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Mpeancnosue x «Jlexynsm»

Ecau weaosex ne nonumaem npo-
Onembi, OH nuwiem MHo20 GHopmyn.

Hunbe bop

I[Jlﬂ HOPMAJIbHOI'O MU3y4YCHUsA JI1I000ro MaTteMaTu4eckKoro npeaMeTra He-
00XOmMMBI, N0 KpaitHel Mepe, 4 UHIpeANEHTa:

1) ocueoii yuumens;

2) obbikHOBeHHbIE NOOPOGHbIL yuebHUK:,

3) padosoii 3adaunux;

4) yueGnux, 0c6060¥cOeHHbill OM PyMunbl, HO 0aIoOUiUii 00WLYI0 KapmuHy, MOMUEbL, CeA3U,

«HMO 3auem».

JIo yeTBepTOro MyHKTa y CHCTEMbl OOpa30BaHUS PYKH HE OXO-
AWIN. KOHC‘!HO, nogobOHasi 3amaya MHOroa CTaBWJlaChb M peEliaaach,
HO B OOJIbILIMHCTBE cjydyaceB — MpH napaiajcibHOM UCNOJHECHHUH (1))’HK°
1Mt 0OBIKHOBEHHOTO y4eOHMKa. AKLIEHTBI U3-3a MEPErpy3Ku MEHSUIUCD,
M HaMepEHUS CO BTOPOM-TpeTheil raBbl HAUMHANK apeidoBaTh, HE 10-
cTurasi pedysbrata. B BUpTyajlbHOM NMpPOCTPAHCTBE TaK ObIBAaeT. AHANOT
00bemMHEHUST TaHTEeJIM C TEHHUCHOW paKeTKOW MepecTaeT pellaTh 00€
3a/la4M, XOTs 3TO He cpa3y GpocaeTcs B Ijiasa.

«Jlekuuu» cTaBsT 4-i MYHKT CBOEi M1aBHOM Lenblo. ConyTCTBYIO-
wmias uaesi — 3KOHoMusi cyioB U cpeactB. [1paBna, Ha ¢oHe nekiapaumni
O KpPaTKOCTH M SICHOCTM W3JIOXKEHUsI MpearnojiaraéMoe M3faHue OKOoJO
20 TOMOB MOXET MOKa3aThCs TSKETOBECHBIM, HO 3TO CBA3aHO C O6GLIMp-
HOCTbIO MaTeMaTHKH, a He C Meperpy3Koit AeTansiMHU.

Heo6xonuMo cka3aTb, Ha KOro paccumtaHo. OTBET «Ha BCEX» Bbl-
[JISAUT HauBHO, HO OH B KaKOi-TO Mepe oTpaxaeT cyTb amena. O6o-
3pUMbIA BUI, OOHaXEHHbIE KOHCTPYKLIMM [OKa3aTeIbCTB, — TaKoro
COpTa KHUIM yAOOHO MMETh noa pykoit. He cekpert, yTto cneuHajucThbi
CaMoii BBICOKOI KaTEeropuu TpaTAT MacCy CWJ1 U BDEMEHU Ha OCBOEHHUE
MaTeMaTUYECKMX CEKTOPOB, JieXalllMX 3a paMKaMu COOCTBEHHO crie-
HUaTU3alMU. 30eCh XKe KO MHOTUM NpoGJieMaM npeiaraeTcsi KOpoTKast
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nopora, no3BoJisioiiasi 6bICTPO OCBOMTb HOBbI€ 00/1aCTM M OCBEXHTb
crapble. i HaYMHAIOWIMX «KOPOTKHE NOPOrM» TeM GoJsiee MOJIE3HbI,
MOCKOJIbKY 00JIErYyaloT ABUXEHUE JIIOObIMU APYTUMHU MYTAMH.

B Bompoce «Ha KOro pacCyuMTaHO», — €CTb M APYrod acrekT.
Ha cunbHbIX win cnabbix? Ha cpennuit By3 unu dusrex? Onsitb-taku
BBIXOJMUT «Ha BCEX». 3ByYMT CTPAHHO, HO P€Yb HE UAET O PerjlaMeHTaLuH
kpyro3opa. TTpocTbIM $I3bIKOM, KOPOTKO M MpO3payHO OMMUCHIBAETCS
npeaMeT. M3 3TOro Kaxabiii M3BJIeYET CBOE U ABUHETCS JaJibliiE.

Hakoneu, nocneaHee. B ycnoBusix HHOpMauMOHHOTO HaBOAHEHUS
MHCTPYMEHTbI BYepalluHero AHs nepectaloT paborate. He noromy, yuto
U3yyaeMbl€ OUCLIMIUIMHBI YEPECUYpP Pa3poOC/IUCh, a NMOTOMY, YTO HOBbIX
CEKTOPOB XHU3HU CTaNo CJIMIIKOM MHOro. M B 3TMX yclOBHUSIX Majio
KTO TOTOB YAENATb MHOTO BpeEMEHU ueMy-To onHoMy. [ToaToMy yuuTb
BCEMY — HaAO Kak-TO uHauye. «Jlekuuu» AaloT npumep. [lnoxoit nu,
XOpoLIuit — nokaxeT BpeMsi. Ho B 11060M ciiyyae, 3TO NpoayKT HOBOTO
nokosieHusi. Te Xe «kosieca», TOT Xe€ «py/b», Ta Xe MaTeMaTuyeckas
CyTb, — HO MO-APYroMy.



NMpegucnosune k ceabMomMy TOMy

Xuzno nod npednocom onmumu3sa-
YUU KOMNeHCUpyem HenoHuManue cymu.

Iosne HenpepbiBHBIX 3KCTPEMAJIbHBIX 3aa4 Ha JaHHbIH MOMEHT XOPOLLIO
nepenaxaHo. «CaMOpoOKu» C MOBEPXHOCTH OoJiee-MeHee MomoOpaHBbI,
HO MPUTATATEbHBIA TMOTEHLMA OOJIACTH BCE XE COXpaHseTcs, IO-
CKOJIBKY ONTUMM3ALMSl YacTO OKa3bIBAa€TCA €OMHCTBEHHBIM CIIOCOOOM
NPUIATh 3a1a4€ OCMBICJICHHbII BUI.

Yro KacaeTcs JIMTEpaTypbi, CUTYalUsl YXyHIIAeTcs OObIYHBIM 006-
pa3oM. Yem Oonee BBICOKHMX CTaHOAPTOB NOCTUTaeT TEOpHUs, TEM He-
MOHSTHEE CTAHOBATCA KHUIU. A ISl HallMCaHUSI MPOCTHIX Y4EOHUKOB
HENOCTAaCT 3HTy3MasMa M BAOXHOBEHUS, NMPUCYLUUX ITally POXIACHHUA
HACOJIOTUU U CHATHUSA MNMEHOK. J]aHHblﬁ KypC MMEET LICJIbIO BOCIIOJIHUTD
epULIMT MO YaCcTU MPOCTOrO U SICHOTO M3JIOXKEHMS MpeaMeETa.



Masa 1

Kputunyeckmne To4Ku M rpagneHTHbIe nons

DuUnocopCcku BbIPAXasicCh, IKCTPEMAIbHBIE 33aJaYM HYXHbI HE IUISi TOrO, YTOObl MX
pewatb. OHM CYLLECTBYIOT, Aabbl CNAYXHTb HO3uyueil VU HanpasasiTh MbiCIb. OmHAKO
PacCKa3blBaTh MPUXOAMTCA — Kak OyATO Bce HA000pOT. UHOrAA M XUTb TaK MPUXOAUTCS.

1.1. Be3ycnoBHbIA IKCTPEMYM

OntuMu3aumsi — T1a 001aCTb, II€ MOTUBDI SICHbBI, a OMPaBAAHUS U3JULL-
HU. B Garaxe Kaxmnoro ectb npMMepbl M3 (oIbKJIOpa M JTUUHOIO OIbiTa.
[MosTOMy M3/10XKEHHE MOXHO HauMHaTb C GoJiee-MeHee GopMaM30BaH-
HOM MOCTAaHOBKH 3aJayu.

Iloka peub OyaeT UATH O KOHEYHOMEPHOM TEOPUM U O TOYKAX T*,
06€CneYnBaOLIMX MaKCUMAIbHOE (MJIM MUHHUMAIbHOE) 3HAYEHUE He-
NnpepbiBHOM (PYHKUUHU

o(x), z={z),...,T} €R".

Mpu 3TOM 3a0auyy ONMCHIBAIOT KakK | () — max (min)

ODyHkuuio p(T) YacTo Ha3bIBAOT PYHKUUOHAAOM TIO AHANOTUM C OECKOHEYHO-
MEpPHBIM CilyyaeM. YrnoTpebaeHue TEPMUHA «@hyHKYUOHAA» B KOHEYHOMEPHOM BapHaHTe
MOAYEPKHMBAET, YTO PEUb MAET O CKANAPHOI ByHKuMH ¢ : R" = R.

Ecin z* obecrieunBaeT MakCcUMyM @(Z) Mo cpaBHEHMIO ¢ Gau3-
JIeXAUMMU TOYKAMM I, TOBOPSIT O A0KAALHOM MAKCuMyme;, €Cin —
M0 CPaBHEHHUIO C JIIOObIMU T # T*, TOBOPAT O 2106a16HOM MaKCUMyMe.

B riaBe pyHKums () npeanonaraercs e2adkoil D, st o6pa3Horo
BUIEHbS CUTYaLMU — 3TO Haubosee ynoOHbIi BapuaHT. KiouoM K aHa-
JIU3Y CAYXUT NMOHSATUE epaduerma.

") B npenenax aHHOTO TOMa NOJ MIALKOCTbIO MOAPA3YMEBAETCA HEMpEPbIBHA AMMD-
(depeHUMpYeMOCTb, KAaKoBasi AAIEKO HE WIIMIWIHA B JAHHOM KOHTEKCTe. PyHKums
p(z) = 22 + 2’ sin (1/2%) umeeT B Hyne CTPOTHIt MUHMMYM H PaBHYIO HYJHIO NMPOU3BOA-
HYI0, HO (!) 6 cKOoab Y200HO MAAOl OKpeCMHOCMU HYAR NpuHUMaem, KaK NOAONCUMEAbHBIE,
max u ompuyamenbuvie IHa4EHUs.



