE

B 2014 rozy B uzgarenbcrBe MIIHMO BbIies pyccKui mepeBof KHUTH [6];
nepeBoaun eé Anekcauzp Kymukos (IIOMUY PAH, Iletep6ypr), a s1 6bUI pefak-
TOPOM ITepeBo/a. B 3T0# KHUTe B KaueCTBE OJHOTO U3 IIEPBHIX IPUMEPOB OBICT-
PBIX aJITOPUTMOB U3J/IaraeTcs aITOPUTM OBICTPOrO YMHOXKEHUSA MHOTO3HAYHBIX
4yucesn. AJITOPUTM 3TOT CBOJWUT YMHOXKEHHE 2n-3HAYHBIX 4YHCeNl K YMHOXe-
HUIO N-3HaYHBIX. [IycTh HAM HA/IO YMHOXXUTH /IBA YHCIa U3 2n 6UTOB (MBI pac-
CcMaTpUBaeM JABOWYHBIE YUCJIA, HO 3TO He MPUHIUIUAIBHO). Pa306bEéM ABOMY-
Hble 3amKcy 2n-O6UTOBBIX COMHOXKUTEJIEH X U y Ha JiBe ITOJIOBUHBI 110 11 3HAKOB:

x=2"x1+x9, Yy=2"y1+y

(caBUr Ha N JBOUYHBIX Pa3psioB COOTBETCTBYET YMHOXKEHHIO Ha 2"; BCe YeThI-
pe TOJIOBUHKH X1, X, Y1, Yo COAEPKAT 1Mo n OUTOB Kaxkzas). Torga

xy = 2%"x1 1 + 2" (xo )1 + Yox1) + XoYo-

M&1 cBestu Hally 337249y K YMHOXKEHUIO YeTHIPEX Iap n-OUTOBBIX YHCeT X1 Y7,
XoY1, YoX1, X0Yo — K YETBIPEM 3aJja4aM MOJIOBUHHOTO pa3Mepa (YMHOXXeHHe
Ha CTelleHU JIBOMKH, T. €. IONUChIBaHKE HyJel, a TaKKe OIepaliy CIOKeHUA
MBI He CYMTaeM, TaK KaK OHM IIpollle — CPaBHUTE CJIOKEHHe U YMHO)KeHue
cTonbukom). [ToBTOpSAsA 3TO CBeAEHUE eIl pa3, MBI IOJIYYUM Ha CIeAYIOIEM
nrare 16 3aa4 BUeTBEpO MEHBIIEro pasMepa U Tak Jajee, IoKa He MpUJEM
K OZIHO3HAYHBIM YMCJIaM, IZe 33/a4a TpUBHAJIbHA.

HecyoXXHO NOHATH, YTO ITOT IOAXOZ caM I0 cebe He JAaéT BHIMIPHIIIA.
Eciu BCcé moAcuuTaTh aKKypaTHO, TO OOIlee YMC/IO Olepalyil IpU yMHOXe-
HMU N-3HAYHBIX yHces 6yeT pacTy IPOHOPIMOHATILHO N2 — POBHO TaK e,
KaK IpU OOBIYHOM aJITOPUTMe YMHOXXEHUS CTOJIOUKOM, IZle MBI YMHOXKaeM

MaTtemaTnyeckoe npocselyeHue, cep. 3, Bbin. 24, 2019(19-33)
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KaKJBIN M3 N pa3psiIoB MEPBOTO YKC/IA HA KaXAbIM U3 N pas3psZioB BTOPOTO.
(YBesnmyeHune pasmepa BABOE COOTBETCTBYET YBEIMUYEHUIO YHMC/IA ONEpaIyil
[IPU YMHOXKEHUU CTOJIOMKOM BYETBEPO.)

Ho MBI mosyyuM 6osiee GBICTPBIM aJrOPUTM, €CJIH 3aMETHUM, YTO MOXKHO
06OMTHUCH Mpemst YMHOKEHUSMH 11-OUTOBBIX YHCE BMECTO YETHIPEX. A MMEH-
HO, €CJTU 33 OZJHO YMHO)KEHUE BBIYUCIUTD (X1 +Xg) (7 + ), TO HIOTOM MOXHO
BBIYECTh X;); U XYy, KOTOPbIE BCE PABHO HY)KHO BBIYMC/IATH, U MOJYYUTD
Cpasy CyMMY X, Y; + YoX1, HE BEIYUCIAS KOK/J0E U3 TIPOU3BEAEHUH 110 OT/AE/b-
HocTH. Jleasi TaK Ha KaXkOM IIare PeKypCHH, MBI JOCTUTaeM CYIECTBEHHOMN
5KOHOMHM: BMECTO N’ IIOJIydaeTcs

nlog2 3 A n1,59’
YTO 3aMETHO JJaKe /11 He OYeHb OOJIbIINX 3HAUeHHUI n. DTOT 6oJiee GBICTPBIN
aJITOPUTM SBJISETCS CTAaHAAPTHHIM aJITOPUTMOM YMHOXKEHHS B OUOIHMOTEKAax
paBOTHI ¢ MHOTO3HAYHBIMH YHCIaMi .
Ero® npuzyman Anartomuii AnekceeBud Kapany6a (1937-2008) oceHbio
1960 roza; anroputm 6bUT omy6aMKOBaH B 1962 roxay B [22]. [ToapobHOCTH
3TOU MCTOPUM paccKasan cam aBTop B [20]:

Ocenbio 1960 r. B MOCKOBCKOM yHUBepCUTETe Ha MeXaHUKO-Ma-
TeMaTU4eCKOM (aKy/IbTeTe Hadaa paboTaTh CeMHHApP [0 MaTeMaTuJe-
CKHMM BOIIpocaM KHOEpHETHKHU 1o/ pyKoBoacTBoM A. H. Kosimoropogsa,
rae A. H. KonmMoroposeiM 6bi1a chOpMyTHpOBaHa IMIOTe3a n? (Ipo
MOPSIZIOK POCTA YKC/Ia OUTOBBIX OTepaInii, HEOOXOAUMBIX TIPH YMHOXKe-
HIY N-3HAYHBIX 9HCET°) ) U OCTaBIEH Psiz 3a4a4 06 OIleHKe CJIOKHOCTH
pellleHUH JMHEWHBIX CUCTEM YPaBHEHUM U IPYTUX CXOAHBIX BBIYKCIIE-
HMiA. {1 aKTUBHO CTa/I Pa3MBIIUIATL HaJ TMIOTe30H n? ¥ POBHO depes
HeZleIt0 0OHAPYKWI, YTO aJTOPUTM, KOTOPBIM 51 HAZESICS MONYyIUTh
HIDKHIOIO (TaK B CTaThe) OIEHKY BeMuduHbl M (n), 1aéT OLleHKy BUa

M(n) = 0(n'°%23), log,3 =1,5849...

D BriocseAcTBUM GBUIM IIPUAYMAHBL M IPYTHe aJTOPUTMEL, 60jee GHICTpEIe (aCHMITOTHYE-
CKH, T.e. /i JOCTATOYHO JUIMHHBIX 4Mces); O HeKOTOPHIX U3 HUX MOXHO IIPOYMTaTh B [19].
2 Ha camoM Jeste B cTathe [22] paccMaTpuBaeTca 3ajada O BO3BEJEHHU B KBaJpaT MHOIO-
3HAYHBIX 4HMces — YaCTHBIH CTy4ait yMHOKeHHUS, K KOTOPOMY JIETKO CBOAMTCS OBIIMIt ¢ TOMO-
b0 GOPMYJTBI
(a+b)? —a®—b>
ab=~—""—-"".
2
JInif 3TOTO 4acTHOTO CTydas cBefleHHe K TPEM 3ajadaM MeHbBIIero pasMepa BhIIAAUT HEMHOTO
uHave: yTo6bl BHMUCIUTL (27a + b)? = 22"q2 + 2" - 2ab + b2, AOCTATOYHO BO3BECTH a U b
B KBaJpar 1 noToM Haiitu 2ab = (a + b)? —a® — b?, caenas emé ofHO BO3BeieHNEe B KBaJpar.
%) 37ech U Jajee YIIOBBIMM CKOGKAMK OTMeYeHbI KOMMEHTApUH, He ABAIIINECT YaCThIO
IMTATHL
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[Toce oyepesHOro 3acesanus ceMuHapa s cooburwn A. H. Kommoropo-
By 0 HOBOM aJIFOPUTMe YMHOXEHHA ¥ 06 OIPOBEPKeHUHU TUTIOTEe3HI 1.
JTO cWIbHO B3BONHOBaNO0 A. H. Kosimoroposa, Tak Kak IIpOTUBOPEYMIIO
€ro ZIOBOJIbHO MpaBAoIoo0HOM runoTtese. Ha cieayromeM 3aceZlaHu
ceMrHapa MOW MeToJ] YMHOXKeHHsA ObUT pacckaszaH camuM A. H. Koi-
MOT'OPOBBIM, ¥ Ha 3TOM CEMWHAp IIPeKpaTWI CBOI paboty. [To3aHee,
B 1962 1., A. H. KosMoropoB Hamucasn (MOXeT ObITh, IIPU yYaCTHUU
1O.11. O(bMaHaAf)) HeOOJIBIIIYIO CTaThIO U OMybauKoBas e€ B Jlokaazax
AH CCCP. Crartba Ha3piBasach Tak: A. Kapaiyb6a, 0. Odman, YMmHO-
JKeHre MHOTO3Ha4YHBIX yrcesl Ha aBToMaTax (JAH CCCP, 1962, T. 145,
N2 2, c.293-294). O6 5Toii cTaTbe A y3HaJI TOJbKO TOT/a, KOra MHE
OBUTH ZIaHBI €€ OTTUCKU. HeoObIYHOCTh criocoba myOaIuKaluu moag4Ep-
KUBaeTCsA ¥ TeM, 4TO 06e cTatbu [5] u [8] (coorBeTcTBeHHO [24] 1 [22]
B HAIIIEM CIIMCKe) npezacTaBieHbl A. H. KoIMOropoBBIM K OIyOIMKOBa-
HUIO ofHOBpeMeHHO 13.11.1962.

YauBuTenbHbBIM 0Opa3oM (kak 3ameTw1 KymukoB) umsa KapairyObl BoBce
He YIOMHMHAJIOCh B IIepEBOAVMOI KHUTE, a Hes O BO3MOXXHOCTU COKpallle-
HUS YMC/Ia YMHOXXEHUI C YeTHIPEX ZI0 TPEX MpUIKCchiBazack aycey [6, c. 45
(55 B 21ekTpOHHOM BapuaHTe)]:

The mathematician Carl Friedrich Gauss (1777-1855) once noticed
that although the product of two complex numbers

(a+ bi)(c+di) = ac—bd + (bc + ad)i

seems to involve four real-number multiplications, it can in fact be done
with just three: ac, bd, and (a + b)(c + d), since

bc+ad = (a+Db)(c+d)—ac—bd.

(...) this modest improvement becomes very significant when applied
recursively.

(3zecy peub MAET 06 YMHOXXEHHM KOMIUIEKCHBIX YHCEJ, HO Pa3HUIIA JIUIIb
B 3HaKe niepez bd.) Ml ¢ KyJTMKOBBIM MOATOTOBUIM COOTBETCTBYIOIIEE ITPHUMeE-
YaHUe: TIoCsIe CJIOB «BpeMsi pabOThI COOTBETCTBYIOIIETO aJITOPUTMAax» JOJDKHA
ObL1a caefoBaTh cHocka «Ero mpeamoxkut A. A. Kapamy6a (JJAH CCCP, 1962,
T. 145, c. 293-294). — IIpum. nepes.». K coxxaneHuto, B Ipoliecce MOATOTOBKH
OpUTHMHAJI-MaKeTa 3TO JobaBieHue OBUIO 3a0BITO (U Telepb JODKHO JOXKU-
JIAThCA ITepersAaHuAa”) , KOT/a U eC/I TaKoBoe GyzeT), Ha 4To oGpaTiia BHUMA-

4 10puii Ilerpoud Odman (poawrcsa B 1939 rogy), yueHuk Koamoroposa, 3aHUMACA TeO-
pHell CJIOXKHOCTU BBIYMCIEHUI U TeOpHel aBToMaToB. ABTOp KHUTH [25].
% Kuvra mepemsgana B 2019 r., omm6Ka HCIpaBieHa.
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HUe (B CBOEM ITMChMe B U3/IaTeIbCTBO, lTepeciaHHOM HaM ¢ KyIrKoBeIM 6 aB-
rycta 2016 roza) mous A. A. Kapairy6er, EkaTepua AHaTtonbeBHa Kapairy6a:

B u3gaHHOM BaMu nepeBofie KHUTU «AJroputMmel» C. Jlacrynra,
X. ITanagumutpuy, Y. Bazupanu cozepxutcs dakThdecKas OIIHMOKa.
T[TepBBIii B MUPE OBICTPHIN aJITOPUTM, AJITOPUTM OBICTPOTO YMHOXKEHUS,
OoTKpHBITHIH A. A. Kapaiyboii (3azaua 6buta mocrasieHa A. H. Koimmoro-
POBBIM), B 3TOM KHHMTe IpumnucaH 'ayccy, 6e30 BCAKUX CCHUIOK Ha Ka-
Kue-mib0 JOKyMeHTaIbHble UICTOYHUKYU U CBU/IETETHCTBA.

AMepurKaHCKUe aBTOPHI U paHbllle MBITATUCh IPUTUCATh UIel0 Me-
Toza Kapaiy6sl (HasBaHHyto [IIénxare «quBaiig sHA KOHKyp» (divide
and conquer, aHIVI.)) KOMY-TO APYyrOMY, TaK XK€ KaK U CO3/IaHHE IIep-
BOro ObIcTporo ajroputma. OJHAKO Y HUX HET U He ObLIO HUKAKUX
TMOATBEPXKAAIOIINX UX CTPAaCcTHOE JKeJlaHWe IIPUINCATh 3TOT METOZ, Ka-
KOMY-TO 6oJiee Jjisi HUX MPeANIOYUTaeEMOMY aBTOPY JOKYMEHTOB (JIUIITh
cioBecHble MUGBI). HeT HM OZHOrO OBICTPOrO aaropuTMa B KaKOM-
nubo TekcTe, M3gaHHOM paHbliie 1963 1. (A. A. Kapaiy6a co3zaan cBoOu
aJITOPUTM U paccKasaj ero Ha KOJIMOTOPOBCKOM ceMuHape B 1960 r.,
uszad B xxypHase «Jloknagsl AH CCCP» 1 mepeBeZiéH HA aHTTTUUCKUHN
B 1962 r., paccka3zaH KoJiIMOTOpOBBIM Ha MHOTHUX MEX/AYHaPOJAHBIX KOH-
depeHnmax, HaumHasa ¢ 1960 r., BKIOYass MEXAYHAPOIHBIA MaTeMa-
TU4YecKUi KoHrpecc B CTokronbMme B 1962 r., ony6nukoBaH B CIIA
OT/IEIbHO TI0 CTOKTOJIbMCKOM JieKIuy KosiMoropoBa B KHUTe-COOPHUKeE
JIEKIWH KoHTpecca B 1963 1.).

W3aaBaTh B Poccuu (6€30 BCAKUX KOMMEHTapUeB) KHUTY, B KOTO-
PO¥ BOpyeTCs OCHOBHOE POCCHHCKOE OTKPBITUE B 00JIaCTU BBIYUCIIH-
TEeJIbHOU MaTeMaTHKU, aJlTOPUTM, BHEZIPEHHBIN B BUZIe COPT- U XapAB3P
B OCHOBHbIE KOMIIbIOTEPHI MHpPAa — 3TO KaK-TO He OYeHb IOPALOYHO.

A 9TO BBI 00 3TOM AymMaeTe?
C yBaxkenueM, E. A. Kapaiy6a

MHe Kak peflaKTopy IepeBoZa OCTaBaJIOCh TOJIbKO IIPUHECTU U3BUHEHUA
3a JIONYIIEHHYIO OIUIOIIHOCTLE®) — HO CTa/0 MHTEPEeCHO: YTO BOOGIIE MUIIYT
pa3Hble aBTOPBI 06 UCTOPUM BoIpoca, 6butn i y KapairyOsl mpeiiecTBeH-

®) BoT 0TBETHOE MUCHMO:

Zlo6peiii feHb, ExaTepriHa AHATOIbEBHA!

PepaxTop usparenbcTBa, FOpuit Hukonaesnu TopxoB, Iepecian MHe Batte muceMo, U 5 OT-
Bedalo Bam B kauecTBe pejakTopa mnepeBoga KHuru Jlacrymnra, [lanaguMmurpuy u BasupaHu
«ANTOpUTMBI». Jla, pasyMeeTcs, aITOPUTM YMHOXKEHUSA IO TIOJIOBMHAM ObLT peyioxeH A. A. Ka-
paiy6oii, ¥ MBI C IEPEBOAYMKOM Jake TIOATOTOBWIN COOTBETCTBYIOIEe IpUMEeUYaHUe: TOCTe
cJ10B «BpeMs paboOTHl COOTBETCTBYIOLIETO AITOPUTMa» JOJDKHA ObUIA CIeZ0BaTh CHOCKA «Ero
npemoxui A. A. Kapauy6a (JJAH CCCP, 1962, T. 145, c. 293-294). —IIpum. nepes.». K coxare-
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HUKU, 1 0OHAPY>XWJIOCh MHOTI'O JIFOOOIBITHBIX Belllel, MILTIOCTPUPYIOIINX, 110~
MUMO IIPOYETO, IyTH pacIpocTpaHeHNa HHopManuu U omrbok B Heil. K co-
’KaJIeHUIO, 3TO «paccje/JoBaHNe» OCTAIOCh HE3aKOHUYEHHBIM — MOXKET OBITb,
KTO-TO U3 TeX, KTO YBUJUT 3TOT TEKCT, CMOXXET JOBECTU ero 10 KOHIIA.

8 2. IToyemy l'aycc?

[TepeBoAivMast KHUATA He ZjaBajla HUKAKUX CChLIOK HA UCTOYHUKHY, H 5 TIOIIBI-
TaJICS BBIICHUTD, YTO IHUIIIYT Ha 3Ty TEMY APyrHe aBTOPHI. [IOMCK B MHTEpHETE
MOKa3bIBaeT, 4To ['aycc Kak n3o0peTaTesb Crocoba YMHOKEHUS KOMILIEKCHBIX
YHCEJI C TIOMOIINBI0 TPEX YMHOXKEHUHN AEeHACTBUTENbHBIX YHCET YIIOMUHAETCS
pasHeIMH aBTOpamu. Hampumep, Myp u MepTeHC B CBOel M3BECTHON KHU-
re [12, c.37] (2011) mumryT:

The first O(n'°¢23) algorithm for multiplying n-digit integers was
found in 1962 by Karatsuba and Ofman [447]. However, the fact that
we can reduce the number of multiplications from four to three goes
back to Gauss! He noticed that in order to calculate the product of two
complex numbers, (a+ bi)(c+di) = (ac—bd) + (ad + bc)i we only need
three real multiplications, such as ac, bd, and (a+c)(b+d), since we
can get the real and imaginary parts by adding and substracting these
products. The idea of [447] is then to replace i with 10"/, and to apply
this trick recursively.

3mech «[447]» — 3TO cChbUIKa Ha OPUTHHANBHYIO CTaThio [22]; B Heil O6buH
chopmyMpoBaHbI ZiBa pe3ysabTaTta ¢ ykazaHuem aBtopctBa (0. IT. Odpman

HUIO, TI0 MO€e¥ BUHE B TIpoliecce MOATOTOBKY OpUTMHAI-MaKeTa 3To ZobaBieHre ObLIO 3a0bITO.
Ecnu 6yzer nepeunsaHuie, 3Ty OIIHUOKY MBI HCIIPABYM.

Bcero xopomero,

Anexcanzp Illens

P.S. [Nporny npoiueHus 3a 3aiep:KKy ¢ OTBETOM: MHE CTaJI0 MHTEPECHO, KAKOBA UCTOPHUSA
BOIIpPOCa ¥ OTKyZa B3sIoCh HazBaHMe «Gauss trick». He 6yayuu crenuaarcToM Mo UCTOPUH
HAYKHY, sI TEM He MeHee MPEJIPUHSI HEKOTOPBIE JIOOUTENBCKUE PA3BICKAHUSA, HO K YCIIEXY
OHM He IPUBENIH: JeHCTBUTENbHO, Ha3BaHue Gauss trick Bo MHOrMX MecTax BCTpeYaer-
¢ B NMPUMEHEHUU K YMHOKEHHWIO KOMIUIEKCHBIX YKCEJN 34 TPU BEIIeCTBEHHBIX YMHOXeE-
HUS, HO aBTOPHl HE MPHUBOJAT COOTBETCTBYIOIIUX CCHUIOK, a IPUBEAEHHAA B BUKUNEIUU
cceuika Ha Kayra (Knuth D., The Art of Computer programming, vol. 2, 1998, pp. 519,
706, cM. https://en.wikipedia.org/wiki/Multiplication algorithm#Karatsuba multiplication
mo cocTosiHUo Ha 9 wuions 2016) BBoguT B 3abimyxkzeHue: 'aycc BooOIe B 3TOM TOMeE
B CBsI3U C OBICTPHIM YMHOXKEHHEM HE YIIOMUHAETCs, a B CBA3HU C 00CYK/AaEMBIM alIlOPUTMOM
YMHOXeHUs JaéTcs CChUIKa Ha paboTy A. A. Kapaiy6sl (ecTecTBeHHO). CaMO YMHOXEHUE
KOMIUIEKCHBIX YHCeJI 32 TP BEIECTBEHHBIX YMHOXEHUS 06CyKAaeTcsl, HO 6€3 yIIOMUHAHUS
Taycca. (Kower muchma.)
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ZUIs1 ofHOTO M3 HuX, A. A. Kapaiy6a jia BTOPOTo, TOrO CAMOTO aJrOPUTMa
OBICTPOTO YMHOKEHHUsI MHOTO3HAYHBIX yncen). Ho cchiiok Ha aycca cHOBa
He MpUBOAUTCA. HeT X U B pyro# mybauKalyu, yioMuHarolIei I'aycca kak
npeaniectBeHHKa Kapairy6sr [16]:

Indeed, when it comes to multiplying two numbers, the best (or
fastest) way to do it is often far from obvious.

One particularly intriguing and efficient multiplication algorithm
was developed in the late 1950s by Anatolii Alexeevich Karatsuba, now
at the Steklov Institute of Mathematics in Moscow.

Karatsuba’s “divide-and-conquer” multiplication algorithm has its
roots in a method that Carl Friedrich Gauss (1777-1855) introduced
involving the multiplication of complex numbers.

(0bBsICHSIETCSA, KAK COKOHOMUTD OJHO YMHOKEHHE)

So, Gauss optimization saves one multiplication out of four.

Karatsuba’s divide-and-conquer multiplication algorithm takes ad-
vantage of this saving. (...)

Karatsuba’s insight was to apply Gauss optimization to this divide-
conquer-and-glue approach, replacing some multiplications with extra
additions. For large numbers, decimal or binary, Karatsuba’s algorithm
is remarkably efficient.

Ccbuika Ha laycca (Hapsily ¢ KOPPEKTHOM CCBLIKOM Ha anroputm Kapa-
I[yOBl U €ro TepBylo My6iuKaIuio) ObUla B aHIVIUHACKON Bukuieanu, Korjga
g Tyga mocMoTpen (sHBapb 2017 — B TEKYyIIel BEPCUU 3TOTO HET, IIOCKOJIBKY
s1 BHEC COOTBETCTBYIOIIIME UCITPABIEHHUs B TEKCT), HO C HEl COBCEM CTpaHHas
uctopus. Tam roBopuioch [13]:

Gauss’s complex multiplication algorithm
Complex multiplication normally involves four multiplications and
two additions.
(a + bi)(c +di) = (ac—bd) + (bc + ad)i.

(...) By 1805 Gauss had discovered a way of reducing the number of
multiplications to three [11].

Cebuika «[11]» mracuna: “Knuth, Donald E. (1988), The Art of Computer
Programming, volume 2: Seminumerical algorithms, Addison-Wesley, pp. 519,
706”, u, cyzs 1o OIMMCAHUIO, UMeach B BUAY Kiaaccudyeckas kuura Kayra [10].
Ho yxazanubiii rof (1988) He COOTBETCTBYeT HM BTOPOMY H3ZaHHIO (OKO-
710 1981), Hu TpeTheMy (okoso 1998). O6 anroputme Kapauy6r! B kHure Kuy-
Ta roBopuTcsa cieayioiee (Section 4.3.3, ¢. 294 TpeThero U3JaHusi, BO BTOPOM
M3ZIAHUY 5TOT TEKCT eCTh Ha ¢. 278):
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“4.3.3. How Fast Can We Multiply?

(...) let us consider the following question: Does every general com-
puter algorithm for multiplying two n-place numbers require an execution
time proportional to n?, as n increases?

(...) The answer to the question above is, rather surprisingly, “No,”
and, in fact, it is not very difficult to see why. (...) If we have two 2n-bit
numbers u = (uy,_q... U UG)5 and U = (Vy,_1. .. U11p) 9, We can write

u= 2nU1 + Uo, v = 2nV1 + VO (1)

where U; = (ug,_1...Uy)y is the “most significant half” of the num-
ber u and Uy = (u,_;...Up), is the “least significant half”; similarly
Vi = (U9p—1.-.U,)9 and Vy = (v,_1. .. Uy)o. Now we have

uv = (22" 4+ 2MULV; + 2" (U — Up) (Vo — V) + (2" + DUpVp.  (2)

This formula reduces the problem of multiplying 2n-bit numbers to
three multiplications of n-bit numbers, namely, U, V;, (U; —U,) (V; —Vy),
and U,V,, plus some simple shifting and adding operations.

(...) the main advantage of (2) is that we can use it to define a re-
cursive process for multiplication that is significantly faster than the
familiar order-n® method when n is large: If T(n) is the time required
to perform multiplication of n-bit numbers, we have

T(2n) <3T(n)+cn 3

for some constant c. (...) the running time for multiplication can be
reduced from order n? to order n'83 ~ n!°%%, so the recursive method
is much faster than the traditional method when n is large.

(...) (A similar but slightly more complicated method for doing mul-
tiplication with running time of order n'¢2 was apparently first suggest-
ed by A. Karatsuba in Doklady Akad. Nauk SSSR, 145 (1962), 293-294.
(...) Curiously, this idea does not seem to have been discovered before
1962; none of the “calculating prodigies” who have become famous for
their ability to multiply large numbers mentally have been reported
to use any such method, although formula (2) adapted to decimal
notation would seem to lead to a reasonably easy way to multiply eight-
digit numbers in one’s head.)

Huo I"aycce, HH 00 YMHOXE€HHWHU KOMIVIEKCHBIX 9YHCEJI 34ECH HE I‘OBOPI/ITCH7) .

Ho Ha yka3aHHBIX B Bukuneauu crpanuiiax (519, 706) ymHOKeHHE KOMILIEKC-

7 [IpeameTHBIN yKasaTenb KHUTY KHyTa nepeuncisaeT ynomyuHaHusA ['aycca Ha crpaHunax 20,
101, 363, 417, 422, 449, 578, 679, 685, 688, 701. Hu ogHa U3 3TUX CTPaHUI] HE COAEPKUT
HUKAKUX YIIOMUHAHUH NPUIKCEIBAEMOro eMy Criocoba YMHOXKEeHUA KOMIUIEKCHBIX YHCel.
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HBIX YHMCEJT IeHCTBUTENBHO yIoMuHaeTcs. Ha c. 519 (Bo BTopom uszanuu c. 501)
nMeeTcs yrnpakHeHue (K paszeny 4.6.4):

41. [22] Show that real and imaginary parts of (a + bi)(c + di) can
be obtained by doing 3 multiplications and 5 additions of real numbers,
where two of the additions involve a and b only.

A Ha c. 706 (pa3zen «Answer to exercises»; BO BTOPOM U3/ZIaHUU Ha C. 647)
ZaéTcs OTBET K 3TOMY yIPayKHEHUIO:

41. a(c+d)— (a+b)d +i(a(c +d) + (b —a)c). (...) Without the
restriction on additions there are other possibilities. For example, the
symmetric formula ac —bd +i((a + b)(c + d) —ac — bd) was suggested
by Peter Ungar in 1963. (...) See I. Munro, STOC 3 (1971), 40-44;

S. Winograd, Linear Algebra and its Applications, 4 (1971), 381-388.

Ccputok Ha YHrapa y Kuyra Toxke HeT (4 B 1r060M ciydae aaroputm Ka-
parly6hI omy6IHKoBaH paHsiie 1963 roga)®. B crathax Buxorpaga u MyHpo,
CCBUIKM Ha KOTOpPBIE IPUBOAUT KHYT, IOKA3bIBAETCsA, YTO MEHBbIIIE TPEX YMHO-
’KeHUI He mony4duTcs. B crathe BuHorpaga [18] mpo 3To ckaszaHo Tak:

ABSTRACT

The two main results of this note are:

(i) The minimum number of multiplications required to multiply
two 2 X 2 matrices is seven.

(ii) The minimum number of multiplications/divisions required to
multiply two complex numbers is three.

(...) we note that it is possible to compute a complex product using
only three multiplications. For example,

ac—bd =ac—bd,
ad +bc= (a+Db)(c+d)—ac—bd.

So the three products which are formed are ac, bd, (a + b)(c + d).
CChUTIOK Ha MICTOYHUK (GOPMYJIbI Y HETO HET, KaK ¥ y MyHpO, KOTOPBIH muiieT [ 14]:

The Multiplication of Complex Numbers

If the number of multiplications required for a computation is re-
garded as a measure of its difficulty and these computations are per-
formed using complex numbers, it is natural to ask how many real
multiplications are necessary to evaluate the real and imaginary parts

8 Anaronuii Bopo6eii B mrone 2018 roga Hanucas YHrapy ¢ Hpock60ii IIPOACHUTE CHTYALHIO,
¥ OH B OTBETHOM IIHCbMe OOBSICHUI, YTO AEHCTBUTENIbHO TIPEAIOKWI Takoi cmocob B 1960-x
rogax (“I did have the idea in the mid-sixties and told a few people at New York University
and I think to Vinograd too, but I did not know Knuth credited me with it.”)
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of a complex product. The natural way of forming a complex product
requires four real multiplications. It may, however, be done in three but
not in two multiplications

(a + bi)(c +di) = (ac—bd) + (ad + be)i
a(c+d) — d(a+b)=ac—bd

(1) (2)
a(c+d) + c¢(b—a)=ad+bc

Theorem. The evaluation of the product of two complex numbers
requires three real multiplications, even if multiplication by real con-
stants is not counted.

YHrap yrnoMuHaeTcss U B HEKOTOPBIX Apyrux mybnukanusax. Hanpumep, B [8]
HAaIK1CaHoO:

1. Introduction. How many real multiplications are required to
multiply two complex numbers? In view of the familiar identity

2= (a+1ib)(c+1id) = ac—bd +i(ad + bc),

the answer may appear to be four. However, it is possible to make do
with three multiplications, because

g=ac—bd+i[(a+b)(c+d)—ac—bd]. (1.1)

This formula was suggested by Peter Ungar in 1963, according to Knuth
[14, p. 647].

Ccputka «[14]» ykassiBaeT Ha BTOpoe uzzaHue KHUTH KHyTa (T71e mporuTupo-
BaHHOE BBIIIE pellleHre YIpaKHeHUs 41 HaXOoAUTCA Ha C. 647), HO IPAMBIX
CCBUIOK Ha YHrapa Her.

Takum obpa3om, nosiBieHue I'aycca B BUKUIeann ocTaéres 3araZloYHbIM.
CoryiacHO JaHHBIM C CaiiTa, paszies PO YMHOXEHHE KOMIUIEKCHBIX YHCENT «II0
Tayccy» mossBWICA BIIEpBble B Bepcuu 22:55, 27 May 2009 (B Bepcuu 21:24,
22 May 2009 ero elié He ObLIO); COOTBETCTBYIOIIASA ITPaBKa — C TOM K€ CChUI-
Kol Ha KHyTa, 4To u ceiiuac — 6bUTa BHeceHa ydacTHUKOM Dmcq (https://
en.wikipedia.org/wiki/User talk:Dmcq; ceffyac (2017) mo aTomy azgpecy yka-
3piBaeTcs “Semi-retired. This user is no longer very active on Wikipedia.”).
Ccputka Ha anaropuTM Kapairy6wl Tam 6buta 0 3TOro (¢ mepBOii JKe BEepCHH
cratey, 15 mrons 2002).

[Toxorke, 4TO TeM He MeHee dTa 3alKch B Bukulieguu npuBesia K pacnpo-
cTpaHeHMIO HegopasyMeHuii. CkaxkeM, B [2] (2014) l'aycc Takke yIIOMHUHAETCS
co cceuikol Ha Kuyra:
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It is well known too, that the complex multiplication can be carried out
using only three real multiplications and five real additions, because (...)

(a+jb)(c+ jd) =ac—bd + j[(a+b)(c+d)—ac—bd]. 4)

Expression (4) is well known as Gauss’ trick for multiplication of com-
plex numbers [17].

3mech «[17]» — aT0 BTOpOe u3manue kuuru Kayra [10].
DTO «CIOBECHOE KBUIIPOKBO»®) OTOPYHTENBHO, TeM GoJiee KOraa Boobime
anroput™m Kapaiyow npumnuceiBaetcs Iayccy (kak, Hanpumep, B [17]).

§ 3. BoBBU/K, DIVIDE ET IMPERA

3aHMasiCh STUMH pa3bICKaHUAMH, 1 00HapyKu1 (6arozapst ccbuike B [12])
YAUBUTENbHYIO IUTATy 13 Ba66umka, paspabareiBasiiero (B XIX Beke!) mpo-
rPaMMHUPYEMYIO BHIYUCIUTENBHYIO MAIIUMHY (Tak ¥ He pealTu30BaHHYIO «B JKe-
ne3e»). OH Ha3bIBas eé «Analytical Engine». ToBopsi 06 YMHOXEHUU MHOTO-
3HAYHBIX YHCeN C e€ MoMoIblo, ba66umk numier [1, c. 61; B mybGiuKanuu
1864 roza c. 125]:

...Thus if a - 10°° + b and a’ - 10°° + b’ are two numbers each of
less than a hundred places of figures, then each can be expressed upon
two columns of fifty figures, and a, b, a’, b’ are less than fifty places of
figures (...) The product of two such numbers is

aa’10'° + (ab’ +a’b)10°° + bb'.

This expression contains four pairs of factors, aa’, ab’, a’b, bb’, each
factor of which has less than fifty places of figures. Each multiplication
can therefore be executed in the Engine. The time, however, of multi-
plying two numbers, each consisting of any number of digits between
fifty and one hundred, will be nearly four times as long as that of two
such numbers of less then fifty places of figures (...)

Thus it appears that whatever may be the number of digits the
Analytical Engine is capable of holding, if it is required to make all
the computations with k times that number of digits, then it can be
executed by the same Engine, but in an amount of time equal to k? the
former.

9 TepMuH, IpeyIOKEeHHBIN B [26, 27] Bragumupom AHzpeeBHYeM YCIIEHCKHMM, OOJIBLIMM
3HATOKOM IIOZ0GHBIX MCTOPUI O HeZOopasyMeHHsX U omunbKax Bocrnpustusa [28, 29] — oH
0BHapYXW, CpeZiy IPOYEro, YTO MaMATHUK, BOCIIPUHUMAEMbIii MHOTUMU TTapiKaHaMK Kak
MaMATHUK Horuobineli mpuHilecce /lvaHe, B JAeMCTBUTENPHOCTH He MMeET K HEH HHKaKOTO
OTHOLIEHHUs!
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IlepeBox;:

...TakuM o6pasoM, ecu aBa uucaa a - 10°° + b u a’ - 10°° + b’
COCTOAT MeHee 4YeM U3 cTa Hudp Kakgoe, To oba 4ucia MOTYT OBITh
pasbUThl Ha ZIBE YACTH IO MATHAECAT UGpP (OYKBAIbHO: 3aIIUCAHBI
B IByX cTon6Uax u3 matugecatd nup); uucia a,b,a’,b’ cogep:xar
JI0 TIATUAECATH Pa3psaoB... [IpousBeseHNEe ABYX TaKUX YHCET PABHO

aa’10'%° + (ab’ + a’b)10°° + bb'.

OTO BHIpaXKEHUE COAEPKUT YeThIpe Iaphl COMHOxkuTenel aa’, ab’, a’b,
bb’, ¥ KaXXABI COMHOXUTENb COAEPKUT 0 NATHAeCATH Hudp. Takum
obpaszom, MarlrHa CMOKeT BBITIOJTHUTD 3TH YMHOXKeHusA. OZfHaKO Bpe-
MsI YMHOXKEHUS JBYX YKCEJ, COAEPKAIINX OT ISATHAECATH 0 CTa IUdp
Kaxkzioe, OyZieT IpUMEPHO B YeTHIpe pa3a OoJibllle, YeM BpeMs YMHOXKe-
HUs YUCesT 0 TATuAecatu nudp...

[TonydaeTcss, YTO KaKOBO ObI HU OBUIO KOJUYECTBO IUdp B UHC-
JIax, TIOMEINAIINXCA B AHATUTHIECKYI0 MaIlnHy, IIpyU HEOOXOAMMO-
CTH Ta ke MalllrHa MO)XeT BHITIOJHATh BHIYUCIEHUS U C YUCIaMH, B KO-
TOpHIX B k pas Gomblre 1udp, HO aTo noTpebyeT B k2 pa3 6obIIero
BpPEMEHHU.

BugHo, 9yTo X0Ts1 y Ba66uMmKa coBepIIeHHO SICHO n3JiokeHa cxema divide et
impera (JlaTUHCKOE BhIpaykKeHUe, TO-aHITMHACKY roBopAT «divide and conquer»,
MO-PYCCKHU OOBIYHO MEPEBOAAT 3TO KaK «pa3zesisiii U BIACTBYi» — B JaHHOM
cJTyyae MBI IeJTUM YUCIa Ha IBe YacTU), HO OH He MOZ03PEBAET O BO3MOXKHO-
CTU 3aMeHBI YETHIPEX YMHOXKEHUI Ha TPU U COOTBETCTBEHHOT'O COKpAIleHUs
BpPEMEHHU BHIYMCJIEHUA — TaK YTO Ja’Ke €CIU MPEIION0KUTD, YTO B KAKUX-TO
b6ymarax I'aycca u 6bu1a mogo0OHas uzes, TO BUAHO, YTO PaCIIpOCTPaHEeHU OHa
He TIOJTy4rIa.

OTMeTHM ellé KIacCUIECKUH MMPUMeDP aJrOpUTMa THIIA «pa3zesiai U BIacT-
BYii», KOTOPBIH TO)Ke ObUI MPUAYMAaH B JOKOMIIBIOTEPHYIO 3Py — aJITOPUTM
COPTUPOBKH CIUsAHMEM (ToAJIeKale COPTUPOBKE 0ObEKThI POU3BOIBHO Jle-
JIATCA Ha [IBe TPYIINbI; KakKAasd W3 TPYIIT OTAENIbHO COPTHUPYETCA, a IIOTOM
I'PYIIIbI CTMBAIOTCA C COXpaHeHHeM nopszka). Kak nmumet Kuyt [11, c. 385],

The idea of merging goes back to another card-walloping machine,
the collator, which was a much later (B cpaBHeHMH ¢ MalllIHAMU, COP-
TUPYIOIIUMM KapThl CHaya/ia 0 OJHOM KOJIOHKe, IIOTOM IO ApPYyToM
(radix-sort)) invention (1938). With its two feeding stations, it could
merge two sorted decks of cards into one, in only one pass; the tech-
nique for doing this was clearly explained in the first IBM collator man-
ual (April 1939). [See James W. Bruce, U. S. Patent 2189024 (1940).]
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Mogens «IBM 77 electric punched card collator», paspaborannas ¢upmoit IBM
B 1937 roay, onuchiBaeTcs Tak [9]:

As a filing machine, the Type 77 fed and compared simultaneously
two groups of punched cards: records already in file and records to be
filed. These two groups were merged in correct numerical or alphabet-
ical sequence. (...) Introduced in 1937, the IBM 77 collator rented for
$80 a month. It was capable of handling 240 cards a minute ...) IBM
withdrew the Type 77 from marketing on November 27, 1957.

§4. CHOBA 0 I'AVCCE

Bormpoc 0 ToM, OTKyZa B3sIach Bepcus 0 ['aycce ¥ TPEX YMHOKEHUAX, TaK
U OCTAETCs HEMOHATHBIM. MOXKHO MPEATIONI0XUTh, YTO BCE-TAaKU B KAKUX-TO
pykomucsx l'aycca Takoe 3amMeudaHuie uMeeTcs (UTo, pasymeeTcsi, HUKaK He OT-
MeHsieT 6eccriopHoro nproputeTa Kapaiyosl 1o YacTu airoputma 6bICcTpOro
ymHOeHus1). Ho 3To ceffvac KaykeTcss MHe MajIoIPaBAoIoA00HBIM, TOCKOIbKY
HUKaKUX NOATBEPKJAIIINX YIIOMUHAHUN HalTh He yzasnock. Jpyroi Bapu-
aHT, MOXXeT OBITb, 60Jiee MPaBJOMOA0OHBIN — YTO 3TO pe3y/IbTaT CMEIIeHUs
[IBYX UCTOPHIA: GBICTPOTO YMHOXKEHUA U OBICTPOTO mpeobpaszoBanusa Oypre.

[IpeobpasoBanrie Pyphe (B MHTEpeCyIOIeM HaC KOHEYHOM BapUaHTe) MOX-
HO OTMCaTh KaK BBIYMCIEHME N 3HaYeHWM MHorouwieHa P(x) cTeleHu MeHb-
Ille N BO BCEX KOPHSX CTEIEHU N U3 eAUHUIEL. VHTepmoasainonHas Gopmyria
JlarpaHka TOBOPUT, YTO UMEETCSI B3AUMHO OZJHO3HAYHOE COOTBETCTBUE MEXK-
Ay Habopamu Ko3¢UIIMEHTOB M HabopaMu 3HAYEeHWH, U aJTOPUTM OBICT-
poro mpeobpaszoBanusi Oypbe MO3BOJSIET BBIYUCIUTh 3TO Mpeobpa3oBaHUe
(B mobyto cropoHy) 3a O(nlogn) zericTBuii. DTOT aJrOPUTM TOXKE OCHOBaH
Ha CBeJIeHUU 3alaui K MEHbIIeH, eC/IU N eCTh CTeNeHb ABOMKU. A UMEHHO,
mycTh n = 2k u { — KOpeHb U3 eAUHUIIBI, IOPOXKAAOINH BCe OCTaIbHbIE. MBI
xotuM Berameauts P(1), P(Q), P(Z3), ..., P(¢*1), rae P(z) — MHOrOWIEH
cTerneHu MeHbIe 2k. Ecu crpynnupoBaTh B HEM YETHBIE Y HEYETHBIE WIEHBI
TIOpPO3HB, TO Tonydutca P(z) = Py(22) + 2P, (22), rae Py u P} — MHOTOYIEHBI
cTeneHy MeHbIle k. TakuMm o6pa3oM, HaM AOCTATOYHO BBIYUCIUTH 3HAYEHUS
MHoOro4wieHoB Py 1 P; B TouKax

1’ gZ’ 4'4’ e ng—Z, CZk — 1, 52k+2 — C2, §2k+4 — 4'4’ e §4k—2 — ng—Z’

KOTODBbIE SBJISIIOTCA KBaJpaTaMy KOpHEH cTeneHu 2k, T. €. B KOPHAX CTETeHU k
(kakabIF BCTpevaeTcs ABaKAbl). MBI CBEIM 3aJavy K ABYM 3ajadaM BBOE
MeHbIIIero pasmepa u O (n) yMHOXEHUAM U CIOKEHUAM (HY>KHBIM IS COEIH-
HEHUs pe3y/IbTaTOB). PeKypcHBHOE IPUMEHEHNE 3TOTO aJTOPUTMA JAET OIeH-
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Ky B O(nlogn) apudpmeTudyecKkux onepaiuii Ajis n, SBIsSIOMIMXCSI CTENeHIMA
JIBOUKHU.

9roT anroputM 6bUT OIy6IMKOBaH B ctaThe Kynmu u Teioku [5] B 1965 rozy.
OH oKa3zajicsi OYeHb BXKHBIM C MPAKTUYECKOI TOYKU 3peHus (HermocpeCTBEH-
HBIM TIOBOZIOM K X paboTe ObUTa KOMIIbIOTEpHAs 00paboTKa CUTHAJIOB, B 4aCT-
HOCTH, JaHHBIX O BOJIHAX B 3eMHOM KOpe TI0C/Ie siIepHbIX UCIIBITaHuit). Beko-
pe mociie mybOauKanuyu OOHAPYKWIOCh, YTO 3TOT aJITOPUTM HEOAHOKPATHO
HCITOJIb30BAJICS M MyOJUKOBaJCA U paHbine [4]. Bosee Toro, BmocjaeACTBUN
BBISICHUJIOCh, YTO IO CYIIECTBY 3Ta JKe uzes cofepkasach (M HCIOIb30Ba-
J1ach) B 3amucsax aycca, BUAMMO, OTHOCANIUXCS K 1805 rozy u omy6IrMKoBaH-
HBIX B 1866 rozly — HO HammMcaHHBIX Ha COBpeMeHHOM ['ayccy Bepcuu JaThIHU,
cMm. [3, 7], u mOoTOMy MaJsio KOMY TIOHATHBIX B HaCTOSIIIIEEe BpeMs.

MoskeT OBbITh, 3TU ZIBE UCTOPUU CMENIAIHCh B YbEM-TO CO3HAHUU? Tem
6os1ee uTo nMpeobpasoBaHre Pypbe 0Ka3amI0Ch MOJE3HBIM JJIs1 OBICTPOTO YMHO-
’KEHUS MHOTOWIEHOB (BBIYMCIUM 3HAaUY€HUs B KOPHIX U3 €JUHUIIBI, TIEPEMHO-
*KuUM ux 3a O (n) AeicTBUl, a MOTOM c/iejlaeM 0OpaTHOe Ipeobpa3oBaHKe), 9YTO
B CBOIO OYepeib MIO3BOJIMIIO YIyUITUTD OlleHKYy Kapariry6rr (aaropurm IIéHxa-
re — IlITpacceHa, 1971: ABoMYHas 3amMuch YUCIA IO CyIIeCTBY eCTh 3HaUYeHUe
MHorowieHa ¢ KoadpdunreHtamu 0 u 1 B Touke 2 B KOHEYHOM TIOJIE).

B sr060M ciy4yae, XOpoIno ObI IO BO3MOXKHOCTH YMEHBIIUTh ITyTaHUILY
B 9TOM /[iejie, He3aBUCHUMO OT IMIPUYHMHBI, TI0 KOTOPOM OHA BO3HUKJIA. ..

8§ 5. IONOJIHEHUE

Asekcell YCTUHOB, WieH peAkoieruu «MaTeMaTUyecKoro IIpOCBelleHUs»,
3a7iay Bompoc mpo «Tpiok laycca» Ha caiite MathOverflow [23]. OTBeuas
Ha 3TOT Bompoc, Kapno BeHakep mpeanpuHsi 6ubnuorpadudeckre pasbic-
KaHUsA, KOTOpBIe TaKKe He NMPUBEJH K LelH (BbIACHEHUIO TOTO, IOYEMY OIH-
CaHHBIN CIIOCOO YMHOXKEHUsI KOMIUIEKCHBIX YHCesT MIPUIUCHIBAIOT ['ayccy) —
3aTO OH OOHApYXWI 4yTh Oosiee paHHU TekcT [15], 3amucku sekuwmii [la-
IaKOHCTaHTHHY B yHHBepcuTeTe Mopka 2005 roga, Iie 3TOT CIOCO6 Takxke
npunuckiBaetcs l'ayccy (HO cHOBa 6e3 KOHKPETHOM CChLIKH).
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3ameTku ¢ MexXxaAyHapoAHOI'0O
KOHI'pecca MaTeMaTHUKOB

A. 0. OKyHBKOB

Jletom 2018 roza B Bpasunuu, B Puo-ze->KaHeiipo, npoIén ouepesHOH,
ye 28-1 1o cuéry, MexxAyHapOoAHBI KOHTPecC MaTeMaTHUKOB (COKpamEHHO
MKWV, a no-anruiicku ICM). KoHrpecchl MaTeMaTHKOB IPoBoAATcs ¢ 1897 ro-
[la ¥ ABJIAIOTCA He TOJIBKO BaXHeHImMMu GopymMaMH B Hallledl MaTeMaThde-
CKO¥ mpodeccr, HO ¥ CTapeHIIMMU HayYHBIMU MEPONIPUATUAMU MTOJ06HOTO
¢dopmara. Ceifuac OHU IPOBOAATCA OZ AruAoN MeXIyHapoJHOTO MaTeMaTH-
yeckoro coroza (MMC). Ha MKM BpyuatoTcs mezanu duigca u Apyrve Ha-
rpazel MexayHapogHOIo MaTeMaTUIeCKOro Col03a, a UMeHHO Ipemun HeBan-
JHHEL, ['aycca u JInnasaty, a Takke MeZfanb YepHa.

Koctak nporpammMel MKM cocTaBiAOT IUIEHapHbBIE U CEKIIMOHHBIE JOKJIA-
Zbl, KOTOpBIE NIpefoCTaBIAT ydacTHuKaM MKM yHUKaIbHYI0 BO3MOXXHOCTD
YBHU/ZIETD IIMPOYANIIYIO TAHOPAMy MOCIEHUX JOCTIKEHUH BO BCeX 00IacTAX
MaTteMaTUKU. [IeHapHbIe U CEKIMOHHbIE JOKJIAAYMKH TIIATENbHO MoA0Mpa-
I0TCA TTporpaMMHBIM KoMuUTeToM MMC 1 0OBIYHO O4YeHb AOOPOCOBECTHO T'O-
TOBAT CBOU JOKJIaJBl, BKJIaAbIBasA B HUX MHOT'O MBICIU U Aymu. Ha MHOrouuc-
JIeHHBIX GOopMasbHBIX U HepopMasbHBIX IIommazkax MKM mMaTeMaTHUKU BCero
MUpa 3HAKOMATCA APYT € APYToM, AeATCA CBOUMU IPo6ieMaMy U OIBITOM,
y4Jarcs ApyT y ApyTra, BAOXHOBIIAIOT APYT Apyra U T. A. HakoHer, myOimdHbIe
JIEKIIMY KOHI'pecca HeCcyT MaTeMaTU4eCcKoe 3HaHMe B IIOMCTUHE IUPOKKe Mac-
CBI, KOTOPBIE TIOMHMO YYaCTHUKOB KOHTpecca BKJIIOYAIOT JII0OUTENIeH MaTeMa-
TUKU, IIKOJIBHUKOB U CTYZE€HTOB.

MHe oCcYacTIMBIIOCH OBITh yuacTHUKOM MKM B Puo-zie-YKaHelipo, 1 s 661
XOTeJI OZeIUThCS CBOMMU BIIeYaT/IeHUAMU U MBICJIAMU € YuTareaamu «Mate-
MaTH4YeCKOI'o IIPOCBEIIEeHUA» B 3TUX 3aMeTKaxX. Cpasy oroBOpIoCh, 4YTO COBpe-
MeHHas MaTeMaTHUKa HACTOJIBKO IIMPOKA U IIyOOKa, YTO I[eTMKOM BMECTUTh
e€ B roJIoBy He IO CWIy HUKOMy. He Mory yTBep:kzJaTh Jaxke, YTO B Moel
COOCTBEHHOUM OTHOCUTEIBHO Y3KOUM CHEIUATBbHOCTH 5 JE€TaJbHO TIOHSI BCE
Joxiagel. [JosToMy MaTeMaTHUKy OT MeHA JaNIEKYIO, a TaKOBas COCTABJAET

MaTtemaTnyeckoe npoceelleHue, cep. 3, Bbin. 24, 2019(34-51)
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IIOZIaBJIAOLLYIO YaCTh, 1 MOT'y IlepecKa3blBaTh TOJIbKO OYEHb KPYIIHEIMU Ma3Ka-
Mu. EfVHCTBEeHHAA 1Iejb, KOTOPYIO MOZOOHBIN Ilepecka3 MOXKeT IIpeciiel0BaTh,
3TO OBITH CBOEr'0 POJja KPACOYHON OTKPBITKOM U3 JAIEKOM MaHALIEH CTPaHBL.
f1 o4eHb HaJelOCh, YTO MOU Ilepecka3 3auHTepecyeT YWTaTeNld U JAaCT eMy
CTUMYJI OTTIPaBUTHCA B HeOIU3KOE IyTelleCTBUE B Ty CAMYIO MaHALIYIO CTPaHY,
a MeHee MHOCKa3aTeJbHO — 3aCeCTh 3a CHeLUaJIN3UPOBAHHYIO JIUTEpPaTypy.
KitoueBBIM U ¢ HeTeplieHUeM 0XXKUZaeMbIM MOMEHTOM JHSA OTKPBITUA KOH-
rpecca aBjfgeTca BpydeHue Meganeil dujca, KOTOpble CYUTAIOTCA CAMOU BbI-
COKOM Harpazioli B MaTeMatuke. B 2018 rogy mezaneit duiaca 6buty yaocToe-
Hel Kaymep Bupkap, Axmaii Benkaren, Aneccuo @urannu u Iletep [Mosbiie.
[lo TpazuIMy LlepeMOHUS BKII0OYaeT HeOOoIbIIve JEKIUH O 3ac/Iyrax jaypea-
TOB (B aHIVIMKCKOM SI3bIKE /TSI HUX MCITOJIb3YeTC sl 3aMMCTBOBAaHHOE K3 JIATHIHU
croBo laudatio, 4To MoXKeT GBITH IEpeBeZieHO KaK IOXBaja WM BOCXBaJle-
Hue). O 3acayrax HOBOUCIIEYEHHBIX JIaypeaToB pacckasanu Kpucrodpep XakoH,
[Mutep Capnak, Jlyuc Kaddapemwrn u Muxasab PamonopT cOOTBETCTBEHHO.
Omnupascek Ha oty laudatio 1 Ha IeHapHBIE ZOKJIAJBI CAMUX JIaypPeaToB, f M0-
mpoOyIo paccKkasaTh O JOCTIKEHUAX HOBBIX QMIZICOBCKUX MEAATUCTOB.

Hauatb pacckas, BUZIUMO, TPaBWIbHO ¢ [Temepa Illonbue, 16O Aaxke B TaKOH
3BE3HON KOMIIAHUU OH CTOUT OCOOHAKOM. EC/i MMeHa Apyrux MeJaIrcTOB
JUI1 KOTO-TO BEpOATHO OBUIH CIOPIIPU30M, TO HarpakzeHue Illosmblle npezcka-
3bIBAJIU U OXKUZAIU Bee. TpyZHO He MOYyBCTBOBATh BOCXUILIEHUA, JAXKe OLLIEIOM-
JIEHUs, KaK OT IIyOMHBIL, TaK U OT KOJIMYECTBA OTKPHITUH, cZenaHHbIxX [Hlosbile,
IIPY TOM YTO HAa MOMEHT HarpaxzaeHus emy 6sut0 Beero 30 set. IIpu aToM pabo-
TaeT OH B 00JIaCTH, KOTOpas MHE JIMYHO TPECTABIAETCSI HEBEPOSITHO TSIKETOM
Y TEXHUYECKOH, HO BOT KaK-TO y HEero Ioay4aeTcs HaXOAUTb IIPaBWIbHbIE TOYKU
3pEHHUA Ha BOIIPOCHI, CTABUBIINE B TYIIMK CTapLINeE ITIOKOJIEHUA MaTeMaTHUKOB.

Maremarudeckuii ananus u auddepeHiinasbHas reoMeTpUs ONepUpyroT
C BelleCTBEHHbIMH (M KOMIUIEKCHBIMH) YKCIaMH, KOTOPbIE IIOTy4aloTCs U3
T0JIA palMoHaNbHbIX yrcen Q (wm nona Q(v—1) B ciydae KOMIUIEKCHBIX K-
CeJI) C IOMOIIBIO MTPOIEYPhI OMOTHEHHUS OTHOCUTENBEHO OOBIYHOM HOPMEI |X|.
B Teopuu unicen UCKIIOYNATENBbHO BXXHO pacCMaTpUBaTh p-aZudecKkrue HOpMU-
pOBaHUA, B KOTOPHIX YHUCJIO X TEM MeHbIIle, YeM Ha OOJIbIIYIO cTelleHb IPOCTO-
I'0 YKCJIa p OHO JAEJIUTCA. DTO II03BOJIAET IIOAXOAUTh K TEOPETUKO-YUCIOBBIM
BOIIpOCaM, TaKUM KaK JeJIUMOCTb, aHaIuTU4Yecku. Haj nosamu, MOJHBIMU
OTHOCUTEJIBHO p-aJiM4eCcKOr0 HOpPMHUPOBAHUA, MOXXHO Pa3BUBaTh aHAJIOT KOM-
IUIEKCHOM reOMETPUH, U 3TO JAéT KaK OBl reOMeTPUYECKUH IT0X0/; KO MHOTHIM
KJIIOYeBBIM ITpobsieMaM Teopuu 4mces. J[pyroe ieo, YTO U B CMBICJIE TeOMeT-
PUYECKOM MHTYUIIVH, TEXHUKU, Z1a U OOBEKTUBHOTO CyllecTBa GEeHOMEHOB,
p-azuyeckas CUTyalusa 3aMeTHO XUTpee KOMIUIEKCHOM.
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OznHo¥ 13 nepBbIX ApKUX uzel llosbiie ObUIO MOHATHE TEPHEKTOUTHOTO
nosis u nepdekronzHOro mpocTpaHcrBa. OT nepdekrorngnHoro moss k Tpebyercs:

1) MOSHOTa OTHOCUTENBHO P-aZMYeCKOr0 HOPMUPOBAHUA | - |,

2) 1wioTHOCTh 0bpa3a orobpaxkenus |- |: k — Ry,

3) cyurecTBOBaHHE HEKOTOPBIX KOPHEN p-H CTETeHHU.

Hanpumep, ecii Mbl K OGBIYHOMY p-aA9eCKOMY MO0 Q,, MPUCOEAVHUM
KOpHHM Py/p Jist Bcex n = 1,2,... U 3aTe€M CHOBa p-a/jM9€CKH TIOTMIOJIHUM, TO
noxyyuM nepdeKToHZHOe 1oJe XapaKTepucTUKH 0. A ecii BMECTO 3TOTO MBI
paccMoTpuM GopMasIbHbIe psazbl ¢ wWieHamu Buza t/P" u xosdduireHTaMI
B KOHeYHoM Tiosie IF,, To 3To GyzieT mpuMep neppeKTOUHOTO MOJA XapaKTepy-
cTUKY p. OTTaJKUBAsCh OT ITOTO onpezetenus, [Ilonbile BBOAUT IIOHATH TIEP-
dekTonAHOM anre6pHl U MepdHeKTOUAHOrO MPOCTPAHCTBA. HecMOTps Ha CBOIO
YT'POXKAIOIIYI0 HEHETEPOBOCTD, 3TH OOBEKTHI CPa3y MPOsIBIIIN cebs1 Kak caMoe
MOII[HOE TEXHUYECKOE CPEICTBO B p-afIdecKoil reoMeTpuu. MHOTHE Ka3aB-
IIMecsl COBEPIIEeHHO HENPUCTYITHBIMYU TUITOTe3H! (BBIIBUHYThHIE TAKUMU MaTe-
MaTHKaMu, Kak [lenuusb, Teitt, XoxcTep U Ap.) ObUIM B TeUeHHE HECKOIbKUX
JIET WIN MOJHOCTBIO, WIK B OYeHb OOJBIION OOIIHOCTH JoKa3aHbl [losbile
U ApyruMu (U3 KOTOPBIX, BUAUMO, CJieflyeT 0cOGeHHO BhiIeUTh BapraBa Bxat-
Ta u ViBa Anzipe (Ives André)) ¢ ucmoab30BaHUEM TEXHUKU MepGEKTOUTHBIX
IIPOCTPAHCTB.

MHorue U3 oA06HBIX TUIIOTE3 KAaCaIOTCsI KOTOMOJIOTUM pP-afIndeCKUX MPo-
CTPaHCTB, U He OyZieT IpeyBeIiYeHNeM cKa3aTh, 4To LIlosblle U ero coaBTOPHI
Hay4WId MaTeMATHKOB [yMaTh O HUX COBCEM IIO-HOBOMY U, KaK MHE KaXKeTcs,
ropaszio sicHee U TMOHATHEE. B IPUBBIYHOM TeOMETPUU TPYIIIbI KOTOMOJIOTH
SIBJIIIOTCS, BEPOSATHO, CAMBIM OCHOBHBIM are6pandecKuM 06'bEKTOM, KOTOPBIi
MOXKHO COIIOCTaBUTh KOMILIEKCHOMY MHOT000pa3uio, © MHOT'O Ba)KHOM MHOOD-
MaIMH TEYET TI0 ITOMY MOCTY MEXK/Y anrebpoii v reoMeTpueli B 060MX HaIpaB-
nenusx. K npumMepy, B 3a/jauax reOMeTPUYECKOM TEOPUU MPeACTaBIeHUI CaMO
IIPOCTPAHCTBO NPeJCTABIEHUs YaCTO PeaIn3yeTcs KaK HeKOTopas IpyIia Koro-
MOJIOTHUIA. B TOM Ke Ziyxe KOTOMOJIOTHY HEKOTOPBIX CIIEIUATBHBIX P-aInIeCKUX
IIPOCTPAHCTB UTPAIOT KJIFOYEBYIO POJIb B IporpaMMe JIeHIIeH/Ica, ¥ Pe3YIbTaThl
[[losblle, cpeay MPOYEro, MOMOTAOT CTPOUTD TI0 HUM IpeAcTaBaeHus lamya
B ropaszio 60sbIei O6IIHOCTH, YeM ObUTO U3BECTHO PaHee.

Koromosioruy KOMIUIEKCHOTO MHOT000pPasvs MOXKHO BBIYUCIATH OYEHb
[I0-Pa3HOMY: MOXKHO COCYMUTATh KOTOMOJOTHUY Yexa /it MOAXOAAIIEr0 OTKPHI-
TOT'O TIOKPBITUSA, @ MOXKHO HCIIOJIb30BaTh TeopHio e Pama u auddepeHu-
anbHble GOPMBI (KOTOpBIE MOTYT OBITH OTIpeZeeHbl alrebpandecKu i a-
rebpanveckux MHOroo6pasuii). CorsiacoBaHHOCTh 3TUX KOHCTPYKIIMH OY€eHb
HeoueBuAHa. C OJHOM CTOPOHBI, UHTETPAIBl GOPM IO IIUKJIaM, KOTOPBIE TYT
y4acTBYIOT, MOTYT ObITh OYeHb MHTEPECHBIMU TPAHCLIEHIEHTHBIMU YHCIaMHU,
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Kak, HalpuMep, ynciao 7. C Apyroil CTOPOHHBI, UHTErpaibl GopM IO IIUKJIAM
WTHOPUPYIOT KpydeHUe, T. €. 3/IeMeHThl KOHEYHOT'0 IIopsAJKa B KOTOMOJIOTHAX,
a Kpy4eHHe 4acTo HeceT B cebe 0YeHb BAXKHYIO MHGOPMALIHIO.

B asnre6panvecKoil ¥ TEOPETUKO-YUCIOBOM CUTyaIlud BMECTO CTApPhIX KO-
roMmosioruit Yexa Mbl MMeeM dTajJbHble KOTOMOJIOTUY, U BHUMaHUe 6OJIbIIOTO
YUCIa CHEeIUaINCTOB OBLIO COCPEOTOYeHO Ha CPAaBHEHHUU UX C KOTOMOJO-
ruaMu Je Pama u ApyruMu TeopusMHU KOTOMOJIOTHH. I'pOTEHAMK yUWI, YTO
B OCHOBE MX BCeX JOJDKHA JIeXKaTh OflHA YHUBepCca/lbHas TEOPU:, a UMEHHO
TeopHsa MOTUBOB. 3aBepllieHre TeOPUM MOTHBOB IIpe/IoaaraeT, O4HaKo, J0-
Ka3aTeJbCTBO TUNOTe3 TUNa runore3 Xomxa u TeliTa, K KOTOPBIM MaTeMaTU-
KM BOT YK€ O4YeHb JI0JIT0e BpeMsi HUKaK He MOTYT mozobparh kiroueid. Tem
6osee 3amevaTesnbHO, yTO [Il0TBIIE BMECTE CO CBOMMHU COABTOpaMu bxaTToMm
1 Moppoy npuzyMas HEKOTOPYIO TEOPHIO KOIOMOJIOTUM, KOTOpas 3aBUCUT
OT ZIONIOJTHUTENbHBIX IAPAMETPOB U IIPU OTIpeZeIEHHOM BhIOOPE UX 3HAUEHUI
IIPUBOJUT U K 3TAJIbHBIM, U K [le-paMOBCKUM, M K KPUCTAIbHBIM KOTOMOJIOTH-
AM, BKJIIOYad KpydeHue. Emé 6osee 3aMmeyaresbHO, YTO B OCHOBE UX IIOCTPO-
eHMA JIeXKUT 3aMeuaTesibHas KOHKpeTHas Aedopmaiiusa KoMmIviekca e Pama
2151 abUHHOTO MPOCTPAHCTBA, @ UMEHHO ero g-pasHocTHas JedopManusd,
CTOJIb JIFOOMMas B TEOPUU CIEIMaNbHBIX GYHKINHN U TEOPUU NIpe/ICTaBIeHNUN.
[TpocTo BMeCTO YaCTHBIX MPOU3BOAHBIX MBI OEPEM

_ fl.qx,..)—fC.,x,...)
(@—Dx; '

[Ipu ¢ — 1 3TO mMpeBpamaeTcs B OOBIYHYIO IIPOU3BOAHYIO, a JUIIHUHN Hapa-
MeTp g Kak pa3 u fJaér teopuu bxarta, Moppoy u llonblie BO3MOXKXHOCTD
BKJIIOYMTh MHOTHE TEOPUHU KaK YacTHBIE CIydau.

OTCYMTHIBAONINKA CBOIO UCTOPUIO ¢ paboT l'eitHe 1840-x rozioB, g-pa3HOCT-
HBIU aHa/IN3 [lepeXrBaJl IepuoJbl KaK BEICOKOI'O, TaK U CpeJJHero MHTepeca
CO CTOPOHBI ZpyTux obnacTeit MaTeMaTuky. OANH MOJOOHBIN BCIUIECK MHTe-
peca ObLT BBI3BaH OTKPHITHEM U MCCIeJOBaHUEM KBAHTOBBIX IPYIII B paboTax
mkonsl Pagzena, Jprundenbaa u Kuorckoil mkonsl. /JIpyroil Beiuleck NpU-
XOAWTCs Ha Haile BpeMsa. C OZHOU CTOPOHBI, Kak Hokasanu bxaTtTt, Moppoy
u [lonbre, g-pa3HOCTHAA TeXHUKA CIPABJIAETCA CO MHOTUMU IVIyOodyaniiu-
MU BoIIpocaMu B Teopuu uucesn. C Apyroil CTOPOHBI, MOXKHO CKa3aTb, YTO
KBAHTOBBIE I'PYIIBI U CBA3aHHAA C HUMHM MaTeMaTudeckas GpUsnKa IMarHyau
B ClleAlylolllee U3MepeHUe WK Jaxke B cylefyroliie usMepeHus. I1ogpo6HbIi
paccka3 06 3ToM OTBJIEK ObI HAC CJIUIIKOM JIajleKO, HO XOUy KOHCTaTUPOBATh
TOT akT, YTO poJib -pPa3HOCTHHIX ypaBHEHUU B MaTeMaTudeckol Qu3uke
U CBI3aHHOU C Hel ajreOpanvecKoil reOMETPUU U TEOPHUU IMpeACTaBIEHUMI
TOXXe BHEe3aIlHO BBIPOCIIA.

vi,qf(' cey Xiy oo )
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Kaywep Bupkap 6v11 yaoctoeH Mezanu Puzca 3a cBor paboTh IO MHO-
rOMepHO} KOMIUIEKCHOH anrebpandecKoil reOMeTPUH. 30JI0THIM CTaHAAPTOM
B a/irebpanvyecKol reOMeTPUH SABJIAETCS TEOPHUA IMIAZKUX alreOpandecKux Kpu-
BBIX WJIM KOMITAaKTHBIX PYMaHOBLIX IOBEPXHOCTeN. BaskHeNIITMM HHBapUaHTOM
kpuBoii C saBisiercs e€ pog g(C), KOTOPHIH, B iyxe y:ke 00CyKaBIleicss HaMu
SKBUBAJIEHTHOCTH MEX/Y Pa3JINYHBIMU IOCTPOEHUAMYU KOIOMOJIOTHI, MOXKHO
OIpeZiesIUTh WIH KaK YUCIO PydeK Y PUMaHOBOM ITOBepXHOCTU C, WIH KaK YHC-
JI0 TMHEWHO He3aBUCUMBIX AuddepeHnnranbHbX GopM Ha C. Anrebpanyeckue,
reoMeTpUYecKye U TeOPeTHUKO-UYHCIOBbIe CBOMCTBA C NCKIIOYUTENBHO CUIBHO
3aBUCAT OT TOT'O, B KAKOM M3 TPEX CIeAYIONINX KJIacCOB OHA ITONaJaeT.

1) VMeetcs equHCTBEHHAs IIa/iKas MOHAsA KpruBasi poa 0, 3TO KOMILIEKC-
Has mpoeKTHBHaA npaMas C = P!, wim coepa Pumana. Ha Heil HeT HeHyie-
BBIX BCIOZ[y PEry/JIApHBIX CeYeHUN pacCIOeHus Qé mnbdepeHIMANTBHBIX GOPM,
KOTOpOE B JJaHHOM CjIy4ae COBIIaZaeT ¢ KaHOHUYECKUM JUHEWHBIM paccioe-
HUeM w . bosee Toro, ABoliCTBeHHOE KacaTenbHOe K C paccioeHue wgl =Tc
OBIIBHO, T. €. UMeeT MHOro cedeHuit. [loaTomy C = P! ecTh mpocreiimmuii
npuMep MHoroo6pasusa ®ano. HamoMHUM, 9TO KaHOHUYECKOE JTMHEHHOE pac-
CJIOEHUE IS TVIaIKOTO MHOT006pasusa X ompejesseTcs Kak wy = AdimX Q}(,
T. €. KaK CTapllias BHEIIHAA CTelleHb KOKacaTeJbHOr'0 paccaoeHus X.

2) Jlnsa kpuBBIX poa g > 1, HA0O6OPOT, HEKOTOpAas CTEMEHD W, OOWIbHA,
TE€M CaMbIM OHU SBJIAIOTCS MPOCTEHIINM ITPUMEPOM MHOT0006pasuii ob1iero
Thna. Takux KPUBBIX MHOT'O, UX KJacChl M3oMopdu3Ma MapamMeTpusyroTcs
HEKOTOPBIM KOMIUIEKCHBIM MHOT000pa3ueM pa3mepHocTd 3g — 3 > 0, K KOTO-
pOMy MBI el€ BepHEMCA ITO3XKe.

3) IIpoMexyTOYHOE TOJIOKEHNE 3aHUMAIOT KpUBBIE poza 1, s HUX pac-
CJIO€HUME - TPUBUAJBHO, T. €. HA HUX UMeeTCs eJUHCTBEHHBIN C TOYHOCTBIO
0 MHOXUTeNnA auddepeHnran, KOTOPBIHA HUTZle He BBRIPOXKZAeH. B Oosbmieit
pPa3MepHOCTH TPUBUAIBHOCTD - 03HA4aeT CyIL[eCTBOBaHHE BCIOJY HEBBIPOXK-
ZileHHOM ¢opMBI cTapiieli cTreneHu. Takve MHOroo6pasus NMPHUHATO HAa3bIBaTh
MHoroob6pa3usimu Kanabu — fly.

Llesb MHOTOMEPHOH anrebpandecKoil reoMeTpHUU — Pa3BUTh IOZOOHOTO
poZia MOHMMaHUe IS ajrebpanvecKux MHOTOOOpa3uil MpOU3BOJBHON pas-
MepHOCTH. fICHO, YTO KapTHHA OyZleT Hen3MepHMO CJIOJKHee II0 I[eJIOMY pAAY
IPUYYH. Y)Ke HAauMHas C pa3MePHOCTH 2 KIacCUUKAIUA C TOYHOCTBIO 10 U30-
Mopdu3Ma ABIAETCA CAULIKOM YTOHYEHHOU /i1 GONMBIIMHCTBA 3aja4. Jlel-
CTBUTEJIPHO, €CJIM y Hac eCTh Iajikas aarebpandeckas IOBEPXHOCTb, TO eé
MOJKHO Pa3ZyTh B JI000H TOUKe U MONYyIUTh HOBYIO, HEN30MO(DHYI0, HO OYeHb
6JIM3KOPOZICTBEHHYIO ITOBEPXHOCTh. Pa3yMHO IO3TOMY pAaCIIMPUTH OTHOIIE-
HUe SKBHMBAJIEHTHOCTH ZI0 OUpaIiMoHaIbHON SKBUBAJIEHTHOCTH, KOTOpast O3Ha-
YaeT, YTO /IBa MHOroo6pasusa UMeIoT U30MOpdHbIE OTKPHITEIE 110 3aPUCKOMY
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IIOJMHOXKeCTBa, WIH, YTO TO e camoe, U30MOpQHBIe IO paliioOHATbHBIX
byHkui. Jia raZKyX MOMHBIX KPUBBIX OMpalioHaIbHasA SKBUBAIEHTHOCTh
paBHOCHIbHA U30MOpPGU3MY.

[lanee, Ha MPOU3BOJILHOM aJre6panvyeckoM MHOT000pa3uu X HU OJHO U3
JIMHEHWHBIX PACCIOEHUMN co§1 He 00513aHO OBITH OOWJIBHBIM, HampuMep, X Mo-
’KET paccjanBaThcsa HaZl 6a30i 00IIero TUIA CO CIOAMU, KOTOPHIE ABJIAIOTCA
MHoroob6pasusamu ®ano wiu Kanabu — fdy. 3azadeil mporpaMMbl MUHUMAJTb-
HBIX Mo/Jieslell ABJAeTCA CBeZileHhe IIPOU3BOJIIBHOr0 X K TaKOT'O poZa CTPYKTY-
paM I0CpeICTBOM HEKOTOPOH KOHTPOJIMPYeMOU IOCIeI0BaTeIbHOCTH Oupa-
[[MOHATBHBIX ITpeobpa3oBaHUi. JTO Ieyas OTPACAb MaTEMATUKH, B PA3BUTHE
KOTOPOI BHECJIM OI'POMHBIN BKJIJ KaK 3apyberkHble y4€Hble, Takue Kak Mopu,
Kosnap, XaKoH # Zp., TaK U OTeYecTBEHHAs IIKOoJIa aJrebpandecKkoil reomMeT-
puu, u B ocobeHHOCTH B. A. VickoBckux u B. B. IIIoKkypoB.

Cpeau pe3ynbTaToB bupkapa MOXXHO, TIOXKalyH, BBIIENUTDH /Ba. [1epBoiii,
TI0JIy4eHHBIN coBMecTHO ¢ XaKoHOM, MakkepHaHOM U KaccrHM, TOBOPUT O TOM,
YTO TaK Ha3bIBaeMoOe KaHOHMYECKOe KOJIbIIO, T. €. KOJIbII0, 00pa3oBaHHOE ceve-
HUAIMU BCeX CTelleHel wy, KOHeYHO MTOPOXAeHO JJIA IIaZKOIo IPOeKTUBHOI'O
MHOTroo6pasus X Haj 1MojieM KOMIUIEKCHBIX yucesl. TakuMm o6pa3oM, B 4acT-
HOCTH, MOXXHO F'OBOPUTD O €r0 IPOEKTUBHOM CIeKTpe X.,,, YTO eCTb TaK Ha-
3bIBaeMas KaHOHHYecKasa Mozeab X. JTa TeopeMa eCTb APKUM 3aKII0UUTeNb-
HBIU aKKOP/, B JOJITOM PasBUTHUU UJell MHOTUX 3aMedaTeTbHbIX MaTeMaTHUKOB.
[To MoeMy CKPOMHOMY CY>KJ€HUIO, X9KOHA CTOWIO OBl OTMETUTb MeZajbIo
®unaca 3a 9TO U Apyrue ero JOCTIKEHUs, TIOKa eMy elé He ObLIO COpPOKa
JeT. XOTb XKU3Hb U CJIOXKWIAch MHade, IpU3HaHUe BCE Ke Halulo U X3KOHa,
1 MakkepHaHa B Buzie [IpeMun 3a mpopsiB B MaTeMatuke (Breakthrough prize
in mathematics), Bpy4énHoii um B 2017 rozy.

Bropoti ke, Temeph yKe COMbHBIN pe3y/bTaT bupkapa Kacaercs kinaccupuka-
1y MHoroobpasuit ®aHo. B 0601 GUKCHPOBAHHOM pa3MepHOCTH > 1 MOXeT
CylecTBOBaTh GECKOHEYHO MHOI'O PasjIMYHBIX IVIaJKUX MHoroobpasuit ®aHo,
HanpyMep pasAyTHA IPOeKTUBHOI IIockocTH P? B < 8 Toukax. OHAKO BCe OHU
OTpaHMYEHBI B TOM CMBICIIE, YTO 0OPa3yIOT KOHEYHOE YHCIIO CEMEUCTB (Imapamert-
PU3yeMBIX MOJIOKEHUEM TOYEK PasAyTHs B IpeAblAyieM puMepe). OrpaHuveH-
HOCTh TPEXMEPHBIX IMIAZKUX MHOTOOOpasuii ®aHo ObLia okazaHa B. A. VIcKoB-
ckux B 1970-x rogax, a cjiy4ail IpOM3BOJILHOM Pa3MEPHOCTH ObLT 3aBEPLIEH
Hagenem, Kammanoti, Koutapom, Mopu u Musokoi B Hadase 1990-x rofoB.

[TpocThble pUMepHl IOKA3bIBAIOT, YTO €C/IM OTKa3aTbCA OT IaAKOCTH, TO
OTrpaHUYeHHOCTD IponazaeT. OHAKO eI Cy3UTh JOITyCTUMBIH Kilacc ocobeH-
HOCTel C TOMOIIBI0 HEKOTOPOH YMCJIEHHOM XapaKTEPUCTUKH €, TO JJIs1 TF0OOTO
3alaHHOTrO € > 0 TaK Ha3bIBaeMbIe £-JIOT-TePMUHAIbHbIE MHOTOOOpasus PaHo
B M060M 3aJaHHOM pa3MepHOCTU CHOBA OTpaHUYeHBl. DTO YTBEPXKAeHUe ObUIO
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BBICKA3aHO Kak rumore3a B. AnekceeBbiM u 6paTbamu A. u JI. BopucoBbIMU
Y CTaJo0 U3BECTHO KaKk BAB-rumnorte3a. B cBoém laudatio XakoH oxapakTepu-
30BaJI 3Ty THIIOTE3y KaK CaMyl0 BaXKHYIO THIIOTe3y 0 MHOroobpasusx daHo.
YacTHbIe CIy4au 3TOM TUIOTEe3bl ObUTM U3BECTHBI O1arozaps paboraM caMux
AnexceeBa v bopucoBsix, KaBamatsl, XokoHa, MakkepHaHa u [lly. brpkapy e
yZAQJIOCh I0KA3aTh JTY TUIIOTE3Y B CAMOM MOTHOU OOUTHOCTU. DTOT €ro pe3yiib-
TaT ¥ OIPUHEC eMy CJIaBy.

Kak u B ciaydae Iletepa Illosbiie, o paboTrax Axwas Benkamewda Ha KOH-
rpecce paccKasbIBaJl ero OBIBIINI HAyYHBIN pykKoBozauTenb — [Iutep CapHak.
Ero 3azaua, nosnarato, 6pl1a CTONb Ke CJIOKHA, KaK U 3aZadya Mwuxasna Pa-
[IOIIOpTa, paccKasblBaBIlero o AoctmkeHuax [lerepa Moabne. CieKTp Hay4-
HBIX MHTepecoB camoro CapHaka y:xe caM 110 cebe IpaKTH4eCKH HeOObATEH,
a ero yueHUK BeHKaTell criocobeH TeHepUpOBaTh CBEXKUE UJEU U MOIydYaTh
IIepBOKJIACCHBIE Pe3y/bTaThl B CTOJb Pa3HOOOPa3HBIX 00IACTAX, YTO IPOCTO
[yX 3axBaTeIBaeT. TyT U AUHAMUYECKHE CUCTEMBI, 1 aBTOMOpPGHEBIE GOPMEI,
Y Macca IpyTUX BaXXKHEUIITUX 00bEKTOB COBPEMEHHOM TEOPUH YHCEIT, KOTOPhIE
BCE B €0 CTAThSAX KUBYT B CJIOKHO TEePEIUIETEHHOM CUMOHO3e.

Baxnaa tema, nopgu€pkHyTas CapHaKOM B €ro BBICTYIUIEHUU, — 3TO LUK
3a71a4 0 paBHOpACIIpeZieJIeHNY, CBA3aHHBIX C TAaK Ha3bIBAeMBIMU CyOKOHBEKC-
HBIMU OlleHKaMM Ha aBTOMop¢HbIe L-PyHKIMU. 3a7a4ul TaKOro pojia UMEIoT
JUIMHHYIO UCTOPHIO B TEOPUU YHCe, HO OCOOEHHBIH ITpOorpecc B UX aHaIN3e
OBUT IOCTUTHYT 3aMedyaTeIbHBIM OTedyeCcTBeHHBIM MaTeMaTtukoM FO. B. JIuH-
HUKOM U €ro nocjefoBareasiMu (caM BeHKaTell B CBOMX CTaThAX MIOCTOAHHO
MOAYEPKUBAET BIWAHUE el IIKOJbI JIMHHUKA). B mpocreiimeM npumepe
peds MAST O IeJMbIX TOYKAX Ha chepe WM rumepbononze pasmepa vd, T.e.
0 MHOXeCTBe S, pellleHU! ypaBHEeHUA

2, .24 .2 3
xptxy x5 =d, (x1,xy,x3) €Z7,

¥ O pacIpeZieleHUM COOTBETCTBYIOMMX Todek |d| /2 (X1, Xy, X3) Ha equHNY-
HOU chepe Win eAMHUYHOM rurepbosonze. B paborax JiunHnka u CKyOeHKO
GLLIO ZI0KA3aHO, IIPH HEKOTOPHIX MPe/AIONoKeHnAX Ha d, uto Touku |d|~1/2S,
CTaHOBATCSA paBHOpACIpeeNeHbl IpU d — 0o OTHOCUTEIBHO eCTECTBEHHBIX
G(R)-uHBapUaHTHBIX Mep Ha cdepe U TUIepboIonie COOTBETCTBEHHO. 3/IeCh
G ecTb I'pyIIa MaTPHUI], COXPAHAIOIINX KBaIPaTUIHYI0 GOopMy x% + x% + x% ;
OHA U eé MOArPYIIIEL UTPAIOT OYeHb Ba)KHYIO POJIb B aHAJIM3€e JaHHOH 3aJa4u.
CobcTBeHHO, JIMHHUK U OBUI IEPBBIM, KTO IIOHSUI BAXKHOCTh W/EH, CBI3aHHBIX
C ZIEVCTBUAMM T'PYIIIT U SPTOAUIECKOM TeopHeil B JAHHOM KOHTEKCTE.

B BOCBMU/ZIECATHIX T'OZAX, T. €. YepPe3 TPUALIATD JIET IOC/Ie paboT JIMHHUKA,
€r0 pe3y/bTaThl ObUIU YCHIEHB! JIIOKOM clieyIoIuM o6pa3oM. [Ipeanonoxum
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JUI TIPOCTOTHI, YTO peyb UAET o0 chepe. ACUMITOTHYECKAs: paBHOpacIpese-

JIEHHOCTh KOHEYHBIX HAaOOPOB TOYEK S; O3HAYAET CJIabyr0 CXOAUMOCTb COOT-

BETCTBYIOUIUX MCKPETHHIX BEPOATHOCTHBIX MEP o > 0, K 3aZlaHHOH
d

XESy
Mepe U, a 3TO, B CBOIO OYepe/ib, 3KBUBAJIEHTHO TOMY, YTO
1
(fla=== D, f(x) >0 @)
1S4l
XESy

JUI TUIOTHOTO MHOXKECTBA TAKUX TECTOBBIX QYHKIIMI, YTO f fdu = 0. Yxe
JIMHHUK WUCIIOb30BaJl pe3ynbTathl b. A. BeHKOBa, U3 KOTOPBIX CJIeAyeT CBA3b
Mexy S, U TPYIIIOi KJIacCOB HEAIoB B Kojblle Lenbix moa Q(v/—d). Pas-
BUBAsA 3Ty CBA3b, MOXKHO IIOJIYYUTb, JIA IIPABWIBHO MTOJ00OPAaHHBIX f, TOYHOE
BeIpaKeHUe )i (f )4 Yepes creluanbHble 3HaYeHus L-GyHKiui. HamoMHuM,
yTO L-QyHKIMY — 3TO O4YeHb ITyOOKUE 10 CBOMM CBOMCTBaM QYHKIIUH KOM-
IUIEKCHOM TIepeMeHHOM s, Ipe/ICTaBIIAIoNMe cOO0I aneko uayiye 06061ie-
HuA {-dyHKIMM PuMaHa

C(s)zzl Res>1,

—
n>0
BIlepBble paccMOTpeHHO DitiepoM B CaHKT-IleTepbypre B 1740 roay. 'opaszo
6osee ob1IMe L-GYHKIUM MOTYT OBITh IIOCTPOEHBI, HAIPUMEP, IO aBTOMOP®-
HOMY IPE€/CTaBJIEHUIO PEAYKTUBHOM I'PYIIIBI HAJ, HEKOTOPHIM IIOJIEM. YTBEp-
xzeHue (1) Torga ABiAeTCs CIeACTBUEM HEKOTOPOU TaK Ha3bIBaeMOU CyOKOH-
BEKCHO¥ OLleHKH /i L-GyHKuuii, KoTopas Ajs (s) mpeBpaliaeTcs B OLEHKY
(1/2+it) < (1+|t])® na kpuTHUeckot tuHuu Res = 1/2, re € < 1/4.
Ecii GBI MBI ZIOKa3aau TUIIoTe3y PuMana (a eré jry4iie — 0600IIEHHYIO
runoTte3y Pumana g1 Bcex L-GyHkuumit!), To U3 Heé ciefoBaia 6bl mogobHast
OlleHKa ¢ JIoObIM € > 0, a TaKXKe MHOTO JPYTHX 3aMevaTeIbHBIX CIeCTBUH,
OJTHAKO 3TO, BUAMMO, ZieJI0 Aanékoro Oyzaymiero. Iloka ClienuaIucThl M0 aB-
TOMOPOHBIM popMaMm 0Ka3bIBAIOT CyOKOHBEKCHBIE OLIEHKU B Pa3HBIX CIIEITH-
AJIbHBIX CJIy4asixX, ¥ 3TO Lesas 6osbiias 06JacTh COBPEMEHHOW TEOPUU YKCEIT.
B yacTHOCTH, BeHKaTem BHEC B HEE BaXKHBIM BKJIAJ], 3aBEPIINUB, COBMECTHO
¢ Muienem, 0Ka3aTeabCTBO 00IIel CyOKOHBEKCHOM onleHKHU L (7T, s) A7 Bcex
aBTOMOPHBIX TpeZACTaBIeHu 7T rpymnsl GL(2) HaZ YUCTOBBIM ITOJIEM.
Cnegytomuii mocie chep U runepOboJIOUIOB CIydai CBA3aH ¢ KyOMYeCKUMU
TIOJISIMU Y1 MOKET OBITh MHTEPIIPETUPOBAH B TEPMHUHAX aCUMIITOTHYECKOU paB-
HOpacIIpeZie/IEHHOCTY 3aMKHYTBIX OPOUT /IS IeCTBUSA IPYIIIBI fUAarOHATbHBIX
marpul; H € SL(3,R) Ha npoctpaHcTBe X3 = SL(3,R)/ SL(3, Z). Ha kaxxzaoi
TaKOW 3aMKHYTOH opOuTe *XUBET KOHEYHasdA H-MHBapuaHTHasA Mepa, U TeopeMa
AviH3ugiepa, BeHkarea, JIMHAeHIITpaycca ¥ MUILIeNA YTBEPXKAAET, YTO HEKO-
TOpBIE MTAKeTHl TAKUX OPOUT aCUMITTOTHYECKHU PaBHOCIIpe/ieieHbl B X5. [Ipsamas
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olleHKa o0uuXx cpegHux Tuna (f), morpe6oBaia 6bl TYT HOBBIX TPYAHOAOCTH-
’KUMBIX CyOKOHBEKCHBIX OI€HOK. BMECTO 3TOro aBTOPHI PE3KO CY»KaloT 3arac
HeOOXOMUMBIX f, UCIIOJIb3YsI MOIIIHbIE CTPYKTYPHBIE PE3YJIBTAThI O BCEX BOOOIIE
BO3MOKHBIX KOHEUHBIX H-MHBapHUaHTHBIX Mepax, IoJydeHHble AWH3UAJIEPOM,
KaTtkom u JIuHzeHmTpayccom. [Tocsie 3TOro Bcé paBHO OCTaETCS MHOT'O PabOTHI,
MpeXx/ie YeM 3Ta 3aMedaTesbHasA MO3anKa U3 dProJIMIecKol TeOpur, rapMOHHU-
YeCKOT'0 aHa/IN3a ¥ TEOPUHU YKCe TPUHUMAET CBOIO OKOHYATETbHYIO GOpMY.
VIHTepecHO 3aMeTUTh, YTO Jpyroe HalpabjieHue 1cciaefoBaHuil BeHkare-
11a, KOTOPOMY OBLT TIOCBAIIEH €ro COOCTBEHHBIN ZIOKJIaZl HA KOHT'PECCE, OTATh
CBSI3aHO C Kpy4YeHHEM B KOTOMOJIOTHAX, XOTh I HE COBCEM C TOM K€ CTOPOHHI,
yTo U paboThl Ilosbiie. MOXXKHO, HaBepHOE, cKasaThb, 4To 2018-if 6bLT XOpO-
UM TOZOM Il KPYy4eHUA B KOTOMOJIOTHAX. A eC/IN Cepbe€3HO, TO pedb TyT
uaET BOT 0 4éM. [IycTh G 0603HaUYaeT BelleCTBEHHYIO MOMYIIPOCTYIO I'PYIIITY
Jlu, Hanipumep SL(n,R), a K C G ob603HaYaeT MaKCUMaJbHYIO KOMIIAKTHYIO
noArpymmny B Hel. B SL(n, R) ato 6yzet SO(n, R) ¢ TOYHOCTHIO IO COTIPSKeE-
Husi. MHoroo6pasue G/K obiagaer 3aMevyaTebHON G-MHBapUaHTHOM prMa-
HOBOM METPUKOW, 11 n = 2 B HAIlEM IMPUMepPE MOJIYIUTCA IIOCKOCTh Jloba-
yeBckoro. ITycts Teneps I' C G ecTh apudMeTHUECKast TIOATPYIIA, HAIIPUMED
I' = SL(n, Z) c SL(n, R). MHoroo6pa3sue (Wi, B 0611eM ciydae, opobudos)
JBOMHBIX KiaccoB cMexxHocT X = ['\G/K siBisieTcss OAHUM M3 IJIaBHBIX T'€0-
METPUYECKUX OOBEKTOB COBPEMEHHOU TEOPUM YHCE. B 4aCTHOCTH, €TI0 KOTO-
MOJIOTUU UT'PAIOT BAXKHYIO POJIb U IlepepabaThIBalOTCs, COIIaCHO BUAEeHUIO JIeH-
IJIEH7ZICA, BMECTe C IEUCTBYIOIIMMU HA HUX COOTBETCTBUAMU ['eKKe B HEKOTOPhIE
npezctasienus l'amya. Koromonoruu X oco6eHHO XOPOIo U3ydeHsl, koraa G /K
SIBJIAETCS SPMUTOBBIM CUMMETPHUYECKUM MIPOCTPAHCTBOM, UTO B HAIlleM IpUMe-
pe oTBevaeT ciydato n = 2. Eci 0603HaYnTh yepe3 O Tak Ha3bIBAeMBIH 1edeKT,
T. €. Pa3HUITy MeX/ly paHramul G v K, To 3pMUTOB ciay4daii oTBedaet 6 = 0.
Ec/ii B3Th YOBIBAOIIYIO TIOCIEA0BATENbHOCTh HOPMAaIbHBIX TTOATPYIII

I D0>...oMyD..., [|L={1},

T0 pasmepHocTh HX (Xy, C) pacTéT NponopIuoHaIbHO 06béMy Xy B CIydae
0 = 0 u cpeiHNX KOTOMOJIOTHH, a B OCTAJIbHBIX CIy4asax MeJjieHHee. DTO IIOKa-
3anu ge Jxopax u Bosnax emé B koHIe 1970-x rogos. BeHkaremn u bep:xepoH
YCTAHOBWIU aHAJIOTUYHBIN pe3y/abTaT s KpydeHus B H k (Xy,Z). B aToM ciy-
Yyae eCTeCTBEHHO /Ie/IUTh JIorapudM NopsAgKa MOATPYIITE KPydeHUsa Ha 00b-
éM Xy, ¥ 3TOT IIpe/iesl OKa3bIBaeTCs HeHyJIeBBIM TOIbKO TP 6 =1 u k= le +1.
YToOBI JIydllle IOHATH 3TO OTPOMHOE KpydeHre, BeHKaTel BBOAUT JOTIOTHU-
TeJIbHBIE OIlepaTophl TUIA ['ekKe, KOTOphle POXKZAIOT HOBBIE KJIACCHl KPYyYeHUA
13 UMEIOIINXCA, YTO TaKXKe MTOMOTraeT MPOsICHUTh, XOTA Obl TUIIOTETUYECKH,

KaK cebs IPOSBIIAIOT 3TH KJIACCH KPYYeHUs Ha CTOPOHE IIpe/icTaBIeHui [anya.
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Hakosell, yeTBEpThIi Jaypeat, Aneccuo Puzaniu, — 3TO yKe YUCTHIN aHa-
JIVTYK, TJIaBHBIE PAOOTHI KOTOPOTO TTOCBSIIEHBI KPYTY 33Ja4 TUTIA 3aa4u MoH-
»ka — KaHTopoBMuYa, TakKe M3BECTHOH KaK 3a/a4a 00 ONMTUMAaIbHOM TPaHCIIOP-
TUpOBKe. B 3az1aue Momka uieTcst otobpakenue f: X — Y, mepeBozasiiee 3a-
JIAHHYIO MEPY Uy B 33IaHHYIO MepY Uy U MUHUMU3HpYIoIllee GYHKIIMOHAT BUAA

() = [ elx, ) duy,

X

OOBIYHO Ha3bIBAEMBIM (QYHKI[MEH CTOMMOCTU. B XO3IHCTBEHHOU WHTepIIpe-
taruu GyHKIM c(x, f(x)) MokeT OBITb CTOMMOCTBIO TIEPEBO3KH €IUHHIIBI
HEKOTOPOTO MPOAYKTA U3 TOYKU X B TOUKY f (x). Eciu u3 Kakaoi TOUKu x € X
paspeuInTh BE3TH He B OHY 33/IaHHYI0 TOUKY f (Xx) €Y, a pacnpeienuTb UMero-
IUHNCA B X IPOAYKT IO Y COIIacHO HEKOTOPOH Mepe ¢ Ha X X Y, TO MOIyduTcs
3asaya Kantoposrya. OT ¢ TpebyeTca MMeTh 3alaHHbIe IPOEKIUH Uy U Uy
1 MUHUMH3UPOBATh CTOMMOCTD f wxy €(%, ¥) d¢. 3apaya Kanroposnya ectb
3aZia4ya JMHEHHOTo IporpaMMHpPOBaHMA, I03TOMY OHa Ipoie. Ho 1o cMmbicty
U CyTU OHa O4YeHb OyM3Ka K 3ajade MOH)XAa M OYeHb ITIOMOTAeT B aHAJM3e
rmocsiefHe. MHOTO SIpDKUX pe3y/IbTaToB B 00IieM Kpyre 3azad Momka — KaH-
TOpPOBUYA OBUIM TIOJyYeHBl OT€YECTBEHHOM IIKOJIOHN, B TOM uncie A. []. Anek-
canzposeiM, A. M. BepminkoMm, H. B. KpeutoBeiM, B. A. PoxiinueiM, A. B. [To-
ropenoBbiM, P. JI. lo6pyuruHbiM, FO. B. [IpOXOpOBBIM U MHOTHMU JPYTHMH,
a cpenu 3apyOeKHBIX YUEHBIX HENb3 He YIIOMAHYTD JI. AMOpo3uo, f. Bpetbe,
C. Bwuranu, 3. Kanabwu, JI. Kapdapesmu, P. Makkana, III. fly, ¥ 3TOT CIIMCOK
TOXKe MOXKHO JIOJITO TIPOZOJIKATh.

[Ipu Bcel, Ka3anoch Obl, YTHIUTAPHOCTH TPAHCIOPTHOM 3aJa4yu, OHa OT-
HOCUTCA He K nepudepuy, a K caMoMy LIeHTpy MaTeMaTuku. OfHy 13 poseit
ONTMMAaJIbHOM TPAaHCIOPTUPOBKU MOXXHO, BEpPOATHO, CPAaBHUTH C POJIbIO KOH-
¢$bopMHBIX 0TOOpa’KEHU B aHAIM3€e Ha IUIOCKOCTU. Ecii, HanpuMep, AJIs JoKa-
3aTebCTBA KAKOW-TO OIIEHKY Ha/l0 CPABHUTH ZIBa MHOXKecTBa X U Y (w1 Be
MepHI Ha HUX), TO OYeHb IT0JIE3HO PACCMOTPETH COOTBETCTBYIOIIEE OTOOpaKe-
HUe f U uccaeZoBaTh ero cBolcTBa. KOHKpeTHBIN ITprMep MBI YBUAVM II03XKe,
a coO MHOXXeCTBOM JPYTHUX IPUMEPOB MOXXHO II03HAKOMUTBHCS B OTHOCUTEIBHO
HezaBHeM 0630pe B. M. Borayesa u A. B. Konecuukosab.

KirroueBoMy BOTIPOCY O PETYIAPHOCTH OTOOpaXkeHUs f OBUIM ITOCBALIEHBI
dyHzaMeHTaIbHBIE pA6OTHI MHOTHX TIEPEUYHCIEHHBIX U HEllePEUYNCIeHHBIX Ma-
TeMaTUKOB. BaKHOIT BeXOl B ero peieHuu craiau pabots! JI. Kabdapemrmu,
KOTOPBIH U BeIcTymas ¢ laudatio pabot Aneccrno @uramwmm. B cBoéMm goksiaze

D Bozaues B. U., Konecnuxos A. B. 3agadya MoH:xa — KaHTopoBUYa: IOCTUKEHUA, CBA3U U IIep-
criektuBsl // YMH. 2012. T. 67, BoIm. 5(407). C.3-110.
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Kaddapemmu ocobeHHO OAUEPKHY BaXXHOCTh COOOIEBCKOU Pery/IsipHOCTU
f € W2, noxasanmHoit ®uramu coBMecTHO ¢ e ®uwmmmmucom. B zpyroit
cTaTbe TOU ke cepud Ae Pwmmnmric u duraum A0Ka3bIBAIOT CTAOWIBHOCTD,
T. €. HEIIPEPBIBHYIO 3aBUCUMOCTD f OT YCJIOBUM 3a/ja4yll B COOTBETCTBYIOLIUX
npoctpaHcTBax CoboseBa. ITOCKONIBKY, KaK OTMeYasIoCh BBIIIE, pacCMOTpe-
HUe f IOJIe3HO B loKa3aTelbCTBe MHOTUX HEPaBEHCTB, M3 3TOTO BBIBOJUTCA
CTabWIBHOCTh COOTBETCTBYIOLIUX OLIEHOK.

Xoresnoch Obl YIOMAHYTH OZHO IIPWIOXKEeHUEe ONTUMAaIbHON TPaHCIIOPTHU-
POBKH K 33la4aM TeOpPHUU BEPOATHOCTU U3 COBMECTHOU paboTel duramwmm u
Anuce I'moHe. Kiaccudeckuii BOIIPOC TeOpUY BEPOATHOCTU COCTOUT B TOM,
Kak OyzeT cebs BeCTH MasleHbKHI pparMeHT OOJbIION CIy4allHOU CHCTe-
Mbl. Hanmpumep, MOXXHO pacCMOTpPETh CTOJb Majblii 00BbEM Trasa Wid JApy-
roii 60JIBIION CUCTEMBI B3aUMO/EHCTBYIONINX YACTHUII, YTO OXKUAAEMOE YUCIIO
yacTUl] B HEM KOHEYHO, U M3y4aTh IOJYyYeHHYI0O Mepy Ha KOHQUIypalUax
yacTull. B kayecTBe B3aMMOZEMCTBYIOIINX YaCTUL] MOTYT BBICTYIIaTh, HAIIPU-
Mep, cCOOCTBEHHBIE YHCJIa CIy4alHON 3PMHUTOBOM MAaTPUIBI (110 HEKOTOPHIM
HMCTOPUYECKUM ITPUIMHAM 3TOT CJIy4ad MOJIb3yeTcs: 0COOOM MOMYIAPHOCTHIO).
EcTecTBeHHOE MPEATIOIOKEHUE COCTOUT B TOM, YTO HabII0aeMoe B MajJoM
00bEMe 3aBUCUT He OT BceX JleTanel oBeZieHNsA 60IbIION CUCTEMBI, a OT KO-
HEYHOTO Habopa MaKpOCKOIMMYECKUX [TapaMETPOB THUIIA IVIOTHOCTH U TeMIIe-
paTyphl. B cuctemMax C JIOKaJIbHBIM WIN [IOCTATOYHO OBICTPO YOBIBAIOIIUM
B3auMoZelicTBUeM 3TOT peHOMEH MOXKHO ONMCHIBAaTh B dopmanamaMe Mep
I'n66ca, pa3Butom P.JI. JJoOOPYIIMHBIM U €ro KO0, XOTSA B3aUMOJEHCTBIE
COOCTBEHHBIX YHCEJI CIy9allHONW MAaTPHULBI U OYeHb HEJIOKAIBHO, TEM He Me-
Hee JleTa/lu TOBe/JIeHUs Bcell OOJIBIION CUCTEMBI CTUPAIOTCA TaKXKe U JJIA
CIy9alHBIX MaTpUL, U JJI1 MHOTUX aHJIOTMYHBIX cucTeM. JIroAu, 3aHUMa-
IolMecs CIy9allHBIMU MaTpHULIAMU, HA3bIBAIOT 3TOT GeHOMEH YHHUBepCasb-
HOCTBIO, 1 MHOTO PaboT IMOCBSIIEHO €ro J0KAa3aTeJbCTBY MPU Pa3TUIHBIX
IIpeAToNoXKeHUAX. Ves, 1 cMero IpeANoIoXKNTh, BbIIBUHYyTadA ['MOHe, coCTo-
sJIa B TOM, 9YTO MOXKHO CIy9alHBIN HAOOp YaCTUI] ITIepeBECTH B MOZAETbHBIN
HabOp C TOMOIIBI0 HEKOTOPOU ONTUMAJBHOU TPAHCIOPTUPOBKY f, a 3aTeM
y’Ke UCCIeJOBaTh MOBeJeHNe f TIPU CTPEMJIEHUH pa3Mepa CUCTEMBI K 6eCKo-
HeyHOCTHU. TakuM o6pasoM, I'noHe u Purauu oyeHb KpacuBO JOKA3bIBAIOT
YHUBEPCAJIBbHOCTD /ISl IUPOKOTO KJIACcCa CUCTEM THUIIA COOCTBEHHBIX 3HAYe-
HUU CTydaliHBIX MaTpHII.

U3 gpyrux Harpaz MexzZyHapogHOT0 MaTeMaTH4eCcKOro coo3a A Obl BbIe-
v MeZianb YepHa, Bpy4€HHYI0 Ha KoHrpecce Macaxu Kawusape. ITpodeccop
KammBapa XOpoIIo 3HaKOM POCCHHCKUM MaTeMaTHKaM, U €ro paboTHI 10 Teo-
puu D-mozmyned, cooTBeTcTBUIO Pumana — I'mibbepra, Teopun Kakgana —
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JlrocTura, KBAaHTOBBIM T'pYIIIIaM, KPUCTAJIbHBIM 6a3ucaM U T. /. O4eHb I[eHSAT,
YUTAIOT U PA3BUBAIOT B HAIlleW cTpaHe. YBepeH, YTO OYeHb MHOTHE MTPUCOe/H-
HATCA K MOMM CaMbIM CepZieYHBIM I103/pasieHuaM Kalrsape ¢ nojiydyeHuem
meganu YepHa.

Pasymeertcs, momyuuts Harpagy MMC — 310 6osbIas 4ecTb, ¥ BCe Jlaypea-
ThI 3aC/TY’KUBAIOT CAMBIX TEIUIBIX MTO3ApaBaeHuin. OCO6EHHO SMOIIMOHATBHBIM
MIOJTYYMJIOCh BpydeHUe mpeMud JInnaBatu, KoTopoit B 2018 rogy 66U y10CTOEH
Typelikuii MaTemMaTtuk Anu Hecun. Tlpemus JlunaBatu Bpydaetcs ¢ 2010 roga
¥ OTMeYaeT BhIJarolnyiecs BKIAAbl B IOMyAAPU3aLUI0 MaTeMaTUKU U B YKpeIl-
JIEHUEe POJI MaTEMAaTUKU B OOIIEeCTBe.

Tlocye acmupaHTyphl Menbckoro yausepcureta Anu HecuH mpernozaBan
MareMaTuKy B yHuBepcureTrax CIHIA, HO BepHyscd B TypLuio mocjie CMEPTUA
CBOETrO OTIIa, U3BECTHOI'O TYpelKoro nucaTend U gpamarypra Asusa Hecuna
(1915-1995). A3u3 Hecun ocHoBasi B 1973 rozy crenuaabHbIi GOHJ C LIETbIO
IIOMOYb ITOJIyIUTh 00pa3oBaHUe TEM JETsIM, KOTOPBIE JUIIEeHbI TAKOW BO3MOX-
HOCTH. AJI BO3IVIaBWJI paboTy 3Toro ¢oHza, MpernoiaBag MaTeEMaTUKY B Of-
HOM U3 yHUBepcuTeToB CTaMOysa v ObLT BOBJIEUEH BO MHOXXECTBO ITPOEKTOB,
CcaMbIM 3aMeTHBIM U3 KOTOPBIX OBLIO co3ZaHue «MaTeMaTHu4uecKol JepeBHU»
B OZIHOM U3 YZaJIEHHBIX YTOJKOB Dreiickoro nobepexps Typruu. XoTa aTa
JIEpEBHS MIOCTPOEHA HA YHCTOM JHTY3Ha3Me U B OBITOBOM CMBICJIE JOBOJIBHO
acKeTH4YHa, OHA CTaja MeCTOM IIpOBe/ieHUsA JJeTHUX MaTeMaTU4eCKUX Jarepei
JUTA IIKOJIBHUKOB, KOHEpeHIINH U IPYTUX MEPOIPUATHI. YCIleX 3TOH epeB-
HHY, a TaKKe I'pakJaHCKOe MY>XeCTBO, IIPOSABJIEHHOE OpraHu3aTopaMu Ipu eé
co3zaHuu, 66T 0cOOeHHO oTMedYeHH! B laudatio.

JlymaeTcsi, 9To U B Gr10copU MaTeMAaTHIECKOTO 00pa30BaHuUsl, U B TIpe-
JAHHOCTH CBOEMY JeJly, U B IUIaHe AyXa IOABXHUYeCTBa, y Anu HecuHa ectb
OIPOMHOE KOJIMYEeCTBO €AMHOMBIIUIEHHUKOB U HUYYTh He MeHee OIBITHBIX
KOJUIeT B Hallel cTpaHe. HeBO3MOXXHO O4epTUTh Mapoii ¢ppas Bechb POCCHM-
CKUI OIBIT OpraHu3alyy JeTHUX IIKOJ JJA HIKOJIbHHUKOB, HO KaK He YIO-
MSAHYTb 3HAaMEHUTYIO AYOHUHCKYI0 «COBpEMEHHYI0 MaTeMaTHKYy», KOTopas
cobepéTcst aTUM JIeTOM yke B 19-ii pa3! Teneph yke, yBbI, 6€3 CBOETO IJIaB-
HOT'O BAOXHOBUTeJA Butanusa ApHosbaa. B yMeHUU 0BOJIBCTBOBATHCA MaJIbIM
Y IIpYA 3TOM CO3/]aBaTh BCEMUPHO M3BECTHBIE MaTeMaTHU4yecKue LeHTPhl HaM
TOXKE OIbITA HEe 3aHUMAaTh, B3ATh XOTS Obl 3HAMEHUTHIHA JAaYHBIA CEMHUHAp,
opranusyembiti Banepuewm JlyHiiem. [ToaTomy, mosapasisas Anu HecuHa u ero
copatHrKka CeBaHa HwunaHdHa c 3TOM 3aMedaTelbHOM Harpajoi, f Takke
obpaiato cjoBa Irybodariieit 6;1aroapHOCTH U MTPU3HATETHHOCTH BCEM TEM,
KTO BJIOJKUJI CTOJIb K€ GOJIBIIYIO YaCTh CBOEM YKU3HU B [IeJI0 MAaTEMaTHIECKOTO
obpa3oBaHuA U MaTeMaTH4YeCKOTro ITPOCBellleHNs B Halllel CTpaHe.



46 A. IO. Okynbkos

V13 mIeHapHBIX JOKJIA/IOB, He CBSA3aHHBIX (yBBI!) ¢ Harpazamu, MHE 0OCO-
OGeHHO 3alTOMHUINCH AOKIaabl /Dkopmka BunbsiMcona u Paxyna [laHaxapu-
naHze. Hauném c Bunbsamcona. KpaeyroabHeiM GpaKkTOM TeOpUU KOHEUHOMED-
HBIX KOMIUIEKCHBIX MPEeACTABJIEHUN TOMYIIPOCTHIX TPYII U anre6p JIu saBJis-
eTcs ycTaHOBJIeHHasa ['epMaHoM BeliseM mosynpocToTa: KaXkjoe IpescTaBiie-
HUE eCThb IpsAMas CyMMa HETPUBOAUMBIX MIPE/CTaBIeHU (KOTOPhIE, B CBOIO
odepe b, ONMMCHIBAIOTCA CBOMMU CTapIIMMU BecaMU U XapaKTephl KOTOPBIX
JAI0TCS 3JIeTaHTHOM $opMysioit Toro ke 'epmaHa Beiins). B 6eckoHeYHOMED-
HOU CUTyallUM KaTeropusa MOZyJed CO CTapLUINM BeCOM HaJ IOJYIPOCTOH
anre6poti JIu yxxe He ABJSAETCA MOMYNIPOCTON U XapaKTepbl HEIMPUBOAUMBIX
IpeZcTaBjeHUl yCTPOEHEI ropasZo XxuTpee. V3ydueHue 5Toil BaXKHOUM KaTero-
puu, Hayatoe B paborax . H. BepHiuretina, 1. M. Tenbdanga u C. U. Tenb-
danza, BHIIUIO HA HOBYIO opouTy B pabortax Kaxzana u Jlroctura. Kaxxzan
1 JIFOCTUT MIPeAJIOKWIN TUIIOTETUYECKYI0 GOPMYJTY /71 pa3IoyKeHUs IpocTe-
IIMX, TaK Ha3bIBaeMBIX CTAaHZAPTHBIX MO/y/ell Ha HeIPUBOAMMBIE, a TEM Ca-
MBIM U GOPMYITy Ui XapaKTePOB HENPUBOANMBIX MOAy/Iel. VIHrpeaueHTh
B rumnoTe3e Kaxxgana — JIrocTura MoryT GBITh OITHMCAHBI KaK T€OMETPUYECKH,
B TepMHHAaX 0coObeHHOCTel MHOroobpasuii lllybepra, Tak 1 KOMOUHATOPHO,
B TepMHHaxX aire6psl I'ekke rpymnmbl Beina anre6psr JIu. /loka3aTeabCTBO
runore3sl KJI, Bckope HaliieHHOe belimHCOHOM U BepHIITETHOM U, He3aBU-
cuMo, bpeutnHCcKkUM 1 KammBapoi cieznyeT, 6e3 COMHEHUs, OTHECTU K BaXK-
HeWIINM JJOCTHXKeHUSIM TeOpUU Ipe/icTaBleH!i BTOpoil mosoBHUHBI XX BekKa.
JlanpHelIIee IepeoCMBICTIEHIE STOT0 KPyTa BOIIPOCOB OBUIO ZOCTUTHYTO beli-
JuHCOHOM, ['MH36yprom, 3épresneM (Y4EHUKOM KOTOPOTO ObUT BHUIbIMCOH)
U JPYTUMU.

BosmbIMHCTBO paboT BMIbAMCOHA NOCBALIEHO aHAJIOTUYHBIM BOIIPOCAM
ZUIA TIpeZiCTaB/IeHu HaZl 1oJIeM XapaKTepUCTUKU p. XOPOLIO M3BECTHO, YTO
TeopHs MPECTaBIEHUH B XapaKTEPUCTHUKE P HATIOMUHAET 6€CKOHETHOMEPHYIO
TEOPUIO IIpe/ICTaBIeHNN B XapakTepucTuke 0, B KOTOPOI JOIOJHUTEIbHO BO3-
HUKaeT HeKOTopas IePUOANYHOCTD 10 MOZYIIO p. B 4acTHOCTH, BMECTO 3epKajl
a(x) =0, rae a mpoberaeT MHOXKECTBO KOPHel rpymbl Beilis, B xapakTepu-
CTUKE D CJIefyeT pacCMaTpUBaTh 3epKaya a(x) € pZ, oTpakeHHsI B KOTOPBIX
nmopokgatoT apduHHyto rpymnny Beiisa (1 cooTBeTcTBytOIIyI0 ahduHHYyIO ai-
rebpy l'ekke). ['unoTeTnyeckuii aHamor GOPMYIIB i XapaKTePOB HETIPUBO/IU-
MBIX TIp€eZCTaBIeHN ObUI B TAKOW MTOCTAHOBKE MPeAJIOKeH JIIOCTUTOM U JJaKe
JI0Ka3aH /I BceX oyeHb O60JIbIINX p B paboTe AHzlepceHa, fHIleHa u 3éprensa
(c ucmosnp30BaHNEM Ba)XXHBIX pe3y/braToB KammBapsl v TAHUCAKY U JPYTHX).
Bosee mpsiMble ZI0KA3aTeNbCTBA, OIATH XKe /IS OYeHb OOIBLINX p, OBUIU MIpeJ-
JIO’KeHBI Be3pyKaBHUKOBBIM U €ro coaBTOpaMu (ApXUIOBBIM U ['MH36yprom,
B OZJTHOM BapuaHTe, U MUPKOBHUYEM U PIOMUHBIM — B ]PyTOM).
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BunbsAMCoH f06WIcsa 3aMedaTeIbHOIO ITporpecca B BOIIPOCe O TOM, KOTZa
U Kak GOPMYJIbI TUIIA TUNIOTE3H! JIfocTUra MOAUGUIIMPYIOTCA IIPU HE OYeHb
6onpimom p. Kak v MHOTHe HCCIef0BaTeN! 0 HErO, OH CTPOUT I'eOMETPHU-
YyecKHe MOZeNU KpaTHOCTEeHN C MMOMOIIbI0 KOHCTPYKTHUBHBIX IIYYKOB U TEOPEM
TUIIA TeOpPeMBI O pasjiioxkeHuun beinmuHcoHa, BepHmreiina u Jenunsa. Ciaox-
HOCTb B TOM, 4TO TeopeMa BB/l He BepHa ¢ ko3dduImeHTaMu B IoJie XapaKTe-
PUCTUKU p, HO BUIBAMCOH U ero cCoOaBTOPHI IPUAYMAaIN HEKOTOPYIO IPaBUIb-
HYIO e€ 3aMeHy C UCII0JIb30BaHMEeM BBEJEHHBIX MU TaK Ha3blBa€MBbIX ITyYKOB
Y€THOCTH. BRIuKCIeHuA ¢ 3TUMU IydYKaMy YETHOCTU XOTb U TOpasZio CIOXKHee,
4yeM BBIUMCJIIEHUS B KJIaccuueckoil Teopuu KaxaaHa — JlrocTura, HO BCE Ke
He 6e3HaZIEXXHBI ¥ JOBOJVMBI /10 OTBETA. B 4aCTHOCTH, BHIYUCIEHUA BUIbIM-
COHa ITOKa3bIBAIOT, YTO IIPOCTBIE YUCJIA P, AJA KOTOPBIX rumoTe3a Jlroctura
He BBIMONHseTCA 411 SL(n), MOTYT pacTH 3KCIOHEHITMANBHO C . DTO, KOHEYHO,
COBEpIIEHHO MOPa3wIo BOOOpaKeHUe BCEX CIEIUATNCTOB, KOTOPBIE OXXHUJATN
yCJIOBUA TUIIA p > n JJIA clipaBeyIuBocTU GopMysl JlirocTura.

ITo MOeMy CKPOMHOMY Cy»K/I€HHIO, BCA 3Ta 06/1aCTh MaTeMAaTUKH HAMIOJTHEHA
HeOObIYalfHOM KPacOTOH, U MOXKAJy#H, 3aC/IyT' IIepevYrCIeHHBIX MHOM MaTeMa-
THUKOB MOTJIM ObI OBITH OTMEYEHbI OOIBIIUM YHMCIOM Harpaz MeXZyHapogHOTO
MaTeMaTU4ecKoro cop3a, 4YeM ofiHa Mefanb YepHa, BpyuyéHHaa Kammsape. Xo-
TA, KOHEYHO, BCET/ia I10JIe3HO IOMHUTB, YTO MOINHHAA 1e/lb 3aHATUM MaTeMa-
TUKOM JIEXKUT TOpa3zZo BhILIe U YTO OHA JKe U eCThb Hallla IVIaBHas Harpaza.

['1aBHOU TemoOll B JOKJIaZie Moero craporo Apyra Paxyna [lanaxapumange
OBUIO TIPOCTPAHCTBO MOZAY/IEN KPUBBIX POAA g, O KOTOPBIX MBI YK€ TOBOPWIU
paHee. Kak mpocTpaHCTBO MoZy/el IMTaIKUX KPUBBIX PoJa g, TaK U €ro KOMITaK-
TUdUKaIMA CTaOWIBHBIMUA KPUBBIMH, TIpeAioKeHHasA JerHeM 1 Mamdopzaom,
WUT'PAIOT UCKIIIOYUTETHHO BAXKHYIO POJIb B anre6pandecKoil reoMeTpyuy U Mare-
MaTHUYecKoH ¢usmke. ITO KaK ObI CTAPIINI, HEJTMHEHHBIN 6paT MHOrOOOpa3uii
I'paccmaHa U APYruX MHOr0OOpasyii, mapaMeTpU3YIOIUX OO BEKTHI TMHEMHOM
anre6psl. [logo6HO ToMy Kak MHoroobpasusa I'paccMaHa M UX KOTOMOJIOTHUU
OOBSICHAIOT T€OMETPHIO BEKTOPHBIX PACCIOEHUM (MHBIMU CJIOBAMHU, T€OMETPHIO
CEMEMCTB BEKTOPHBIX IIPOCTPAHCTB), IIPOCTPAHCTBA MOZY/IEH KPUBBIX OOBbSCHS-
IOT TeOMETPUIO CeMeNCTB anre6panyeckux KpUBbIX. B 4aCTHOCTH, OHU HY>KHBI
MIOBCIOZY, I/le U3ydaeTcs UCYMCIUTeIbHAA TeOMeTpyUA KPUBBIX, T. €. IIPU OTBeTe
Ha KaXXZBIH BOIIPOC TUIIA: CKOJBKO KPUBBIX 33JaHHOM CTelleHU U 33/laHHOTO
poZia B KAKOM-TO airebpanyeckoM MHOroo6pasuu X yZOBIETBOPAIOT TeM WU
VIHBIM YCJIOBUAM (HampuMep, IepeceKaroT 3aJaHHble IUKJIIBI B X ). Vicuucauresb-
HbIe BOIIPOCHI TAKOT'O POZIa COCTABJIAIOT COBPEMEHHBIN aHalor ucuuciaeHus Ily-
6epTa. OHU BO3HUKAIOT HE TOJIBKO B alre6panvecKoil FreOMETPUM, HO U B MarTe-
MaTudecKol ¢pusnKe, B YaCTHOCTH B MaTeMaTUYECKUX aclleKTax TEOPUU CTPYH.
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[TonHBIE KOJBLIA KOTOMOJIOTMH IIPOCTPAHCTB MOZY/Iel KPUBBIX yCTPOEHBI
O4eHb CJIOKHO. K cuacThio, B UCUMCAUTENBHBIX 3aadaX MOKHO OTPaHUYIUTh-
cA TOJIBKO WX MaJIOU 4acThlo, IOPOXKAEHHOU IOHATHBIMU I'eOMeTpPHUYECKU-
MM KJaccaMH. OTO TaK Ha3blBaeMO€ TaBTOJIOIMYECKOE KOJIBLO, U IIOCKOJb-
Ky oOpa3syrolre 3TOro KOJbIla MOXKHO IPeIbABUTDH ABHO, IVIABHBIM BOIIPOC
0 TaBTOJIOTMYECKOM KOJIbIle — 3TO BOIIPOC O COOTHOIIEHUAX MEXJY STUMU
obpasyromuMuy. Jloaroe BpeMs 3Ta 06acTh HAXOAWIACh NOZ BIWAHUEM TU-
noTes, BeIckazaHHBIX Kapesnom ®abepoM u yTBep:kAaBIINX, CpeJy IIPOYero,
YTO TAaBTOJIOTMYECKOEe KOJIBIIO TOPEHINITEHHOBO, MOJ0OHO KOJIBIy KOTOMOJIO-
T'UH IIaZIKOTO TIOJIHOTO MHOroo6pasys HEKOTOPOU pasMepHOCTH (a MMEeHHO
PasMepHOCTH g — 2 /I MPOCTPAHCTBA MOAYJIel ./, TIaKuX KPUBBIX POAa g).
OT0 6BUIO IPOBEPEHO /74 g < 23, HO, BUANMO, HEBEPHO HaYMHaA ¢ poja g = 24.
Jemno B ToM, 4TO B nnocyiefHue rogsl [lanaxapunanze, ero yaeHukom [Iukcro-
HOM M MX COaBTOPaMH, ObUI JOCTUTHYT 3aMeYaTeIbHBINA IIPOrpecc B oKa3a-
TeJbCTBE M aHaJIM3e COOTHOIIEHUU B TaBTOJIOTMYECKOM Koiblle. Bcé ykasbl-
BaeT Ha TO, YTO BCEe COOTHOIIEHU y:Ke Hal/JleHbl ¥ 3TO €CTh OKOHYAaTeIbHBbIMH,
HeropeHIITeTHOB OTBeT. He yauBIIOCh, KCTAaTH, €C/IU OKaXKETCA, 4To g = 24
37lech CBfI3aHO C peléTKoM JInya, 0 KOTOpPOU MONAET peub HIXKe.

CrouT cKka3aTh Iapy cJIoB 06 OJHOM Ba)XHOM UHTPeJIMEHTe aHaIn3a KOoro-
MOJIOTHH TPOCTPAHCTB MOAY/el KpuBbIX. O603HAYMM Yepe3 //Zg,n IIpOCTpaH-
CTBO MOZYJIel CTaOWIbHBIX KPHUBBIX POJa g C N OTMeYEeHHBIMU TOYKaMu. Ha-
MTOMHMM, YTO CTaOWIBbHBIM KPUBBIM paspeliaeTcs UMeTh IIPOCThbie ABOMHbBIE
ocobble ToukH Buza xy = 0, eciiv TOJIbKO OHU He OTMeYeHHl. Paccoeannsasa iBe
BETBU B TaKOH 0COOOM TOYKe, MBI ITOJTydYaeM OTOOPasKeHUs

'//lgl,n1+1 X '//lgz,n2+1 - '/ﬂg1+gz,n1+n2 u '/ﬂg,n+2 - '//lg+1,n .
Habop KsaccoB KOrOMOJIOTHH //Zg’n JUIA BCeX g U n Ha3bIBaeTCA KOTOMOJIOTH-
YecKoU Teopuel nosd (Ha3BaHUe, MPUIIEALIee U3 MaTeMaTUIeCKOH QU3NKH),
€CJIM OH COIVIAaCOBAH C 3TUMH OTOOpaKEHUAMHU. 3aMedaTeIbHbIM GaKTOM O TaKO-
ro poZia 00'beKTax ABIAeTCsA TUMoTe3a A. ['MBeHTass, fokazanHas K. TeremaHom.
OHa yTBepKZaeT, YTO BCe TaKUe TEOPUU, YAOBJIETBOPAIOIINE HEKOTOPOMY YCJIO-
BUIO HEBBIPOXKAEHHOCTU, MOXXHO HEKOTOPBIM KaJIHOPOBOYHBIM Ipeobpas3oBa-
HUEM TepeBEeCTH B TPUBUAIBHBIN HAOOP M3 €IMHUYHBIX KJIACCOB KOTOMOJIOTHH.
JTa TeopeMa YIIaKOBBIBAET BCIO allPMOPY HEOTPAaHUYEHHYIO CJIOKHOCTh MHOTHUX
KOTOMOJIOTUYECKUX TeOpUH MoJA B OHY MaTPUITY, 3aBUCAIIYIO OT ITapaMeTpa,
4TO ZieJIaeT BO3MOXHBIMU MHOT'HE paHee HEelPUCTYITHbIE BBIYUCIEHUA.

W3 f10oK1aZioB Ha KOHrpecce HOBOTO MOKOJIEHWSA MaTeMaTUKOB HE MOry
ocTaBUThH 6e3 BHUMaHUA JoKaaz E. MaauHHUKOBOH U A. JIOTyHOBA, a TakxkKe
Aok MapuHbl BA30BCKOM. 3aMeuy, YTO BCe OHU HeZJaBHO OBLIU yZIOCTOEHBI
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IIpecTXHOU nmpemun Kias v MHe 651 OUeHb X0TeIoCh BUAeTh U Mapuny, u Ca-
Iy B 9McIie JaypeaToB HOBBIX TpeMuit MMC B 2022 roay. XKenst MaTuHHUKOBA
y:Ke He MOXKeT NoMydnuTh OUicoBCKyIO0 MeZalb I10 BO3pacTy, HO HECOMHEHHO,
YTO IIMPOKOE MIPU3HAHME e€ 3aCIyT XKAET e€ B KaKOU-TO Apyrou ¢popme. Beex,
KTO YUTaeT Mo-aHIJINUCKY, S MPU3bIBalo NMpounTaTh craThio l'eHpu Kona o Ma-
puHe BA30BCcKo#t B MI3BecTHAX AMepPHKaHCKOTO MaTeMaTHIecKoro obmectsa .
B Heil pacckaseiBaeTcs, kak KoH 1 DJkuc MHOTO JleT TOMY Hasa/J, IpuayMau
CTpaTeruio Ajd JoKa3aTelbCTBa ONTUMaJbHOCTH YIIAKOBOK I1apOB, OTBEYalo-
mux pemérkaM Eg u peméTke Jlnda B pasMepHOCTAX 8 U 24 COOTBETCTBEHHO.
V1 HUKTO He MOT IoZ06PaTh K 3TOW CTPATETMH OAUH MarMyeCcKUH K04, OZHY
Maruyeckyrmo GpyHKIIUIO 0 TOro, kak MapuHa MpeAbsaBUIa MOAOOHYIO QYHK-
nuro ABHO. Cama u KeHsa aHaJIOTMYHO IIPOCIIaBWIMCH IIPOCTBIM KPaCUBBIM
pellleHreM O4YeHb CTapOX U XOPOIIIO U3BECTHOU 3aJjauM, a UMEHHO 33Ja4u 00
OIleHKe Mepbl MHO)XeCTBa HyJel cOOCTBEHHON GyHKIMM onepaTopa Jlarmiaca.

K croBy, o ciezsyronemM MaTeMaTU4eCKOM KOHTpecce: OH IPOUAET B Hallel
crpaHe B 2022 roay, B CaHkT-IleTepOypre. Takoe pelnieHUe ObUIO TIPUHATO
Ha 'eHepasnbHOl accambiiee Mexx/[yHapOZHOIO MaTeMaTH4YeCKOro Co3a, KO-
Topas cobupanach B 6pasmwibckoM ropozie Can-Ilayimy mpsamo repez Ha4aaIoM
KOHI'pecca B PHo. ABTOp 3THX CTPOK OBbLI TaM B COCTaBe JieJIeTalliy, IPeICTaB-
naBuied 3aaBKy CaHKT-IleTepOypra. Harma 3adBka omnepezyia Ipyu rojyiocoBa-
HUMU 3asBKY, IOZaHHYIO ropoioM [lapukeM, B O4eHb CJIOKHOW U [paMaTUYHON
60pbbe, 0 KOTOPOU MOXKHO ITOYUTATH B peropTaxke Hatanbu J[EMUHOM, HATIH-
CaHHOM TI0 CBEXMM CJIe[aM COBBITHIL .

KoHeuHo, nozio6HOe MexAyHapoAHOe NpHU3HaHNe 3aCIyT OTeYeCTBeHHOU
MaTeMaTUYECKOU IIKOJIBI HE MOXKET He OKPBUIATh. (3aMeThTe, CKOJIbKO UMEH
neTepOyprcKUx MaTeMaTUKOB MbI yroMsaHyau!) Ho Takke ciieflyeT MOMHUTB,
YTO OpraHu3auys U yclelrHoe IpoBe/ieHre KOHTpecca — 3TO OTPOMHBIN TPYZ
U OIPOMHAas OTBETCTBEHHOCTh, TeM Oojiee YTO OOellasyd MBI ero IPOBECTH
Ha caMOM BBICOKOM yYpOBHeE.

I[Ipu Bcex ycriexax OpraHHM3aTOPOB KOHIpecca B PHO O4YeHb XOTeN0Ch OHl,
YTOOBI y HAC HEKOTOPbIe BelU MOMy4IINCh jyylie. K nprMepy, yyacTre B KOH-
rpecce COOCTBEHHO OPa3WIbCKUX M BOOOIIE I0)KHOAMEPUKAHCKUX MaTeMaTH-
KOB He OBUIO CTOJIb MAaCCOBBIM, KaK XOTeJoCh Obl. OYeHb XOueTcs HaZes Thes,
4yTO KOHTrpecc B CaHKT-IleTepbypre OyzeT oueHb MPUTATATETbHBIM COOBITHEM
JJI1 MaTeMaTUKOB U3 Poccuu U BcexX COCeIHUX rOCyAapCTB.

2 Cohn H. A conceptual breakthrough in sphere packing // Notices Amer. Math. Soc. 2017.
Vol. 64, N2 2. P.102-115.

3) https://trv-science.ru/2018/07/29/mezhdunarodnyj-kongress-matematikov-projdet-v-2022-
v-sankt-peterburge/



50 A. IO. Okynbkos

TpaznLIOHHO IPOrpaMMy KOHI'pecca JOTIONHAIOT caTe/UINTHEIe KOHdepeH-
IIUY [0 MHOXKECTBY OoJiee CHeIMaabHbIX TeM, U MBI HaJleeMCs, YTO OpTaHu-
3ausa MOAOOHBIX MEPONPUATUH OyZeT 3aMedaTeNbHBIM [TOBOJOM YKPENUTh
APYKOY U COTPYZHUYECTBO MEXAY POCCUMCKHMM MaTeMaTUKaMU, HAIIUMU
coceZiIMM M BCEM MHPOBBIM MaTeMaTH4YeCKUM COOOIIeCTBOM.

M1, opranusarops! KoHrpecca B CaHkT-IleTep6ypre, oueHb HaZleeMCs, UTO
CTYZeHThl U acClIMPaHThl MaTeMaTUYeCKUX CIelNaJlbHOCTeN OTKIMKHYTCA Ha
IIPU3BIB CTAaTh BOJIOHTEpPaMU KoHrpecca. C OZHOU CTOPOHBI, IPUCYTCTBHE HA
KOHT'pecce B Ka4eCTBe BOJIOHTEPA aéT YHUKAJIbHBIN IIaHC OKYHYTbCA B CAMYIO
TylLly COBpeMeHHOU MaTeMaTUKu. C Ipyroil CTOPOHBL, yCIIeX U caMo IIpoBeJe-
HUe KOHTpecca HEBO3MOXKHO 6€e3 TpyZia MHOXKeCTBa SHTY3HUaCTOB MaTeMAaTUKH,
B TOM 4MCJIe, pasyMeeTcs, OPraHU3aTOPOB KOHIpecca U ero BOJIOHTEPOB.

OtaenbHO XO4eTcss OOPATUTHCA K YUTAIOUIMM IO-PYCCKU MaTeMaTHUKaM
3a pybexoM, HalIMM KoJUleraM, KOTOPblE WIN MPUYUCISAIOT cebs K BOCIH-
TaHHUKaM HeKOIZja e[JUHOU MaTeMaTU4eCcKOM LIKOJIBI, WIN KaK-TO I10-UHOMY
¢ He# cBa3aHbl. OueHb K€M Bac Bcex B CaHKT-IleTepOypre! XoTa IuieHapHbIe
U CEKIIMOHHBIE JOKJIaAbl KOHTpecca BCeraa AenalTcsa Ha aHIVIMMCKOM f3BIKe,
MBI IUIaHHPYyeM BKJIIOUUTD B IPOTPaMMy PsiJ, MEPOIIPUATUI Ha PYCCKOM f3BIKeE,
B TOM YHCJIe HEKOTOPbIE U3 ITyOJIMYHBIX JEKIIHH.

XodeTcsa 0OpaTUTh BHUMAaHHE BCeX MOJIOZABIX MAaTEMATUKOB U BCeX Mare-
MaTHKOB U3 pPasBUBAIOLIUXCA CTpaH Ha TO, YTO IOJIOXKEHUA 3asABKU IIPEAIIO-
JlararoT MONHYIO MoAAepkKy A1 1000 ydacTHUKOB U3 pa3BUBAOIIUXCA CTpaH
U omwraTy pacxonoB B CaHKT-IleTepbOypre ayia 1300 MOJIOABIX MaTeMaTHUKOB.
Ota nogzep:kka OyZeT MpefoCTaBIATHCA B COOTBETCTBUU C PEKOMEHAALMSIMU
MexayHapoJHOTO MaTEMaTUYeCKOT'0 COI03a U B ITAPTHEPCTBE C 3apyOeKHBIMU
MaTeMaTHU4YeCKUMU o0IlecTBaMU U areHTCTBaMU, GUHAHCUPYIOUMMU HAyKYy.

Cpeay BaXHBIX peleHui [eHepanbHO# accambien B CaH-Ilayiry 65U10 co3za-
HUe CrenyasbHOro cTpykrypHoro komurera MMC. B 3azady sToro komureTra
BXOZIUT pa3paboTKa CTPYKTYPhl IIPOrpaMMbl KOHI'PECCOB, B TO BpeMs Kak IIpo-
I'PaMMHBIN KOMUTET, KOTOPBIH paHblIle ITOJHOCTHIO OTBEYAs 3a Iporpammy, 6y-
JIeT Teleph MoA0MpaTh KOHKPETHBIX TOKJIAIYMKOB I107 33/JaHHYIO CTPYKTYPHBIM
KOMUTETOM MaTpully. KoHeYHO, MBI ¢ GOJIBIINM HMHTEPECOM JKAEM pelIeHHI
Y peKOMeH/Iallii CTPYKTYPHOI'O KOMHUTeTa, TeM 6osiee uTo KoHrpecc B CaHKT-ITe-
TepOypre OyzeT epBoii IpoO0il HOBOTO MeXaHM3Ma COCTaBJI€HUA ITPOrPAMMBEI.
Bcex, y KOro eCTh Ha 3TOT CUET COOOpakeHUs U MOXKeJIaHUsA, IPU3bIBA0 0Opa-
maTheA MPAMO B CTPYKTYPHBIM KOMUTET yepes ero npezceaarend TepeHca Tao.

Yro KacaeTcsA MyOIMYHBIX JIEKIIUH, BBICTABOK, decTuBaIel, KyJIbTypHBIX U
[IPOYMX MEPOIPUATHH 3a paMKaMHU ITOJTHOMOYUM CTPYKTYPHOT'O U IIPOIPaMMHO-
o KOMUTETOB, TO 3a 3TO OTBe4YaeT OPraHU3aLMOHHBIN KOMUTET, U MBI C paZio-
CTBIO YCJIBIIIUM JTIOOBIE TIOXKeTAHUA U Wler IO ITOBOZY 3TOM YacTU IIPOrpaMMBL.
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HaxkoHer, B ¢BA3U ¢ npoBeZeHueM MeXyHapoJHOTO KOHI'pecca MaTreMa-
TUKOB OXKuzaeTcs, uro 2022 roz O6yzet obbsaBieH B Poccuiickoit Pepeparnym
rofIoM MaTeMaTUKH. MHe BUAUTCSA, YTO IO/l MAaTEMATHUKH B CTpaHe MOT ObI OBITH
HalloJTHEH MacCol MepOonpUATUM /i AeTel, MKOJIbHUKOB, CTYZIEHTOB, IIPOCTO
JmobuTeNnel MaTeMaTHUKY, MEPONIPUATHI OYeHb Pa3HBIX KaK 10 TeMe, popmary,
TaK ¥ [0 MECTy MpoBeZieHus. YTO-To OyZIeT MPOUCXOAUTH B IIKOJAX U APYTHUX
y4eOHBIX 3aB€JIEHUSX, YTO-TO B PA3/IMYHBIX MaTeMaTUYECKUX IIEHTpax, Ha CTpa-
HUIIAX TeYaTH, Ha TeJIeBUIEHUM, B UHTEpPHETEe U T. /. BbUto OB 3aMevaresb-
HO /IaTh TIPOCTOP U ZIOTIOTHUTEIbHBIA UMITY/IbC TOMY UHTEPECY U CKJIOHHOCTHU
K MaTeMaTHKe, KOTOPhIe OTpe/le/IEHHO €CTh Y MHOTHX JKUTeJel Halllel CTpaHbI.
JI7IsT MacIITaGHOTO U YCIIENTHOTO IIPOBEIEHUS ro/ia MaTeMaTHUKY MOTpebyeTcst
y4JacTHe He TOJIbKO 3HAUUTETHbHOU YaCTH MaTEMATHUKOB, pabOTAIOIINX B HaIIeH
cTpaHe, HO U Halllel MaTeMaTU4eCcKOU Auaciophl. I o4eHb HAZIEIOCh, YTO YU-
TaTenu «MaTeMaTAU4eCKOro IMPOCBellleHUA» MPUMYT caMOe aKTUBHOE ydacTue
B ITOATOTOBKE U MIPOBEJEHUU CTOJIb MACIITAOHOTO MEPOTIPUATHUS.

Anppeii FOpbpeBud OKyHBKOB, KOTyMOUIICKII YHUBEPCUTET
(Hero-Mopk, CIIIA), Cxontex (Mocksa), HUY BIIID

okounkov@math.columbia.edu






I'eomeTpus:
KJIaCCUKa U COBPEMEHHOCTbH

JlokazaTenbCcTBO runoTe3nl [Iyankape
(o paborawm I [lepenbmaHna)

JI. Beccwep, K. Bbeccon, M. Byaio

l'unoTesa, M3HAYaIbHO CHOPMYIUPOBAHHAA KaK YUCTO TOIIOJIOTH-
4ecKasi, COIIPOTUBIIAIACh aTaKaM TOIIOJIOTOB B T€YEHHUE CTa JIET, YTO-
6B caThCa TeoMeTpaM. IIporpaMma ucciaeoBaHul, HavaTas Puvap-
oM I'amunsroHOM B 1982 rozy u 3aBepiéHHadA I'puropuem Ilepens-
MaHoOM B 2003 rozy, OCHOBBIBA€TCA Ha IMOHATHUM IIOTOKA KPUBU3HBI
Pryyy — ypaBHEHUA 3BOJIOLMY, KOTOPOE CTPEMUTCA CAeNaTh METPHU-
Ky OZHOPOZHOM.

81. BBEAEHUE

Tormosorus MoBepXHOCTel ObUTa XOPOIIIO U3yveHa y:Ke K KoHIly XIX Beka.
Bcsikas opueHTHpyeMast MOBEPXHOCTh 6e3 Kpasd MOXKeT OBITh OIKMCAaHA TOIOJIO-
I'MYEeCKU KaK I'paHULla HEKOTOPOTro KpeHzend. KoandecTBo ABIPOK B 3TOM KPEH-
JleJie paBHO MaKCUMaJIbHOMY YMCJIy HellepeCeKaroluXCcs 3aMKHYThBIX KPUBBIX,
KOTOPBIE MOKHO ITPOBECTH Ha 3TOU ITOBEPXHOCTH TaK, YTOOBI B pe3yJIbTaTe OHa
He pacliajach Ha 9acTH; 3TO YMCJIO, Ha3bIBaeMOe POJOM, ZaET MOJHYIO KJac-
cuduKaIro moBepxHOCcTel. TakuM 06pa3oM, caMmas IpocTasi TIOBEPXHOCTD
C TOIIOJIOTHYECKOM TOUKH 3peHHsA — 3To chepa S? C R3; ona sBngeTcs rpa-
HUIlel mapa pazuyca 1, u jrobas IpoBeIéHHAasA Ha HeH 3aMKHyTasd KpUBas
pa3buBaeT eé Ha YaCTH.

Bessiéres L., Besson G., Boileau M. La preuve de la conjecture de Poincaré d’apres G. Perel-
man // Images des mathématiques. CNRS. Le 15 octobre 2006.
[epeBog ¢ ¢ppanirysckoro E. FO. CMupHOBa.

MaTtemaTnyeckoe npocselyeHue, cep. 3, Bbin. 24, 2019(53-69)
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AHaJIOTUYHOE UCC/IeZIOBaHNE TUIIEPIIOBEPXHOCTEHN (MM MHOT00OpasHii)
6e3 Kpas B 60jiee BBICOKMX Pa3MEPHOCTAX ObUIO HAa4aTO HECKOJIBKO TTO3KE,
a umeHHO B 1895 roay, B 3ameTke Aupu [Iyankape Analysis Situs [13], koTopast
03HaMeHOBaJIa POXKJEHNE COBPEMEHHOM alrebpanyecKoil TOMONOTHH.

B 1904 roay B mATOM M TMOCJAeAHEM JOMONHeHUU K Analysis Situs [13]
[lyankape mocTpowsi IpyUMep, TTOKa3bIBAIOIINM, YTO B pa3MepHOCTU 3 enu-
HuuHaa chepa S° C R* He MoXeT GBITh OXapaKTepH30BaHA TeM CBOMCTBOM,
YTO BCsIKAs BJIOXKEHHAs B Heé MOBEPXHOCTD pasfiesiseT eé Ha YacTu; AJIA 3TOro
TpebyeTcs 3aIeficCTBOBATh O0Jiee TOHKHE TOTIOJOTHUYECKHE MOHATHA. YTOOBI
OTIMYUTh TIOCTPOEHHOE MM TPEXMepHOe IIPOCTPAHCTBO OT cdephl S°, [Tyan-
Kape HCIIO/Ib3YeT MOHATHE hYHOAMEHMANbHOU 2pynnbl. DTO anrebpanyecKuit
MHBApUAHT, KOTOPHIN ObUT BBEZIEH €l€ B IepBOi 3ameTKe Analysis Situs; B ero
OTIpe/ie/IEHNH YYaCTBYIOT 3aMKHYThIE TIyTH (ITeT/IM) B JaHHOM IIPOCTPAHCTBE,
KOTOpbIE HE MOTYT OBITh CTSHYTHI B TOUKY ITOCPEJCTBOM KaKOW-INO0 Hempe-
PBIBHOI Ziepopmaniuu (Takue MEeTIN Ha3bIBAIOTCA CyuecmaeHHbmu). Ecim cy-
IIIECTBEHHBIX TeTEb HeT, TO QyHJaMeHTaIbHas TPYIIa TPUBUAIbHA; B TAKUX
CJlydanx TOBOPAT, YTO IIPOCTPAHCTBO 00HOC8A3HO . TAKOBHI, HAIIPUMep, BCe
coheprr S" pasmepHocTH n = 2. [IyaHKape MMOKa3bIBaeT, YTO IIOCTPOEHHOE UM
MIPOCTPAHCTBO HE OJJHOCBS3HO.

B KOHIIe CBOeii CTaThby OH GOPMY/IHPYET CIeAyIoLnii Bompoc? , Bocies-
CTBUH CTaBUINI 3HAMEHUTHIM: «BO3MOKHO JiY, YTOOBI QyHAAMeHTaIbHAS IPYII-
ra TpéxMepHOro MHOroo6pa3sus V Obula TPUBUATIBHOMN U MPU 3TOM MHOT000-
pa3ue V He SBIATIOCH chEepoit?»

[IpearnonoXeHne O TOM, YTO BCAKOE OZHOCBSI3HOE MHOT0OOpasue pa3mMep-
HoCTU 3 ecTh cdepa S°, U3BeCTHO Kak zunome3sa ITyarkape. JloKka3aTenrbCTBO
3TOM TUIIOTEe3bl OKa3aJloch KpaliHe CJIOXKHOM 3azaueii. OHa JOIMycKaeT ecTe-
CTBEHHOEe 0000IIeHre — 2unomesy 0 zeomempusayuu, cpopMyIUPOBaAHHYIO
YunbsimoMm TépctoHoM B 1970-X rozax Ajs ONMMCAHUS BCEX MHOT00Opasuii
pasMepHoOCTH 3.

TépcroH [15] mpeaAnonoKui, YTO BOCBMH OAHOPOAHBIX T€OMETPHIA 0CTa-
TOYHO /IJISI OTIMCAHUSA dJIEMEHTAPHBIX «KUPITUYUKOB», U3 KOTOPHIX CTPOSITCS BCE
MHOT000pa3sus pa3mepHocTH 3 (cM. Takke [14]). IIpu 3TOM B LIEHTpP UCCIIEAO0-
BaHUI MHOTOOOpa3uii pa3MepHOCTH 3 TUTIOTe3a reOMeTPU3AIMU TTOCTaBUIA
MeTozbl AupPepeHITnaTbHON TEOMETPHH.

B Hauase BocbMuUziecATHIX ro10B Prdapz ['aMuibToH chopMyIpoBal HOBYIO
IIporpaMMy MccIeZlOBaHUM JiA JOoKa3aTelbCTBa TMIIOTE3h TeOMETPU3aLuU U,

Y 310 coBpeMeHHas TepMHUHONOrHA. [IyaHKape HCIOMb30BaT TEPMUH «OZHOCBA3HOE» TIPH
ob603HaYeHUU chepBI.
2 3nech [TyaHKape UCIIONBb3YET TEPMIH 00HOCBA3HOE NPOCMPAHCMEO.
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B 4aCTHOCTH, TunoTe3bl [lyankape. Ero moaxoz ObUT OCHOBaH Ha MOHATHUU
IIOTOKOB PU4un: B IPOCTPaHCTBE PUMAaHOBBIX METPUK Ha paccMaTpUBaeMOM
MHOT'000pa3uu UCCIeAyeTcs OBeleHe pelleHui HEKOTOporo AnddepeHIu-
aJIbHOTO ypaBHEHUsI, CBSI3aHHOT'O C KpUBU3HOU (MOTOK Puyuwm). [Ipu 3BOIIO-
LM TIOTOKA PUYYM MeTpUKa CTPEMHUTCS K OZHOPOAHOM, OJHAKO JKe pacipee-
JIEHVE€ KPUBU3HBI HE ABIACTCA OJHOPOAHBIM: 338 KOHEYHOE BpeMs KpUBH3HA
MOJXKET «HAKaILUTUBAThCS» U CTAHOBUTHCS OECKOHEYHOU B HEKOTOPBIX TOUYKAX
MHoroobpasus. C 3TUMU ABJIeHUAMH, KOTOPble Ha3bIBAIOTCSA 0COOEHHOCTAMU
MoTOKa Puyym, lTaMWIBTOHY He yZajoCh ITOJHOCThIO pa300paThCs.

He,aaBHo3) I'puropuii [lepesbMaH onpezeniI A1 TOToOKa PUUdu MOHOTOH-
HyI0 QyHKIIHMIO, Ha3bIBaeMyl0 aHmponueil, KOTopas M03BOJIMIa eMy OIUCATh,
KaKuM 00pa3oM BO3HHUKAIOT 3TU OCOOEHHOCTH, U KIacCuUIMPOBaTh uX. [Ipu
3TOM eMy V/IaJioCh C/leiaTh PEelIaloNnIyii Iar B 3aBepIieHny NporpamMMbl [a-
MuwibTOHa. Hayas ¢ moToka Puyyuu, OH IMOCTPOWI NOMoK ¢ xupypaueil, I03BOJIA-
oM M30aBUTHCSA OT 0COOEHHOCTe. Jlajee MBI pacCKaXkeM O J0Ka3aTeTbCTBe
rumnoTessl [TyaHkape, KOTopoe ObUIO MpeIoskeHo [lepesbMaHOM.

§ 2. ITOTOK, ACCOLIMMPOBAHHBINA C KPUBHU3HOU Puyuu

Byzem uckaTh IIPOIecC TUIA SBOJIOIUU, KOTOPBIM IIPUBOAMI OBl K HEKO-
TOPOU BBIZIEIEHHOW PUMaHOBON MeTpHKe Ha JaHHOM AuddepeHIIpyeMomM
MHoroob6pasuu M (cm. onpezenerue 1). Mbl XOTUM, YTOOBI Y 3TOM METPUKHU
6bUTa TIOCTOSTHHAA KpUBU3HA PUYuY; Takue MeTPUKU Ha3bIBAIOTCA SUHINTEH-
HOBBIMH.

ITOTOK, acCOLMUPOBAHHBIN € KpUBU3HOU Pryun (cM. onpegenenue 1), — ato
auddepeHraabHOe ypaBHeHHEe Ha (6€CKOHEYHOMEPHOM) MPOCTPAHCTBE /A
PHMMaHOBBIX METPUK Ha MHOroob6bpasmu M. B uzgeasne xoTenoch OBI, YTOOBI
3TO OOBIKHOBeHHOe AuddepeHIInaNIbHOEe YpaBHEHNE UCIIOIb30BAIO TPAZAUEHT
HEKOTOPOU PyHKIIUM, B3ATHIA CO 3HAKOM «MHUHYC» (UTOOBI €r0 TPAaeKTOPUU
CXOAWINCh K MUHUMYMaM). ECTeCTBEHHBIM KaHAMJATOM HAa 3Ty POJb SBJIA-
eTcss QYHKIIUS, KOTOPYIO B GU3MKe HaA3bIBAIOT QYHKIIMOHAIOM ['mibbepTa —
OlHIITeHA. DTO MHTErpaj OT KPUBU3HHBI (CKaMApHAsd KPUBU3HA); KPUTHYE-
CKUMU TOYKaMU 3TOH GYHKIMU ABJISAIOTCA SUHIITETHOBBI METPUKHU, T. €. TAKHe
MEeTPUKHU, IJIA KOTOprX4) Ric, = Ag. K coxanenuio, NpocToe BHIYKCIEHUE
ITOKA3bIBAET, YTO T'PAJUEHT 3TON QYHKIUU JaéT ypaBHEHUE, KOTOpPOe B 00-
meM ciydae He uMeeT peuleHuH. OHAKO OKa3bIBaeTCsd, YTO /I HALIUX Iie-
Jieli ToAuTCA HeKoTopasa MoArudUKanusa 3Toro ypaBHeHuA. HazoBém notokom

3) CraTpa omy6nukoBaHa B 2006 . — ITpum. nepee.
4 O603HaueHn cM. Ha c.57. — IIpum. nepes.
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Puyun ceMeiicTBO g(t) pUMaHOBBIX MeTPUK Ha M, omnpezaenéHnHoe Ha [0; T)
Y YIOBJIETBOPSIOIIEE CJIEAYIONIEMY YPAaBHEHUIO SBOJIONMH (cM. ipumMep 2):

0g .
E =2 Rng(t). (1)

ONPEAENEHME 1

IunddepeniupyeMoe MHOTOOOpa3re pa3MepPHOCTHA N — 3TO IPO-
CTPAHCTBO, KOTOPOE JIOKJIBHO BBHIIVIAAUT KaK CTaHAAPTHOE €BKJIMIOBO
npocTpaHcTBO R": y KaXKJ0M TOYKHM MMeeTCs OTKPBITas OKPECTHOCTb,
romeoMopdHas R", koTopass Ha3bIBaeTCS KAPMOIl, TIPUIEM TIEPEXO/],
OT OZIHOM KapThHI K Apyrou 3agaérca audpdeomopdusmom kiracca C*
(cMm. puc. 1). B pasmepHoctu 3 gubdepeHnrpyeMas CTPYKTypa eIuH-
CTBEHHA C TOYHOCTHIO /10 AuddeomopdusmMa, Toraa KaKk MPOCTPAHCTBO
R* MOXHO cHa6ZUTh 6eCKOHEYHBIM YHC/IOM IOIApHO He Auddeomopd-
HbIX AuddepeHIpyeMbIX CTPYKTYpP. B fanbHelimem Bce paccMarpu-
BaeMble MHOT'000pa3us MbI OyZIeM CYUTATh MIPUHA/JIEKAIINMU KJIacCy
C® U opueHTHUPYEMBIMU.

YTo6bI U3y4aTh TEOMETPUIO MHOTOOOpa3us M (HampuMep, BHIYKC-
JIITH AJTUHBI KPUBBIX, PACCTOSHUS, OOBEMEI U T. /I.), TpeOyeTcs A0MOJ-

&, v)

Puc. 1
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HUTeJbHAsA CTPYKTypa, HasblBaeMas PUMaHOBOM MeTPUKOH U 060-
3HayaeMmas yepes g: B KOX/JOM TOUYKe X KapThl OHa 3aJaéT CKalIApHOe
npousBeieHue g;(x), KOTOpPOe U3MEHSETCS OT TOUKH K TOUKe KaK (yHK-
1y knacca C* U coIviacoBaHO C IepexXoioM OT OZHOM KapThl K JApy-
roii. KpuBU3HBI, aCCOLMMPOBAHHBIE C METPUKOM, U3MEPSIOT €€ MHU-
HUTe3UMaJIbHOE OTKJIOHEHWE OT CTaHAAapTHON MeTpuky Ha R". OHH
BBIYMCJIAIOTCSA KaK MOJMHOMUAIbHbIE BEIpaXXeHUs OT K03pPUIIeHTOB
MEeTpUKHU g, 0g U azg.

Hanpumep, ¢ kaxzao0¥ (AByMepHOIT) IIOCKOCThIO P B KacaTeIbHOM
npoctpaHcTBe T, M MOXHO CBSI3aTh KpUBU3HY ceuenus K (P), onpeze-
JIIEMYIO ceAyroImuM oopasoM. O6o3HaunM depe3 C (1) KpyT ¢ IEHTPOM
B X YU paiuycoM r, Kacaroluiicsa wiockocTyd P. /inHa cOOTBETCTBYIO-
el OKPYKHOCTHU YZOBJIETBOPAET GpopMysie

L(C(r) = 2nr(1 — @rz + o(rz)),

rae K(P) uamepsieT fedeKT, T. €. OTKIOHEHNE OT €BKJIUJOBOU JIMHBI
okpykHOoCcTH. KpriBu3Ha Puyuu (HaspiBaeMasi TaK)Ke TEH30pOM Puyun)
3a/1aéTcs B KQXX/J0UM TOYKe X TMPOCTPAHCTBA M CUMMETPUYECKON G-
HeliHoM dopmoii Ha T, M (He 06sI3aTeNbHO TOMOKUTETBHO OTIPEeENTEH-
Hoi). E€ sHaueHue Ha BekTope v € T, M, obosnagaemoe Ricg (v, v),,
BBIYMCJIAETCSA KaK CyMMa KPUBU3H CEYeHUH IUIOCKOCTAMHU, IIOPOXKIEH-
HBIMU BEKTOpPaMU U U e;, TZe e; MpoberaeT OpTOHOPMUPOBAHHBIN 6a-
3UC OPTOTOHANBHOTO AononHenus K v B T, M. OHa XapaKTepUsyeT Je-
dexT wiomazau chep manoro pasuyca. CkajsipHas KpuBU3Ha R(x) —
3To GyHKIMA Ha M, onpezenéHHas B KQKJIOU TOUKE X KaK CJefl KpU-
BU3HBI Puaun Ricg (-, ), OTHOCUTENBHO CKATAPHOTO TPOU3BEEHUA gy,
T. €. KaK CyMMa COOCTBEHHBIX 3HAYEHU COOTBETCTBYIOIIETO OIIEPATO-
pa. OHa xapaKTepu3yeT OTKJIOHeHHe 00BEMa IapoB MaJIoro pasuyca
OT €BKJINZIOBA 0OBEMA.

[Toaxon ¢ mpuMeHeHHeM AuepeHITNANbHbIX YpaBHEHUH, OMUCAHHBIN
BBIIIIE, OKA3bIBAETCSA TPYAHOIIPUMEHUMBIM Ha 6€CKOHEYHOMEPHOM MTPOCTPaH-
cTBe /. BmecTo 3TOr0 MBI NprUMeHUM 6osee 3$GeKTUBHBIN NOAXOA, IPU
KOTOpOM ypaBHeHue (1) 3amuchiBaeTcsi B HEKOTOPOU CHCTEMeE JIOKATbHBIX KO-
OpAIMHAT, TapaMeTpU3yIux ./ . IIpu aToM (1) cTaHOBUTCA MapaboIMIeCKUM
ypaBHEHUEM B YaCTHBIX TPOU3BOJHBIX THUIIA «PeaKyUA-OUPPY3UL».