1.1. be3ycnoBHbIi IKCTPEMYM 1

Paccmotpum cnydait ¢ : R? = R Kak Haubosee HATMSAHbIIA. Ipouseodnas .,
obyHkuMn u = @(T,y) no wanpaerenuro eAMHUYHOro BekTOopa 8 = {$.,8,} paBHa

nipousBoaHoit GyHkunu u(0) = p(z + 0s.,y + 03,) B Hyne 2,

9y

d Oy
! = —_— = ¥ - . .
u, do¢(z+03,,y+03y) 328’ + aysy (L.1)

BekTop

dp 8
-

Ha3bIBalOT 2paduenmom PyHKUMH . [Ins rpaiMeHTa UCTMONb3YIOT TaKXe 0003HaYeHHe
Vi (untaercs «Habna du»). U3 (1.1) caeayer, 4To MPOU3BOAHYIO MO HATMPABIEHHIO §
MOXHO 3anHcaTh KaK CKaliipHOe MpOU3BEACHHE

u, = s-grad p. (1.2)

Makcumym (1.2), B cuny s-grad ¢ = cos a - || grad p||, nocturaercs, koraa a = 0,
T. €. €NMHUYHDBIA BEKTOp $ COBMAJAET MO HAMpPABJIEHWIO C rPaiHEHTOM, M DAaBeH,
cooTBeTcTBeHHO, ||Vy||. Takum 06pasoM, rpamueHt Vi — 3T0 gexkmop ckopocmu
Makcumanshozo pocma @ynkyuu . CnenoBaTeNbHO, B KaXIOH TOYKE nOGEpXHOCMU
ROCMOAHHO20 YPOBHA,
p(z, y) = const,

rpaaueHT Vi neprneHauKyspeH 31O MoBepXHOCTH (HanpasieH no Hopmaiu). Takum
0o6pa3oM, KacaTenbHasi MI0CKOCTb — MpPOXOAsLas Yepe3 ToYKy {Zo, Yo} — K JUHUAM
NOCTOSIHHOTO YPOBHst (DyHKUMH u = ¢(Z, y), ONUCHIBAETCA ypaBHeHHEM (Ha pwuc. l.1
9TO MYHKTUPHas mpsmasi) .

g
e

az(z—zo)‘f‘ ay(y‘yo) =0.

Ecnu uHTepec npeacrtaBasier
KacaTejibHad IUIOCKOCTb K MOBEpPX-
HOCTH rpaduka GyHKUUH .

u=yp(z,y),

TO 3TO CBOAMTCA K MpeabiLyiuemy
C/ly4yal0 pacCMOTPEHHEM (YHKUHH
v =u = (T, y) TPEX NePeMEHHbIX. Puc. 1.1

Ee rpaauent
_ 9y Oy
Vv = {l, 3z’ "oy }

D Nan yao6CTBA YTEHUSI BMECTO CCUIOK Ha NpeblayliiMe TOMa HEKOTOpbie (h)parMeHTbi
13 [5, 6] 3aech BOCTIPOH3BOASATCS C MOAXOASLUMMH KOHTEKCTY BUAOU3MEHEHHUAMU.
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[Mo3Tomy KacaTesbHasi MNOCKOCTb K MOBEPXHOCTH u = ¢(Z,y) B Touke {ug, To, Yo}
OMNpeaesseTCsi ypaBHEHHEM

] )
u—tu = '5:‘(:‘(@"10) + %(y—yo)

OTTa/IKMBasACh OT ABYMEPHOrO Ciyyasi, JIEFKO 3anucath ofliee ypaBHEHHE Kaca-
TenbHOI nnockocTH B R" K NOBEPXHOCTH NMOCTOSHHOTO YPOBHA B TOYKE To:

V() - (¢ - z0) =0,

9y 9y }
rae Vp = {31:1""’ oz, |
YpaBHenue KacatenbHoii B R™! k nosepxHoctu rpaduka u = p(x) B TouKe
{10, T}, uo = p(x0):

u—uy = V() - (T — Zo).

Teopema o cpeanem. [Ipumenss meopemy Jlaepatica K GyHKUNHN CKaNSPHONO apryMeHTa

£(r) = plz +7(y - 7)),

nosny4yaem

) -£0)=£0) =5 294 2 = V() (v - 2),

7 81','

rae z = ¢ + 0(y — =) npu HekotopoM 8 € (0, 1). Takum oGpasom,

p(y) — p(x) = Vop(2) - (y - 2).

Orciona cnenyer gyopmyna KOHeHHo20 NPUPaueHun:
p(z + Az) — p(z) = Vop(z) - Az + o(||Azl]).
1.1.1. Teopema. Ecau p(x) 6 mouke T* Ougppepenyupyema u npunu-
Maem N0KAAbHO IKCMPeManshoe (MAKCUMAnbHoe unu MUHUMAAbHOE) 3Have-
nue, mo Vp(z*) = 0.

<« B aBymepHOM ciyuae JIMHUM MOCTOSIHHOTO ypoBHS QYHKUMM 4 = (T, T;)
B paifOHE JIOKaJbHOMO MaKCMMyMa BBIFISAAT MPUMEPHO KaK Ha puc. 1.2. 3aMKHYyTbie

3 O noxanbHOM MakcUMyMe u = ¢(z) B Touke * rosopar, korna ¢(z) < p(z*) ans
T # " U3 HeKOTOpO#t OKpecTHOCTH Touku T*. [lpu 3ameHe HepaseHcTBa Ha p(T) < p(z*)
TOBOPSIT O HECMPOZOM WIIH HEU30AUPOGAHHOM MAKCUMYME.
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KOHTYpbI CTATMBAIOTCA K LUEHTPY, B KOTOPOM PaliMeHT
«BbIHYXJ€H» ObiTb HanpapieH cpa3y BO BCE CTOPO-
Hbl, YTO BO3MOXHO JIMILb MpH €ro o6HyneHun. Eure
OIIMH apTYMEHT: npu HeHynNeeom 2paduenme 6ce20a Moxc-

HO COBUHYMbCA 60016 2padueHma, yéeauHueas 3Hauewue Puc. 1.2
dyncuuu 9 »

ToukH, B KOTOpPbIX rpalUeHT OOpalllaeTcsl B HYJlb, Ha3bIBalOT Kpumu-
yeckumMu, Win cmauuonapHeimu. Ux MHoroo6pasue, pa3yMeeTcsi, He UC-
yeprnbiBaeTcsi IKCTPEMyMaMHU, — K B T0Jie 3pEHUsI, KaK MOOOYHbIMI
addexT, MOABMAIOTCA pa3Hble nepecubbl, cedno6ble MouKU W TIPOYHE
«HenpuaTHocTu». Ho n1oGble BTOPOCTENEHHbBIE SIBIEHUSI MPU TIEpEMEHE
[MO3ULIMN CTAHOBATCA rJIaBHbIMU. Takas Xe MeTaMopdo3a NMpOUCXOAUT
C aCCOPTUMEHTOM KPMTMYECKHX TOYEK Ha «Ipyroi Tepputopun» (6u-
dypxauuu, katactpodsi, — rnasa 6).

() Teopema 1.1.1 daem auwb HeobxoOuMble yCa08us onmumyma,
HO haxmumecku ux, KaK npasuno, 00CmamoyHo oA peuwenus 3aoa4u. Ilpu-
wuHa 3aKatouaemcs 6 mom, ymo ycaogue Vo(z*) = 0 0 skcmpemanvhoil
mouku — ob6azamensro. ITosmomy uckomoe Kpumuueckoe 3nauenue T*
Heusbexcro nonadaem 6 wucno pewenuii cucmemot ypasnenuii V() = 0.
ITocheonaa @ «cumyayusax obujeco nosoxceHus» umeem aubo 00HO, AU6O
HecKoabko pewenuli. B a106om cayuae «kpye nodospesaemvix» 00Cmamo4Ho
Y30K, 4molbl 0cmasuiyoca 4acme 3a0a4u — NPU HAAUMUU ONMUMUBMA
U 8e3eHus — CHUManmo YUCMo mexHu4ecKod.

1.2. [locTaTo4Hbie YCNOBUS

Kak 1 B 01HOMEPDHOM cJlyyae, rie ONTHMYM OLIEHMBAaeTCs M0 3HaKy BTO-
‘PO NPOMU3BOLHOM, B OOLLEN CUTYaLIMK TOXE MOXHO CYJHUTb O XapaKTepe
KPUTHYECKOI TOYKH MO KBaApaTHYHOI YacTH B pa3jioxeHuu Tsilopa,

p(z* +Az) = p(z*) + Vo(z*) - A$+Z 92:03, Aa:,Aa:,+o(|Az||2)

“) Ha s1oit Moee ocHOBaHbI rpaiMeHTHbIE METOAbl MOMCKA 3KCTPEMAIbHBIX TOYEK.
JIBHXXeHME MO rpaAMeHTy WM NMOA OCTPbIM YIIOM K TPAfMEHTY YBEIMYMBAET 3HaYeHHE
ueneBoit pyHKUHM.
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Ecnu Bropoil auddepeHuman, Ha3biBaeMblil eeccuanom, noaoxu-
TEJbHO OMNpenesieH, T. €.

9?
Za L4 -AziAz; >0 npu Az #0,

TO B KPUTHYECKOI1 TOUYKE 5 — MUHUMYM 3) , MO0 B Majioil OKPECTHOCTH
* * * *
z* 6ynet p(z” + Az) > p(z*), notomy uro Ve(z*) =

2
ip—-—] BbIPOX[€HA, CUTyalUsi MPUHLHK-
3(8,'3:12]'

NMUaJIBHO YCJOXHSETCS. B cKanssipHOM ciyyae o xapakrepe KpUTUYECKOit
TOYKHM MOXHO CYAWTb MO MEepBOMY HEHYJE€BOMY WieHy psiaa Tainopa.
Jng GyHKUMUIA 12 TIepeMEHHbIX 1eJ0 00CTOUT COBEPLUIEHHO MHbIM 00pa-

30oM. Bonipoc peluaetcst B meopuu kamacmpogh (rnasa 6).

Ecnu mampuya lecce 6) [

IMpeasnaets TpyaHOCTH (HO He MX MacwTab) A0BOABHO Jierko. [TOHATHO, YTO
B OTCYTCTBME 3HAKOOMPEALIEHHOCTH AnddepeHLHATOB NOPAAKA BbilLE BTOPOro — Mo-
BEPXHOCTH HX BbIPOXAEHHUS MOTYT HaK/1ablBaTbCS APYT Ha Apyra BECbMa pa3HOOGpa3Ho,
B PE3yJIbTaTe Yero aHOMaJiMK CTAHOBATCS HOPMOA.

OCTPOBOK TNOPSAOKA XapaKTEPU3YETCH HeabipoNCOeHHbIMU Kpumute-
CKUMU MOYKAMuU, B KOTOPBIX HEBLIPOXIAEHHbI COOTBETCTBYIOLIIME MATPU-

7
ubl Tecce. Knaccuueckas semma Mopca ) rapaHTUPYET CYLUECTBOBaHUE
B HEKOTOPOI OKPEeCTHOCTH V' KPUTHUECKOW TOYKH — JIOKAJbHOW CH-

CTEMbl KOOpAMHAT Ty, ..., Tn, TAKON 4YTO 8

<p=zf+...+:v,2—z,2+,—...—x,2,, zeV (1.3)

®ynkuus Buna (1.3) HasviBaetcst mopcoeckum l-cednrom. B cnyyae
| = 0 nMeeM MakKCUMYM, NpU | = N — MHUHUMYM.

9B Clyyae OTPULATENbHOMH ONPENENEHHOCTH — MAKCHMYM.

) Mampuya Tecce — 310 Mampuua Hxobu otobpaxenuns Vp(z).

Dem. NpeAMETHbIH yKa3aTelb, ra€ YKa3aHbl CTPaHHLIbl, HA KOTODPbIX [iaHbl ONpeaene-
HMSl K XapaKTEPUCTUKH BBLAENEHHbIX KYPCHBOM TEPMHHOB.

8 OO6GpaTUM BHMMAHME, YTO 3[€Ch PEYb MAET O NMPUBEACHUM K AHArOHAIbHOMY BHAY
nyTem BbiOOpa NMOAXOASILUEH JOKAIbHOW CUCTEMbl KOOPAHHAT HE KBAAPAaTH4HOH HOpMbi,
a NMpOM3BOJIbHOM rankoi GpyHkumuu.
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Jlemma Mopca naet no cyLuecTBy
MOJIHYIO KJIAaCCU(DUKALMIO HEBBIPOX-
JEHHBIX KPUTUYECKUX ToueK. st BbI-
POXIEHHBIX KPDUTUYECKUX TOYEK Ta-
kol kinaccudpukauuun Het. Ilpocrtoit
NMPUMEDP BBIPOXIECHHON KPUTUYECKOM
TOYKH — o6e3vaHve cedno (puc. 1.3),
KOTOpO€ ONnHUChbIBaeTCs QyHKLHEH Puc. 1.3

p(z,y) =2’ - 3zy’.

1.3. lpaaueHTHbIe NONs

Yenex 1eTEKTUBHOrO pacciieOBaHUS YacTO 3aBUCUT OT LIMPOThI B34,
NPYU KOTOPOM B M0JIE 3pEHUSI MOMNaNaloT «He OTHOCALIMECH K JeNy» 06-
CTOATeNIbCTBA. Takast Xe CUTyallust BO3HUKAET MPH MOUCKE KPUTHYECKUX
touyek. MHTepecysich pewieHusimu Vp(z) = 0, nose3Ho, Kak OKa3blBaeT-
Csl, UHTEpeCoBaTbcs epaduenmubim nosem V(L) LETUKOM, a TAKKE €ro
poJibio B coBCeM apyrux (Bpone 6b) 3amauax. Hanpumep, Tononoruye-

ckue cBoicTBa nosist V() no3BoNisIOT CyqUTb O CYLIECTBOBAHNM KPH-

THYECKHUX TOYEK U 00 UX yucie. JIBuxeHue BIOIb rpain€HTHOI'O Moy 9

& = -Vo(z) (1.4)

MOXET PAaCCMATPUBATLCS KAK YMCIIEHHbIN alFOPUTM OTpele/eHUs! MU-
HUMYMOB (o(Z) 1160 KaK OCHOBA ISl UHBIX MPOLIEAYP BbIYUCIIUTENILHOTO
TosKa. CylEeCTBEHHO, YTO aCHMITOTMYECKH YCTOWYMBBIE PaBHOBECHS
(1.4) siBAsHOTCST TOYKAMM JIOKQTbHBIX MUHUMYMOB TMOTeHUMana (), —
M 3TO MO3BOJISIET UCMONBL30BATh HACONOTHUIO TEOPUH YCTOWYMBOCTH.

Ha puc. 1.4 a u3oGpaxeH rpapuk Hekoit yHKUMHK 2 = (T, y) ABYX
NepeMeHHbIX — JIMHUK MOCTOSTHHOTO YPOBHS (T, ¥) NaHbl B NPOEKLIMH
Ha rutockKocTb {T, y}.

CooTBeTCTBYIOILMI (a30BbIii MOPTPET AMHAMMYECKOH CHCTEMBI
(1.4) B ockoctu (2, y) — Ha GpoHE KOHTYPOB MOCTOAHHOTO YPOBHS —
MOKa3aH Ha puc. 1.46.

9 Crannapt (1.4) dsuxcenun npomue epaduenma smecto £ = Vip(T) — naHb TpanMuKHU,
yxonsiiuei KOPHMH B NPUBBIYKY CMOTPETb Ha (yHKumio JIanyHOBa Kak Ha MoTeHuma,
Ybwearowuii Ha TPAEKTOPHSIX, a He BO3PACTAIOLLHIA.
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AN

AN
1§§‘§\m L
W7
o

i

a) 0)
Puc. 1.4

B CBSI3M CO CKa3aHHbIM BbILIE SICHO, YTO B KOHTEKCTE M3YYEHHsi KPMTMUECKHMX
TOYEK JOBONBHO BAXHYIO POJIb UIPAIOT BONPOCH! YCTOMYHUBOCTH ABHXeHUs. HanoMHUM
onpenenexus [6, T.2].

1.3.1. [losoxcenue pasnogecua cucmemol

¢ = f(z) (1.5)

Hazvligaemcs ycmoiyuevim no Jlanyrosy, ecau no awoboi e2o okpecmuocmu V. MOXCHO
yKasamo maxyio okpecmuocmo W, umo awboe deuxcenue, navunarwueecs 8 W, ne vixooum
3a npedenvt V.

1.8.2. [Tonoxcenue pasrosecun " cucmemol (1.5) Hasbieaemes acumnmomuvecku ycmoi-
HUBbIM, ecau OHO ycmouuugo no Jlanynosy u awboe pewenue x(t), nauunaroweecs 6 0o-
cmamouno manoir okpecmrocmu ', cmpemumca k ' npu t — 00. Ilpu 3mom mroxcecmeo
mouex z(0), uz Komopex mpaexmopuu T(t) cxodsmes K T, naswieaemcs obaacmoro
npumaxcenus .

Mpucyrcreue B onpeneneHWu 1.3.2 TpeGoBaHUs yCTOUMBOCTH noO JlsanyHOBY
He H36b1TouHO. TpaekTopuu T(£) MOTYT cX0aMTCA K &' MPH HEYCTOIYMBOM ABUKEHUH
[6, T.2]. Ho ecnn peub MaeT o rpalMEHTHOM ABUXEHHMH, TO CXOOMMOCTb Z(t) — =* Beex
TPaeKTOpUil, HAYMHAIOLIMXCA B JOCTATOYHO MaJiOit OKPECTHOCTH T, BIIEYET 3a CO6oit
YCTONYMBOCTb.

W3yuenue (1.5) Hapsiny c (1.4) npencrasasieT MHTepec B TOM Cllyyae,

Koraa oba ABMXXEHHUS MPOUCXOAST MOoJ OCTPbIM YIJIOM APYT K APYry 'O),
B pe€3yAbTaTe 4ero 00a — aCUMIITOTUYECKHU YCTOMUUBBI UJIU HEYCTOMYH-
Bbl OIHOBPEMEHHO.

B 00bIYHOM TEOPUM YCTOMUMBOCTH MbIC/Ib padOTaeT B HaNpaBieHUU
ot (1.5) x (1.4): nnst HerpaaueHTHOro ABuxeHust (1.5) MiLeTcs noreH-

19 T e. ckansipHoe npoussenenue f(z)-Vo(z) >0 npu ¢ # z*.



1.3. IpagueHTHble nons 17

uman ¢(z), HasbiBaeMblil gyrkyuei Jlanynoea v MO3BONSIOILMI CYAUTh
00 aCUMNTOTUYECKOM YCTOMUUBOCTH.

OGpatHoe Hanpasnenue (1.4) = (1.5) npeacTtaBasieTcsi Manonep-
CMEeKTUBHBbIM, HO 3TO He COBCeM TakK. Bo-mepBbIX, ¢ TOYKM 3peHMs
npo0JieM CYLIECTBOBaHUSI KPUTMYECKUX TOYeK, M3ydeHue nonst f(x)
MOXeT OKa3aTbcst ynooHee V(z). Bo-Bropbix, f(Z) MoxeT 6bITh rpa-
JMEHTOM [PYroro rnoTeHUMana, Jerye aHaIu3MpyemMoro.

BbieiMM HECKOJIbKO OMOPHBIX PEe3y/iLTaToB.

1.3.3. Teopema. Kpumuueckaa mouka T* aersemca nonoxcenuem munu-

1
myma dyncuuu () 6 momm"') cayuae, xoeda pasnosecue T* cucmems
(1.4) acumnmomuuecku ycmoiiuugo.

1.3.4. Nemma. ITycmo p(0) = 0 u p(z) > 0 daz = # 0, ||z|| < 1.
Toeda npu

0 < c<inf{p(z):||z|| =1}
HYNb OKPYJCeH 3aMKHYmMbIMU NOBePXHOCMAMU YPosHA Y(T) = c.

< Hynb OKpyXaloT 3aMKHyTble MOBEPXHOCTH @(T) = ¢, KOTOpbIE SBASAIOTCA
rpaHHLIAMH CBSI3HBIX KOMITOHEHT NieGeroBbix MHOXeCTB ¢(T) < ¢, conepxaumx z = 0.

Boo61ue roBops, «CBA3HbIE KOMIMOHEHTHI» MOTYT ObITh HE EAMHCTBEHHbBI, HO TOrAA
NOMHUMO Hynst ¥ @(z) OyayT v ApYrUe KPUTHYECKHE TOUKH. B

1.3.5. Teopema. Ecau nomenyuan ¢(x) umeem ¢ R" eduncmeennyro
Kkpumuseckyio mouky T, 6 komopoii docmueaemca AOKANbHbI MUHUMYM

@(x), mo obracmo Q0 npumsaxcenun x* npu deuxcenuu (1.4) neozpanu-
YeHHa 12).

<« Mycts wap B, = {z : ||z|| < r} uenukom nexut B 2, a By — wap ckonb
YroHo 6onbLIOro pannyca R. lonyctum Q C Bg. BosbMeM 1106yI0 FpaHUYHYIO TOUKY
Zy € By obnactn Q. Ilockoneky o ¢ €2, peweHue z(t) cucremst (1.4) ¢ Hauanom

z(0) = z, He MOXET nonacTb B B, , U HE MOXET BCE BPEMs OCTaBaThesl B B, NOCKONLKY
3HaueHue p[z(t)] B KONBLE

Bip={z:r <|lzll < R}

") B anramiickoit maTemaTHueckoit uTepatype ynotpebsiercs iff BMECTO rpammari-
Yecku npasuabHOro if (ecam) mis 0Go3HaYEHHsl TPOMO3NKOrO 0GOPOTA «eCAU U TONBLKO
€cnun». Tpiok ynobeH. B pycckom — eMy Morio Gbi COOTBETCTBOBATb «B TOMM Cllyyae» =
«B TOM W TO/IbKO TOM CJly4yae», «TOrAaa» = «TOFAA U TOAbKO TOrAa» U T. M.