[TpuMEP 2. Ha cdepe pelieHrieM moToka PUdyu sABIs€TCS METPUKA
g(t) = (1 —2At)g, Ha mpomexyTke [0; 1/(2A)), ecu KpuBU3HA Puudm
B MCXOJHOI MeTpHKe paBHa Ric, = Ag, npu A > 0.
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Puc. 2

Bosee ob1M 06pa3oM, SBOJTIOLMS ITOTOKA 3a1a€TCS IIPH ITOMOIIN
rOMOTeTHUH, ec/id HayasbHas MeTpUKa ABJsieTcs SUHIITeHHOBON. MeT-
PUKU OTPUIATETbHON KPUBU3HBI IIPU SBOJIOINH PACTATUBAIOTCS, & MET-
PUKH TTOJIOKUTENIBHON KPUBU3HBI CTATUBAIOTCA (CM. pHC. 2).

8 3. PasoThI P. T[AMUJIBTOHA

FaMUIBTOH 0Ka3as [5] cyiiecTBOBaHMe pellleHus Ha MaJOM OTPe3Ke Bpe-
MEHH /IS IPOM3BOJIbHBIX [VIQJIKUX HAaYalbHBIX YCJIOBHH (IIPOCTOE JOKa3aTe lb-
CTBO CM. B [4]). 3aTeM 3TOT MOTOK MOKHO MPOAOJIKUTH, TaK KaK KPUBU3HBI
ceyeHus (cM. ompeziesieHre 1) OCTalOTCS OrpaHUYEHHBIMHU 10 aGCOJTFOTHOM Be-
suariHe. YTo6ObI OI[eHUTDh 3HAaYEHUsI KPUBU3H, HY)KHO 3aIKiCcaTh UX ypaBHEHUS
SBOJIIOLIMM Y UCIIOJIb30BATh IIPUHIUII MAKCUMYyMa.

[IPUHLIMIT MAKCUMYMA IJ11 KPUBU3H

HayHéM co ckaJApHOU KpUBU3HBI, KOTOPas 3BOJIOLMOHUPYET B COOTBET-
CTBUU C TapabosnyecKUM ypaBHEHUEM

‘3—? = AR+ 2| Ric |2, (2)

I/le BCe BEIMYUHBI ABMAIOTCA QYHKUIUAMU OT g(t). Bo BCIKOM TOUYKE X MUHU-
MyMa CKaJIIPHOM KPUBHU3HBI MeTpuKHU g(t) samwtacuan AR HeoTpulaTeseH,
ceZioBaTeNbHO, AR/t = 0. MOXKHO BBIIBUHYTH €CTECTBEHHOE IIPEIIOJIONKE-
HUE, YTO MUHUMYM CKaJISIPHOM KPUBU3HBI MeTPUKU g (t) Ha MHOrOO6Gpasuu M
(o6o3HaumM ero yepe3 R i, (t)) Bo3pacTaeT mpu pocte t. [IpUHIIUIT MaKCUMY-
Ma HO3BOJIIET 0Ka3aTh 3TO cTporo. bosiee toro, ecnmu R, (0) > 0, MoxHO
Jl0Ka3aTh, 4To R, (t) cTpemuTcsa K +oco 3a KOHEYHOe BpeMs (eciu TaKoi
TIOTOK CYIIECTBYeT). B aToM citydae Mbl yOexxaaeMcsi, YTO MAKCUMYM KPUBU3H
CeYeHUsI CTPEMUTCA K +oo 3a KOHEYHOe BpeMsi. YTOOBI MOIyYUTh JOTIONTHU-
TeJIbHYI0 MHGOPMALIUIO, UCIIOIb3yeM ypaBHEHHE 3BOJIOIMY TeH30pa Puyywy,
HMelolee CIeAYIOMNA BUL:

d Ric _

3t A Ric +Q(Ric), 3)



Joxazamenwvcmeo 2unomeswt Iyankape (no pabomam I. [lepenvmana) 59

rge Q — HeKOTopoe KBaZpaTU4HOe BhIpa)keHUe. BeKTOpHBIM MPUHIIUI MakK-
cuMyMa II0Ka3blBaeT, 4YTO eC/In RicgO =0, ToH Ricg(t) 2 0. Ecmu, xpome TOTO,
Ric, >0, TO 5T0 3Ke BEPHO U AJIA BCEX ¢, IPUYEM BO BCEX TOYKAaX MHOT0O0Opasust
MMeeT MeCTO OIleHKa

%‘ Ric—%g‘ < )
rfe a U 3 — MOMIOKUTeNbHbIE KOHCTAHThL. DTO O3HAYAEeT, YTO IIPU CTPEMJIEHUU
R(x,t) k 6ECKOHEYHOCTH OTHOCHTENbHAsA PA3HWIA B TOUKe X MeXAy Ric,(
M €ro CPeHMM 3HaYeHUEeM 5 & CTPEMMTCA K HYIIO. [Tpu nmomouy oueHKU
rpaZileHTa CKaJApHON KpUBU3HBI [aMWIBTOH /J0Ka3aJl, YTO B IIPEATOI0KEHUN
O CTPOrO¥ MOJIOKXUTEIbHOCTA KPUBU3HBI PUYUM OHA CTPEMUTCA Ha KOHEUHOM
IIPOMEXXYTKe BpeMeHH K OECKOHEYHOCTH C OZHOU U TOH XKe CKOPOCTHIO BO BCEX
ToukKax. VTak, ecy mepeHOPMUPOBATh METPUKY TaK, YTOOBI 06BEM OBLI I1O-
CTOSAHHBIM, TO g(t) OyZeT CXOAUTbCA K HEKOTOPOM METPUKE C IOCTOSHHOM
TIOJIOXKUTENbHON KPUBU3HON ceueHUM, OTKY/a MOoIydaeTcs

TEOPEMA 3. Eciu M — 3amMkHymoe pumaHo8o MH02006pasue, Ha KOMopom
MOJICHO 88€CMU MEMPUKY CO CMP020 NOJ0NCUMEeNbHOU KpususHoll Puuuu, mo
Ha M makxce cywecmayem mempuka ¢ NOCMOSIHHOU U NOJONCUMENbHOT KpU-
BU3HOIL ceveHUl.

3AMEYAHUE 4. B gactHocTH, M fABnAeTcA $aKTOPIPOCTPAHCTBOM cde-
pel S3 o KoHeuHoO#! TpymIe U3oMeTpuil. Takoe MHOrooGpasye Ha3LIBAETCA
cdepuyeckum. HanpumMep, TakoBO MPOCTPAHCTBO NpAMEIX B R, apnstomeecs
daxTopmpocTpaHCcTBOM cdephl S° M0 OTOXKAECTBIEHUIO TIPOTHBOIIOMOKHBIX
TOYEK; IIPU 3TOM IIOJIYYaeTCs IMPOEKTHUBHOE IPOCTPAHCTBO, 0OO3HAYaeMoe
gepe3 P3(R). DTo OCHOBOIOJIATAIONIAA TeOpeMa BO BCell STOH TeopHHu; OHa
ABJIAETCA IepBBIM IIaroM K JI0Ka3aTeIbCTBY rUIIOTe3sl [TyaHkape.

CuTyauus pe3Ko MeHSeTCs, eCTM KpUBU3HA PUYYU He ABJIAETCSA CTPOTO
MOJIOXKUTeNbHOM. Hanbosiee 061U pe3yIbTaT TAKOB: 011 NPOU3BONbHLIX HA-
YANbHBLX YCA08ULL NOMOK CyUjecmayem HA HeKOMOPOM MAKCUMATbHOM NpoMe-
acymxe [0; T), u ecru T < oo, Mo MAKCUMYM KPUBU3H CeUeHUTl 8 MOMEHM 8pe-
MeHU t cmpemumcs Kk +oo npu t — T.B mociegHeM cirydae MOMEHT BpeMeHHU T
Ha3BIBAIOT 0cOObLM. Boob1IIe TOBOPSI, KpUBU3HA HEOIPAHMYEHHO BO3pACTaeT
JIUIIb Ha HEKOTOPOU YacTyU MHOT00Opasus; MPU 3TOM T'OBOPST, YTO MOTOK
rMeeT 0coO6eHHOCTb. MeXy TeM BapUaHT NPebIAYIIUX Pe3yIbTaToB, meope-
ma o cmcamuu F'aMuabToHa — AWBH, TOKA3bIBAET, YTO OTPULIATEIbHAA YACTh
KPUBU3HBI CTAHOBUTCS NPEHEOPEKMMO MAJIOH IO CPABHEHUIO CO CKAISIPHON
KpUBU3HOHN. TakuM 006pa3oM, CKajsipHas KPHUBU3HA PErylupyeT 3HAaYeHUs
BCEX KPUBU3H.

Tenepb cKaXkeM HECKOJIBKO CJIOB 00 M3y4eHUH 0COOEHHOCTEM.
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VM3YyYEHUE OCOBEHHOCGCTENM: TEXHUKA MACIITABUPOBAHUS

Ora TexHMKa, B aHa/IM3e ABJIAIONIAACH KIaCCHYeCcKoH, OblIa UCII0Ib30BaHa
B JJaHHOM cuTyaiuu aMuibToHOM B pabotax [7] u [8]. MacurraGupoBaHue
3aKJII0YAeTCs B PACTSDKEHUU METPUKH U 3aMe//IeHUY TeuyeHUs] BpEMEHH, KO-
TOpBIe MTO3BOJIAIOT IOJTyYUTh HOBOE PellleHre ypaBHeHU IT0ToKa. byzem pac-
CMaTpPUBATh MOCIE0BATENBHOCTA MACIITAOMPOBAHUN U IEPEXOAUTD TI0 HUM
K nipegeny (cM. Hipke). Ecu okasaTth CylecTBOBaHUE MPeAETbHBIX TIOTOKOB
U KJIacCUPUIIMPOBATh UX, 3TO JAaCT HaM BCEBO3MOXKHbIE MOJENIU OCOOEHHO-
cTeil. Bompoc o cynecTBOBaHUU IIpe/ebHBIX IIOTOKOB OBLT OHUM U3 OCHOB-
HBIX MIPEMATCTBUI HA MYTH K OCYLIECTBIEHUIO TPOrpaMMbl [aMUIBTOHA. DTOT
BOIIPOC HeZlaBHO®) GBUT IOJHOCTBIO PeléH [lepebMaHoM.

B ob61meM cirygae paccMaTpUBaETCA IOCIEI0BATENIbHOCTh MacIITabupoBa-
HUI B TOYKax (X, ty), AJiA KOTOPBIX Q. := R(xy, t;) — +00 U cKalApHasa KpU-
Bu3Ha Ha M x [0; t;] B KOTOpbIX MakcuMasbHa. Torza mocae0BaTeNbHOCTD
napaboMYecKuX pacTsKeHUu MeTpUK g (t) B (X, tx) UMeeT OorpaHUYEHHYIO
KPUBU3HY Ha oTpe3kax [—t; Qy; 0], cxoasamuxces k (—oo; 0]. [Togxoasiyum ycio-
BHEM, YTOOBI TApAaHTUPOBATh CXOAUMOCTD HociefoBaTenbHOCTH (M, g1 (t), X))
(Wi HEKOTOPOI €€ MOATIOCTIe[OBATETHHOCTH) — B HEKOTOPOM CMBICJIE, KOTO-
PBII MBI 3€Ch HE YTOUHsIEM, — K TIOTOKY (M., £, (t), Xo,), ABISETCS OIleHKa
CHU3y Ha 06BEM eJUHUYHOTO IIapa C IIeHTPoM B X, (B MeTpuke g, (0)) HeKo-
TOPOU TIOJIOXKUTENbHON KOHCTAHTOM, He 3aBucsAIIel oT k. [lepBoIii U3 3aMe-
yaTeJbHBIX pe3yabraToB Ilepesbmana [10] cocTouT B TOM, YTO 3Ta OIlEHKA
BCer/ia BBIIIOJIHEHA, eCTM KPUBU3HA CTPEMUTCS K OECKOHEYHOCTH 32 KOHEYHOe
BpeMms. [1o moCTpOeHUIO, TOIyIeHHBIH MIpeJes IBIAeTCsl HIOTOKOM Ha (—oo; 0]
OTPaHWYEHHOU U IpU 3TOM HEHYJIeBOH KpUBU3HBI. Bosee Toro, Teopema l'a-
MWIBTOHA — AMBU O CXKaTUU MO3BOJIAET [TOKA3aTh, YTO KPUBU3HA CeYeHUH
Ipe/ieJIbHOTO TIOTOKA TTOJIOXKUTENbHA WIN PaBHA HYJIIO.

[TAPABOJIMYECKUE PACTSXKEHUSA. Wzes macirabupoBanus ¢Gpop-
MaJIU3yeTCs TIPYU ITOMOIIY MTOHATHS MapaboIUIYeCcKOro PaCTIKEHU
(cm. puc. 3). Ecmu gansl moTok Puyum g(t) Ha M X [0;T), To4uka X,
¥ MOMEHT BPEMEHH t(, TO ITAPabOINIECKOE PACTSIKEHNE OTPEAEAETCS
KaK pellleHre MMOTOKa, 3a[aHHoe GOpMyJIoi

g(t) = Qo 'g(fo + QLO), rae Qo = R(x, to).

OHO orpeziesieHO Ha MPOMeXyTKe [—toQq; (T —ty)Qp) U HOpMUPYeETCA
ycnosueM R, (xo,0) = 1.

5 Cm. npumeyanue 3.
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R(xo,t) = Qo

0 to
———
_to . QO 0

R(x,,0) =1

Puc. 3

§84. IToTOKU C XUPYPTUEN IO [IEPEIBMAHY

OCHOBHBIM pe3y/IbTaTOM IepBOi cTaThu Ilepenbmana [10] sBiseTcs Teo-
peMa 0 KAHOHUYECKUX OKPECTHOCTSIX, OTMChIBAIOIIAs METPUKY g(t) B TOUKax
60JIBIION CKATIAPHON KPUBU3HBI. EC/IM KPUBU3HA BEJIMKA TIOBCEMECTHO, U3 3TO-
ro moJsydaeTcs KaaccuprKamusa MHOroobpasuii M. B Takux caydasx roBOpAT,
YTO MOTOK OCTAHABJIMBAETCsA. B MpoTHBHOM ciiydae ujes (Bocxogsmas k Ia-
MUIBTOHY [9]) cocTOUT B TOM, YTOOBI M36aBUTHCS OT KYCKOB MHOTOO0Opasus M
¢ 60/IbIIOI KPUBU3HOM, pa3pesas ero Boib chep S? U 3aK/IeuB ALIPH MIapa-
mu B3. Pasymeercs, 3T0 clieflyeT AeaTh, Ciefid 3a TOMOJIOTHell U reoMeTpHelt
MHOroo6pasus. Ilocie 3TOro Hy>KHO PacCMOTPEThH ITOTOK Ha HOBOM MHOTO-
006pasuu, KOTOpoe, BO3MOXKHO, He OYZIET CBSA3HBIM, ¥ IOBTOPUTD OITMCAHHYIO
Ipoueaypy. B HEKOTOPHIX cily4yasnx OTAe/NbHBIE CBA3HbIE KOMIIOHEHTHI HCYe3a-
10T MIPY XUPYPTrUYECKUX omnepanusax. B pabote [11] [lepesbMaH Z0Ka3bIBaET,
YTO /1 IPOU3BOJIHBIX HAYaJIbHBIX YCIOBUM, HOPMUPOBAHHBIX JOJDKHBIM 00-
pa3oM, 3TOT IOTOK C XUPYPrUel MOXXHO IPOJ0JDKaTh 6eckoHevHOo. Ha kaxxzom
KOHEYHOM IIPOMEKYTKE BpEMEHH IIPU 3TOM [JieJIaeTCA JUIIb KOHEYHOE YUCIIO
XUpyprudeckux onepauuii. Eciy Bech IOTOK OCTaHABIMBaeTCA 3a KOHEYHOE
BpeMsA, MOXXHO OIIMCaThb BCE €ro CBA3HBIE KOMIIOHEHTHI, a CJIeJOBaTEeIbHO,
1 UcxoZHOe MHoroo6pasue. Tak OCyLIeCTBIAETCA A0Ka3aTeNIbCTBO TUIIOTE3b
[Tyankape. Kinaccudukanus A AJIMHHBIX OTPE3KOB BpeMeHH boJiee CI0XKHa,
Y 3/leCb MBI €€ He pacCMaTpUBaeM.

KAHOHUYECKHWE OKPECTHOCTHU

TeopeMa 0 KAHOHUYECKUX OKPECTHOCTSIX YTBEPKAAET, UTO, TPyOO rOBOPS,
B TOYKaX C OOJIBIION CKAISIPHOM KPUBU3HOM IMOTOKA PUYYM reoMeTpHs SBJIAETCA
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KaHOHUYECKOH, T. e. MMOYTHU YTO M30METPUYHON OZHOU M3 KOHEUHOTO YHCjIa
MIPOCTHIX Mozesier. UTOOBI HEe BBOAUTD JIUIIHUX ITAPAaMETPOB, MIPEATIONOKUM,
YTO MOTOK KUBET Ha MMPOMEXKYTKeE, cofiepkarieM oTpe3ok [0; 1] (sToro Mosx-
HO I00UTBbCA TEPEHOPMUPOBKOI HavyaJlbHOW METPUKHU), U TTOTPeOyeM, YTOOBI
eZIMHUYHbBIE aphbl B HAYAJIbHOW MeTpUKe ObUTU IMOYTH €BKJIUJOBBIMU. Takue
HavaJbHbIE JaHHbIE OyZleM Ha3bIBaTh HOPMaJIM30BaHHBIMU. MIMeeT MecTo

TEOPEMA 5. /[ns 8csikozo docmamouno manozo € > 0 cywecmgyem yHugep-
canvHas koncmauma r=r(e) >0 co caedyrowum cgoticmeom. Iycms (M, g(t)) —
nomox Puuuu ¢ HOPMAIU308AHHBIMU HAUAIbHBIMU OaHHbBIMU, a X €M u t =1
maxkosst, umo R(x,t) = r~2. Tozda mouka X umeem OKpeCMHOCMb, KOMOpas
nocne pacmsiyceHus 8 v/ R(x, t) pas cmanosumcsi u3oMempuuHoil ¢ MOUHOCMbIO
00 € 00HOU U3 cedyrowux modeels:

i) yunundpy S? x (—1/e;1/¢€) ¢ kanonuueckoii mempuxoii npousgedeHus
U CKansipHoll Kpusu3Holl 1; makyw oKpecmHoCmyb HA308EM €-20PbILUKOM;

ii) wapy B® unu dononHeHwuio k wapy 8 npoeKMusHOM NPOCMpPAHcmae, m. e.
P3(R)\ B3, ¢ mempukoil cmpozo nonoxcumensHotl ckanapHoil KpUBU3HbL, KO-
mopbule 6aU3KU 8Cl00Y, KPOMe HeKOMOopo20 KOMNAKMA, K ONUCAHHOMY 8blule
chepuueckomy YUNUHOPY; MAKYH0 OKPeCMHOCMb 6ydeM HA3bl8AMb €-WANOUKOLL;

iii) 3amxHymomy mHo2006pasuto co cmpozo NOAOHCUMENbHOU KPUBUSHOIL
ceueHusl.

IIpu smom 6ydem 2080pums, umo g(t) yoosremeopsiem zunome3e 0 KAHOHU-
Yeckux okpecmuocmsix 0 macwmaba r (cMm. puc. 4).

1 1
€ €

)

S2xI

B® wmu P?(R)\B®

ii)

iii) , ) ST

Puc. 4
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Msb1 HaspiBaeM zBa AudpPeoMopdHBIX MHOTOOOPaA3UA U30METPUUYHBIMU
C TOYHOCTBIO JI0 €, ecyiu He 6ojiee 4eM Ha € OTIMYAIOTCA UX PUMAHOBBI METPHU-
KU, a TAK)KE UX TIPOU3BOAHBIE MTOPSAKOB He 6osee 1/¢. B 4acTHOCTH, KPUBU3HBI
Ha 3TUX OKPECTHOCTSX CPAaBHUMBI CO CKaJIIPHON KpUBU3HOM R(X, t). Pazmep
OKPeCTHOCTeli, COOTBETCTBYIOIMX CAyJIasAM i) U ii), CpaBHUM C %R‘l/ 2(x, t).
Kpome Toro, mpocTpaHCTBEHHBIE M BpEMEHHBIE KOleOaHMsI OIleHUBAIOTCS YHU-
BepCAIbHBIMU KOHCTAHTAMH.

3AMEYAHUE 6. B ciydae iii), BBUAY CBA3HOCTH, MHOTOOOpasve M I1eu-
KOM COZIEP)KUTCSI B OKPECTHOCTH, U COIVIAaCHO TeopeMe 3 oHO AudpdeomopdHO
chepruyecKkoMy MHOTOOOPa3HIo.

ONHNCAHME ITEPBOTO OCOBOTO MOMEHTA BPEMEHU

Ha mpoTsokeHMH 3TOTO pasfena 3aduKcupyeM ducio € > 0 u Maciirab
r > 0, OTHOCUTENBHO KOTOPOro MeTpuKa g(t) yZOoBIeTBOPSET MPEeTIOIOXKe-
HUIO O KAaHOHUYECKUX OKPECTHOCTSAX. MbI OyzZieM OIMchbiBaTh MeTPUKY g(t)
mpu t = T < oo, rie T — 0cobObIii MOMeHT BpeMeHU. OO03HaUMM 4depes §2
MHOKECTBO TOYEK, I/ie CKaJIsApHas KPUBHU3HA OCTAETCsI OrpaHUYEeHHOM, T. €.

Q={xeM,R(x,-) <c(x) < +oco}.

[To mpeATIoIOKEeHHIO, CYIIIECTBYeT TaKas Touka x € M, B koTopoit R(x, t) — +oo,
cJefloBaTeNIbHO, MHOXXECTBO () CTPOT'O MeHbIIe, 4eM M.

MHo:xecTBO {1 IIyCTO: IOTOK OCTaHaBJIUBaeTcd. B 5ToM ciydae MOXHO
JI0OKa3aTh, 4To M sBisieTcs chepruecKMM MHOToOOpas3ueM, MPOU3BeieHuEM
S2 x S! unu cA3HOM CyMMOif MPOEKTUBHBIX TIPOCTPAHCTB, KOTOPYIO MbI 060-
3gauaeM yepes P32 (R)#P3(R). JleficTBUTENIBHO, ec/IM KPUBU3HA BCIOAY Heorpa-
HUYEHHO BO3pacCTaeT, MOXXHO HAaWTH TaKOM MOMEHT BpEMEHH t,, OIU3KUI
K ocobomy MmomeHTy T, uto (M, g(t;)) OyAeT MOKPHITO KOHEYHBIM YHCJIOM Ka-
HOHHMYECKUX OKpeCcTHOCTel. Eciiy cpei HUX MMeeTCss OKPECTHOCTD THIA iii),
To M nudpdeomopdHo cheprueckoMy MHOTO0Opasuio. B mpoTUBHOM citydae
MOXXHO TIOKPBITh M TOPJIBIIIKAMHY, CKJIEUB UX JPYT C APYTOM IO KpasM Tak,
YTO B pesysbTaTe OHU 06pasyroT S% x S, win ke 3aKIeuB UX Kpas IMaNoYKaMH,
nonyyas B urore S°, P3(R) wm P (R)#P3(R).

3AMEYAHHUE 7. Eciu M ofHOCBA3HO, TO OHO OKa3biBaeTcs Auddeomopd-
HEIM cdepe S°.

MHuoxecTBO 2 HemrycTo. C IIOMOIIBIO OLIEHOK Ha KPUBU3HBI MOXKHO [JIO-
Ka3aTh, 4TO {2 — OTKPHITOE MHOXKECTBO, HAa KOTOPOM MeTpuKa g(t) cxoauTcs
K perysnsapHoit metpuke g(T). [lepexoas k mpegeiny, noiaydaem, uro g(T) yzo-
BJIETBOPSET NPEAIIONOKEHNIO 0 KAHOHUYECKUX OKPECTHOCTAX. YTOOH! MOHATH
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CTPYKTYpPY MHOXKeCTBa (2, 3a[JalUMCSI MacIITaboM KPUBU3HHI p < I' ¥ OIpejie-
UM MHOXeCTBO 2, = {x €Q: R(x, T) < p2}. MuEO)ecTBO 2\ Q2 ©» TIOKPBIBAET-
Cs1 TOPJIBIIIIKAMUY U IIaroYkaMiu. Pa3bop pasvyHbIX CIyYaeB MOKa3bIBAET, YTO
mrobas Touka x € Q\Q, NPUHAIEXUT OIHOMY U3 CJIeyFONINX MHOMKECTB:

i) e-mpy6xa: muuHApP S X I, TTONy4eHHbIH 06beIHEHIeM KOHEIHOTO JHC-
J1a TOPJIBINIEK, TPAHUIIa KOTOPOTO COAEPXUTCA B (2,5

ii) e-ocmpué: o6besrHEeHNE GECKOHEYHOT'O YHCJIa TOpIbIIeK, auddeomopd-
Hoe S? x R™; kxowmer octpua S? x {0} mpuHAZIERUT Q,, a Ha PYTOM KOHIIe
CKa/IIpHas KPUBU3HA CTPEMUTCA K TUTIOC 6ECKOHEYHOCTH;

iii) o6beHEHE KOHEYHOTO YHCjIa TOPJIbIIIEK, 3aKIeeHHOe IIallOYKOH
¥ TIPUMBIKALOIIee TI0 TPaHuIe K §2,;

iv) OT/ZIeTbHbIE KOMIIOHEHTBI CBAZHOCTH 2,1 ;ubdeomopdHbie $2 x R deoii-
Hble 0cmpus, TIOJydeHHbIe KaK 06beIMHEHUA 6ECKOHEYHOT'O YHCJIa TOPJIBIIIEK,
u auddeomopdHpie R® 3aocmpénHble uianouk, MoTydeHHbIe KaK 00beuHe-
H1e 6€CKOHEYHOTO YKCIa TOPJIBIIIEK, 3aKIeeHHOe ManoYKoi (cM. puc. 5).

£-0CTpué

£-0CTpUE

IIarovKa /{)
3a0CTpEHHAas manoyka

Puc.5

3AMEYAHUE 8. Eciu 2, IycTo, TO, AEHCTBYs aHATOTUYHO CIydalo ) = &,
MOXHO 7I0Ka3aTh, uTo M audpdeomopdro S? x St P3(R), P3(R)#P3(R) win
chepudeckoMy MHOroo6pasuio. B Takux caydasx TOXKe TOBOPAT, YTO IOTOK

OCTaHaBJIMBAETCA, JAKE €CJIN KPYMBHU3HA HE CTPEMHUTCA K 6ECKOHEYHOCTH BO
BCEX TOYKax.

Xupyprusa. K MHOecTBy 2 MOXXHO IIPUMEHATDH CJIeAyIolie XUpyprude-
CKUe ollepaluu:
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1° ypaseHve BceX KOMITIOHEHT CBSI3HOCTH MHOXKECTBA (), He TepeceKaro-
IIUX Qp ;

2° BeIOpachIBaHHE MHOXXECTB TOYEK, IIPUMBIKAIONIUX K Q,, u 3aKJIerKa
006pa30BaBIIMXCA AbIP IanoYkamu, AuddeoMopdHbIMU IIapy (cMm. puc. 6).

Puc. 6

B pesynbraTe monydaercs HOBoe auddepeHIrpyeMoe MHOT00Opasue, BO3-
MOXXHO HeCBfI3HOe, KOTOpoe MbI 0603HayaeM 4epe3 M;. Bo BcAKUI MOMEHT
Bpemenu t < T, 6iuskuil K T, MHOXeCTBO (M \ (2, g(t)) TOKPBITO KaHOHMYe-
CKUMU OKPECTHOCTSAMU. TaKXKe MOXXHO IIPOBEPUTD, YTO M eCTh CyMMa pas3iny-
HBIX CBSI3HBIX KOMITOHEHT MHOT000pasus M; 1, BO3MOXXHO, KOHEYHOT'O YHCIIa
pydek S? x S! u mpoexTuBHBIX mpocTpaHcTB P3(R).

Ota xupypruyeckas onepanus JO/DKHA BBIIOTHATHCA C YIETOM METPUKHU:
HYKHO CJIeIUTh, KaK UMEHHO MMPOU3BO/ATCS BCe MEPEKIEHKU. DTO /enaeTcs
TaK: HY)KHO BBIOPOCHUTD BCE TOYKHU B CEPEAIHE HEKOTOPOTO &-TOPJIBIIIKA, T7e
0 < 6 KX €. TakuM o6pa3oM MbI oIpeziesiieM XUPYPrudecKylo oleparyio ¢ ma-
pamerpamu (r, §), TAe r — 3TO paJuyC KpPUBU3HBI (3aBUCAIIUH OT €), HAaYWHasI
C KOTOPOTO CYIIECTBYIOT KAHOHHUYECKHE OKPECTHOCTH, U MapaMeTp O OIpe-
JenseTcs Kak p = Or. Ha MHoroo6pa3uu M;, TaKuM 06pa3oM, MOSIBJISETCS
KOPPEKTHO OIlpeZie/IéHHas puMaHoBa MeTpuKa g; (T), koTopas 3aZaéT Havasb-
HbIe yCIOBUsA i ypaBHeHuUsA (1), mocie 4ero MOTOK MOXKHO pacCMaTPUBATh
OZIHOBPEMEHHO Ha BCeX KOMIIOHEHTaX CBA3HOCTH MHOroo6pasus M;.

3AMEYAHUE 9. Ecu MHOXeECTBO (2, IyCTO, OIpe/ie/IeHIe XUPYPTIUYeCKOn
olepanuy, TeM He MeHee, uMeeT cMbIcI. Ho B aToM ciyyae M; = J, ¥ IOTOK
OCTaHaBIUBAETCA.
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IToToKHU ¢ XUpyprueii. BaxxHoe goctikenue Ileperbmana B paborte [11]
COCTOUT B TOM, YTO €My y/,aJI0Ch IIPOUTEPHUPOBATh ONMCAHHYIO KOHCTPYKIUIO
6eckoHe4HOe Yncio pas. 3adukcupyeM € > 0, KOTOpOe UCIIOIb3yeTCs B 3TON
KOHCTPYKILIUU.

OnPEAENEHME 10. Ilycth r(t), 6(t) —mapa ¢yHKI[UM, YORIBAIOIINX Ha
ayde [0; +0o0) ¥ MPUHUMAOLIUX ITOJOKUTEIbHbIE 3HaYeHHUA. [I0OTOKOM C XU-
pypruel Ha3bIBaeTCs CAeAYIONNH Habop JaHHBIX:

i) cTporo Bo3pacTaromias JUCKpeTHas MOCIeA0BATENbHOCTD (t})o<k <N <oo
co 3HaueHusaMU u3 [0; +00) U ornpeziesIEHHbIE I KaXKI0TO 1eJI0ro Yucia k;

ii) kommakTHOEe MHOTO06pa3sue M), BO3MOXKHO HECBSI3HOE WIU ITyCTOE;

ili) motok Puvuu g (t) Ha My X [ty; ti,1), OCOOBIA B TOUKE t} 1 U YZAOBIETBO-
PAIONINI TUTIOTE3e O KAHOHUYECKUX OKPECTHOCTSAX i Maciitaba r(t); mpu
3TOM pUMaHOBO MHoroobpasue (M1, k41 (tks1)) momydaercs us (M, g, (t))
IIPY IOMOIIY XUPYPTrUYECKOl olepaliiu ¢ mapamerpam# (r, ) B MOMEHT Bpe-
MEHHU t} 1.

ToBOPAT, 4TO pUMaHOBO MHOT006pasue (M, g,) HOPMaJIU30BaHO, €CJIU €T0
KPUBU3HBI CEYEHUI OrPaHUYEHbI [T0 MOZAYJIIO YUCIOM 1, 8 06BEM BCAKOTO €U-
HUYHOTO IIapa paBeH KaKk MUHUMYM TIOJIOBHMHE eBKJINI0Ba 06héMa. [lepesb-
MaH ZIOKa3bIBaET, YTO CYIIECTBYIOT TaK/e YHUBEPCATbHbIE CTPOTO YOBIBAIOIIIME
byuxkmm r(t), 6 (t), A7 KOTOPBIX IIOTOK C XUPYpPruel cymectsyeT Ha [0; +00)
JUIS1 TPOU3BOJIbHBIX HOPMa/IM30BaHHBIX HAUYaJIbHBIX JaHHBIX (M, g().

B 4acTHOCTH, Ha KaXK/JOM KOHEYHOM OTPE3Ke COBEPINAETCS TOJBKO KOHEY-
Hoe yucio onepauuii. Eciu M) — MHOroo0Opasue, noxydeHHoe B k-i 0coObIi
MOMEHT BpeMeHH (C y4ETOM BBIOPOIIEHHBIX KOMIIOHEHT CBSA3HOCTU), TO M
MOJIyYaeTcsl Kak CBSI3HAs CyMMa KOMIIOHEHT CBSI3HOCTH MHOT000pasus M
C HEKOTOPHIM KoymdecTBoM Komuii S? x S! m ¢paktopos cheprr S3 mo ko-
HeuyHBIM I'pynmnaM. Eciu M mycTo, IIOTOK OCTaHaBIuBaeTcd, U M oKa3bIBaeT-
csa qubdeoMopdHBIM CBI3HOM CyMMe KOHEYHOTO YKCIa MHOroobpasuii Buja
S2 x S' u paxTopoB S° 1o KOHEUHHIM rpynmaM. B yacTHOCTH, ecmu M ofHO-
CBAI3HO, TO OHO AUdPeoMopdHO S3.

8§ 5. 'mnoTE3A [IVAHKAPE

T[Tocste TOTO Kak MBI ZIoOKa3aJju CyllleCTBOBaHUE TIOTOKA C XUPypruei Ha bec-
KOHEYHOM IIPOMEKYTKe BPpEMEHH, /I JOKa3aTeIbCTBa IUIOTe3bl [lyaHKape
ocTaéTcs y6eauThCs, YTO ITOT MTOTOK 3a KOHEYHOe BpeMsi OyZeT ocTaHaBJIH-
BaTbCS HAa TOMOTOIIUYECKOM cdepe, T. €. Ha 0OJHOCBA3HOM MHoroobpasuu. Co-
IJIACHO BHIIIECKa3aHHOMY 3TO MHOroo6pasue Torza 6yzeT auddeomopdHo S3.
PacckaxkeMm 06 3ToM 6osiee TIOAPOOHO.
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[TycTh y Hac MMeeTcs OZHOCBA3HOE KOMITAaKTHOe MHoroobpasue M, KOTo-
poe MBI OyZieM IpeAroaraTb HEIPUBOAUMBIM (CM. HIKe). Bo3abMéM Ha HEM
HOPMAaJIM30BAHHYIO METPUKY g . [IIA 3TUX HavaIbHBIX JAHHBIX MOXXHO ITOCTPO-
UTb TIOTOK C Xupyprueit (M, g (t)), onpeaenénnsiii Ha [0; +co). MbI 3HaeM,
YTO y BCAKOTO MHOr006pasus M;., eclii OHO HeIlyCTo, MeeTcs KOMIIOHeHTa M,
mubdeomopdHasn M, a ocTasbHbIe KOMIIOHEHTHI ABJSIOTCA chepamu. [ToaTomy
MOXHO PacCMOTPETh OTPaHUYEHIE IIOTOKA C XUPYPTUel Ha 3TY eJMHCTBEHHYIO
KOMIIOHEHTY. YTOOH! J0Ka3aTh, YTO OHO OCTAHABIMBAeTCA 3a KOHEYHOe BpeMH,
mpuBeséM Habpocok paccy:kaenus T. Komguura u B. Munukoriu [3], koTropoe
TeXHUYEeCKU 6oJiee IPOCTO, YeM Z0Ka3aTeabCTBO [lepenbMana [12].

HenpuBoauMOCTb. OpueHTHpyeMoe MHOTOOOpasue M Ha3bIBaeTCs
HeTpUBOAYIMEIM, eC/Ii Besakad cdepa S2 C M orpanmumBaetr map BS.
W3 sToro cnepyet, 9To eciau M ABIAETCA CBA3HOU CyMMOMU JBYX MHOIO-
o6pasuii, To ogHO U3 HUX AuddeomopdHo camomy M, a apyroe cdhepe S°.
Teopema KHe3epa yTBEPXKAAET, YTO BCIKOE OPUEHTHPYyEMOe MHOT000pa-
3Ue SIBJIAETCS CBS3HOM CyMMOW KOHEYHOT'O YMC/Ia HETIPUBOJUMBIX OFHO-
CBA3HBIX MHOTOO6PAa3Uii 1 HECKOMBKHX 3K3eMILIAPoB S2 x S'. B wacTHO-
CTH, eCJI1 MHOT0o0Opa3ue M OfHOCBA3HO, OHO SIBJIAETCS CBA3HON CyMMO#
KOHEYHOT'O YHMCJIa HETTPUBOANMBIX OZJHOCBSI3HBIX MHOT'OOOPAa3Hi.

Iupuna (M,, g(t)) onpenenseTca Kak MUHUMAKC SHePTHHU cdep S2 B «cite-
Jie», OCTaBJIeHHOM MHOT00OpasueM M. OTo reoMeTpruYecKas BeIMIYHUHA, CTPO-
r'O IOJIOXKUTEIbHAS B CIydae, €I MeT/sI, KOTopas OIpefesseT e, Cylie-
CTBEHHA B IIPOCTPAHCTBE ¢, COCTOSIIEM U3 HEMPEPHIBHBIX OTOOpa’KeHUM
us S% B (M, g(t)) c orpaHMYeHHO dHeprueit. Hammune cyecTBeHHOH meT-
JU B J€ cleAyeT U3 OZHOCBI3HOCTH MHOToobOpasus M,. 3adpukcupyeMm pa3
Y HaBCer/la FTOMOTONMYECKUH Kiace 3 HEKOTOPOH CyIeCTBEHHOM MeTIN B S,
[Mupuna W ([B], g(t)) pumanoBa MmHoroobpasus (M, g(t)) onpezensercs 1o

dopmyie

W([B], g(®)) = inf sup E(y(s)),
relBlsefo;1]

rzae
E(f) = j |df 2, dvolg:
SZ

ecThb dHepruA oTobpaxenus f: S2 — (M, g(b)).

JlokazaTesIbCTBO OCTAHOBKU ITOTOKA 32 KOHEYHOE BpeMsi OCHOBAHO Ha CJie-
AYIOUIUX ABYX paKTax.

1° Ha mmagkux 4dactsax notoka mupuHa W ([B], g(t)) mocTtaTodyHo OBICT-
PO yOBIBaeT IpH TepeMeIleHUH B0Ib TOTOKa. DTO C/IeAiyeT U3 HepaBeHCTBa
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Konaunra — Munukouu [3]:

d
WAPLEW) ¢ 47 A AUINIG)

(C — HekoTOpas KOHCTaHTa, KOTOPYIO MOXXHO BBIYHMC/IUTD). DTO TapaHTHUpPyeT
OCTaHOBKY 32 KOHEYHOe BpeMs, €CJIU IIOTOK OCTaéTcsA IMIaZKUM, IMOCKOJIbKY
IIMPUHA CTAHOBUTCA HYJIEBOHM 3a KOHEYHOe BpeMsd, HO, C APYTOi CTOPOHBI,
OHa /I0JDKHA OBITH MOJIOXKUTENBHOH.

2° Ecnu ty, 1 — 0coBBIE MOMEHT BpeMeHHU I ITOoToKa g (t) Ha M, To

lirtzl W(IB], & () = W(IL], 8k+1(txs1))-

e

Orcroza cienyet cymectBoBanue (1 + £(t))-munmunesa aupdeomopdusma
mexay (Mo, 8 (6)) 1 (Mo, 8i+1(tx+1)), TAe £(t) = O mpu t — tyy .

CIIMCOK JIUTEPATYPBI

[1] Bessiéres L. Conjecture de Poincaré: la preuve de R. Hamilton et G. Perelman //
Gaz. Math. 2005. Vol. 106. P. 7-35.

[2] Besson G. Preuve de la conjecture de Poincaré en déformant la métrique par
la courbure de Ricci, d’aprés G. Perelman // Séminaire Bourbaki 2004,/2005,
Astérisque. N°307 (2006). P. 309-347.

[3] Colding T. H., Minicozzi W. P., II. Estimates for the extinction time for the Ricci
flow on certain 3-manifolds and a question of Perelman // J. Amer. Math. Soc.
2005. Vol. 18, N2 3. P. 561-569.

[4] Deturck D. Deforming metrics in the direction of their Ricci tensors // J. Differ-
ential Geom. 1983. Vol. 18, N21. P. 157-162.

[5] Hamilton R. Three-manifolds with positive Ricci curvature // J. Differential
Geom. 1982. Vol. 17, N2 2. P. 255-306.

[6] Hamilton R. Four-manifolds with positive curvature operator // J. Differential
Geom. 1986. Vol. 24, N2 2. P. 153-179.

[7] Hamilton R. The formation of singularities in the Ricci flow // Surveys in
Differential Geometry, vol. II. (Cambridge, MA, 1993). Cambridge, MA: Int.
Press, 1995. P. 7-136.

[8] Hamilton R. A compactness property for solutions of the Ricci flow // Amer. J.
Math. 1995. Vol. 117, N23. P. 545-572.

[9] Hamilton R. Four-manifolds with positive isotropic curvature // Comm. Anal.
Geom. 1997. Vol. 5, N2 1. P. 1-92.

[10] Perelman G. The entropy formula for the Ricci flow and its geometric applica-
tions. ArXiv:math.DG/0211159.

[11] Perelman G. Ricci flow with surgery on three-manifolds. ArXiv:math.DG/0303109.



Joxazamenwvcmeo 2unomeswt Iyankape (no pabomam I. [lepenvmana) 69

[12] Perelman G. Finite extinction time for the solutions to the Ricci flow on certain
three-manifolds. ArXiv:math.DG/0307245.

[13] Poincaré H. CEuvres. Tome VI. Gauthier-Villars. Paris, 1953.

[14] Scott P. The geometries of 3-manifolds // Bull. London Math. Soc. 1983. Vol. 15,
N2 5. P.401-487. (Pyc. nep.: Ckomm II. TeoMeTpuu Ha TPEXMEPHBIX MHOT000-
pasusax. M.: Mup, 1986.)

[15] Thurston W. P. Three dimensional manifolds, Kleinian groups and hyperbolic
geometry // Bull. Amer. Math. Soc. (N.S.). 1982. Vol. 6, N°3. P. 357-381.

JlopaH Becchep, I'peHOGIbCKII YHUBEPCUTET
JKepap BeccoH, I'peHOOIBCKUI YHUBEPCUTET

Murmens Byano, Tyny3ckuii yHUBEPCUTET






BeInyksias M KOMOMHaTOpHas
reoMeTpus

O npob6ieme Kpyma

A. C. be3ukoBuu

OT PEJAKIINU

B 2001 r. Ha MOCKOBCKOII MaTeMaTUYeCKOM OJUMIIHA/Ee OblIa Mpe/ioikeHa ciie-
ayromas 3agava (11 xkmace, N2 5):

Zoxaxcume, umo 8 npocmpancmee cywecmgyem makoe pacnosoxceHue 2001 gwi-
NYK1020 MHO202PAHHUKA, YMO HUKAKUE MPU U3 MHO202DAHHUKO8 He UMelm o6uux
mouex, a tobvle 08a kacaromest Opye opyea (m. e. umerom xomsi 6bL 00HY 2PAHUUHYIO
MOUKY, HO He UMelom 06WUX 8HYyMPeHHUX MoueK). (A. Kanenn)

3a pelleHNe 3TOM 3aZa4y MOMIyYW creljiaibHylo npemuto uMmenu b. H. Jlenone
y4yeHuk 11 kiacca mikonsl N2 57 r. MockBbl Wiba MeXupos.

BMecTO c/10Ba «Kacaruyecss» MBI OyZeM Jajee UCIOIb30BaTh Oojiee TOYHBIH Tep-
MWH «CMeXHbIe». [IoHATHO, 9TO yncao 2001 B ycI0BUU 3TOM 33/1a4U HECYI[eCTBEHHO
U QpaKTHIeCcKu TpebyeTcs J0Ka3aTh

YTBEPXKAEHUE 1. [lna 106020 n 8 npocmpancmae cyujecmayem n NONApHoO cCMedic-
HbIX 8bIIYKJIbLX MHO202DAHHUKOB.

Bckope mociie OMIMMIIHAABI B MHTEpHETe Oblia HaiiZieHa cTaThA [2], B KOTOpPO#
JIOKa3bIBaJIOCh GoJiee CHIIbHOE YTBEPXKAEHIE:

s 106020 n 8 npocmpaxcmee cCyujecmayem n NONAPHO CMENCHBIX BblIYKIbIX
KOH2PYIHMHBIX MHO202PAHHUKOS.

C JoKa3aTeJIbCTBOM 3TOr'O YTBEPXKACHUA Ha PYCCKOM A3BIKE MOXKHO O3HAKOMUTBCA
B cTaThe [4].

B craThe A. C. BesukoBuya [1], mepeBos KOTOPOM My6INKYeTCsa HIDKE, JOKA3hIBa-
eTcs pyroe ycuieHue yTBepkJeHud 1:

B npocmpancmee cyuwjecmgyem 6eckoHeuHast N0Cie008aMmelbHOCHb 8bIYKbLX NO-
NAapHO CMENCHBIX MHO202PAHHUKOS.

MaTtemaTnyeckoe npoceelyeHue, cep. 3, Bbin. 24, 2019(71-74)
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OTMeTHM, YTO BMeCTe C ITOM cTaThéll Obuta omybiauKoBaHa cTaThsa P. Pago [3],
r7e AoKasbIBaeTcsa 6osiee CIOXKHBIN U 00U pe3yabTaT:

B kybe n1060ii pazmepHocmu n cywecmayem maxas 6eckoHeuHasi nocaed08amens-
HOCMb BbINYKbLX MHO202DAHHUKOB, UMO 0 106020 HAMYPANbHO20 k < %(n +1)
J0bble k U3 amux MHO202PAHHUKOS8 UMem nepeceueHue pasmepHocmu n —k + 1.

1)

B 3TOl1 cTaThe’ MPUBOAUTCA pellleHre cieAyroleii mpobiemsl M. Kpyma.

Kako80 MakcumanbHo 803MONCHOE YUCTIO 8bIILYKIbIX MHO202PAHHUKO8, JIH0-
Oble 08a U3 KOMOPbLX He UMeIOm 001UX BHYMPEHHUX MouekK, HO UMerm 06uLyto
2paHuly noaoxcumesibHoll naowaou?

Ha miockocTH OTBeT Ha aHAJIOTUYHBIN BOIIPOC PaBeH YEThIPEM, II03TOMY
MOXKHO OXXHZATh, YTO U JJIs1 TpobsieMbl Kpyma oTBeTOM 6yZeT He o4eHb OO0JIb-
moe yucio, HarpuMmep, 10 win 12. OxHako, Kak 6yzeT MoKa3aHo, OTBET paBeH
6eCKOHEYHOCTH.

BBezéM B IpOCTpPaHCTBE JieKapTOBY CUCTEMY KOOPAWHAT, BO3bMEM TOUKY
Ap(1,0,0) 1 mocTpouM B BepTUKATBHOM TUIOCKOCTH XOZ sexanryto Haz OX
BBHINTYKJIYI0 BHU3 JIOMaHyo AgA;A, ... C JIMHOU, MeHbInel 1/4, u Takyio,
YTO Yroa MeXZy HampasieHueM ocu OX ¥ KaXXABIM U3 BEKTOPOB A, A, .7
6osbire 37/4.

Tak:xe BO3bMEM TaKYIO [TOCIE0BATEIHHOCTh TOJIOXUTENbHBIX YHCEN Oy,
aro ».°° &, < 1/4. Coeaurum touxy By(0,1,0) ¢ Ay 1 BO3bMEM Ha OTpes-
Ke ByA, Takyio Touky D, uto ByD; = 6; (cM. puc. 1); coeguuum D; ¢ A
Y BO3bMEM Ha oTpe3ke DA, Takyw TOukKy D,, yTo D1Dy = §,; coequHuM D,
¢ A, 1 BO3bMEéM Ha oTpe3ke D,A, Takylo TOUYKy D3, 4TO DyD3 = O3, U T. [.
O603HauMM uepes 1y, wiockocTb XOY, a uepe3r, (n=1,2,3,...) — IUIOCKOCTb,
NIPOXOJAILYIO Yyepe3 TOUKU A,_1, D,,, A,. IlycTh 1, nepecekaeT ocu OY u OZ
B TOYKax B, u C, COOTBETCTBEHHO. JIerKo BUJAETh, YTO BCe TOUYKU B, jexar
Ha IoJIOKUTeIbHOU nonyocu OY .

2)

O6o3HayuMm vepe3 Sy, 1, k=0,1,2, ..., MHOTOIPAaHHUK, COCTOSIIIIUI U3 BCEX
TOYEK, JIeXKaIUX B TOJIOKUTEIHbHOM OPTaHTe He HIKe KaXK/0i 13 ITOCKOCTeN
195 - - - T, V1 HE BBIIIIE IVIOCKOCTHU Ty 1.

VHBIMM cI0BaMH, eciu X, y — nonymnpocrpanctsa x = 0, y = 0, a ony-
IIPOCTPAHCTBA T, , I, COCTOSAT U3 BCEX TOYEK, JIEXKALINX COOTBETCTBEHHO He HHU-
JKe M He BBIIle IIOCKOCTH Iy, TO Sy1 = x Ny  Nry N...nr" Nr, . Byayun
TnepecedeHreM TONYIIPOCTPAHCTB, MHOTOTPAHHHUK S ABIAETCA BBITYKIBIM.
TaksKe JIErKO BU/IETh, YTO TPEYTONbHUK Dy, 1 C 41 A1 TEXKUT Ha OOIIEl rpaHy-
Ile MHOTOTPAHHUKOB Sj 1 U Sj 1, KOTOPBIE, TAKAM 06Pa30M, YZOBIE€TBOPAIOT

D ITepeBoz A. A. 3acIaBCKoro.
2 OrpaHMYeHNA Ha VIV U {5, } MOXHO GBUIO 6B OCTABUTH; HX CMBICT B TOM, YTOBHI C/IATh
BO3MOXXHOH IOCTEAYIONIYI0 KOHCTPYKIMIO. — IIpum. nepes.
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Puc.1

TpeboBaHMio 3aZauu. OO03HAYMM TOYKHU IepecedyeHus IUIOCKOCTH Ty, k > 2,
C IpAMBIMU ByAq, D1Aq, DyA,, ... uepes Eg, Eqx, Eok, ... COOTBETCTBEHHO
(cm. puc. 1).

TpeyronbHuk A;D;A( ABIAETCA 4aCThIO IOBEPXHOCTU MHOTOTPAaHHUKA S .
Kpowme Toro,

AAD Ay Cry N Ny (1)
[lnockocTH 13,1y, ..., 1}, ... II€PECEKAIOT TPEYTOJIbHUK A1D1Aq IO OTpes-
KaM Dy Eg3, E14Ep4, - .., E1xEok, - .. COOTBETCTBEHHO, IIPUYEM YaCTh TPEYT'OJIb-

Huka cieBa oT Eq;Eg, (cM. puc. 1) JIeXuT B r,_, a 4acTh CIIpaBa — B I ; C/IeZ[O-
BaTeNlbHO,
+ —
DyD1Eg3 CS3,  E14D2Eg3Egq C 13 N1y,
F oot
E15E14E04E05 C T'B N r4 N T'S ,

cey

u ¢ yuérom (1)
DyD1Eg3 € S3,  E14D3Eq3Eos CS4, EysE14Eo4Egs C Ss,

[TosToMy S; mMMeeT OOLIyI0 I'PaHUIly TOJOKUTENIbHOMN IUIOMAAU C KaKIBIM
U3 OCTANBbHBIX Si.

AHaJIOTUYHO, pACCMOTPEB TPEYT'OJBHUKU Ay Dy A;, A3D3A,, ..., IoIy4aeM
TOT K€ pe3y/bTaT JJjid MHOI'OIPaHHUKOB Ss, Sj, .. .
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Taxum o6pasom, {S; } — 6eckoHeuHas oCIe0BaTETbHOCTD OMTAPHO CMEeX-
HBIX MHOTOT'PDaHHUKOB.
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IToKpBITHUE TTOJIOCKAMU

A.B. loneaenoxk, A.H. lonegeHok

81. BBEAEHUE

B HacTosIel cTaTbe MBI 0OCyAVM HEKOTOPBble M30paHHBIE Pe3y/IbTAThI
T10 33/Ia4e O MOKPHITUM GUTYP MOSOCKaMU. JIJIsT TPOCTOTHI U3JIOKEHUS TIOYUTH
BCE PACCYKAEHHUSA M [I0OKa3aTeJIbCTBa MBI OyZieM NMPUBOAUTH JIUIIb JJIS JBY-
MepHOro ciydas. TeM He MeHee, MHOTHE [OKA3aTeJIbCTBA MOYTU JTOCIOBHO
MePEHOCATCA Ha CJTydai MPOU3BOJIbHON Pa3MEPHOCTH.

Monocka B RY — 5T0 MHOXECTBO TOYEK, 3aKTIOYEHHBIX MEXAy AByMd IIa-
paJUIeIbHBIMU TUIIEPIUIOCKOCTAMU (BKJIIOUAsk CAaMU TMIIEPILIOCKOCTH). [ITupu-
Holl TIOJIOCKM OyZileM Ha3bIBaThb PACCTOSHUE MEXAY TUIEPIUVIOCKOCTAMU, eé
OoTrpaHWYMBAOIKNMU. Bo n3bekaHue MyTaHUIIL B caydae d = 3 UHOra OyzeM
Ha3bIBaTh IOJIOCKY CI0eM.

OCHOBY HCC/IeZIOBAaHUS 33/1a41 O MTOKPBITHH TTOJIOCKAMU 3aJI0KWIN pabOTHI
A. Tapckoro (cm. [17,18]), B KOTOPBIX OH paccMaTpPUBaJ BEIUYUHY T (X), pas-
HYI0 HaVMeHbIIIeMy KOJUYECTBY YacTel, Ha KOTOpble HEOOXOAUMO pa3bUTh
IPAMOYTONBHUK X X 1, yTOOBI CJIOXKUTh €IMHUYHBIN KBajparT. B craTbe [16]
X. Méze pemui 4YacTHBIM cIy4yail 3TOM 3aZiayi, a UMEHHO, OH ITOKa3aJs, YTo
7(n) = n. Tapckuii, UCMONB3ysT KIIOYEBYIO H€l0 U3 paboTel Mése, mokasast
cleayrolee yTBepKAeHUe:

Ecnu kpye nokpslm nosockamul, mo Cymma ux WupuH He MeHbule duamempa
Kpyea.

[IprBeEM 10Ka3aTeNbCTBO ITOTO YyTBEpPXKAeHUA. Ham noTpebyeTcs Kpacu-
BBIN QaKT, M3BeCTHHIN elé Apxumeny. [lepeceuém cdhepy U CIOM Tak, YTOOBI
06e IJIOCKOCTH, OrpaHUYMBAIOIINE CJIOH, UMeNU co chepoit ObIre TOYKH.
Torga riomazs nepeceuyeHus caos co chepoit paBHa TwD, rae w — paccTos-
HHME MEX/Y IUIOCKOCTAMU, a D — auameTp ceprl. ITO 0O3HAYAET, YTO KaK OBI
HU ObUT PacIosioXKeH CJIOU MTUPUHBI &, TUIONAb €TI0 IepecedeHus co chepoit
6yzeT oAMHAKOBA. B 4aCTHOCTH, IUIOMA/b Beell cdeprl paBHa D2,

[Tpeamnonoxum, 94To KpyT C MOKPHIT ITOJIOCKAMH, IMUPUHBI KOTOPBIX PaBHBI
W1, Wo, ..., wW,. PaccMoTpuM cdepy, A1 KOTOPOU HAIl KPYT MPUHAIIEKUT

MaTtemaTtuuyeckoe npocselleHune, cep. 3, Bbin. 24, 2019(75-100)
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3KBATOPHUAIBHOM ITIOCKOCTH. KaXK/I0H IOJI0OCKe ITOCTaBUM B COOTBETCTBHE Ta-
KOHM CJIOH, YTO OrpaHUYHMBAIOIINME €ro IUIOCKOCTU MPOXOAAT Yepe3 CTOPOHBI
TIOJIOCKY TIEPIIEHAUKYISAPHO IUIOCKOCTH Kpyra (cM. puc. 1). 3amMeTuM, 4To eciu
MOJIOCKAMU TIOKPBIT BECh KPYT, TO COOTBETCTBYIOIIHE

UM TepecedeHUs: co chepoil TOKPOIOT BCiO cdepy.

[ToaToMy cCymMMa IUIOIIA/Iel THX MEPecedeH i JOIK-

Ha OBITh He MeHbIIIe TUIOIIaAN Bcel cdephl, T. .

nw1D+nw2D+...+nwnD>rcD2 = ?
S witwyst...+w, 2D,

9TO U Tpe6OBaIOCh. 3aMETUM TAK)Ke, UTO €C/IU BHYT-

PEHHOCTHU KaKUX-TO [IBYX MOJIOCOK, MTOKPHIBAIOIIUX

KPYT, IIepeceKaroTcst BHYTPU KPyTa, TO HEPABEHCTBO

CTaHeT CTPOTHMM, T. €. CyMMapHas LIMpUHA OyZeT CTPOro GoJbIle JUaMeT-
pa kpyra. [103ToOMy paBeHCTBO CyMMapHOM IMUPUHBI JUAMETPY JAOCTUTAETCS
TOJIBKO TOT/a, KOT/Ia TIOJIOCKY JIEXKAT MapajUlesIbHO JPYT APYTY U CTHIKYIOTCS
OrPaHUYMBAIOUIMMHU UX IPSMBIMU, JBE U3 KOTOPHIX KACAIOTCS KPyTa.

[Ipex/e ueM 06CyKAaTh AambHEHIIEe Pe3yIbTaThl, JaZIUM HECKOIBKO OIIpe-
nenenuii. dUrypa Ha3pIBaeTCs 8bINYKJIOLL, €CITU BMECTE C JIIOOBIMU IBYMSI CBO-
MMU TOYKaMU OHA [[ETUKOM COZEPIKUT OTPE30K, UX COeAMHSIONu. [ITupuHoil
duzypsl 8 HanpasseHuu U Ha3bIBAETCS MUPUHA w(U) caMO# Y3KOI MOJOCKH,
MepPIIEHANKY/ISIPHOM BEKTOPY U U CoAieprKalleit JaHHyto Gurypy. iHade roBops,
MIPOBE/IEM TIPAMYIO, TAPAJUIENbHYIO U, U CIIPOEMPYEM Ha 3TY IPAMYIO HaIlry
burypy. JlirHa mosTyYuBIIerocs oTpe3Ka 1 GyZeT paBHa IIUPUHE 10 HAMlpaBJe-
Huto. Hampumep, mviprHa Kpyra B JiI000M HalpaBlIeHUH paBHA €ro AUaMeTpy,
a y eJMHUYHOTO KBa/ipaTa IIMpPUHA 110 HAIIPABJIEHUIO MOXET IIPUHUMATB JIF0-
6oe 3HaueHwue ot 1 10 V2.

[MTupuHoti GUTypHI Ha3bIBAETCST HAUMEHbIIAS U3 IUPHUH 110 BCEM HaIpaB-
JIEHWSIM, T. €. IIUPUHA CaMOU Y3KOU MOJOCKH, B KOTOPYIO MOYKHO 3aKIIOYUTh
¢urypy (cm. puc. 2). Takum o6pa3oM, MUPHUHA Kpyra paBHa ero AnUameTpy,
a UIMpUHA KBaJipaTa paBHa JJINHE ero CTOPOHBIL.

Puc.1

/-

v

S

w (D) w

Puc. 2
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B nanbpHelieM HaM TIOTpe6yeTCs CaeAyomuil GakT: IMUPUHA TPEYTONbHU-
Ka paBHA JJIMHE €r0 HauMeHbIel BICOTHI. [Ipe/iaraeM YMTaTeN0 CaMOCTOS-
TEJIbHO YOEAUTHCA B €0 CIIPABEIMBOCTH.

BepHéMcs K MOKPHITHIO mosiockamu. B 1950 rogy T. Banr B pa6ore [5]
ZloKa3as 00001IeHr e YTBEP)KAEHUs PO MOKPHITHE KPyra MOJOCKaMHU:

TEOPEMA BAHTA. Ilycms ewinyxnioe meso F e R4 NOKPbLMO KOHEUHbLM
yucaom nonocok. Toeda cymma wupuH 3mux nosocok He MeHbule WupuHsl F.

HecnoxHo ybeauThes, 9To 6€3 yCI0BUA BBITYK-
JlocTu Tesa TeopeMma baHra HeBepHa. Kak u zna
KpyTa, B Cjlydae MPOU3BOJIbHON QUTYpHl UMeeTCs
eCTeCTBEHHOe ITOKPBITHE II0JI0CKaMU, KOrza I0JI0C-
KU JIeXarT MapaiesibHO APYT APYyTYy B HaIlpaBJIeHUHN
IIMPUHBL QUIYPHL, CTHIKYSACh OrPaHUYUBAIOUIMMU
UX IpAMBIMU. CTOUT OTMETUTD, YTO €CJIU B ciIydae
KpyTa 3TO ObUT € IMHCTBEHHBIN CITOCOO MMOKPHITH GU-
T'ypy TaK, YTOOBI CyMMapHasi IIMPUHA [TOJIOCOK ObLIa
paBHa LIMpHHEe GUTYPHL, TO B CJIydae IPOU3BOJIbHOM
BBIIYKJION GUTyphI MOTYT CyILIIeCTBOBAaTh U Apyrue crnocobwl. Hanpumep, mnpa-
BWIbHBIN TPEYTOJIbHUK MOXKHO ITOKPBITh HE TOJIBKO OZJHOM IOJIOCKOM IIUPHHHI,
pPaBHOH BBICOTE TPEYTOJIBHUKA, HO M TPEMs IIOJIOCKAMHU TaK, KaK U300pa’keHO
Ha puc. 3. fICHO, 4TO UX CyMMapHas IIMPUHA paBHA BBICOTE TPEYTroJbHUKA.

VIHbIMU ciioBaMu, TeopeMa baHra roBoput Ham, 4YToO HUYero Jydlie, 4eM
KJIacTh JOLIeYKHU PAZOM APYT C JPYyroM, MBI He IpuayMaeM. MBI MoxeM IIpU-
ZyMaTh He XyXKe, HO JIydllle — He MOXKEeM.

Kak u nipu gokasaTenbcTBe TeopeMbl baHra zia
Kpyra, B ciaydae d = 2 MOXXHO ObUIO OBl IIBITATHCSA I\
MIpUZAYMAaTh JJIs IPOU3BOJIBHOM BBITYKJIOU GUTYDPHI Ta- /:
KYIO TIOBEPXHOCTb, YTO 10605 ¢10i GpUKCHPOBAHHOM , ~~~~~~~~~~ \
IIMPUHBI BEICEKAET HA Hell GUrypy GUKCUPOBAHHOMN
momazayu. OJHaKO HECJI0KHO II0Ka3aTh, YTO JJIA Npa- / 7 ‘
BWIBHOTO TPEYTOJIbHUKA TaKOW MOBEPXHOCTU He cy-  /iiiiiii/
IecTByeT. B IpOTUBHOM cilyyae, eCy TPeyroJbHUK Pric. 4
€MHUYHOU IIMPUHBI MOKPHIT TIOJIOCKAMU B k CJIOEB
(T. e. KaXZasA TOYKA TIOKPHITA XOTSA OBI k TIOJIOCKaMM), MX CyMMapHas MUpUHa
JI0JbKHA OBITH He MeHbllle k. Ho Ha puc. 4 IpaBWIbHBIN TPEYTOJbHUK ITOKPHIT
TpeMA IOJOCKAaMU, IMPHHA KaXKJ0 U3 KOTOPHIX B /IBAa pa3a MeHbIlle IIU-
PUHBI TPEYroJbHUKA, T. €. CYMMapHasa IIUpHUHA MeHblle, 4eM 2. bosee Toro,
MTOBEPXHOCTh C YKa3aHHBIM CBOMCTBOM CYIIECTBYET TOJBKO Ui kpyra [10].
Takum obpasoM, A/ loKazaTeabCTBa TeopeMbl baHra B cirydae IporU3BOIbHOM

Puc. 3
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¢durypsl He0OXOZIUMO UCIIOTB30BaTh MPUHITUNIUAIBHO JPYyTHe COOOpaKeHUs .
Ms1 nipuBeziéM Z0Ka3aTeNnbCTBO TeopeMbl banra B § 3. Jloka3aTeabCTBO Teo-
pemel banra yxxe nmy6inkoBanochk B «<MaTeMaTH4eCKOM ITPOCBENEHUM» — €T0
MOYKHO Ha#TH B cTaThe [2].

PemmB vcxozHyto 3aza4y, T. Banr cdopMynrpoBal HOBYIO, IOCTAaHOBKY KO-
TOPOM MOXHO Ha3BaTh OoJiee eCcTeCTBEHHOM, IIOCKOIbKY OHA MHBAPHUAHTHA OT-
HocUTeNbHO abPUHHBIX Tpeobpa3oBaHuii. Ham noTpebyeTcs emié oHo omnpezie-
JIEHUe: OMHOCUMeNbHOIL WUPUHOL TIONIOCKY Ha30BEM OTHOIIIEHNEe ITMPUHBI 3TON
MIOJIOCKY K IMUpHHE GUTYPHI B HAIIpaB/IeHNUH, NIePIIeHANKY/IIPHOM HOJIOCKeE.

I'vnoTE3A BAHTA. Ecau gvinyknoe mejio F g R4 NOKPbLMO KOHEUHbIM HUC-
JIOM NONOCOK, MO CYyMMA OMHOCUMENbHbIX WUPUH IMUX NOJIOCOK He MeHblle 1.

OJTa rumoresa sIBJASETCA ycuieHneM TeopeMbl banra. JlelficTBuTebHO, pac-
CMOTpPUM HallpaBJIeHHe, IMUPHUHA BAOJb KOTOPOI'O paBHa IMUPUHE (QUTYDHI.
i KaXZoi ToNOoCKU S; U3 TMOKPBITUA PAaCCMOTPHUM TaKylO MOJIOCKY Sg, 4TOo
OT'PaHUYHBAIOIIME €€ TUTIEPIUIOCKOCTU MePIeHIUKYIIPHBI 3TOMY HalpaBJie-
HUIO, @ OTHOCUTEIbHASA IITMPHHA TaKas Ke. [IOHATHO, YTO abCOTIOTHAS ITUPU-
Ha II0JIOCKHU Slf He 6OoJIbIlle UPUHBI TIOJIOCKU S;. EC/TM cyMMa OTHOCUTETbHBIX
IMIUPUH XOTA ObI 1, TO cyMMa IIMPUH HOBBIX TIOJIOCOK HE MeHbIIIe ITUPUHBI GU-
T'YPHI, UTO U YTBEPXKJaeT TeopeMma banra. /I Tpéx u 6osiee TI0JI0COK TUTIOTE3a
Banra f0 cux nop He gokazaHa. B 1991 roay K. Bosun gokasan runortesy ban-
ra [4] a4 neHTpaJbHO-CUMMETPHUYHBIX TeJl. Ha JaHHBIN MOMEHT 3TO SIBJISIETCS
HAWTY4IINM poABIKeHreM. [TogpobHee peub o runore3e banra moigér B § 5.

B 2003 roay B. M. Kazerr fokasain B pa6ote [13] oanH u3 Haubojee CUIb-
HBIX Ha JAaHHBI MOMEHT Pe3yJ/IbTaTOB B 3a/laue O MOKPBITUYN BHIITYKJIBIMU Te-
JIaM¥ eIMTHUYHOTO Iapa. /Iy BEITYKJI0To Tesa F 8nucaHHotl cgepoil Ha30BEM
chepy HaubOJBIIETO paZiyca, KOTOPasi COAEPKUTCSI BHyTpH F.

TeEOPEMA KAZEUA. [Iycmb gbinyksnioe mesio F nokpuimo guinykasimu me-
aamu Fy, F,, ..., F,. Toeda paduyc enucaHHoll cdepvt F He bonblue, uem cymma
paouycos 8nucaxHvix cep Fy, ..., F,.

3 Teopembl Kaziella BeITekaeT TeopeMa baHra g1s mapa. /[eficTBUTeNbHO,
B KayecTBe F Hy>XHO B34Th 11ap, a B KavyecTse Fq, ..., F,, —nosocku. Jlokasa-
TeJbCTBO TeopeMbl Kaziema Mbl 06¢cyuMm B § 4.

Teopemy BaHra MOXXHO MHTEPIIPETUPOBATD CIEAYIONUM obpa3oM. [IycThb
B R4 PacIioyIo}KeHO BBHIMYKJIOE TEJIO U HECKOJIBKO MOJIOCOK. [lepeMecTUTs Io-
JIOCKY TaKUM 00pa3oM, YTOOBI TOKPHITh UMH TEJI0, MOXKHO B TOM M TOJIBKO TOM
cydae, KOrza Ux CyMMapHas IIWpUHA He MeHbIle UPUHEIL Tesa. Borpoc cra-
HOBUTCS 60JIee MHTPUTYIOIIUM, €CJIU 3alPETUTh IIOBOPAYUBaTh IOJOCKH, T. €.
paspelIuTh TONBbKO MapajulesibHble IEPEHOCH MOJM0CoK. [Ipy KakoM yCI0BUU
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MMU MOXKHO OyZIeT TIOKDPHITh Teso? BIiepBhle aTa 3aja4a ObUIa pacCMOTpEHa
B pabore [11].

B IUTOCKOM CITy4ae ISt e JMHUYHOTO KpyTa CYIEeCTBYeT TaKas KOHCTAHTa C,
4TO Jt06ast CUCTeMa MOJIOCOK Ha IUIOCKOCTH, C CYMMapPHOM IIMPUHOMN HE MEHb-
III€ ¢, ZIOTyCKAET IIOKPHITHE KPyra UX Mapasule/IbHBIMU IIepeHOCaMH, ITOApo0Hee
IIPO 3TO MBI TIOroBOpUM B § 6. B cityuae d = 3 3a71aua He pelileHa OKOHYATENbHO.
HeunsBecTHO Jaxke, yAacTCSA JIU MOKPHITh €AMHUYHBIN IIap Mapa/uiebHbIMU
MepeHoCaMHU IOJIOCOK, eCIM CyMMa UX IUPUH 6eckoHeuHa. COOTBETCTBYOIIee
yTBep)KAeHe HOCUT Ha3BaHue runore3bl Makau — [Taxa (cm. [15]).

IF'unoTEsA MakAu — [1AXA. BeckoHeuHas nociedo8amenbHOCmMb NOJNOCOK
8 npocmpaxncmae R? ¢ WUPUHAMU W1, Wy, ... 00NYCKAeM NOKPblmue NPOCMmpaH-
cmea RY NAapaiiebHbIMU NepeHocamu mozda u moJyibko moz0d, koedd

o
E w; = oO.
i=1

Hecs0:xHO BUZIETh, YTO €C/IN NTapasUle/IbHBIMU IlepeHocaMu I0JI0CoK ¢ bec-
KOHEYHOM CyMMOU IMPUH MOXXHO TOKPBITh €IMHUYHBIN 11ap, TO MOXKHO TI0-
KPBITb TaKUM 00pa3oM U BCE IPOCTPAHCTBO. /e ICTBUTENBHO, pa300bEéM I10-
JIOCKU Ha JIBa MHOXXECTBA TaKUM 00pa3oM, YTOObI CyMMa IIMPUH B KaXKZAOM
MHOKecTBe Obl1a 6eckoHeyHa. [TojlockaMu TepBOro MHOXKeCTBa ITOKPOeM e/lu-
HUYHBIN map. [Ipozenas Ty e caMyro OIepaluio ¢ OCTaBIINMHUCA ITOJIOCKaMH,
HX 9aCThIO IIOKPOeM ellé oAuH map pazuyca 1 u T. A. [IocKoIbKY eJUHUYHBIMU
IIapaMy MOXKHO IOKPBITh BCE€ IIPOCTPAHCTBO, TO U NapaUleJIbHbBIMU ITepeHo-
caMU I10JIOC MOKHO TIOKPBITh BCE IIPOCTPAHCTBO.

Heo6xoAMMOCTh pacXoAUMOCTH psiia B runoTe3e Makau — [laxa Hampsi-
MYIO Clle/lyeT U3 TeopeMsbl BaHra: eciu ), -, w; < D, To MONOCKaMK HeJlb3s
MIOKPBITH Jaxke map AuaMerpa D. JIocTaTOYHOCTD ZloKa3aHa TOJIBKO JJIA CITy-
yasg d = 2 B pabote [15]. [lna d = 3 HaWIydLIIUi pe3yabTaT MPUHAJIEKUT
A. B. KymaBckomy u {I. [Taxy [14]. I3 Hero, B 4aCTHOCTH, CIEAyeT, YTO €CIU
IIMPUHBI I0JI0C 06pa3yoT rapMOHUYECKUH psAJl, TO UX NapauleIbHBIMU C/BU-
raMM MOKHO TIOKpPHITh Bcé RY. [TogpoGHee 3TOT peaynbTaT 06CyXaaeTcd B § 6.

8 2. BCITOMOTATE/JIBHBIE YTBEPKJEHUA

OCHOBHBIM OOBEKTOM CTAaThbU OyAyT BBIMYKJIblE QUIYPHl Ha IUIOCKOCTH.
HaMm noHaio6ATCA cIeAyIolye CBOMCTBA BBITYKIIbIX QUTYP.

o [lepeceueHue 8bINYKIbLX PUYD A85eMCS 8bINYKA0U puzypoil.

JleiCTBUTEIBHO, €CTU B3ATh TOYKU A U B BHYTPH IlepecevyeHus JBYX BbI-
MYKJIBIX GUTYP, TO OTPe30K AB JIEXXUT U B IepBOM pUType, U BO BTOPOH.
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® B kancdoil mouke 2paHulbl 8binykaol guzypst F MoncHo npogecmu onopHyo

npsamy.

HanomHuM, 4TO mpsAMas Ha3bIBAETCA ONOPHOIl, eCIV OHAa MMeeT OOIiue
TOUKU ¢ GUTypo U BcA GUTypa JIEKUT II0 OZHY CTOPOHY OT NpAMOi. Bo3pMéM
MIPOM3BOJIbHYIO TOYKY A rpaHuubl. [IpoBesiéM U3 He€ BCeBO3MOXKHBIE JIYUH,
IIPOXOZAIIYE Yepe3 OTJINYHbIE OT A TOYKU GUTYPHL. B CHITy BBIITYKJIOCTH 3TH JTy-

YU 3aMOMHAT MOMYILUIOCKOCTh WK yroi, MeHbinuii 180° (cM. puc. 5). B mepBom
clIydae OIOpPHOM NIpsAMOH OyZeT orpaHUYMBaroIias MMOMYIUIOCKOCTh IpsAMas

Bo BTOpOM ciry4ae mogouAET mobas mpaMasi, He IPOXOAAIas BHYTPH YIJia.

0)

a)
Puc.5

e Yepes koOHYbL Haubobwell U3 X0p0 8biNykA0U Puzypsl F, umerowjux Hanpas-
JleHue U, MOYCHO nposecmu nNapy NApaLIeIbHbLX ONOPHBIX NPAMbLX.
[Tycte AB — Haubosbliasi U3 XOp/, UMEIOIINUX HanpasieHue U (ecau ux
HECKOJIbKO, TO PaCCMOTPUM JIFOOYIO U3 HUX). AHaJIOTUYHO PUC. 5 6) TOCTPOUM
yoisl CAE v DBG, B KOTOpBIX cofiepkuTcs F (cMm. puc. 6 a). JlokaxkeM, 4TO

ZCAB + /DBA < 180°. IlpeanonoxxuM IpoTUBHOe (cM. puc. 6 6). Beibepem
Ha rpaHune F takue Touku Cy u Dy, 9T0 LCyAB + £DyBA > 180°. B cuy

BBINIYKJIOCTH, oTpe3ku AC, 1 BD 1ieiikoM Jiexkat BHyTpu ¢urypsl. [IpoBesém
NpAMYyI0, TapajienbHyio AB u nepecekaromyo orpesku ACy u BD,y B TOU-

G

0)

a)
Puc. 6
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kax A’ u B’ cootBeTcTBeHHO. Torza AnrHa orpeska A’B’ Gosblile IJIMHBI OTpes-
Ka AB, 4To IpoTHBOpeunT Bei6opy AB. CiefoBarensHo, ZCAB+ /DBA<180°.
Ananoruuyno ZEAB+ ZGBA < 180°. Temneps CyIleCTBOBAaHUE HY>KHBIX OTIOPHBIX
MPSIMBIX OYEBUZHO.

8§ 3. IOKA3ATE/IBCTBO TEOPEMBI BAHTA

MBI IpuBeZiEM J0Ka3aTeNbCTBO TeopeMbl baHra /i INIOCKOCTY OT IIPOTUB-
HOTO. B ciy4ae npon3BosbHON pa3MepHOCTH [0Ka3aTelbCTBO ITOJTHOCTBIO aHa-
soruyHo. [Ipeanonoxxum, yrto ¢urypa F HOKpHITA MOJMOCKAaMH Sq, Sy, ..., Sy,
CyMMa IIVMPYH KOTOPHIX MeHbllle MUpUHbI ¢urypsl F. [Tonocke S; conocTaBuM
BEKTOp U;, MEPIIEHAUKY/IAPHBIN OrPAaHUYUBAIOIIUM €€ MPSIMBIM (U3 IByX BO3-
MOXXHBIX HallpaBJIEHUH BEKTOPa BbIGEpeM ITPOU3BOIBHOE) U IO JIMHE PABHBIN
MIOJIOBUHE IIUPUHEHI S;. PAacCMOTPUM MHOXeCTBO U3 2" TOYeK:

O+ A(ED, £y £... £ D)),

rge A > 1 TaKoBO, YTO CyMMa IIMPHH TOJOCOK Sy, ..., S,, YMHOKEHHadA Ha A,
MeEHbIIIe MUPUHBI GUTYPHI F.

JlokazareabCTBO TeopeMbl baHra GyzeT cocToATh U3 AByX dacreil. Ha mep-
BOM IIIare MBI JOKQXXEM, YTO MOXXHO BbIOpaTh TOUKY O TakuM 0O6pa3oM, 4To
Bce 2" Toyek OyAyT JexxaTb BHYTpU Gurypsl F. Ha BTOpoM Imare mMul JoKa-
’KEM, UTO BCE 3TU TOYKU HE MOTYT OBITh MMOKPHITHI ITOJIOCKaMu. [lonydeHHOe
MIPOTHUBOpPEYHE 3aBEPIUIUT JOKA3aTENTbCTBO.

JIEMMA 1. ITycmb F — ebinyknas guzypa, w — eé wuputa, F' — duzypa,
nonyueHHas u3 F napannenbHubiM nepeHocom Ha sekmop U. Tozda wupuHa ne-
peceuenus F N F' ne mensute, uem w — |0|.