1) T e. uukaxoit 11ap €€ MOJHOCTBIO HE HAKPbIBAET.
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0653aH0 y6bIBATH CO CKOPOCTHIO HE MEHEE
min{]|Vy(z)||* : € B,z}.

Ho ecnu z(t) BbixoauT u3 Bp, TO, B CHy HEMpepblBHONH 3aBUCUMOCTH pPELUEHHS
OT HayajibHOrO MOJIOXKEHHs, HaiineTcs TpaekTopus (1.4), HaunHaowascsa B ) BONU3M

Zo ¢ 2 ¥ ueaUKOM aexawas B §2, KOTopasi TaKXe BbIXOAMT U3 By, YTO npOTHBOPEYHT
npeanonoxenuio 2 C By, »

1.4. Munys 6udypkauumn

Budypkauuu paccMaTpuBaloTCs B raBe 6, HO O HUX HECKOJILKO CJIOB
HEOOXOAMMO CKa3aTh 3apaHee, YTOOLI MEpPbI MPENOCTOPOXHOCTH HE Ka-
3a/IMCh Ype3MEPHBIMM.

HeBblpoXXaeHHbIiT MUHUMYM (GYHKLIUH

2
p(x)==2
npHn MajJioOM BO3MYLUCHHUHN 2ex He3HAYUTENBHO CMeLaceTcH,
42z = (z+6) - €&,

HO KpUTHYECKasi TOYKA OCTAETCsl €AMHCTBEHHOI M COXpaHsieT CBOM THII.
CoBepllleHHO MHas CUTyalusi BO3HMKAET MPU PACCMOTPEHWUH BbIPOX-
neHHbIx Toyek. Hanpumep, B pe3ynbTaTe BO3MYILEHHUS zt +e.’c2 npu
CKOJIb YroaiHo MajoMm no moayinio € < 0 gaet B okpectHoctH & = 0
BMECTO OJHOro — [Ba MUHUMYMa U OJMH MAakCUMYyM 13),

N3-3a aHOMaHil MOAOOHOTrO0 COpTa C BLIPOXIEHHBIMU KPHTHUE-
CKUMH TOYKAaMH 06paLLalOTCsl OCTOPOXHO, OO OHM MOTYT MEHSTb CBOM
TUN NOA ACUCTBHMEM BO3MylleHWil. Ho Manbie nedopmanmu HUKoraa
He paspylualoT MUHMMyMa. TouHee roBopsi, CrpaBelJIMBO Cleayiollee

YTBEDXIEHHE.

1.4.1. Teopema. Ecau enadkas gynkyua o(x, N) umeem npu Ay uzonu-
PO8anHbill MuHUMYM no T 6 mouxe T' (o), mo npu docmamouro manom
603MYUeHUU AN MUHUMYM COXPAHAEMCA, CMeWanch 8 bausnexcauwyro mov-
ky z"(Ag + AN).

13) Taxoro pOIA «HEMPHUATHOCTH» HA3bIBAIOT Gugdypxauusamu.
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() INpu «TONOAOrMYECKOM HACTPOE MBICIN» Teopema 1.4.1 BeIMISAUT

HEOXHMIaHHO. [IeN0 B TOM, YTO Manoe BO3MyLueHWe rpaamenta V()

HE€ MOXET JIMKBUIANPOBATL KPHTUUYECKYIO TO‘-leM), HO CKOJIb YroaHO

MaJioe U3MeHeHHe noTeHlUrana ¢(c) — Tuna € sin (T/€) — MOXeT CKOJlb
YrOIHO CWJIbHO MEHSTb rpaaveHT. [Ipu 3TOM ecTecTBEHHO OXHIaTh
«4ero yroaHo». OnHako He Bcerna. MUHUMYMbI 1 MAKCUMYMBI 00pasyloT
0CO0YIO CTaTbiO, IEMOHCTPUDYS YCMOUU80Ccmb 1O OTHOLLUEHUIO K MaJIbIM
BO3MYILUEHUSIM (YHKLIMOHAJIA.

< [lycrtb, HanpuMep, ¢(T) UMEET B HyJE CTPOTHii JIOKATbHbIH MUHHMYM H

v(€) = min{p(z) : ||z|| = €}.

Pasymeetcs, v(€) > 0 npu noctatouno mManbix € > 0. Ecin Bo3mywuenue pyHKUHOHANA
dp(z) no moaymo MeHbuie v(e)/2 npu no6om T u3 wapa ||z|| < €, T0 p(z) + dp(T)
uMeeT B wape ||T]| < € xOTa Obl ONMH MUHMMYM. B

Takum 00pa3oM, Manoe 6o3myuwjeHue QyHKYUOHANG He Modcem YHU-
ymoocume u30AUpoBanHblil Munumym. Bo3moxHa Gudypkauus, rnopox-
jJaomass U3 MUHMMyMa aHcamOib KpuUTHYeckux Touyek. Ho B 3TOoM
aHcambOne o0s3aTesibHO HaitaeTcsi MUHMMYM. O cel1oBbIX TOUKAX 3TOrO

He ckaxewb . Hanpumep, ckonb yroonHo Manoe Bo3MylueHUe (PyHK-
uMoHana () = &, - T, — CMOCOOHO JIMKBUAMPOBATb KPUTHYECKYIO
TO4YKy BooO1ue. (?)

1.5. MoGanbHbIA ONTUMYM

B ckanspHoM ciyvae, eciii HekoTopas yHKUMs @(T) MMeeT B T° NOKaIbHbIA MH-

HUMYM 16) U HE HUMEET APYTrUX KPUTUYECKHUX TOYECK, TO MHHHUMYM B 12‘ ABISACTCA

rnobanbHbiM. ELLie TOyHEE: YTOObI IOKaIbHBIM MUHUMYM HE ObUT INI0OabHBIM — 10JI-
XEH ObITh €Lue JIOKAJIbHbI MAKCHMYyM.

Bcst 3Ta npocToTa pyLIMTCSE B MHOTOMEPHOM ciiydyae. M3-3a cBoii-
CTBEHHBIX YEJIOBEKY HENOCTaTKOB MNPOCTPAHCTBEHHOIrO BOOOPaXEHHUs
31ECb MHOTOE KaXE€TCSl «HEOXHUIAHHBIM», U 10 «[POCTbIX» Belllei, OKa-
3bIBaeTCs, TPYAHO AOAYMATHCS.

) Ymetoutyto wenyaeeoii undexe, cm. [6, . 1.
1) He cuntas, KOHeUHO, HEBBLIDOXKIEHHbIX CIIyyaes.

19 Mbi roBOPHM TO O MHHUMYMe, TO O MAKCMMYME, NOCKObKY 3TO CyTb OLHO M TO Xe,
16O NepexoanT OHO B APYTOe Npu 3ameHe Y(Z) Ha —p(T).
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C D,
N
72 0)
S S oIPPVIVILL.
A B ’
Puc.1.5

®ynkuns @(z) = T2 — cos T, MMeeT GECKOHEYHO MHOTO MUHUMY-
moB B Toukax {0, 2km} u Hu onHoro makcumyMa. [pasaa, y ¢(z) ectp
cednoebie kputnueckue Touku {0, (2k + 1)7}.

IMpuHuMnuanbHo 6osiee BaxeH apyroii Bonpoc. [lycTs ¢(x) umeer
B TOYKE Z' JIOKQIbHbIi MUHUMYM U He MMEET APYrMX KCTPEMAIbHBIX
Touek, T.e. V() # 0 npu = # z*. Henb3s n Torna NpoBecTH napa-
Jiesib ¢ onHOMepHbIM caydyaem? Henb3s. YXe Ha MIOCKOCTH MHUHHUMYM
B £* He 00s13aH GbiTb r0GaTbHBIM. COOTBETCTBYIOLLME TIPUMEPDI JIETKO
cTposiTcs Ha 6a3e cienyloled KOHCTPYKLHH.

TpencraBum, 4to Ha nojoce (puc. 1.5), orpaHMYEeHHON MapaieNb-
HbiMK NipsimbiMi AB u CD, 3agana ¢yHkums y = (), T;), rpaduk
KOTOPO# (OCb Y MepreHAUKYJIsIpHA TUIOCKOCTH YepTexa) MpeacTaBisier
co00ii ropHblii XpebGeT, yXOHsILIMIA «TeM BbILIE — YEM JieBee». Ypo-
BeHb () Ha npsimbix AB u CD — HyneBoi, a cpesbl p(T) =¢ > 0 —
TeM JieBee, yeM Gobiue ¢ > 0. Hakonen, rpaaueHT V() BE3ne omiun-
YeH OT HyJIsl.

TakuM 00pa3oM, 1ojoca JeauT MJIOCKOCTb Ha [IBE YacTH (BEPXHIO0
M HUXHIOW), U (Z) y6biBaeT no Mepe npubauxenuns Kk AB n CD. Tou-
Hee roBops, rpadueHT ¢(x) B 6an3knux Kk AB u CD Toukax HamnpasjieH
BHYTpPb MOJIOCHI, YTO MO3BOJISIET MPOAOIXATh (Z) Ha BCIO MJIOCKOCTh
«HUCXOOSALIKMM 00pa3om». Ilpu 3TOM HUXE AB MOXHO YCTPOUTH JIO-
KajibHbli MUHUMYM (NMponaBuB BOPOHKY), a Beilie CD o6pasosath
CKJIOH ((T), yXOmsimii, CKaXeM, B MMHYC GeckoHeuHocTb. [Monyuur-
csi rpaduK PyHKUMH, UMEIOLLEI ENMHCTBEHHYIO KPUTHUYECKYIO TOYKY,

7
KOTOpas sBJIACTCA JIOKAJIbHbIM, HO HE€ r1006a1bHbIM MMHIAM)’MOMl )

') Bor nsa «OPMYNIbHBIX> NPUMEpa TakuX GyHKLHH U3 [2]:

t

y
te

_ 3.3 . — (32 3\ 0¥
2=z +eY-3ze¥; 2=(3z"°-2z") +/H_—t2dt.

S
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B IpyromM BapuaHTe, MpPOIAABUB 10 00€ CTOPOHbI OT MOJOChI MO OQHOM
BOPOHKE, TMOJIyYaeM ABa JIOKAJIbHbIX MUHUMYMa 0€3 [JOTOJHHUTEIbHbIX
KPUTHUYECKHUX TOYEK.

CrenoBaTesbHO, TOPHBIN NepeBas MpU HATMYMK ABYX BEPLIMH — Heobs3aTeseH.
Ero MOXHO yTaluMTh B 6eCKOHEYHOCTb. ONHAKO Ha 3aMKHYTOM MMOBEPXHOCTH «II€PEBAI»
nesaTh Hekyna. [ToaTomy, ckaxem, Ha cepe HEBO3MOXHO 3a1aTh GYHKLMIO, Y KOTOPOIi
66110 OB 1Ba JOKATBHBIX MAKCUMYyMa (MJIM MUHUMYyMa) U He GbUIO APYTHX KPUTHYECKUX
TOYEK.

«OpraHu3sysi», 10 aHAJIOTUH C MPEAbLIYLLIAM, CUCTEMY TOPHBIX Xpeo-
TOB, KOTOpasi OEJIMT PaBHUHHYIO 4acTb Ha N KOMIOHEHT CBS3HOCTH,
Y NIPOAABJIMBAsE B KAKIOM «KOMITOHEHTE» BOPOHKY, MojyyaeM PyHKUHKIO,
Bce N KPUTMYECKMX TOYEK KOTOPOii SIBJIAIOTCS TOYKAMM JIOKAIbHOrO
MUHMMYyMa.

[TonoOHBIX «HEMPUATHOCTEH» MOXHO U30€XaThb B JOTMOJTHUTENbHbIX
TIPEANONOXEHHSIX.

1.5.1. Teopema. [Tycms =* — eduncmeennas Kpumueckas mouxa QyHx-
yuu (), ydoenemeopatouieii ycaoeuro HeoepaHu4eHHo2o pocma

lim ¢(z) = oo. (1.6)

llzl|—o00

Tozda ¢ T* docmueaemcs enobanbnbiii Munumym gyuxyuu p(T).

<« [Tlpu mo6om nocratoyHo 60nbiioM R MHOXECTBO
Lr ={z:p(z) < R}

ABJISIETCS. KOMMAKTOM, B cuny (1.6). PyHkuus () 06s3aHa 10CTHIaTb MUHUMATBHOTO
3HaueHHs1 Ha Ly B HEKOTOPOi KPUTHYECKOIl TOUKE, T.€. B L', P

1.5.2. Nlemma. ITycmos 0 — eduncmeennas kpumuueckas moyka QyHKyuu
(), u ||[Vo(z)l| = €0 > 0 npu ||z|| > 1o > 0. Toeda nomenyuan ()
yooeaemeopsem ycaoeuio (1.6). (?)

YcnoBue (1.6) camo mo cebe HOCTaTOYHO UISL CYLUECTBOBAHMS
y dyHkunoHana ¢(zr) moGaibHOro MMHHMYMa — 06€3 Kakoro Obl
TaM HHU ObLIO YMOMMHaHMS O CyLIECTBOBAHMM KPMTHYECKOM TOYKH
U naxe 6e3 NMpenrnonaoxeHus ragkoct. st 060CHOBaHUS HAAO B AO-
KasaTesnbcTBe TeopeMbl 1.5.1 M3MenuTh akueHTbl. M3 (1.6) BbiTekaer
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KOMIMAaKTHOCTb MHOXECTBa
L = {z: ¢(z) < R},

Ha KOTOPOM HeNpepbiBHbIH (YHKLIMOHAN 00513aH HWMeTb MHUHHUMYM
MO KJIaCCHMYECKOM meopeme Beiiepwmpacca.

Teopema Beuepwmpacca — «HenpepbiBHasi (yHKUMS Ha KOMMAaKTe OOCTHUraeTr
MHUHHMMYMa» — OCTaeTCsl CPAaBeAIMBON NMPH OCNabneHUU TpeOOBAHHU S HEMpPEPbIBHOCTH
[0 MONYHENPepbIBHOCTH CHU3Y.

dyHKuMoHan @(z) noaynenpepwaen chuiy (ceepxy) B TOYKE T, €CU U3 Ty — T
BbITEKAET

p(z) <liminfp(ay) (p(z) > limsup p(ay)).

1.6. Aedopmaumm rpagUeHTHbIX CUCTEM

[Mycts & obGo3HauaeT kiacc eradkux qbynxuuoua./zoels) ¢(z) c enuH-
CTBEHHOI B wwape ||z|| < 1 HyJeBoi KPUTHYECKOIH TOYKOI,

®dyuHkumnoHansl @o(z) n @ (x) HasoBem eomomonnoimu B O, ecnn
CYLUECTBYET I71aaKasi degpopmayus (€Le roBOPST: 20MOMONUs, 20MOMONU-
yeckuii mocnn)

o(x,\) €®, A€|0,1],

TakKass 4YTo
p(z, 0) = po(z), ¢(z,1) =g ().

1.6.1. Teopema BoGuinesa. Ecau @o(z) u ¢ (x) eomomonnst ¢ P
U Hytb — mouKa A0KAAbHO20 Munumyma @o(T), mo Hyab — mouka
A0KaNbHO20 MunumMyma ().

WUHbiMK cloBaMM, HeBbipoxaeHHast nedopmauns, Voo(z, A) # 0
s ¢ # 0, MUHUMYM NepeBOAUT B MUHMMYM. [1pHn 6ECXMTPOCTHOM 1o~
XOI€ K 3a7aye YTBEPXIEHHE BBIMJISIANT €CTECTBEHHBIM, HO A0 My0iMKa-

LIMHU pE€3ysibTaTa 19) MaJlo KTO rOTOB Obl MOBEPUTDH B €0 CNPaBEAJIMBOCTb.

R TEOPHUH IKCTPEMATbHBIX 3a1ay GyHKuMu ¢ : R" = R npuHATO Ha3biBaTb Takke
(dyHKUMOHANAMHU.

19) Boeures H. A. O6 OOHOM MpHEME MCCNIEIOBAaHUsl YCTOWYMBOCTU FPAAMEHTHBIX CH-
crem // AuT. 1980. Ne 8. C. 33-35. MonpobHas Gubnuorpadusi ¥ AONONHMTENbHAs
nHdopMmauus ectb B [12].
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[IpUyYMHBl «HEOXHUAAHHOCTU» 3[IECh CBSA3aHbl C IBYMSI OOCTOSITE/IbCTBA-
MHU. C «OM(pYpKaLIMOHHBIMM OTMACEHUSIMU» U C HEKOTOPOI MHEpLHEN
MbILUIEHUs CTaHAAPTHOrO TOMOJOrMYeckoro toska. Jleiso B ToM, 4TO
€civ cieauTh 3a aedopMalMeld TONbKO Ha rpaHMLlEe o0JacT, TO €JHUH-
CTBEHHbIM MHBAapUAHTOM HEBBIPOXAEHHON nedopMallum SIBJSETCS 6pa-
wenue eexmopHozo noas |6, T. 1], a 3KCTpeMyMbl — 3TO M3 APYTO¥ OMeEpbI.
B 4eTHOMEPHOM MPOCTPAHCTBE, HApUMEP, MUHUMYM JechopMHUpYyeTCs
B MakcumyM (cm. pasgen 1.7). OqHako npeanoioXeHue O eAMHCTBEHHO-
CTH KPUTHUYECKOM TOYKHM B Npoliecce necdopMalluv No3BoJiseT u3dbexarb
TaKUX HEMPHUATHOCTEM.

<4 MHoxectso A Tex A € [0, 1], px KOTOPbIX HYJIb ABISIETCA TOYKOH MHHUMyMa
p(z, A), otkpoito B [0, 1] (Teopema 1.4.1). TMo3TOMY, €CIM YCTAHOBUTH 3aMKHYTOCTb
A, — 370 Moenever 3a coboit A = [0, 1].

Mycts p(z, Ag) MMeeT B HyJle MUHUMYM H €y 0603HaYaeT 06J1aCTb MPUTAXKEHHS
HyJIst Tipu ABuXeHun £ = —V(z, Ag), a B, — OTKpBITHIii mapzo) MaKCHUMAaJIbHOTO
paaMyca, KOTOpbIif COAEpXHTCS B €.

Mbi mokaxeM, 4TO T JOMYCKAeT OLEHKY CHU3Y, T 2> € > 0, He 3aBUCSLIYIO OT Ay.
Tem cambiM TeopeMa OyaeT nJOKa3aHa, MOCKOJAbKY Ha wape B, mo6oii JJoKalbHbIi1 MHU-
HUMYM GyaeT r1o6aibHbIM, M Toraa U3 Ay = A* (Bce A, € A) Gyner cremoBath A* € A.

TMonoxum

1
a= min{IlW(z, Mt <lieli<1 A€o, 11},

B = max{||Ve(z, M| : lzll < 1, A€ [0, 1]}
M PAaCCMOTPHM TPAEeKTOPHIO Zy(t) ypasHeHust
& = —-Vo(z, ), (1.7)

HauMHaowWwylocs B Touke 2 zy(0) = x4 € Q, ||zol| = 1.
TMockonbky ||zo(t)|| = 0 npu ¢t — 00, TO Npu HEKOTOPOM ty B Mmepsblil pa3 GyneT
JOCTUTHYTO PaBeHCTBO ||Zo(fo)|| = 1/2. OueBuaHo,

1

to *2—5

\Y

Paccmotpum Teneps GyHkumio p(t) = @[zy(t), Ao}, koTopas B cuny (1.7) yGbiBaet
€O CKOPOCTBIO

, d
W =L = ~(plzo(t), Xol)’ < —a’

¢ LEHTPOM B HyJIE.

My JOKa3aTeNIbCTBA TeopeMbl 1.3.5 sacHO, YTO €Yy HE YKIAAbIBAETCst BHYTPU €AUHUY-
HOTO Lapa, MO3TOMY o € yKa3aHHbIMU CBOHCTBAMM HaileTcs.
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[Moatomy

ty
02
¢[Zo, /\0] = ¢[20(t0), /\0] - /y’(s) ds 2 a2t0 2 EB
0

C npyroit cTopoHbl, ¢[zg, Ag] < 78. B pesynbrate nonyyaetcs TpebyeMas OLEHKa

02

28%’

T2

He 3aBUCSILLAs OT Ag.

OcTaeTcsi MOSICHUTb, OTKYIa Gepercs HepaBeHCTBO @[Zo, Ao] < rf. Mycts z°
0003HayaeT rpaHUYHYIO TOYKY liapa B,, kotopast He nmpuHamiexut §2y. TpaekTopus
(1.7), HaunMHaowascs B 3TON TOYKe, BbIHYXIEHAa YATM M3 eAMHMYHOro wapa B,

(cM. mokasatenbcTBo Teopembi 1.3.5). Ho Torma, B cuiy HempepbiBHOM 3aBUCHMOCTH

PCLUCHHUA OT HAYaJIbHOI'O NMOJIOXCHUA, HalayTcst CKOMb YroaHO 6nu3kue K 2:6 TOYKH Eﬁ

B €y, Mcxos U3 KOTOpbiX TpaekTopuu (1.7) cHauana nonasaoT Ha rpaHuuy B, a MoOToM
YXE CXOQATCA K HYJIO.