JTIOKA3ATENBLCTBO. [1ycTh |J] < w, B IPOTUBHOM C/Iy4ae yTBEP)KIEHHUE Oue-
BUAHO. [IycTh AB — HauboJbIass U3 Xopa GUrypsl F, UMeIOIKUX Harpasie-
Hue U (cMm. puc. 7). [IpoBegém depe3 TOUKHU A U B mapasuiesbHble OTIOPHBIE

Puc.7
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npsAMble m U n. [IycTh npAmad | nonaydaeTcsa U3 NpAMOM m HapasulebHbIM
IepeHOoCOM Ha BeKTop U, C — ToYKa nepecedeHus npsmeix [ u AB. Bes orpa-
HUYEHUS 00ITHOCTH, [ TepecekaeTtcs ¢ Gurypoii F.

PaccmoTpuM $urypy F, monydenHyo u3 F TOMOTeTHel ¢ [IeHTPOM B TOY-
ke B u xoaddurumreHTOoOM g—A OueBUAHO, 4TO F nexxuT BHYTpH F. 3ameTum,
4T0 F MOXXHO HOJMy4HUTD U3 F/ TOMOTETHEl C [IeHTPOM B TOUKe C U TaKUM Ke
KoabduImeHTOM, 03TOMy F eyt u BHyTpu F'. IlomydaeM, 4TO MMpUHA

TepeceveHns He MeHBIIe YeM 5 r * . Bocronp30BaBIIKCh TeM, 4TO |U| = AC,
IOJTyYUM IIETIOYKY PABHOCHIbHBIX HEPABEHCTB:

BC - - AC AC

== w=w— =4 Zw-=—= & AC= = & AB = w.
BA W= © |U] |U| = B C>w- %5 >
[TocsesiHee HEPABEHCTBO BEPHO, ITOCKOJIBKY w — IMIMpUHA F. O

JIEMMA 2. Paccmompum 2™ cdguzos guzypst F: F + A(E£0; £ 0, £ ... £0,).
Ilepeceuerue amux guzyp He NYcmo, NPUUEM WUPUHA 06ule20 nepeceweHust He
Memnbute, uem w —2A(|0;| + |Ug] + ...+ |T,]).

JIOKA3ATE/ILCTBO. JIoKa)keM yTBepXkAeHre WMHAYKIMeHd 110 YUCIy BEKTO-
poB n. Ba3a mpu n = 1 BeiTekaet u3 jeMmMmbl 1 (urypa F + AU; nmosnydaercs
u3 F — AD; mepeHoCcOM Ha BeKTop 2AU;, CM. pHC. 8).

F+A(0, —0,)

—AD, AD, F+ A(=D,— )

F+ AU, +1,)
F+A(—0, +1,)

a) 6)
Puc. 8

JlokaxkeM Tepexoz. O6o3HauuM depes Fy_; mepecedenue 2871 puryp
F+A(x0, £0, £... £0;_4).
[Io npeAIonoKeHU0 UHAYKIVMY [UpUHA F),_; He MEHbIIIe 4YeM
@ = 2A(|01| + [Ty + ... + |Teq ).

[Tycts F) — nepeceuenue ouryp Fi_; + AU, u F_; — Al;. [Tokaxem, 4to F
JNIeXUT B TTepecedenuu Beex 28 guryp (orMeueHo ceprim Ha puc. 8). [IOCKOIBKY
muprHa F He MeHbllle, YeM mupuHa Fy_;, yMeHblieHHasA Ha 2A|0; |, TO TeM
CaMbIM YTBEPXK/EHUE JIEMMBI OYZET ZI0Ka3aHo.
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Paccmotpum ourypy F + A(a 0 + agly + ... + aiU;) A1 HEKOTOPBIX
aj, s, ..., 4 € {—1,1}. Toraa

Fk—l CF+ A(all_))l + azl_jz +...+ ak_ll_})k_l),

OTKyJa
Fk—l + Aakﬁk CF+ A(all_jl + azl_jz +...+ ak_ll_jk_l + akljk).

Ho F; C Fj_; + Aa; Uy, OTKyZAa monydaeM TpebyeMoe. O

PaccMOTpUM HEKOTOPYIO TOUKy O, jiexkallyio B mepecedyeHuu 2" ouryp
13 ieMMbI 2. BeibepeM Mpou3BOJIBHBIE A, Ao, ..., A, € {—1, 1}. ComiacHO BHI-
6opy Touku O, oHa npuHaIeXRUT ¢urype F + A(—a0; — ayly — ... — o, Uy).
CaenaB mapaJuie/ibHBIN ITepeHOC Ha BEKTOpP a0, + AUy + ... + a,U,, TOMYy-
YUM, YTO

O+(a1171+a2172+...+anl7n)GF.

[TOCKOJIbKY M3Ha4YaJbHO MBI B3SUIM IIPOU3BOJIBHBIE q,...,d, € {—1,1}, To
BBITIOJTHEH TIEPBBIM IIaT, @ UMEHHO, MbI HAIILTU TaKyio TOYKy O, 4To 2" Touek
O+ A(£0, £ U, £ ... £ U,) npuHagiexar ¢urype F.

[TepeliziéM KO BTOPOMY ILAry JOKa3aTeabCTBa. JJOCTaTOYHO 0KA3aTh CJIe-
JYIOIIYIO JIEMMY.

JIEMMA BAHTA. /Ina kaxncooil nonocku S; U3 MHOMcecmsa noaocok Sy, So,
..., S, 3adukcupyem 8ekmop U;, nepneHOUKYAAPHbLU NPAMbIM, 02PAHUULBAIO-
WUM My NoJocKy, U no ONuUHe pABHbLLL NOJI0BUHE WUPUHBL S;, a makice 3apuk-
cupyem npousgonvHoe uucao A > 1. Tozda dns r06oil mouku O xoms 6bL 00HA
u3 2" mouek mHomcecmea O + A(£0; £ U, £... % U,) He nokpbima nosockamu.

M=l npuBeZi€éM ABa AoKa3aTeabcTBa JieMMbl banra. IlepBoe gokasaTesb-
CTBO OCHOBaHO Ha pabote [7].

[IEPBOE ZJOKA3ATEJIbCTBO JIEMMbI BAHTA. PacCMOTpUM ILIOCKOCTB ¥, B KO-
TOPOI HaXOASTCS TOJOCKH, ¥ TIPOU3BOIbHYIO TouKy O B Hel. [TycTh € — equ-
HUYHBIA BEeKTOp HOPMaJIH K Y. PaccMOTpUM Takyro TOUKY Y, 4TO oY =t2 JUTsT
HekoToporo uuciaa t > 0. Kaxzoil mosocke S; comocTaBuM CJIOU Slf cienyto-
muM o6pa3oM. [L10CKOCTD, TIPOXO/AIIAsa yepe3 TOUKY Y U CPEIUHHYIO TIPAMYIO
IIOJIOCKU S;, ABJAETCA CPeAUHHOMN IJIOCKOCTBIO CJIOA Sl{, a TIOCKOCTHU, OTpaHu-
YHBaIOIIe CJIOH, IIPOXO/SAT Yepe3 MpsiMble, orpaHnuUBamIue S;. O603HaYUM
Jepe3 D’i’ MepHeH UK YIAPHBINA Slf BEKTOP, AJIMHA KOTOPOT'O paBHA IIOJIOBUHE
WUpHUHHL S, puaéM (T, ;") > 0 (em. puc. 9).

JlokaxkeM, 4TO CJI0U S’l, S’Z, cen S; He TIOKPBIBAIOT XOTs ObI OZIHY 13 2" ToYek
O+ A(£0, 0, £...£ 7). BeilbepeM cpefyut HUX Haubosee yAaIéHHyIo oT Y
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Puc.9

TOuKy X. [IpeAIonoKuM, 4TO OHa MOKPHITA CI0EM Sg. 3aMeHUM B pasJyoxe-
HYY BeKTOpa OX 3HAK Iepe/; BEKTOPOM U,/ Ha IPOTHBOIOJIOKHEIA, OMyYeH-
HYIO TOYKy 0003HauuM uepe3 X;. OTpe3ok XX; NepneHAuKyIApEH CPeUHHON
TUIOCKOCTH CJIOA S}, @ ero yIMHa paBHa 2A|T;|, mosToMy Touka X; He JIXKHUT
B CJI0e S, a CleZjoBaTeIbHO, PAcIooKeHa oT Y Jaibie, yeM X. [ToydeHHOe
IIPOTUBOpEYHE ITOKA3bIBAET, YTO HauboIee yaanéHHasA OT Y TOYKa He IOKPBITa
ciosimu. Bosee Toro, U3 J0ka3aTeNbCTBA HECIOXKHO BU/IETh, YTO BCE TOUKHU IIIa-
pa c ieHTpoM B TouKe X u paguycoM (A—1)d’, rae d’=min(|7/ |, |7, ], ..., [3,]),
TaKXXe He IMOKPHITHI CIOSIMU.

YeTpeMuM t K GecKoHeuHOCTH. OYeBH/IHO, 4TO TIPK 3TOM U, — U; A7 Beex i,
TI03TOMY BCe TOYKU MHOxectBa O + A(D] £, £... £ ) cTpemaTes K co-
OTBETCTBYIOLIMM TOYKaM MHoxecTBa O + A(£0; £ U, £ ...+ 0,) ud’ — d,
rae d = min(|t; ], |Ts], ..., |U,]). [Io3TOMY Ipy ZOCTAaTOYHO OOJIBIIOM t KaXKAbIi
u3 2" apoB ¢ IeHTpaMH B TOYKax MHOxecTBa O + A(XV] £ ) £ ... £ 7))
u paguycamu (A — 1)d’ cofepXUT COOTBETCTBYIONLIYIO LIEHTPY TOYKY U3 MHO-
xkectBa O + A(£0; £ 0, +...%0,). [IoCKOIBKY MBI TIOKA3aJI1, YTO XOTS ObI OANH
13 3THX IAPOB He MOKPHIT CJIOAMHU S7, ..., S), TO U OfHA U3 TOYEK MHOXeCTBA
O+ A(£0; £ 0, %...+0,) He MOKPHITA CJIOSMU, A CJIEJOBATENTHHO, U MTOJIOCKaMU
Sy,...,S,. JleMMa, a BMecTe ¢ Hell 1 TeopeMma baHra, /jokazaHa. ]

[TpuBeZéM BTOpPOE AOKAa3aTeIbCTBO JeMMbl Banra. Ho mpeaBapuTenbHO
Mpo/iesiaeM BBIKJIQIKM B 0003HAYEHUAX MTEPBOT0 0Ka3aTeabcTBa. I1ycTh

rae a; € {—1, 1} ans moboro i. PacnuineM KBaZpaT JIUHBI OTpe3Ka XY :

n 2 n n
XY = (A > e - ta) =22 (o7, a;5) =24 ) (a;F/, t8) + 2.
i=1 =1

ij=1
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O6o3HayuM yepe3 O; IpoeKUuio Toyku O HA Y
CpeIVHHYIO TIpSMYIo mosocku S; (cMm. puc. 10). U3
reoMeTPUYECKUX COOOPaKEeHUH JIETKO MOIYYUTh,

YTO )
. N t*-1o.| - 100:
(U-/, te) — > | 1| | 21| ,
L t2 +100;]
rJe repes ApoObI0 CTOUT 3HAK «+», €CJTU BEKTOPHI v/
OO; ¥ U; coOHamnpaBJeHbl, ¥ 3HAK «—» B IPOTUBHOM 5 A
caydae. Otcroga Lo
215100 ) Puc. 10
U100, AN t
av te oi———7H=(00;,a;0;) ——.
( ) l t2+|ool|2 ( [ E2ad ] l) t2+|OOl|2
B urtore nosydaem, 4TO
I 2
XY 2 =22 (a;5, a; )—zAZ(ool,a B) - 5ioon HE
t +100;]

i,j=1

3aMeTHM, YTO IIpeZiesl BhIpayKeHUs %(lXY |2 —|0Y|?) npu t — +oo 6yzeT Ko-
HEYHBIM, 8 UMEHHO

2 2y _ £2
tgrpoo—(XY —0Y“9) = 11m X( t“) = Azl(a iU, a0;) — ZZ(OOl,a ;).
i,j

CoryacHo BbIOOPY TOYKM X, JJIMHA OTpe3ka XY — HauboJbIas BO3MOXKHas,
N0STOMY BbIpakeHHe (XY 2 _ 0Y?) Taxxe mpuHUMAaeT HaubOIbIIee BO3MOX-
Hoe 3HaueHue. OTCrofa noy4aemM

BTOPOE /IOKA3ATEJIbCTBO JIEMMbI BAHTA. OTipeZie M Ha MHOXKECTBE Habo-
poB (&1, &9, ..., &,) € {—1, 1}" dyHKIMOHAT

n n

fle1, 60,0, 6) = A E (&i0;, €;0;) — 2 E :(Ooi, &)
i,j=1 i=1

[TycTh QYHKIIMOHAJ AOCTUTAET MaKCUMyMa Ha Habope (a;, do, ..., ;). JJoKa-

’KeM, 4TO TouKa X, ompezesieMasl paBeHCTBOM

n
O_)(: = AZ aiﬁi,
i=1

He MOKpBITa NojocKkaMu. [IycTh X MOKpBITa HEKOTOPOU mosiockoit (6e3 orpa-
HUYEHUS OOLTHOCTH, MOJIOCKOH S;). VI3MeHUM 3HaK NpU BEKTOPE U; Ha IIPOo-
TUBOIIOJIOXKHBIN U JOKQ)KEM, UTO Ha IOJIy4eHHOHN Touke X; QYHKIIMOHAJ IIPU-
HUMaeT Oosiblllee 3HaYeHNe. BbiietuM B BeIpakeHuu i f (€4, €9, ..., €,) BCE
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cjlaraeMsbie, He 3aBUCAIIIME OT 171:

n n
Fler €n,nnmren) = A Y (T, £,5,) + 24 Y (617, £,7) +
i=2

=2
n
+ B2 -2 Z(Ooi: £;0;) —2(00y, &177).
i—2

Torzma

fla, a9, ., a,)— f(—ag,ay, ..., a,) =
n n
= (ZA Z(all_jl: a;U;) — 2 Z(—aﬂ_}b ail_}i)) -
i=2 i=2

n
—(2(004, @17;) —2(00;, —a13)) = 42 Z(all_}b a;0;) —4(00,, a;0y) =
i=2

n n
:4((1151, lZaiﬁi—OOl) =4(a1171, lZaiﬁi—OOl) —4A|171|2

=2 i=1

n - ~
TTocKOMbKy A ). i—1 @iV; — 007 — BeKTOp
C HavyaJoM Ha CpPeAWHHOMN MPSIMOU IOJOCKHU
S, ¥ KOHIIOM BHYTpH S; (cM. puc. 11), umeem

n
(alﬁl,lZaiﬁi—Ool) <AB P =
i=1
=  f(a,ay...,a,) < f(—ay,aq,...,a,),

npoTtuBopedne. TakuM o6pasoM, teMma banra
JIOKa3aHa. O Puc. 11

84. TEOPEMA KAZEIIA

B sToM maparpade Mbl foKakeM TeopeMmy Kazera s mIockoro ciydas.
B ciyyae pasMepHOCTU NpocTpaHcTBa d > 2 0Ka3aTeIbCTBO aHAJIOTUYHO.

TeoPEMA KAZEUA. [Iycmb gbinyknioe mesio F nokpsimo 8vinykasimu me-
aamu Fq, F,, ..., F,. Toeda paduyc enucaxHoll cghepst F He bonvule, uem cymma
paduycos enucaHHbslx cpep Fq, ..., F,.

HaM rmoHaz06aTcs cieZlyIolie CBOKMCTBAa BIIMCAHHON OKPYKHOCTH.

1. Y gcaxotl 8binykaotl puzypwut 1ub0 ecmsb 00HA BNUCAHHAS OKPYHCHOCTb, IUOO
ux 6ecKoHeuHO MHO20.
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Puc.12

[TycTh eCTh /IBE€ TAKUX OKPY>KHOCTH. [IpoBeZIEéM OTpe3KU UX OOIIMX BHEII-
HUX KacaTeJbHbIX, 3aKII0YEHHbBIE MEXY TOYKaMH KacaHusa (cM. puc. 12). du-
rypa, mosydeHHass oObeIMHEHHEM OKDPYKHOCTEH U 3TUX OTPE3KOB, JIEXKUT
LIeTMKOM BHYTPHU F B CWIy BBIMYKJOCTHU. [loaTOMYy eciu mapasaienbHO CABU-
HYTh OZIHY OKPY>KHOCTb B HallpaBJI€HUHU JPYyroi, To o6pa3 Takxe OyzeT Jie-
’KaTb BHYTpH F. VITOrO mosiyyaem, 4TO BITMCAHHBIX OKPY>KHOCTEN 6€CKOHEYHO
MHOTO, IPUYEM BCE OHU KACAIOTCS TapaUleIbHBIX TIPAMOJIMHENHBIX KYCKOB
rpaHunsl F.

2. Cpedu mouek KAcaHusl 8NUCAHHOL OKPYHHOCMU C 2paHulell uzypsl ecmb
Aub0 dse duAMemMpanbHO NPOMUBONOJNONCHBIX MOUKU, AUOO MPU MOUKLU,
KOMOopble ABAAMCA 8ePUUHAMU OCMPOY2016HO20 MPey20/bHUKA.

Ec/i y OKPY»KHOCTH HeT OOIIMX TOYEeK C 'PAHULIEHN, TO, HEMHOTO YBEJIUYUB
eé paauyc (He MeHsIs LIEHTPA), TOIYIUM OKPY>KHOCTh GOJIBIIETO pauyca, TaK-
JKe JIeKallylo BHyTpH Hatel ¢urypsl (cM. puc. 13 a). Eciu y oKpy>KHOCTH ofjHa
o011as TouKa A ¢ TPaHUILIEH, TO CABMHEM OKPYKHOCTD ITapauteTbHO mpsMoi OA
(rme O — LEeHTp OKPY)KHOCTHU) TaK, YTOOBI ¥ HOBOM OKPY>KHOCTH OOIINX TOYEK
¢ rpaHullel He 6bU10 (cM. puc. 13 6). [Tosy4eHHYI0 OKPYKHOCTh TaK)Ke MOXKHO
yBe4IuTh. [IyCcTh OKPYKHOCTh UMeET Be WU OOJIbIle 00X TOYEK C IPaHU-
1[el, TPUIEM CyIecTBYeT Ayra AB, 6onbmasa 180° 1 He cogeprkamias Apyrux rpa-
HUYHBIX To4YeK. Torzia ¢IBUHEM HAllly OKPY>KHOCTh B CTOPOHY AyTH TIO TIepIeH-
JUKYJSAPY K Xopze AB, mociie 4ero eé onATh MOXXKHO YBEJTUYUTD (CM. puc. 13 B).

a) 6) B)
Puc. 13
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3. Paccmompum 2paHuuHyro mouky, 8 Komopoil 8NUCAHHAS OKPYHCHOCMb K-
caemcst puzypst F. Tozda 8 amoil mouke KacameabHAasi K OKPYICHOCMU 5168-
aisiemcst onopHoll npsmoti ons F.

PaCCMOTpI/IM OIIOPpHYIO IIPAMYIO B TOYKE KaCaHHUA. OHa sABAeTcA OHOpHOfI
" 1A OKPY>KHOCTHU, OJHAKO €AMHCTBEHHAA OIIOpHAA IMpAMadA K OKPY>KHOCTU —
9TO KacaTe/JIbHad.

JIOKA3ATEJILCTBO TEOPEMBI KAZIELIA. O603HAUMM 4Yepe3 I paZiiyc OKPYX-
HOCTH, BIIMCAaHHOU B urypy F, depe3 O — LIEHTP 3TOU OKPYKHOCTH. [lid
Bcex i 0003HAUMM Yepe3 1; paZuyc OKPYKHOCTU, BIIMCAaHHOHU B urypy F;,
a uepe3 O; — eé neHTp (ecau F; — 3TO MOJIOCKA, TO BbibepeM Jt0OYIO U3
BIIMCAHHBIX OKPYXXKHOCTel). [IpeAnonoKuM, 9YTO YCIOBHUE TEOPEMBI HEBEPHO
u Z?:l r; < r. BnucaHHbI# B F KpyT TakXKe MOKPHIT durypamu Fy, ..., F,, mo-
3TOMY MOXXHO CYUTaTh, 9YTO F — 3T0 KpyT. Takke MOXXKHO CIMTaTh, UYTO KaXKJad
¢durypa F; —3TO TpeyroJbHUK WIH IOJIOCKA.
JleicTBUTENbHO, IO CBOMCTBY 2 CYIIECTBYIOT
160 ZiBe AraMeTpPaJbHO IIPOTUBOIIOIOXKHEIE
TOYKY KacaHUA BIIMCAHHOU OKPY>XHOCTH C T'pa-
Hulel F;, mnbo Tpy TOYKMU KacaHus, o6pasyro-
Iye OCTPOYTOJNbHBIN TPeyrolabHUK. [IpoBesém
KacaTeJbHbIE B 3TUX TOYKAaX, OHM 0OpasyioT
MIOJIOCKY WUIH TPEYTOJNbHUK. [Ipu aTOM 06pazo-
BaBIIascsa ¢purypa cofep:xkur F; 1 nMeeT TaKoH Puc. 14
’Ke paZinyC BIINCAHHOU OKPY>KHOCTH.

IlycTh 7} 1, 7} 5, 7; 3 — BEKTOPBI, TPOBeAIEHHbIE U3 TOYKU O; B TOYKU KacaHUA
OKPY’KHOCTH ¢ rpaHuueii (cM. puc. 14). Eciu Todek kacaHus He TpH, a ABe, TO
BEKTOPOB Takke OyzeT ABa.

PaccmoTpuM ciyuaii, korga kaxkzaaa ¢urypa F; ABiAeTca TpeyroJlbHUKOM
(cyyait, Korzia B MOKPBITUN IIPUCYTCTBYIOT TIOJIOCKH, JOKA3bIBAETCS aHAIOTHY-
HO). Paccmotpum 3" Tovek Buga

n
O+A Z 7o
i=1

rae ¢; € {1,2,3}, a A > 1 TakoBoO, 4TO AZ?:I r; < r. B cury Beibopa A Bce
MOJIyYeHHBIE TOYKU OYZYT JieXKaTb BHYTPH F.
Kax 1 Bo BTOPOM /J0Ka3aTesbCTBe JIeMMBbI baHra, paccMoTpuM GyHKIMOHA

n n
fler e nnen) =AY (FoanTie) —2 > (00, T,
i=1

ij=1
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rae €; € {1, 2, 3} ana Beex i. [TycTh pyHKIMOHAN AOCTUTAeT MaKCUMyMa Ha Ha-

6ope (ay, As, ..., a,). JloKaxkeM, 4TO TOUYKa X;, OlpesensieMas pABEHCTBOM
n
OX]. = A’ : :ri,ai:
i=1
He TOKpHITa ¢purypamu Fp, ..., F,.

[IpeAIoNoKUM IIPOTUBHOE: MYCTh TOYKA X, MOKPHITA KAKUM-HUOYADb Tpe-
yroabHUKOM (6€e3 orpaHu4eHus OOIIHOCTH, TPeyroabHUKOM F;). i onpeze-
NEHHOCTH ByZeM CIMTaTh, 9TO oy = 1. VI3MEHHM B pas/osKeHUN BeKTopa OX;
IepBoe cjaaraemMoe, a UMEHHO, PACCMOTPUM TOYKU X, X,, X3, onpe/iesIéHHbIE
paBeHCTBaMU:

n n n
OX = A E ?‘i,aiﬂ OX2 = AFLZ + A, E ?‘i,ai’ OX3 = )(,?1’3 + A. E ﬁ’ai'
i=2 i=2 i=2
BbI,Z[e]II/IM B f({;'l, E9yenny €n) claraeMble, HE 3aBHUCAIIKME OT ?1,81:

n n
Fler €)= A D (Foen o) 422 D (e, o) +
=2

i,j=2

n
- 2 A o A -
+ AP, 7 —2 E :(Ooi, Tie) —2(004, 7).
i=2
3amnuireM pa3HOCTh 3HaUYeHUH QyHKIIMOHAMA A1 ToueK X7 U Xo:

f(,ay,...,a,)—f(2,a9,...,a,) =

n n
=22 D) ~ D (i) ) ~2((001,71.1) ~ (007, 73.)) =
i=2 i=2
n

=2A (7’1,1 —nNn,2 E :ri,ai) —2(fy,; —11,2,001) =
i=2

n
=2 (Fl,l —T A Z Mo, — Ool) :
i=2
PaccMOTpUM TpeyroabHUK Fi, B KOTOPOM JIEXKUT TOYKa X;, 0O03HAYUM €ro
BepIIuHbI Yyepe3 A, B, C (cM. puc. 15). IIycTh TOYKM KacaHUs €ro BIMCAHHOMN
OKPY>XHOCTHU ¢ 1leHTpoM O, co cropoHamu AB, AC u BC — 3T0 Touku Cq, By
U A, COOTBETCTBEHHO, MpU4YEM BeKTOPHl O A, O1B; 1 O;C; coHanpasieHbI
BEKTOpaM Ty 1, 71 5 U I 3 COOTBETCTBEHHO.
Torzma

n
2 (?1,1 —T A Z Tio, — Ool) = 2(B1A1, 0:X).
i—2
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AHaJoru4HoO IoJIy4aeTCcAa paBE€HCTBO
f(]-: Ay, ..., an) _f(gz Ag,y ..., an) = 2(C1A1’ OlX)

[TockonbKy 3HaYeHWe QYHKIMOHaIa Haubosblee B Touke X;, 0b6e pa3Ho-
CTU HEOTPULIATEJIbHEI, T. €. YIVIBI MEXJy BEKTOPOM (ﬁf 1 BeKTopamu A;B;
u I?C{ HeocTphle. [IpoBesém depe3 Touky O; mpsAMyto | mapajuiebHO CTO-
poHe BC. [TockonbKy TOYKa X, JIEKUT BHYTPU TPEYrOJIbHUKA, TOUKA X JIEXKUT
B TOH >Xe IOJIYIUIOCKOCTH OTHOCUTEJBbHO NpAMOM [, yTo U Touka A. Takum
06pa3oMm, ecsii OTJIOKUTh BEKTOP ﬁ OT TOYKHU A;, TO OH OyZleT HalpaBjeH
B Ty XK€ IOJIYIUIOCKOCTb OTHOCHUTEIBHO npsAMoit BC, 4To U BEKTOPHI ;\ﬁ;
uA; ACy 1. OfHaKO BEKTOPHI A131 nuA C1 pa3buBaroT pa3BEpHyTHIH yron BA;C
Ha TP OCTPHIX yIvia (YTO HECTIOXKHO MOJIYYUTh, BEIPA3UB 3T YIJIBI Y€PE3 YIJIBI
TPEYTOJNbHUKA), T. €. BEKTOP (ﬁf obpasyeT XOTs ObI C OHUM M3 HUX OCTPBIN
yroi. [IpoTuBopeune. O

[IpuBeAEHHOE TOKA3aTeNbCTBO TeopeMbl Kaziena nefHO MOJHOCTBIO T10-
BTOPsIET BTOPOE ZI0KA3aTeIbCTBO IeMMbI BaHra. 3ameTHM, 4TO IIEpBOe 0Ka3a-
TEJIbCTBO JIEMMBI BaHra ¢ MoHATHEM U PaCCMOTPEHHEM HanboJIee yaaréHHOM
TOYKH TAK:Ke MOXKHO MOANDUIIMPOBATS /IS ZI0Ka3aTelbCTBa TeopeMsl Kaziena.

B IUTOCKOM cilydae TeopeMa TaK)Ke ZloKasa-
Ha B pabote [6]. [loka3aTeIbCTBO UAEHHO IO-
XOJKe Ha JJOKa3aTelbCTBO TeopeMbl BaHra st
kpyra. OHO OIMpaeTcs Ha CieAyolee yTBep-
XKIEeHUe.

Ilycms B — kpye Ha naockocmu, S — nepe-
cekarouas e2o noaocka unu mpeyzoasHuk. O60o-
3HauuUM uepe3 r paduyc OKpyICHOCMU, 8NUCAH-
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Holl 8 gueypy B N S. Paccmompum maxyw nosycdepy, umo B ssnsemcs eé
akgamopuanbHuiM ceueHuem. Cnpoeuupyem dueypy B NS Ha nonycgepy, npo-
8e0s1 uepe3 Kaxncoyto mouky @uzypsbl NPAMYI0, NnepneHOUKYAAPHYI0 NJIocKocmu
Kpyea, Kak nokadaxo Ha puc. 16. Tozda niowads nosyueHHOIl NpoeKyul He npe-
gocxodum 27r, NpuuémM paseHcmao 0ocmuzaemcs, Mobko ecau S — nosaoca,
npoxodswas uepe3 B.

§ 5. 'mnoTE3bl BAHTA 1 /IDBEHIIOPTA

B aTOM paszene peuyb MOHAET o runoTese baHra.

I'mnoTE3A BAHTA. Ilycmb ebinyknoe mesio F 8 R4 NOKPbHIMO KOHEUHbIM YlC-
siom nosocok. Toeda cymma OmHOCUMENbHBIX WUPUH SMUX NOJIOCOK He MeHblue 1.

JlokaxeM runore3y baHra B IZIOCKOM cTydae JIs IBYX MOJIOCOK (11 OZHOH
IIOJIOCKH yTBepIKJeHHe 04eBUAHO). [TycTh Gurypy F MOKPHIBAIOT JIBE ITOJIOCKU.
Ecny oHUM mapasuiesnpHBI, TO YTBEpXKJeHUE OueBHJHO. IHaye MOJOCKU B Iie-
peceyeHUM o0Opa3yloT MapajuiejiorpaMM, ob6o3HauyuM ero PQRT. BepiuHs
9TOro IapasulesiorpaMma ABJIAITCA BHEITHUMU WIU IPaHUYHBIMU TOYKaMU F.
JleficTBUTENBbHO, ecIi P — BHYTpeHHAA TOYKa, yroJa Ipu P, Ha puc. 17 oTme-
YEeHHBIH JYTOH, COAEPIKUT TOUYKHU GUTYPHI, HO HE MOKPHIT IOJIOCKAMH.

Yepe3 BepIIUHEI [TapalleJlorpaMMa MOXKHO [IPOBECTU IIpsAMEBIe, He Ilepece-
katomtue ¢urypy F. JleicTBUTENbHO, ecii P — rpaHnyHas Touka F, TO mOJ0M-
JET onopHad npamad. Eciu ke P — BHemHAa ToYKa y1d F, TO paccCMOTpUM
6mpkaiimyo K P Touky ¢urypsl. [IpoBesém dyepe3 P IpAMYI0, apaliebHYO
OTIOPHOM B 3TOH TOYKe. DTa mpsiMasi 6yZeT HCKOMOH.

[IpoBeséM B KaXk[0H BepllIMHe IapajulesorpaMMa NpsAMylo, He IlepeceKaro-
IIyto Hairy GUrypy. OTH NpsiMble 00pa3yroT YeTBIPEXYTONbHUK ABCD, KOTOPBIH

’ ’
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’ ’
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LeTUKOM coZiepkuT F (cM. puc. 17), T. e. ero mIMpuHa 1o Kax[oMy HarpabJe-
HUIO He MeHbllIe IMUPUHEI F 110 3TOMy HalnpaB/eHuUIo.

[TycTh IMUPUHBI IOJIOCOK S, U1 Sj, PaBHHI @ U b, IMpHHA YeThIPEXYyTOIbHUKA
B COOTBETCTBYIOIINX HANIPABJIEHUAX PaBHA w, U w}, COOTBETCTBeHHO. O603Ha-
UM a = a/w,, = b/wy, Wwiomaas mapamiensorpamma PQRT o6o3HauuM
uyepe3 S. PaccmorpuM zABa TpeyronbHuKa APQ u CTR, KOTOpbIEe IIOKPBLIBAET
IIOJIOCKa Sp, HO He IOKPHIBAET IOJocKa S,. Pacnucas Iuiomagyd 3TUX Tpe-
YTOJIBHUKOB U NlapajulesiorpaMMa 4epe3 BhICOTHL U OCHOBaHUA, IIOJIYyYHUM, YTO
OTHOILIEHNEe CyMMapHOH IIIOay 3TUX TPEYroJbHUKOB K IUIOIIAAU Iapasuie-
JlorpaMMa paBHO

w,—a _ i . l

2a " 2a 27
AHaJOrMyHO OTHOIIEHHEe CyMMapHOU IIomasu TpeyroabHukoB BPT u DQR
K IUIOLIAAU INapaulejiorpaMMa paBHO 282 Torza oTHolleHUe IUIOLIAAY

yeTeIpEXyroabHuka ABCD k miomaau napawienorpamma PQRT paBHO

(B-D+G-Dr1-k+a

Puc. 18

PaccmoTpuM 06pa3bl YeTHIPEXYTOIbHUKA ABCD TIpM TOMOTETHAX OTHOCH-
TesnbHO TodeK A u C ¢ koadpduiinentom 1 — a. HeTpyZHO IOHATH, YTO YaCTU
3TUX 00pa30B, JieXKalye BHyTpU TpeyroibHUKOB APQ u CRT, ipu cOBMellle-
HUM JaAyT B TOYHOCTU YETHIPEXYTOJBHUK, TOMOTeTUYHbIN ABCD ¢ K03ddu-
ireHToM 1 — a (cM. puc. 18). OTcioga ciaenyeT, YTO CyMMapHasi IUIOIAb
3THX TPEYTONLHHUKOB He MeHbIIle Iomazau ABCD, yMHoxeHHoM Ha (1 — a)?.
[lonydyaem HepaBEeHCTBO

%—%>(1—a)2(%+$) PN 1;a>(1—a)2(%+%) PN
= §>(1—a)(1+§) & a+f>1,

TeM caMbIM T'uIioTe3a baHra /A Byx MOJIOCOK /J0Ka3aHa.
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B ob1em ciaydae runore3a banra He Zjoka3aHa. VI3BeCTHO, 4YTO OHA paBHO-
CWIbHA CJIEAYIOIIel TUIOTe3€e, BO3HUKIIEN U3 3aa4 AU0(PAHTOBBIX TTPUOIIH-
enuit (em. [8]).

I'unoTE3A JI3BEHIIOPTA. Buinyknioe meso F paspe3ano n 2unepniockocmsi-
mu Ha uacmu. Teno F’ nonyueno uz mena F zomomemueil ¢ ko3g@uyuenmom
1/(n+1). To2da cywecmeyem makoii napaiiensuuiil neperoc meaa F/, umo ow
codepxcumcs 8 mesie F u He nepecekaem HU 00HOTI U3 aIMUX 2unepniockocmetl.

Jokaxxem, 4TO Aj11 eAUHUYHOro Kpyra B runoressl banra u JpBeHnopra
PaBHOCWIBHBI (J0Ka3aTeIbCTBO OOIIETO YTBEPXKAEHUSA O PABHOCHIBHOCTH KC-
MOJIB3YET Ty JKe uzeto, cM. [3]). [l eJMHUYHOTO Kpyra rumnoTte3a banra pas-
HOCWIbHA TeopeMe BaHra, MOCKOMbKY MIMPUHA KPyTa B K&KAOM HaIllpaBlIeHUH
O/IMHAKOBA.

IIycTh BepHa runoresa Banra. PaccMoTpyUM KOHLIEHTpUYeCKuii ¢ B kpyr B’
pazuyca n/(n+1). lna xkaxzou npsaMoi [, pa3pesaromeil B, paccMoTpum
TaKyI0 MOJOCKY mUpuHel 2/(n + 1), 4To orpaHUYUBAIOIINE €€ TIPSIMbIE CUM-
MeTPUYHBbI OTHOCUTENbHO [ (cM. puc. 19). 3a-
METHM, YTO ec/Ii HalAéTesa Touka B B, He mo-
maBIiasi BHYTPb HY OAHOM U3 MTOCTPOEHHBIX TI0-
JIOCOK, TO KpyT pazuyca 1/(n + 1) ¢ ueHTpom
B 3TOM TOYKe OyZET JIe)KaTh BHYTPU UCXOAHOTO
Kpyra B u He 6yZieT miepeceKkaThb CeKylre mpsi-
Mble (HO, BO3MOXKHO, 6yZeT KacaTbcst). Cym-
MapHas IIMpUHAa IT0JI0COK paBHa 2n/(n + 1),
T. e. ;naMeTpy B’. [T03TOMy ec/ TOJIOCKH He
mapasuleibHBI APYT APYTY, TO 0 TeopeMe baH- ~———--
ra HalJ€Tcsa HEMOoKphITass TOYKa. Eciu ke 1mo- Puc. 19
JIOCKU TIapaJUIeJIbHBI APYT APYTY, TO TUIIOTE3a
JIaBeHIIOpTa, OYEBUAHO, BEPHA: €C/IU €IMHUYHYIO OKPY>KHOCTD TIepecedb n ma-
paJIeIbHBIMU TIPSMBIMU, TO IMUPHUHA XOTsI OBl OZIHOI YacTH Oy/IeT He MeHbIIIe
2/(n+1), T. e. B Heé MOXKHO OyZieT BIMcaTh KpyT paauyca 1/(n + 1).

O6patHo, IMycTh BepHA rumoTe3a JI3BeHIopTa. [IpenonoKium, 4To TUIoTe3a
BaHra HeBepHa, T. €. HaAM YAaJIOCh MOKPHITh €AUHUYHBIN KPYT TOJOCKAMH,
CyMMa OTHOCUTEJIbHBIX MTUPUH KOTOPHIX MeHbIlle 1 (COOTBETCTBEHHO, CyMMa
abCOIOTHBIX IIUPUH MEHbIIE 2). YBEIUYUM IIUPUHY KaXKAOH IIOJOCKH TaK,
yTOOBI OHA CTaja palOHAIbHOM, HO TIPYU 3TOM CyMMa LIUPHUH MO-TIPEKHEMY
6bUTa 6bI MeHbIlle 2 ¥ BhIpaKajach HECOKPATUMOM APOObIO, YHCIUTEND KO-

TOPO#H XOTs ObI HA 2 Gosibllle 3HaMeHaTess. [IyCTh MIMPUHBI TOJIOCOK PABHBI
b1 P2
q1 ’ dz ’ n

punsl 1/N kaxzas, rae N =q,q; - . . ¢,,. CToxxuM Apobu (ToIydrM cyMMapHYo

p .
..., —. Termepb pa3o6bEéM KaXKAYIO TIOJOCKY Ha MEHBIIHE MTOJOCKHY IIIH-
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MIUPUHY TTOJTYYUBIINXCS TIOJIOCOK) Y IPUBEAEM MX K 001IeMy 3HaMeHaTeo:

Pn_ P12 Gn ¥ %iP2d3 - Gnt -+ 1 GuaaPo _ k

ProPay |
a1 92 dn q192 ---qn N

YucauTenb 3TOU ApobU paBeH KOJUYECTBY ITOJIOCOK HOBOTO pa3bueHus. BbI-
60p MIUPUH rapaHTUpyeT HaM, 4To k < N — 1. PaccMOTpHUM OCh CUMMETPUH
Ka)K/I0¥ 13 TOJIOCOK, 711 3TUX IPSIMBIX MPUMeHUM runortesy JaBeHnopra. [1o-
JIYYIUM, 4TO CylecTByeT KpyT paauyca 1/(k + 1), 1esrKoM JieXkaliuii BHyTpu B
Y He TiepeceKaloluil HU OfHY 13 IpAMbIX. [Tockonbky k + 1 < N, 1IeHTp Kpyra
yaanéH OT KaXKZoM IMpsAMOM Ha paccTosiHue, 6osbliiee yeM 1/N. Iomydaew,
YTO OH He HOKPBIT OJIOCKaMU, IPOTUBOpEYHe.

8 6. 'unnoTeE3A MAKAU — [IAXA

[Tepeiizém k 3aZiaue O IOKPHITUU TeJl lTapasuleJIbHBIMU IIepeHocaMU I10JI0-
COK. /laHO BBIITYKJIOE TEJIO ¥ HEKOTOPHIM Habop 1onocoK. TpebyeTcs BEIACHUTD,
[IpA KaKOM YCJIOBUHU Ha IIWPUHBI [TOJIOCOK MOXKHO I'apaHTHUPOBAHHO IIOKPHITh
TeJIO Napasule/IbHBIMU IepeHOCaMU 3TUX I0J0COK. [IpUHIMNINanbHOe OTINYKe
3TOM 3aZia4M OT 3a/a4u, usydyeHHou T. baHrom, B TOM, 4TO BpalllaTh IIOJOCKU
3ampelneHo. 3ajava BepBbie obcy:kganach B pabote [11]. Mbl orpaHUYUMCS
paccMoTpeHueM ciaydaeB pasMepHoctid =2 ud = 3.

Bravase gokaxkeM, 4TO JJis1 HEKOTOPOM KOHCTAHTHI C €UHUYHBIA KpyT
MOJKHO ITOKPBITH ITapaUIe/IbHBIMU IIepeHOCaMU JIF000H crCcTeMBbI ITOJIOCOK Ha
IUTOCKOCTY CyMMapHOU IIMPUHBI He MeHbIIle c. DTa 3aZa4a ObUIa pesoKeHa
M. CmypoBeIM B 1997 rogy Ha MOCKOBCKOU MaTeMaTU4eCKOU OJIMMIINazie B Ka-
yecTBe Ioc/IeHeN 3a/iauu B BapuaHTe 11 kiacca. [To MoTuBaM 3TOU 3aza4u
B J)KypHaJse «KBaHT» 6bU1a omy6inkoBaHa ctaThs [1]. PopMynupoBka 3agauu:

Ha nnockocmu 0aHo KOHeuHoe Y0 NON0C, CYMMA WUPUH KOMOPbLX PABHA
100, u kpyz paduyca 1. Zlokaxcume, umo kaxcoyr u3 nNoa0C MONCHO NAPALIIeNb-
HO nepeHecmu mak, 4umobsl 8ce OHU NOKPbIBANL KPYe.

Pa3bepém pellleHre 3TOH 3a7a4u, Ipe-
JIO)KeHHOe B cTaThe [15]. PaccMOTpUM BHI- A
nykiyio ¢urypy F, rpaHulia KOTOpOH co-
cToUuT U3 kpuBoi AB u oTpeskoB AO u BO.
CyLiecTBYIOT ZjBa BH/a ITOJIOCOK: UMeEIoIe
OrpaHUYE€HHOE U HEOTPAaHUYEHHOe Iepece-
yeHue ¢ yriom AOB (cMm. puc. 20).

IlycThb ecTh IOJIOCKH, UMeEIOIIe Heorpa-
HUYEeHHOe IlepecedeHue ¢ yroMm AOB, npu-
4€M NIpAMEBIe, OrpPaHUYMBAIOLINE KAXIYIO Puc. 20
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MI0JIOCKY, He napasuienbHbl OA u OB. IlokakeM UHAYKIMEN 110 YMCIY T0JIOCOK,
YTO eCJI CyMMa WX IIMPUH He MeHbIlle JJIMHbI KpUBOU AB, To F MOXHO TIO-
KpPBITh CIBUTAMU 3TUX TOJOCOK. /IJi OHOM MOJIOCKU YTBEPKAeHNEe OUEeBU/HO.
Ec/ii ecTh HECKOJIBKO TTapalIeIbHBIX APYT APYTY IMOJOCOK, 0ObeIUHUM UX B O/
HY TIOJIOCKY, ITMPUHA KOTOPOM paBHa CyMMapHOM IMPHHE 3TUX TIOJOCOK. YIIO-
PAI0YMM HATIPaBJIEHMSA TI0JIOCOK ITPOTHUB YaCOBOM CTPENKHA U BO3bMEM Kpau-
Hee U3 HampabyieHUi. [lepeHecéM COOTBETCTBYIOIIYIO ITOJIOCKY TaK, YTOOBI
OflHA M3 OI'PAaHUYMBAIOIINX €€ MPSAMBIX Kacasach Halleld GUIrypsl U pU 3TOM
I0JI0OCKa MMeJia o6Ire TOUKHU ¢ Gurypoit (BO3MOKHEI ZiBa CIydas B3AUMHOTO
pacronokenust Gurypsbl F ¥ TIOJIOCKH, CM. puc. 21).

Puc. 21

[TycTh BTOpas OrpaHUYMUBAIOIIAA TIOJOCKY MpsMasi IepeceKaeTcs C KpH-
BOW AB B Touke C, a ¢ psamoii OA — B Touke O’. OT KpuBoii AB GyzeT oTpe-
3aHa KpuBas CB, AyMHA KOTOPOU He MeHbIlle, YeM IIMPUHA MONOCKU. OCTaB-
IIMMUCS [I0I0CKaMU TIOKpoeM (GUrypy, orpaHrudeHHyto orpeskamu O’A, O'C
1 KpuBO# AC (3TO MOXKHO CZiesIaTh IO TMPEATIONOKEHUIO UHAYKITUH).

[lpyuMeHUM [JOKa3aHHOE YTBep:XKAeHUE K QUrype,
M300pakEHHOM Ha puc. 22. B kauecTBe KpUBOH BO3b-
MEM BEPXHIOIO MTOTyOKPY>KHOCTH U ZIBA BEPTUKAIbHBIX
oTpeska AC u BD, B KauecTBe yIJia BO3bMEM Pa3BEPHY-
ThIH yron AOB (npsimast AB BeIOpaHa TakuM 06pa3oM,
YTO OHA He MMapauleJibHa HU OZHOH U3 MOJIOCOK). [Toiy-
YyaeM, YTO eC/IM CyMMa IIMPHUH IT0JI0COK XOTA OBl 7T + 2,
TO KPYT' MO)XHO ITOKDBITh Mapa/UIeIbHBIMU IepeHO0Cca-
MU TIOJIOCOK.

Mo>kHO 1 ellé YMEHbUIUTh CyMMAapHYIO LIMPUHY ITOJIOCOK, YTOOBI YTBEP-
’KZIeHHe 33/]a91 OCTaIOCh BepHbIM? OTBeT Ha 3TOT BOIIPOC Hen3BecTeH. I1oib-
3yAch JieMMoi baHra, HECJIOKHO IMOCTPOUTH IPUMEDP IOJIOCOK, CyMMapHas
IIUPUHA KOTOPBIX CKOJIb YTOAHO OJIM3Ka K 7T, HO MMOKPBITh €IUHUYHBIA KPYT UX
Mapa/UIeTbHBIMU TIEPEHOCAMU HEJTb35.

Puc. 22
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PaccMoTpuM BNIMCAHHBIN B e IMHUYHBIN KPYT Ipa-
BUWJIbHBINA 2n-yrombHUK. [IycTh O — LEHTP KpyTa,
a—JIiHa CTOPOHBI 2n-yroibHuka. Kaxzoil nmape

ImapauieJibHbIX CTOPOH 2Tl—y1"OJIbHI/IKa COITIOCTaBUM

>

HEePIEHAUKY/ISPHYIO 3TUM CTOPOHAM ITOJIOCKY, IIU-
pyHa KOTOPOH paBHA a/A sl HEKOTOporo A > 1
(mpuMep Takoii Moslocku — Ha puc. 23). O603HaYUM
yepes Uy, ..., U, BEKTOPbI, K&KABII U3 KOTOPBIX Ia- Puc. 23
paJUtesieH COOTBETCTBYIOIIEH CTOPOHE 2n-yTOMbHUKA

(13 IBYX BO3MOXHBIX HallpaBIeHUI BHIOMPAETCs TPOU3BOIBHOE) U IO JJIUHE
paBeH a/2. Torga BeKTOpEI U1 /A, ..., U,/ A TepHeHAUKYISAPHBI IIPIMBIM, OT'pa-
HUYUBAIONIMM COOTBETCTBYIOI[HE TIOJIOCKU, U TI0 [JIUHE PaBHbI [TOJIOBUHAM
IIUPUH COOTBETCTBYIONIUX MOJOCOK. [10 lemMe BaHra MHOXKECTBO TOYEK

-

O+A- (:I:%:I:%:I:...:I:%) =0+, 0y ... %7,
He MOKPBITO TOI0CKaMU. JlokaxkeM, 4To Bce 2" TOUeK JIeKaT BHYTPU UCXOAHOTO
2n-yroJbHUKa.

PacCMOTpPUM OJHY U3 [IByX CTOPOH, COOTBETCTBYIOIIMX BeKTOpY U;. O60-
3HAYUM e€ yepe3 A;A,, a TapaulebHYIO el CTOPOHY 2n-yToJbHUKA — Yepes
A,i1An o (cM. puc. 24). lokakeM, 9TO Kakzas u3 2" Touek 1160 HAXOAUT-
cs1 B TOU K€ TMOJYIUIOCKOCTH OTHOCHUTETBHO MPAMOM A;A,, 4To U Touka O,
JII/I60_]I>e)KI/IT Ha npsaMon A;A,. PaccMoTpuM Bek- A 5, A,

Top OX, rime X — cepeauHa A, A,. BosbMéM Takue /X’ X "
Qy, As, ..., Ay € {—1, 1}, 9TO yroa MeXAy KaKIAbIM A N
13 BEKTOPOB Ay, A3ls, . .., A, U, 1 BEKTOPOM OX ¢

octpeiit. Torza I

- - - a A v | o
a2U2+a3U3+...+anUn - %An_'_zAl :O 5 :

IIO3TOMY I1apa TOYEK ‘\ ///

O:tﬂl+a252+a353+..,+anﬂn N G o

*------—---@

COBIIaJIaeT C mapoi Touek A, A,. O4eBUAHO, 4TO,
eI U3MEeHUTh 3HAaKU Iiepe]] KaKUMU-HUOYAb U3
BEKTOPOB Uy, . .., U, Ha TIPOTUBOIOJIO}KHBIE, TIOyYeHHbIE TOUYKU OyAyT JIeXKaTh
B TOM ’Ke TOJMYTIOCKOCTU OTHOCUTENBHO AjA,, UTO U Touka O.

[TpoBezs aHAJIOTUYHOE paCCyKJeHue I TI0O0H CTOPOHBI 2n-yTOJbHUKA,
MOJIyIMM, YTO BCe 2" TOYEeK JieXXaT BHYTPH WIH Ha IPAHUIIE MHOTOYTOJbHUKA,
a cIeZloBaTeNbHO, M BHYTPU Kpyra. TakuM 06pa3oM, KpyT He ITOKPHIT IOJI0CKa-
MU IeJTUKOM. ITOCKO/IbKY NIpY CTpeMJIEHUU N K 6€CKOHEYHOCTH IIepuMeTp Iipa-

Puc. 24
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BUJIBHOT'O 2n-yTOJIbHUKA CTPEMUTCA K 27T, CyMMa LIIMPUH IOJIOCOK MOXET OBITh
CKOJIb YTOAHO GJIM3Ka K 7T 3a CY€T BeIOOpa n U A, OTKyZa ciiefiyeT TpebyeMoe.

B ciiyuae mpoM3BOJIbHOM BBHIMYKION GUTYpHl B paboTe [12] mosydeHs! ciie-
AYIOIllie OLIeHKU Ha CyMMAapHYIO HIMPHHY I0JIOCOK, IIPU KOTOPHIX BBITYKJIYIO
¢burypy rapaHTHpOBaHHO MOKHO IIOKPBITh ITapaJUIeIbHBIMU [TEPEHOCAMU STUX
MOJIOCOK. IIyCTh p ¥ (v — NMEpPUMETp U MIMPHUHA BHITyKJION uUrypsl F cooTBeT-
cTBeHHO, D — eé auameTtp (T. e. HauboJIbIIIEe U3 PACCTOAHUN MEXAY TOYKAMHU
¢urypsr). [TycTs TakKe Ha IVIOCKOCTH PACIIOIIOXKEHBI 1 ITOJIOCOK C IMPHUHAMU
w1, W, - .., W,. TOrIa eciy BHIIOTHEHO XOTA ObI OZHO U3 YCIOBUN

w1+w2+...+wn>%p,

2v/2D,

D+ 2w,

witwy+...tw, =
0)1+Cl)2+...+0)n>

TO PuUrypy F MOXKHO TIOKPHITH ITapa/UIeIbHBIMU TIEPEHOCAMU TTOJIOCOK.

i ciydasi IpocTpaHCTBa HEUM3BECTHO, BCera M MOXKHO IOKPHITh e/u-
HUYHBIN I1ap MapajuleJIbHBIMU [IepeHoCaMU CJIOEB, eC/I CyMMapHas MIUPUHA
CJI0€B OeckoHeuHa. Haumydmuii pe3yabTaT s TPEXMEPHOTO Cydas MOXKHO
HakTu B pabote [14]. 3aech MbI IPHUBEAEM JIUIIb HATVISAHBIN YaCTHBIN CTydai
3TOr0 pesy/bTaTa, TeM He MeHee COXPaHUB OCHOBHYIO H/el0 J0Ka3aTelbCTBa.

TEOPEMA. Eciu 6 npocmpaHcmee pacnooxdceHst ciou Sq1,So, ..., NPUUEM
wupuHa S; pasHa w; = 1/i dna ecex i, Mo UX NAPALIENbHbIMU NePeHOCAMU
MONCHO NOKPBLMb 8CE NPOCMPAHCMEBO.

JIOKA3BATE/IbCTBO. JIoKaXKeM, 4TO I JITo6oro k cymecTByeT Takoe Ny, 9TO
I1apasuIeIbHbIMU IIEPEHOCAMHU CIIOEB Sy, Siy1; - - - Sy, MOXKHO IOKPHITH 11ap Fy
HEKOTOPOro GpUKCUPOBAHHOTO pazauyca € > 0 (MbI IPOBEAEM JOKA3aTENbCTBO
st € = 1/32). VI3 aToro GyAeT ciefoBaTh YTBEPXKAEHUE TEOPEMBL. J[elicTBU-
TeJbHO, pa300bEM BCe CJIOU Ha MHOXECTBa

Si=1{Si+1,Sir2s - S i=12,000,

Ka&XIbIM U3 KOTOPHIX MOXKHO IOKPHITB IIap paguyca €. [ToCKONbKY ITapamMu
paziyca € MOXXHO TTOKPBITh BCE MTPOCTPAHCTBO, TO U TIapaJUIeIbHBIMU MIEPEHO-
caMH¥ CJIOEB MOXXHO ITOKPBITh BCE IIPOCTPAHCTBO.

KaxxzoMy ¢/1010 S; COTOCTaBUM CJIOH S € TO# e CPeMHHOI IOCKOCTBIO, HO
BBOE MeHbINel mupuHbl. OO03HAYMM HEKOTOPBIH IIap pajuyca % yepes F.
OnuIieM «KaZHBIM» AJITOPUTM, CJIEAYS KOTOPOMY MOXKHO TTOKPBITh OOJIBIIIYIO
4acTh 06bEéMa F;y ¢ MOMOIIBIO TApaJUIeNLHOTO IepeHoca CIoER S, ;{ e
s kaxxzgoro i = 1,2,... o603Ha4MM 4yepe3 F; yacTh mapa, OCTaBILIYIOCST

He TIOKPHITOH TapajUTeTbHBIMU TIePeHOCaMHU CTOEB Sy, Sy 1, -+, Si ;- [10Ka-
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XeM, Kak 10 F; ctpouts F; ;. 3ameTuM, 4TO F; MOKHO IOKPHITE C IIOMOIIIBIO
{ 1/16 ]_ |’k+i'|
Wi/ 2 8
CJIO€B, KaX/bI U3 KOTOPBIX ABJIAETCA NapaUleJIbHBIM IIEPEHOCOM CJIOA S

(cMm. puc. 25). XoTs 6B OVH U3 3TUX CJIO0EB ITOKPHIBAET

1 8
[(k+0)/8]  k+it8

/
k+i

/

oT o6béma F;. B 3TOT ci10ii 1 mepenecém S,

OyZieT BBIIIOJTHEHO HEPABEHCTBO

nosyuus F;, ;. Torga ana Beex i

Vol(F;) < Vol (F_y) - (1— - +f+ 8).

OueHuM 06BEM F;:

k+i+8

Ck+
1-i5i7s) ey rs) <<

< Vol (Fi—Z .

Vol(F) < Vol(Fiy) - (1— 55 ) <
(

1

<Vol(F0)-l_[(1—k+]%) = Vol(F,) -exp(zl:ln(l—kJr?JrS)).
; =

j=1

[MockonbKy In(1 — x) < —x mpu x € (0; 1), uMeem

i i
Vol(F,) - exp (Z ln(l — k-i-]%)) < Vol(Fy) - exp (—8 Z kﬂﬁ)
j=1

j=1
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. n 1
Kak u3BecTHO, mpezen hmn_)oo(zl.:1 = —In n) KOHEYeH: OH HOCUT Ha-
3BaHMe ITOCTOAHHOU Ditiepa — Mackeponu u paseH 0,57... CiiezoBaTeNbHO,

CyIIECTBYET TaKO€ i, Ha4YMHaA C KOTOPOTI'O BBIIIOJTHEHO HEPABEHCTBO

i

1 1, .
lek+j+8>2lm‘
J:

TakuM 06pa3oM, AJisg 3TOrO i

T 1

VoI(F;) < Vol(F,) - e #ni = 3ol

I[1pu goctaTouHo GosbLIOM i 06BEM VOI(F;) OyzeT MeHblle 06bE€Ma IIapa c pa-
ANyCOM 2011 nmosToMy B F; Henb3a OyeT MOMECTUTD Iap TaKOI‘/O pazu/l/-
yca. 3HaUYUT, Kaxzad Touyka B F; yjaseHa OoT KakKoro-To us ClIo€B S7,..., Sl.
H/a paCCT/OHHI/Ie, MeHblllee 21D [ToaTOMY eciu pacCMOTPETh BMECTO CJI0€EB
S1»---,S; caon Sy, ..., S;, MOJYYNM, YTO OHU IIEJTMKOM MOKpHIBAIOT Fj. Torza

B Ka4E€CTBE Nk MOXKHO B3ATh 3TO 3HaUYeHUeE 1. TeopeMa JOKa3aHa. O

OTMETHM, YTO WCIIOIb30BAHHBIN TP /JOKA3aTENbCTBE TEOPEMBI TIOAXO,
a UIMEHHO CXKaTHe Tejla B HEKOTOPOE YUCIIO Pa3 U IOCIeAyIollee TpUMeHeHHE
’KaJHOTO WM TI0ZOGHOTO aJITOPUTMa, HEOAHOKPATHO BCTPEYAETCA B 3a/1a4ax
006 ymmakoBKax U MOKPHITUsAX. [10 Bcell BEpOATHOCTH, BIIEPBBIE dTa Hzies ObUIa
mpezyioKeHa B pabore [9].
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Harm cemuHap:
MaTeMaTH4YeCKHe CIOKEThI

CpezHee 4UCIOo CIydaWHBIX ClaraeMbIX
B PaCTylLler CyMMe, JOCTUTIIEN
3alaHHOT'O 3HAYEeHUA

U. P. BeIiconikuii

CyMMa He3aBUCHUMBIX OZJMHAKOBBIX CIyYalHbIX BEJTUYHH, UMEIOITUX IVC-
KPETHOE WIH HelpepPhIBHOE PABHOMEPHOE paclipeZiesieHe Ha KaKOM-TO IIPO-
MeXyTKe, paclpe/ieieHa M0 3aKOHY, OJM3KOMY K HOpMaJbHOMY. DTO pakT
XOPOIIIo U3BecTeH. EC/i JaHO YHCIIO claraeMbIX, TO yKa3aTh MHTEPBAJI, B KOTO-
PBIH [TOTIaJIa TaKasi CyMMa C JIF000I HaTlepéZi 3aJaHHOM BEPOATHOCTBIO, HECTIOXK-
HO. OmwubKa pu 3TOM OOyC/IIOBJIeHa 3aMEHON MCTUHHOTO paclpeZeeHUs
HOpPMaJbHBIM, U, KaK IPAaBWIO, HUYTOXKHO MaJia Jake TIpU He OYeHb 6O0JIhIIOM
YuCIIe CJlaraeMblIX.

VIHTepeCcHO TIOCTaBUTh OOPaTHYIO 3aZlauy: KaKOBO JO/KHO OBITh YHCIIO CITY-
YalHBIX C/laraeMbIX OIPeZeIEHHOTO B/, YTOOBI MX CyMMa 8nepeble JOCTUTIIA
HEKOTOPOTO Halepés 3a[aHHOTO 3HAYEeHUS.

Mebl HauHéM u3zaneka. CHavasa O6ygeM 6pocaTh OOBIYHYIO UTPabHYIO
KOCTb Y CKJIaZIbIBaTh BBIMajaolre ouku. Hac GyzeT MHTepecoBaTh BEPOST-
HOCTh TOTO, YTO B KaKOM-TO MOMEHT CyMMa BBIMIABIIUX OYKOB CTAHET paBHa
HEKOTOPOMY YHCIIY N, a TAKXKe MaTeMaTUYECKOe OXKUAAHUE YHCIA CAeTaHHBIX
OPOCKOB K MOMEHTY, KOI/Ia YMCJIO N OyAET AJOCTUTHYTO.

3aTeM MepeliZiEM K HEPEPHIBHOMY C/Iy4ar0, CKIabIBast He3aBUCHMBIE CITy-
yaliHble BeJIMYMHBI, pABHOMEPHO paclipeziesiéHHble Ha uHTepBaie (0; 1).

OcHOBHas 33/1a4ya — HAWTH MaTeMaTHYeCKOe OXKUZaHue YHCIa ClaraeMbIX
B TaKOM CyMMe B MOMEHT, KOT/Ia OHa cTaJjia 60JIbllle UM paBHA Hamepés 3ajaH-

MaTtemaTtuyeckoe npocselleHune, cep. 3, Bbin. 24, 2019(101-120)
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HOro 4yMciia X. A UMEeHHO, MbI IIOKaXXeM, YTO 3TO MaTeMaTHUYECKOe OXHUAAaHUe

paBHO
(=S CV e

!
j=0 !

U 4TO Ha GeckoHeyHOCTH (YHKIUMA m(X) aCUMIOTOTUYECKH MPUOIIIKAeTCsa
K TUHEWHOHN QyHKUMH y = 2x +2/3.

§1. CTOI-YUCJIA B UTPE C IIPABUJIbHON KOCTBIO

Bce B eTcTBe 060N (MHOTHE JIIOOSAT M BO B3POCIOM COCTOSTHUH) He3a-
MBICJIOBAThIEe UT'PHI: HA CTOJIE KAPTOHHOE T10JIe C U3BWINCTOU TPOIMHKOM. Ur-
POKH TI0 o4epeziut 6pocaroT KOcThb. CKOJIBKO OYKOB BBINIAJIO, HA CTOJIBKO IIAaroB
WUT'POK IIPOZIBUTaeT CBOIO QUIIKY, C KOTOPOU II0 ZIopore C/Iy4aroTcs pasHble
IPUATHBIE U HENPUATHbIE cOObITHA. PUIIKAa MOXKeT OTheXaTh Ha3a/, IOIaB
Ha HeCYaCTINBOE I0JIe, WIN Ha000pOT — IIPOCKOYUTDH HECKOJBKO IIOJIeH, 3a-
paboTath A X03A1Ha OPOCOK BHE ouepesy U T.II.

[IpeAnonoXuM, 4ToO Mbl UTPaeM B TaKylo UIPy, HO 6e3 CYaCTIMBBIX WIH
HecyacT/IUBLIX mosieii. CaMbIY TPOCTOM U ecTeCTBEHHBIN BOIIPOC: C KAaKOU Be-
pPOATHOCTBIO QHUIITKA B KAKONH-TO MOMEHT OCTAaHOBUTCS Ha I10JIe C HOMepoM n?
Bce siu oA paBHOBepOATHHBI? Ec/iv KOCTh CUMMETPHUYHAsA, TO 3a/a4ya JIeTKO
dopmanusyercs.

3Aa7a4A 1. KakoBa BEpOATHOCTb, YTO IIPU IOC/IeZ0BATENbHBIX OPOCAaHUAX
IIpaBWIbHOW UI'PAJIbHOM KOCTY CyMMa OYKOB B KAKOM-TO MOMEHT CTaHeT B TOY-
HOCTH paBHa n?

PEMEHUE. HasoBéM cmon-uuciom 4ucio, KOTOPOE B KAKOH-TO MOMEHT
CTasIo CyMMO#. IHTYHITHA TIOACKa3bIBAET, YTO IIOCKOJIBKY KaXK/IbIi OPOCOK yBe-
JIMYUBAET CYMMY B CpeZIHEM Ha 3,5, TO CTOM-YMCIaMHU OKQ)KyTCS B CpEAHEM 2
M3 KOKIBIX 7 4Kcesl. DTO pacCyXAeHue U AaéT pe3yJabTaT, BecbMa OIU3KUM
K TOYHOMY.

JlagyM TOYHOE pellleHHe 3a/1a4yH, IIPUBO/SINEE K PEKYPPEHTHOM hopMmyIie.
PaccMOTpHUM II0 04Yepeii BO3MOXXHOCTH, BOSHHMKAIOIIIKE [TOCJIe TePBOTO Gpoc-
ka. Ecin mepBhIit 6pocok gai 1, To n 6yAeT CTOM-YHUCIOM, TONbKO ecn n — 1
TOXKE CTOM-YUCIIO0. Tak ’Ke 0OCTOUT JIeJI0 CO BCEMH MCXOAaMHU IepBOro Gpocka:
ecu mepBbIii 6pocok Aan k oukoB (k = 1,...,6), To n 6yAeT CTON-YUCIIOM,
TOJIBKO €CJI N — k TaK)ke CTOM-YMC/I0, 00pa3oBaBIIeecs MPU MTOCIEAYIOMINX
6pockax. O603HaYNM Yepe3 p, BEPOATHOCTD TOTO, UTO N — cTon-uucio. Torga

6

1 z :
*DPn—6— 6 Pn—k- (1)

k=1

=

1 1
pnzg'pn—1+6'pn—2+"'+
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V13 cBOMCTB IMHENHOM peKypcuU U3BECTHO, UYTO II0C/Iel0BAaTeNbHOCTD Py,
IIpe/icTaBUMa B BH/le CyMMBI IreOMeTPUYEeCKUX IIPOrPeccuii co 3HaMeHaTesId-
MM, MOAYJ/Ib KOTOPBIX He IPEBOCXOAUT 1, MPU 3TOM XOTA OBl OAWH U3 HUX
B TOYHOCTH paBeH 1 (ITOCKOJIBKY cyMMa KO3(Q(UIIMEHTOB B MPaBOM YacCTH
paBHa 1). [To3TOMy peKypcusi UMeeT IIPeZieJIOM HEKOTOPOE YKCJIO, KOTOPOE,
KaK Mbl TOHMMAaeM, JOKHO paBHAThbCA 2/7. [1oIyduTh SABHOE BBIpa)KEHUE
ZJ1A p, HEeIIPOCTO, Aia’Ke eCIN yAacTcsA PeUIuTb COOTBETCTBYMOIee XapaKTepu-
CTUYecKoe ypaBHeHHe 6- cTeleH!U.

YToObI MOHATH, KaK BeAyT cebsf BEepOATHOCTH p,, 33/aJUM HadyaJbHbIE
yclnoBuA: p_s =...=p_1 =0, pg = 1. 3TO ecTecTBeHHOe IIpeAINOJOKEeHHE:
OTPHUILIATEHFHOM CyMMa ObITh HE MOXKET, a HYJIEBOM OHA SIBJIAETCS C BEPOATHO-
CTBIO py = 1 0 TOTO, KaK KOCTh OpoIeHa nepBbIi pa3. Torzaa

1_7° 1 nN_17_7
p=s=% m-g(l+a)=5%-&

U TaK Jjajiee: Ipu n < 6

(72 78 7° 1 (1. /6 -1 7!
pn:8(6"_1 +6n_2+...+€+1) :g(gw'i‘l) = S

Takaa 3aKOHOMEPHOCTb COXpaHseTcs, IT0Ka MOoCAeHAA HeHy/IeBas Bepo-
SATHOCTh D,_¢ B cymMMe (1) paBHa eauHulle. TakuM o6pa3oM, moHaYasIy Be-
POATHOCTHU p,, 06Pa3YIOT PaCTYIIyI0 I'eOMeTPUYECKYIO [IPOrpeccuio, KoTopas
JloOCTUTaeT HauboJIbIIero 3Ha4eHus pu n = 6. [Ipu n > 6 3Ta 3aKOHOMEPHOCTD
HapylIaeTcs, IOCKOJIbKY pu n = 7 B cyMMe (1) mociesHee ciaraemoe py = 1
yCTyTaeT MeCcTO ciaraeMomMy p; = 1/6. 3atem cHoBa pocT o n = 11. Jlajnee
MIPOMCXOAAT 3aTyxalolue KosebaHusA BEPOSATHOCTEN C MepuogoM 5—6 Ima-
roB. JIoKaJIbHble MAKCMYMbI BEPOSITHOCTEH BBIZIEJIEHBI B TabuIle 1 3 KUPHBIM
mpudTOM, IPU 3TOM Pa3yMHO CUUTATh, YTO yKe IIpU n = 20 BepOATHOCTD P,
HeoTIMYUMa OT 2/7.

Ecsu BBI coCTaBiIsieTe AETCKYIO UTPY ¢ KyOuKoM U ¢uinkamu (cMm. c. 104)
U XOTUTE CZleIaTh e€ MoBecesiee, YCTPONTe KaKyr-HUOYAb IEPBYIO HEMPUAT-
HocTh (Wi Ha06OPOT) KaK pa3 Ha moJie 6.

VIHTEpEeCHO IOCMOTpPeTh Ha «TPYyZAO3aTpaThl», HYXKHBIE JJI TOTO, YTOOBI
JOCTHUYB T0JIA N. B ciydae ¢ 0ObIYHBIM KyOUKOM JIJIs1 3TOTO MOTpebyeTes oT n/6
O6pOCKOB (ecyi HEBEPOSITHO TIOBE3ET) 10 N GPOCKOB (IIPU CTOJIb K€ HEBEPOSIT-
HOM HEBE3eHHH).

3AZ1AYA 2. HaliTu MaTeMaTHU9IeCKOe OXKU/IaHUE YK CIa OPOCKOB, CIeTaHHBIX
K MOMEHTY, KOT/Zla CyMMa OYKOB BIIEPBbIE OKa3ajach OOJIbIIE WIM paBHA Nn.

PEmEHUE. [IycTh cilyyaiiHasd BeJIMYMHA S, — YUCIO GPOCKOB, KOTOPBIE
MPUIILIOCH CAeNaTh, YTOOBI CyMMa OYKOB JIOCTUIVIA Nn. BBeAéM aya 4ducen
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Ta6muua 1

Dn

Dn Dn

Dn

0,000000000000

15

0,286113932137 | 35 | 0,285710193751

55 0,285714292240

0,000000000000

16

0,287071429920 | 36 | 0,285711733841

56| 0,285714283629

0,000000000000

17

0,286701924733 | 37 | 0,285715051280

570,285714280890

0,000000000000

18

0,285586725149 | 38 | 0,285716315054

5810,285714284162

0,000000000000

19

0,284712810463 | 39 | 0,285714800621

591 0,285714287275

1,000000000000

20

0,285621080152 | 40 | 0,285713653567

60 | 0,285714287468

0,166666666667

21

0,285967983759 | 41 | 0,285713624686

61 | 0,285714285944

0,194444444444

22

0,285943659029 | 42 | 0,285714196508

62| 0,285714284895

0,226851851852

23

0,285755697214 | 43 | 0,285714606953

63| 0,285714285106

0,264660493827

24

0,285597992628 | 44 | 0,285714532898

64 | 0,285714285808

0,308770576132

25

0,285599870541 | 45 | 0,285714235872

65 | 0,285714286083

0,360232338820

26

0,285747713887 | 46 | 0,285714141747

66 | 0,285714285884

0,253604395290

27

0,285768819510 | 47 | 0,285714223111

67 |0,285714285620

0,268094016728

28

0,285735625468 | 48 | 0,285714322848

68 | 0,285714285566

O[O IN||Nn|hWINIRIO

0,280368945441

29

0,285700953208 | 49 | 0,285714343905

69 | 0,285714285678

—_
o

0,289288461040

30

0,285691829207 | 50 | 0,285714300064

70 | 0,285714285773

-
-

0,293393122242

31

0,285707468637 | 51 | 0,285714261258

710,285714285767

—_
N

0,290830213260

32

0,285725401653 | 52 | 0,285714265489

7210,285714285715

-
w

0,279263192334

33

0,285721682947 | 53 | 0,285714286112

7310,285714285686

—_
N

0,283539658507

34

0,285713826853 | 54 | 0,285714296613

74 | 0,285714285697

N
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k=1,...,6 mects 6MHAPHBIX CyYAUHBIX BETUYUH [} — UHIUKATOPOB COOBI-
THUU «IIePBBI OPOCOK /Jal POBHO k OYKOB»:

1, eciu mepBBIA OPOCOK a1 POBHO k OYKOB,
Ik e
0, ecmu mepBBIM OPOCOK Jas He k OYKOB.

Torza
Sn = Ilsn_l + Izsn_z +...+ I6Sn—6 + 1,

I/ie CayJaiiHas BeIMYUHA S,_; O3HAYaeT YHUCIO OPOCKOB, HE CYMTAs MEPBOTO,
MoTpebOBABIIMXCA AJIA TOTO, YTOOBI JOCTUYh CyMMBI OYKOB n — k. EquHuIa
B KOHIIE HY)KHA, YTOOBI YIECTD MTePBBIA OPOCOK. BetnuuHs! [, U S,,_; HE3aBU-
CUMBI, TTOCKOJIbKY UHIUKATOP [; OTHOCHUTCSA TOJIBKO K IepBOMY OpOCKy. Bae-
A€M ansa oxxuganuii ES, kpaTkoe o603HaueHue m,,, IepeiéM B MOJTyYEHHOM
paBEHCTBE K MaTEMATUYECKOMY OXKUJAHUIO U TIOJTYIUM JTMHEHHOE HEOZHOPO/-
HOE PEKYPPEHTHOE YpaBHEHUE

6
1
My =1+ > My 2)
k=1

oTuyaromieecs oT (1) ToJbKO HEHY/IEBHIM CBOOOAHBIM WieHOM. HeyanBuTe N b-
HO, YTO YaCTHBIM pellleHreM ypaBHeHus (2) ABIAETCsA MOCIeI0BaTeIbHOCTh
m, = Zn (n € N) —2To0 JIerko IpoBepUTH HemocpeAcTBeHHO. Obiiee perire-

Hue (2) uMmeer BUJ,

m, = %n—lran,

IJie a, — HeKoTopas CXOAAIIasAcs MocaeZ0BaTeIbHOCTD, KOTOpas JaéT pelle-
HIe COOTBETCTBYIOIIEro OZHOPOAHOTO YPaBHEHUSA; OHA 3aBUCUT OT HAYaJIbHBIX
YCJIOBUM.

B3sB s pekypcuu (2) ecTecTBeHHBIE HayaJabHbIE yCIOBUSA m, = 0 mpu
n<0wum; =1 (cyMma JOCTUTHET €AVHUIIBI 0053aTEIbHO MIPU IIEPBOM K€
6pocke), MOXKHO MPOBECTH pacuéT. OH MMOKA3bIBAET, UTO

~ 254 10
mn~7n+21.

Eciu kocTh 6poreHa poBHO 10 pas, To OXXM/JaH€e CYMMBI BBIITABIIUX OYKOB
paBHO 35. O6paThM cUTyaruio (CM. TabIuIly 2) ¥ BUAMM, YTO JJIsI JOCTHIKEHUSA
cymmel 35, TpebyeTcs B cpeaHeM He 10 6pockoB, a 10 «c XBOCTUKOM»: OO0JIb-
mre Ha npuMepHo 10/21. [Ipupoay XBOCTHKA MOHATb HETPYAHO: 35 OKaxeTcs
CTOII-YKCJIOM C BEPOSITHOCTBIO OKOJIO 2/7. A € BEPOSITHOCTBIO 5/7 CyMMa O4YKOB
IIepPeCKOYUT YUCI0 35, He OCTAHOBUBIIUCH HA HEM. BOT Ha 3TO nepeckakuBa-
HUE U pacXOAyIOTCA JIUIIHKE IIPUMEPHO % 6pocka.
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Tabauma 2
n m, Otnnyne m,, OT %n + %
32 9,6190338922 —0,00001373
33 9,9047592939 —0,00000261
34 10,1904809768 0,00000479
35 10,4761948037 0,00000433
36 10,7619049974 0,00000024
37 11,0476167313 —0,00000232
38 11,3333317826 —0,00000155

8 2. HENPEPBLIBHBIN CAVUYAM. TOUHOE PEIIEHUE 3AZIAUU

Ecnmu ciaraemble — He OYKM Ha KyOuKe, a HellpepbIBHbIE CTydaliHble Belu-
YMHBI, TO CUTyalyA JO/DKHA OBITH IIPUMEPHO TaKOM Ke, KaK B CJIydae ¢ KyOUKOM:
MaTeMaTHYeCKOe OXKMJaHUe YHCJIa CJIaraeMbIX JI0JDKHO IPUOIM3UTETHHO JIMHEH-
HO 3aBHCETh OT HaIepéZl 33laHHOT'0 CTOI-4Kc/Ia X. [Ipy 3TOM ToXe JomKeH OBITh
KaKOU-TO «XBOCTUK», HO, BEPOATHO, yke He 10/21, a kakoli-To Apyroil. Mox-
HO ITO3KCIIEPUMEHTHPOBATh Ha KOMITbIOTEPe, Opocasi pa3Hble n-rpaHHbIe KOCTH
Y yBEJIMYMBAsA N, HO MbI IIONPOOYeM PeIIUTh 33/1a4y B 001ieM Buzie. PaccMoTpum
Terephb [10CIeZI0BaTeIbHOCTh OIHAKOBBIX U HE3aBUCUMBIX CIy4aiHbIX BeTUINH
& (i=1,2,...), paBHOMEpPHO pacmpeeléHHbIX Ha uHTepBaie (0; 1).

3anA4A 3. HaifTu MaTeMaTH4YeCcKoe OXXUaHUE YKc/ia He3aBUCUMBIX paB-
HOMEpPHO pacrnpezieNléHHbIX Ha uHTepBasie (0; 1) BenuuH &; K MOMEHTY, KOrza
HX CyMMa BIIEepBBbIe JOCTUIVIA YUCIA X.

O6o03HauuM 4epe3 S(Xx) WM IIPOCTO S YUCJIO CIaTa€MbIX B CyMME

T=Ts=81+&+... + &,

KOTOpas BIEPBBIE AOCTUIVIA YKciaa X. OueBUAHO, S(x) > x. Benrnyuna S sBys-
eTcsl CIyJarHON (QYHKIIMENH apryMeHTa X, ITOCKOJbKY KaXKZ0e X MOpOXKAaeT
pacrnpezenenue p, = P(S =s) =P(1,_; < x < 7). [Ipupoza BepoSTHOCTEMH p;
M3BECTHA — OHH BBIPAXKAIOTCS Yepe3 INIOTHOCTH f, pacipesiesieHuit’) CyMM T:

1

ps(x):Jﬁ_l(t)(t+1—x)dt:jtﬁ_l(t+x—1)dt 3)
~1

b'e 0

D Pacnpezenenus Vpeunra — Xoyia. @yHKIUU f, ABISIOTCA MHOTOYWIEHAMH.
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(o151 OOIIHOCTH TTONIOXKUM fy(x) paBHO# Aenbra-gyHKIMH O (x)). Vcmonb3ys
cooTHoIeHue (3), BUAUMO, MOXKHO TIOJIyYUTh BEPOATHOCTH P, B ABHOM BUJE.
Ho MbI npuMeHuM 7151 movicka ES(x) uHo# MeTos.