TMo3aToMy Ha rpaHuue B, ecTb TOYKM Ty € )y, KOTOpbiE <«BOZHUKIIM» MpPU
nsuxeHuu (1.7) n3 Touek Z’, pacnonoxeHHbix Ha rpaHuue B,. [ns 9TMX TOueK,
a UMEHHO UX U Hall0 pacCMaTpUBaTh,

plzo, Xo] < plE, Xo] <TB. >

Teopema 1.6.1 coBceM MpocTo 00001LAeTCst Ha Cllyyait 6osiee TMOKMX
TpeOOoBaHMUIA.

Mycte &(Q) — knacc mankux GyHKUMoHanoB ¢ : R" — R ¢ eaun-
CTBEHHO# Ha 3ambikanuu obaacth ) KPUTMYECKO# TOuKoit Z' (), npu-
yeM ¢ caynae T*(p) € Q Kpumuueckan mouxa doaxcna Goims HeabPOXC-
OenHoll.

OyHKUMOHANBL Po(Z) M @ (T) HA30BEM NOOBUNCHO 20MOMONHbI-
mu B D(Q), ecnu cyuwiectByer miankas degopmayus p(x, ) € P(Q),
A € [0, 1], Takas yto ¢(z,0) = po(z), p(z, 1) = ¢|(x). Takum oGpa-
30M, CHUTyalMst 0600LIaeTCs B CAEAYIOLIMX HANPABIEHHSIX:

(i) Wap 3aMeHsieTCsl MPOM3BOJIbHOM 00J1aCThIO.

(ii) Ipn nedopmalmu KpuTHYeckasi TOYKa MOXET IBUraThCsl, HO, KakK
¥ npexnae, ob6s13aHa ObITh €MIMHCTBEHHOM.

(iif) KpuTtnueckast Touka npu neopmaLm MOXET BbIXOAUTb HA FPAHULLY
06,1aCTH, HO NPU 3TOM 00sI3aHa CTAHOBHUTLCSI HEBBIPOXIEHHOM.
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1.6.2. Teopema. Ecau po(x) u ¢i(x) nodeuxcro eomomonnor ¢ ()
U Hyab — mouKa N0KAnbHO20 MuHumyma ¢o(T), mo Hyas — mouka
AOKANbHO20 MuHUMYMa P\ ().

IMpoaeMOHCTPHPYEM BO3MOXHOCTH TeOpeMbi 1.6.2 Ha KJIaCCHYECKOM MpHUMepe.

<« lng nokasatesbCTBa M3BECTHOTO HEPaBEHCTBA

a+...+a,
n

n

2 Va,...a,
MepenuiLeM ero B BUae
o@@) =2 +...+ 22 —nx ...2.)7" >0,
rae a; = a:fA 3adukcupyem 1:3, > 0 u paccMoTpuM aedopmaumio
a2 2 2/n
ez A)=zi+...+z, = An(z,...2,)"" 20,

Ha HEOTPULATEILHOM OPTaHTE ]R’}r"'.
Jlerko npoBepHThb, YTO CUCTEMA YPaBHEHHIA

3<p(z, A) _ 2[1: —A(zl ..,z”)zln] -0 ;

=1,...,n-1,
oz;

T;
umeet Ha R npu moGom A € [0, 1] eauncreenHoe pewenue ; = A"z, , koTopoe
Jvwb npu A = 0 JEXUT Ha rpaHHuue R'jr"'. [pu 3tom p(z,0) UMeeT HEBBHIPOXAEH-

Hblit MuHnuMyM. Tlostomy @(z, 1) Takke MMeeT MUHUMYM (B TOYKE, B KOTOPOIi BCE
T; = 1',,). »

1.7. Tononorms rpagueHTHOro nons

JlaHHblil pasgen st coaepXaHWsi B LIEJIOM NMPHHLUMMUAIBHOTO 3HAYEHHMsI HE HMEET,
HO TpOJIMBAET AOMOJHHUTENbHBINA CBET B HEKOTOPBIX HaMpaBlICHHUSIX.

TpanueHTHOE Nose V() ABASIETCS YaCTHBIM CYYaEM — HEnpepbiéHo2o
f:R" >R

HHorna umeeT CMBICT MOOHATLCS HA 3Ty CTYNMEHBKY W MOCMOTPETb, KaK BbIMVISAMUT
npeaMeT U3ydeHHUsl B HHOM cpele.

Bpauenue Bekropaoro moas. Iycts © — HekoTopas obnacts B R", () — ee rpanuua,
a f(§?) — obpa3 rpaHuubl NpH HenpepbiBHOM oToGpaxeHuu f(z). Mone f(z) npex-
nonaraeTcs Heawpoxcdennoim Ha 2, T.€. f(x) # 0 npu = € Q.
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BbinycTUM W3 HyJIsl TPOM3BOJIBHbII Jlyd | M MOCYMTAEM, CKOJIbKO pa3 | npoTbikaeT
f(2) usnympu napymy — DOMYCTHM, Yo Ppa3, U CKONbKO — CHAPYXCU GHYMpPbL —
DNOMYCTUM, Yo Da3. Bennuuna

YF, Q) =7 7 (1.8)

HA3bIBAETCS 8patenuem sexmophozo noas F na ). 3uauenne (1.8), Kak okaspiBaeTcs,
He 3aBUCHT OT Jiyya . OnpeneneHue, KOHEYHO, HECTPOTO, HO OHO MPO3PAYHO U MMO3-
BOJISIET JaThb MpPOCTble JOKAa3aTeNbCTBA BCEX OCHOBHBIX pesyhbratoB. [Monpo6HocT —
B [6, T. 1, tmaBa 9]. 3aech AMwWb 6ern0 ocTaHOBUMCA Ha (akTax, ¢ TOYKM 3PEHHUS

KOTOPbIX HHTEPECHO MOCMOTPETb Ha ITPaJUCHTHDBIC MOJIA 22).

LleHTpanbHYIO poJib B TEOPUHU BpalleHUs UrpaeT MOHATUE degopmauuu, WU
2omomonuu.

1.7.1. Onpepenenve. Omobpaxcenus fy u f| nazvieatomca ecomomonnoiMu Ha fl, ecau
cyuiecmeyem makas nenpepwienas degpopmauusn (comomonus) H(z, ), onpedenennasn ons
z€QuTe|0 1], umo

H(z,0) = fo(z), H(z,1)= fi(z),

npusem H(z,T) # O npu aoboix £ € QL u 7 € [0, 1], 4mo nasviearom neasipoxdennocmoro
dehopmauuu.

Onepauny roMOTONMHYECKOrO nepexona ot fo K f ¢ noMowsio H(z, T) BU3yanbHO
COOTBETCTBYET HemnpepbiBHOE AeopMupoBaHue MOBepXHOCTH fo(€2) B MOBEPXHOCTDH

£1(S). TpeGoanue Hesbipoxaeuxoctn, H(z, 7) # 0, o3Hayaet, yto nedopMUpyeMast
MOBEPXHOCTb HE UMEET Npasa repecekath Touky 0.

1.7.2. Teopema. fomomonnvie gexmoprsie oA umelon OOUHAKOBbIE 8PAULECHUR.

JInsi ycTaHOBJIEHUS] FOMOTOMHOCTH MOJIEH YaCTO MCMOJb3YETCS JMHEHHAsA [OMO-
TONUA:

H(z,7) = (1 = 7)fo(2) + 7 fi(2),

cBsi3biBatoLLasi otoopaxeHus fo u f). HeBbipoXaeHHOCTb NMHeHHOI roMOTONHH paB-
HO3HaYHA HeNnpomueonoaoxcHoii nanpaesennocmu BeKTOpoB fo(z) u fi(x) npu mobom

T €.

1.7.3. Teopema. [Iycmo eexmopnoe none f(T) onpedeneno u HegbIPONCIEHO HA epaHULAX
obnacmeit 2, Qy, ..., Qm, npusem obnacmu Q; (j = 1,..., m) nonapno e nepecexaromes

2) Teopuio BpalleHHsi BEKTOPHBIX Mojei (CTeneHW OTOGPaxeHUst) C MPUIOKEHUIMH
K HEJIMHEHHOMY aHaIM3y MIAHMPYETCSE HITOXHMTb B OIHOM M3 MOCJEAYIOWMX TOMOB. [Lis
NepBOro 3HaKOMCTBA, OHAKO, «HECTPOrMil BapUaHT» U3 MEPBOTO TOMA, BOODLLE rOBOpH,
TIPEANOYTHTE/IbHEE U3-3a HATJISIHOCTH.
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u aubo Q = J Q;, aubo none nesvipoxcdenno na Q\ U Q;. Tozda

(£, ) =D 2(f. ). (1.9)

i=1

Hyab zp € Q nons f(z) Ha3bIBAIOT U30AUPOEAHHLIM, €CITH B JOCTATOYHO MANO
OKPECTHOCTH T, HET APYTUX HYy’eii. BpalleHue nonst f Ha cepax ZOCTATOYHO MAOro
paaMyca C LEHTPOM B Ty Ha3biBAlOT undexcom Ty U 0603HayYaioT ind(f, o).

1.7.4. Teopema 06 anrebGpawveckom uucne Hyneir. [Iycmo eexmoproe nose f(z)
Heavipoxcoero Ha §2 u umeem 6 2 auwb usoaupogannsie Hyau. Toeoa

7(f, ) = ind(f, z;), (1.10)
20e cymmuposanue udem no ecem Hyaam T; € Q noaa f.

PaccmaTtpuBaemasi TEOpHsl OPHEHTHPOBAHA B OCHOBHOM Ha U3ydE€HHE YpaBHEHMIt
f(z) = 0 c akueHTOM Ha BOMPOCaX CYLUECTBOBaHHS PELICHHIA U BBIICHEHHsI HX CBOWCTB.
B yaCTHOM cilyyae rpaXMEHTHBIX MOJIeii — 3TO KaK pa3 Mpo0ieMaTHKa KPUTHYECKHX
TOYEK.

1.7.5. Teopema. Ecau ¥(f, ) # 0, mo ypasnenue f(x) = 0 paspewumo ¢ Q, m.e.
cywecmeyem mouxa ' € 2, ¢ komopoii f(z*) = 0.

C TOYKM 3pEHMs «Pa3peLIMMOCTH» — 3TO LEHTPAIbHBINA PE3YyNIbTaT, U3 KOTOPOrO

SICHO, YTO BCE YMMPAETCs B YMEHHE BBIYUCIATH BpauieHue . Mcnosb3yeMble peuenThl
MCXOIAT M3 MPOCTBIX COOOpaXeHHit. BEIYMCIAIOTCS BpaLLEH WSt HECKOMBKHX CTAHAAPTHBIX
nosei, nocne 4yero 3aNeiCcTBYeTCS TEXHUKA FOMOTOMMYECKUX mnepexonoB. OcHOBHast
macca NPHIOXEHHI OXBaThiBaeTcsl AeOPMaLHUAMH K JIMHeiHOMYy nomo f(z) = Az,
BpALIEHHE KOTOPOro NMpH ycioBuu 0 € Q U HEBBIPOXIEHHOCTH MaTpHLbl A paBHO:

7(4, ) = det A.
B yacTHOCTH, TOXIECTBEHHOE oToOpaxeHue It = T umeer BpallueHue |, a
1(=1,9) = (-1)"
PasymeeTcs, pedb uaeT o cutyaunu 0 € 2, nockonbky (£, 2) = 0 B ciyuae f(z) # 0

Ha -ﬁ

INocMoOTpHM Tenepb, Kak 310 paboraer. JlonycTum,
(Vo(z),z) > 0

npy Jo0oM T, JlexalleM Ha rpaHule Hekotoporo wapa Bpg. Torna
BeKTOpbl V(Z) U T He MOryT ObITb NMPOTHBOMOJIOXHO HAMpaBJCHbI.