Jlns kpaTkocTH 3amucu BBeiéM ¢yHkumio m(x) = ES(x), koTopast Hempe-
pBIBHA TIpH X > 0. DTO UHTYUTHUBHO SICHO — IIPH MaJIOM U3MEHEHUHU X AUCKPET-
Has IeJIOYUCIeHHast BeIMYMHA S ¢ BEPOSITHOCTBIO, CTPEMSIIIENCs K eANHUIIE,
He usMeHseTcss. CTporoe Z0Ka3aTeJlbCTBO HeENpPepbIBHOCTH (GyHKIUM m(x)
pu X > 0 MOXKHO TIPOBECTH HETIOCPEICTBEHHO — 3TO HECJIOXKHOE YIIpakKHEHHE
B MaTeMaTHU4YeCKOM aHaiu3se. J[pyroi myTh: HEMPEPHIBHOCTH CIEAYeT U3 TOTO,
9TO GYHKIWH f;, U, CJIeJOBAaTEIbHO, BEPOATHOCTHU P HETIPEPHIBHEL.

Bormpoc 0 MaTeMaTUYeCKOM OXXUJAHUK CIy4aHON BETMYUHBI S TIPUBOAUT
K HelpephIBHOMY aHaJIOTy ypaBHeHus (2):

1
ES=m(x)=1+Jm(x—t) dt. 4)
0

T[Tosryymsicst 9acTHBIH (711 paBHOMEPHO pacipeie/IéHHbIX cIaraeMbIX) CITy-
4aii ypaBHEHHs, KOTOPOe HA3BIBAIOT YPaBHEHIUeM B0CCAan08eHus® . [IpuanHy
TaKoro Ha3BaHUA obcyAUM HIpKe. [lepemnuineM ypaBHEHNUe UHAYe:

X
m() =1+ [ m()de. (5)
x—1
[Tpu x <0 ciexyeT cuuTath, uto m(x) =0. [Ipr 3TOM MOKHO JOOTIPEAETUTD
byHKIMIO B Hyse: u3 ypaBHeHus (5) nmomydaercs

0
m(0) =1+ [ m(e) de=1.
-1
OTo coracyercsi ¢ coobpakeHueM, 4To TpebyeTcs OJHO cyaraeMoe, YTOOBI
CyMMa cTaJjia MOJMIOXKUTENbHOM, T. €. lim, _, o, m(x) = 1. [IpuHAB 3TH coraire-
HUSA, TTOJIyYUM HadalbHBIE YCIOBUA:
m(x) =0, ecmux <0,

m(0) =1. ©

TakuM 06pa3om, MbI HIlleM HeIIpephIBHOE IIpH X > 0 perenue 3azauu (5)—(6).
Ecnu pyHkums y =m(x) HempeprIBHA B TOUKax X U X — 1, To u3 (5) ciexyer:

m’(x) = m(x) —m(x—1), (7)

2 O6wwMit BUA ¥ BEIBOZ, yPAaBHEHHA BOCCTAHOBJICHHA MOXKHO HAMTH, HAallpHMep, B cTaThe [5].
CMm. Taxxke [4, 6].
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T. e. ¢yHknua m(x) auddepeHnrpyema B Touke x. 3HAUUT, QyHKIUA m(x)
mudbdepeHIIIpyeMa BO BCeX TOUKax, kpome Touku O (rze oHa UMeeT pas3phiB)
1 TouKH 1 (TOCKOMBbKY MMeeT pa3phiB B TOUKe 0).

CaenaeM HeGOJIBIIOE TEXHUYECKOE YIIPOIIleHNEe — BBeJEM BCIIOMOTaTe b-
Hyto pyHkuuio g(x) = e *m(x). Torga ypaBHenue (7) u ycinoBus (6) npeobpa-
3YIOTCS B 3a71a4y

x)=0 mpux<O0
() =—Lgx—1), { g =0 mpx <0 (8)
e g(0)=1.
YpaBHenue (8), BnpoueM, Kak U ypaBHeHUe (7), — inHeliHoe auddepeHIu-
a/lbHOE ypaBHEHNUE C 3ana30bl8arOUiLLM aAp2yMeHmom®

OG6BIYHO TaKKe ypaBHEHMs PEeNIaloTCA IO IIaraM Ha MOCIeJ0BaTeNbHBIX
IPOMEKYTKaX, IJIMHA KOTOPBIX paBHAa 3amnaszbiBanuio. CHavasia HalgéM pelire-
HUe Ha mpoMesxyTke [0; 1), moToM Ha mpoMekyTKe [1; 2) u Tak ganee. Ha kaxk-
ZIOM TIPOMEXYTKeE TosydaeTcs obbIuHas 3aa4ya Koli, MOCKOIbKY pelleHue
Ha MpeJbIAYINeM IIPOMEXKYTKe yike usBecTHo. Ha [0; 1) mosyyaem 3azagy

g'x)=0, g0)=1,

otkyza g(x) = 1.
JTOJDKHO BBITIONHATBCS PABEHCTBO

g(1) = lim g(x)=1.
x—1—
[TosToMy Ha poMeXxyTKe [1; 2) mosydaeTcs 3aga4ya
1
g=—3, g1)=1,

UMeloIas eJuHCTBeHHOoe perteHre g(x) =1— (x—1)e”
[IpoaBUTasCh TAKUM 00pa3oM ajiee, MogyIaeM:

Tompul1<x<2.

. x—1, x=2* (x=3)° (x—j)’
g(x) =1 e T o e Tt o
npu j < x < j+ 1. Torga
[x] ; Nioxi
—1)Y (xx—j)eX?
m(x)=Z( )(j!J) _ )
j=0

VIHTEpeCHO ITOCMOTPETh Ha PE3Y/IbTAT MIPU BCEX HATYPaIbHBIX X = n € N.
®opwmyra (9) npuHUMaeT BUZ

i )_Z( D g Y EDI

(n—K)! (10)

k=0

%) CM., HampUMep, HEOAHOKPATHO HepensaHHyio MoHorpaduo [3].
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I[Tosry4aeTcss HEKOTOPBIM MHOTOWIEH CTENEHU 1, BBIYUCIEHHBIN B TOUKE e.
B wacTHOCTH, YTOOBI JIOCTHYD eIUHUIIE], TpebyeTcss m(1) = e claraeMbIX; 4TO-
OBl CyMMa JIOCTHIVIA JBYX, IOTPeOyeTcs B CpeJHEM

mR)=e’?—(2—-1e> 1=e?—e¢

cjIara€MbIX M TaK JaJjiee:

m(3) =e> —2e% + %e, m(4) = 64—3624—26—%

Pe3y/bTaT yZ06HO IPOMITIOCTPHUPOBATD Tab/InIIel, B KOTOPYIO CTONIOHKA-
MM BBHITIUIIEM WIEHBI PAZOB JJIA TIOC/Ie0BaTebHBIX OTPUIATEIBHBIX CTelle-
Heil e: e, e72, 7>, ... [Ipu 9TOM KKZBIH CIeAyIOmUi CTON6HK CMEeCTHUM
Ha OJHYy CTPOKY BHHU3 IO OTHOIIEHMIO K TIpeJblAylneMy. Bo Bcex cronbiax
KaXk/j0e 9HCII0, KpOMe BepXHeil eMHUIIBI, Oy4aeTcsl YMHOXEHUEM CBepXy

CTOALIEro Yrcia Ha MHoxurenb —k/(n —k).

€,

ek
et e e e e e ® e ... ek

X

1 1

2 —1 1

3 1/2 —2 1

4 —-1/6 2 —3 1

5 1/24 —4/3 9/2 —4 1

6 —1/120 2/3 —9/2 8 -5 1

7 1/720 —4/15 27/8 —32/3 25/2 —6 1

T N G e ) G P G 3
n—1)! (n-=2)! (-3 (n—k)

CymMa gxicer1 B k-M cTon61e paBHa e ¥, EC/IH YMHOXWTB 4uca k-To cTonbna
Ha ek, cyMMa B KaXZoM cTonbIle CTaHeT paBHa 1, a cyMMa uuces B n-if cTpo-
Ke oKakeTcs paBHa ES(n). [IpuBeséM pe3ysbTaThl C TOYHOCTHIO 0 YETHIPEX
3HAKOB B Tabuuile 3.
CyMMBI OBICTPO TIPUGIMKAIOTCA K 21 + 2/3. BO3HUKAET MPEATIONOKEHNE,
YTO
m(x) =2x + 2 +o(1). (11)
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8 3. ACUMIITOTUYECKAA OLIEHKA

Jokaxkem paBeHCTBO (11). V3 0611eli TeopuM TUHEWHBIX YpaBHEHUI C 3a-
Ma3/IIBAIONINM apTYMEHTOM CJIeZlyeT, YTO HellpephIBHOE pu X > 0 pelieHue
3agauu (6)—(7) npubmmkaeTcs K HEKOTOPOU JIMHeHOUM ¢yHkmu. Eciu noza-
CTaBUTh YaCTHOE pellieHre m = ax + b B ypaBHeHue (5), TO HECIIOKHO HAKTH,
4TO a = 2, T. e. pemeHre (9) ¢ poCTOM X aCUMITOTHYECKU MPUOIMKAETCSA
K JuHelHOU ¢yHKIMU y = 2x + b. O6pryHO PopMynmupyroT 6osee ciaboe
yTBep)KJeHHe, KOTOPOE B HAIIUX TEPMUHAX UMEET BUJ

m(x 1
) e B2

U [ToJTyyaeTcs U3 IIPOCTOM U BaXKHOM JieMMbI Babza Y

(Wald’s equation), KOTOpPYIO MbI JOKa)KEM TO3IKE.

OTOT pe3yJbTaT COIVIACYyeTCH C eCTeCTBEHHBIM
WHTYUTUBHBIM IIpeJII0I0KeHNEeM, YTO YBeJndeHue
cyMMBl Ha 1 TpebOyeT B cpeZHEM [JBYX JOIOJHU-
TeJIbHBIX CJIaraeMBbIX, IOCKOJIbKY KaXKI0e B CpeZiHEM
pasHo 0,5.

Ha puc. 1 noka3san rpa¢uk pyHkiuu y = m(x).

Yike nipu 2 < x < 3 rpaduk PyHKiMu m(x) HEBO3-
MOXXHO Ha IVIa3 OTJINYUTb OT IIPSMOU.

[Toka 4TO peméHHaa 3azadya OTHOCUTCA K TeM, 1
IZle TOYHOe pellieHue, IOCTaBUB 3CTeTUYECKOe y/0-
BOJIbCTBUE, HE CHUMAaeT [VIaBHBIN BOIIPOC: a BCE XKe, 0 1 X
CKOJIbKO 3TO 6yzieT? PacuéT mo popmyse (9) 3aTpya- Puc. 1
HUTeJIeH, a aCUMIITOTHKA

m(x) ~ 2x+%

TpebyeT ZIoKa3aTeIbCTBa, XOTA SICHO BUAHA B Tabiuile 3.
CHavasta JIoKa)XeM /IBe JIEMMBI, IIPUYEM ITepBas oTpebyeTcs mo3xe, Koraa
MBI OyZ1eM 00CY>KaTh CBA3b HAIllel 3alauu C YUCIaMu Juepa.

JIEMMA 1 O C/IVYAMTHOM OCTATKE. IIycmb 1) — npousgonibHas delicmeu-
menvbHas cayuatinas geauuuna, a & ~ U(0; 1) — cmandapmHas pasHomepHo
pacnpedenéHHas CyuaiiHas 8eAUUUHA, U IMU 8eAUUUHbL He3asucuMbl. Toeda
OpobHas uacms cymmsl {n + £} pasHomepHo pacnpedeseHa HA NPOMeHCYm-
ke [0; 1), npu amom senuuumst {n + &} u 1 Heaasucumel.

JIOKA3ATE/IbCTBO. Hy’KHO TOKa3aTh, 4To Ha npoMexxyTke [0; 1) dyHkums
pacrpeie/ieHus CyMMBI 1) + & TOXZeCTBEHHO paBHa x: Fp_ s (x) = x He3aBu-
CHMO OT pacIpezieJleHUs BeJW4YuHbI 7). He orpaHnymBas o6IIHOCTH, MOXXHO
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cyutaTh, 4To 0 < 1) < 1. PaccmotpuM AiBacnyvadg: O S xsnun<x < 1:
Fn+§(x) Pm+&<x)=

P(I<n+&<x+1), e 0<x <,
P<nN+E<x)+PA<n+E<n+1), ecmn<x<1
PA—n<f<x+1—n), e 0 < x <,
B PO<&E<x—n)+P(A1—n<E<), e <x<1 B
X, ecmn 0 < x <7,
B x—nm+mn, ecmunsx<l B
OTcioza cieayeT yTBepsKAeHUe JIEMMBI. O

VnmocTpUpyIOT 3Ty JIeMMY CTPeJIOYHBIE Yachl: €C/IM KTO-TO B KaKOU-TO
MOMEHT CJIyYaiHBIM 00pa3oM MOKPYTUT MUHYTHYIO CTPEJIKY, TO ITOCJ/Ie€ 3TOTO
gacel OyZyT MOKA3bIBaTh COBEPIIEHHO CIyYyailHOe BpeMs 0e30 BCSKOU CBSI3U
C TeM, 4YTO OHU ITOKa3bIBAJIU [JO TOT'O.

Eciy nMmeeTcs JOTOMHUTENbHAA MHGOPMAIUA O CjlaraeMbIX, TO CUTyalus
MeHsAeTcA. HampuMmep, eciu usBecTHo, 4To <0 un+& =0, To cymma ) + &
MOXXET UMeTh y)Ke BOBCe He paBHOMEPHOe paclipe/ieieHue.

JIEMMA 2 O CIVYANMHOM OCTATKE. [Iycmb cayuaiiHble 8equuunsl & u 1) He-
3a8UCUMDbL, NPUUEM BeUUUHA & pasHOMepHO pacnpedenieHa Ha uHmepsane (0; 1),
a 8eJIUUUHA 1) PABHOMEPHO pacnpedesieHd HA uHmepeaJle (—1;0). Tozoa

E€+n|&+n=>0)=
JIOKA3ATE/ILCTBO. Ha KoopanHaTHOM miockoctu & O 1) yCIoBUA
T={0<&<1,-1<1n<0,&+n=0}

OTIpEeZIENISIOT TPEYTOIbHUK (CM. PHC. 2), HA KOTOPOM PaBHOMEPHO pacIpee-
JIEH cryvatiHeiii Bektop (£, n). [loaTomy

_U(x+_y)dxdy
E(E+n|T) =~

j dx dy
T

Jlo6baBUM TpeThI0 KOOPAWHATHYIO oCch (cM. puc. 3). YucauTeab Apobu pa-
BeH 00BbEéMy MUpaMHZbl ¢ ocHoBaHWeM T U ¢ BepiuHOHN B Touke (1;0;1),
a 3HaMeHaTeJIb paBeH IUIolaay TpeyroibHuka 1. IToaTomy

BE+n|T) = o =1

JlemMa 2 JoKa3aHa. O
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4
n
0 g
T
E+n=0
Puc. 2 Puc. 3

BepHEMCS K CyMMaM paBHOMEPHBIX CJIaraeMbIX U MaTeMaTHYECKOMY OXKH-
JaHuio ux uucaa. [lycte x > 0. PaccMOTpUM TOC/Ie[OBaTETbHOCTh HE3aBU-
CUMBIX C/TydaliHbIX BenuyuH &1,&9,&3,..., &), ..., UMEIOUIUX CTaHJAapTHOE
paBHOMepHoe pacnpezenerue U (0, 1). Byaem cocTaBIsiTh CyMMbI

T1=E&1, T2=&11&y, T,=T1tE,

[0 TeX MOP, TIOKA OYepeiHast CyMMa T He OKa)KeTcst OOJIbIlle WK paBHA YHCIA X.
Kak u npexx/ie, YUC/IO cIaraeMbIX B CyMMe T 0603HaYuM S:

s
r=r5=25k.
k=1

CriepBa ZIOKa’KeM ellé oHy BaXHYIO JJeMMy, KOTOPYIO ellé Ha3bIBaIOT JIeM-
Moit win paBeHcTBOM Banbaa® [5].

JIEMMA 3. ET = E&; - ES (8 Hawem cyuae ET = %ES).

JIOKA3ATE/IbCTBO. BBe1éM MHANKATOPHI I, COOBITHI «s — 1 c1araeMoro oka-
3aJI0Ch HEZJOCTAaTOYHO JJIA JOCTUKEHUA CyMMBI X» IIPU KaXK/I0M HaTypaJlbHOM
s>0:

0, ecmu 7,4 2 X,
I, =
1, eum T, <X.

TOP,ZLaS:Il +12+ u Tzllgl +12€2+

fAcHo, uto I; =1 1 YTO KaXK/JBIi CIeAYIOUUN UHAMKATOP [, 3aBUCUT TOIBKO
OT T,_1, HO He 3aBUCHT OT & . [loaTOMY, ITepexoAs K MaTeMaTUIECKUM OXKUZa-

4 «MEHI 3HaEM, YTO 5TO PABEHCTBO BAXKHOE, IOCKOMBKY HOCHT Ub&-TO MMf», — MUIIeT IleTep
He6pec B cBoeit cratbe [5]. [IprcoenHUMCSA K €r0 MHEHHUIO.



114 H. P. Buicoukuil

HUAM, IIOJIYYHNM:

ET =i E(LE,) :i EIEE, =E&, i El,=1 i El, = %Ei [ =1Es. O
s=1 s=1 s=1 s=1

s=1

Jlemma Basbga BeIsBIISIEeT cBsA3b Mexkay ES u ET, a tlemma 2 GyzeT Hy»KHA
IpU IoKa3aTesbcTBe paBeHCcTBa ET = x +1/3 + 0(1). CobpaB 3Tu pe3yabTaThl
BOEIMHO, MbI TosryduM ES = 2x +2/3 + 0(1).

Y06kl MOMYyIUTh paBeHCcTBO ET = x + 1/3 + 0(1), mocTaTouHO y6eauThCA,

9TO B CyMMe
s—1

T= (ng—x) +&s+x
k=1

claraemMoe, B3siITO€ B CKOOKM, MMeeT aCHMITTOTUYECKH PaBHOMEPHOE pacIipe-
ngenenue Ha (—1;0):

5—1
E : gk —X > 1,
X — 00
k=1
I7ie 1) — HEKOTopasi cIydaiiHas BeJIMYKMHa, NMeoI[as paBHOMEPHOE pacIipese-
nenue U(—1,0). OTo, B CBOIO OYepesib, CIEAYET U3 TOTO, YTO CyMMa

s—1 s—1
HMMeET paclpeziesieHre, OYeHb OTM3K0e K HopMaibHOMY N (T’ T)’ KOTO-

poe B CBOel cpeZiHel YacTu, OyAydu Cy>KeHO Ha JIFoO0M eIMHUYHbIN UHTEPBaJ,
C pocToM s IpUOIKaeTCss K pABHOMEPHOMY Ha 3TOM UHTepBase (cM. puc. 4).

Ha xBocTax HOpPMaJIHOTO paclipe/ie/ieHUs 3TO He TaK, HO ITOBe/leHUe Ha XBO-
CTaX He Ba)XHO, ITOCKOJIbKY IPU MTOJAXOAAIIEM BHIOOPE TPaHULL CpeJHEN YacTh

30ecnb, 8 cpedHell uacmu, HOpMAibHOe pacnpedesieHue ¢ POCMOM S
npubauicaemcst K paBHOMepHOMY HA JIH000M eOUHUUHOM UHMep8ane

A 8epoamHOCMb MO20, UMO T,_;
oKaNcemcs ¢ Kparo, ucuesarouje Mana

Puc. 4
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BEpPOATHOCTD TOTO, YTO T,_1 OK&XETCA Ha KAKOM-TO U3 XBOCTOB, CTPEMUTEIbHO
npubmrpkaeTcs K O IpU pocTe X, a 3HAYUT, IIPU POCTE S, IIOCKOJIBKY S > X.
[TpoBenéMm 3T paccykZeHus Telepb aKKypaTHO U B IPaBWIBHOM IMOPAZKe.

YTBEPXKAEHUE. ET = 2x + 2/3 + 0(1) npu x — oo.

JIOKA3ATE/NBCTBO. LleHTpUpysa U HOPMUPYS CIydailHyI0 BeJIUYUHY T, 1,
[oJIyyaeM CJIy4alHyIO BeJIMYUHY

s1—(s—1)/2 :21/5'55—1—(5—1)/2

T
Ss1 = Vi -1/12 Vi1

3Ha4YeHUsA KOTOpPOH Ipu ycaoBuu x — 1 < T,_; < X NpHUHAZAJIeXaT UHTePBaIy

B x=1-(-1/2 . =x—(s—1)/2
a=(2v3 = T =S )

3
. YBe/lInM4IuBas X, Mbl TEM CaMbIM YBEJIN-

JnvHa uHTepBasia A paBHa

S— o
YUBaeM S, U IOC/AeZ0BATENbHOCTh BEIUYUH (1 CXOAUTCA K CTAaHJAPTHOU
HOPMaJIbHOH CJIy4aiiHOM BeIUYUHE, a €€ IIOTHOCTH fy  (t) paBHOMEDPHO CXO-
JATCA K CTaHZAPTHOM HOPMaJbHOM IJIOTHOCTU

() = ﬁ eXp(—g)-
Pa3o6béM ET B cyMMy YCJIOBHBIX MaTeMaTUYECKUX OXKUJAHUH MTPU YCIOBUAX
H={Ac (—s"%s¥M} u H={A¢ ("%}
[Tomyuum:
Et = E(t|H)P(H) + E(t|H)P(H).

TTOCKOMBKY s — oo, onydaeM P(H) —— 1 u P(H) —— 0. ITosTomy
X — 00 X — 00 X — 00
E(t|H)—Et —— 0, (12)
X — 00

u BMecTo ET MoxkHO uckaTh E(7|H), orpaHuuuBasck runoTe3oit H. [Ipu aTom
YCJIOBMH PACCMOTPUM OTHOCHUTEJbHBIH pasMax GyHKIUM IJIOTHOCTH fy  Ha
UHTepBajue A:

supa fy,, —infa fy . supa f ,

ian sz—l - ian fgkl -1

[Ipu OCTaTOYHO OGOJMBIIIOM X MOXKHO 3aMEHUTDb B 3TOM BBIPAKEHHUH CJIOXKHO
YCTPOEHHYIO IVIOTHOCTD fy | CTaHAAPTHOM HOPMAJIbHOM IUTOTHOCTBIO ¢ (B CHITY
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PaBHOMEDPHOM CXOMMOCTH fy K (), IPU 3TOM PacCIIUPUB i yA06CTBA WH-
TepBas A 0 ero 3aMbIKaHusA [A]:

maxpy ¢ exp(—t3/2) 4 (tg—tf) _
" il S 5 ,

ming; ¢ 7 exp(—t2/2)

sup, fr_,
ian f§S—1

—14+0(1)=

rae t; U t, — TOYKHU, B KOTOPHIX (¢ IPUHUMAET COOTBETCTBEHHO HaMOOIbIIIEe
Y HauMeHblllee 3HaYeHus Ha oTpe3ke [A]. OueBUAHO,

2v3
tl, 6| <sY* m |ty —t] < .
| l| | 2| | 2 1| m
Torza
1/4 exp(—t?/2 1/4
em{—ééi—)—1<$ﬁ¢—1=—fiﬁél—1< p(éﬁi—)—l
Js—1 ¢ exp(—t5/2) Vs—1

JleBasa u IIpaBas 9aCTU 3TOI'O HEPABEHCTBA CTPEMATCA K 0 IIpu § — ©o. Crneno-

BaTeJbHO, maxyy @
[A]

- 0
min [A] @ X — 00
" IIO3TOMY )
Supy fgs—l B lan fgs—l 0
ian fﬁfrl x—oo

Taxkum o6pasoM, Kakoe OBl 3HaUE€HUe HU IIPUHAIA CAy4aliHas BeJMYUHA
S > X, ¢ poCcTOM X pacupezieseHHe CIy4aliHON BeJTUYUHB

S—1
T—E&s= Z Ek
k=1

mpubIMKaeTcss K paBHOMepHOMY Ha uHTepBase (x — 1;x), a ciydaliHas Be-
quyuHa T — g — X MpUOMKaeTcsa K CIydaiiHON BeIMYUHE 1), pABHOMEPHO
pactipegenénHoii Ha nHTepBae (—1;0). C MOMOIIBIO IEMMBI 2 TIOTyYaeM:

E(tlH,t2x)=E(s+(t—&s—x) T2 x)+x+0(1) =
=E(Es+1|Es+n>0)+x+0(1) =x+ 1 +0(1).
YuutsiBas (12), BUAMM, 9TO
ET =x+%+o(1).
Otcioza ¥ U3 IEMMBI 3 CIIeAyeT:

ES=2x+%+o(1).
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YroObl cyMMa He3aBHCHUMBIX CTAH/ZIAPTHBIX PABHOMEPHBIX C/IaraeMbIX JI0-
CTHUIVIA YHCJIA X, B CPeAHEM NOTpebyeTcss MpUOIU3UTENbHO 2x + 2/3 ciarae-
MBbIX. JIOOUTBHCA C IOMOIIBIO CIyYaWHBIX CIaTaeMBIX CyMMBI, B TOYHOCTH PaB-
HOU X, IpaKTU4YeCKU HeBO3MOXKHO. [IouTH HaBepHAKa CyMMa IIPeB30HJET duC-
JIO X Ha BEJMYUHY, B CpeIHEM paBHYIO MpUMepHO 1/3. BOT Ha 3Ty «IHUIITHIOIO»
TPETh U PACXOAYIOTCA B CPeAHEM JIMITHUX 2/3 cydaiiHOro ciaraeMoro. [

PaccMmoTpeHHas 3afiadya — 4acTHBIY CIydail OZHOM 13 OCHOBHBIX 33/ja4 TaK
HasbIBaeMoi meopuu soccmarossieHust (Renewal Theory), o koTopoii B poc-
CHMCKOUM MaTeMaTUYeCcKON JuTepaType MpakKTUYecKu HeT YIIOMUHaHUM. M3-
BECTHO IepeBOZHOe u3jaHue [2], agpecoBaHHOE IPEUMYIIeCTBEHHO UHXKEHe-
paM U, BepOSTHO, II0O3TOMY BBHILIe/lIee B U3ZiaTelbCTBe «COBETCKOe PaZuo».

B o61ieM cirydyae 1oz mpoleccoM OOHOBIEHUs WK BoccTaHoBieHus (Re-
newal Process) uMmeeTcs: B BUAY CIyYaiHBIA MTPOIIECC, COCTOAIINI U3 MOCIe-
ZIOBaTe/JbHBIX CYMM HE3aBUCUMBIX HEOTPUIATeNbHBIX CIy4ailHbIX BEINYHH,
HMMeIOUINX KaKON-TO omlpezes€éHHBIN cMbIciI. [Ipoliecc mpozomkaeTesa A0 Tex
0P, IOKa CyMMa 3TUX BEeJIMYMH He JOCTUTHET Hallepé/ 3a/[aHHOTO 3HaYeHMUs.

Kiaccuaeckuii mpuMmep — paboTta mpubopa, KOTOPHIH A0MKeH QYHKIIHO-
HUPOBATh /IO ONPEAEIEHHOTO MOMeHTa (HanpuMep, 0 OKOHYAHUS TapaHTHi-
HOT'O CPOKa WJIU JI0 BBIpabOTKMU pecypca). OfHAaKO TPUOOP MOXKET JIOMAThCS
Y [I0 UCTEeYEHN TapaHTUU, U B TAaKUX CJIyJasx IOJJIEXUT PEMOHTY (Boccra-
HoByleHU10). Cily4JaliHble cylaraeMble 3/eCh — IEPUOJBl BpEMEHU MEXAY IIO-
JIOMKaMH¥, CyMMa KOTODPBIX Q€T IOJIHOEe BpeMs paboTeI Ipubopa.

Bo3HUKaIOT ecTeCTBEHHBIE BOIIPOCHI — KAaKOBO Cpe/iHee KOMUYeCTBO 3TUX
CJIy4aliHBIX ClaraeMbIX, T. €. I0JIOMOK, CIy9UBIIMXCA K MOMEHTY OKOHYaHUA
rapaHTUHHOTO CPOKA, U BO CKOJIBKO B CpeZiHEM 3TO 060HzAéTCA. Bostee cephés-
HBIM BOIIPOC — HE CJIEAYeT JIU B KAKOH-TO MOMEHT U3 COOOpa’keHUH SKOHOMUU
3aMeHUTDb UCIIPABHBIN IPUOOP HOBHIM elré 10 OKOHYAHUA pecypca?

V3 mpeapiAymero ab3ara fCHO, YTO IOPOAWIO MaTeMaTUIECKYIO TEOPHUIO
BOCCTaHOBJIeHUA. VccienoBaTeneil B PUIOKEHUAX OOJIbIIE MHTEPECOBATN
MIPOLlecChl BOCCTAHOBJIEHUA, T/le KXK/bI UHTEPBa MEXAY ABYMSA MOJOMKaMU
HMeeT IoKa3aTeJbHOe WK OIM3Koe K IIOKa3aTeIbHOMY paclpe/ieieHUe, YTO
ITOPOZAMJIO TIPEJCTaBJIEHNE O MPOIlecce BOCCTAHOBIEHUA KaK 006 06001eHnn
IIyaCCOHOBCKOTO IIpoliecca.

§4. CBA3b 3AZIAUU O YVCJIE CJIATAEMBIX
C YUCJAMU DUIEPA

[MozmotiziéM K pacCMOTPEHHOM 3a/jaue ¢ KOMOMHATOPHOM CTOPOHLI. [IpaBaa,
MPUAETCS TIOXKEPTBOBATD MMPOU3BOJBHOCTBIO IOCTUTAaEMOM CyMMBI. [TocTaBuUM
BOITPOC TOJIBKO O LIEJIBIX CYMMaX ¥ BpeMeHHO 3a0yieM BCE, cieTaHHOe TIPEXK/E.
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Haynéwm c mpocTtoro ciydas n = 1: CKOJBKO B cpe[HEM CIy4alHBIX cjiarae-
MBIX HY>KHO, YTOOBI IOCTUYb €AUHUIIBI? DTOT CJIy4all IOMOXKeT [TOHATH CMBICI
Y JIOTHKY 0b1iero nocrpoeHusa. Bo3pMéM ciydaiiHoe ciaraemoe &, u mpuba-
BUM K HEMY &,. EC/TM cyMMa MeHblile eAMHUIIB, Z06aBUM & 3, Y TaK 0 TEX TOpP,
[I0Ka MoJIy4eHHasd cyMMa He JocTurHer n = 1. [IpucmoTpumced K ocTaTkaM —
ZPOOHBIE YaCTH ITOC/IeZ0BATENBHO ITOTYYaIOUIUXCA CyMM T, PAaBHBI

Zy={t1}=1{&}=¢&1, Zy={11+&}, Zz3={12+&s},

Haiiiém BepOATHOCTh COOBITHS S > s, T. €. cobbiThsA T, < 1 (m € N).

Bo-TiepBbIX, B CHITy JIEMMBI 1 BCE OCTAaTKU Z; PABHOMEDPHO pacIpesie/ieHbI
Ha unrepBazue (0; 1): Z; ~ U(0, 1), BO-BTOPBIX, BCE OHU HE3ABUCUMBI TIONTAPHO
Y B COBOKYITHOCTH. B-TpeThUX, OCTaTKU PACTyT, IMOKa T, < 1, HO KaK TOJbKO
CyMMa JIOCTUTaeT 1, OuepeZIHOM OCTaTOK OKa3bIBAaeTCs MEHbIIE MPeAbIAYIIe-
ro. Takum obpa3om, cobbITHE T, < 1 < T, CJIy4aeTCs TOJIBKO TOTZA, KOTZAA
C OCTaTKaMHU IPOUCXOJUT COOBITUE Z1 < Zy < Z3 < ...< Z,_ 1 > Z,, a cOObITHE
T, < 1 9KBUBAJIEHTHO COOBITUIO Z1 < Zy < Z3 < ... < Z, 1 < Z,.

Hawm yzanoch nepepopMyIupoBaTh 3aiady: UMEIOTCA S TIOC/IeZ0BaTETbHBIX
He3aBUCHUMBIX CJTyJalHbIX YKCEJI, pPABHOMEPHO pacIpe/leIEHHBIX Ha MHTEPBa-
se (0; 1), ¥ HY’KHO HalTU BEPOSITHOCTh TOTO, YTO OHU CAyYalHBIM 00pa3oM
PacCIIOJIOXKWINCh IO BO3PACTaHUIO B TOPSAJKE WX IOSBJIEHUsA. BepOsSTHOCTH
3TOr0, OYEBU/HO, paBHa 1/s!.

st cobbiTusA T, < 1 BBeAEM MHIUKATOP

1, eoum T, <1,
I, = T. €. €CJIU § cJlaraeMbIX He XBaTWUJIO AJIA JOCTIKEHUA CYMMBI n = 1,

0, ecmu T, =1.

CryyaiiHass BeTMYMHA S JIETKO BBIPAXKAeTCs Yepe3 3TH UHIUKATOPHI:
oo
S=1+L+L+L+...=1+ > I
s=1

B sToli cymMe KaXKAbIN CiieAyrOUIWU WUHAMKATOp I, paBeH eAVHUIIe, eCclid §
cJlaraeMbIX He XBaTUIO, YTOOBI cyMMa ZiocTrria yrciaa 1. Kak Tonbko cymma 1
JIOCTUTHYTA, BCE TIOC/IEAYIOIIE WHANKATOPHI PABHBI HYJIIO.

YuuTteiBasi, 4To
1

EJ
" MepeEXoad K MaTEMAaTUIECKHUM OXUAAHUAM, IMOJIydaeM:

El[=P([,=1)=P(1,<1) =
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[TosTyqwsICs yKe U3BECTHBIN pe3y/bTaT: CpeJHee KOJIUIECTBO ClaraeMbix,
HEOOXOAUMBIX /IS IOCTHKEHUS B CyMME €IUHUIIBI, PABHO e.

B03MOXXHO 0600611[eH1Ee Ha APYTHE 1eble CyMMBI. [IpUHIUI TOT ke. CyM-
Ma n 6yZieT BIIlepBbIe JOCTUTHYTA IIPU § CIaraeMbIX, eC/IU T,_; <N < T,. Tak xe
KaK paHbllle, HAHAEM BEPOSITHOCTH COOBITHS «§ CJIaTa€MbIX HEJOCTATOYHO /IS
JIOCTVDKEHUS] CYMMBI N», T. €. COOBITUA T, < N. DTO COOBITHE DKBUBAJIEHTHO
TOMY, 4TO B TIOC/IEZIOBATEIbHOCTH HE3aBUCUMBIX OCTaTKOB Z1, Zs, ..., Z; POB-
HO 1 — 1 YMCJIO MeHbIlle MPeABIAYIIEro. 3aMEHUB CIydaiiHble Yucia Z; UX
panzamu p (i) (paHr — HOMep B YIOPAZOYEHHOM PSIZy), BMECTO CIydalHOM
MI0CJIeZIOBATEIbHOCTH OCTATKOB TOyYaeM CIyYaiHyI0 TepEeCTaHOBKY UX PaH-
roB. TakuM 06pa3oM, 3aZiadya CBOAUTCS K BOTIPOCY O TOM, KAKOBa BEPOSTHOCTD
TOTO, YTO B CciIydaiiHo# mepectanoBke (p (1), p(2), p(3),...,p(s)) AnuHbL §
HabogaeTcss poBHO n — 1 nadenue, T. e. poBHO n — 1 mapa p (i), p(i + 1), rae
p (i) > p(i +1). OTBeT Ha 3TOT BOIIPOC AAOT uucaa Jinepa®, cM., HAIPHMeD,
[1, c. 297-300].

OnpEAENEHUE. Yuciom Diiepa I poga A(s, i) Ha3bIBaeTCs KOJMYECTBO TIe-

PECTaHOBOK /IMHBI S, KOTOPBIE COZIEPKAT POBHO 1 TaZieHUH (WK IOAbEMOB).

OueBuzHO, A(s,0) = 1 npu s > 0 — 3TUM paBEHCTBOM MBI TI0JIb30BAJIKCh
B ciydae n = 1. /Iy obimHocTH 06b1vHO mosaratoT A(0,0) =1, A(s, i) =0 mpu
i <0 wmnpu s <0, aTakke mpu 0 < s < i. [Ipu s > 0, i =2 0 cripaBeAINBO
OCHOBHOE€ PeKyppeHTHO€e COOTHOLIEHHE

A, D)=({+1AG—1,))+(s—0)A(s—1,i—1).

VmeeTcs u fiBHasA popmyra:

i
N i s
A(s, i) = E (-1)7C,,(+1—j)".
j=0
BBIBOJZI 3THX COOTHOIIIEHUM OCTAETCS 38 paMKaMM CTaThH.
C moMoIIbI0 Yrces Diliepa MOXKHO 3alKCaTh BEPOATHOCTh COOBITHS A, < 1:

n—1

P4, <m) = > AL,

s!
i=0

CHOBa BBeZIEM WHAMNKATOPEI

1, ecm A, <n,
[ =
s 0, ecmu A; 2n,

% Yucna Ditnepa (wm umcna Ditnepa I poga) He cile[yeT IyTaTh C SiIEPOBLEIME YHCIAM,
KOTOpPbIe BO3HUKAIOT IIPY Pa3JIOKeHUU B CTENIEHHOH PsiZi TUIepOOINIECKOro CeKaHca.



120 H. P. Buicoukuil

COCTaBUM CyMMY

U epelIéM K MaTeMaTUIeCcKUM OXXUaHUAM:

ES=1+iP(Im:1):1+§:P(Am<n):

m=1

—_

n—

m=1
S A(m i) =, 5 A(m i)
=1+, => Z . (13)

m=11i m=0 i=0

I
o

[TociegHee peobpa3oBaHue CAEMAHO C YIETOM COIIALIEHWS
A(0,0)=1, A(0,i)=0 mpui>O0.

YuTaTesib MOXKET pajy JIOOOMBITCTBA M YAOBOJBCTBUS CAMOCTOSTENIBHO
u3 paBeHcTBa (13) momyuuts paBeHCTBO (10). IToTpebyIoTCsS HECKONBKO YTO-
MUTENbHbIE, HO €CTECTBEHHbIE KOMOMHATOPHBIE TIPe0Opa30BaHUA.
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O BBIUUCTIEHUU
KJIacCUYeCKUX cyMM fkoOcTaris

H. H. Ocunos

B craThe pacckasbBaeTcsi O GBICTPHIX AJTOPUTMAX BBIYHCIEHUS
KJIACCUYECKUX CYMM SIKOOCTa/Is. DTH aJITOPUTMbI OCHOBAHBI HA HETPH-
BUAJIBHOM CBSA3U CyMM SIKOOCTAJIA C MIPEACTABIEHHUEM MTPOCTBIX IHUCET
p=1(mod4) up=1 (mod 3) 6uHapHBEIMU KBaZipaTUIHBIMU GOP-
mamu A% + B? u A% + 3B? cOOTBETCTBEHHO.

BBEJEHUE

[lycte p > 2 — Heu€THOe npocToe yncio. Cymma Buza
$(n) =pZ_l("3+—”") (0.1)
x=0 P
HasbIBaeTcsa cymmoll SAkobcmans (oHa BIlepBble BO3HUKIIA M U3ydasnach B pa-
6ote 3. fIxobeTasst 1907 roga [21]). 3aech n — MPOU3BOJIBHOE I[EI0€ YHCIIO,
a (% obosHavaeT cumeo Jlexcanopa a o p: ecin a =0 (mod p), To (%) =0,
MHaye

( a) 1, ecau cpaBHeHue x> = a (mod p) paspeummo,
—1 B IIpOTUBHOM CJydae.
OcCHOBHBIE CBOMCTBa cMMBOJIa JIexkaHzipa M3JIaraloTcs MPAaKTHYECKU B II060M

y4eOHUKe TI0 3JIeMeHTapHOM Teopuu uucen (cM., Hampumep, [10]). B yacTHO-
CTH, UMEET MECTO CPaBHEHUE

(%) =a® D2 (mod p)

(Taxk Ha3BIBaeMbIl kpumepuil Jilnepa), ¢ MOMOIIBI0 KOTOPOTO MOXXHO OBICTPO
a
BBIYMCJIUTh CUMBOJI JIexKaHapa (1—)) e TIpH 6obImmx pl).

1 Peub uAET 0 IPUMEHEHNU XOPOIIO MU3BECTHOTO GUHAPHO20 A120pPUMMA BO3BE/IEHUA B CTe-
neHb [34]. Bonee 3¢ deKTUBHEIN aJIrOPUTM OCHOBAaH Ha 3aMeHe cUMBoJa JlexxaHzapa ero 0606-
I[EHUEM — CUMB0A0M SIK06U, KOTOPBIH OBICTPO BBIYMC/SETCS C IIOMOIIBIO K8aOPAMUUHO20
3axoHa ezaumnocmu (cm. [10, 1. 6]).

MaTtemaTtuyeckoe npocseLleHune, cep. 3, Bbin. 24, 2019(121-144)
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MHorue aBTOpbI U3ydaau u bosiee obIIre CyMMBI BUJa

-1
¢, (n) ZPZ(M) leN, 0.2)

x=0 p

KOTOPbIE TaK)Xe Ha3bIBAIOTCS cyMMaMu fIko6cTansa (mogpo6HOCTH CM. B CTa-
The [30] wiu, HauMHas c 1. 5.49, B XOpoIIIo U3BeCcTHOI MoHorpaduu [9], rae
OCHOBATEJLHO OCBEIlEHa ¥ UCTOPHS BOIIPOCA).

B aHHOIi cTaThe OyZIeT paccKa3aHo, KaK BHIYUCIAIOTCA CyMMBI SIKoOcTass
Bomydanx [ =2ul=3%. Tlpun #0 (mod p) umeem

& x*+nx < X +nx? & 1+nx® n & x>+nt
¢3(”)=;(T) Z::( ):;(T):(E)XZZO(T)’

rae ~! osHauaeT B3ATHE OGPATHOTO II0 MOZAYIIO p. BMecTo cyMMEI ¢5(n) (ko-

TOpasi BIEPBhIE, O-BUAUMOMY, U3ydaiachk B pabote [27]) Ham OyzeT yaobHee

paccMaTpuBaTh CYMMY
p—1

Y = (3. (0.3)

x=0 P

Cymmbl ko6ctana (0.1) u (0.3) uMeIoT HemocpeACTBEHHOEe OTHOIIIEHUE
K CIeZIyIolel BaXKHOH 3azia4e (B TOM YHMCIe /IS TIPUIOXKEHUM B KpUTITOrpaduun
[7, 1. VI]). PaccMoTpuM auiunmuueckyro kpugyw E, 3aZlaHHyI0 YpaBHEHUEM

y2=x3+ax+b, (0.4)

Ha/| ToJIeM Z,, KJIaCCOB BBHIYETOB I10 MOZY/IO p (IPeAToaraeTcs, 4To p He AB-
JIAETCA AeJIUTeeM JUCKPUMUHAHTa A = —4a%— 27b2). Kak n3BecTHO, HA MHO-
XKecTBe Zp,-ToueK (x,y) 3To KpuBOoH BMecTe ¢ GOpManbHOH GeCKOHEYHO
yZan€éHHOU TOYKOU 0o MOXXHO BBECTH OIEpaLUIO CJIOXKEHUA, OTHOCUTEIbHO
KOTOPOH 3TO MHOXKECTBO IpeBpalaeTcsa B abesnegy 2pynny (IIpu 3TOM oo UT-
paeT poJib HyJleBoro snemenTa). Ilopazok N, (E) oToi TPyIIbl BHIpaKaeTcs

dbopmysoi
p—1

p—1
3 3
N, (E) :Z(l + (Lﬁb)) +1=p+1 +Z(L}f+b)
p p
x=0 x=0
CornacHO meopeme Xacce 0 4mciie TOUEK SJUTUNTAUYECKON KPUBOU HaZ, KOHEU-
HBIM TI0JIeM, MMeeT MecTo HepaBeHcTBo [N, (E) —p —1| < 2p'/? (Teopema 10.5
B kuure [6]). Haxoxaenue Tounoro sHadenus N, (E) npu Gonbmmx p ABis-
eTCsI coZiepKaTeNbHOM 3a1a4yel, /i pellleHrst KOTOPOH CyIeCTBYeT JOBOJbHO

2 Cnyyaii [ = 1 coceM mpocT (cM. ganee geMMy 1.5).
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HETPUBHUAIBHBIN aneopumm Illy¢a (cM. opurrHanbHyI0 paboty [26]; omuca-
HU€e aJITOPUTMAa MOYKHO OBICTPO HaWTH 1Mo cceiikam [33, 35]). B wacTHOM city-
qae, korza b = 0 wiu a = 0, umeeTcs 6ojiee MPOCTOH CIIOCOO HANTH 3HAYEHUE
N, (E), mockonbKy A cymm ¢ (n) u 1) (n), KaK BbIACHAETCA, €CTh OBICTPBIH
TIPAKTUYECKUH aJrOPUTM BBIUACIEHHAY.

Lles1b HACTOAIIEN CTAaTbU — PACCKA3aTh O MIPAKTUYECKU MPUTOAHBIX (OBbICT-
PO paboTaloMX Jaxe 1A OOIBIINUX p) aIrOPUTMAaX BEIYUCAEHUA CyMM SK06-
crana ¢(n) u Y (n) npu mo6om n. C TEOPETUIECKON OCHOBOM 3THUX ajro-
PHUTMOB MOXXHO ITO3HAaKOMHTbCsA Mo kHuram [1] (cm. §§ 18.3, 18.4) u [13]
(cm. Teopemsl 6.2.9 1 6.2.10). OnricaHre caMUX aJITOPUTMOB C WUIIOCTPUPYIO-
UMY TPUMepaMy MOXXHO HaMTH, HaIpUMep, B cTaThe [22]. [l AoKa3aTesb-
CTBA YTBEP)KJAEHUI, Ha KOTOPBIX OCHOBAHBI aJITOPUTMBI, OOBIYHO IIPUBJIEKAIOT
MOIIHBIN ammapar cymm Iaycca v cymm SJkobu, HO MBI BOCIIOIb3yeMcsi 6osee
aJIEMEHTAPHBIMU CPEJCTBAMU B JyXe H/el MMOHEPCKOH paboTer [21].

81. IIPEABAPUTENBHBIE CBEAEHUSA

B 3TOM paszesie MBI COOOIINM MIpeIBapUTEIbHEBIE CBeJIeHUsA, HEOOXOANMEbIe
U JasbHeiero. Te yTBep:KAeHUs, KOTOPble MOXXHO OBICTPO (M He CHJIBHO
OTBJIEKAsACh) ZJOKA3aTh, MbI IPUBEZAEM C J0KA3aTeIbCTBOM, a B OCTaJIBHOM Or'pa-
HUYMMCA KOMMEHTapUAMU U CChUIKAMU Ha COOTBETCTBYIOIIYIO JIUTEPATYPY.

1.1. AnroputmM KOPHAKKUA

KiltoueBHIM MOMEHTOM B 3a/lade OBICTPOTrO BBIUMCIEHUSA KIACCHYECKUX
cymm fAxoberans ¢ (n) u Y (n) ABnAeTCS HeOXUAaHHAsA W HETPUBHAIbHAS
CBA3b C 337]a4eil MpeJcTaBIeHNsA IIPOCTOTro Yucia p B Buge p = A + B2 (ana
cymmsl ¢ (n)) wm p = A% + 3B2 (gna cymmsl v (n)). TlocneaHAa 3azada vH-
TepecHa M cama 1o cebe, HO Ui Hac MPUHIUIIHAIBHO TO, YTO OHA MMEET
OBICTPBIN aJITOPUTM PEIIeHUs, IPUYEM Zake B CJIeAyIOIel 6osee ob1Iei mo-
CTaHOBKE.

[Tycth d — puKCHpOBAHHOE HATYpaJIbHOE YKCI0. TpebyeTcs mpeACTaBUTh
MIPOCTOE YUCJIO p > d B BUle

p=A%+dB?, (1.1)

r7ie A 1 B— HeKOTOphle HAaTypaibHbIe uncyia. KoHeuHo, i JaHHoro d mpe-
crapnenyve (1.1) BO3MOXKHO He /11 JTF0OOTO MPOCTOTO YHCIa P, TaK KaK eCTh
HeoOXOAMMOEe YCIOBUE — PA3PEIIMMOCTh CPAaBHEHUA

x>+d=0 (mod p). (1.2)

3 B cyqae cymmer (0.1) cM. WUTIOCTPHpYIOIIHMIA IpuMep 1.4 B kHure [23, L. 6].
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[MocegHee IeTKO BBISICHUTD € IIOMOIIBIO KBaZIPAaTUYHOT'O 3aKOHA B3AUMHOCTH.
Hanpuwmep, pu d = 1 cpaBHeHue (1.2) paspelrMo TOrAa U TOJIbKO TOTAA, KO-
raa p =1 (mod 4). BmecTe ¢ TeM, ZIaTh HECIOXKHOE OIIMCAHKUE TEX MPOCTHIX P,
KOTOpBIe MOXKHO TipeZicTaBUTh B Buzie (1.1), ymaétca maneko He Aua Bcex d
(cM. o aTomMy ToBoAy KHUTY [18]).

B uHTepecyromux Hac crydasix d = 1 u d = 3 takoe onucanue ectb. g d =1
€ro JoCTaBJsieT 3HAMeHUTas meopema Pepma— Jilnepa, KOTOpas IACUT: BCIKOE
mpoctoe yucio p = 1 (mod 4) gomyckaeT npejcTaBieHue B BUAE CyMMBI JBYX KBaj-
parosB. [lna d = 3 uMeeT MeCTO aHAJOIMYHOe YTBEPXKAEeHUe: KaK/oe IIPOCToe YUCIO
p =1 (mod 3) gomyckaeT mpeAcTaBieHUe B BUJE CYMMBI KBaJjpaTa U yTPOEHHOTO
kBagpara. Oba yTBep)KJ€HUS MOTYT OBITH JIETKO TOJYYeHBI Ha OCHOBe pakmopu-
anbHOCMU KOJIell IeJIbIX YMcesl COOTBETCTBYIOIMX MHMMBIX KBaJpaTUYHBIX IOJel
(cM., HampuMep, JoKa3aTeNbCTBO TeopeMbl Pepma — Diinepa B yuebHuke [8, 1. 4,
§2, c.153]; Boobiile, 3Ty KJIaCCUYECKYIO TEOPEMY MOXKHO ZI0Ka3aTh MHOTUMU CIIOCO-
6amu, cpeAii KOTOPHIX eCTh U BechMa sK3oTudeckue [31]).

s cpaBHeHuA paccmoTpuM d = 11. JIerko MpoBepUTh, UTO JJId IpocToro p > 11
cpaBHenwe (1.2) paspemrumo TOrzAa U TOJAbKO Torda, Korga p =1,3,4,5,9 (mod 11).
Ho mociesHee ycioBue elné He rapaHTUpPyeT BO3MOXKHOCTh mpezcrasienus (1.1):
HarpuMep, A7l p = 23 OHO BHITIONHEHO, OZIHAKO paBeHCTBO 23 = A2 + 11B% HeBos-
MoxHO. Kakue e mpocTsle yucia p > 11 MOXHO IpeZicTaBUTh B Buje p = A2+ 11B2?
Vi3BecTeH TOJIBKO TaKOM OTBET: Te U TOJBKO Te, AJIA KOTOPBEIX CpaBHEeHUE

x*—x*~x—1=0 (mod p)

MMeeT TpU pellleHus. DTOT KpUTepuil BecbMa HeTPUBUAJIEH, HO OH He YIpOoLIaeT
npoBepky?.

[pexxzie ueM TepexoauTh K U3IoXKeHUIo aneopumma Koprakkua (cm. 1. 1.5.2
B KHure [17]), pelaroiero /s JaHHOTO MIPOCTOTO p BOIPOC O MpeACTaBIIe-
Huu B Buzie (1.1), JoKaXXeM CJIeAYIOUINI BaXKHbIN QaKT.
5)

JIEMMA 1.1. Ecau npedcmasnenue (1.1) 803m0xcHO, MO 0HO 00HO3HAUHO
JOKA3ATEJILCTBO. byZieM paccyxzaTbk OT OpOTUBHOrO. [1ycTh
p=A%+dB%=Xx?%+dy?,
rae A, B, X, Y — HaTypasibHBIE ynucaa, npudeéM A < X, B > Y. I1ockosibKy
B2X? - A%2Y?2 =B?X% +dB?Y? =B?(X?+dY*) =B%*>p=0 (mod p),
MMeeM OJJHO U3 /IBYX CpaBHEHUM

BX+ AY =0 (mod p).

4 [ogpo6HOCTH 1 HepedOpPMY/IHPOBKY KPUTEpHsA B TePMHUHAX ulcen Tpubonauuu cM. B [19].
5 B ciyyae d = 1 MBI He ofpamaeM BHUMAHMe Ha HOPAJOK ClaraeMbiX.



O sbluucneHuu kadaccudeckux cymm Sxobemans 125

Tak xak BX + AY > 0, nonydyaem BX + AY = p. CnegoBaTenbHo,
P2 < (BX £ AY)? < (A%2+B?)(X%2+Y?) < p?,

MIPUYEM PaBEHCTBO BO3MOXKHO TOJIBKO Tpu d =1 1 B 3TOM cirydae BekTop (X,Y)
MIPOTIOPIIMOHANEH OTHOMY M3 BeKTOpOB (B, +£A), otkyia X =BuY =A. [

st ycnenrHo#t pa6oTs! anroputma KopHakkua TpebyeTcs mpeJBapuTeib-
HO HaMTH HEKOTOpPOeE pellieHre X = m, cpaBHeHus (1.2). B ciaydae 60bIInux
MIPOCTHIX P 9TO TOXKE COZieprKaTeNbHas 3ajiava, /st pelieHrst KOTOPOM MOYKHO
IPYMEHUTD OOV 8epPOSMHOCMHBLIL A20pUMM PEIIeHHUs ypaBHEHUI Ha/ T10-
nieM Z,, uiu crenurudeckie MeTO/bl U3B/IeYeHHs KBaIPAaTHBIX KOPHeH 1o Mo-
ayiio p (cM., Hammpumep, §§ 6.1, 6.2 B kuure [2]). BepoATHOCTHBIE aITOPUTMBI
TAKOr'o poja Ha MPAaKTHKe paboTaloT JOBOJIBHO OBICTPO.

[TycThb (—%) =1, T. e. cpaBHenue (1.2) paspemumo. Torga ansa p = 4k + 3 ero
pellleHUA MOXHO HaHTH 10 ABHOH dpopmyie x = +(—d)**! (mod p), mockonbky

x? = (—d)**? = (—d)®*V/2 = —d (mod p).

B ciyuae p =1 (mod 4) MoxkHO npuMeHUTH anzopumm Tonennu — Illenkca [36], ans
Yero MpeJBapUTENbHO NOTpebyeTcs HAMTU KaKoU-HUOYAb k8adpamuuHblil Hegbluem b
10 MOAY/IIO0 p. Ha mpakTuke MOKHO IIPOCTO «IIOAOPOCUTH MOHETKY»: BEIOpATh CIIy-
YaWHBIN BBIYET b U BBHIYUCIUTH CUMBOJ JlexkaHzapa (%) C BEPOSITHOCTHIO 1/2 OH
6yzeT paBeH —1. B ciaydasax p =5 (mod 8) u p =5 (mod 12) MOXHO B34Th b = 2
1 b = 3 cOOTBETCTBEHHO.

CpaBaenue (1.2) MOXKHO TaK)Ke PEIIUTb C TOMOIIbI0 anzopumma Yunosnwt [32].
B 3TOM anropuTMe BBIYUCIEHUS IIPOU3BOAATCS B HEKOTOPOM K8AOPAMUUHOM DAC-
wupenuu mons Z,. TlpefsapuTensHO HEOOXOAMMO HaWTH BHIYET b, /1A KOTOpOro
b? + 4d siBNAAETCA KBaZPATUYHBIM HEBLIYETOM II0 MOZAY/IO p (MOHATHO, YTO U 37eCh
[IPUMEHUMBI BEPOATHOCTHBIE COOOPAYKEHUS).

Byzem cuutath, 4To 0 < m < p/2. AnroputMm KopHaKkua COCTOUT B CJie-
AyIOIEM.
(a) Homnoxum ry = p, r; = my,.
(6) Ipumenss anezopumm Egkauda K YUCIaM Iy U 1y, OyZeM BBIYHUC/ISATH OCTaT-

KUTy,...,T; (f;,] — OCTaTOK OT ZieJIeHN I;_; Ha I;) 0 TeX IOp, IOKA He I10-
2
Jly9M HEpaBeHCTBO I~ < p.

2V /4 — 42
(8) Ecmu (p —r)/d = t° ana HexoToporo HarypaabHoro t, To (1.1) umeet
mecto st (A, B) = (r,, t). iHaue npeacTaBienue (1.1) HEBO3MOXKHO.

B ciyyae d = 1 mar (B) MOXKHO YIIPOCTHUTD: BBIYMCIUM €I OJUH OCTATOK
re+1, ¥ Toraa (A, B) = (ry, 1,41 ). Ha mpakTtuke anroputm KopHakkua 0BOJIBHO
ObICTPO pelIaeT Bompoc o npegcrabieHuu (1.1), MOCKOIBKY IOC/Ie0BaTENb-
HOCTb OCTATKOB {r;} SKCIIOHEHIMaIbHO yObIBaET.
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[TpuMEP 1.1. Ilyeth d = 3, p = 2017. Torga my = 589. imeem

rn =pmodmg=250, r=mygmodr, =89, r3=r,modr,=72,

172
2017 =172 _ 542

rp,=rymodry =17, 17%<2017, 3

TaxuM o6pasom, 2017 = 172 + 3 - 242,

O6ocHOBaHME KOPPEKTHOCTH anropurMa KopHakkua npescTaBiieT UHTe-
PECHYIO TeMy /JIsl OTebHOU CTaThU, U MBI He OyZieM 37eCh 3TUM 3aHUMAaThCs
(uuTaTena oTchlIaeM K cTaThe [12] kak copeprkaieit Hauboiee KOMIIAKTHOE
u3oxeHre). OTMETHUM TOJIBKO, YTO JAaHHBIH aniroput™ paGotaet® u g co-
CTaBHBIX p (TIpH YCJIOBUH, YTO yJaJI0Ch HAWTH Bce peleHus cpaBHeHus (1.2),
a 3To CJIoKHasA npobieMa B cIydae COCTaBHOT'O MOZYJIS).

Cryuait d = 1 u3zaBHa NpUBIeKag BHUMaHUe. VI3BECTHO HECKOJIBKO aj-
TOPUTMOB /I IIPe/ICTAaBJIEHNA IIPOCTHIX YKCeI CyMMOH JIBYX KBaZJpaToB, IO-
ABUBIIKXCA o anroputma KopHakkua (1908 rox). B nepByto ouepens cienyeT
YIIOMAHYTh anizopumm Ipmuma — Ceppe 1848 roga (cm. [20, 28]), ucmosnb3y-
IOLIMH pa3/ioKeHNe PAaIlfMOHATBHOTO YKCIa My/p B LEMHYI0 Apobb. I1o cyuie-
cTBY, anroputMm KopHakkua B crydae d = 1 AB/IeTCs YKOPOUEHHBIM BapHaH-
ToM anroputma Jpmuta — Ceppe. Ha s3bike 1[enHbIX Apobeii GopMymupyeTcs
U cxoxuit aneopumm Cmuma (1855 roz), AeTasbHOE M3JIOXKEHUE KOTOPOTO
MOXXHO HalTHU B cTathbe [16]. MicTropudecky nepBBIM OB aeopumm Jlexcanopa
(1808 roz), KOTOPBIH UCIOIB3YET pasioKeHHe B (TIEPUOJUIECKYIO) LIEMHYIO
Apo6b KBaZpaTUYHON MppanuoHambHOCTH p /2. Jlia GOMBIIMX p 3TOT airo-
pUTM, BOOOIIIEe TOBOPS, HEdPPEKTUBEH, TaK KaK MMEPUOZ IIEMTHOMN pOoOU MOXKET
0Ka3aTbCsl HACTOIBKO JIMHHBIM, YTO €70 HEBO3MOXXHO OYZIET BBITHCATD.

KpaTkoe U3JIoKeHUEe YITOMSIHYTHIX aJTOPUTMOB (C MOSICHAIOIUMU TTPUMe-
pamu) ecTh B maBe V kHur# [5]. B craThe [14] nmpuBoguTcs o60CHOBaHUE
yCOBepIIEHCTBOBaHHOM Bepcuu anroputma Jpmurta — Ceppe. Jlpyroe o6oc-
HOBaHUEe MOXXHO HaWTH B cTaTtbe [4].

1.2. EBKJIUAOBHI KOJIBIIA U AJITOPUTM EBKINZA

Jlist HeKoTOophIX d BOIpOC O mosydeHun mpegcrapaenus (1.1) MoxHO pe-
IaTh APyruM (Toxke BrosHe 3$GEeKTUBHBIM Ha MPaKTHKe) crioco6oM. Ham mo-
HaJ06UTCs TIOHATHE egkaudosa koavua (cM., Hanmpumep, yue6Huk [3]). IIpea-
nosaras d cBOGOJHBIM OT KBa/IpaTOB, PACCMOTPUM KOIbUO UeJIblX Ullcen

Zlw]={x+yw:(x,y) € Z?}

® B ciygae cocTaBHOrO p anropuT™M KOpHAKKMa HAXOZUT TONBKO NPUMUMUBHbIE Nped-
cmasnenust (1.1), T.e. ¢ gononuutenbubiM yemoBueM HOJJ (A, B) = 1 (oHO aBTOMaTUYeCKU
BBITTOJTHEHO IJIS IIPOCTHIX D).
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MHUMO20 K8adpamuurozo noasi Q(v—d). 3aech

# npu —d = 1 (mod 4),
w =

vV —d mpu —d #Z 1 (mod 4).
[Tyctb N(y) —HOpma uncna y = x + yw € Q(vV—d), T.e.

x>+ xy+(d+1)y? _
N =lyP=y7= 4 npu —d = 1 (mod 4),

x? +dy? npu —d #Z 1 (mod 4)

(3mech u Janee 4yepTa CBepXy O3HA4yaeT CONPSDKEHUE B I0JIe KOMIUIEKCHBIX
yucen C).

Crenytonuii KpUTEPHUM OYEeBUAHBIM 00pPa30M BBITEKAET M3 OIpeAeeHUH
Y CBOMCTBA MYJIBTUILTUKATUBHOCTH HOPMBIL: N (Y172) = N(y1)N (y2).

JIEMMA 1.2. B konvue Z[w] MoxcHo desiums ¢ ocmamkom OmHOCUMebHO
Hopmbt N (+) mozda u monbko mozda, kozda dns 06020 y € Q(v—d) Haiidémcea
maxoe v* € Z[w], umo

N(y—y") <1 (1.3)

Onupasce Ha ieMMy 1.2, HETPyZAHO YCTAaHOBUTb €BKJINA0BOCTh HEKOTOPBIX
xosern Z[w]:

JIEMMA 1.3. Koavyo Z[w] esknudoso npud € {1,2,3,7,11}.

JIOKA3ATE/ICTBO. [IpH ecTeCTBEHHOM reOMeTPUYECKOM M300pakeHUH Yu-
ces1 Kosblia Z[w] Ha KoMIUIeKcHOH wiockocTy C momyuuTes pewémka ¢ 6a3u-
coMm 1 u w. HyxkHO ybeauThesa, 9YTO GA3HUCHBIN MapaUIeIorpaMM MOXHO II0-
KpPBITh OTKPBITBIMU KPYTraMU eIMHUYHOI'O pajuyca C lleHTpaMu B BepiunHax 0,
1, w u 1+ w 3TOrO Mapatenorpamma. /I ykasaHHbBIX 3HaueHUH d 3To bosee
WM MeHee OYEBU/IHO U3 DJIEMEHTApHO-TeOMeTPUYECKUX cooOpakeHnid. [

Ha camowm zene B temMe 1.3 mepeunciieHbl Bce eBKIMAOBBI KOJIBbIA: KaK ObI
MbI HY BBOJWIU €8K1U008Y HOPMY B KOJblle Z[w], APYTUX CIydaeB eBKIU/O-
BOCTHU He MOSIBUTCA (3TO HECJIOXKHOE YIIPAKHEHNEe MBI OCTaBJIIeM 3aUHTePeCo-
BaHHOMY umuTareno). Ciydau d = 1 (yesnte 2ayccosnvt uucaa) i d = 3 (yenvte
yucna diizeHwmetina) xopoiro u3BecTHbl. OueHKy (1.3) B 3TUX CTy4asx MOX-
HO yTOYHUTB:

N -7 < { 1/2 mpud=1,
1/3 mpud=3.

Ina d € {1,2,3,7,11} s3amauy o mpezactasiaeHuu (1.1) MOXXHO pelaTh

creayomuM o6pasom. ITycTh MPOCTOE YUCIO p TaKOBO, YTO cpaBHeHUe (1.2)
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paspelrmMo U X = My — OJHO U3 PELIeHU. VIes COCTOUT B TOM, YTOOBI pac-
cmotpetb 6 = HO/I (p, my + v —d) B KoJblle Z[w].

JIEMMA 1.4. N(6) = p.

JOKA3ATEJILCTBO. IMeem
(mg + v —d)(my— v —d) = pl

JUTsI HEKOTOPOTO 11esioro [. OTCcrofa BUAHO, UTO p > 2 He SBJISETCS POCTHIM dJ1e-
MEHTOM eBKJIHZIOBa (M moToMy ¢paKTopHranbHOro) Kosiblia Z[w], nbo HU OZHO
u3 urcen my £+ v —d He genurcs Ha p. Ilyets p = &, rae m, £ € Z[w] u m—
npocToii anemeHT. Toraa p2 = N(p) = N(m)N (&), otkyza N(n) = N(&) = p
u & = 1. TakuM 06pa3oMm, p = 77T eCTb IIPOU3BeJEHUE IBYX IPOCTHIX (BO3MOXK-
HO, acCOIMMPOBAHHBIX) 3JIEMEHTOB. Temephb yKe JIETKO YCTaHOBUTb, YTO &
acCcOIMUPOBaHO MO0 ¢ 7T, 60 ¢ 7T. B oboux ciaydasx N(6) = p. O

Terepb MbI MOKEM BBIYUCIUTD & = X + Yo C IIOMOIIbIO ajropuTMa EB-
K1nga A kosbla Z[w] (3To Aenaercs 6BICTPO Aaske A 6osbinux p). Toraa
mpu d € {1, 2} umeem p = xg + dyg, U 3aza4a o npezacrasienuu (1.1) pemrena.
Ecmuxe d € {3,7,11}, To

2
_ .2 d+1 2 _ ¥0)2 , D
P—xo+on’0+T)’0—(Xo+j) 2

U TpebyeMoe MpeCcTaBIeHNue BO3MOXKXHO TOJIBKO TIPU YETHOM Y.

Ilpu d = 3 3aMeHOl § Ha w§ WM HA w>§ MOXHO CeNaTh Y, YETHBIM.
[Tpu d = 7 umcio y, 06s3aHo O6bITH YETHEIM. A BOT IIpu d = 11 yuciio y, yxe
MOXKET OKa3aThbCs HEYETHBIM, U TOTrJa MCKOMoe mnpezactasienue (1.1) 6yzer
HeBO3MOXHBIM. Hanpumep, 14 p = 23 nuMmeem

23=42+4-1+3-1>=5245-(—1) +3- (=1)?,

TaK 4TO Yy = 1 — HEeUYETHOEe YMCIIO.

[TpumMmEP 1.2. Ilycth d = 1, p = 2017. Toraa MOXXHO B3ATh m = 229. Ilo-
JIOXUM pg = 2017, p; =229 4+ v—1 u Beraucium 6 = HOZJ (pg, p1). meem

Po _ 229— -1

~ — _ *
o1 26 ~ 8,80—0,03v—-1, y* =09,

TaK 4TO Py = Po— P17 = —44— 9V —1. [lanee HaxoaUM
bro 54 yT1= r*
P2

U p3 = p1—Poy" = 0. 3HauuT, § = py = —44 —9v/—1 1 2017 = 92 + 442,
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1.3. CYMMA CcUMBOJIOB JIEXKAHPA

[Tyctb b u ¢ — uenble yucia. Creayloliee yTBepXKJeHre O 3HaYeHUH CYMMBI
-1

S(b, ¢) :pZ:(x2+Il;x+c)

x=0
COCTaBJIAET OCHOBY BCEX ﬂ&ﬂbHCfIH.II/IX BBIUYHCJICHUH.

JIEMMA 1.5. Cnpasedniugo pageHcmaso

S(b.c) = { p—1, ecau D =0 (mod p), (1.4)

—1, ecau D #Z 0 (mod p),
2de D = b% —4c.

JIOKA3ATE/ILCTBO. BBIZeNAA B BRIpOXKEHUHU X2 + bx + C IOJHEIA KBaJpar,
HETPYZHO OOHAPYXUTb, YTO

S(b,c) = S(0,—D) = pz ("Z;D) .

x=0

Cravasia Beraucium S(0, —D) 1o MOAYJIO p, BOCIIOIb30BABIINCH KPUTEPUEM
Oiinepa. imeem

p—1 p* p—1
$(0,-D)= > (x*—D)P V2 =>"¢5.(—D)P* > x* (mod p),
x=0 s=0 x=0

rae p* = (p — 1)/2. Jlanee Ham moHaZ00UTCA cieAyromas GpopMya s CTe-
MIEHHOM CYMMBI TI0 MOZYJIIO p (37€Ch t — II€JI0€ YHCIIO):
t —

X:p

-1
R —1, ecnut gemutcAHA p— 1,
0 wuHaue

x=1
(HeCJIO)KHoe JI0Ka3aTe/JbCTBO, OCHOBAHHOE HAa IUKJIWYHOCTHU MYJbmuniuxka-
MUBHOU 2pynnbl TOJIsA Zp, IIpeoCTaBIIAETCA YUTaTeNMo). Torga

p! X { 0 mpu0<s<p
2=,
= —1 mpus=p*.

CnenoBarenbHo, S(0, —D) = —1 (mod p). Temneps, mockoabky |S(0, —D)| < p,
nonyuuMm S(0, —D) € {—1, p — 1} ana moboro D. fcHo, uro S(0,0) = p—1. Ho
p—1 p—1

st =35 (<52) =0,

x=0D=0
noaromy S(0,~1) = 5(0,~2) =...=S(0,—p + 1) =—1. 0
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CylIeCcTBYIOT U APYTHe CIOCOOBI oKazaTenbcTBa popmyinsl (1.4) (B Halem
JI0Ka3aTeabCTBe MbI ciiegoBaiu Ako6crano [21]). Berancienue cymmsl S(0, —D)
SKBUBAJIEHTHO MOJCYETY YMCIA TOYeK TUNepbonsl y2 = x2 — D Haz moneM
Z,. C TOYKHA 3peHUA DJIEMEHTAPHON anrebpandeckod reOMeTpUH, STO KpU-
Basi BTOPOTO TOPSIZIKA, KOTOPast IOMyCKaeT PAUUOHAIbHYI0 NApaAMempu3ayuio.
B maHHOM ciy4yae yo06HO MeperTH K HOBBIM ITEPEMEHHBIM U=X—Y, U =X+
Y 3aIMcaTh ypaBHEHUE B BHJIE

uv =D.

Jluneitnas 3amena (x,y) — (u,v) 6uekTUBHa, a YKUCIO peueHuit (u, v) mo-
C/IeHETO ypaBHEHHUs Ha/l MoJIeM Z,, JIETKO HaXOJUTCA B 3aBUCUMOCTHU OT D.
TakuM 06pa3zoM, UMeeM

p-1 > p 2p—1, ecm D =0 (mod p),
Z(1+(XT)):{ p—1, ecmuD #0 (mod p).

x=0

Ortcioza u ciienyeT paBeHCTBO (1.4).

§ 2. BBIUMCJIEHUE CYMMBI ¢ (1)
TIpu 3aMeHe X Ha —X BHIPa’KEHHe X° + nX MeHdeT 3HaK, YTO II03BOJAET
3amucaTh cyMMmy ¢ (n) B BUze

(p-1)/2

s=(+(3)) D, (5m).

x=1

B ciydae p =3 (mod 4) umeem (—%) = —1, moatomy ¢ (n) = 0 aa moboro n.
B yacTHOCTH, [JIs SJUTUIITUYECKOM KpHBOii E, 3a/laHHOM ypaBHEHUEM
y2=x3+nx, (2.1)

umeeM N, (E) = p + 1.

Jlanee B aTOM pasziesie OyzeM paccMaTpUBaTh TOJMBKO cydaii p=1 (mod 4).
B aTOM ciyuae (—Il)) =1 u ¢(n) yétHo mpu a060M n. SICHO TaKkKe, YTO
¢(n) =0mnpun=0 (mod p).

BBezném obo3nauenue: k = (p—1)/4, tfakuro p=4k+1u (p—1)/2 = 2k.

2.1. ABCOJIIOTHOE 3HAYEHUE ¢ (n)

[Tycte m # 0 (mod p). Imeem

p—1 —1

oo = () = () 2(75) = (3)oto

x=0 x=0
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Kak ciezcrBue, noayumum
| (nm®)| = |¢ (n)].

Orcroga BUAHO, 4To |¢ (n)| mpu n Z 0 (mod p) MoXKeT MPUHUMATh TOJbKO JBa
3HAYeHUA: OAHO Ui KBaZPAaTUYHBIX BBIYETOB N IO MOAYJIIO P, APYTO€e — JJIst
KBaJpaTUYHBIX HEBBIYETOB. Bojlee KOHKPETHO MOYKHO BBIPA3UThHCS TaK: 16O
| ()| =1|¢ (1)|, mubo |¢p (n)| =|¢ (g)|, rae g — kakoit-HUOYAL Nep800OPA3HDBLI
KOpeHb TI0 MOZYJIIO p.

PaccCMOTpPHM YaCTHBIH Cydail m = my, Te m% =—1 (mod p). Vimeem

¢(—n) = p(nmd) = ()& () = (1 $ (w),
TIOCKOJIbKY TI0 KpUTepuio Jiliepa

Mo\ _ m2k = k
() =m =Dk (mod p).
B wactroctH, ¢ (1) = (—1)* ¢ (—1) (3TO paBeHCTBO HAM IOHAZOBUTCSA B TIOZ-
paszene 2.3).

2.2. 3HAYEHME ¢ (n) Mo MOAYIIO p

BaXHBIM IIIaroM Ha ITyTH BBIYUCIEHUS ¢ (n) ABisgeTcs BerauciaeHue ¢ (n)
mod p. T[I[puMeHUM Ty K€ TEXHUKY, YTO U IIPH JJOKa3aTeabCTBe JeMMeI (1.5):

p—1 2k

$(n) = Z(x +nx)PD/2 = ZZCSkXZHZS 2k—s _

x=0 s=0
_ZC knzk SZX2k+25 kckk (mod p).

Kak cieacTBue, momydum
n
20 —nka (mod p), (2.2)
r/7ie BBeZieHO ob6o3Hauenue a = ¢ (1)/2. opmyna (2.2) B Buge popmyssl (10)
ecTb B cTaTbe [24] (cM. Takke cTaThbio [30], e Mo Moo p HalIeHbl CyMMBI
Axob6cTana (0.2) ausa moboro [).
[maBHOe HabJIOfEHYe: €CTU YAACTCS BBIYUCIUTh d, TO C IIOMOIIBIO CpaB-
HeHus (2.2) MOXXHO OZJHO3HAYHO M OBICTPO HaTH ¢ (n)/2 mnst moboro n,
TIOCKOJIBKY a Priori MMeeT MeCTO OIleHKa

¢ (n)
2

2

1 n* mod p GBICTPO BEYMCIAETCH C IOMOIIbIO GUHAPHOTO A/ITOPUTMA.
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Takum 06pa3oM, BCE CBOAUTCA K HAXOXKAEHUIO yrcia d. Kak 3To MOXXKHO
cZesaTh, JOBOJIBHO MMOHATHO HAMIMCAHO elé caMuM JKko6cTaneM B cTatbe [21].
Crnepytolye mogpaszaensl 2.3 u 2.4 MpeACTaBIAIOT cOO0M Mepecka3 COOTBET-
CTBYIOIIEN YacCTU 3TON CTaThU.

2.3. BHAYEHUE ¢ (1)/2 mo mozayiwo 4

fIxobcTanb GpaKTUIECKU BBIYUCIWI 3HavyeHue a = ¢ (1)/2 mo moxayiao 8
(cm. mke (2.5)). Yao6HO cHadana paceMoTpeTh a’ = ¢ (—1) /2. meem

p—1 3 p—3
w=S5) =S EENED e
[TycTtb Nl(f) —yucnio Tex x € {1, 2, ..., p — 3}, A1 KOTOPhIX
()-8 (559
Torzma 5
p—
v =3 (1-(5))-C51)(-0(52) @9
x=1

Kpome Toro, uncio N () yéTHO (TTOCKOJTBKY U3 X € N (3) ciefyeT p—x—2 EN @),
TaK 4TO BCE DJIEMEHTEL N (3) pa3buBaroTcsa Ha Hapbl) Temneps U3 paBeHCTB (2 3)
u (2.4) c moMoIpio JIeMMH 1.5 MOXXHO BBIBECTH PaBEHCTBO 8N ©) = =p—3—2d
(aTO TPHBHATBHOE, HO HECKOJIBKO IPOMO3JKO€E U CKyYHOe ynpa)KHeHHe pelra-
€TCs UCKJTIOUNTEIHHO YCHINEM BOJIH; Beile 3a fIkobcTanieM MBI IPeJOCTaBUM
9TO YHUTATEIIO).

Kak cieznctBre, IpUuxoAuM K CpPaBHEHUIO

a’5p2i22k—1 (mod 8).

Jlanee nmeem
a= (D' = (-1)*@2k—1) (mod 8), (2.5)

oTkyza a=—1 (mod 4), mockonbky (—1)%(2k—1)=—1 (mod 4) mpu mo60M k.
TakuM 06pa3oM, ec/ii HaM yAacCTCsl BBIYHUCIUTS |a|, TO ¢ TIOMOIIBIO TIOTy-
YEeHHOT'O CPaBHEHMS MOYKHO OZIHO3HAYHO OIPEAEIUTh ¥ CAMO YHCJIO d.

2.4. CBA3b C MPEJCTABJIEHUEM p = A2 + B2

[TocneHee BEIYUCIEHNE, KOTOPbIE MBI IPEATIPUMEM, SBJISETCS, TTOXKAIYH,
caMBIM Ba)KHBIM: OHO NPUBOAUT K popMmyiie (2.6), Jexkalreil B OCHOBE JIF000T0
3GbEKTUBHOTO aJITOPUTMa BhIYMCIEHUA ¢ (1n).
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YuraTesto npejjaraeTcs yoeUTbCs B CIIPAaBe/JIMBOCTU CIIEAYIOIIEH IeTTOYKU
PaBEHCTB:

SLSLe x> +nx) (Y +ny
Zcb w=2.22,(5)(5") =
n=0x=1y=1 P p
p—1p-l p=l 2, .2 2.2
_ xy n“+ x4+ y n+xy _
2,2,5) 2 )
p—1p-l p—1 2 2\2
_ X n”— (=¥ _
2.2.G) 20—
p—1 2 p—1 2 p—1p—1 Xy
=2 (%) +r 2 (5) - (5)=20G-1)
x=1 x=1 x=1y=1

Teneps, yuuThIBas pesysbrar nogpaszeina 2.1, noiyyum

Z¢ () = B2 (620 + ¢2() = 2p(p — 1),

re g — nepBooOpa3HbIi KOpeHb o MoAyso p. OTcoza
_ (22 9(8))?2
=(*27) + (%)~ (2.6)

B wactHocTH, |¢ (1) < 2p1/2 ul|¢p(g)| < 2p1/2, Tak 470 |¢p (n)| < 2p1/2 BoOOIIIE
qutst o6oro n Z 0 (mod p). TeM caMbIM ITOJTHOCTBIO JOKAa3aHO YTBEPXKAEHHE
TeopeMbl Xacce /I 3JUTUIITUYeCKOM KpHUBo E, 3aZiaHHOM ypaBHeHueM (2.1).

PaBeHCTBO (2.6) ecTh He YTO MHOe, KaK IIpeACTaBIeHe YUCIa P B BUZE
CYyMMBI IByX KBagpaToB. Takum o6pa3oM, HaM OCTaJI0Ch HaTH aJbTepHATUB-
HbIH (1 3¢ deKTUBHBIN Ha MPAKTUKE) CIIOCOO TOTyYeHUs TaKOTro MpezCTaBe-
Hus. Kak MbI yoxe Bugenu (cM. mozgpaszensl 1.1 u 1.2), Takoii crocob ecTs,
U ZIaXKe He OJHH.

2.5. BBICTPBIH AJITOPUTM BBIYUCAEHUA ¢ (n)

I[IpesncTaBieHHbIE BhIIe GAKTHI IPUBOJAT K CJIEAYIOUEMY aITOPUTMY BBI-
yucienus ¢ (n) mpu n Z 0 (mod p), paboTatoiemMy B ciydae GOMbIINX P.

(a) C momoIbio KaKoro-HUOY A OBICTPOro anropuTMa (cM. mogpasaesns 1.1
u 1.2) HaxoAMM mpejcTaBieHre mpocToro p = 4k + 1 B BuUZe CyMMBI JBYX
KBa/IpaTOB:

p =A%+ B? (2.7)
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rfe A, B— HaTypasbHbIe Yucia, IpU 3ToM A He4€THO. Kak BugHO u3 teMMsI 1.1,
Takue 9rcia A U B onpeZiesisioTcs YMCIOM P OHO3HAYHO.
(6) 3arem Haxoaum a = ¢ (1)/2, ucxo/st U3 yCIOBUM

lal]=A, a=-1 (mod 4).
(B) HakoHerl, 1jist 3aJaHHOTO 1 HAXOAUM ¢ (n), UCXO/SI U3 YCIOBUM

¢(n) =nka (mod p), @ < p%

[TpowmocTpUpyeM JaHHBIN AITOPUTM OHUM ITPUMEDPOM.
IpumEeP 2.1. [yctb p=2017=4-504+1 u n=—37. Umeem 2017=9%+44>
(cMm. mpumep 1.2), Tak uyTo A = 9 U, TakuM obpasoM, a = —9. Torga

[MTockonbpky 1973 > 1008 = (2017 — 1) /2, monydyum

¢ (=37)
2

=1973—2017 = —44,

otkyzaa ¢ (—37) = —

YNPAXKHEHUE 2.1. /g mpocToro uncia p = 4k + 1 onumuTre aaroputm
OBICTPOTO BBIYUCIEHUS OMHOMUATBHOTO KO3bdHUIIEHTA C'z‘k 10 MOZYJTIO P.

YKA3AHUE. Bocronb3yiiTech cpaBHEHHEM C2k =—¢ (1) (mod p).

YIPAXKXHEHUE 2.2. JJOKa)XXUTe, YTO JJIs1 POCTOTO Yucia p = 4k + 1 npea-
crasieHue (2.7) MoxeT OBITh HaliZIeHO C IOMOIIBIO CIeAyIomux opmyn Iaycca:

A= ckk (mod p), B=(2k)!A (mod p),
rae (He 06s3aTebHO MOMOKUTENbHBIE) YHcaa A, B yI0BI€TBOPAIOT AOMOIHU-
TenbHBIM yetoBusaM |A| < (p—1)/2, |IB| < (p—1)/2.

KoMmMmEHTAPUN. @opmysnel [aycca HEIPUTOAHBI Jis HETIOCPeICTBEHHOTO
Pa3IoKEHUsT OOJIBIITUX YKCEN P B CYMMY ZIBYX KBaZIpaTOB, TIOCKOJIbKY HEIIO-
k
HATHO, KaK OBICTPO BBIYMCIUTE Coy IO MOAYIIO D, HE TIpUberas K airopurMmy
u3 ynpaxkHeHud 2.1.
YnPAXXHEHHUE 2.3. IlycTb N, (G) — uncIo TOYEK IIUTUNITUYECKOU KpUBOH G,
3azaHHOM ypaBHeHHeM u?v? + u? + v? = 1, Haz monem Zy. [lokaxure, 4TO

Ny (@) =N, (B)—2(5) =p+1+¢@—2(5), (2.8)

rae E—xpuBas (2.1) cn =4.
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YKA3AHUME. BocnosnbayitTech 6upayuoHanbHoll 3ameHoll

u_z_x U_x—z - x_2(1+1}) _4(1+U)
Yy’ x+2 1—v > YT u—v)

KoMMEHTAPUIiI. B popmyse (2.8) yuuThIBaroTCsA U B€ TOUYKU KPHUBOH G
Ha 6eCKOHEYHOCTH (3TO TOUKH TepecedeHuss G ¢ 6eCKOHEUHO yAaaéHHOU mps-
Mmoit). Popmyna s N, (G) BmepBBIe BcTpeyaeTcss B AHEBHUKAX l'aycca Kak
MIPETIONOXKEHNE, KOTOPOE TI03Hee ObUTO I0Ka3aHo (CM. o 3ToMy mmoBoay [15],
a Tak’ke KOMMeHTapuii Ha cTp. 97 B kHure [11]).

Jlis cpaBHEHUA YKaXKeM €llé OJUH aJTOPUTM JJi BEIYMCIeHUs ¢ (1), KOTOPHIH
MOXKHO TIPEZJIOKUTh Ha OCHOBe TeopeMbl 6.2.1 u3 kuuru [13]. OH Takke onupaeTcs
Ha TpeZictaBienue (2.7), 04HAKO Teleph B BBIYUCIEHUAX OYAyT y4acTBOBATh KakK A,
Tak u B.

(a) BribepeM Kakoi-HUOYAL IEPBOOOPA3HBIM KOPEHD g IO MOAYIIO P.
(6) Ompenenum a,, UCXOAS U3 YCIOBHUI

a4E—(%) (mod 4), a4l =A.

(B) 3arem BerumcauMm b,, UCXOASA U3 YCIOBHIA
by =g a, (modp), |byl=B.

(r) Jlanee HaiizéMm [, ana koroporo g8 =n (mod p), u BeruucauMm r = [ mod 4.

(z) Torma
2(—1Dkay, ecur =0,

2(=1)*b,, ecmr=1,
2(-D)*a,, ecmur=2,

2(=1)**'p,, ecmur=3.

¢(n) = (2.9)

Il moKa3aTesbCTBa KOPPEKTHOCTH 3TOTO aATOPUTMA ZIOCTATOYHO MPOBEPUTH,
gTo A1 uncaa ¢ (n), HadigenHnoro mo ¢dopmysie (2.9), BeinonHsAeTcs cpaBHeHue (2.2).
[Ipoiite BCEro pacCMOTPETh BCE CHUTYallMM B 3aBUCHMOCTHU OT 3HadeHwit (2/p) u r.
[lycTb, HAIPUMED, MBI UMEEM

(2)=1 r=s.
p

B aTOM cityuae a, = a, a uucio k yérHo. Torzga no ¢popmyse (2.9) mosydum

20 — b, =—gka (mod p).

Ham HyHO y6emuthed, uTo —gFa = n*a (mod p). JleficTBUTebHO, MMeeM

k —

ok = gkz — gk(4m+3) = g3k = —gk (mod p),

nockonbKy g2k = g® /2 =1 (mod p).
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[To oueBUAHEIM IpUYMHAM (cHavasa TpebyeTcs HaiiTu g, a 3aTeM pellaTh BbIYHC-
JIUTENBHO CJIOXKHYIO 33/1a4y OUCKPemHO020 J102apudMuposanus, 4Tobsl Haiitu | U r)
JAHHBINA aITOPUTM He 6yZeT 3GEeKTUBHBIM P OOMBIINX P.

§ 3. BBIYMCIEHUE CYMMBI V(1)

B aTOM paszesne Mbl paccMoTpuM cymMmy (0.3), BBIYHCIEHTE KOTOPOH MOXK-
HO OPraHM30BaTh 110 TOMY )K€ CIleHapHIo, YTO U BeryucieHue cymmsl (0.1).
[ToaTOMy MBI TIOZPOGHO OMUILEM TOJBKO HauboJee CIOXKHbIE STAIbI BBIYHUC-
JIeHUs], TIPEIOCTABUB YUTATETI0 CAMOMY BOCCTAHOBHUTH JI€TaIK B OCTAJIbHBIX
CIIy4asx.

I. CHavasa 3ameTuM, 9To TIpu p = 2 (mod 3) oTobpaxkeHue
f:Zp—)Zp: f(x)=x3,

OMEKTHUBHO (oqepe,aHoe YIpa*KHEHUE A1 ‘{I/ITaTeJIH), IIO3TOMY

p—1 3 p—1 n
=3 () =3 (1) =o.
x=0 y=0

Jlanee myctb p = 1 (mod 3). IMomoxkum k = (p — 1)/6, Tak yto p = 6k + 1
u (p—1)/2 = 3k. Ilyctb Tarkke n Z 0 (mod p) (uHaue, oueBUAHO, ¥ (n) = 0).
Tak ke Kak U B nogpaszese 2.1 jerko gokasaTbh, YTO

Y(m®) = (5 ) (n) (3.1)

mpu mo6om m # 0 (mod p). Otcioga ciexyet, uto |y (n)| mpuHUMAaeT OZHO
u3 Tpéx suauvenwuit | (g4)], [y (g¥)| u |y (g¥)|, rae u, v u w — Kakas-HUOYAb
IOJTHAsI CUCTEMa BBIYETOB IO MOAY/0 3 (Kak u Bbllle, § — GUKCUPOBAaHHBIN
IepBOOOPA3HBIN KOPEHb 10 MOAYIIO p). Jlaiee Mbl BO3bMEM u=0, v =2, w =4.

II. Temepb 3aMeTHUM, YTO YHCJIO 1) (1) YETHO TOTZA M TOIBKO TOTZA, KOrza
n*=+1 (mod p). (3.2)
JleficTBUTENbHO, TIPH BHITIOJIHEHUY yCIoBUA (3.2) cpaBHEHUE
x*+n=0 (mod p)

HnMeeT pOBI:;IO TpHU pEIIE€EHNA, a MHAa4Y€ OHO HEPA3PEIINMO. BHa‘II/IT, cpeau ciia-
xX°+n

raeMbIxX ( ) CyMMBI ) (1) 9UCIIO IUTFOC-MUHYC €AWHHUIL paBHO 6o p — 3,
b0 p, YTO U ZIOKAa3bIBaeT yTBepkAeHUe. B yacTHOCTH, yuncio (1) 4éTHO,
a uucna v (g2) u ¢ (g*) HeudTHeL.
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II. Cnexyromuii mar — ebiuucaeHue P (n) mo mogysmto p. meem
p—1 3k

-1
Y(n) = pZ(x3 +n)P~D/2 = Z Z G5 xS =
x=0

x=0 s=0
= Z C knsk s Z x> = —nkC?%,lf (mod p).

B wacTHOCTH, BUAHO, 4TO Beerga ) (n) # 0 (mod p). Kpome Toro,
YP(n) = 2n*a  (mod P, (3.3)

I/ie UCTIoNb3yeTcst o6o3HaueHue a =1) (1) /2. Eciu yaacTes BBIYMCIUTD YUCTIO d,
TO, YIUTHIBast YETHOCTD uKcia v (n), ¢ momolbio cpaBHenus (3.3) 1 HepaBeH-
ctBa | (n)| < p MbI CMOXXeM OJHO3HAYHO OIpeAeauThb Y (1n).

IV. Kak MBI y:Ke 3HaeM, YMCJI0 a — Iieyioe. bojiee Toro, cripaBeiuBO CpaB-

HEeHUne
a=-1 (mod 3). (3.4)

B camowm gene, nmeeM

p—1 p—1
v =(2)+ 2 (52) = (8)+ nm(55).
y=1

x=1

rae Nj,(y) — 4ucio penieHuii cpaBHeHNS x>*=y (mod p). IIpu y Z0 (mod p)
umeeM N, (y) € {0, 3}, mosTomy

—(n
Y(n) = (E) (mod 3).
B yacTHOCTH, TIpu n = 1 oTcio/ia ciieayeT cpaBHeHue (3.4).
V. Ocrajoch caMoe CI0XKHOe — HAWTH CBSA3b YKCIA d C IPe/ICTaBIeHeM
p=A%+3B2 (3.5)

r[le HaTypaibHble A U B OZHO3HAYHO OIpefeieHbl ynciaoM p (memma 1.1).
M&bI foKaKeM, 4To |a| = A U, ciefjoBaTelbHO, a = +A, r/le 3HaK BhIOMpaeTcst
B COOTBETCTBUH C (3.4).

C 3TO¥ 11eJIbI0 BEIYUCINIM /IBE CYMMBI:

p—1 p—1
S1= .0, Sy= Y. ¢p*(n).
n=0 n=0

OCHOBHBIM UHCTPYMEHTOM IIpH BBIYMC/IeHUU OyzeT temma 1.5.
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HepBaﬂ CyMMa BBIYHUC/IAETCA TaK:

p—1p-1 p—1p-1

=303 (22) =S () <y s - =0

n=0 x=0 x=0n=0

C Zpyroi#i CTOPOHBI, UMeeM

3k—1
S1=2 > y(g¥) = 22 (&™) +1(g%2) +4p(g+H) =
j=0
=2k(Y(1) + 9 (g3 +(g*),
IIOCKOJIbKY

YEH=y@), YE"H=9E>), Y=y

(cm. dpopmysy (3.1)). B kauecTBe ciieCTBUSA TOTYIUM PAaBEHCTBO

Y1)+ +y (g =o. (3.6)

BhIUKC/IEHWEe BTOPOM CYMMBI MOYXHO OPTaHHU30BaTh CAEAYIOIINM 00pa3oMm:

p—1p—1p—-1 y tn
=SS5 ) )
_P—l p—1p—-1 n2+(x3+y3)n+x3y3 B
x=0 ZOZ(:)( p )
p—1p—1p-1
=2 Z Z(M) — (p— DN, + (1) (p?—N,),

rae N, —49ucIo pemenuii (x, y) cpaBHeHUs x®>—y3=0 (mod p). HerpyzaHo
BU/IETD, UTO
N,=3(p—1)+1=3p-—2,

II03TOMY OKOHYATETbHO HOTYINM
Sy=2p(p—1).

C Apyroi CTOPOHBI, UMeeM

p—1
Sy = > p2(n) = 2k (Y2 (1) +2(g?) + ¥2(gh).
n=0

CrnenoBaTesbHO,

Y2 (1) +¢*(g%) +¢*(g*) = 6p. (3.7)
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HaxkoHel1, 3 mosy4eHHbIX paBeHCTB (3.6) u (3.7) ciieayeT paBeHCTBO

Y?(1) + ¢ (D (g?) +¢2(g*) = 3p,

KOTOpoe MOXKHO HepenHCﬂTb B BH/E
P(1))2 P (1) +21¢(g%) )2
p=(57) 3 )

TakuMm ob6pasom, |a| = A B CHIy eIUHCTBEHHOCTH TIpeAicTaBieHus (3.5).

VI. Ha ocHOBe CKa3aHHOTI'O BBIIIE MOXKHO MPEJIOKUTD CIEAVIOMMNY aaro-
pUTM Bbruucienus 1 (n) mpu ao6om n Z 0 (mod p).

(a) C momoltIbIo OZHOTO M3 aMTOPUTMOB (cM. mozgpaszenst 1.1 u 1.2) HaxoauM
mpejcTaBieHue npoctoro p = 6k + 1 B Buge (3.5).

(6) Haxoaum a = (1)/2, ucxozs us paBeHcTBa |a| = A u cpaBHeHus (3.4).

(B) C momortibio cpaBHeHUs (3.2) omnpezensieM 4€THOCTh (1), a 3aTeM Haxo-
avuMm ) (n), onupasick Ha cpaBHeHue (3.3) 1 HepaBeHCTBO Y (n)| < p —1.

[TpumEP 3.1. Ilyctb p = 2017 =6-336+ 1 u n = —432. lilmeem
2017 =17*+3-24°
(cm. mpumep 1.1), Tak uTo A = 17 U, ciieioBaTeNbHO, a = 17. [IOCKONBKY
(—432)%3¢ =1 (mod 2017),
quciio P (—432) 4éTHo, IPU 3TOM
Y (—432) =2 (—432)%%6.17 =34 (mod 2017).
3Hayut, ¢ (—432) = 34.

YupPAXKHEHUE 3.1. JlokaxuTe yTBep:KJeHHE TeopeMbl Xacce I SJUIUIITU-
yeckoil kpuBoil E, 3alaHHOU ypaBHeHUeM

y2=x3+n. (3.8)

YPAXXHEHUE 3.2. TlycTb p > 3 u N, (F) — 4ucso ToueK (a/UIMITHYECKO#H)
kpusoii ®epma F, 3asanHoll ypaBHeHueM u’ + v3 = 1, Haz monem Z,. loka-
xute GopMyITy

N,(F) =N,(E) =p+1+1(—432), (3.9
rae E— kpuBas (3.8) cn = —432.

YKA3AHUME. BocrnosnbayiiTech 6upaliioHaJIbHOW 3aMeHOMH
36+y 36—y

6x ° YT T6x

12 _36(u—v)
T u+v’ T u+tv

H
-
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KomMmEHTAPUH. Popmyna (3.9) yuyuThiBaeT TOYKU (OJHY WIH TPU) KPH-
Boii F Ha 6eckoHeuHocTH. [Ipu p =1 (mod 3) umeem

W (—432) = ((-3)°-16) = (3 )w(16) = 9 (16),

aecau p =2 (mod 3), To Y (—432) =0.
YrpaXXHEHUE 3.3. JlokaxuTte meopemy Iaycca (cm. § 8.3 B kuure [1],

a taroke § 2 miassl IV B kaure [29]):
ect p =1 (mod 3) u B peAcTaBIeHUN

4p = C? +27D? (3.10)

nmeeMm C =1 (mod 3), To
N,(F)=p+1+C.

[TomyTHO BBIACHUTE, KOT/ZIa YUCJIO 2 OyzeT Kybuueckum 8bluemom 1o MOAYJIIO p.

PEIEHUE. [IpeXkze Bcero 3aMeTuM, 4To npezctaBieHue (3.10) BO3MOXK-
HO, TIpu 3ToM yucia C U D ompezeieHbl OAHO3HAYHO C TOYHOCTBIO /10 3Ha-
Ka (3TO MOYKHO BBIBECTH W3 aHAJIOTMYHOIO YTBEPXKAEHUS O IIPEeACTaBIEHUHN
(3.5)). Kak cneacrBue, cpaBuenrie C =1 (mod 3) omnpegenser yncio C ofHO-
3HAYHO.

I. Tlyctb N,, = N, (F) —3 = p —2+ ¢ (16) — umcyio pemeHu#i cpaBHEHHA

w+1v3=1 (mod p).

Toraa, Kak HETPYAHO OOHapy®uTh, N, = 6 (mod 9). CiezoBaTenbHO, BEPHO
CpaBHeHUe
4p +44(16) =5 (mod 9).

[TockombKy
P16 =) =y(g?) =y(gH =1 (mod3),
BO3MOXHBEI TpU caydas: m6o v (16) = (1), mbo v (16) = 1 (g?), mbo

Y (16) = (gh).
1) ITyctb Y (16) = (1). Fimeem

4p + 41 (16) = Y2(1) +3(w)2 +4p(1)=5 (mod9).
Tak kax (1) = 1 (mod 3), umeem (1) + 41 (1) =5 (mod 9). 3HauuT,
P(1) +32¢(g2) =0 (mod 3)

U, TakuM obpasom, C = (1).
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2) IycTs Temeps v (16) = v (g2). B aToM ciydae uMeeM

ap-+4p(16) =42+ 3( LLIVEN 4y @) =5 (mod 9).
Kaxk U BbIIle, OTCIOAA CIeAyeT, UTO
2O VE) _ 5 (moq 3

u, TakuM obpasom, C = v (g2).

3) B ciyuae v (16) = v(g*) paccyxaeHnsa aHATOTHYHEI ¥ MBI IOTYIHM
C=1(g".

I1. OueBUAHO, YUCJIO 2 IBJAETCA KyOMYEeCKUM BbIY€TOM I10 MOZYJIIO P TOTAa
Y TOJIbKO Torza, korga 3 (16) =1 (1). [Mockonbky uncio (1) 4éTHo, a urcia
Y (g?) u v (g*) HeuéTHEI, moC/IesHEe YCIOBUE BBIOMHEHO TOTAA U TOMBKO
torza, koraa C =0 (mod 2) B mpezacrapnenuu (3.10) (wiu, B TepMUHAX Ipes-
crapienus (3.5), korza B=0 (mod 3)).

8§ 4. 3AK/JIIOYNTE/NbHBIE 3AMEYAHUSA

BaKHO MTOJYE€PKHYTh, YTO PACCMOTPEHHbIE HAMH ObICTPBIE aJITOPUTMBI BBI-
yucieHus cymMmm fko6ceransa ¢ (n) u Y (n) UMeT BEPOATHOCTHYIO IPUPOLY,
MTOCKOJIbKY UX KJIIOYEBOM MHTPEANEHT — HEKOTOPOE pEIIeHNe X = N, CpaBHe-
Hus (1.2) — npeanosnaraeTcss HAXOAUTb BEPOSITHOCTHBIMUM MeTOaMHU. B cBs3u
C 9TMM BO3HHUKAaeT BOIIPOC: CYIIECTBYIOT JI OBICTPBIE 0emepMUHUPOBAHHbLE
aJITOPUTMBI U3BJI€YEHUA KBaJPaTHBIX KOPHE IT0 MOAYJIIO IIPOCTOTO YKC/Ia p?
OTBeT, KaK BBICHAETCS, TIOJIOKUTETbHBIN, HO HEOXKUJAHHBIN: /JIs1 pelIeHUs
3TOM 3aZlauy MOXKHO TIPUCITIOCOOUTD yKe YIIOMSHYTHIN HaMu anroputM Illyda,
KOTOPBIM HAXOAUT YKCJIO TOUYEK DJLUTUIITUIECKON KPUBOM Ha/l KOHEUYHBIM II0JIEM
U UIMEET NONUHOMUMILHYH CJIOKHOCTD (CM. OpUTHHAIBbHYIO paboTy [26]). [Ipu
3TOM JjakKe He TIPUXOAUTCS OIMPAThCS Ha MPaBAoIoJo0HbIe, HO €Illé He Jl0Ka-
3aHHbIE TUIIOTE3bI B TEOPUH YKCET, KaK 3TO UHOTJa ObIBAET.

Tak, B MPEATIOIOKEHUN BEPHOCTU 0000w éHHOL 2unome3sbl PumaHa KBaJpaTHy-
HBIH HeBbIYeT b yis anroputMma ToHesutn — I[lleHKca MOXKHO HAUTH MPOCTHIM Iepe-

6opoM 3a IIOMMHOMHUANbHOe BpeMs. Kak creacreue, anroputm’) ToHemt — IlleHkca
CTAHOBUTCA JIETEPMUHUPOBAHHBIM M ITOJTMHOMMATBHBIM.

Takum obpa3oM, ey HaC UHTepecyeT 6e3yCIOBHBIN (He amesuTHPYIOIIi
HU K KaKUM TUIOTe3aM), AeTePMUHUPOBAHHBIN U MOJMHOMUAIBHBIN ajro-
PUTM BBIUUCJIEHUS KIACCUYECKUX CYyMM fIKOOCTasA, TO Ha AaHHBI MOMEHT

7) K cJIOBY, STOT a/ArOPHTM IIpaBUIbHee 6BUI0 6B HA3LIBATh anrropurMoM ToHeswty, 160 IlleHKe
JIUIID TePEOTKPEUI ero ciycts 80 JIeT, He HaBe/s UCTOPUYECKHE CIIPABKU 110 aHEKJOTUIHOMN
mpuuuHe (cm. [36]).
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MOXXHO TIPeJJIOKUTH TOIbKO anroputm Illydpa. KoTtopslii, ogHako, ZOBOJBHO
CJIOKEH TEOPETUYECKH U, KaK y)Ke€ OTMEeUYasoch, Ha IIPAaKTHUKE ITPOUTPHIBAET
60J1ee HAaUBHBIM BEPOATHOCTHBIM aJITOPUTMaM.

Kitaccuyeckue cyMMbl IKOOCTaIA OTBEYAIOT 3a YMCJIO TOUYEK Ha OUYeHb CIle-
I[UAJTbHBIX JJUTUITHYECKUX KpUBBIX (0.4) Haz moneMm Zp. 11po TaKue KprBbIE
TOBOPAT, YTO OHU JIOMTYCKAIOT KOMNJIEKCHOE YMHONceHUe (YTO OTO TaKoe, MOJK-
HO y3HaTh TOJbKO OCHOBATEJIbHO IOTPY3UBIINCH B TEOPUIO SJUTUIITUYECKUX
KpUBBIX). ECTECTBEHHO, UTO B CUCMeEMAX KOMNbIOMEPHOIL aneebpsl (HamipuMmep
PARI/GP) gjis1 mozAc4€éTa TOUEK Ha S/UTUITUYECKUX KPUBBIX C KOMILIEKCHBIM
YMHOXKEHHEM HaJl KOHEYHBIMHU TIOJISIMU UCIIOJIb3YIOTCS OBICTPhIE TPAKTUYHBIE
QITOPUTMBI THIIA TEX, YTO GBUIM PacCMOTpPEHHI B HacTosmeil cratbe® . U ToIb-
KO B O0JIee CIOXKHBIX CIydasx mpuMeHseTcs aaroputm Illyda u ero mogaudu-
Kanuu (IMogpoOHOCTH MOYKHO y3HATh 10 cchuike [37]).

dyHzamMeHTaMIbHOE U3ydeHHe obmux cyMmMm fkobcransa ¢;(n) (Bkitouas
¥ pacCMOTpeHHbIEe HAMM CJIydau MepBhIX 3Ha4eHUl [) BO3MOXKHO Ha OCHOBE
6oJee CIOKHBIX KOHCTPYKIMH — cyMM laycca u ko6u. CucreMaTudecKkoe
U3JIOKEHUE PEe3Y/IbTAaTOB B 3TOM 00JIaCTH YMTATENb MOXKET HAUTH B MOHOTPA-
¢uwm [13]. i1 mepBoHaYaIbHOTO 3HAKOMCTBA C YKa3aHHBIMU CyMMaMH1 MOTYT
OBITH ITOJIE3HBI COOTBETCTBYIOIME pas3zesbl B kuurax [1] u [9].

ABTOp BbIpa)kaeT GsarogapHocTh A. B. YCTUHOBY 3a cofep:KaTebHbIE 3a-
Me4YaHUs U KOMMEHTapuH 10 TEME CTaThH.
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MHO2KecTBeHHas CJIOXKHOCTD ITOCTPOCHHUA
IMpaBUWJIBHOT'O MHOI'OYI'OJIbHHUKA

E. C. Koran

OTa paboTa WUIIOCTPUPYET BaXKHBIN METO/] HA MPUMEPE PEIIEHUs ajro-
pUTMMYECKOM 3alauu.

Byzgem paccmaTpuBaTh CIEAYIOUIYIO Ollepalyio: K nogMHOXecTBy A C C,
coiepaleMy 9ucia X, y, A00aBisieTcs JJroboe U3 Yucen X +y, X — Y, Xy, Win
(ecim y # 0) x/y, WIH Takoe z, 4TO 2° = X.

OCHOBHAS TEOPEMA. I[Iycmb p — npocmoe uucao ®epma, m. e. npocmoe
yucno suda 2™ + 1, 20e m — cmeneHs 080UKU ¢ HAMYPAJIbHbLM NOKA3AMeeM,
€ — NepeoobpA3HbLIL KOPeHb CmeneHuU p U3 eOUHUUbL:

2 L2
¢ :=cos =& +isin <%,
p
Toz0a u3 {1} moxcHO nosyuums HeKOMOpPoe MHONCECMB0, coOepycalliee KOPHU
p-il cmenenu u3 edunuyst: 1, €,¢2,...,eP~L, 3a 12p? dobasnenuii, onpedenéH-

HblX 8blulle.

Ha30BéM CJI0)KHOCTh, PACCMOTPEHHYIO B OCHOBHOM TeopeMe, MHOJCeC8eH-
HOlL cloncHOCMb0. TaKoe TMOHATHE CIOKHOCTHU OTIMYAETCS OT CJIOXKHOCTH Kak
BpeMeHH paboThl aJITOPUTMa, HaXOASANIIEr0 KOPHU cTereHu p u3 1. OfHaKo 1mo-
clefiHAsA CIOXKHOCTD TaKke MPONOpIMOoHaNbHA p2. O6 alropuTMax BEYKCIIe-
HUSA KOpHeH p-ii crereHu u3 1 cMm. [4], a Takke [5]. O cTporux onpezgeneHusax
PasIUYHBIX TIOHATHI CIOKHOCTH CM. [1]. ABTOp He Mcc/ie[oBaj COOTHOIIEHHE
BBEZIEHHOTO MOHATHUSA MHOXXECTBEHHOM CJIOXKHOCTH C 3TUMHU OTIpe/Ie/IEHUSIMHU.
B sito60M ciydae OCHOBHAs TeopeMa He IMpeTeH/yeT Ha HOBU3HY.

3AMEYAHUE 1. V13 0CHOBHOM TeopeMbl MOKHO BBIBECTHU CJIeZlyIolllee YTBep-
KIEeHHe.

[Tycts p — mpoctoe uncio Pepma. Torza cyiiecTByeT Takoe JAeiCTBUTEb-
Hoe yucio C, He 3aBUcALIee OT p, YTO U3 €JUHUYHOTO OTPe3Ka MOXKHO IOJYy-
YUTh TIPABUIbHbIN p-YTONLHUK 3a C - p2 onepanuii IpoBeieH|A OKPYKHOCTH

MaTtemaTtuyeckoe npocselleHune, cep. 3, Bbin. 24, 2019(145-149)
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C LIeHTPOM B OZJHOM TOYKe U MMPOXO/sIlleil yepe3 APYTyIo U IPOBeJeHUs MPIMOn

uepes IBE TO‘IKI/II) .

3AMEYAHUE 2. VI3 OCHOBHOM TeOpeMBbl TaKKe MOXXHO BBIBECTH €€ Bellle-
CTBEHHBIN aHAJIOT, KOTOPBIM COCTOUT B CJIEAYIONIEM.

CymiecTByeT Takoe uucio C, 4To A Jroboro mpoctoro yrciaa Pepma p
guco cos(27/p) MokHO TomyduTh U3 {1} 3a C - p? omepanuii, aHaTOTHYHBIX
OlpeZieI€EHHBIM BBIIIEe, TIPUYEM KOPHU U3BJIEKAIOTCA TOMBKO U3 TOJIOXUTENb-
HBIX YMCell.

Jloka3aTesbCTBO OCHOBHOM T€OPEMBI TPOBOJUTCS aHATIOTUYHO [2, 1. 5.3.4,
c. 83-88]. OrleHka jxe, MOJIyJaroniascsa U3 J0Ka3aTelbCTBa MOCTPOUMOCTH,
IIpUBeZEHHOTO B [2, KoHeI] 1. 5.3.3, c. 83], mponopruoHanisHa p°.

Hoes dokazamenbcmaa 0CHOBHOLUL meopemsl 011 p = 5. CHavyasa BbIpa3uM
yepes3 paJUKasbl HEKOTOPble MHOT'OYIEHBHI OT €.

3amerum, uTo (¢ + €M) (e? + €3) = ¢ + €2 + €3 + ¢* = —1. O6o3HaUUM
Ty:=e+e* u T, :=¢%+¢3. Torza no Teopeme Bueta Ty u T; ABAAIOTCA KOPHAMU
ypaBHeHus t2 + t — 1 = 0. OTCIoAa MOKHO BBEIPA3UTh Ty (u T;). [MockombKy
e - €% =1, mo Teopeme Buera uucia £ u £* ABNAIOTCA KOPHAMU ypaBHEHUs
t2 — Tot + 1 = 0. OTcroa MOXHO BHIPasuTh & (1 £4).

Hoest doxazamenibcmea OCHOBHOM TeopeMbI B 061eM cirydae. CHadasna xo-
pomIo 61 pa3buTh cymMMmy € + £2 + ... + eP~1 = —1ma gBa craraemerx Ty, T), Ko-
TOpBIE MOXKHO IIOTy4IUTh J00aBIeHUAMH, OITMCAHHBIMY B Hayase CTaTby (MHBI-
MU CJIOBAMH, C2PyNNuposams yAa4HbBIM 00pa3oM KOPHM ypaBHeHud 1 + x +
+x%+...+xP~! = 0). 3arem HyxHO pa3buTh KaxAyIo cymmy T, Ha JBa Cla-
raeMbixX Ty o, Ty 1, KOTOpBIE MOXKHO TIOJTyYUTh TAKUMU A06aBIeHUAMU. M Tak
Aanee, OKa He momyyum 17 1 = €.

Teopema o HepBOO6paBHOSM KOpHe, IIpUBeIEHHast, HalIpuMep, B [2, 1. 5.3.3,
c. 82], mo3BoJIsIET 3aKOAMPOBATh HEHYJIEBbIE BHIYETHI TI0 MOZY/IIO P BhIYETAMU
o Mozy/to p — 1. A UMeHHO, BIOpaB MepBOOOPA3HbIN KOPEHB g TT0 MOAYJIIO D,
MBI BBIYET k 110 MOZy/I0 p — 1 comocTasisieM (HEHY/IEBOMY) OCTaTKYy OT ZieJie-
HusA g€ Ha p. DTO KOAMPOBaHHE UCIIONIB30BAHO B TPYIITMPOBKAX, IOCTPOEHHBIX
BBILIE 1A p = 5.

BBeném ompezeneHus U 0603HaUYeHNsA, HEOOXOAMMBIE /I JOKa3aTeNIbCTBA.

MHuoxecTtBO A C C nocmpoumo 3a n onepayuil us mHoxecmea B C C, ecmn
Kakoe-HUOy/ZIb MHOKeCTBO A’ DO A MOXKHO TIOJIyYuTh U3 B 3a n mo6aBieHuiA,
ONMCAaHHBIX B Hayase cTaTby. Vcnomab3yeM cieayronie 0603HauYeHNs:

D Vi3BecTHa MCTOpHUA 00 acIUpaHTe, KOTOPBI pa3paboTa MOCTPOEH e IPaBIUILHOTO MHOTO-
yronbHUKa ¢ 65 537 ctoponamu 3a 20 et (cm. [3, c.43]).
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o p =2"41—mupocroe uncio depma;

oq. =21 (k=0,1,...,m);

o s =2"%1_1(%k=0,1,...,m);

o & — MepBo06pasHblif KOPeHb CTelleHH P U3 eJUHUIIbL;

o g — nepBoO6GPa3HEIi KOPEeHb [0 MOZAYIIO P;

o T, = Zizok_l g8 ans xaxgoro k € {0,1,...,m}, r € Zom.

BuactHoctH, Ty o=—1,a T}, , = ¢8' . Takxe Ty, = Ty, P 11 =15 (mod 25,
TI03TOMY 3TO OIPEZIeJIEHUE OCMBICIEHHO U TIPU T € Zok;

o Ny, —uucio nap (c,d) BHIYETOB IO MOZYIIO 2m*-1 re{0,1,...,m—1},
VZIOBJIETBOPSIIOIUX CPABHEHUIO

. .d+2k
gt 4 e dt2H =1 (mod p), tE Zom. (1)

Yucna Ty, v Ny, 3aBUCAT OT m, HO, TIOCKOJIbKY M 3a$pUKCUPOBAHO, OHO

He yKa3bIBaeTCs.

JIEMMA 1. /[na n106bix 8b1uemos ty, ty € Zom, CPaBHUMBIX N0 Modyito 2K,
ke{0,1,...,m—1}, sepro pasencmeo Ny, = Ny, .

JJOKA3ATE/IbCTBO. /lOCTaTOYHO IOKa3ath, 4TO Ny ; = Ny ok . 1 3TOrO
COTIOCTaBUM KakzoMmy pemtenuto (c,d) cpaBHeHus (1) mapy (d,c —1). Ot
TapHI JAIOT BCe pellleHuA cpaBHeHus (1) mpu 3ameHe t Ha 2K + t, MOCKOIBKY
ceAyIolye CpaBHEHUs PABHOCWIbHBL:

“ctt d+2R+t —
g + gk =1 (mod p),

qu-d+(2"+t) + qu-(c—1)+2k+(2k+f) =1 (mod p). O

JIEMMA 2. /s mobbix k € {0,1,...,m—2} ur € Zym

2k—1

Tk+1,er+1,2k+r = Z Nk,r—sTk,S'
s=0

JJOKA3ATEJILCTBO. MeeM

Sk

Sk
qje-c+r qk~d+2k+r
D1, Tes1 204 = (Z &8 ) ) (Z &8 ) =
d=0

c=0
Sk Sk Kor () 2m—1 ) 2k—1
_ qpe-cHr 4 qj-d+2%+r () s Lk
- &8 8 - E : ]\[k,r—s“?g - E :Nk,r—sTk,s- (2)
c=0 d=0 s=0 s=0

PaBeHcTBO (%) U3 (2) AOKa3bIBAeTCs IPYIITHUPOBKON OJWHAKOBBIX Clarae-
MbIX. JleficTBUTENIbHO, CPaBHEHHE

qu-c+r +qu~d+2k+r = gs (mod p)



148 E. C. Kozan

PaBHOCWIBHO cpaBHeHMIO (1) Asi t =r —s. A cpaBHeHUe
. . k
qu c+r +qu d+25+r =0 (mod p)
HE UMEET PeIleHuU, TOCKOIbKY OHO PABHOCIJIBHO CJIEAYIOIINM:

qu-c+r = (_1) .qu-d+2"+r (mod p)’

ctr — J2mt qu-d+2k+r

g1 g (mod p),

Qe cH+r=2""14(qp-d+25+r) (mod2™),
q-(c—d)=2"1+ 2% (mod 2™),
20c—d)=2""* 141 (mod2™7).

[TocseqHee cpaBHEHUE HE UMEET PelleHNH, TaK KaK B JIEBOM YaCTH CTOUT
4éTHOE YHCIIO, a B IpaBoil — HeuéTHOe (2™ K1 yéTHO, Tak Kak k < m — 2).

PaBeHCTBO (**) u3 (2) mosyyaeTcs U3 JeMMbI 1 TPYIIITUPOBKOM OAWHAKO-
BBIX Nj .. O

3AMEYAHUE. IIpu k = m — 1 npousBezaenue Ty Tjiq okir PABHO

r om—1. r r

Ty T om14, = €% - €8 =¢ef g% =1.
JIEMMA 3. /Ina nt06020 yenoezo uucaa k om 0 do m — 1 mHoxcecmeo
A=1{0,1,.. ,p} U {Tk+1,r |re Z2k+1}

nocmpoumo 3a 11-4* onepayuit uz mnoscecmea B={0,1, ..., p}U {Tir |r €Zy}.

JIOKA3BATEJILCTBO. Bo-TtepBbhIX, /s 00biX k € {0,1,...,m} u t € Zym BHI-
nonHaAeTca Ny, < p, Tak Kak B cpaBHeHUH (1) oZHOMY BBIYETY C MOXET CO-
OTBETCTBOBATh He GoJibllle OHOro BhrdeTa d. CiezioBaTenbHO, Bee Ny, cofep-
)arcd B B.

JloxaxxeM, 4T0 MHOXKeCTBO P := {Tj,1 , Tiy1 ok 4y | 7 € Zyr} MOCTPOMMO 13 B
MeHblle yeM 3a 2 - 4X omeparuii; B onpeseseHuy P BEIYET 1 6epETes 10 MOozy-
mo 2%, a ne 21, Tak xax Ter1,r T 12640 = Thp1, 204 T 1,254 (26 4)

V3 3amevanus K jemme 2 ciexyetT, 4to P = {1} C Bupu k = m — 1. Eciu
xe k < m— 2, To MmHOXecTBO P’ := {Ny ,_ Ty s | 1, s € Zy} mocTpoumo us B
3a 2k - 2K = 4 omepanuit ymHO)eHMA (MOXHO 7151 Beex map (r, s) 06GaBUTh
Ny ;—sTy.s), @ MHOXeCTBO P 10 leMMe 2 mocTpoumo u3 P’ 3a (2k—1) -2k < 4k
olepanyii yMHOXeHUA. 3HAYUT, MHOXXECTBO P MoCTpouMo U3 B MeHbllle yeM
3a 4K + 4k = 2. 4k omeparuu.

Hanee, MEHOXecTBO P U B cOLepXKUT

Tiv1r+ Tivr,2040r = Ty €B 1 Tig p They1 204 € P,
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U 151 JTI0ObIX (KOMITIEKCHBIX) YKCEN X7, X5 MHOXECTBO {X7, X5} TOCTPOMMO
3a 9 omepaiuii U3 MHOXeECTBA {X; + Xo, X1X,} (10 dopmyne KopHeil kBaz-
parHoro ypasHenus). CreznoBarensHo, A' := {Tjy, | I € Zy1} mocTpormo
u3 PUB3a9-2k orepanuii, T. e. A’ mocTporMo u3s B 3a 2 - 4% +9.2k <114k
onepanuii. Kpome Toro, {0, 1, ..., p} C B, moaTomy A Tak:ke ITOCTPOUMO U3 B
3a11-4k orepanuu. O

JIOKABATEJIbCTBO OCHOBHOU TEOPEMBI. /13 leMMBI 3 cileflyeT, 4YTO MHOXe-
CTBO

{Tn,17€{0,1,...,2" =1}} ={e" [r€{0,1,...,2" - 1}}

mocTpoumo u3 {1} 3a

m—1
p+1l+ Y 114 =p+1+11- L= <p+11-4" < 12p?
k=0
orepauuu. O
biAromaApHOCTHU

Brarozapro /. MycatoBa, A. CaBBaTeeBa U pykoBozauTess pabotsl A. CKo-
IIeHKOBA 3a IjeHHble 3aMeYaHUus U IpeJJjIoXKeHUs IpPU HallMCaHUU JaHHOU
paboTHI.
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[Tonmynspu3anusa MaTeMaTUKHA

O Cankrt-TleTepbyprckoit
3a04YHOM OJIMMIHKAJE O TOIIOJOTHUH

H. C. KasinHu»

§1. OB OPTAHU3ALIMU OJIMMIIUA/BI

CankT-IleTepOyprckas 3a09HasA OJMMITHA/A TI0 TOIIOJIOTHH IIPOXO/WIIA B
2017 u 2018 rozax B okTs6pe. [IpuunHa, M0 KOTOPOH s CTaja €€ OpraHu-
30BBIBaTh, IIpOCTa: OyZAy4yd CTYZEHTOM, S XOTeJ IOy4acTBOBATh B 3a0YHOM
OJIMMITHA/IE TIO TOIIOJIOTHU, a €€ He ObUIO. 3aaYM OMUMMIUazb! (IpUBEAEH-
HbIe HIKe) f TOAOUPA U3 3CTETUUECKUX U MeAarOTUYECKUX COOOPaKEHUI:
KOpOTKHe GOPMYIUPOBKH, OTCYTCTBHE GOPMYJI, BOSMOXXHOCTb «KPYTHUTb>» B I'O-
JIOBe KapTUHKU, HEOOBIYHBIN B3IVIA/ HA CTaHAAPTHBIE OOBEKTHI, BO3MOXKHOCTD
BBIYYHTb YTO-TO HOBOE, — Be/lb OJIMMIINAZIA IIPOXOAUT IeJIbIM MecAlLl, MOKHO
rapy KHIXeK U3Y4IUTh.

Jlymaro, 4To 3a/jla4¥ OJIMMIINA/BI OBUIH JOCTABIEHB] BCEM JKearoluM. Mokt
nocT «B koHTaKTe» B 2017 rogy nmocmoTpenu 13 000 yenoBek, mabavk «B KoH-
TakTe» sci-hub (Anekcanzpa DnbaksH 06e3HO COIIacHIach MOPEKJIAMUPO-
BaTb) — 16 000; B ¢elicOyke, HaBepHOe, MOPSJOK BEJIMYUHBI TaKOU ke (110
KpalHel Mepe MAThAECIT YeJI0BEK MOZAeTUINCh 3aMUChI0), 8 ThIC. IPOCMOTPOB
Ha quora HOJIYYWI IIOCT He3HAKOMOI'O MHe YesJoBeKa. DHTY3HaCThl ObICTPO
TepeBeju YCAOBUA Ha MOPTYTadbCKUM, aHIIMMCKUM, UCHAHCKWM, UTalbsIH-
CKui, GppaHIy3CKU, TypeIKui, MoToM U papcu Ao6aBuica. Tak YTO THICIY CTO
YesI0BeK YBHU/EIH YCIOBUSA, ThICAYa OTKPbUIA GaI, CTO IPOYUTAIN, COPOK II0-
peliany, ABajllaTh Haucaau pelieHus. XoTa U npodeccopa peuiany 3ajadu
¢ OOJIBIIINM YOBOJIBCTBUEM — F'OBOPWJIM, YTO 3aZa4u Kpacusbie. B 2018 roay
IIPOCMOTPOB B COI[HAIBHBIX CeTAX ObLIO 6OJIbIlle, IEPEBOJOB MEHbIIIE.

MaTtemaTtuyeckoe npocselleHune, cep. 3, Bbin. 24, 2019(151-158)
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B 2017 roxy Ha pycCKOM 5 TIOJIYYHI ABEHAAIaTh paboT, HEKOTOPBIE OT KO-
MaH7Z U3 TPEX YeJIOBEK, OJHY pabOTy Ha MCIIAHCKOM. B aHIIMIACKOU Bepcuu
B IIpaBWIax OBLIO HAIIMCAHO, YTO PabOTHI OYAyT MPOBEPEHBI TOJIBKO MPU HAIH-
YUY CBOOOZHOTO BpEMEHM y OpraHu3aTopoB. B 2018 roxy s MOydwI penieHust
OT IIIeCTH KoMaH7 (Bce Ha PYyCCKOM).

I[Toutu Bce yuactHUKH — u3 CaHKT-IleTepOypra, Mocksel 1 HoBocubupcka.
Pa3yMHO OBbLIO MPEATIOIOKUTD, YTO OHU Y3HAIU 00 OJIMMITHAZE OT IIpero/iaBa-
Tesed (B 2017 s HamMcas MUCbMa, KaXKeTCsl, BO BCE YHUBEPCUTETHI, T7I€ IO
IMOHUMAIOT PYCCKUU, MOCTaa OJMMIIMAZY Ha Tapy COTEH aJ[pecoB, YeIOBeK
[IBaJIaTh MeyaTaau v Belllaau OJMUMIIHay Ha cTeHke). Ho Tpu yeTBepTH mpu-
CJIaBIINX PeIlleH’s Y3HaIU PO OJUMIINaay 13 «B KoHTakTe» Win ¢elicoyka.

Tak 51 cebe mpeACTaBIIAID MOMYIIPU3ALNMNIO HAYKH, TOMOJOTHUU B YaCTHO-
ctu. Yepes BoBJIeUeHNeE B pellleHUe 3a4a4. byzeT 3aMmeuaTeabHO, €C/iU TaKue
OJIMMIIHA/IbI OYZyT IPOBEAEHBI IT0 TEOPUH YKCel, KOMOMHATOPHKE U TaK Jajiee.
Hamnpumep, KaXAbIH roJ,— Takas 3a04Has OJMMITNA/IA 110 KaKOH-TO 0b1acTu
MaTeMAaTHKH, JIydllle B OKTAOPe, KOT/Za CTYZIEHTHI Y>Ke BOIIUTU B PUTM y4eOHOM
XKM3HU, HO elll€ el0 He Teperpy:KeHbl U 10 9K3aMeHOB-3a4ETOB JajieKo. Bos-
MOKHbIe KPUTEPUU TPYAHOCTHU 3aJa4 — OHA-ABE 3a/lauM, KOTOPble MOXKET
PENINTb CPeHUHN TPETbeKYPCHUK, U APYTHE 3aJa4u, KOTOPbIE JOKHBI OBITh
B IIEPBYIO OYepeb MHTEPECHBI U PACKPBIBATh TEMBI, CJIa00 OTPAXKEHHBIE B ITPO-
rpamMe. OnuMnuaZa He ZoKHA HUYEro MPoBepATh, J0KHA CTUMY/INPOBATh
K U3y4eHUIO HOBOTO (KaK U BCe 3a0YHbIE OTMMIHAZbI). OueHb 10Ie3HO JaBaTh
Ha OJIMMIIHaZy HepellléHHbIe 3a1auu (1 06 3TOM IIpeAyIpeKaaTh). Vi3BeCTHbIE
3a/lau¥ TOXKe MOXKHO /1aBaTh, IOTOMY YTO COPEBHOBATENbHBIN 2JIEMEHT CBEIEH
MIPaKTUYECKU K HYJIO, ¥ ITo0esila B OIUMITHAZIe He JODKHA JaBaTh HUKAKOIO
OIOPOKPATUYECKOTO WU PEMYTAIMOHHOTO ITPENMYIIECTBA.

OpraHu30BbIBATh OJIMMITHALY MHE UHTepecHO (He 00si3aTeNbHO IO TOIIO-
JIOTWH, MOKHO II0 TEOPUHU YHCET WIX KOMIUIEKCHOMY aHa/IN3y), HO OCHOBHAsI
mpobsieMa B 33/1ayax: HesCHO, IJie UX OparThb.

§ 2. I[TpaABUIIA

1. Onmumnuaza mpoxoAuT ¢ 1 oKTsa6ps mo 31 OKTAOPA BKIIOUUTENBHO. J[0-
MyCKaITC KOMaHZbI U3 1-3 yesoBek. Pa3pelaeTcs Moab30BaThCs JOOBIMU
MaTepUasaMU. 3alpelniaeTcsi MPOCUTh IIOMOIIN Y KOT0-TO, KpOMe YJYaCTHH-
KOB cBoell koMaH/bL. IIpu3oB He Oyzet. He y Bcex 3aja4 U3BECTHHI PeLIeHU.
YenoBus 3agau (akTyanbHas BEPCHs, CO BCEMH YTOYHEHUSMHU IO YCJIOBUAM,
€CJI OHU TIOABSATCSA) YW TOJHAsA BEPCHS MPaBWI OBUIH JOCTYIIHBI 11O CCHUIKE
http://mathcenter.spb.ru/nikaan/olympiad/

2. Pa6ote! mpuHMMatoTCs 0 23:59 31 okTa0ps (110 MOCKOBCKOMY BpEMEHU).
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3. IlpunumaroTcs paboTsl TobKO B popmare pdf: wiu HabpaHHbBIE 1 CKOM-
nuarpoBaHHble B TEX, WK HallMCaHHble MOHATHBIM II0YEPKOM U OTCKaHHUPO-
BaHHbIE B XOPOIIIEM KayecTBe.

4. YdacTBOBaTh B onuMIIUazZe MOryT Bce. OTeIbHBIN 3a4éT IPOBOAUTCS
cpeay CTyZeHTOB 1-4 KypcoB. B paboTe yka3bIBaiiTe, KaK Bac 30ByT U I7ie BbI
yuuTech wiu paboraete. [Toceiras paboTy, BB TEM CAMBIM Ja€Te COIIacKe Ha
06pabOTKy 3TUX MEPCOHAIBHBIX JAHHBIX (ITOTOM Ha CAaliTe MOSBUTCSA CBOAHAS
Tabsuia ¢ pesyapraramu). Eciiv 3To 4eM-To He yCTpauBaeT, OTJEIbHO HallH-
IIUTe — aHOHUMHBIE PabOTHI TOXKE JIOIYCKAIOTCA, XOTS U HE IIPUBETCTBYIOTCA.

5. Ecu BB penwiy XoTs Obl OZHY 3a/1a4y, 3al0THUTE, TOXKATyICTa, TUCTOK
QHOHUMHOTO OTIpoca
https://docs.google.com/forms/d/1FUH6-Jbc]SIIVMKMwxQzUpIW25pfNSPHEY] c2-WnIrE/

[TpuceuialiTe Bamy JOOMMBIE 33/[a9M TI0 TOTIOJIOTHU JJI MOCIEAYIOIINX
OJIUMIIMA.

6. Pe3ynbrathl MOABATCS Ha http://mathcenter.spb.ru/nikaan/olympiad.html

7. IlpuBeTCcTByeTCA paclipocTpaHeHUe 3aZa4d onuMnuazel. [lepeBozs! 3a-
[lad Ha ZIpyTye A3BIKU OYAyT PacIoNoKeHbI TI0 aZipecy
http://mathcenter.spb.ru/nikaan/olympiade.html

8 3. YcaoBud 3a1a4 2017 roga

1. HafizuTe aBa TakuxXx HeroMeoMOpPQHBIX KOMIIAKTHBIX ITOJMHOXXeCTBa
X;, X, mnockocty, uto X; x I romeomopdHo X, x I, rie I =[0, 1] — 3aMKHYTHIi
OTPe30K MPAMOU.

2. YeThIpEXTOUEYHOE MHOXKECTBO HAZENWIN MUHUMAJIbHOU (10 Kouve-
CTBY OTKPBITHIX TIOZIMHOXKECTB) TOIIOJIOTUEH, B KOTOPOH ZIBE TOYKU OTKPBITHI
(kakzas U3 HUX SBJISIETCS OTKPBITHIM MHOXKECTBOM), & OCTaJIbHBIE /IBE — 3a-
MKHYTHL. Beramcinre ¢dyHZaMeHTaNbHYIO IPYIIYy 3TOTO IIPOCTPAHCTBA U IIO-
CTPOMTE ero yHuBepcaJbHOe HaKphITHE.

3. a) B mpocTpaHCTBe BCeX TPEYroJbHUKOB Ha IUIOCKOCTHU SIBJISETCS JIA
ZedbopMaIioHHBIM PETPAaKTOM IOAIIPOCTPAHCTBO BCEX IPAMOYTOJbHBIX Tpe-
YTOJIbHUKOB?

6) ITocTpouTh AepOpMaIMOHHYIO PETPAKIIUIO IPOCTPAHCTBA BCEX TPEYTOJIb-
HUKOB IUIOCKOCTH Ha IOJIIPOCTPAHCTBO NPABUIbHBIX TPEYTOJIbHUKOB.

4. TlycTb X — cBA3HOE MHOTOO6pasue u f: X — S? — Takoe HelmpephIBHOE
oTobpaxenue, 9to ' (x) romeomopdHo S! 7714 Beex Touek x cheprr S2. Uemy
MoskeT paBHAThCsA Hy (X, Z), Hy (X, Z)?

5. PaccmorpuM S* = {x € R’ | |x| = 1}. MoXHO 11 B Kax/[0ii Touke x € S*
TaK BHIOPATh ABYMepHYIo abpdUHHYIO IIOCKOCTh P,, Kacaromyiocs S* B x, 4To
P, HenpeprIBHO 3aBUCHUT OT X?
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6. MoxeT 11 Xayc0p$HOBO IIPOCTPAHCTBO CO CYETHBIM KOJUIECTBOM TO-
YeK OBbITb CBSI3HBIM?

7. CylecTByeT /I CIOPbeKTHBHOE HellpepLIBHOe oTobpakeHue f : R2 — R2,
He ABJAIOIIeecss ToMeoMOpGU3MOM, HO TaKoe, YTO y KaXA0H Touku x € R2
CyIIeCTByeT TaKasi okpecTHOCTb U, uto f: U — f(U) — romeomopdusm?

8. a) PaccmoTpum kBazgpat [0, n]? Ha WwIocKoCTH, n — HaTypaabHOe. Yia-
JIUM U3 KBaZipaTa BCe TOYKH, Y KOTOPBIX 00€e KOOpAUHATHI Hellesble. OcTaics
OZHOMEPHBIN KJIETOUYHBIN KOMILUIEKC, Ha30BéM ero X. HaiizauTe makcumasib-
Hoe Takoe k = k(n), 4To 1 1060r0 HEPepEIBHOTO oTo6paxkeHusa X B R!
HaigETCa ToUKa ¢ XOTA 651 k mpoobpaszamu.

6) To e camoe i oToOpaxkeHHit B R? IByMepHOro KOMILIeKca, TIoTydeH-
Horo us3 [0, n]® C R® BrIGpackiBaHIeM BCeX TOUEK, Y KOTOPHIX BCe KOOPAHMHATHI
HeIleJTbIE.

9. CymiecTByeT Jiu Takas UMMepcus chepsl f: S2 — R3, uro He cymecTByeT
umMepcnu g: D — R® TpéxmepHOro AucKa, A/ KOTOpOi g|,ps = f?

84. YcioBusa 3a7A4Y 2018 roza

1. a) ITycTs f: R — R? — uHBEKTHBHOE HelpepEIBHOE OTObpaXkeHNe, He-
orpaHUYeHHOe Ha TOJIOKUTETbHON ¥ OTPUIIATENbHOM MOMYIIPAMBIX. MOXKET JI
ero obpa3 UMeTh CBS3HOE JIOTIOTHEHHE?

6) ITycTs f: R — R® — UHBbeKTUBHOE HelpephIBHOE OTOOpakeHHe, 06pa3
KOTOPOT'O BCIOAY IUIOTeH. MOKET Jii IOoTIoIHeHHE ero obpas3a ObITh OZHOCBS3-
HBIM (MHBIMU CJIOBaMH, MOKET JI OBITH TaK, YTO JII060€e HeIlpephIBHOE 0TOOpa-
xenne St — R?\ f(R) mpogomkaeTcs 10 HEIPEePEIBHOTO OTOOPXXEHHUA U3 /IBY-
MepHoro gucka B R3 \ f(R))?

2. a) O6o3HaYUM eJUHUYHBIN OTKPHITHI uHTepBaa (0,1) C R gepes I.
Iycts f: I? — {(x, y) € R? | x% + y? < 1} — quddeomopduam. JlokaxxuTe, 4TO
CyIeCTBYeT TaKas TO4Ka X € I, 4To kpuBas f (x x ) UMeeT ATUHY XOTS ObI 2.
(MHpIMU C/TOBaMU: AMCK IJIAJKO PAacCIOEH Ha KpuBble. JIOKaXKUTe, YTO Ka-
Kasi-TO M3 3TUX KPUBBIX HEe KOpOYe JuaMeTpa JKCKa.)

6) Iycts f: I — {(x, y,2) € R® | x? + y? + 22 < 1} — quddeomopdusm.
[TonyunTe KaK MOXKHO JIYYIIyIO HIDKHIOIO OIIEHKY Ha CyNpeMyM IUIOIIaziei
MHOecTB Buza f (x x [?), rae x €1.

3. CymlecTByeT JIH IMajiKoe oTobpakeHne RP? — M, uMelomee peryapHoe
3HaYeHUe ¢ HeYETHBIM YHCIOM ITpoo6pasoB, eciu a) M = S2; 6) M = S' x §1?

B) IlycTb M — CBfI3HOE 3aMKHYTO€ OpUEHTHPOBaHHOEe 4-MHOTooOpasue.
[TycTs f: CP?2 > M — HeIpepBIBHOE OTOOpaXKeHNe HEHY/IEBOU cTeneHu. Hati-
[IUTE BCe BO3MOXKHBIE 3HAaUeHUsI BTOpOro yucia bertu mHoroobpasus M. Ha-
MIOMHUM, YTO 8mopoe uucao bemmu, b,(M), paBHO HauboIbIIIEMY TaKOMY T,
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YTO CyIIeCTBYeT I 3aMKHYTHIX IByMEePHBIX ITIoAMHOroobpasuit Xy, ..., X, MHO-
roo6pasusa M ¥ paHT MaTpUIbl anre6pandecKux nepecedeHui X; - X; paBeH r.

4. OpuH u TOT Ke rpad G HapuCcoBaH AByMs criocobamu Gy, G, Ha eAUHUY-
Holt cdepe S? C R® Tak, 4TO KA/l U3 PUCYHKOB G; IIeHTpaJbHO-CUMMETpPH-
YeH OTHOCUTENIbHO LIeHTpa chephl U HUKaKoe pebpo pUCyHKa He IepeceKaeT
Apyroe pe6po BO BHYTpPeHHEN TOYKE U He MPOXOAUT Yepe3 BepUIMHH rpada.
Bepno 711, uTo rpadsl, nonydeHHble GaKTOpU3aIMel 1Mo LeHTPaIbHON CHUM-
MeTpuu S? us rpadoB Gy, Go, U30MOPOHEI?

(TlycTh y ABYX rpadoB, BAOKEHHHX B RP2, mpoo6paskl HpU ABY/IHCTHOM
oTobpaskennu S? — RP? uzomopHbL. [TpaBaa iu, 9T0 3TU Tpadsl BU30MOPHHEI?)

5. a) JlokaxuTe, 4TO U3 JIOOBIX 11 TOUeK B TPEXMEPHOM IIPOCTPAHCTBE
MOXXHO BBIOpaTh TPU IIOMAPHO HellepeceKarolyecs TPOUKU Tak, YTOOBI TPU
TPEYroJIbHUKA, 00pa30BaHHbBIE STUMHU TPOHKAMU, UMeJH OOIIyI0 TOUKY.

6) BepHo i1 aHAJIOTUYHOE yTBep)kAeHue i 10 Touek?

6. Ilyctb K — (AByMepHBIi1) MHOTOYTOJTbHUK Ha IUIOCKOCTH U d — BEKTOP,
npu4ém obpa3s K + a MHOroyrosbHUKa K IIpyU cABUTe HAa BEKTOP a He Iiepece-
kaercsa ¢ K, T.e. KN (K + a) = &@. JlIokaxuTe, 4YTO /IBa BO3a, T. €. IBa Kpyra
JaMeTpOM |a|, He MOTYT MOMEHATHCSA MECTAMHU IIPYU HETIPEPHIBHOM JIBIKEHUU
UX LIEHTPOB 10 K, He CTOJKHYBIIUCh.

7. Hycts v: [0, 1] — R? — magxas mapaMeTpU30BaHHAA KPHBasd, ¥ KOTO-
pOIii KpUBH3HA B TOYKeE Y (t) MOHOTOHHO YOBIBAET IO t.

a) ITokaxuTe, 9YTO CONpPHUKACAIOIIKECT OKPYKHOCTH B Pa3HBIX TOUYKAX KPH-
BOH He ITepeceKaroTC.

6) Cefiyac MbI IPUBE/EM LIETIOUKY PACCYKIEHUHN, IPUBOAAIIUX K TPOTHUBO-
peunto. HeobxoauMo HalTH HEBEPHBIH IIAr B 3TOM I[E€MTOYKE.

3amMeTHM, YTO OKpeCTHOCTh ToukH Y (1/2) paccioeHa Ha conmpuKaca-
IOIIKECs OKPY>KHOCTU B TOYKaX KPUBOM, 6M3KuX K ¥ (1/2). Tem caMbiM
KpUBas Y KacaeTcs BCEX CJIOEB 3TOTO JIOKATbHOTO paccyioenus. Ho 3To
HEBO3MOXKHO, TaK KaK JIOKaJbHO 3TO PaCCIOEHHUE SIBIAETCS TIPOU3BEe-
HUEM OTPE3KOB U ecyii OB Y Kacalach BceX CJIOEB, Y He€ ObI Be3zie ObuTa
IPOM3BOZAHAS HYJ/Ib, ¥ 3HAYUT, OHA OBI JIOKAJIBHO COBIAJAaa C OAHUM
U3 CJIOEB, YTO HEBEPHO.

8 5. Ilonckasku 2017 roga

1. IIpumep: X; —xombio ({z € C| 1< |z| <2}) c aByma Bosmockamu (oTpes-
KaMH) Hapy»XXy C BHELTHEN OKPYKHOCTH. MHOXeCTBO X, — TaKOe K€ KOJIbIIO
Ha IJIOCKOCTH C IBYMS BOJIOCKaMH, PACITOJIOKEHHBIMHU I10-APYTOMY: OJUH BOJIO-
COK Hapy»y C BHELIHEH OKPY>KHOCTH, BTOPO BOBHYTPh C BHYTPEHHEM OKPYX-
HOCTH.
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2. Hazio 3amMeTuTh, YTO 3TO YETBIPEXTOUEYHOE MHOXKECTBO IO CYIIECTBY
SIBJISIETCST OKPYKHOCThIO (eCcThb pasbueHue OKPY)KHOCTH Ha YeThIpe KIETKH:
[iBe TOYKU U /IBa MHTepBasia). PyHaaMeHTaIbHAA IPYIINA, TEM CAMBIM, €CTh Z.
YHUBepcaJIbHBIM HaKPBITUEM OKPY>KHOCTHU SBJIAETCA HpsMasi, a y Hac IMOIy-
YUTCS Z C TOMOJNIOTHEH «I[uPOBOI MpsAMOLi» (mpsiMmast XaJaruMCKOro).

3. a) Omeem: HeT.

Y NpAMOYTONBHBIX TPEYT'OJIbHUKOB eCTh BblAe/leHHasA BepuInHa. [loaToMy
€CJIN eCTh TaKasd peTpakliyd, TO Y KaK/JO0ro TPeyroabHUKa MOXHO KaKHUM-TO
06pa3omM OJHO3HAYHO BHIOpATh BepuInHy (KOTOpas MOUAET B IPSIMOM yrou).
Ho paccMoTpuM npaBUIbHBIN TpeyroabHUK. B IpocTpaHCcTBe BCeX TPEYroib-
HUKOB €CTb IeT/Is, KOTOpas MPe/CTaBIsAeT IOBOPOT Ha 27T/3, U TOT/ia IpaBWIb-
HBIN TPEYTOJbHUK MTEPEXOAUT B cebs. YoKe I 9TOU MEeTIN HET PETPAKIIHH.

6) Bocmonb3yiiTech TpeyroJbHUKOM HarmosneoHa.

4. Ecnu f — pacciioeHye, MOXKHO HalKcaTh CIIeKTPaIbHYIO [T0C/IeZloBaTeb-
HOCTh. VI MOXXKHO CYMUTATh, YTO S? ckeeHO U3 ABYX AUCKOB Dq, D, 110 ux
0011el OKPY>XHOCTH 0D = dD5. 3HAUUT, pacCIOEHUA TOMYYalOTCA KaK CKIEHKa
D, x S1, D, x S'. C TO4HOCTBIO 10 FOMOTOIUY BaXKHO, CKOJIBKO Pa3 «IPOKPY-
THIAck» BTOpas KoopAuHaTa x x S, moka Touka x mpoberana rpaHuiy Dj.
TonygaeTca orobpaxkenue us S' B S!, Takux 0TOGpakeHUi ¢ TOYHOCTBIO 0 TO-
Motonuu 71(S1), T. e Z. TOMOJIOrMHM MOCYUTATh HECTOKHO IPH TAKOH ABHOM
KOHCTPYKIIUM.

Ho f Heobsa3aTenbHO paccioenue! BriBatoT cinoenus 3etidepra.

5. Omeem: HeT.

ITycTh Takoe Tozpaccaoenue ectb. Torma H,(S%) = 0 (xmacc Ditnepa Hyse-
BOH). 3HAUMT, U KJIacc Dijiepa CyMMBI CJIOEHUS U €My OPTOTOHAJIBHOTO paBeH
HYJIIO, a 3TO He TaK: Kjaacc Jiilepa KacaTeJbHOTO paccioeHud K S* paseH 2.

6. Omeem: 1a, eCTb MHOXKECTBO IIPUMEPOB. MinuTe B uHTEpHETE (Ha aH-
TJTUHICKOM SI3BIKE).

7. Omeem: pa.

IlnockocTs R? roMeoMopdHA AIMHHOMY IIPAMOYTONBHUKY 6€3 TPaHUIIEI
U Kpyry 6e3 rpaHuiibl (paguyca 4yTh 60Jbllle, YeM MEHbBINAs CTOPOHA MPSIMO-
YTOJIbHUKA). YIOXKUM MPSIMOYTOJIbHUK CIEAYIOIUM 00pa3oM: Korjja OH TepBbIi
pas MPOXOAUT TI0 KPYTy, OH HaKphIBaeT BCE, KpOMe MaJleHbKOU OKPeCTHOCTHU
1eHTpa (moxoyke Ha OTOOpakeHHe z — e* Ha KOMIUIEKCHOM IUIOCKOCTH), a IIPU
[IpOXO/ie BTOPO pa3 MbI YJIOKUM KOHell IIPAMOYTOJIbHUKA Ha LIEHTpP Kpyra.

8. a) MOXXHO TTOCMOTPEeTh Ha 06pasbl BepIIUH. Ec/i OHU BCe Pa3IMYHBbL,
TO PAacCMOTPUM TIPOOOpa3 TOYKHU, Y KOTOPOU MPHUMEPHO MOPOBHY 0Opa3oB
BEpIINH CIIpaBa U cjIeBa.

6) £ ymero mosydaTh HEONTUMAaTbHYIO OlleHKY (Tuma n/10).

9. Omgem: KOHEYHO.
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JlaBaiiTe cHaYasa IOCMOTPUM Ha IUIOCKOCTh — BJIO}KUM OKPYXHOCTb BOCb-
MépKoii. [TOHATHO, YTO 3TO HEBO3MOXXHO IIPOJODKUTH UMMepcreii Aucka. Ta-
KYIO XK€ «BOCbMEDKY» cZlelaeM B IIPOCTPAHCTBe: PAaCCMOTPUM CTaHAAPTHYIO
cdepy, BAaBUM BepXHIOIO €€ 4acTh, YTOOBI OHA OKa3ajach HIKe HIDKHel. Ham
HA/I0 BCETO JIUIIb, YTOOBI 00pa3 BIOKeHUA ChEPHI AT MPOCTPAHCTBO HA Ya-
ctu. Terepb TIOCMOTPHM Ha BO3MOXHYIO nMMepcuio D3 6e3 rpaHuIsL. 3aMe-
THUM, YTO 3TO OTKPBITOE CBA3HOE MHOXKECTBO. 3HAYUT, €T0 I'PAHUIIA HE MOXET
OBITH TPEXMEPHOUN «BOCHBMEPKO».

8 6. Iloackasxku 2018 roza

1. a) Omsem: MOXHO.

3ameTbTe, 9TO HEeT TPOTUBOpeuns ¢ ieMMol YKopiaHa — Hesb3s 10 Helpe-
PBIBHOCTHY 0OABUTH K Halllell KPUBOU TOUYKY «Ha OECKOHEYHOCTH», 3aMKHYB
KPHUBYIO B OKPY)KHOCTb. B camoM JZiesie, mapaMeTpH3yeM KPUBYIO BpEMeEHEM ¢.
KpuBast MoXxeT yXOAUTD ZlaJieKo OT Hayasia KOOPAWHAT, TOTOM BO3BPAIATHCSA
BCé GyiKe K Hadary KoopAuHaT (He 3aX0/isi B HETO) U [ie/1aTh TaK 6ECKOHEYHOe
yucso pa3 npu t > 0 u t K 0. [IycTb MOXKHO pa3OUTh JOIOJHEHNE K KPUBOM
Ha /IBa OTKPBITHIX MHOXKecTBa. [locMOTpuM, B KaKyl0o U3 YacTel momnajo Haya-
JIO KOOPZAWHAT, U IPUIEM K TIPOTUBOPEYHIO.

JIHeHHOM CBA3HOCTH JOOUTHCA HEBO3MOXKHO (KaK 3aMeTH/IN BHUMATEb-
HbIe YUTATEH), CM. J0Ka3aTeTbCTBO:
http://mathcenter.spb.ru/nikaan/olympiad/topology2018error.pdf

2. a) [TocMoTpUTe Ha KPUBYIO, TPOXOAAIIYIO Yepe3 IEHTP Kpyra.

6) OTBeT Hen3BecTeH (M YIACTHUKU OJTMMITHA/bI He TIPeIOCTaBWIN HUKA-
KX OLIEHOK).

3. a) Omsem: ga.

6) Omeem: HeT.

OmnuieM reoMeTpUYecKyo uzaer. BosbMéM MepuanaH m U mapajuiensb [
B Tope S! x S'. 3amernm, uTo m u | mepecekaloTcA B OZHOM TOYKe, 3HAYMT,
ux mpoo6passl m’, 1’ € RP? Toxe JJODKHBI «IlepeceKaThCs» B OJHOM TOUKe.
A He6ombImoit czBur m B S! x S! He mepecekaeTca ¢ m, TO ke U A |, 3HAYMT,
Y UX TPO0OPa3kl JODKHBI 00J1aJaTh TAKUM K€ CBOMCTBOM. JIETKO BUJETD, YTO
Ha RP? et KPUBBIX m’, ' c 3aaHHBIMU CBOMCTBAMMU: €CIU IIpe/ICTaBUTh RP?
Kak JieHTy Mébuyca, 3aKJIeeHHYIO JMCKOM, TO KaKAas KpUBas B RP? nu6o
3aTATUBaeTCsA AUCKOM (M TOTZia MOXKET He IepeceKaThCsl C HEKOTOPBIM CBOUM
CABUTOM), KOO He 3aTATUBAETCA AUCKOM U TOT/Ia He OT/INYAEeTCs OT IeHTPaslb-
HOU JIMHUU JIeHTbI MEOUyca — HO TOT/Ia JI000H e€ CABUT IepeceKaeTcs ¢ Hel.
ITonyyaetcs, uto ecau I/, m’ mepecekaroTcs, TO OHU JO/HKHBI OBITH II0 CYIIECTBY
[EHTPAJIbHBIMU JIMHUAMU JIeHTHl MEOHyca, HO TorZia OHU OyZAyT IepeceKaThCs
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Y C JIIOOBIMY CBOMIMH IIE€BEJIEHUAMU. DTy FeOMETPUYECKYIO U/IeI0 MOXKHO Gop-
MaJM30BaTh, HO MPOIIE BbIyYUTh, YTO TAKOE TOMOJIOTUU Y KOTOMOJIOTHH (Tpy-
60 TOBOPS, 3TO HEKOTOPHIE TPYIIIIBI, KOTOPbIE KOAUPYIOT IIepeCcevYeH s TIOAMHO-
roobpasuii Halllero MHOTOOOpa3us, B HAIlleM CIydae MepeceyeHuss KPUBBIX
B ITOBEPXHOCTSX).

B) Ha KOroMoyIorTu4ecKoM sI3bIKe HaJIMdue OTOOpaKeHUsI HEHYJIEBOM cTe-
TIeHU TapaHTHpyeT Hammdue otobpaxenus f*: H*(M, Z) — H*(CP2,Z). Ilpu
atoM f*(a - b) = f*(a) - f*(b). OTcioga HECTIOKHO BBIBECTH, YTO by (M) <
< by(CP?) = 1, a HOTOM NPUBECTH IPUMEPHL.

4. O603HaYMM IIeHTpabHble CUMMeTpUU chep yepes 0, Oy, OHU JEHCTBY-
IOT Ha BepiIMHax u pébpax rpada. Haliiém Takue JBe TOYKH U, W, KOTOPBIE
HEPEXOAAT OFHA B APYTYIO MPU 0OEUX IIEHTPAIbHBIX CUMMETPUSX, 01 (V) =
= 04(v) = w. Caenath 3TO MOXXHO TaK: COEAWHUM BEPUIMHY U rpada Kpat-
yalmuM nytéM y ¢ oq(v). PaccMoTpuM, Kak JeHCTBYeT 0, Ha Y U 0(Y).
[TocuyuTaiiTe KOJMYECTBO BepIIUH rpada BHyTpU HeTnu ¥ N 0 (Yy), UX JODKHO
OBITH CTOJIBKO JKe, CKOJIbKO W CHapy»u. V3 aToro cienyet, 4to y N o (y) me-
pecekaetcs ¢ 05(y No1(y)), OTCIOAA ClIeAyeT CylecTBOBaHME UCKOMBIX U, W,
OTCIO/Ia BBITEKAET pellleHre 3aZauu. HeKOTOpBIE XJIOMOTHI [OCTABJISAET CIIE/YTO-
muii gakT: rpad 6e3 v u 0, (V) MOXKET pacmacTbCs Ha HECKOJBKO KOMITOHEHT
CBSI3HOCTH, U C 3TUM HYXXHO pa3bupaThbCsi OTAETHHO.

5. Cm. cratpu: K. S. Sarkaria, «A generalized van Kampen — Flores theo-
rem»" u A. }O. BooBukos, <K Teopeme Ban-Kammnena — ®nopeca»® . UnTe-
pecHO 6BUTO OBI Y3HATh IEMEHTAapHOE /J0Ka3aTeIbCTBO.

6. Eciu Ba Bo3a MOTYT MMOMEHSITHCSI MECTaMH, TO B KaKOW-TO MOMEHT
BEKTOp, COEAUHSIONNN UX IIeHTPHI, Mapa/uleieH a U JJInHHee |a|, Ipudém
LIeJIMKOM JIeXXUT B K, a 3HauuT, niepeHoc K Ha a nepecekaercd ¢ K.

7. a) IIpsMble BBIYUCTIEHUS.

6) TonyyaeMoe «paccioeHue» He ABJSIeTCA MMaAKUM, TI0O3TOMY HOHATHS
IIPOM3BOZHOM U, COOTBETCTBEHHO, KaCAHUSA TEPSIIOT CMBICII.

D PAMS, 1991, vol. 111, N2, p. 559-565.
2 «MaTeMaTi4ecKie 3aMeTKn», 1996, ToM 59, BIycK 5, ¢. 663-670.