2) X015 6b1 C TOYHOCTBIO IO €10 HEpaBeHCTBA HYJIO.
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I_IOC-)TOMy JIUHENHast roMOTONus HEBBIPOXIACHHA, B pE3ysbTaTC 4Y€ro:
7(V‘p’ BR) = 7(1’ BR) =1,

1 no TeopeMe 1.7.5 noteHunan () umeer B wape Br KPUTHYECKYIO
Touky. [lpuyeM KpuTHueckass Touka JMOO ofHA, JIMOO HECKOABKO —
HO TOT[Ia OHM pa3HbIX TUMOB.

K coxaneHMIo «THNU3aLMsi» KPUTHYECKUX TOYEK HAa OCHOBE Bpa-
LLIEHUsI OYeHb rpyda. Bce HEBbIpOXIEHHBIE IKCTPEMYMbI pa30oMBalOTCA
BCETO Ha JIBa KJjiacca 24), COOTBETCTBYIOLLME IBYyM BO3MOXHOCTSIM: AETEP-
MUHAHT MaTpulibl [ecce Gosiblue Hyns1, U — MeHblie. COOTBETCTBEHHO,
MHIEKChI

ind(Vy, z*) = 1.

[Ipu 3TOM B YETHOMEPHOM MPOCTPAHCTBE MAKCMMYMbl U MHUHUMYMbI
0Ka3biBalOTCs B ONHOM KJjacce, T.€. MPUHAAJIeXaT OAHOMY TOMOJOrU-
yeckoMy Tuny (¢ Touku 3peHusi BpauwieHusi). [IpaBna, n06o# Hemo-
CTaTOK MpH NOJXHOM Pa3BOpoTe 0OpaliaeTcsi B JOCTOMHCTBO, obecne-
yMBasi OCHOBY [UISl TEX WM HMHBIX BbIBOJOB. Tak M 3gechb. B ciyyae
(Ve(z), z) > 0 Ha rpannue Bg, U 4ETHOTO M, — KPUTHYECKasi TOYKA
6o ogHa, 1MOO 3TO HE MOryT ObITb TOJbKO MUHHUMYMbI MU MakCHUMY-
Mbl. [IpM HeyeTHOM pa3MEPHOCTHM MPOCTPAHCTBA CUTyallMsi MEHsIeTCs,
MHUHHUMYMbI U MAaKCUMYMbl MMEIOT Pa3HbI€ MHIEKCHI, U C TOYKHU 3PEHUS
(1.10) 3T0 MOpPOXOAET HOBbIE BO3MOXHOCTH.

[MepeuncnuM HekoTopble (akTbl, BO3HMKAIOLIME B paMKax OMMCAHHOrO THUMa
paccyxaeHui. Ux MOXHO paccMaTpuBaTh TaKXKe KaK yNpaXHeHUsi MPU UCMOIb30BaHHU
B KaueCcTBe PYKOBOACTBA K AEHCTBHIO [JIaBbl 9 MepBOro Toma.

Besne npennonaraetcs 0 € 2 ¥ peub MaET 00 YCAOBUSIX, BbIMOJTHAEMbIX Ha rpa-
Huue: Vz € €.

e [lyctb
IVe(z) - 2|l < IVe(z)Il + lIzl.
Torna ¢(z) B 2 MMEET KPUTHYECKYIO TOUKY.
e Ecnn B HeyeTHOMepHOM npocTpaHcTee (V(z), ) < 0 M KpUTHYECKash TOYKA
B 2 €IMHCTBEHHA, TO 3TO MaKCUMyM. EC/IM KpUTHYECKHMX TOYEK ABE, TO MO KpaiiHei

MEpE OOHA — BbIPOXIACHHas.

e Ecnu (V(z), ) > 222, T0 GyHKums T — p(z) umeeT B 2 KPUTUYECKYIO TOUKY.

24
) BbipoxaeHHbie 3KCTpeMyMbl pa3GUBAIOTCS Ha GECKOHEYHOE YHMCIIO KIAcCOB.
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1.8. KomMmeHTapum n AONONHeHUs

o Jloka3atenbcTBo TeopeMbl 1.1.1 06BIYHO CBOAAT K ofHOMepHOMY cayyalo. Ecau z*
MOJNIOXEHHE MHHMMYMa ¢(T), TO CKansipHast QyHKUHUS

§(r) = p(@" +73),

rae $ npoM3BOJBHBINA HUKCHPOBaHHBINH BEKTOP, MPUHUMAET MHUHUMAIBHOE 3HaYeHHe
npu 7 = 0. [Tostomy

€(0) = (Vo(z*), 5) =0,

OTKyJa, B CHAy NPOM3BOJIBHOCTH 8, cenyeT Vp(z*) = 0.

Hcxonst U3 TaKOro pacCyXaeHHs JIETKO ceNaTh OMGOYHBIN BbIBOA O BO3MOX-
HOCTH M3yYEHHs HE TOJBKO HEOOXOAMMBIX, HO M JOCTATOYHBIX YCIOBUII MUHUMYMa —
Ha OCHOBE PACCMOTPEHHS MPOU3BOAHBIX MO HanpaslieHH10. BOT cTaHmapTHbIt KOHTp-
MPUMED Ha 3Ty TEMY.

Pacceuem rpaduk QyHKUHH JBYX MEepeMeHHbIX z = (T, Y) BepPTUKAIBHON mioc-
KOCTBIO, MpOXoasiueii Yyepe3 Hyb. JOMycTHM, B JIOOGOM CEYEHHH MOJy4aeTcss KpuBas,
UMelollas MMHUMYM B HYJIEBOH Touke. O0s3aHa M B 3TOM ciiyyae yHKuust ¢(z, y)
TOXE UMETb MUHUMYM B Hyne?

HHTyHuMs, BOCTIMTAHHAS HA MPOCTBIX MPUMEDAX, AAET MOJIOXMUTEJIbHBIA OTBET,
HO 3T0 HenpaBwibHO. ITycTh

z2=yp(z,y) = (y - °)(y - 2z°).
Ha ni060it npamoit y = az (a # 0) dyHkuus

#(z) = p(z, az) = a’z’ - 3az’ + 22*

MPUHHUMAET B HYJIe MUHMMaJIbHOE 3HaY€HHE, MOCKOJbKY ¢"(0) =2a’>0. Ha MPSMBIX
=0, y =0 — Toxe MUHUMYM. Tem He MeHee B CKONb YTOOHO Majoii OKPECTHOCTH
Hynst (2, y) NPUHMMAET HE TOJIBKO MONOXHUTENbHbIE, HO U OTPHLATE/IbHbIE 3HAYEHHS

(msy = Bz, 1< B < 2).

o CksioH p(z) Boiwe CD Ha pHc. 1.5 MOXHO He onyckaTb HUXe ypoBHs p(z'), —
M TOra aBTOHOMHas cHcTeMa

& = -Vy(2)

GyIeT MMeTh MIONOXHUTENBHO onpeneeHHyo dyHkuuio Jianynosa p(z) — p(z'), Besne
(xpoMe T # ') cTporo yGbiBaoLLylo, HO TpaekTopuu Z(t), HaunHatowuecs Boiine CD,
6yayT yXOOUTb B MUHYC 6ECKOHEYHOCTD.

Vxon TpaekTopuii Z(t) B 6eCKOHEYHOCTb BO3MOXEH, KOT1a € IMHCTBEHHbIf JIOKa/b-
Hblit MUHUMYM GyHKUMHM JlsnyHosa V() siBasieTcs m106ajibHBIM, HO He BCe 061acTH
V(z) < c orpanuyensi (cm. [6, T.2]).
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YcnoBHas muHuMmn3sayns

2.1. YcnoBHbI 3KCTPEMYM

OnTvMM3aUMs, Kak U TEYEHUE XHU3HH, MPOXOAUT OObIMHO NpH cobIio-
AEHUHU HEKOTOPBIX YCJIOBUA.

PaccMoTpuM cHavasia cutyauuio f(T) — min, B KOTOPOii orpaHu-
YEeHHEe 3a0aeTCsl ONHUM YPaBHEHUEM

9(z) =0, z={z,...,z,}. (2.1)

Ecin Toyka T HaxoauTcs Ha mosepxHoctd ¢(z) = 0, To B Ha-
NPaBJIEHUU TUTIOC-MUHYC rpaaveHTa Vg(z) OBUrathesi Helib3si — MHaye
TOYKa T Ccpa3y CoiilieT ¢ noBepXHOCTH ¢g(z) = 0, U yc/loBUe HapYLUIUTCS
(puc. 2.1 a). MoxHO cMeLIaTbCsl B KacaTelbHOM IIOCKOCTH (Ha Gec-
KOHEeYHO Manylo Acz), T.e. nepneHaukyiaspHo Vg(z). Eciv rpanvent
Vf(z) ne konnuneapen Vg(z), T.e. He COBNAmaeT Mo HampasJieHUIO
c £Vg(z), oy Vf(z) ectb coctaBnsiowasi B KacatesibHOM MIOCKOCTH
K g(z) = 0, BOOJIb KOTOPOW MONCHO COBUHYMBCA U YBEAUHUMb MEM CAMbIM
3nauenue f(T).

grad g(z)
z=f(m)—a \ g@//@
AN rad f(z)
z=flz)=p

a)
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DT10# nociieHeH BO3BMOXHOCTH «COABUHYTBCA U YBEIUYUTD 3HAYCHUEC

f(x)» Her: nuGo B ebipowcdennom cayuae'), nubo xorma epaduenmor
KoAAUHeapH®,

Vf(z) = AVg(z) npu nekomopom X # 0. (2.2)

Torza B TOYKe T MPOUCXOOUT KacaHue mosepxHocTed g(z) = 0 u
f(z) =B (puc.2.16). MNpu 31oM nocturaetcst (BO3MOXHO) yca06HbLil
Munumym. Yenosue (2.2), Takum 06pa3oM, SIBISIETCS He0OX00UMbIM, —
HO TOJIbKO B HEBbIPOXIEHHON CUTyaLUH.