Hukuta CepreeBuy Kanunvs, HIY BIIID (CII6)
nikaanspb@gmail.com



Ilo MOoTHBaM 3a/1la4YHUKA

[IpoThiKaHMeE ceMelCcTBa TPaHCIATOB
JIBYMEPHOT'O BBHIITYKJIOTO TeJja

P. H. Kapacés

81. DoPMVY/IUPOBKA PE3VJIBTATA

Bpanko I'pronbaym B 1960-x rozax mocTaBwI TaKyo 3a/ja4y: 0Ka3aTh, YTO
JUIS1 cCeMeliCTBa TPAHCIATOB (Pe3y/IbTaTOB Mapa/UIeIbHOTO C/IBUTA) BBHITYKJIOTO
TeJla Ha IVIOCKOCTH, B KOTOPOM JIFOOBIE IBa MHOXKECTBA IIE€PECEKAI0TCA, CyIle-
CTBYeT 3-mpaxceepcany, T. €. TAKUE TPU TOUYKHU, YTO KaKJ0e MHOXKECTBO Ce-
MelCTBa COAEPKUT XOTA ObI OZHY U3 HUX. HalloMHUM, YTO 8blMyKI0€ Meso —
9TO BBITYKJIBIN KOMITaKT C HEITyCTOW BHYTPEHHOCTBIO.

B «MaremaTH4eCKOM IMpocBelleHuu» (cep. 3, Boim. 19, c. 258) omy6auko-
BaHa Cjefylollasd AOCTaTOYHO HamIAgHad 3azada 10, Bxiroudaroliad 3azady
I'pronbayma. Ha cmogie niescam Kpyaavle cangemiu, 803MONCHO, PA3HO20 paA3-
mepa. Jlrobsle 0se nepecekaromces. Jlokaxcume, umo ux moxcHo npubums 100
28030simu. MoocHo au ymeHbwums yucao 100? A eciu amu cangemku cymsw
eOUHUUHble Kpy2U? A eciu 3Mo 8blNyKJlble PU2YPbl, OMAUUAOUUECS NAPAJLIEeNb-
HbIM NnepeHocom?

Ciepyroimye TeoOpeMbl OTBEYAIOT Ha 3TH BOIIPOCHI.

TeEoPEMA 1.1. /[na cemeiicmea & ={K +x: x € X} mpaxcisamos 8binyK1020
mena K na naockocmu R, 8 komopom nt06ble dea mpanciama nepecekaromes,
Hatloémcs mMHoNcecmao P u3 He 6oJiee uem mpéx mouek, nepecekarouyee a060tl
mpaHcasm.

TEOPEMA 1.2. /[na cemeiicmea F kpyz08 8 R?, 8 komopom ntobovle d8a
Kpyea nepecekaromcsi, Hall0émcsi MHoXcecmeo P u3 He Gosee uem 12 mouex,
nepecekaroujee 10601l Kpyz cemeiicmad.

MaTtemaTtuyeckoe npocseLleHune, cep. 3, Bbin. 24, 2019(159-167)
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KoHcTaHTy 12 B mociezHeM yTBEP)KJEHUU MOXXHO YMEHBIIUTD 0 4 (pe-
3ynbTat Jannepa [1]), Ho oKa3aTeNnbCTBO TAKOTO pe3y/ibTaTa HEPOCTOE.

JlabHEeN NI TEKCT SIBJISETCS CJIerKa UCIPaBIEHHOM Bepcreii cTaThu [2].
AnHanoruyHsle 3ToH 6osee obILIMe 3a/ja4X paccMaTpUBaIUCh B [3].

8§ 2. BCITOMOTATE/JIBHBIE ®AKTBHI

Hanee 3anucb A—B, rne A, BC Rz, 0603HaYaeT MHOXXECTBO BCEX BEKTOPOB
BUzga a—b, a € A, b € B. IlepedopmynupyeMm yTBep:kaeHue Teopemsr 1.1:

TEOPEMA 2.1. Ecnu X — X C K — K 0na mHoxcecmsa X € R? u evinyknozo
mena K, mo X moucHo nokpsims mpems mpancasmamu meaa K.

JIEMMA 2.2. Teopemut 1.1 u 2.1 sxgusaneHmHzut.

JOKA3ATE/NBLCTBO. [IokaxxeMm, uTo TeopeMa 1.1 ciezyer us Teopemsl 2.1.
Tak KaK 151 TFOOBIX TOUEK X7, X5 € X okaswiBaeTcst (K +x;) N (K + x,) # @, TO
JUISL IIOOBIX X1, Xo € X HaWAETCA TaKas TOYKA p, UTO P = X1 + Y1 U P = Xy + Yo,
rae yp, Yo € K, oTKyza x; —x9 = Y9 — ¥, 4TO U o3HavaeT X — X C K —K.

ITo TeopeMme 2.1 CymIeCTBYIOT TaKUe TOYKH X1, Xo, X3, UTO JJIA TFOOOH TOUKU
x € X HakzéTca Takoe y € K, 4TO X = X; — y TIpX HEKOTOPOM i. DTO U TpebyeTcs
B Teopeme 1.1.

B o6paTHyI0 CTOPOHY YTBep:K/Ae€HUE JOKA3bIBAETCA TEMU XK€ PACCYKAEHU-
AMU B 0OpaTHOM TIOPSZKE. O

[ orpaHU4YeHHBIX MHOXeCTB X, K C R? oTHOIIEHME JUTAH TpoeKumii X
1 K Ha HEKOTOpOe HalpaBJIeHHEe d B IUIOCKOCTU OyZieM Ha3bIBaTbh WUPUHOU X
8 0aHHOM HanpasseHuu omuocumensvHo K u obosnavats w(X, K, a).

BBITTYKJTyI0 0OO0JIOUKY MTPOU3BOJIBHOTO MHOXKeCTBAa A OyzeM 00603HAYaTh
conv(A). O4eBHIHO, YTO

w(X,K,a) =2w(X,K—K,a),
w(X—X,K,a) =2w(X,K,a),
w(X,K,a)=w(X—X,K—K,a),
w(X,K,a) =w(conv(X), K, a).
Crexytomas mpocTast IeMMa IPOSICHSAET TeOMETPUYECKUI CMBIC BKJIIOYe-
HUa X — X CK—K.

JIEMMA 2.3. Credyroujue ymaepiucoeHUs PABHOCUNbHDBL:
i) X—XCK—K;ii) w(X,K,a) <1 ona mobozo a.

JIOKA3ATENBLCTBO. (i) = (ii) CrnexyeT u3 paBeHCTBa

w(X,K,a)=w(X—X,K—K,a).
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(ii) = (i) Tak xak mHOXecTBa X — X 1 K — K IleHTpaJIbHO-CHUMMETPUYHbI
c entpom B 0 u w(X — X,K — K,a) < 1, To npoeknuss X — X Ha Jtoboe
HalpaBJIeHNE COAEPKUTCA B MPOeKITUU BeimykJoro tena K — K. [1o «reopeme
XaHna — banaxa Ha IUIOCKOCTH» (He JieKalas B BBITYKJIOM TeJie TOYKa OTAesIs-
eTCs1 OT Hero MpsiMoii) oTctoza ciexyet, yTo X —X C K —K. O

W3 eMMBl 2.3 ciieflyeT, 4YTO MHOXeCTBO X B TeopeMe 2.1 MOXKHO CUMTaTh
BBIMTYKJIBIM, TaK Kak ycaoBue (ii) 1leMMbI He MeHsIeTcs IpH 3aMeHe X Ha conv X.

JIEMMA 2.4. Ecau K — gwinyknoe meso 8 R2, a X c R? u w(X,K,a) <1/2
0118 1106020 HANPABJIEHUA A, MO Cyulecmsyem makoe 8vinykaoe mesao F, umo
X CFuw(F,K,a) =1/2 ona nobozo HanpasseHus a.

HABPOCOK /IOKA3ATEJIbCTBA. PacCMOTPUM MHO>KeCTBO BCEX TaKUX BBIIYK-
Jbix Ten F,uto F 2 X u w(X, K, a) < 1 ana mob6oro a. OHO HEMyCTO, TaK KaK
copepxkuT conv(X). M3 smemmel LlopHa ciezayeT (moapoO6HOCTH €€ puMeHe-
HUs OCTaBJIsIEM YUTATENI0), YTO CPEAU TaKUX F cylecTByeT MaKCUMaIbHOE
10 BKJIIOUEHUIO.

Janee Hy>XHO [j0Ka3aTh, YTO €CAU B KAKOM-TO HallpaBjIeHUU LIUpuHa F
oTHOcUTeNbHO K ocTanach MeHbIIle eJUHULBI, TO F He 6BUIO MaKCHUMAaTbHBIM.
M-51 ocTaBisieM mocjefiHee YyTBep:KAeHNe YUTaTeNto, npedynpexcdas, YTo OHO
He OYE€BU/IHO U HauWHas C pasMEepPHOCTU 3 MPOCTO HEBEPHO. O

TakuMm obpa3om, Terepb TeopeMa 2.1 ¢ TOMOIITBIO JIEMMBI 2.4 MOXKET OBITH
BBIBE/IEHA M3 CBOEr'0 YaCTHOI'O CayyYasd:

TeEoOPEMA 2.5. Eciu X, K C R? —egvinykasvte meaau X — X =K—K, mo X
MONCHO NOKPbLMb mpemsa mpaHcasmamu K.

Yenosue X — X = K — K paBHOCWIBHO TOMY, 4TO X ¥ K UMEIOT OZJUHAKOBYIO
IIUPUHY B JII060M HatmpasieHuu (cm. temmy 2.3). Tereps chopMynupyeM eM-
My, KoTopasi OyZieT UrpaTh OCHOBHYIO POJIb B I0KA3aTeIbCTBE TEOPEMEI 2.5:

JIEMMA 2.6. ITycmb AA,B,C; obpazosan cepeduramu cmopor AABC. Ecau
npsimas £ He nepecekaem AA;B,C; u He napaninenbHa HU 00HOU U3 e20 cmo-
poH, mo £ obpasyem c HekomopbiMu 08ymsi cmopoHamu AABC mpeyeonbHUK
nnowadu, 6onvutell uem Sappc-

JIOKA3ATE/IBCTBO. /lOCTaTOYHO pacCMOTPETH Ba CYIECTBEHHO PAa3INYHbIX
cIy4da:

1) TIpsimas { He mepecekaeT AABC u Touka A Haubosee yzaneHa ot /.
Torga, oueBuzHO, { obpasyer ¢ npAMBIMU AB 1 AC TpeyroJbHHUK OOJbIIeit
IUTOIIAZHU, YEM SA apc-

2) INpsimas £ nepecekaeT cTtopoHbl AB 1 AC u sty BC B Toukax F, E u D co-
OTBETCTBEHHO. Torzja u3 yclIoBUA JIeMMEI ciefyeT, uTo AE < EC. JIeTKO BUZETH,
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YTO TPEYTOJbHUK, CHMMETPUYHBIN TpeyroabHUKY DEC OTHOCHUTENbHO TOYKU E,
cogepxut AAFE, a clefoBaTenbHO, Saarg < SApec- SHAYUT, Saprp > Saapc-

OcrasnbHbIe cIy4au CBOZAATCA K PACCMOTPEHHBIM II0c/Ie Tepeobo3HaueHNA
CTOPOH TPEeYTOJIbHUKA. O

§ 3. IOKA3ATEJBCTBO TEOPEMBI 1.1

BBeném o603HayeHus. [IycTh a — BEKTOP €AMHUYHOM JJTUHBI, X — BBIIYK-
soe Teno. O6o3Haunm vepes £, (a, X) u £_(a, X) onopHbie npsiMble K X, TIep-
NEHAVKYIAPHBIE d U Takue, 4To eciu Aqa € {_(a, X), Aqa € £ (a,X), TO
Ay — A1 > 0, unave roBops, (a, x) > 0 ansa Bcex x € £ (a, X) —L{_(a, X).

MoskHO 3ameTuTh, 4To £ (a, X) = {_(—a, X). 3aMeTuM Takxke, 4YTO CyM-
Ma WX Pa3HOCTh BYX MMapa/UIeJIbHBIX MPAMBIX — IIpsMas, apauiebHas UM
obeuM. Torza MOXHO 0003HAYUTH

m(a, X) = 3(L4(a, X) +{_(a, X)),

T. e. mpsimasi m(a, X) paBHoyzaaneHa ot £ (a, X) u {_(a, X) v mapauieibHa UM
obeuM, JenuT IUpUHY X B 3a[aHHOM HaIllPaBJIeHWH TOIOIaM.

JOKA3BATE/IbCTBO TEOPEMEI 2.5. CHauasia ABHO IIOCTPOUM TPU TPaHCIATA
¢burypsl K, a moToM ZioKakeM, 4YTO OHU ITOKPHIBAIOT X .
[TycTp a — HEKOTOPBII BEKTOp AAMHEL 1. PaccMOTpUM MpAMYIO

L(a) =0, (a,X)—L, (a,K).

Tak kak w(X, K, a) =1, umeem £ (a) =m(a, X —K). fIcto, uto £ (a) HempephIB-
HO 3aBHCHT OT a. [[/if MOTIapHO HEKOJUTMHEAPHBIX BEKTOPOB A1, dy, d3 0003HA-
yum 4yepe3 S(ay, dy, ds) IUIOIMAAbL TPEYTOJbHUKA, 0OPa30BAaHHOTO MPSIMBIMU
£(ay), £(as), £(as3). Tak kak 3T psIMBIe TIepeceKatoTcs BHyTpu X — K, TO

S(ay,ay,a3) < %(diam(X —K))?sin o,

rae ¢ —yron mexay npambivu £(a;) u £(a,). CrezoBarenbHO, BEIUIMHA
S(a,, ay, a;) cTpeMuUTCA K HYJIIO, KOT/ja Kakue-To u3 HanpasieHuit £ (a;) crpe-
MATCS APYT K APYTY, TO3TOMY €€ MOXXHO CUMTaTh HENpPEPBIBHOU PyHKIIMEH
Habopa a, as, a3, B KOTOPOM MOTYT OBITh U pPaBHBIE BEKTOPHIL. [0 coobpaske-
HUAM KOMIAKTHOCTU S TIPU HEKOTOPHIX d1, ds, A3 ZOCTUTAET MAKCHUMyMa.

Ec/ii 3TOT MakCMMyM paBeH HYJIIO, TO JIFOObIe TPH, a 3HA4UT, U Bce £ (a)
IepeceKarTca B ofAHOU Touke t. Torna X = K + t, Tak KaK ONOPHBIE IIPAMBIE
K HUM B JIF0O0OM HalpaBJIeHUU COBMAJAIOT. B camom ferte,

tel, (a,X)—L, (a,K),
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a CJIe10BaTEeJIbHO,

ol (a,X)—L4,(a,K+t) u L. (a,K+t)=1L,(a,X).

B IpOTHBHOM cJly4ae mycThb tq, ty U t3 — CepeIUHBI COOTBETCTBYIOIINUX CTO-
POH TpeyroabHUKa, 06pa3oBaHHOro mpambiMu £ (a,), £(as,) u £ (as). [okaxkem,
yTO TpaHCaATH K; = K + t; mokpsiBatoT X. Byzem cuurtats, uto (a;, t; — tj) >0
(i # j), MeHsA B cIyuae HEOOXOAUMOCTH 3HAKU Y a; (cM. puc. 1).

(&0)7

~
Qf’?
o

£(ay)

Puc.1

BospMméMm Ha rpanuiie K Touku y;, npuHagiexamue {_(a;, K). Jlokaxewm,
uTo i +t;—t; €K, T.e. y;+; €EK +¢; (i, j=1, 2, 3). JlocTaTOYHO A0KA3aTh ITO,
HaIpUMeD, AJId y; +tq —ty U ¥y +t; —t3, TaK KaK JJId APYTUX I JOKA3aTEIbCTBO
AQHAJIOTUYHO.

Ha camowm fiesie 0CTaTOYHO I0Ka3aTh, YTO BBITYKJIAasd 000JI0YKA TOYKH Y,
v Toyek Kacauua/ , (a,, K) ul, (as, K) c K comepxur yy, y;+t;—ty U y; +t1—t3
U coiepxutcs B K (9T0 cxeMaTH4eCKH M300paykeHO Ha puc. 2). [l 3Toro o-
CTaTOYHO /J0Ka3aTh, 4To ¢, (a5, K) u{, (a3, K) He kacatoTcs K BHyTpPH MOJIOCHI,
obpazoBanHoO# npsambiMu {_(a,, K) u_(a,K) +t; —ty ={_(a;,K) +t; —t5
(moceHsAsA MpsAMas COAEPIKUT TOUKHU Y; + t; —ty M yp + t; — t3, CM. pHC. 2;
31eCh UCIIONMb3yeTCs TOT GaKT, YTO IpsiMas t,t; mapaviensHa £ (a;), a moTomy
uf_(a;, K)).

JokaxkeM, yTo Touka KacaHus { (as, K) u K He JIeXKUT BHYTPU IOJIOCHI,
obpasoBanHol mpambvu £_(a,, K) u £_(a;,K) +t; —ty. )11 BTOPOH IpsAMOU



164 P. H. Kapacés

ntti—tz yn+t—t

¢ (a,K) +t1—t2\ \/J

N é—(aHK)

Puc. 2

[IOKa3aTeNbCTBO aHAIOTMYHO. CABUHEM BCe pacCMaTpUBaeMBbIE MIPSIMBIE U TOY-
KU Ha BEKTOD t,. Torma K mepeizieT B K,.

Teneps HaM HY>KHO [JOKa3aTh, YTO ToUKa Kacauus £, (as, K,) u K, He JTEKUT
BHYTPU II0JIOCHL, 06pa3oBaHHOM npaMbIMU £_(aq, Ky) ul_(a,Ky) +t1 —ty =
={_(a;,K) +t; ={_(a;,X) (mocienHee paBeHCTBO CJIeAyeT M3 TOTO, YTO
t; €l(a;) =L_(a,, X)—L_(aq, K)).

[IpeAToNIoKUM MIPOTUBHOE. IIyCTh BEKTOP A MONYIAeTCs U3 A5 MaJbIM I10-
BOPOTOM B CTOPOHY a;. Torza npy ZOCTaTOYHO MajoM OTJIHUYUHU d OT d3 TPs-
mete £ (as, Ky) u £ (a, K,) 6yayT nepecekaTthbes B nosnoce mexay £_(aq, K,)
u f{_(a;, X) (310 cxemaTHU4yecku U306pa’keHO Ha pUC. 3).

PaccmotpuM Teneps npsameie £ (az, X) u £, (a, X). lpamas £, (a3, X) mo-
my4aetcsa u3 { (as, K,) CABUTOM Ha BEKTOD t3 — t,, TaK Kak t3 € £, (a3, X) —
—{, (a3, K), T.e. ty—ty €€, (a3, X) — £, (a3, K,).

BeKTOpHI ay, s, a3 BEIOpaHBI TaK, 4yTobkI £(a;), £(a,), £(as) obpasoBanu
TPeyroJbHUK MaKCUMaIbHOU Iutomaau U npsamas £ (a) 6suta He mapaulesbHa
ero cropoHam. [lo semme 2.6 oHa mepecekaeT At tyt; U B JAHHOM CJIydae
obsi3aHa TiepeceKaTh CTOPOHHI ot U tyt5 (cM. puc. 1). Tak Kak

(@)=L (a,X) =L (a,K) =L, (a,X)— L (a,Ky) + 15,
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\;/\
49
K, k@“;’
al |, %
e— (al: X)
{_(a;,K,)
t3— 1ty
*r—>
&
O
\‘x
o)
&
\4*
Puc. 3

upsamas £ (a, X) nonyyaercs u3 npsimoii £, (a, K,) cABUTOM Ha BEKTOp, COHA-
IIPaBJIE€HHBIN C t3 — ty U MEHbILIEN JIUHBI.

Oto o3HauaerT, uyTo ToukKa nepecevenus £ (as, X) u £ (a, X) nexur no apy-
ryio cTopoHy oT mpsimoii {_(a;, X) mo cpaBHeHUIO ¢ X, Kak U TOYKa Iepe-
ceueHus npsameix {, (as,Ky) u £, (a,K,) (cM. puc. 3, 3TH CABUTH TIPSAMBIX
¢, (a3, Ky) ul (a, K,) TOMBKO yAAIAIOT TOUKY UX epeceyeHus ot {_(a;, X)).
Ha puc. 3 Takke BUIHO, YTO IPU TAKOM PACIOJIOXKEHUU BCE TPU IPSIMbIe
l,.(a,X), £,(as,X) u £_(a;,X) He MOTYT OFHOBPEMEHHO OBITH OMOPHBIMU
A X. Tloaydmnu npoTUBOpEUre.

Wrax, 1o fiokasansomy y; +t; €[ ) ; K; mpu i=1, 2, 3. Tlyers C=conv | J; K;,
JokaxeM, 4yTo X C C. IIpeAonoKuM IIPOTUBHOE U BO3BMEM IIPAMYIO, OT-
JeArouyo Kakue-To Toukd X oT C. [IycTh a — eé HalpaBAKIIUN BEKTOP,
torza npsameie £ (a, X) — £, (a, K;) exXaT 1o ofHy CTOPOHY OT Hayajaa Koop-
[IVHAT, T. €. BCE TPU TOUKH (; JIEXAT 110 OJHY CTOPOHY 0T £ (a) — mpoTHBOpeYne
c 1eMMoi 2.6.

MHoxecTBO C ommdaercs ot | ; K; Ha 06beMHEeHIEe MHOXECTB, JIEXKAIIHX
BHYTDH TPEYrONbHUKOB T;, ¢ BepmmHamu y; +t; (j = 1,2, 3, cm. puc. 4).
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Puc. 4

Ho AT, nexwurt ¢ X 1o pasHble CTOpOHH! OT {_(a;, X), ¥ IO3TOMY MHOXe-
ctBo AT, N (C\ | J; K;) He nepecekaer X. 3nauur, C \ | J; K; Toxxe He mepece-
kaet X. CiezoBartensHo, X C | J. K;.

Teopema 2.5 fokasaHa. UJ

84. HABPOCOK JOKA3ATEJILCTBA TEOPEMBI 1.2

PaccMoTpuM JaHHYIO HaM CHUCTEMY KpPYTOB.
1) Ecam MBI pacCMOTPUM MUHHUMAJIBHBIN KPYT B CHUCTEME C PaZUyCOM I
Y HapuCyeM TpHU paBHBIX Kpyra He U3 CUCTeMBbI paZlyCcoOM
r
R=——,

V3

Kacarouyecs BHEITHUM 00pa3oM pyT Apyra IIOIapHO U Kacalolyecs MajeHb-
KOT'0 KpyTa, TO TPU TOYKU UX KacaHuA JPYT C APYroM IIPOTHIKAIOT BCe KPyTHU
CUCTEMBI C paguycaMu, 6onbmiiMu R. JIs loKa3aTelbcTBa TpebyeTcs 3ame-
TUTb, YTO BCE KPYT'Y CUCTEMBI IlepeceKaloT MaJeHbKUH KpPyT, U PaCCMOTPETh
KPUBOJIMHEWHBIN TPEYTrOJbHUK, 0OPAa30BAHHBIN YaCTAMU TPEX BCIIOMOTaTeb-
HBIX KPYTOB paZuyca R, U ero nepeceyeHve ¢ BBIOPAaHHBIM KPYT'OM CHUCTEMBIL.

2) Eciiu MBI pacCMOTPUM MaKCHMAaJIbHBIH IO IUIOMIAAN TPEYTONbHUK, KO-
TOPBIH KacaeTcs TPeMA CBOMMU CTOPOHAMHU CHAPY:KU HEKOTOPBIX TPEX KPYTOB
M3 Hallel CHCTEMBI, TO TOYKU ero KacaHus C Kpyramu (II0 COBMECTUTEJIb-
CTBY — €r'0 CEpPeJUHbI CTOPOH) MPOTKHYT BCE KPYTU CUCTEMBI, €CJTU OTHOIIIE-
HUe paZinycoB JIOOBIX ZABYX KPyroB B cucTeMe He Oojblile 2. DTO JenaeTcs
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C TIOMOIIIBIO JIeMMBI 2.6, KOTOpas MOKa3bIBaET, YTO MO0 KPyT CUCTEeMBI Iie-
peceKkaeT BBIOPAHHBIN CPeANHHBIN TPEYTOJbHUK, 1 HEKOTOPOU «MeIUTaI[M»
HaZl kapTUHKON. Ecam paccMaTpuBaeMbIX B 3THUX IYHKTaX TPEYrOJbHUKOB
He CYILIECTBYeT, TO JIIOOble TPU KPyTa CUCTEMEI IlepeceKaroTcs U, 3HaUUT, BCe
OHU MPOTHIKAIOTCSA OOIIIEeH TOYKOH 10 TeopeMe XeJUTH.

3) Vi3 myHkTa (1) cienyeT, YTO, IPOTKHYB CIUIIKOM OOJBIINE KPYTH TPEMS
TOYKaMH, MbI MOXEM Pa30UTh OCTABILINECS KPYTH HA TPU CUCTEMBI C OTHOIIIE-
HUAMU PaInycoB He 6osee 2, Tak Kak

1

1 g
2 _q

V3

Y IPUMEHUTD K 3TUM CcHCTeMaM IpuéM (2). B urore Mbl 3aTpaTuM He Gosee
12 Touyek Ha IIPOTHIKAHUE BCEX KPYTOB.
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3azada o JIATYIIKE

A. I0. OBHUH

PaccMarpuBaeTcs oMMITMAAHAsA 33/1a4a, CB3aHHAsA C pacipeze-
JIEHWEM JIByMEPHOH CIyYaifHOUW BEJIMYUHBI U JOMyCKaloIasi pa3Hoo0-
pa3Hble ITOAXO0ABI K CBOEMY PelIeHUIO.

Hauwnnasa ¢ 2009 r. B IOXHO-YpasIbCKOM IrOCyZ,apCTBEHHOM YHUBEPCUTETE
PETYJIAPHO MPOBOAATCS MaTeMaTH4eCcKre KOHKypCh [1-5]. B unciie yqyacTHU-
KOB 3TUX KOHKYPCOB CTYyZeHTHI U acnupanTsl IOYpI'Y, Apyrux By30B, a Takxe
JMIOOUTENN MaTeMaTHUKN U3 Pa3sHbIX TOPOJOB Poccru U cTpaH GIMIKHETO 3apy-
6exXbA.

B 3ameTke pa3bupaeTtcs 3az;a4a u3 55-ro KOHKypca.

3AZAYA. Jlseywka cogepuiaem NpulicKu, Kaxcoulii— Ha memp. Hanpas-
JleHUe Kanc0020 Npuvlicka 8vloupaemcs cayuaiiHo (cuumaem, umo cayuaiiHas
ge/IUYUHA, PABHASL y2Jly nosopomd, pacnpedesieHd pPABHOMEPHO HA Ompe3ke
[—m; m]). C kakoll 8epossmHocmbl0 NOC/Ie MPEX NPLINCKOB NAYUKA OKANEMCSL
Ha paccmosiHuu He 6osnbute 1 M om HAUANBLHOIL MOUKU?

§81. HEBEPHOE PEIIEHUE

JTa 3azayva B3fTa U3 MaTepuaaoB oauMnuagsl AMC
(American Mathematics Competitions) 2010 1. ABTOpbI
MIPEJIOKIIN TaKOe pellleHuUe.

[TycTb TIEPBBIM MPBLKOK JIATYIIIKYA OBLT U3 TOYKH A
B TouKy O (puc. 1). Torza mocJie emé AByX MPbDKKOB JIsi-
TyIIIKa MOYKET HaXOJUThCS B JIFOOOM TOUKe KpyTa pasny- ‘
ca 2 c ueHTpoM B TouKe O (6yZeM Ha3bIBaTh 3TOT KPyT
bonbwum kpyzom). braronpusTHoe cOOBITHE COCTOUT
B MOMAJaHUM JIATYIIKA B MAIEHbKULL KpYy2 — KPYT eu- Puc. 1
HUYHOTO pajiyca C IeHTPOM B Touke A. OTHOIlIeHHe

@/

[lepBoHayanIbHasA Bepcus OIMyOJMKOBaHA B JKypHase «MaTeMaTHKa B BBICIIEM 0Opa3oBa-
HUW», 2018, N2 16, c. 35-42.

MaTtemaTtuyeckoe npocseLleHne, cep. 3, Bbin. 24, 2019(168-174)
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IUIOIAZM MaJIeHbKOT'O KpyTa K ILIOLIau 60JIbIIOro, KOTOpPOe Hac UHTepecyerT,
paBHO 1/4. 31ech MOMy4eH BepHBIN OTBET, HO PellleHre HeBepHOe!

JlelicTBUTENIBHO, B HEM HEABHO NIpEAIIOIaraeTcs, YTO paclpe/iesieHHe MoJIo-
*KEHUs JIATYLIKU TTOC/Ie BYX MPBDKKOB (€C/i OHAa HauMHAET MPBIraTh U3 TOY-
ki O) fABJSETCS PAaBHOMEDPHBIM B OOJBIIOM Kpyre. OCHOBaHHWEM K TaKOMY
BBIBOJIY MOKET CJIYXKUTh Clleylollee HabmogeHre: 13 TOUkU O B II00YI0 TOUKY
BHYTPH OOJIBIIOTO KPyra, OTJIMYHYIO OT €ro LIEHTPa, MOXKHO 3a /[Ba MPbDKKA
II0TIacTh POBHO AIBYMA criocobaMu.

OaHako yka3aHHOe paclipeZiesieHre He SABJAeTCA paBHOMepHBIM. O ToM,
KaKOBO OHO, MBIl IOTOBOPUM B KOHIIe CTaThU. A CHauaJa pelliuM 3a/ja4y, He Ha-
XOZII CaMOT'0 paclipe/ieIeHu.

8§ 2. TPu BEPHBIX PEIIEHUA

Crroco6 1. [ycTh JATyIIKa MphiraeT Mo KOMILIEKCHOM IIOCKOCTH, CTapTys
13 Havyaja KoopAuHaT. HampaBuM ZIeMiCTBUTENBHYIO OCh B HAIlPaBJIEHUM eé
[IEPBOTO MPBDKKA. [IyCTh HaMpaBIeHUs BTOPOTO U TPETHETO MPBDKKA COCTAB-
JIIIOT C IeACTBUTEIHHOM OChI0 COOTBETCTBEHHO YIVIBI & U [3. MOXHO CUMTATh,
4TO ot ¥ 3 — CiIydaiiHble BeJIMYMHBI, PABHOMEPHO paclpe/ie/IEHHbIE Ha OTPe3-
ke [—m; m]. Hac uHTEpecyeT BepOSITHOCTh BHITIOJTHEHUsSI HEPABEHCTBA

11+e*+ef| < 1.
Nmeewm:
(14 cos a+cos )%+ (sina+sin f)? < 1;
3+ 2(cosa+cosff+cos(a—p)) <1;
cosa+cosf3+cos(a—f) <—1;

at+f _a—pB 2a=B . _ -
2 cos 5 C0s —5 + 2 cos T_l\_l’
a—f a+f a—p .
2 cos 5 (cos 5 + cos ) <0;
a—p

4 cos cosgcos§< 0;

2 2
C BEPOSATHOCTBIO eANHUIIA

cos a;[o’ <0.

3aMeTHM, YTO, B HAIIKUX NPEANONoXeHuaxX, —1 < (a — )/2 < m. IloaTomy
okoH4aTesbHO UMeeM —7T < (a — f)/2 < —n/2 wu /2 < (a— B)/2 < 7.
JIByMepHas ciydaiiHas BennuuHa (a/2; f/2) paBHOMepPHO paclipeziesieHa Ha

KBajipaTe
_[ .= _n.n
D_[ 2’2]x[ 2’2]'
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HaiineHHBIM HEpaBeHCTBAM MeXay a U 3 (onuckBa-
IOIIUM MHTEpPECYIolee HAaC COOBITHE) COOTBETCTBY-
IOT 3aKpallleHHble TPEYTOJbHUKU Ha pHUC. 2.
VickoMasi BEPOATHOCTb paBHa OTHOLIEHUIO TUTO-
gy 3aKpalleHHON 06JacTH K IUIOMAAu KBajpa-
ta D. Kak BugHo, 310 1/4. -
Cnioco6 2. IlycTh JIATYIIKA MpBITaeT 110 Mapiil-
pyty A — B — C — D. O6o3nauum a = ZABC, 3 =
= /BCD (puc. 3). Y1o6HO cunuTaTh, YTO A U 3 — CIIy-
YyaliHble BEJIMYMHBI, PABHOMEPHO pacIipesie/IEHHbIE
COOTBETCTBEHHO Ha oTpe3kax [0; ] u [0; 27].

N

N

IS
N
N R

N[

Puc. 2

Puc. 3

IloctpouM TpeyroabHuk ABC n0 pom6a ABCE. [lyia Toro 4ToObI ToOuKa D
OKazajiach B €JUHUYHOM KpYyTe C IIEHTPOM B TOYKe A, HEOOXOAMMO U Z0CTa-
TOYHO BBIIIOJIHEHVE HEPABEHCTBA B

o<f<mn—a. (%) 2

JlBymepHas ciydaiiHaa BennunHa (a; 3) paBHOMEPHO pac-
mpezeieHa Ha mpsaMoyroibHuke G = [0; ] % [0;27]. Aco- =
oTHomeHUIo (*) (T. e. HHTEpeCYIOIIeMy Hac COOBITHIO) COOT-
BETCTBYeT 3aKpallleHHbII TPEYTOJIbHUK Ha pHUC. 4.

VickoMast BEpOSITHOCTh PaBHA OTHOILIEHHIO TUTONIAN Tpe-
YTOJMBHUKA K IUIOIA/N IPIMOYTONbHUKA. Kak BuziHO, 31O 1/4.

Cmoco6 3 (M. /. Bponrretis, 3. FO. JlepHep). Puc. 4
1)

JIEMMA "’ . IIycmb a, b u ¢ — KoMnaaHapHwle, HO NONAPHO He KOJLIUHeap-
Hble eOUHUUHble 8eKkmopbl. Tozda u3 eekmopos a+b +c,a—b+c,a—b—c,
a+ b — c posHo 0duH 6ydem umems ONUHY, MEHbULYH) eOUHUUDL.

__JloKA3ATE/IBCTBO. ITycTh AO=a,0B=b,0C=c, OF=b+c, 0G=—b+c,
OH =—b—c, Ol =b—c (puc. 5). Touxu F, G, H, ] — BepimHb! poM6a. HyxHO

D Kak moszHee BBISICHIIIN aBTOpPHI, GOPMYIHUPOBKA JIEMMbI HE OPUTHHAIbHA, UMEHHO €é
B KayecTBe elé ofHOoro (y»Ke MPaBWIbHOTO) PEIIEHHUs IPEIIOKIWIN COCTaBUTENH 3azad AMC.
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ZlOKas3aTh, YTO POBHO OZHA U3 HUX HAXOJUTCA HA PACCTOAHUN, MEHBIIEM €/I1-
HUIBL, OT TOYKU A. IleHTp pomba — Touka O, a CTOPOHAM COOTBETCTBYIOT
BEKTOPEHI FG = —2b, GH = —2c, HI = 2b, IF = 2¢. Ecm IIPOBECTU TeIEepb
YeThIpe eJUHUIHBIX OKPY>KHOCTH C leHTpamu B F, G, H, I (puc. 6), To nepBas
U BTOpasd, BTOpasd U TPeTbs, TPETbA U YETBEPTadA, YeTBEPTAA U IlepBasd OKPYXK-
HOCTH KacaloTcs IpyT Apyra B cepeAiiHax CTOpoH pomba (toukax C, D, E, B).

Touka A NeXUT Ha €JUHUYHOU OKPY:KHOCTHU C LIEeHTpOM B Touke O. JTa
OKPY>KHOCTb ITPOXOAUT Uepe3 ToUKU B, C, D, E, KOTOpbIe AeAT €€ Ha YeThIpe
ayru. Touka A ominyHa oT Touyek B, C, D, E (43-3a HEKOJUTMHEAPHOCTU BEK-
TOPOB a, b ¥ ¢) U NEeXUT Ha OJHOM M3 YKa3aHHBIX YETHIPEX AyT. Hampuwmep,
Ha ayre EB, kak Ha puc. 6. IcHo, 4To Touka A He IToNaZjaeT B eAUHUYHEBIE KPYTU
C IleHTpaMu B TOYKax F 1 H (3TH Kpyru BHEIIHUM 00pa3oM KacarTcs Kpyra
¢ ueHTpoM B Touke I). He momaziaeT oHa U B €JUHUYHBIN KPYT C LEHTPOM

Puc. 6
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B Touke G. B camowm gene, ecmu Al <1, AG <1 u AO =1, To, pacCMOTpEB
TpeyrosbHUKU AIO u AGO, nMeeM HepaBeHCTBA JJIA UX yIVIOB:

ZAIO > LAOI, /ZAGO > ZAOG.
[Tockonbky ymisl AOI u AOG cMeXHble, CJIOKeHNEe STUX HEPABEHCTB JaéT
ZAIO + LAGO > 180°.

Ho Torga cymma AByx yioB B TpeyronbHuKe AIG 6osbine 180°. TIpoTrBOpeumne!
Takum o6pa3om, POBHO 0/lHa U3 BEPIIUH poMba HaX0AUTCs Ha PaCCTOSTHUU,
MeHbIIIEM eIMHUIIBI, OT TOYKU A. DTO U TpebOBaIOCh 10KA3aTh. O

3AMEYAHUE. To, 4TO TOUKa A He IIONaZaeT B [lepecedyeHre ABYyX KPYyros,
MOXXKHO OBLIO I0Ka3aTh ¥ TAKUM paccykzeHreM. [IycTh Kakue-TO Ba BEKTOpa
13 YKa3aHHBIX YeTBIPEX UMEIOT JJIMHY MeHblIle 1, Hanpumep, [a+b—c| <1
ula—b+c| < 1. Torga

2lal=|(a+b—c)+(a@a—b+c)|<|la+b—c|+|la—b+c| <2,
OTKyZa |a| < 1 — npoTtuBopeume.

W3 jsieMMBI cileflyeT, YTO MCKOMas BEPOATHOCTDb B 3ajiayue IIPO JIATYIIKY
ecTb 1/4. JledicTBUTENBHO, ITyCTh B IPSIMOYTOJIBHON CHCTeMe KoopAUHAT OXy
HamnpasieHusa 1-To, 2-T0 U 3-TO IPBIKKOB COCTABJISIIOT YIVIBI A, 3 U1 ¥ C OCBIO
Ox, a I(a, B, y) — UHAMKATOP UHTEPECYIOIIETO HAC COOBITUA (3Ta BETUIMHA

paBHa eAWHUIlE, KOrZa COOBITHE ITPOUCXOJUT, M PaBHA HYJIIO B IPOTUBHOM
crydae). Toraa uckomast BepOHTHOCTb P MoXeT ObITh BBIYKC/IEHA KaK

ﬂ I(a, B.y) dadp dr,

(2 )

rae D — gekapToB Kyb oTpe3ka [O; 27]. IHTerpan oT KaxAou u3 GyHKIUA
I(a,B+m,y), I(a, B,y +m), I(a,B + 7,y + ) (QpryMeHThI CKIaABIBAIOTCS
110 MOZYJIIO 27T) AACT TOT JKe pe3yabrat. [[03TOMy MHTerpaa OT CyMMbI UH/IH-
KaTopoB

I(a,B,y)+I1(a,B+m,v)+I(a,B,y+m)+I(a,B+m,y+m)

O6yzeTr B 4 pasa 6osbine. CyMMa ke MHIWKATOPOB, KaK IOKA3bIBAET JIEMMA,
MIOYTH BCIOAy paBHa efaunuile. Otrciona 4P =1u P = 1/4.

§3. PACHIPEAEJIEHUE CYMMBI ABYX BEJWYWH, PABHOMEPHO
PACIPEJEJAEHHBIX HA EJUHUYHOM OKPY>XKHOCTH

BepHémcA k 3alaue HaXOXK/eHUA IVIOTHOCTHU paclipezie/ieHus CyMMBI IByX
CJTydaiHBIX BEJIMYMH, KaXK/lasd U3 KOTOPbIX paBHOMEPHO pacIpeziesieHa Ha elu-
HUYHOM OKPY>KHOCTHU C IIeHTPOM B Hauase KoopauHar O.
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B cuity cMMMeTpHUH, TUIOTHOCTb pacrpezenenus f(x, y) B Touke M (x, y)

3aBUCUT TOJIBKO OT
OM =r=+/x>+y2

[TycTh ot — yTOJI TOBOPOTA HAlpaBjieHUs BTOPOTO MPBIKKA OTHOCUTETBHO ITEp-
Boro. Torza (mpoBepbTe 3T0!) 1 = 2 cos(a/2). Cny4aiiHas BeluduHa ¢ = o/ 2
paBHOMEPHO pacrpe/iesieHa Ha oTpe3ke [—7/2; t/2]. IToaTomMy At GyHKIMI
pacnpezieieHus cIydaliHOW BeJIMYUHBI ' UMeeM

z
2

X

_ — X = 2 . aresi
F.(x) =P{2cosp < x}=2P {arccos 5 <¢ < } = o aresin 7,

rme 0 < x < 2.
ITo 0IHOMEPHOMY 3aKOHY paclpe/ie/leHus I IByMepHYIO IUIOTHOCTS f (X, )
HaMIEM C IOMOIIBIO PaCCyKAeHMU, peAnoykeHHoro mpod. JI. /1. MeHuxecoM.

B ToxxgecTBe
J fl,y)dxdy = % - arcsin g

x2+y2<r2

nepeiiéM K TOJIAPHBIM KoopAuHaTaM (p, @), monaras f(x, y) = g(p):

27 r
j do jpg(p) dp = % - arcsin g
0 0

OTcroza

.

=1 aresinl
J}og(p)dp—n2 arcsin 5.
0

JuddepeHiiupoBanue 10 r Jaét

1/2

1. __-/e -1
rg(r) - T2 m: T.e. g(r) n2.r- 4—r2.

[Mosyunmoch, YTO IUIOTHOCTh pacipeziesieHns OeCKOHEeYHa B LIEHTpe Kpyra
(aTOTO CNEOBANO OXKUJAATH, IIOCKOJIBKY €CTh OECKOHEYHOE YKCJIO CIIOCOO0B
MIOTIACTh 3a /[BA MPBDKKA JIATYIIKYA U3 TOUKU O B TOUKy O) U Ha €ro TpaHulle.
[locnenHee BecbMa HEOXKUAAHHO!

Teneps (emé pas!) HaliZIEM BEPOATHOCTH TIOMAJaHUs B MaJ€HbKUM KPyT

/2 2cos /2 2cos ¢

P:Jd J d :Jd Ji-éd =..=1
wopg(p)p ('00”2\/4——p2p Z

—m/2 —1/2

—_
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baaromapHOCTHU

ABTop BBIpakaeT 6;arozapHocTb M. /[I. Bponmretiny, C. M. BopoHUHy,
9. 10. Jlepuepy, JI. . MeHuxecy 3a IPOAYKTUBHOE OOCYK/eHUEe JAHHOTO CIOXKe-
Ta. VI3 yuacTHuKOB «Matemarudeckoro KoHkypca B IOYpI'Y» ¢ 3agaueii mpo
JIITYIIKY CIIpaBWINCH cTyZeHTh M. EBrenbeB (Uensiounck, IOYpI'Y), E. Kuuak
(MockBa, MHMP3A), K. Yepusbimép (Caukt-Iletepoypr, CIIOIY).

[Tybnukarus [6] mocBsnieHa 3aa4aM 110 TEOPUU BEPOATHOCTEH, Mpeaa-
raBIIMMCA B IIOCJAELHME I'O/Ibl HA Pa3/JINYHbIX CTY/€HYECKUX OJIUMIIMA/IaX.
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3aJadyHHK

(coctaBuTensb A. 1. Kanenb-bejoB)

YcinoBud 3agau

B aTOM paszesie BHUMAHUIO YUTATeJ el IpeAiaraeTcs mogbopka 3azad pas-
HOW CTEeIleHH CJIOKHOCTH, B OCHOBHOM TpyZAHBIX. HazseeMcs, 4To 3TH 3agauu
OKa)KyTCSI HHTEPECHBIMU JJIsI YuTaTenel «MaTeMaTHYeCcKoro IPOCBEIIEeHU»,
B TOM YHCJIE JIJIsI CUWIBHBIX ITKOJIbBHUKOB, MHTEPECYIOMIMXCS MaTEMaTUKOM.

Ms1 obpaiaeMcsi ¢ TpOCcbOOM KO BCEM UUTATENSAM, UMEIOIIUM COOCTBEH-
HbIE TI0A00PKY TaKUX 3a/ja4, IPUCHLIAT UX B PeJaKIHi0. MHI C yZI0BOIbCTBUEM
OyzeM my6GIMKOBATh CBEXKHE aBTOPCKUE 3a/[auH.

B cko6Kax Imocje YCIOBUS 33/jaui YKa3bIBaeTCsl aBTOP (YTOYHEHUSA CO CTO-
POHBI YUTaTeIe IIPUBETCTBYIOTCA).

1. laH eqMHUYHBINM BeKTOP. PaspeliaeTcss BLIOpATh MPAMYIO U 3aMEHUTD BEK-

TOp €ro mpoeKnueil Ha 3Ty psamyto. C HOBBIM BEKTOPOM MOXXHO IIPOBECTH

TY YK€ IIPOLIEAYPY, U T. A. [IpsiMast KaXKAbIi pa3 BEIOMpaeTcs 3aHOBO. MOXKHO

JIU TaKUM 00pa3oM pa3BepHYTh BekTop Ha 180°, moTepsB mpu 3ToM He 60-

snee 1% OT ero AJIMHbI? (A. 4. Kanenv-Benos)

2. a) Ilycts 0 — mpUTATMBaOmIas TOYKa HENPEPHIBHO AuddepeHIpyeMoi
dyaxmmu f(x) (T.e. 0 < |f/(0)| < 1). Honoxum k = f/(0). lokaxure 14
BCEX X U3 HEKOTOPOW OKPECTHOCTH HYJIS CylIECTBOBAHUE TIpeiesa

(m
tim L0 g,

HeIpeprIBHOCTD GyHKIME g 1 Toxzaectso g(k - gV (x)) = f(x).

6) JlokaxkuTe, 4TO ecnu f GeckoHeuHo AubdepeHIpyeMa, TO U g TOXe
6eckoHevyHO auddepeHIIIpYEMA.

MaTtemaTtuyeckoe npocselleHune, cep. 3, Bbin. 24, 2019(175-180)
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B) JIOKaXXUTe TOXIECTBO

\/2+\/2+...+ﬁ

-~

lim E \/2+ﬁ n KopHeit _ 4—x2
noco 2 2 2 > ’
\sz(w)

2

(A. A. Kanenv-Benog)

3. a) MoryT i Tpu IIpsiMble pa36UTh KPYT Ha 7 YacTell, paBHBIX 10 TUIOMIAIU?

6) (OTKpBITBIA Bompoc.) IS KaKJOTo n OIpeAenuTe, MOTYT Ju n + 1
TUIIePIUIOCKOCTeH pa3buTh n-MepHbIH map Ha 2" — 1 wacTeif, paBHBIX
1o 06bEMY? (H. C. Kennum)

4. JlokaxkuTe, 9TO PH BCeX d; => 0 BHIMOMHAETCA Hepasencmeo Kapaemana:
e-(a;+...+a,)>ag+ +/aga; +...+"/a, ... a,,
IZle e — OCHOBAaHME HATypaJbHBIX IOTaprpMOB.

5. Ilyctb | — KacaTesbHasA K OKpY:KHOCTH ABC B TOUKe A; () — OKPYKHOCTb,
KOTOpasi MPOXOAUT Yepe3 TOUKU B, C U mepecekaeT NpsAmMyro | B Toukax D
u E; W, N — cepenunsbl nyr DE OKPYKHOCTU . JIOKaQXXUTe, YTO IIOJIOKE-
HUE OPTOIleHTpa TpeyrosibHuKa NWA (ecsii OH He BBIPOXK/IEH) HE 3aBUCUT

OT TTOJIOXKEHUS OKPYKHOCTH (. (M. ILnomHuxkos)
6. Ilyctb P, ..., P, — MHOTOWIEHHI OT X1, ..., X,, k < n, ¢ a) KOMIUIEKCHBIMH,
6) JAelCTBUTENbHBIMU KO3UIIMEHTaMH. BO3MOXKHO JIi paBEHCTBO MHOT'O-
YIEHOB: P12 +...+ sz = x% +...+ xﬁ? (Ponvknop)
7. [lokaxkuTe, 9YTO IpU 6ECKOHEYHO MHOTHX n Habop uucen 1, ..., 3n MOKHO
pa3buTh Ha n TPYIII IO TPU YKMCIA TaK, YTOOBI OAHO M3 YKCENT KayKIOM
CPYIIIBI 6BLIO PABHO CYMME JIBYX JPYTHX. (Ponvknop)

8. a) Kakoe MakcHUMajabHOE YUCJIO TOYEK MOXXHO OTMETHUTH B €AMHUIHOM
TpEXMEPHOM Kybe Tak, 4YTOOBI BCe IMOMapHbIe PACCTOSHUA OBLIA CTPOTO
6osbie 1? Bosbie wiv paBHbI 1?

6) AHaAJIOTUYHBIE BOIIPOCHI JJIs1 YETHIPEXMEPHOTO Ky0a. (Ponvknop)

9. a) [laHa mocIeZ0BaTeNbHOCTD A, N=1,2, ... VI3BECTHO, YTO IpH Bcex ¥ > 1
BBINIOJIHEHO paBeHCTBO lim,, _, , af,m) = 0. BepHo Ju, uto lim,,_, , a, = 0?
(3aech [x] o3HavaeT memyio YacTh YMCIaA X.) (Ponvknop)
6) Hazoséwm uuciio ff € [0, 1] xopowum, ecmu f =lim,, _, . {a"} mpu HEKOTO-
pom a > 1 (3mech {x} o3HayaeT ApPOOHYIO YacTh YKcaa X). JIOKaXKUTe, IYTO
MHOXECTBO XOPOIIUX Yucen He 6osee yeM cuéTHO. (A. A. Kanenv-Benos)



Yenosus 3adau 177

10. B k-MepHOM MPOCTPAHCTBE OTMEYEHHI N TOYEK. PaspemniaeTcs: B3sATh Mps-
MYIO, Ha KOTOPOM YK€ JIEXKUT He MeHee t OTMEYEHHBIX TOYEeK, OTMETHUTD
JIF00YIO ZIPYTYI0 TOYKY Ha STOM MPAMOU U Jjajiee TOBTOPATH STY IIPOLIEAy-
py. OKkasasnochk, 4TO JI06YI0 TOUYKY IMIPOCTPAHCTBA MOXKHO OTMETHUTD. IIpu
KaKOM HaMMEHBIIIEM YUCJIE N1 U3HAYATBHO OTMEYEHHBIX TOYEK STO MOTJIO
cayuntbesa? (Yucio t sHaYaabHO GUKCHPOBAHO, OTBET 3aBUCHUT OT t.)

(M. B. Mumpogaros, @. B. [Tempos)

11. a) TpUroHOMEeTPUYECKUM TTOJUHOM P CTelleHU n MpUHUMAaeT 3HauYeHUs
u3 [—1; 1]. IIpu atom P(0) = 1. Jlokaxkure, 4To P(Xx) > cosnx mpu Bcex

T, T
x € [—ﬂ, +a7 - (Poavrnop)

6) V3BecTHO, yT0 0 < @y < a; < ... < a,. JJOKaXKUTE, YTO TPUTOHOMETPHUYE-
CKUI MHOTOYIEH g + d; cOS X + ...+ a, cos nx Ha oTpe3ke [0; 7] poBHO n
pas obparaercs B HyJb. (B. A. Cendepos, A. A. Kanenv-Benog)

12. Ha xoHrpecc cobpanvch 2019 y4éHBIX — XUMHUKOB U aJIXUMHUKOB. XUMUK
[IpaBAUB, a AJIXUMHUK MOXET CKa3aTh [IpaBAy, a MOXKET U COBpaTh. XUMU-
KoB Oosbiie. Ka)kzibIfi BC€ Mpo BcexX 3HaeT. 3a KaKoe MUHUMAJIbHOE YHCIIO
BOIIPOCOB MOXXHO YCTaHOBUTD, KTO €CTh KTO? (Ponvknop)

VICTIPABJIEHUME YCJIOBUA

K coxasnenuto, B yciaoBuu 3agaun 13.8 (Beimyck 13, c. 180) gomyuieHa
orevarka.
[TpuBOAYM HCTIPABIEHHYIO GOPMYIUPOBKY.

3A71A4A 13.8. HenpepriBHasA GyHKIMSA f TaKOBa, YTO

1
jxkf(x) dx =1 gna moboro k€ {1,...,n—1}.
0
1
JloKaXKHTe, 4TO J 2(x) dx = n?. (SEEMOUS 2008, Mircea Dan Rus)
0

JOTIOJIHEHUE K 3AJAYHUKY

Xopomaﬂ 3aJlada I€HHa CBOMMM CBA3AMU. Hauboiee COoAEPXKATE/IbHbIE
3aZa4r OTKPBIBAIOT HOBBIE€ CIOXKETHI M TEMBI, B paMKaX KOTOPbIX BOSHHUKAIOT
HOBBIE 3aZla4¥, OTKPBIBAIOTCA HOBBIE 'PAHU. NMeHHO IMO3TOMY pE€lIeHME 3aJa4



178 Yenosusa 3adau

oboraraer ¥ OKa3bIBAETCS CTOJIb TOJIE€3HBIM, IIOMUMO YHCTO UHTE/UIEKTYab-
HOIt TpeHHpOBKU Y.

[TybnrKyeM odepeZHbIE JOTIOTHEHU K 3aZja49aM.

B Bhimycke 11 6bu1a omy6MKoBaHa

3A71AYA 11.4. d-MepHas azibsi ObET O TPAMBIM B/IOJIb OCEM KOOpAMHAT.

a) Kakoe MakcMMasbHOE YUCJIO JIafiell MOXKHO pacCTaBUThb B d-MepHOM
Kybe n X ... X n Tak, 4YToObl OHU He OWIU APYT Apyra?

Ha3oBéM paccTaHOBKY Jajielt noaHoll, ecau B Hell MaKCHMaabHO BO3MOX-
HOe YUCJIOo JIaZlelt.

6) CitoeM TPEXMEPHOTO Kyba n X n X n Ha30BEM KBaJpaT n X N, COCTOSIINN
13 KJIETOK C OAMHAKOBOW TpeThel KoopAuHaTou. ITycTh mepBble k CI0EB 3a-
MIOJTHEHBI TIOJTHO (T. €. B HUX CTOAT nk jazieit). JIoKaXkUTe, 4TO 3Ty PaCCTAHOBKY
MOXXHO TIPOZIOJIKUTD 10 TIOJTHOM PacCTaHOBKH Bcero Kyba.

B) B TpéxmepHOM Kybe n X n X n pacCTaBWIH Jagbu U 3adUKCUPOBATH
YIJIOBYIO KJIEeTKy. KakoBO MakcMMaIbHOE YHCJIO MTOAKYOOB C MOJHOM paccTa-
HOBKOM U TOU K€ YIJIOBOM KJIETKOW? AHAJOTUYHBIA BOIMPOC A1 d-MEepPHOTO
Kyb0a. (A. 4. Kanennv)

B BoITTycKe 23 OBUIO OMyOJIMKOBAHO JOTIOJMHEHHE K OTOU 3ajayde:

3a71A4YA 11.4’. CKOJIBKO TIOJHBIX PACCTAHOBOK JIaZiell B TPEXMEPHOM Ky6e
4 x4 x4? (A. FO. DeHun)

B 5Toi1 cBA3U BO3HUKAIOT CJIeyIOINie BOIPOCHL:

3a7A4A 11.4" (Ha uccnesosanue). Kakoe MMHMMAa/IbHOE YHUCIIO JTajeil He-
06XO0ZIIMO TTOCTABUTh B Kybe n X n X n, 4To6bl OHU OWIN Bee ToJsA? YTo mpowc-
XOJUT B MHOTOMEpPHOM Kybe? VIHTepeceH, BO-TIEPBBIX, CIydaii, Korjga pa3sMep-
HOCTb GUKCHPOBaHAa, a N — 0o, a BO-BTOPHIX, Korga n = 2. (JTa 3aja4a OTHOCHUT-
cs1 K TeOpUH k0008, ucnpasastowux owubku. Ha mpaxkTuke 4daire Bcero n = 2.)

3az1A4A 11.4"" (Ha uccinenoBanue). B Mepy CTHIAJIMBLIA Bacs MOXeT co-
BpaTh He 6osiee ogHOTO pasa. OH 3agymas HaTypaJbHOE YHCIO, MEHbIIee
yeM n. [leTd xoueT HaWTHU 33Z[yMaHHOEe YMCJIO WIM NoiMaTh Bacio Ha BpaHbe.
[leTss MOXKeT 3aZlaBaTh Bace BOIPOCHI, TpeOyIole OTBETa «Ia» WIM «HET».
KakoBo MUHMMa/IbHOE HEOOXOAUMOE YHCIO BOMpocoB? A eciu IleTe HazZo
TOJIBKO OTpeZieIUTh 3aZflyMaHHOe YUCIO0?

D B 3TOM mpo6reMa MCUX0TOTHYeCKUX TeCTOB Ha MHTE/UTEKT: XOPOIIas 3a/la4a noyuume/bHd,
T.e. e€ pellleHVe, B YaCTHOCTHU, BJIMsET HA BO3MOXXHOCTH peIIeHUs APYyrux 3agad. Ho u Ha-
0060pOT: 4eM ecTeCTBeHHee 33/]a4a, TeM CHJIbHee IIPU e€ pellleHNH CKa3bIBAeTCsA NpeAbIAYIIIi
ombIT. [Ipy pellleHnM CIOXKHBIX 33Ja4 TPeOYIOTCA HUAEU 10 OPTaHU3aI[MK Mpoliecca pelleHus.
BaxHyI0 pOJIb UTpaeT IMOCTAHOBKA BCIIOMOTATENbHBIX 3aZa4. C APYyroil CTOPOHEL, IPU pellle-
HUU HeeCTeCTBEHHOH 3a/jaul MCKJIIOUaeTCsl SCTeTHKA U eCTeCTBEHHOCTh KaK GpakTop IOHCKa.
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B Brimycke 13 6buta omybIHMKOBaHA

3a1A4A 13.10. k-napannenenunedom Ha3bIBaeTCSA IPIMOYTOJIBHBIH Mapal-
JiesIenumes, cpeair pébep KOTOporo nMeeTtcs He 6ojiee k pa3TuYHbIX. JJOKaKU-
te?), 4To eciu Mapasenenues P MOXXHO paspe3ath Ha k-TlapasUlesIeniIesbl,
TO JJUHBI €ro pébep MOPOXKAAI0T BEKTOPHOE IIPOCTPAHCTBO Pa3MEPHOCTH
He BbIlIe k Haz Q. (V1. Padsusunosckuii, 1. Peuterko,
ZI. Paduenxo, M. Tanutopa)

Bo3HUKaeT BOIIPoC 0 pa3breHusaxX Ha KyObl:

3A1A4A 13.10". a) MOXHO /i1 pa3GUTh IIOCKOCTh Ha MOMApPHO Pa3IuYHble

KBaIpaThI? (A. 4. Kanenv-Benos)
6) JlokakyTe, YTO M3 MOMAPHO PA3INYHBIX KyOOB HENb3s COCTABUTh KUP-
M. (Ponvknop)

B) (OTKpBITHII BOmpoc.) MOXXHO Jii pa30UTh n-MePHOE IPOCTPAHCTBO (1n>2)

Ha IOMapHO pasnuyHble Kyonl? ([IpesnoaraeMblii OTBET — OTPULIATETbHBIH,
HEBO3MOXXHOCTb /II pa3MEePHOCTH k BIeYET HEBO3MOXXHOCTD s 1 > k.)

(A. 4. Kanenv-Benos)

B BhImycke 17 6bu1a omy6IMKoBaHa

3AZAYA 17.5. Ha IIocKoCTH HapHrCOBaHBI [IBe a) MepeceKarouyecs 6) He-
repeceKawIiecs OKpy>KHOCTH. MOXXHO I OAHON JIMHENKONW OCTPOUTh UX
LIEHTpPHI?

JTy TeMy pa3sBUBaeT

3anA4A 17.5'. Ha IIocKoCcTM HapucoBaHa KpuBasg G BTOPOTO TMOPSAZAKA
U oTMedeHa Touka A. HUKakux Apyrux MOMETOK Ha IJIOCKOCTH HeT.

a) [yctb G — aumuric. ITocTpoiiTe ¢ TOMOIIIBIO IIUPKY/ISA U TMHEHKU: TIeHTD G;
BepmuHbI G (TOYKM mepecedeHuss G C OCAMU CUMMETPHH); POKYCHI; TOUKH
KacaHuA ¢ G PAMBIX, KOTOPBIE NTPOXOAAT Uyepe3 A U kacatored G.

6) Ilycth G — mapabosa. ITocTpoiiTe C TIOMOIIBIO HUPKY/ISA U JTUHEHKU:
BepIINHY; POKYC; TOUKU KacaHUA ¢ G MPAMBIX, KOTOpbIe NPOXOAAT yepe3 A
U kacawTced G; 0Cb CUMMETPUU.

B) [IycTh G — rumep6oa. ITocTpoiiTe ¢ MOMOIIBIO ITUPKY/IS U JUHEHKU:
1eHTp G; BepumHbl G (TOYKU IepeceYeHHUsi C OChbI0 CUMMETPUH); GOKYCHI;

2 Pentenuio 3ToM 33/ja4y M GIMSKUM BOTPOCAM GLUTH MOCBAIMEHB paboThl: Padsusunos-
ckuil JI. B., Paduenxo /. B., Tanytopa M., Pewjenxo U. C. PazpezaHue napauiejenuiesa Ha
6pycku // MaTtemarndeckoe npocsemenue. Cep. 3. Beim. 20. M.: MITHMO, 2016. C. 215-227;
a Taxxke: [Ilapos @. A. Pa3pesaHusa NpAMOYTrOJIbHUKA Ha IPSAMOYTOJbHUKU C 3aZaHHBIMU
OTHOIIEHUAMHU CTOPOH // Marematudeckoe npocsemenue. Cep. 3. Bem. 20. M.: MITHMO,
2016. C.200-214.
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ACHMIITOTHI; TOUYKH KacaHus ¢ G MPSIMBIX, KOTOPbIe TIPOXO/SAT Yyepe3 A U Kaca-
ores G. (I A. Tanvnepun)

B BhITycKe 23 6bUTa OIyOJIUKOBAHA

3AZA4YA 23.4. JIOKQXUTE, YTO CePEAUHBI CTOPOH IIPOMU3BOJIbHOI'O OIIUCAH-
HOI'0 YeTBIPEXYTIOJbHUKA, OTJIMYHOI'O OT KBaZpaTa, JieXKaT Ha 3JUIMIICE, Kacalo-

IIeMCsI BIMCAHHOM OKPYKHOCTHU B ZIBYX TOYKAX (BO3MOXKHO, MHHUMBIX).
(A. A. Bacnasckuii)

Huke elné onHa 3a7aya Ha OJIM3KYIO TEMY:

3az7A49A 23.47. YeTpipéxyroibHUK ABCD BIIMCAaH B OKPY>KHOCTBb C II€H-
TpoM O ¥ OIIMCaH OKOJIO OKPY>KHOCTH C LIeHTPOM I. JIOKaXXUTe, 4TO LIeHTPHI
BITMCAHHBIX OKPY)KHOCTeH TpeyroabHUKOB OAB, OBC, OCD, ODA nexaT Ha ofi-
HOU OKPY>KHOCTH. (Dao Thanh Oai)

B BhImycke 23 ObUIA TaK)Ke OIMyOJMKOBaHA

3anA4A 23.10. a) ITosuiietickuii TOBUT [aHTCTepa B TOpOJE, IIPEACTABIIS-
folrieM co6oii kBazpar 10 x 10, pa36buTHINA yIUIlaMU Ha KBaZIpaTHBIE KJIETKU —
kBapTasbl. [Tomuneiickuii BUANT ['aHTCTepa, TOJIBKO €C/IM Ha Hero HaThIKaeTcs,
1 06a OHU e374T ToJMbKO 1o yuiaMm. Ckopocts [Tonuretickoro B 10 000 pa3
6ombIe ckopocTy I'aHrcrepa. Mosket i [onmunielickuii moitMath ['aHTcTEpa
3a OrpaHUYeHHOE BpeMA?

6) ToT ke BompocC, ecau MOTpeboBaTh, YTOOBI MyTh [1OTHUIIEHCKOTO OBUT
KOHEUHO38€HHOIL IOMAHOLL. (A. 4. Kanenv-Benos)

B 5Toi1 CBAA3M BO3HUKAIOT ClIeyIOIINe 3a4a4u:

3az1A49A 23.10" (oTKpHITHIM Bompoc). 1o pé6pam oKTasapa GeraroT mayk
U Myxa. [layk BUAUT MyXy, HaX0OAACh C HEW Ha ogHOM pebpe. CMOXKeET I OH
eé moiimMaTh, ecyIii CKOPOCTh IayKa B 2,5 pasa 6osblie ckopocTy Myxu? I[1pu
KaKOM HaVMeHbIIeM COOTHOIIEHUN CKOPOCTEeN OH MOKeT e€ IoiMaTh?

3az1a4A 23.10”. (3azava A4 uccieoBaHMsA. Pelakuy IOMHOE pelleHre
HeusBecTHO.) [Tosuiieiickuii IOBUT [aHTCTepa Ha TPEX yauIax AJUHOMN 1, BBI-
XOZSAIIUX M3 OZHON Touku. MakcumanbHasi ckopocTh [Tonmiieiickoro B 2 pasa
60JbIlle MaKCUMabHOM ckopocTH 'aHrcTepa, HO ITouiiecKuii 6;1M30PYK, OH
BUZUT TOJIBbKO YacThb YJIWIIBI JJIMHOU ¢, a ['aHrcTep BUAUT BCc€ BOKPYT U [lo-
JATIENCKOTO B TOM umciie. ONpenennuTh, MPU Kakux € [1oIUIecKril CMOXeT
noviMaTh ['aHrcTepa. PaccMoTpHUTe TOT 7K€ BOMIPOC MPU APYTUX COOTHOIIEHUAX
CKopocTel. (ITo momusam 3adauu: 3adauHuk «Keanma», M645,
asmopb!t B. [lputgenso, B. Cokonos)
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PellieHus 3aga4 us ITPOLL/IBIX BBIITYCKOB

1.10. YcnoBute. ®DyHKIMA, 3a/laHHAs Ha BCcell BeleCTBEHHOW MPSIMOM,
6eckoHeyHO AuddepeHIIpyeMa. B KaXkoll TOYKe HEKOTOpas IPOU3BOAHAS
(HOMep MpPOM3BOAHOMN MOKET 3aBHCETh OT TOYKU) paBHaA HYMO. JJOKaKUTE,
YTO 3Ta PYHKIIUA — MHOTOUIEH.

Pemenue 3Tol 3aza4u OBUIO OMyOJIMKOBAaHO B «MaTeMaTHUYeCKOM IPOCBe-
IIeHUN», BHIML 4, c. 220. K cokaieHuIo, 3To pellleHre HEMOMHO (He JoKa3aHa
HEITyCTOTa IepeceYeHusI UHTepBaIoB A ). IlybiuKyeM Apyrre Ba pelieHus,
IpUHaZIeXallrue yaueHuKaM KOAbl N2 57 1. MOCKBEL.

IIEPBOE PENIIEHUE.

JIEMMA 1. ITycmb f— beckoHeuHo 2nadkas yHKUUs U 8 HEKOMOopoU mouke a
Kakasi-mo eé npousgodHasn (803moxucHO, Hysle8ast) He pasHa Hynto. Tozda Hati-
0émcs npokosIomas OKpecmHoCcs Mouku d, 8 komopotl yHkuust f omauuHa
Om Hynsl.

JIOKA3ATE/ILCTBO. Tlo yemoBuio cymectByet Takoe k, uto f*(a) # 0 u
™ (a) = 0 npu Bcex m < k. ITo popmyse TeiiTopa ¢ OCTATOYHEIM WIEHOM
B popme [Teano

_ fY@E-a)*

k
f) = =25 +o((x —a)F).
OTcrofja 04eBUHO, YTO B HEKOTOPOU ITPOKOJIOTOM OKPECTHOCTU TOUYKU a 3HAK
f(x) coBmazaer co 3HaKoM f ) (@) (x —a)k # 0. O

JIEMMA 2. [Tycmb f— 6eckoHeuHo enadkas gyHkyus. Toeda ecau x — npe-
OenbHAsL MOUKa MHOXcecmaa Hysnell yHkuyuu f, mo ece npousgooHsle f 8 mou-
Ke X PasHbl HYH.

JOKA3ATEBLCTBO. IIycthb M = {x: f(x) = 0}. [IpeAnomoXuM, 4TO X — IIpe-
AenbHAA Touka MHOXxectBa M u f(x) # O ans Hexoroporo n. Torza u3
snemMbl 1 monydaem, uto f(xy) 7 O B HEKOTOPO MIPOKOJIOTON OKPECTHOCTH
TOYKH X, YETO HE MOXKET OBbITh, TaK KaK X — MpeZebHasA TOYKa MHOXKeCcTBa M.
[IpoTuBOpeune. O

MaTtemaTtuyeckoe npocselleHune, cep. 3, Bbin. 24, 2019(181-203)
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JIEMMA 3. ITycmb f — beckoHeuHo 2nadkas gyHkyus. M3secmHo, umo Ha
Nt06oM uHmepesane, Ha Komopom f He NpuHUMAaem HyJe8blx 3HaueHuil, f —
MHozouwneH. Tozda f — MHOzowneH Ha 8cell NPAMOLl.

JTOKABATE/NBLCTBO. [Iyctb M = {x: f(x) = 0}. Tak kak f (x) — HemnpepbIBHAA
¢byHK1us, TO MHOXKeCcTBO R\M OTKpBITO, a 3HAYUT, IPEACTABUMO B BUZIE CIETHO-
o 06beMHEHHA HellepeceKaloUXcs HHTepBaoB i = (ax; b)Y, Ha KaxzOM
13 KOTOPBIX f ABJIAETCS MHOTOWIEHOM. ITyCcTh CyliecTByeT Takoe k € N, 4To a;
win b, — npesiesibHasA Touka MHOXKecTBa M. be3 orpaHu4yeHus1 OGIIHOCTH TyCTh
370 a;.. Torza u3 1eMMHI 2 ormydaeM, 9o ¥ n€NU{0}: f™ (a;)=0. Tak kax f —
MHOTOowIeH Ha I, To f(x) = 0 Ha [ay; by ], Tak kKak uHaue f ™ (x) = const # 0
IIPU HEKOTOPOM n. [ToJIyqmiv IpOTUBOPEYHeE C OIpeZieJieHreM UHTEPBAJIOB .

3HAuWT, a; U by mpu M060M k — He TIpesiebHbIE TOYKU M, T. €. ai = b,
u by = a4 AnA HEKOTOPHIX p, q € N. VIHBIMU CI0BaMu, UHTEPBabl [, Ij u I,
«IIPUMBIKAIOT JIPYT K ApyTy». I10 HEpephIBHOCTH f ABIAETCA MHOTOWIEHOM
B I'DAaHUYHBIX TOYKAX 3THUX WHTEPBAJIOB. BribepeM OZHY M3 3THX TOYEK d,
U MyCThb OT Heé€ WAET BJIEBO MOCIEJOBATEIbHOCTh MPUMBIKAIOIINX UHTEPBa-
noB I, . [lonoxum A = inf a,, . llpeanonoxum, 4ro A # —oo. Ha kaxxzom u3
[IByX COCEHUX MHTEPBAIOB f COBIAZJAET C OAHUM U TEM K€ MHOTOWIEHOM,
KOTOPBIH JaéT pasnoxeHue f B psaz Teisiopa B TpaHUYHOM TouKe. [ToaTOoMy f
ABJIAETCA MHOTOYIeHOM Ha (A; a]. Tak kax f(a,, ) = 0 npu Bcex k, 1o Hermpe-
peiBHOCTH f (A) = 0 1 moTOMYy A — TIpeZiesibHasA ToOYKa MHOXKecTBa M. Paccyx-
Ziasl KaK BbIIIe, IPUXOAUM K IIpOTHUBOpeurio. CleoBaTeNbHO, A = —0o.

PaccMoTpuM Teneph NOC/IeA0BaTeNbHOCTD IPUMBIKAOIIUX HHTEPBANOB Iy, |
HUYIIYIO OT TOM ’XKe TOYKH a BIIPABO, U MOJIOKUM B = sup bnk. AHaJIOTUYHO
IpeabIAyleMy MoaydaeM B = +oco. A 3T0 o3Havaet, 4to f(x) € R[x], uTo
U TpebOBaIOCh ZI0KA3aTh. O

JIEMMA 4. IIycmo f — beckoHeuHo 2n1adkas @yHKYUsl, HAd HEKOMOpPOM om-
peske [A; B] ne sisnsrowascs muozounerom. Tozda Hatloémces ompesok [C; D]
gHympu ompeska [A; B], Ha komopom f makdice He S8/1eMCst MHOZOUIEHOM
U He NpUHUMAem HY/e8blx 3HaUeHUL.

JTOKA3ATE/NBLCTBO. ITIyctb M = {x: f(x) = 0}. Kak u B JleMmMe 3, MOKHO
3ammcaTh

R\M = | | (a; b)-
k=1

[Ipeanono:xuM, 4YTo Ha KaXK/IOM U3 3TUX UHTEPBAJIOB f ABJIAETCA MHOTOWIEHOM.
Ho Torza u3 jieMMBbl 3 BBITEKAET, YTO f SBJISETCS MHOTOWIEHOM Ha [A; B] —
[IPOTHUBOpEYHUE. 0

1) BO3MOXHO, OZIHO M3 @), PaBHO —oo, A OfIHO U3 by, PaBHO +co.
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[TpomomkyM pelieHre UCXOAHOU 3a4a4u. [TycTh f — GecKOHEeYHO rajKas
OYHKIUA ¥ TIpU KaX/I0M X € R HeKoTopast e€ IpOM3BOAHAs paBHA HYJI0. [Ipe-
MOJIOXKUM, YTO Ha HEKOTOPOM OTpe3ke [A; B] byHKIuA f He ABIAETCA MHO-
rowieHoM. ITo jieMMe 4 cyIiecTByeT OTPe3oK [x; ¥o] C [A; B], Ha koTopoMm f
He SIBJISTeTCS MHOTOWIEHOM U He oGparaercs B Hyib. Torga u f (V] [xosyo] ER[xX]-
Tlo eMMe 4 cymecTByeT oTpe3oK [x1; y1]1 D [Xo; ¥ol, Ha xoTopom ) He sB-
JIIETCSI MHOTOWIEHOM W He O0palaeTcs B Hy/JIb. AHAJIOTMYHO OIPEAEsieM
OTPEe30K [X,; ¥,] A/ Bcex n.

TakuM 06pasoM, MbI TOJYYUM ITOCIEJ0BATENbHOCTh TAKUX BIOYKEHHBIX
OTPE3KOB [Xg; Yol D [x1; ¥1] D [x9; ¥5] D ..., uTo npu Bcex n € NU {0} u mpu
BCeX X € [x,; ¥,] umeeM £ (x) # 0. Y oTpe3koB [Xx,; ¥,] ecTb 061as Touka X,
B koTopoit f™ (x) # 0 s Becex n € NU {0}, 4ero He MOXeT GBITh 110 YCIOBUIO
3a/1a4¥ — MpOTUBOpeure. 3HaYuT, f (Xx) ABISETCS MHOTOWIEHOM Ha BCEH OCH.

KOMMEHTAPUMII. JTa 3aja4a xopoIo u3BectHa. CM., HallpuMep, KHUTY
Boas R. P. Jr. A primer of real functions. Washington, D. C.: Mathematical
Association of America, 1960. (Carus Mathematical Monograph; Vol. 13). P. 58.

(M. Ykpaunues, yuenuk 11 knacca wxoavt N2 57 2. Mockebt)

BTOPOE PEMIEHUE. PaccMOTpUM MHOXeCTBO N TOYEK, AJIA KOTOPBIX CY-
IIeCTBYeT UHTEPBaJl, UX COZep Kalrii, B KOTOPOM f — MHOrouwieH. JIerko zjo-
KasaTb, YTO €CJIM 3TO MHOXKECTBO COBIazaeT ¢ R, To f — MHOrowIeH Ha Bcei
npsiMoii. MlHaue TOBOpsI, ZOCTATOYHO IMOKa3aTh, YTO MHOXeCTBO X = R\N
mycTo. [l aToro HaMm noTpebyercst meopema bapa: nonnoe mempuueckoe npo-
cmpaxcmeo He modcem bblmsd npedcmasieHo 8 8ude 06BeOUHEHUSL CUEMHO20
yucna Huz0e He NJIOMHbLX MHONCECMS.

JIEMMA 0. ITycmb gynkyus f beckoneuro duddepeHyupyema Ha uHmepaaie
(a; ¢). Ecau f — mHozounex Ha unmepsanax (a; b) u (b;c), mo f — mHozounen
Ha (a;c).

JlIOKA3ATE/IbCTBO. O6a MHOTOWIEHa COBIIAJAIOT C Pa3jioXKeHUeM f B pAx
Tetinopa B Touke b. O]

JIEMMA 1. Bce mouku mHoxncecmea X — npedeibHble.

JOKABATE/NIBCTBO. [IycTh TOUKa x € X : X — usonupoBaHHad. Torzga cyuge-
cTByeT Takoe £ >0, uto f ¢R[x] Ha (x —&; x + €), HO Kaxk/1ast TOYKa U3 (x —&; x)
COZIEP)KUTCS B MHTEpBaJse, Ha KoTopoM f € R[x]. 3a¢pukcupyem y, € (x —¢; x)
Y COOTBETCTBYIOIUI uHTepBai (gq; hy). [Tonoxum

H=suph: flg.n) €R[x].

h0<h<X
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Torga H = x. JleticTBUTeNbHO, 1ipu h = x — & (6 > 0) orpe3ok [g; h] MmoxkHO
YBEJTMYIUTH 110 leMMe 0. AHAJIOTUYHO /IS TPAaBOM MOJYOKPECTHOCTH TOYKH X.
3HayuT, 1o yiemMme 0 GyHKIUA f — MHOTOUWIEH Ha WHTEPBAJe, COlepKaIieM
TOuKy X. Ho Torza x ¢ X — npoTuBopeyue. O

JIEMMA 2. MHoxcecmgo X nycmo.

JIOKA3ATE/IBCTBO. MHOXXecTBO X 3aMKHYTO (Tak Kak ero JornonHeHue N,
OYEBHIHO, OTKpPHITO). IIycTh X Hemycto. [lonoxkum M, = X N S,, tae S, =
= {x: f(x) = 0}. Torza M,, 3aMKHyTO Kak IepecedeHHe 3aMKHyTHIX MHO-
XecTB U X = Un M,,. B cuny Teopembl Bapa cymectByeT unHTepBan (c;d),
nepecevyeHrie KOTOPOro ¢ X HEIMyCTO U COAEP)KUTCS B HEKOTOpOM M,,. JIerKo
MIPOBEPUTH O UHAYKIMH, 9TO TIPU X € (X N [c;d]) u k = n obA3areapHO
fF (xg) = 0. JleiicTBUTENBHO, IPU k = n 3TO BepHO 10 BBIOODY (¢; d), U ecu
3TO BEPHO IIPU HEKOTOPOM K, TO

0.

£ (30) = lim £ (x))cii(k) () _ lim FO ) — £9 (xo) _

X —Xp X—>xg,xE€EX X —Xp

Ecnu B (¢; d)] \ X HeT oTpe3KoB, TO
(C; d) € M,, fl(c;d) € R[X]

U, caenoBaTtenbHo, X N (c; d) = @ — npoTuBopedre. 3HAYUT, CyIECTBYET OT-
pe3ok [ly; ko] C (c; d)\ X. IMonoxxkum
K i;‘;{l’g?i flugk €RIx], L =C<1111<fl£ fliey € RIx].

Tak kak (c; d) N X HemycTo, X0Ts 6bI 0fiHa U3 Touek K, L He COBMaJaeT ¢ KOH-
oM oTpe3ska [c;d]. Ilycts aT0 L (6e3 orpanudenus obirHocTr). Eciu aTta
TOYKa IPUHAJJIEXXUT HEKOTOPOMY MHTEpBay, Ha KoTopoM f(x) € R[x], To
u3 jeMMbl 0 mosydaeM IIpOTUBOpeYHre C olpezeneHueM L. 3Hauut, L € X.
Torza 1o fokasanHomy Bbime O (L) = O mpu Beex t > n. 3HAUNT, CTENEHb
MHOro4wIeHa, paBHOro f (x) Ha [L; K], MeHbliie n (Tak Kak OH COBITIaJ[aeT C pas-
noxxenueM f(x) B psaza Teisopa B Touke L). AHaJOTMYHO /i1 BCEX OTPE3KOB
u3 (c; d)\ X. CregoBaTenpHo, Ha aToM MHOXecTBe f™(x) = 0. Ha (c;d) N X
3TO TaKKe BBIIOMHEHO. 3HauuT, f (x) € R[x] Ha (c; d) u 3TOT UHTepBaJ HE MO-
KeT TepeceKaThcst ¢ X — MPOTUBOPEYHE. O

[TpogomKuM pellieHre UCXOAHOM 3aja4uu. V3 JeMMbl 2 TIosydaeM, YTO Jit0-
60e x € R mpuHaIeXKUT UHTEPBaIY, Ha KoTopoM f € R[x]. JIro60ii 0Tpe3ok
[n; n + 1], roe n 1ies10e, MOXXHO OKPHITh KOHEYHBIM YMCJIOM TaKUX UHTEPBa-
JioB. U3 1emmer O ciezyer, uto f(x) € R[x], 4To u TpeboBasoch AoKa3aTh.

(A. Cokonos, yuenuk 11 knacca wkonst N°57 2. Mockabl)
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6.9” (BbImyCK 21). YC/IOBUE. [IpOXKEKTODP OCBelaeT 6eCKOHEUHBIN yToi
BeJMYMHOM B 1 rpazyc. Paspemaercs pacrosnaraTs IpOU3BOJIBHBIM 00pa3om
Jm060e KOHEYHOe KOJIMYECTBO IPOXKEKTOPOB HA IUIOCKOCTH TaK, YTOOBI OHU
OCBETWIH I[EIMKOM BCIO IUIOCKOCTh. Kakoe HauMeHbIIIee YUCIO TIPOKEKTOPOB
moTpebyeTcsi, eC/Iv 3TO a) eBKINA0BA IIOCKOCTD; 6) TIOCKOCTh JIoGaueBCKOTo?

(I A. Tanvnepun)

a) OTBET: 360.

PEmEHUE. OueBUAHO, YTO 360 MPOXKEKTOPOB /Jis1 OCBEIleHUA eBKINA0-
BOU IUIOCKOCTH JOCTATOYHO. JI7I1 3TOro MOXXHO paspe3aTh IUIOCKOCTb Ha 360
PaBHBIX VIVIOB C 00IIEel BEPIIMHON U KaXKABIKA U3 3TUX YIJIOB OCBETUTH CBOUM
IIPOXKEKTOPOM.

Ha camoM fiesie BepHO ropaszio 6ojiee CHIIbHOE YTBEPXKAeHHeE. [IpOKEKTOPEI
MO>KHO Pa3MeCTUTh TaK, YTOObI OHU OCBeIaIN BCIO IUVIOCKOCTD U IIPYU 3TOM Ha-
XOZAWIVCh B IPOU3BOJIbHBIX Hallepé/ 3a/laHHbIX TOUKax. /loka3aTeabCTBO 3TOTO
yTBepKJeHUA MOXKHO HalTU B cTaThe: [ansnepur B., Ianbnepun I. OcBeleHue
IUTOCKOCTH npoxkekTopamu // Ksant. 1981. N211. C. 28-30.

PaccMoTpuM Tenephb npou3BosibHBIE 1 < 360 MPOXXEKTOPOB HAa TVIOCKOCTHA
U ZIOKa)XeM, YTO OHU He OCBEIIAIOT e€ MOJHOCThIo. [IpuBezséM aBa crocoba
ZI0Ka3aTeNbCTBa 3TOT'O YTBEPKAEHUA.

ITepewlil cnocob. CABUHEM Napa/uUleIbHBIMU IIepeHOCaMU BCe OCBelljaeMble
IIPOXKEKTOPaMU YIVIBI TAK, YTOOBI X BEPIIMHBI OKA3aJIMCh B OHOMU Touke. [To-
CKOJIBKY CyMMa BEJIMYMH 3THX YIVIOB MeHblie 360°, HalAETCA JIyd, BBIXOAAIIII
Y3 3TOU TOYKU U He COZeprKalUIicA HU B OZHOM U3 HUX. [Ipu 06paTHOM czBUTe
JII060T0 TAKOTO YIVIa OH OyZIeT epeceKaThes ¢ HalIEHHBIM JIyYOM He 6ojiee 4eM
TI0 OTPe3Ky. 3HAYUT, BCe MTPOKEKTOPHI OYYT OCBEIATh JIUIIb OTPAaHUIEHHYIO 00-
JIacTh Ha 3ToM Jiyde. CejoBaTe/IbHO, Ha JIyde HalAyTcs HeOCBelEHHbIE TOUKH.

Bmopotii cnoco6. TloMmecTuM BCe n MPOKEKTOPOB BHYTPb Kpyra GpUKCHUPO-
BAHHOTI'O pajiiyca r U IOCTPOMM KOHIIEHTPUUECKUIN eMy KpyT (2p IIlepeMeHHOr0
pazuyca R. Torga Kpyr paguyca R +r ¢ IEHTPOM B TOYKe PACIIOIOKEHUS JIF000-
IO MPOXXEKTOPA LIEJIMKOM COZEP)KUT BHYTPU cebs KpyT (2i. [IoaToMy ocBemén-
Has IPOKeKTOPaMU YacThb KpyTa {2 MMeeT ILIomazb He 6omeen - (R +1)?/360.
TIpu JoCcTaTOYHO GOMBIIOM R 3Ta BelmuunHa 6yzeT MeHbIIe TR? — Iuiomazu
kpyra Q. ([JeiicTBUTENBbHO, 00€ 3TU BETUYUHBI BBIPAXKAIOTCA MHOTOWIEHAMU
BTOPOM cTeneHu oT R, mpuuéM ko3 UIIMeHT ITpy cTaplieii cTelleH! B IEPBOM
CJIydae MeHblIle.) 3HAUUT, 3TOT KPYT HE OCBEIIEH MOJTHOCTHIO.

6) OTBET: 2.

PEMEHUE. YTOOBI pa3MeCTUTh /IBa IIPOXKEKTOPA, OCBELIAIOIINX BCIO IIOC-
KOCTb JI06au€eBCKOT0, BOCIIOIb3yeMCS CJIEAYIOIINM yTBEPXKAEHUEM (BEPHBIM
B reoMeTpuu JIo6aueBCKOro, HO HEBEPHBIM B €BKJIM/IOBOM reoMeTpHH). JIto60H
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YTOJI COAEPKUT BHYTPU ce6s HEKOTOPYIO NMpAMYIO. J[eiCTBUTENbHO, KaK/AbIi
YTOJI COZEPXKUT HEKOTOPYIO AyTy abcomora. Coe[MHUB ABE MI00bIe TOUYKH 3TOHU
ZyTH, IOJyYUM MCKOMYIO IIpsAMyto. [IpuBesiéM TakKe Apyroe J0Ka3aTeIbCTBO
aTOro yTBepKAeHUsA. O603HAUMM BEJIUYMHY yIVIa Yepe3 a. [IpoBeAéM mpous-
BOJIBHYIO IPAMYIO, a 3aTeM Hal/IéM TOUKY, AJI1 KOTOPOH yToJI TapajuIeIbHOCTH
OTHOCHTEJIbHO JaHHOU MpAMoii MeHblile a/2. (Takas Touyka HalAETCA B CUITY
TeopeMsl JIexKaH/pa, YTBEPXKAAOIIEM, YTO OO0 OCTPBIHM YO SIBJSETC yT-
JIOM TTapaJUTIeIbHOCTH OTHOCUTETHHO AaHHOU MPSMOH /JIsT HEKOTOPOU TOYKH. )
Jlajiee TOCTPOMM YTOJI BEIMYMHEL 0 C BEPIIMHON B 3TOM TOUKe, OMCCEKTPHUCOM
KOTOPOTO ABJfAeTCA MepleHAUKYIAp U3 TOUYKU Ha npaMyto. V3 onpezeneHus
yIJia MapaUieIbHOCTHU CJIeZIYeT, YTO MpsAMas [[eJIMKOM HaXOAUTCA BHYTPH yIJia.

Tenepb pasmecTuM HEPBBIM NMPOKEKTOP IPOU3BOJIBHBIM 0O6pa3om. Haxo-
[IVIM TIPAMYIO, LIEJTUKOM COZIEPKAIIYIOCS BHYTPH OCBEIIAeMOro UM yIiia. Bro-
pOii MpOKeKTOp pa3MeliaeM CUMMETPUYHO IIEPBOMY OTHOCUTEIBHO 3TOM Ips-
Mo#. Takum o6pa3om, Kaxkzas U3 ABYX MONYILIOCKOCTEM, OTpaHUYEHHbIX 3TOU
IPSIMOH, LIEJTMKOM OCBEIIAeTCs OAHUM M3 IIPO’KEKTOPOB, a BMeCTe OHU OCBe-
IIAIOT BCIO IIOCKOCTb.

OueBHJHO, UTO OJHOTO MPOXKEKTOPA JJIs OCBEIeHUs IUIOCKOCTH HeloCTa-
TOYHO. (B. O. Byzaenko, I. A. Tanbnepu)

10.7. YcnoBHE. OT NpAMOYroJabHUKA OTPE3al0T KBaJApaT, a C OCTaBLINMCA
MIPSAMOYTOJIBHUKOM IIPOU3BOJAT TY XK€ IPOLeAypy U Jajiee IOBTOPAIOT eé. fAB-
JITeTCS JI TI0C/IeJOBATEIbHOCTh OTHOIIEHU CTOPOH (6OJbIell K MeHbIIEeH)
y 9TUX IPAMOYTOJbHUKOB IepUOANYECKOH, eCiy OflHA U3 CTOPOH HCXOZHOTO
IPSIMOYTO/IBHYKA PaBHa 1, a Apyras paeHa a) v'2, 6) ¥2, B) v/2005?

a) OTBET: Aa. [Ieproz COCTOUT U3 IBYX WIEHOB: V2u/2+1.

6) OTBET: HET.

PEMEHUE. Ka/blil WieH mocie0BaTeIbHOCTH MOIydaeTcsl U3 MpebIy-
11ero b0 BEIMUTAHUEM €IUHUIIBI, THOO BEIYUTAHUEM eIUHUIIBI 1 06palleH -
eM. PaccMOTpUM IOAIIOCTIEeA0BATENBHOCTE {X,} paccMaTpuBaeMoil mocieso-
BaTeJIbHOCTH, COCTOALIYIO U3 WIEHOB, [TOJy4aeMbIX U3 IPeAbIAyIIero BTOPEIM
crioco6oM. DTa MOAIOC/IEA0BATENBHOCTD MOXKET OBITh 33/]JaHa PEKYPPEHTHBIM
COOTHOUIEHUEM X, .1 = 1/(x, —a,), Iie a, — HaTypajJbHOE YHCIO0. YCIOBUE
MEPUOANYHOCTH TaKOH IOC/IE€Z0BATENbHOCTH JIETKO CBOAUTCS K KBa[paTHOMY
YPaBHEHUIO C IebIMU KoddduimenTamu. Takum o0pa3oM, eciv 1mocae0Ba-
TEJIbHOCTD TIEPUOAUYHA, TO BCE €€ WIEeHBI SBJISIOTCA KBaJ[paTUYHBIMU UPpaIH-
OHA/IBHOCTSIMH, 9TO HEBEPHO IS ¥ 2.

B) OTBET: Ja.
PENIEHUE. BepHO U yTBep:KeHue, 06paTHOE K I0Ka3aHHOMY BHIIIE: €C/IH
HaYaJbHOE OTHOILIEHUE SIBJISIETCA KBaJPAaTUYHOM MPPAIMOHATBHOCTBIO, TO
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I0CJIeIOBATEIbHOCTD MepUOANYHA. JJOCTaTOYHO J0Ka3aTh, YTO KAaKOH-TNO0 WieH
3TOM MOC/IE0BATENBHOCTH MIOBTOPUTCA. KaXKABIN WieH MMoCe[0BaTeTbHOCTH MO-
JKET OBITh TIOJTyY€eH U3 Ha4aJbHOIO MHOTOKPAaTHBIM ITPUMEHEHUEM JIBYX OIlepa-
IIUM — BBIYUTAHUS €IUHUIIBI U B3ITUSA 00paTHOrO. 3aMeTUM, YTO €C/IM Havajlb-
HBIHM WIEH OC/IeZI0BATETbHOCTH SIBJIAETCA KBAZPAaTUIHOW UPPAIIMOHAIBHOCTBIO,
TO 3TO K€ BEPHO /I BCeX €€ WiIEeHOB. /[efiCTBUTENBHO, €CTH YUCIO d — KOPEHb
MHorowieHa ax? + bx + ¢, To a — 1 ABIAeTCA KOpHEM MHOTOWIeHa

alx+1D?+b(x+1)+c=ax’+(b+2a)x+ (a+b+c),

a 1/a — xopHeM MHorowreHa cx? + bx + a. ByzeM BMecTo mocaeoBaTeNb-
HOCTH YKCeJl pacCMaTPUBATh MOCIEeI0BATEIbHOCTb KBAZIPATHBIX TPEXUIEHOB
C IeabIMU Ko3duIleHTaM1, KOPHAMH KOTOPBIX OHU ABJIAIOTCA. JJoKaXeM,
YTO C IIOMOINBIO YKa3aHHBIX NMPeoOpa30BAaHUN MBI MOXKEM IONyYUTD JIUIIh
KOHEYHOe YUCJIO KBAa/IPAaTHBIX TPEXWIEHOB.

Be3 orpanuyeHus oBIIHOCTU MOXKHO CYMTATh, 4To a > 0. HenocpecTBeHHO
TIpoBepsAeTcs, YTo AUCKpUMUHAHT D = b2 — 4ac coxpaHseTca mpu mpeobpaso-
BaHUAX JBYX OIMCAHHBIX TUIIOB:

(a,b,c) — (a,b+2a,a+b+c) u (a,b,c)— (c,b,a)

(wmu (a, b, c) — (—c,—b,—a), ecnu ¢ < 0). [TosTomy npu GUKCUPOBAHHOM b
duKcupoBaHo U mpousBegeHue ac = (D — b?)/4, a 3HAYUT, UMeeTCA JUIIb
KOHEYHOE YKCJIO BO3MOXKHBIX TTap 3HaueHUH Koa¢$PUIMeHTOB a u c¢. OcTaioch
JI0Ka3aTh, 4TO K03GULIMEHTHI b Y BceX TAKUX MHOTOWIEHOB OrPaHUYEHHI.
IIpeo6pa3oBaHue BTOporo Tuma coxpasser |b|. Eciu |b| > vD, To npeo6-
pa3oBaHUE MePBOro TUIIa yMeHbHIaeT |b|. JlokaxkeM 3T0. 3aMETUM, YTO B 3TOM
cJTyyae KOPHU paccMaTpPUBAaeMOI'o KBaJpaTHOTO TPEXWIeHa UMEIOT OfNMHAKO-
BBII 3HaK, MPOTUBOIIOIOXKHBIN 3HaKy Koadduiimenrta b (3To crexyer us dpop-
MyJIbl KOpHEl KBaZpaTHOTO ypaBHEHUs). B HallleM ciydae OAUH U3 KOpHEH
TIOJIOXKUTEJIEH, 3HAUUT, ¥ BTOPOH Toxe. [ToaTromy b < 0. [Tpu npeobpaszoBaHuu
IIEPBOT0O THUIA K HEMY MPUOABIIAETCS MONOKUTENbHOE Yncio 2a. Ecau mosy-
4UBIIMiiCA HOBHI koapduuueHT b’ = b + 2a Takos, uTo |b’| < VD, To Tem
cambM |b’| < |b|. Ecu ke |b’| > +/D, To B CHIIy U3/I0KEHHOTO BHIIIe HabIoze-
HusA b’ < 0, ¥ 3HAYHUT, ¢ YIETOM TOTO, 4To b < b’, omaTs xe |b’| < |b|. (Bamerum,
YTO MTOCKOJIbKY KOPHU MHOTOWIeHa UpPAlOHAIbHEL, D He SB/ISeTCs TTOJTHBIM
KBaZ[paToM M IIO3TOMY C/Iydaii paBeHcTBa |b’| = +/D HeBO3MOXKeH.) 3HAUMT,
paccMaTpuBaeMasi Ioc/Ie[0BaTETbHOCTh 00513aTEIbHO COAEPIKUT MHOTOUIEH,
A5 kotoporo |b| < v/D (B IPOTMBHOM clydae aGCOMOTHEIE BeTUYUHbI Koo hdu-
IIUEHTOB b 06pa30BhIBaIK ObI MOHOTOHHO YOBIBAOIIIYO TIOCIEA0BATENbHOCTD
MTOJIOKUTEIbHBIX LIeJbIX Yucen). Ha30BéM YyacTh paccMaTpUBAEMOH MTOCTIEN0-
BaTEJIbHOCTH IO 3TOI'0 MHOTOWIEHA BKIIOUYNUTEIbHO €€ HAUdI0M.
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VMeeTcs Wb KOHEYHOE YHCJIO BO3MOXXHBIX MHOT'OWIEHOB, /TSI KOTOPBIX
BBINONHAETCAA yeaoBue |b| < +/D. Hag KaAbIM M3 HUX HPOM3BEAEM ITPeos-
pa3oBaHUe IEPBOTO THUIIA W CPeJU Pe3y/lIbTaTOB HAWZEM MHOTOWIEH C MakK-
CUMaJIbHBIM IT0 aGCOIOTHOU BeTHYMHE KO3QOULIHEHTOM b. DTOT MaKCUMyM
OTPAHUYMBAET CBEPXY aOCOTIOTHBIE BETUYMHBI KOIQGUITMEHTOB b BCEX MHOTO-
YWIEHOB ITOCJIEZIOBATENBHOCTH, KPOMe, OBITh MOXKET, €€ Havdaia. YTBEPXKAEeHUE
ZIOKa3aHo.

daxTHYecKy MBI JOKA3aJIH, YTO KBa/[paTUYHbIE UPPAIMOHATBHOCTU — 3TO
B TOYHOCTH YKCJIa, BBIpa)KaeMble TIEPUOJUIECKUMU [EMTHBIMU APOOAMU. DTO
yTBep:KZeHUe Ha3bIBaeTcss meopemotil laepanxca. E€ noka3zaTenbCTBO, OIM3K0e
MPUBEJEHHOMY BBIIIE, MOXXHO MPOYUTATh B KHUTE A. f. XuHuMHa «l]emHble
apo6u» (M.: Hayka, 1978, c. 62-65). (B. O. Byzaetiko)

11.4’ (Bbinyck 23). YCI0BUE. CKOJIBKO MOJIHBIX PACCTAHOBOK JIaZied B TPEX-
MEPHOM Ky0e 4 X 4 x 4? [PaccTaHOBKa JiaZiell B k-MepHOM Ky0e SBJISeTCs HOJ-
HOH, ecM JaZibul He OBIOT APYT ApPyra M KOJUYECTBO JaJlell MaKCHUMaIbHO
BO3MOYKHOE. | (A. FO. DeHun)

OTBET: 576.

[IEPBOE PEHIEHME. Pa306péM Kyb Ha 16 cTONOUKOB, a Takke Ha 4 Cj104
TOMIIMHOMN 1. B Ka)kZioM cTO/IOMKe oI’KHA ObITh POBHO OZIHA JIafbsA. Pacrosio-
KEHUe JIaZiel peAICTaBUM MaTpUllei 4 X 4, B KOTOPOH a; j €CTb HOMep CJI04,
coZieprKalllero JaZblo U3 JaHHOTO cTojIOuKa. HeTpyaHO BUAETh, UTO B Kax-
ZIO¥M CTPOKE U Ka)KZOM CTOJIOIEe 3TOH MAaTPUIIBI IO OHOMY pa3y BCTPEUYAIOTCS
ynucna 1, 2, 3, 4. 3HauuT, 5Ta MaTpUlla — JAaTUHCKUUI KBaJpaT 4-ro nopsajka.

ByzneM paccTaBiATh JIaZibU IO CJIOSM, OT HIDKHErO 0 BepxHero. 3aroi-
HeHUe k-rOo CJI0s O3HA4YaeT PACCTAHOBKY B MAaTPHUIlE YETHIPEX CUMBOJIOB k
IO OZITHOMY B Ka)KZIOW CTPOYKE U KaXKZIOM CTOJIOIE.

flcHo, YTO TOC/IE TOTO, KaK 3all0JIHEHBI TPU CJIOS, TIOCTIeJHUM 3aroIHAeTC A
OJJHO3HAYHO (CTaBUM JIaZIbU B CBOOOAHBIE OT HUX CTOJIOIbI, UM, YTO TO JKE
caMoe, 3allMChIBaeM YeTBEPKU B CBOOOJHBIE KIETKU MAaTPUIIbl). [IepBhIii C/10H
MOKHO 3a/1aTh TIEPECTAHOBKOM (jy1, j2, j3, J4) ducen ot 1 70 4, rae a; ;, = 1 ana
Bcex i. [loaToMy mepBbIHi cyoit 3anonHsaeTcsa 4! = 24 criocobamu.

Bropoii cioii 3afaéTca nepecTaHOBKOU 7 yuces oT 1 7o 4, KoTopas Io OT-
HOIIEHUIO K ITepecTaHoBKe (ji, jo, J3, j4) ABIAeTCA GecriopsaakoM (Ha 1-M Me-
CTe He ji, Ha 2-M MecCTe He j, ..., Ha 4-M MecTe He j4). Unucno Takux 6ecropas-
KOB paBHO 9. [Ipo6siemMa B TOM, YTO KOJTUYECTBO CIIOCOOOB 3aMTOJHUTH TPETUM
CJION 3aBUICUT OT TOT'O, KaK ObUI 3allOJIHEH BTOPOM. [T0CKOIBKY HEITOABMKHBIX
2JIEMEHTOB HET, 3/1eCh BCETO /IBa BapuaHTa: JIUOO 7T Ipe/CTaBIAeT COOOHN MK
MTMHOM 4 (TaKux mepecTaHOBOK 3! = 6), 1160 MpousBeseHNe ABYX IIUKIOB
JUIMHOM 2 (TaKuX TepecTaHOBOK 3: AJis1 GUKCMPOBAHHOIO 3JieMeHTa BbIOU-



Pewienua 3a0au U3 NPOULIbIX 8bINYCKOE 189

paeM Iapy, YTO MOXHO cZesaTh TpeMs crocobaMu, ocTaBIINecs 3JeMeHThI
00pasyIoT BTOpPYIo mapy). BoT npumepsl 3amoHeHNs CJI0EB 060UX BU/OB:

1 2 1 2
1 2 21
1 2 1 2
1

2 21

[TpoBepsTe, UTO B IEPBOM CJIydae TPETHH CJIOU 3aTIOTHIETCS ABYMS CIIOCOOaMH,
a BO BTOPOM — YETHIPbMA.
[TosTOMY OTBET K 3aZiaue BeIYHCIsIeTcs Tak: 24 - (6-2+ 3 -4) = 576.

3AMEYAHME. B HacTosmee BpeMs (Ha Hayasao 2019 r.) BEIYUCIEHO KOJIH-
YeCTBO JJATUHCKUX KBaZpaToB b 0 11 nopsagka. Tak 4To eciv B yCIOBUU
3a/]a9u 3aMeHUTh uncia 4 u 16 Ha k u k? cooTBeTcTBeHHO, TO mpH k > 11
HayKe Ha JJaHHBIN MOMEHT OTBET Heu3BecCTeH! (A. FO. DeHun)

BToPoE PEMEHUE. CBeJéM 3a7auy K SKBUBAJIEHTHOU: «CKOJIBKO CyIIle-
CTBYET CITOCOOOB PacCTaBUTD II0 YETHIPE 3/IeMeHTa KaK/ZIoT0 U3 YeTHIPEX TUIIOB
Ha I0CKe 4 X 4 TaK, 4TOOBI B KQ)XAOU CTPOKE U KaXXZAOM CTOJIOIe ObUT POBHO
OZIVIH DJIEMEHT KaXKZ0T0 TUIIA?»

3aduKcupyeM TMOPSAOK 3J€MEHTOB B TIEPBOM CTPOKE, a 3aTeM B OCTaB-
IITUXCS KJIETKax IePBOTo cToI611a. Tereph BeIOepeM OIpeeIEHHBIN 3JIEMEHT
Y TIPOBEPUM, Ha KaKUX TO3UIHAX B OCTABIIEMCS KBaZipaTe 3 X 3 OH MOXKET CTO-
saTh. HemmocpecTBEHHO BUAWM, YTO POBHO B YETHIPEX U3 IIECTU PACCTaHOBOK
MTO3UINH OCTAJbHBIX JJIEMEHTOB ONPEAEIAIOTCS OMHO3HAYHO, & B OCTAIBHBIX
ZIByX BO3HUKAIOT IIPOTUBOPEYHS.

Teriepb MOXXKHO MEHSTD MTOPSZIOK 3JIEMEHTOB ITEPBOU CTPOKH, TIEPECTABIISAS
cTOJOIEI 4! crocobamMu, U B K&KJOM CIy4ae MOXKHO MEHATH IMOPSZIOK OCTaB-
IIIUXCS JIEMEHTOB [TEPBOT0O CTOJOIIA, ITepecTaBsisisa 3! crtocobaMu CTPOKH 2—4.
OKoHYaTeNbHO MOTyyuM 4-3!-4!=24-24=576 paccraHoBoK.  (/]. Ko3blpes)

14.6’ (Bbiryck 23). YcaioBUE. MHorowieH P(x, y) OT ABYX IepeMeHHBIX
[IPUHMMAET TOJIBKO TOJIOKUTEIbHBIE 3HaYeHUsA. MOXKET JIi OH IIPUHUMATD BCE
TIOJIOXKUTENbHEIE 3HAYEHUA? (Ponvrnop)

OTBET: MOXET.

PEmEHUE. ITyerb P(x, y) = x?+ (xy —1)2. Torza P(x, y) > 0, Tak Kax o6a
cJlaraeMbIX HEOTPUIIATENbHBI U HE MOTYT OBITh paBHBI HYJ/IO OZHOBPEMEHHO.
C Apyro# CTOPOHBI, IS JTFOOOTO TONOKUTENBHOTO YKCIAa d BO3BMEM X = 4/d,
y=1/+a, utorga P(x,y) =a. (B. O. ByzaeHko)

14.11. YcnoBUE. U3BeCTHO, 4TO ecu 3apUKCUPOBATh OJHY IIEPEMEHHYIO,
To ¢yHKuMA f (X, y) Mo Apyroii 6yZeT MHOTOWIEHOM. BepHo Jin, 4To OHa OyzeT
caMa MHOTOYWIEHOM OT /IByX IIepeMeHHBIX? (B. II. INawesx)
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OTBET: Jja, BEpHO.
PEMIEHUE.

JIEMMA 1. Ecnu nocnedogamensHocms mHoz2ouneHos {P,(x)}, cmenenu ko-
MOopbLX 02PAHUUEHbL 8 COBOKYNMHOCMU, NOMOYEUHO CXOOUMCS HA NPSAMOTL K HEeKO-
mopotl gpynkyuu f(x), mo ama GyHKUUS — MHO20UTIEH.

JIOKA3ATE/NBLCTBO. ITycTh max(deg P,) = N — 1. [IpyMeHUB UHTEPIOJIALU-
oHHyI0 popmyny Jlarpamxka K Toukam 1,2,..., N, OJIy9uM I JFOOOTO X
U JJiA BCEX HATYPAIbHBIX N:

N N
P(0)= > P,R(x), e Rx) =[]
i=1

=Lt
Torza
N N
fmi@ﬁw=2&@gﬁ®=2ﬂ%ﬂx
i= i=
T.e. f(x) € R[x], uro u TpeboBaIOCh OKA3ATh. O
JIEMMA 2. ITycmb 8ce uucaa Xy, Xy, - - ., X, PA3JUUHbL, NPUUEM

ap+ x4 +xfa2+...+x;lan =y,
ag + Xpaq +x§a2+...+xgan = Yo,

2 n —
ay + Xn+1a1 +Xn+1a2 +... +xn+1an = Yn+1-

Toeda ama cucmema ypasHeHull omHocumensHo {a;} umeem eduHcmeeHHOe
peuleHue, NPUUEM a; NpedcmMasuMbvl 8 gude AUHEUHbIX KOMOUHAYUTl 8eUUUH
V1> Yoy -+ 5 V> KOIPPUUUEHMBL KOMOPBIX — PAUUOHAIbHBLE PYHKUUU OM X;.

JTOKA3ATEILCTBO. PaccMOTpUM (€AMHCTBEHHBIN) MHTEPIOIAMOHHbIN MHO-
rowieH Jlarpauka, rpaguK KOTOPOTO MPOXOAUT Yepe3 ToUKU (Xx1; 1), (X9; ¥o),
.+, (%4, ). CormacHo cucTeMe ypaBHEHUH U3 YCIOBUA, €70 KO3)PUIIHEHTHI
paBHBHI dg, dq, . .., d,. VI3 IBHOU GOPMY/IbI HHTEPIIOIAIMOHHOTO MHOTOWIEHA
JlarpaHiKa ciieyeT yTBep:KAeHUeE JIEMMBL.

MO)XHO TaKyke BOCITOJIb30BAThCS TEM, UYTO OTIPEAETUTENH CUCTEMBI — 3TO
oTpezieNIUTeNh BaHzepMoH/a, KOTOPHIM OT/IMYEH OT HYJISA, IO3TOMY pellleHre
CHCTEMBI eIUHCTBEHHO. O

ITycTs Gynkmusa g: R? — R TakoBa, uTo g(xo, ¥) € R[y] mpu mo6om x, € R
u g(x, ¥p) €R[x] mpu mr060M Yy, IpUHAZIEKAIIEM HEKOTOPOMY OTPe3Ky [a; b].
[Monoxkum F (x, y) :=0ag(x, y)/dy. OueBugHo, F(x,, y) € R[y] npu Bcex xy €R.
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JIEMMA 3. Cywecmeyem maxotil ompe3ok [c;d] C [a;b], umo F(x, y,) €R[x]
npu irobom y, € [c; d].

JOKA3BATEJILCTBO. [To/0KHUM

My ={yo | Yo € [a; b], deg, (g(x, yo)) < k}.

Torzna U;ozl M; = [a;b]. [Ipumenum Teopemy bapa: MmosHOe MeTpHUUECKOE
IIPOCTPAHCTBO HE MOXKET OBbITh IPEZCTABIEHO B BU/E CYETHOTO 0O'beJUHEHUS
HUI/E He IUIOTHBIX MHOXeCTB. [losydaeM, 4To HeKOTOpoe M), IUIOTHO Ha HEKO-
TopoM otpe3ke [c; d] C [a; b]. [TycTb y, € [c; d]. Ilpu 1060M X € R numeem

ag(xd’) :lim g(x;z)_g(x’.)’o)
0 ly=y, 2=¥% 2= Yo .

F(X, .yO) =

Tak kak M. BCIOAY IUIOTHO Ha [c; d], TO CyIecTByeT MOCIeA0BaTEIbHOCTD €ro
3JIEMEHTOB {2, }, CXOAAMIASACA K Y. BrIpaskeHue

8(x, 2) —g(x, yo)
Zm— Yo
pu JF060M m 0603HaYaeT MHOTOWIEH. [10 TTOCTpOeHU0 M), MHOXECTBO CTe-
MeHel 3TUX MHOTOWIEHOB OrpaHWYeHHO. Kak MBI IMOKa3aay BhIIE, OHU TI0-
ToYevyHO cxozarcsa K F(x, y,). [lo nemme 1 momydaem F(x,y,) € R[x], uro
1 Tpe6GoBaIoCh /0Ka3aTh. O

[IpOIO/DKUM pellleHre UCXOAHOM 3azaun. [ycth f(x,y) ymoBaeTBOpsieT
ycnoBuio 3azauu. [onoskum Ly = {x; | deg, (f (x, y)) < K}. Tax kak Ly B co-
BOKYITHOCTH MOKPHIBAIOT R, HeKoTopoe Ly 6eckoHeyHO. [IycTh ay = 0, by =1,
Wi (x, y) = 9% £ (s y) /ayK. Taxc xax f (xo, y) € R[y], mreen W (xo, ) € R[y]
mpu Bcex k. ITo nemme 3 umeem W (x, y,) € R[x] a1a Bcex Y, U3 HEKOTO-
poro otpe3ka [a;; b,] C [ay; by]. AHamornuno Wy (x, yo) € R[x] Ansa Bcex y,
13 HEKOTOPOTo OTpe3Ka [a,; b,] C [ay; bi], v T. 4.

B03bMéM NPOU3BONIBHOE Y € [ag41; bxi1]. [To mocTpoenuto Wy 1 (x, yp) €
€ R[x]. C apyroii cTopoHsI, A t060ro X, € Ly umeem deg(f (xy, y)) <K, oT-
Kyza Wy 1 (xg, ¥) =0 npu mrobom y. Tak Kak Ly 6eckoHeuHO, HalzéTcsa 6ecko-
HEYHO MHOTO TaKUX Xg, YT0 Wy 1(Xo, o) =0. 3HauunT, MHOTOWIEH Wi, 1 (X, ¥p)
TOX/IECTBEHHO paBeH Hy/i0. Ho Y, — mpousBosbHasA TOYKA U3 [dg.1; bry1l-
[MoaTomy g moboro x € R mMHorowteH Wy, (X, y) TOXAECTBEHHO paBeH
Hym0 Ha [ag,q;bx,1] 4, clegoBaTenbHO, TOXKAECTBEHHO paBeH Hymo Ha R.
TakuM o6pasom, g moboro x € R umeem 95+ f(x; y)/ay¥™ =0 Ha R u 1o-
TOMY cTeleHb MHoOrowieHa f(x,y) mo y He mpeBocxoauT K. Torga MOXKHO

3almcaTtb
K

FG,y) =D a0,

i=0
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U BBHIIIO/JTHEHA CUCTeMa ypaBHeHI/Iﬁ

(o) +a;(¥) +ax(y) +...+ax(y) = f(1,y) €R[y],
ao(y) +2a;(y) +4ay(y) + ...+ 28ax () = f(2, ) € R[y],

a(y)+ K+ Da () + K+ D?a;() +...+ K+ 1D¥ax () =
\ =f(K+1,y) eR[y].

[To ntemme 2 kaxzgoe a;(y) IpeACTaBUMO B BUZE TMHENHON KOMOMHAIIMY GYHK-

uuii f(1,y), f(2,¥),..., f(K+1,y) €R[y]. 3uauur, a;(y) €R[y] ana scex i.
A Tak kak

N

Fluy) =D a()x,

i=0
nosy4aem, 4to f(x, y) € R[x, y], 4To 1 Tpe6oBasoCh JOKa3aTh.

KoMMEHTAPUM. [l GyHKIMI, COBITAAAIONINX C MHOTOWIEHAMH B PaIlvo-
HaJbHBIX TOYKAX, yTBEPKAEeHME 3a]a4l, BOOOIIle TOBOPsI, HEBEPHO:

YTBEPXAEHUE. Cyuecmsyem maxas ananumuueckas gynkyus g: R> >R,
umo g(xop, y) €R[y], g(x, ¥0) €R[x] npu scex xy, yp € Q, Ho g(x, y) € R[x, y].

JOKA3ATENBCTBO. IlycTh 21, 25, ... — HyMepalus BceX palliOHaIbHBIX YU-
cen. Jina kaxgoro n € N cymectByeT Takoe k, € N, uro |zj|/ k, < 1 npu Bcex
j < n. PaccmoTpuM QyHKIINIO

(x—z)(y — %)
s =[5 20-2 e
n=1 j=1

[TokaxkeM, 4TO AAHHBIN PsJ, CXOAUTCS abCOMIOTHO Ha BCEH TUIOCKOCTU. Jlei-
CTBUTENBHO, TIpU Bcexn € N, x, y € R

G —z) (3 by + gl + [z | + 127
H—\H <

i1 nlk? nlk?
< l—[ |>0’|+|XI+|J’|+I1| _ (ool [l + Ly + D"
(n)n '
3HaYMUT,
o0 n [oe]
Zl—[ (x—2)(¥—2) < (Ixy| + |x| + |y + 1D
152 = N :
n=1 j=1 nlk, n=1 (n)

Psig B mpaBoi yacTu o4eBUAHO cxoauTcsa. CiaezoBarenbHo, GyHKIUS g(x, )
ompezieJieHa KOPPEKTHO U ABJISAETCS aHATUTUIECKOU.
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Jlnsa mobbIX i, n €N, n = i UMeeM

ﬁ |(zi_zj)(.y_zj)| —0
ntk? o

j=1 n

noatomy g(z;, y) € R[y]. Ananoruuno g(x, z;) € R[x]. C apyroi cTOPOHEL, A1

J060r0 HAaTypaabHOro N uMeeM

deg, (g(x,z2y42)) =N+1>N.

CrnemoBarenbHo, g ¢ R[x, y]. O
(M. Ykpaurues, yueHnuk 11 knacca wxoavt N2 57 2. Mockabt)

15.9. YcioBUE. a) [laHa 2 x 2-MaTpulia A ¢ BellleCTBEHHBIMU KO3PPHUITH-
eHTaMu. /lokaxute, 4TO €€ MOXKHO MPEACTAaBUTh KaK CyMMY KBa/J[paTOB [IBYX
MaTPHI] BTOPOTO MOPSJKA C BEIMECTBEHHBIMU KO3bOUIIEHTAMH.

(SEEMOUS 2010)

6)* MOJKHO JTM MaTPHUILy pa3Mepa n X n ¢ BeleCTBEHHbBIMU KO3bdUIeHTa-
MU TIPe/ICTaBUTh B BUZIe CyMMBI KBa/[paTOB HECKOJIBKUX MaTPHI] pa3Mepa n X n
C BellleCTBEHHBIMU KoadduirneHTamu? Eciu «a», TO KAKOBO MUHUMAaJIbHOE
YUCJIO KBaZ[PaTOB? (0. Jlugna Bap-Ow, III. Kapmuenu)

a) PEMEHMUE. JIT06yI0 BEI[eCTBEHHYIO 2 X 2-MaTPHUILy MOXKHO TIPEZICTaBUTh

B BUJIE ) .
N m
A= (—b a)+(o z)’

rae k u | monoxxuTenbHBI. MaTpHIIEI IEPBOTO BU/IA HAXOAATCS B €CTECTBEHHOM
COOTBETCTBUU C KOMIUIEKCHBIMU YHCIaMH, COXPAHAIOIIeM YMHOXXeHue. VI3 KoM-
IUIEKCHOT'O YKCJIa BCErZa U3BJIeKaeTcsa KBa[paTHbIN KOPeHb, [I03TOMY OH U3BJe-
KaeTcsa 13 epBoil MaTpullbl. KBaZipaTHbIN KOpeHb 13 BTOPOI MaTpHULbl paBeH

m
vk Vik+ 1
0 Vi

(O. Jluena Bap-On, III. Kapmuenu)

6) OTBET: ipu n = 1 ykasaHHOe IIpeJCTaBjeHNe He BCeraa BO3MOXKHO
(oTpuIlaTeNIbHOE YMCIO HEMPEACTaBUMO KaK CyMMa KBaJpaToB).

Jl1s1 oCcTaIbHBIX HEYETHBIX N: HEOOXOMMBI TPH KBaparTa.

st 9ETHBIX n: HEOOXOAMMEI 1Ba KBaJpaTa.

PEmEHME. [lycTh n 4€THO.

JIEMMA. B Hekomopoli £-okpecmHocmu eOUHUUYHOT MaAMpUUbl K8AOPAMHbLL
KOpeHb U38J1eKaemcsi.
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JIOKA3ATELCTBO. [IpuMeHuM ¢popmyny 6nHoMma HproToHa:

(o]

A+ = fip0) =3 (12) <"

n=0

Paziiyc CXOAMMOCTH 3TOTO psifia paBeH 1, MO3TOMY i MaTPUIIBI C HOPMOH,
MeHbInel 1, paz cxopurces. HermocpezicTBeHHO TpoBepsieTcs, 9To (f1/; (x))? =
=1+ x, ¥ aHAJIOTUYHOE BEPHO [JIsI MaTPHI], KOTZA P, CXOAUTCS (TTOCKOIBbKY
CTEIeHN MaTPUIBl KOMMYTHUPYIOT). JleMMa JoKa3aHa. O

O603Ha4YMM Yepe3 m MaKCUMyM abCOTIOTHBIX BEJTMYMH 3JIEMEHTOB MaTpU-
1l A. [Iyets M TakoBo, uto 1/M? < ¢/m. Tlonoxum A = D + (—M2E), rze
E — egunpynag MaTpuna. Torma D = M2(E + A/M?). Ho E + A/M? naxoauTcs
B £-OKPECTHOCTU €IMHUYHOU MATPHUIIBI, ¥ COTVIACHO JIeMMe U3 Heé€ U3BJIeKaeT-
¢ KBaZIpaTHBIN KOpPeHb, a TOr/la OH U3BjIeKaeTca U us D.

BTtopoe ciaraemoe, —M 21 , TAK)Ke ABJAETCA KBaJPaTOM, TaK KaK B YETHBIX
pa3MepHOCTAX KBazparoM siBiasieTcsi —E (mpu n = 2 3T0 moBopoT Ha 90°,
a B BBICIIUX Pa3MEPHOCTSX HCIIOIb3yeM pa3breHre Ha JAByMepHbIe GI0KH).
TakuM 06pasoM, J00yI0 2 X 2-MaTPHILy MOXXHO Pas3lOXUTh B CYMMY ABYX
KBagpaToB. KBaZipaToM fABIAETCA He KaXKJas Takas MaTpuiia (MaTPHIIBI C OT-
pUIaTEbHBIM OTIPeZIeTUTENEM KBaZpaTaMU He SBJIAIOTCA).

[TycTth Temephb n Hed€THO. JJokakeM, uTo —E He fABJAETCA CYMMOM ABYX
KBa/[paToB, TaK YTO MHOT/IA HY>KHO He MeHbllle TPEX, U IOCTPOUM pasioKeHue
MIPOX3BOJIHON MaTPUIIBI HA TPU KBaZpaTa.

PasyoxxeHne cTpoUTCA aHAJIOMYHO YETHOMY ciaydaro. [lycts V — guaro-
HaJIbHasA MaTpuIla, MPUYEM B IMPAaBOM HUKHEM YIVIy CTOUT 1, a ocTajbHbIE
JuaroHajbHblE 3jJIeMeHTHl paBHbl —9. [lanee, nycts U — auaroHajabHasa Mart-
pUIIa, B JIEBOM BEPXHEM YTJTy KOTOPOH CTOUT 1, a ocTaJbHbIE AUATrOHATbHbBIE
3JIeMeHTHI paBHBI —9. Y 3TUX MaTPUI] eCTh KBaJ[paTHLIN KOPEeHb: BO3bMEM JiHa-
FOHAJIbHYIO MaTpUIly pa3MepHOCTH Ha 1 MeHbllle, Y KOTOPOI Ha AuaroHanau
crouT —1, U3BeYEM U3 He€ KBaZpaTHBIN KOPEeHb, YMHOKUM Ha 3 U I06aBUM
eIUHNYHYIO0 1 X 1-maTpuly.

JIto6y10 n X n-MaTpUIly A MOXXHO TIpeACTaBUTh B Buze A = MV + MU + W
C JIIOOBIM JOCTATOYHO OOJIBIIMM IOJOXKUTENbHEIM M. Ho eciiu M oCTaTOYHO
Benrko, To W /M 61u3K0 K AuaroHaJbHON MaTpuile, Y KOTOPOH Ha KOHI[ax
JAUArOHAJIU CTOUT 8, a OCTaJIbHBIE IUAarOHAJIBHBIE 3JIeMeHTHI paBHHI 18. Comac-
HO JleMMe U3 Heé M3BJIeKaeTcs KBaZpaTHHIM KopeHb. VickoMoe pasjioiKeHue
MIOCTPOEHO.

Ocranochk Aoka3arth, YTO —F He ABJAETCA CyMMOM JByX KBaJpaToB. I1ycTh
E=A%*+ B2, rae A, B— BellleCTBEHHbIE MaTPUIIB. Bbhibepem 6asuc HaJ, 1Mo-
JieM KOMILIeKCHBIX YHCes, B KOTOPOM MaTpulia A BepxHeTpeyrojbHada. Toraa
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A? u B2 = —E — A? Toxe BepxHeTpeyronbHble. Ha IaBHOM AUaroHamy 3THX
MAaTpHIL CTOAT KBaZpaThl COOCTBEHHBIX 3HaUeHUI MaTpull A u B. [Tonydaem
CUCTEMY YpaBHEHUI: ai + bi =-—1.

Tak KaK MHOTOWIEH HEYETHOM CTENEHW UMEET HEYETHOE KOJIMYECTBO Be-
IIeCTBEHHBIX KOpHEH (C y4€TOM KpaTHOCTH), TO CPEAU dj HEYETHOE KOIUYe-
CTBO BeIllECTBEHHBIX, a OCTATbHbIE PAa30MBAIOTCS Ha MTAPhl KOMILIEKCHO COTIPS-
xéHHbIX. To 3Ke BepHO s by. Ho ecu q; BeljecTBEHHOE, TO ai > 0, Torza
b]% < —1, T. e. by He ABnAeTCA BellecTBEHHBIM. OHO KOMIUIEKCHO COTIPSIKEHO
HeKoTopoMy b;, Toraa ajz. > 0 u a; BemecTBeHHoe. TakuM 06pa3oM, Belle-
CTBEHHbIE COOCTBEHHbIE 3HAYEHUsI MAaTPUIIBI A Pa3OUBAIOTCSA Ha Taphl, YTO
HEBO3MOKHO, TaK KaK UX KOJIMYECTBO HEYETHO. [10/Iy4eHO IIPOTUBOPEYHE, YTO
U Tpe6OoBaIoCh. (0. Jlugna Bap-Ow, III. Kapmuenu)

16.5. YcioBME. /[ByMepHas ¢uUrypa B YeTHIPEXMEPHOM ITPOCTPAHCTBE
vMeeT iomazs S. E€ mpoekIiysa Ha IUIOCKOCTh TEPBHIX IBYX KOOPAMHATHBIX
ocell UMeeT IUIOMAAbL S, @ MPOEKIMA Ha IUIOCKOCTh ITOCJIEAHUX ABYX Ocei
HMMeeT IUIoMaAb S,y. JIoKaKuTe, uTo S = S; + S (Ponvknop)

PEMEHUE. V3aMepumas GUrypa Ha IByMEPHOM [TOBEPXHOCTH MOKET OBITh
aTlIpPOKCUMUPOBaHa MPIMOYTOJIbHUKAMHM, U TO YK€ BEPHO JIS €€ MPOEKIUi
Ha KOOpPAMHATHBIE IUIOCKOCTH. [103TOMY ZIOCTATOYHO ZI0Ka3aTh HEPABEHCTBO
ZUIA TIPSIMOYTOMbHIUKA. IIyCTh OH 3aZlaH BEKTOpaMu U = (Uq, Uy, U3, Uy) U U =
= (v1, vy, U3, V4). Torza

S=lul-lvl, *S;=ujv—usv;, +£S; =uzvs—ugvs.

[MonoxkuMm u* = (Fu,, £u,, uy, fu3), IAe 3HaAKU BHIOpaHBl TAaKUM 006pa3oM,
910 S; + Sy PABHO CKaISIPHOMY ITpousBeieHuIo (u*, v). [TOCKOIBKY

(W, v) < [u']- vl =ul - ] =,

IoJlyyaeM HY>KHOe HepaBeHCTBO. (VI. Padsusunosckuii)

19.6. YcnoBHE. IlycTh a ¢ Q — uppaiuoHaabHOE YUCIIO, 5 — IPOU3BOJIb-
Hoe uucio u3 uHTepBana (0; 1), a Q) — MuHUMYM ApobHOM yactu N - a, Tae
N < M — uenoe. AHaJIOTUYHO R); eCTh MUHUMYM ApoOHOH dacTu 3 — N - a.
Jokaxkute, 9TO Q) > Ry Ipy 6ECKOHEYHO MHOTHX M. (C. B. Konsieun)

[IEPBOE PENIEHUE. Ham HY>XHO ZI0Ka3aTh, YTO I JIFOOOTO HATypaIbHO-
ro yuciaa N Haiizérca takoit Homep n > N, uto Q, > R,. Eciu Ry = 0, To
R, =0<Q, mpu Bcex n > N. Ilycts Ry > 0. B cily uppalliOHaIbHOCTU O
mo6oii untepBan (a;b) C (0;1) comepkuT 6€CKOHEYHO MHOTO YHcCen {na}.
B wacTHOCTH, CyIIeCcTBYIOT TaKye HaTypaJbHble YMCa N, 4TO

max(0, B —Ry) <{na} < B, Tt.e {B—na}<min(fB,Ry).
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Cpeau Takux yuces n BelbepeM MUHUMasbHOE Ng. YUCso ng yZoBaeTBopsaeT
yCJIOBUAM

{f —noa} <min(f, Ry) <{B —na}
npu obom n =0, 1,...,ny— 1. 3ametum, 9TO ng > N, TaK KaK B IPOTUBHOM
CJIydae Io OTpeZieIeHHIo Ry BBHIMOMHSAIOCHh OB HepaBeHCTBO Ry < {ff —nga}.
Ecmu R, < Qp,, TO NICKOMOE N = n, HalzeHo. JlonycTuM, 9to R, = Q, =

= {ma}, 1 < m < ng. Toraa BEITOJHAIOTCA COOTHONUIEHUS
Rygtm S {B—(ng +m)a} =Ry —Qyu, (*)
Qn0+m = Qno = {ma}. (€3]

JlelicTBUTENTbHO, HEPABEHCTBO (*) BBHITEKAET U3 TOTO, YTO

{B —(ng +m)a} = {{f —nga} —{ma}} = {Ry, — Qu} = Ryy — Q-

JlorycTHM, YTO PaBEHCTBO (#*) HE BBINOIHEHO, T. €. {ka} < Q, NpU HEKOTO-
pomk ={ny+1,...,ng+m}. Torna0O<ny+m—k <ngu

{B— (o +m—k)a} < {f —(ng + m)a} + {ka} = Ry  — Qu, + {ka} <Ry,

HO 9TO IIPOTUBOPEYUT BBIGOPY Ng. [losoxum ny = ng + m. Ecmu R, < Q,,, TO
ocTaéres B3ATh N = ny. Ecm ke R, = Qp,, TO Mbl MOXeEM TIOACTaBUTD B ()
U (*%) n, BMecCTO ng. Jlajiee MOMOKUM Ny =N, +m =ng+2m u T. 4.

Ipu HekoTOpOM k UMeeM R, <Q, , TaK KaK ec/iv Ipu Beex k 6yzeTR, >Q, ,

TO, IOZACTABJISAA B () U () BMECTO N IIOCTIE€A0BATENBHO M1, M, . . ., MBI IOJyINUM
Qno = Qn0+m = Qn0+2m =
Ry +km S Ry —kQy, - (k)

Ho mpu Gosbiux k mpaBasi 4acTb (k#*) MeHbIIEe Hy/IsA. DTO IPOTUBOpEeYHe
3aBepIllaeT 0Ka3aTeabCTBO.

(ITo kH.: B. A. CadosHuuuil, A. A. IpuzopsH, C. B. KoHsizuH.

3adauu cmydeHueckux MamMeMamuueckKux oaumnuao.

M.: MT'Y, 1987. C. 288)

BTOPOE PEMEHMUE. [lycTh MO OKPY)XHOCTU eIUHUYHOMN AJUHBI C OTMe-
YEeHHOHN TOYKOU (3, HaYMHAaA U3 HyJeBOU TOYKU ABIDKeTcsl KeHTaBp, AyinHa
€ro MpbDKKa a. HyXHO TOKa3aTh, YTO HaWIydlllee MPUOIIKEeHNe K HYJIeBOH
TOYKe I10CJIe N IIPbDKKOB OKa3bIBaeTCA JIyyllle, YeM K Touke 3, Ipu 6eCKOHEeYHO
mHorux n. Ecm 82> a, To MoxkHO 3ameHuTs 3 Ha 3 = 3 — @, Ipy 5TOM HaWIyd-
IIee MPUOJIIKEHNE He YXYALIUTCS, 8 KOJTMYECTBO MIPBDKKOB YMEHBIINUTCSA Ha 1.
KpoMe TOro, MOXXKHO CYMTaTh, 4TO @ < 1/2 (MHa4Ye, U3MEHUB HaIpaB/i€HUE
IPBDKKOB, TIepeliéM K Benunbe a’ = 1—a < 1/2.
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Htak, 0 < # < a < 1/2 (cny4am paBeHCTB OYEBHU/IHBI). PacCMOTpUM AyTY
[a; 2a]. Beipexkem eé u 3akjeuM. [Ipu 3TOM MBI He MOTEPsieM HaWIydIlKe
npubmkeHusa HU K 0, HU K To4Ke [3, a KOJTMYECTBO IAaroB YMEHbIIUTCA. Mbl
TIOJTYYWJTN IBVDKEHHE 110 OKPY)XHOCTH ZJIUHBL 1 — @ C 1Iarom a.

[ToCKOJIBKY OZHO N, TpebyeMoe B YCJIOBUU 3aAa4yH, OYeBUIHBIM 06pa3om
CYIIECTBYET, /IEJIO 3aBepIIaeT UHYKIIHS.

KoMMEHTAPUI. OmucaHHasH MPOLEAypa «PesKeM-KIENM» Ha3bIBAETCS UH-
dykuueti Po3u. C eé MoMOIIbIO MPOIIle BCETO 0Ka3aTh (U MOHATH), YTO IIEIHbIE
Apo6U 3aIal0T HaWIydIlre MpUbIvbKeHnst. VIHBIMYU CIOBAMM, IIYCTh aH €/Iu-
HUYHBIN OTPE30K U OTPe3oK AIUHBL a < 1. 3amensieM 1 Ha a; = 1 —na, rge
n = [a™!] (1. e. OTKIaZBIBAEM OTPE3KHU JUTHHBI (, TIOKA BO3MOXKHO), OT Iaphl
(1, a) mepexoanM K HOBO#I TTape oTpe3koB (&, a;) U MPOJOIKAEM TY Ke Mpolie-
IyPy. YTBEPKAAETCS, YTO Q; JAIOT HAVUIYYIIHeE TPUOIHKEHUS IETbIX YHUCENT YUC-
samu, kpatHeIMU a. (CM. Takke 3aza4dy 10.7 U e€ pelileHUe, OyOIMKOBAaHHOE
B JaHHOM BbITycKe (c. 186), rae AaHO HaIIAZHOE Tpe/CTaBlIeHe alrOpUTMa
EBKJINZIA [/I1 OTPE3KOB, OTBEYAoIIee MPOLie/lype TOCTPOEHHUs IEMTHOMN APOOH. )

(A. 4. Kanenw-Benos)

22.3. YCI0OBUE. a) [|jig KAKOro MaKCUMaJIbHOTO N MOKHO PacIiOIOXKUTh
N Touek Ha IUIOCKOCTH, COeIMHUTD UX IOIIapHO OTpe3KaMU U pacKpacuThb OT-
PE3KM B CUHUH U KPACHBIN LIBET TaK, YTOOBI OTPE3KU OZHOTO IIBETA HE NMEeTN
BHYTPEHHUX TOYEK IIepEeCeUeHMsi, a KOK/IbIH OTPe30K UMes He Oojiee OJHOM
TOYKH [TepeceYeHns C OTPe3KOM Apyroro nsera? (JI. Padsusuwnosckuil)

OTBET: N = 6.

PEIEHUE. 3a/laya paBHOCWIbHA CJIEAYIOIei: MpU Kakux N CyllecTByeT
MOJTHBIY Tpad Ha IUIOCKOCTH, Y KOTOPOTO KaXK/[0e pebpo mepeceyeHo He bosee
OJTHOTO pa3a W HUKakKue Tpu pebpa He IepeceKaroTcs B 001[el BHYTpEHHeH
TouKe. J[efiICTBUTENBHO, B TAKOM r'pade Ha KaXKAOM «IIePEKPECTKE» MOXKHO TI0-
KpacUTh obpasylolye ero péopa B pasHble I[BeTa. [IokpacuB ocTasbHbIE pEOpa
IIPOU3BOJIBHO B KPACHBIN U CUHUH LIBET, IIOJIyYUM I'pad, yI0BIETBOPSIOMINI
YCJIOBHIO UCXOHOM 3a/jauH.

Ha pucyHKe TOKa3aH IpUMep JJisi HOBOU 3a-
mauu ¢ N = 6. Yganas u3 aToro rpada BepIIHbI
Y IPUMBIKAIOIINe K HUM pé6pa, MOXXHO TOTYIUTh
MIPUMEPHI 11 MEHbITUX N.

[TpeAronoKuM, 4YTO UMeeTcs NOMHbIHM rpad Ha
7 BeplIVHAaX, y/OBJIETBOPAIOIINI YCIOBUIO HOBOU
3azaumn. Y Hero 21 pebpo ¢ X ToukaMu Ilepece-
yeHus. [Iycts O — ofHA U3 HUX, IPUHAJIEKATIAs
pébpam AC u BD. PacCMOTpPHUM YeTBIPEXYTOTBHUK
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ABCD. Ero cTopoHHI He TiepecedeHbl. /lelicTBUTeNbHO, ITyCTh, HallpUMep, Ka-
Koe-TO pebpo BXOAUT B TpeyrosbHUK ABO, epecekas ctopoHy AB. Torga oHo
JIOJDKHO BBIMTH U3 TpeyrosbHUKa 4epe3 AB, AO wiu BO u cHoBa mepecedb
pebpo, KOTopoe yke IepecedeHo (Cayyal IPOXOXK/JeHUA Yepe3 BepIIHY Tpe-
YTOJIBHUKA MOXKHO UCKJIIOYUTH MaJIbIM II€BEJIEHUEM).

Takum obpasom, B rpade ¢ MUHUMAIBLHBIM YHCJIOM IIEpECeYeHUi BOKPYT
KaQK/IOT'O IlepecedeHrs PacIloNoKeHO YeThlpe Hellepeceuy€HHBIX pebpa. Kax-
Jloe Hellepece4éHHOe peb6po IpU 3TOM 3acuuThIBaeTcs He Oosiee ABYX pas,
II03TOMY KOJMYECTBO HellepeceuyéHHBIX pébep He MeHblle 2X. KommdecTBo
nepecey€éHHBIX pébep paBHO 2X, moatomy 4X < 21, otkyzga X < 5.

PaccmoTpuM rpad, BepuUIMHaAMU KOTOPOT'O CIY)KaT BEPIIUHBI UCXOZHOTO
rpada U TOYKH IlepecedeHus, a pébpamMu — HenepeceuéHHbIe pEOpa UCXOIHO-
ro rpada ¥ IoJIOBUHKHY ITepecedéHHBIX pEbep. DTOT rpad, B OTIMYME OT UCXOJ-
HOTO, ITaHapeH. Y Hero V = 7 + X BepuiuH, E = 21+ 2X pébep u F > 2E/3
rpaneii. I[To popmysne Ditnepa
_X
=3,

OTKyZa 6 = X. Ho Brlllle lIoKa3aHo, 4To X < 5, — IIPOTHUBOpPEYHE.

[Tocko/nbKY HEBO3MOXKHO ITOCTPOUTH UCKOMBIH rpad ana N = 7, 3To HEBO3-

MOXKHO M A1 N > 7. (V1. Padsusunosckuii)

2=F—E+V>V—§=7+X—(7+%)

23.7. YcnoBME. Jlaubl MHOTOWIeHB P(x), Q(Xx) ¢ HeoTpullaTeJbHBIMHU
koadduienTamu u crapmuM kKoddpduimentom 1. JJokakuTe, 4TO BCe UX
koabdurenTs! paBHb 0 win 1, ecmu P(x)Q(x) = 14+ x +x% +...+x™

(B. M. Kanesckuii, B. A. Cerdepos)

PEmEHUE. KoadduinreHTsl MHOrowieHOB P(x) u Q(x) BelleCTBEHHHI, IO~
STOMY /IS KaXKZI0T'O KOPHSA KaXK/IOT0 M3 3TUX MHOTOWIEHOB HAWJETCS KOMILIEKC-
HO CONPsDKEHHBIM. HO Bce 3TM KOpPHU paBHBI 1 O abCOMIOTHOM BETUYHHE,
ITO3TOMY MOXKHO TIepepOpPMY/IPOBATh YTBEPXKAEHHE 3a1a4H CIEAYIONUM 00pa-
30M: €CJIM 2 — KOPEHb OJJHOTO 13 MHOTOWIeHOB P (x) u Q(x), To 1/2 — KopeHb
TOTO K€ MHOTOWIEHA, UMEIOIIHH Ty K€ KpaTHOCTb. 3HAYHUT, €C/IU

P(x) = apx™ + a1 X"+ 4+ agx? + ayx + ag,

TO TIOC/IEI0BATENBHOCTD {d;} CUMMETPUYHA, d; = dp,

j AHaJIOTU4YHO: €C/In

—j;
Q(x) =b,x* +...+byx + by,
10 bj = by_;. Pasymeercs, sgecb m + k =n.
MBI XOTHM /[I0Ka3aTh, YTO Bee K0addunreHTs MHOTOWIEHOB P (x) u Q(x)

paBHbl O win 1. TIpeAnoNoKUM MPOTHUBHOE. DTU KO3(PPUIIMEHTh HE MOTYT
OBITH OOJIBIIIE EUHUIIBL: €C/IU d i>1,70 KO3 OUIIMEHT TTPU x**J MHOrOWIEHA
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P - Q paBeH a; IUIIOC HEOTPHUIIATELHOE YHCIIO, HO OH ZIOJDKEH ObITh paBeH 1.
OTtmeTHuM, 49TO a4 = 1 = by, TOCKOJIBKY 3TU K03OUIMEHTHI He TIPEBOCXOAAT 1,
HEOTpUIaTeNbHEl U UX IIPOU3Be/ieHNe paBHoO 1.

BbibepeM HauMEHBIIEE ¢, TPU KOTOPOM X' B OZHOM U3 MHOTOWIEHOB UMEET
ko3 durreHT, oTMyHbIHN OoT O U 1; 6e3 orpaHNYeHUs OOITHOCTH MOXKHO CUH-
TaTh, YTO 3TO MpoucxoauT B P(x). Torga Bce k03pPULIMEHTHI IPU MEHBIIUX
creneHax B P u Q pasuel 0 wiu 1; 3To ay, ay,...,a;—1 U by, by, ..., b_;.

PaccmorpuM Koadduiment npu x' B P - Q (paBHbIi 1, Kak U Bce Ko3(-
bUIMEHTH 3TOTO MPOU3BEAEHUsA); OH paBeH 1 - a, + b, - 1 4+ npousBeseHus
Hysnel u eguHul. Tak kak a, > 0, momyyaeMm b, =1 —a,, otkyza 0 < b, < 1.
I[To cummerpuu by, = b,, otkyza 0 < by_, < 1.

Terepb paccMOTpUM KoadduiineHT npu x< B P - Q, Takxke paBHbIii 1. Ero
cJlaraeMbIMU ABJSIOTCA bray = 1, CTPOro MONOKUTENbHOE by a, M HEOTpHUILIa-
TeJbHBIE cylaraeMble. [IpoTUBOpeyne. (VI. Padsusunosckuii)

23.9. YcnoBHUE. IlycTh @, 3 — MoIoXUTeNbHBIE YKcaa. PaccMOTpUM Ta-
KYI0 CHMMETPUYECKYI0 MaTpuily (a;;), 4To

a.: = 1 . 1
U™ i+j+a i+j+B°
JOoKaxuTe, 4TO 3Ta MaTpULia MOJIOXKUTEIBHO OlpeZesieHa. (A. A. Jlozynos)
d
PEmEHUE. PaccMoTpuM Mepy dx . 1}: 5

[Tpy TONIOXUTENBHBIX & U [3

11
dx dy _ all Bl _
ijl—a 'y1—/3 = ax®|,- By |0—a[5.
00

[ToaTomy yt06ast pyHKITHA, HETTPEPhIBHAS Ha €IMHUYHOM KBaJ[paTe |, CJIe/[0-
BaTeJIbHO, OrpaHUYEHHas, OyleT MHTErPUPYEMOH 10 3TOM Mepe. 3HAUMT, I
MHOTOWIEHOB MOXKHO OIPEZETUTDh CKaJISIPHOE TIPOU3BeIeHHE

11
(o= s
00

OHO TIONIOKUTENBHO OIIpe/ie/ieHO, TTOCKOIbKY HEeHY/IEBOM MHOT'OWIEH He MO-
’KeT OBITh TOXKIECTBEHHBIM HyJIEM Ha KBazpate. [Iyctb p;(x, y) = x'y' npu
i=1,...,n. OTU MHOTOWIEHHI TUHENHO He3aBUCUMEL. [Ipu 3TOM

11
— i+j L ,i+j dX . dy — 1 ) 1
{pi; p;) ij Y yiF T itjta i+j+p’
00

dy
1-6°
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a 9TO B TOYHOCTH 3JIEMEHTHI UCXOJHOM MaTpUIlbl. TAKMM 06pa3oM, 5TO MaTpH-
11a CKaJISIPHOTO IPOM3BEAEHMSI, U TIOTOMY OHA IIOJIOXKUTENbHO OIIpe/ieieHa.
(/1. Padsusunosckuii)

O PEMIEHUMU 3AJAYU 15.1

B «MaTeMaTU4eCKOM MPOCBENEHNN», BhIIL. 23, OIyOJIUKOBAHO pelleHre 3aJaqu
15.1. K cokayileHuto, B III. B) ¥ I') ¥ B yIIpa)XHeHUHU 6 6) JOIMYIIEHbl IOTPENTHOCTH,
KOTOpBIE He BJIUAIOT Ha XOJ PAacCy)XAEHHI, HO MEHAIOT oTBeT?). BrIpaxkaeM Graro-
JapHocTb Hamum yurtatesnaM C. M. JlaBpeHoBy U M. b. CeBpIoKy, 3aMEeTUBIIUM 3THU
morpenrHocty. Hinke my6IMKyeM uX MUChMA.

B 23-M Brimycke «MaTeMaTr4ecKoro mpocBeleHusI» Ha ¢. 226 mpuBeZieHa
3azada 15.1B:

Ymo bosabuue: v3 60 wiu 2+§’/7?

3alaua UMeeT «IIPOCTOE» pEHIECHUE!

Y60 > gg, TaK kax 60 - 23% —90% = 1020 > 0.

%>2+\/7, Tak kak (90 —2-23)3—23%.7=15> 0.
OTBET: v3 60 > 2+§°’/7.

OTBerT Ha c. 227 HeBepHbIii!

Ha c. 227 npeznnaraerca pelieHue:

3amerum, uTo Y60 =43/1—1/16 u2+ 57 =2+23/1—1/8.

Paznaras o6a BEIpaXeHUSA B pAJ, UMeEM, YTO IEPBBIE [IBA [VIABHBIX WIEHA
COBIIQZIAIOT, a TPETUH WIEH YK€ OKa3bIBAEeTCs CYLIECTBEHHO OOJIbIe Y BTO-
pOro BhIpQXKeHUA (Ilepesi STUM WIEHOM CTOMUT 3HAK «IUTIOC») M 3TO pasnyue
He MOXXeT OBITh CKOMIIEHCPOBAHO OCTAJbHBIMU WIEHAMU.

[Tompo6yeM aKKypaTHO peaJ‘II/IBOBaTb 3TO pelleHuUe.

i _ 2_
flx)= T fle) = m, [ = 91+ x)5°3
.11 _ 1 2

fG)=1+3x+5f (Q(X)x)x2_1+§x+§.(_m)x2,
0<0(x)<1.

OcTraTouHBIH WieH mpezcTasied B ¢opme Jlarpamka. Jlanee,

Veo=ai/1-55=4(1-3 %5+ 3(~saa i) 167) =

—q- Lt 1 1.1 r,qe91=9(%),

2 CM. CIMCOK OIIeYaToOK B KOHIe BBIIYCKA.
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3 3 1 11,1 2 1
2 =242{/1—>=2+4+2[1—-2-24+5x[—= = | =
7 * 8 * ( 3 8+2( 9(1—92/8)5/3)82)
—-gq_1 1 1 1 —o(l
=4-15"9 33 1=0,/8)77% r/:[e92—9(8).

VTak, mepBble /Ba WieHa pszia AeWCTBUTENBHO COBIIAAAIOT, HO TIEpe Tpe-
TBUM WIEHOM CTOUT 3HAK «MUHYC», & HE «ILTIOC»!
JokaxkeM, 4TO

1 1 1 1 1 1

> P e————
97647 (1-0,/160°7 ~ 932 (1-6,/8)"

I[Toce mpeo6pa3oBaHuil IOIyIaeM

6,5/3 6,\5/3
(1-5)" <2(1-5) "
Bo3sBezém 0be vyacTu B cTereHb 3/5 U MOIyYuM TOC/Ie Tpeobpa3oBaHuit
V8-0,—¥32-6, <16(V8—1).

3aMeTHM, 4TO

Ho V8 < 16(¥8—1) (tak kak 15v/8 > 16 <> 6075000 > 1048 576). Hepa-
BEHCTBO J0Ka3aHo.
Bripouem, HepaBeHCTBO 1538 > 16 MOXHO JlIOKa3aTh ObICTpee:

5 5 16 1)°
15V8>16 < \/§>E = 8>(1+E)'

3ameTuM, 4To 8 > e > (1+1/15)* > (14 1/15)°, uTo u Tpe6oBaIOCH.
B ynparkaenuu 6(6) ombka B 3Hake HepaBeHcTBa. Ha camowm zese

Y413 =7,447...>7,442... =6+ 3.

Cepeeil Muxaiinosuu JlagpeHos,
WIIM umMm. M. B. Kengpima, lasemi@mail.ru

B mocneaHem BhITycKe 23 cOOpHHKA «MaTeMaTHYecKoe MPOCBEIeHUe»
(TpeTbs cepus, 2019) gomyleHa HEAKKYPAaTHOCTD B pellleHuH 3a1a4yu B. 1. Ap-
Hosbza 15.1.1) Ha c. 227. [IpuBeIéHHBIN B COOPHUKE OTBET

27
. 2
j sin'% x dx ~ ‘/7_ ¢ morpentHocThio < 20 %
0
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HegepeH, TIPABUIbHBIN OTBET
271
j sin'% x dx ~
0

N[—=

(kctatH, cam B. V1. ApHOJB/ B cTaThe «MaTeMaTUYeCcKUil TpuBUyM» // YMH,
1991, T. 46, BHII. 1, c. 225-232 Ha c. 226 TOBOPWI 0 TOYHOCTH B 10 %).
JleficTBUTENbHO, KAaK CITPABEJTMBO MUIIET aBTOP perieHus A. fl. Besos,

27 27 +oo
j sin'® x dx = J c0s'% x dx ~ 2 J e ™50 dx = 24/ 5—7([) (1)
0 0 —o0

3amensas = 3,14159 ... npubmkEHHBIM 3HaYeHueM 25/8 = 3,125, nonyua-
eMm 1/2. (Tlpu my6ukaliu 31ech 6blia JomyineHa apudMeTryeckast omnroKa. )
B 3TOlf 3aZ1a4€e eCTh JOTIOTHUTENbHBIN HIOAHC: BCE NHTE'PAJIBI

27 /2
A, = j |sin™ x| dx = 4 J sin"xdx, n=0,1,2,...,
0 0

MOXHO OY€Hb ITPOCTO BBIYUCIUTD MOUHO, IPUYEM Oe3 ABHOT'O UCIIOTb30BAHUA
HaIpalInBalIIerocs 37ech anmnapara 6era- u raMmma-QpyHKIuH. JleficTBUTEND-
HO, IIpU 1 2 2 UMeeM

n/2 /2
A, =—4 j sin" ! x d(cos x) = 4 j cosx d(sin" ! x) =
0 0

/2
=4(n—1) J sin" 2 x (1 —sin?x)dx = (n—1)(A,_5 — A,),
0

TakK 4TO
A, = HT_lAn_Z, n>2. (2)

Tak kak Ag=2nuA; =4, Tonpuk =20

. (k—1n (@

Ak =2 A T A e

[ToAYepKHEM, YTO STO MOUHble PABEHCTBA. Terephb

o991 _ . 100! _ 100!

A100 = 2735011 = 27 ooz ~ 27 290 5002

u o popmysie CTUPIUHTA

N 100 100 1 e \100 _ Vaog
Ao~ 21V200m (3°) T fotomm (55) = Yo

YTO, KaK U CJIeZI0BAJIO OXKUATh, COBIIAZIaeT C MIPeXHUM 3HaueHureM (1).
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APpHOJIB/ IOYTH HaBepHAKA UMeJ B BUAYy peleHue BenoBa (uzgess 3aMeHbI
cosx Ha e X /2 p OKPECTHOCTH HyJISI IIPUMEHMMa K I[eJIOMY KJIaccy WHTerpa-
JIOB), a He U3JI0KEHHOE BHIIIIE aJIbTePHATHBHOE PellleHre, OIIMPAOIIEECs Ha CO-
oTHouieHue (2).

HPHMOE KOMITbIOTEPHOE BBIYHMCIIEHUE ,Z[aéT
= 2k—1
Ajgo = 27 B 2+ =0,5000739...,

TaK 4To 1/2 mpubamxkaet Ao ¢ morpenrHoctbio Bcero 0,015 %! MHTepecHo,
4TO 25/8 mpubIIIKaeT 7 ¢ morpenrHocThio 0,53 %.

Muxaun Bopucosuu Cegpiok,

VIHCTUTYT SHepreTU4ecKux npobiemM
xuMudeckort pusuku PAH um. B.JI. Tanbpose,
2421584@mail.ru, sevryuk@mccme. ru



OIIEYATKH, 3AMEYEHHBIE B BBIIIYCKE 13

CTPAHUIIA, CTPOKA HAMNEYATAHO CJIEAYET YUTATD

180 10 cHusy < =

OITEYATKH, 3AMEYEHHBIE B BBIITYCKE 16

CTPAHULIA, CTPOKA HAMEYATAHO CJIEAYET YUTATD

230 1 cHuzy HepaBeHCTBO BupTuHrepa donbknop

ONEYATKM, 3AMEYEHHBIE B BBINIYCKE 23

CTPAHMIIA, CTPOKA HAMEYATAHO CIIEAYET YUTATh
213 4 cHuzy arsh arch
227 14 cBepxy < >
227 17 cBepxy 6oJblIe MeHbIIIe
227 18 cBepxy ILIIOC MUHYC
228 6 cHU3Y 6osblie MeHbIIEe

NH®OPMALIMA A1 ABTOPOB

1. C6opHUK «MaTeMaTUIeCKO€e TIPOCBEIeHIe» TPeAHAa3HAYeH I ITUPOKOT0 KpyTa
HayYHBIX pabOTHUKOB, MpernoAaBaTeiell, yJaluxcs U BceX, KTO UHTepeCcyeTcs MaTe-
MaTHUKOH. V3gaHue mybauKyeT MaTepuasbl 10 pa3IuYHBIM 00IacTAM MaTeMaTUKH,
a Takxe 10 mpobseMaM eé NCTOPUM U IMpeNoAaBaHUs, MHTEPECHbIE U JOCTYITHBIE
YKa3aHHOU ayZAUTOPUU.

2. C6opHUK «MaTeMaTHUeCKoe MpOoCBelleHne» He MyOIUKyeT CyIeCTBEHHO HO-
Bble HAay4YHBIE PE3Y/IBTAThI, OIl€HKA KOTOPBIX JOCTYIIHA JIUIIb CIIENHATUCTaM B COOT-
BeTCTByIoIIel obmactu. He mybnUKyIOTCA TakKe MaTepHUAaJIbl 110 TEKYIIMM BOIIPOCaM
IIperoaBaHus MaTeMaTUKH B y4eOHbBIX 3aBeJeHUAX.

3. MaTepuaJsl IpUHUMAIOTCS 10 3JIEKTPOHHOM II0YTe Ha azpec matpros@yandex.ru
B BUJe JBYX GailioB (pdf U tex) C JOMOTHUTENBHBIMY dailaMy PUCYHKOB U T. II., €CJIH
TpebyeTcs. JlomyckaeTcss MPUChLIKA cTaTel, HabpaHHBIX B Word.

4. TIpocuM 06paTUTh BHUMaHHeE, YTO MaTepUaIbl IPUHUMAIOTCSA B YEPHO-6e0M
WICTIIOJTHEHUH.

5. IIpocuM aBTOPOB KPATKO MOSCHATH B Hayajle CTATbU, B Y€M eé Iejb ¥ IoYeMy
TeMa CTaThU IIpe/CTABIAET UHTEPEC.

6. Pepakiua 6iarogapHa aBTopaM 3a o$popMIeHHEe CCBUIOK Ha JIUTEPATypPy Kak
B IIpeJBIAYIIUX BBIITyCKAX, CM. http://www.mccme.ru/free-books/matpros.html

7. B KOHIle CTaTbU HEOOXOAUMO YKa3aTh JJIs KOKJO0r0 U3 aBTOPOB:

— GamMwInIo, UMsI, a TAKXKe OTYECTBO (eC/IM eCThb) IIOJHOCTHIO,

— MecTo paboThl/00yueHuUs,

— 2JIEKTPOHHBIN azpec jis MyOIUKalIUU.

8. ABTODHI 3a/1a4 BMECTE C YCIOBUEM TIPEACTABIAIOT MUCbMEHHOE PellleHre (XOTsS
6Bl HAOPOCOK).

9. ABTOpHI OIyOJIMKOBAHHEIX CTAaTell MMEIOT IIPaBO Ha 2 3K3eMIUIipa cOOpHUKA
KaKIBIH, TPOCUM 06pamaThes o agpecy matpros@yandex.ru
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