Oco0bie cllyyal — CTaHAApTHAs rojioBHast 60Jib. ConoMUHKa 00X0-
JIUTCSl JOPOXE CTOra CeHa, U CpelCTB Ha Apyrue HaloOHOCTH MepecTaeT
xBatatb. [I03TOMY OOBIYHO HE XaJIelOT CHJI HAa IOCTUXEHHUE eqnHoobpa-
31, MO3BOJISIIOLIET0 00XOIUTLCSA Ge3 «peBEPaHCOB».

B naHHOM ciiyyae, HanpuMep, U30eXaTb YIIOMMHAHUS BbIPOXIEH-
HOIf CUTYyaLMM MOXHO TaK. EciM ¥ — Touka yc/0BHOrO MakCUMyMa,
TO HaMAYTCS TaKye€ YMClia Ay, A;, HE paBHble HYJII0O OJHOBPEMEHHO, YTO

Aof(z*) + Mg(z*) = 0.

Ho 310 MMeeT cBOM MMHYCHI. Bo-nepBbix, cMeluMBast BOeIMHO pa3HOPO/I-
Hble fIBJIeHUs1, (POpMyJIMpOBKa TepsieT Jinlo. Bo-BTOpbIX, paccyXaeHus
BCE paBHO TPeOYIOT pa3rpaHUYEHUS] BO3MOXHOCTEN.,

3anayu, B KOTOPHIX MOXHO TMOMOXUTb A9 = 1, XapaKTepusyloT
Kak pezyaapHole. PecyaapHoimu Ha3bIBalOT U COOTBETCTBYIOLLUMUE TOYKHU
MUHUMYyMa.

HTak, npasujio NOKUCKA YCJOBHOTO MUHMMYMa 3aKJI04aeTCsl B pe-

IeHUn cuctemsl (2.2) 2 coBMecTHO ¢ ypaBHeHueM (2.1). Ha npaktuke
310 oopMJIsieTC HEMHOTO MHaue. 3anaya

f(x) = min, g(z) =0, (2.3)

b BuwipoxcOennwiii cay4aii OXBAaTbIBAET «MATOMHTEPECHDBIE» CHTYauuu: 6o Vg(z) =0,
6o B Touke T Ha nosepxHOcTH ¢(z) = 0 pocturaetcs Ge3ycnoBHbiii MuHuUMYM f(Z),
¥ HanpasieHue rpaxueHTa Vg(z) He urpaet posu.

2310 n CKaISIpHBIX YPaBHEHUH, MOCKONbKY FPAIMEHT — BEKTOP.
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. 3
3aMEHSETCSI NMOUCKOM IKCTPEMAIbHON TOUKHU T AacpaHicuana )

L(z, A) = f(z) - Ag(z)

Mpy HamiexauleM BbiGope A. 3HaK nepex A MPUHUMITUAIBLHOTO 3Have-
HMs He uMeeT (Moka).
B utore Bce cBOAMTCS K PELIEHUIO CUCTEMBI Tt + | ypaBHEHMi:

of(z) | dg(z) )
=0 —A =0, i=1,....n,
9(z) oz, oz; ¢ n
OTHOCHUTENIBHO T + 1 HEU3BECTHBIX ZTj,..., Ty, A. KoapduuueHt A

Ha3bIBAlOT MHOM#CUMENEM ./Iaepaimca.

TTpugedennvie ycaosus écezo auuib HeoOX00UMbL, HO 3MO UHCMPYMEHM, KOMO-
poiit 00biuH0 pabomaem u daem pesyromamol. Pewenue coomeemcmeayrouei
cucmemol ypasHeHui, KaK npaeuno, 00HO, A CyWecmeoBaHue MuHuMyma
ACHO u3 «husuteckux cooopaxcenui». Ilocaednue wacmo cnacarom u ¢ mex
CAYMAAX, K020Q PeuleHuil — HeCKOAbKO.

ITpumepn:
o KpUTHYECKMMH TOYKAMH 3a4a4yH
(Az, z) = min, ||z|| =1,

C CHMMETPUYHOI MaTpuLeil A, ABASIOTCA COGCTBEHHBbIe BeKTOPbI Z; . Mapbl (7, Aj) —
CYTb KpUTHYecKue TouKM narpaHxuana L(z, A) = (Az, ) — Mz, z). Pasymeercs, X;
COBCTBEHHbIE 3HAYEHHUSI MATPULILI A.

Ecau A} <... < A, To A} paBHO r06GanbHO MUHMMANLHOMY 3HaueHuio (AZ, )
Ha cdepe (z,z) = 1.

e 3aGeras Heckonbko Briepen ), pewnm 3anauy

i r;/T; = max, i z; = X, (2.4)

i=1 i=1

KOTOPYIO MOXHO MHTEPIIPETHPOBATh KaK ONMTHUMAaNbHOE pacrnpeaeneHue pecypca X mo n
AyeiikaM ¢ 3¢ GEKTUBHOCTBIO T;4/Z; OT UCMOJb30OBAHHUS pecypca B KONHUYECTBE ;.

3 Cm. obocHoBaHme «/IarpaHXeBoii» MIEOJSOTHU C NMOMOLUBIO WMPaGHbIX GYHKUU
(pasnen 2.9).

4 o
) (3aberanme BMEpea» CBA3AHO C MPUCYTCTBUEM OrpaHuueHuin z; > 0.
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JleficTBys MO pernameHTy, MojiyyaeM:

L(Q!,A):Xn:f‘i\/a—/\(il'g-X),
oL _ T
oz, 2/

PewueHue nocneaHeit CHCTEMbl YpaBHEHHIt 1aeT ONTHMAJIbHOE pacnpeae/ieHHe pecypea:

n
-A=0, Y @m=X i=1l...,n

i=1

C KOTOpBIM MOKa He SICHO, 4TO AenaTh (cM. paszen 2.6).

Hroroeas dopmyna nonyyaercsi B pesynbrate OECXUTPOCTHOTO pELUEHHUS Bbille-
CTOfIlEd CUCTEMbl YPaBHEHMII — M HyXHaeTcs nO 3TOi MpuUYMHE B ODOCHOBaHUM
TOrO, YTO HailleH AeHCTBUTENbHO MakcHMyM. B nepByio ouepeab TpebGyeT MpOBEpPKU
BO3MOXHOCTb Oosiee 3¢ PeKTUBHOrO pelueHHsl Ha rpaHULIE HEOTPULIATEJIbHOTO OPTAHTA.
Takast BO3MOXHOCTb UCKJTIIOYEHA, TaK KaK MPOU3BOIHAS B Hye I060H QYyHKLUMU T;4/T;
0OecKOHeYyHa M, CleA0BaTeNbHO, Y KaXI0i syeiiki B HyJle OECKOHEYHA CKOPOCTb poCcTa
addpexrBHocTH. [TO3TOMY KaKoe-TO KOMMYECTBO pecypca BCEM HAlO JaBaTb — MHaue
3aBeOMO MOXHO MONYYWTb BBIMIPBILL, MepejaB Maayl0 YacTb pecypca Toi sfueiike,
KOTOpasi HUYEro He nojay4yuna.

Takum 00pa3oM, peleHHe AOMKHO JieXaTb BHYTPM paccCMaTpUBaeMoii 0061acTu
1 00513aHO yNaB/IMBaThCS MeTOIOM MHOXMTeNei Jlarpatnxka. [TockonbKy «MeTon» ApYrux
CTALMOHAPHbIX pelueHU HE OOGHAPYXWJI — Ha 3TOM MOXHO CTaBUTb TOYKY.

PaccMOTpUM Tenepb CUTYaLHMIO IBYX OrpaHUYEHHIl
gi()=0 u g(z)=0.

Kak yxe oTMeyajlloch B Hayajle paszaesia, YToObl OCTaBaTbCsl Ha MOBEPX-
HocTH g(z) = 0, MOXHO JBUTaThCS TOJBKO MEPNEHANKYISIPHO rPaIUeH-
Ty Vg(z). B 1aHHOM ciiyyae Hazo OCTaBaTbCsl Ha OGEUX MOBEPXHOCTSX
OIHOBPEMEHHO, YE€ro MOXHO JOCTHUYb, CMELIAasiChb MEPNEeHAUKYISAPHO
kak Vg,(z), tak u Vgy(x). Apyrumu ciioBamMu, ABUraTbCsi MOXHO JIMLIb
MEPNEHAUKYISPHO TJIOCKOCTH, MpoXosiiiieii yepe3 06a rpaaveHTa. Ec-
JIM TPaAUEHT UeneBoi GyHKuuu V f(Z) AeXHUT BHE 3TON MIOCKOCTH, TO
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y HEro ecTb COCTaB/siiollasi B paspelieHHOM HampaBjieHUU, U 3Haue-
Hue f(x) MOXHO ynyywats. B npotuBHOM ciyuae,

Vi) = \Vgi(x) + \Vga(x) npu nekomopoix Ay, Ay # 0,

paspeleHHbIX HaNpaBieH!ii HET, M COOTBETCTBYIOLIAsK TOYKAa T — KaH-
AMIAT Ha peLUeHHe.

PasyMeeTcsi, Kak M Bbilue, HYXHbl OTOBOPKH HaCUYET BLIPOXAEHHbIX
Ccilyyaes, K KaKOBbIM TeMepb 106aBIIsIETCst BO3MOXHOCTb KaCaHMsl B TOY-
ke z nosepxHocTeit g;(z) = 0 u gy(x) = 0, Npu KOTOPOW rpagUeHTsI
Vgi(z) u Vgy(x) okasbiBaioTCs IMHEHHO 3aBUCHMBI.

2.2. O6wmin cnyvai

AHaJIOrM4YHO MpenbiaylieMy obuias 3aaaya

f(z) > min, g¢(z)=0, ..., gmu(z)=0, (2.5)

3aMEHsETCsl ONTUMU3ALIMEN 1agpanicuana

L(z,\) = f(z) - > Xjg;(2) (2.6)

i=1

Mo T NpU HamjlexauieM Bbioope Aj, ..., Apy.
B pesyJibTaTe MOUCK yc1068H020 Ikcmpemyma (2.5) CBOAUTCS K peLie-
HHUIO CUCTEMBI YPaBHEHUI
d T, dg;
—f— A'ﬂ g(z)=0, ..., gn(®)=0, k=1,...,m,

= j R
sz =1 sz

HO 3TO, KOHE€YHO, JIMIIb CTCPXKEHb METOIUKH.

KapTuHy NopTaT ébipoxcoenHsie cayuau, Ha paCCMOTPEHUE KOTOPBIX
YXOAUT MHOIO 3HEPruM, HO C OYEHb HU3KUM K. N.A. Huskas addek-
TUBHOCTb TaKOW pabOThl OMnpenesisieTcsi AByMsi oOCTOATE/IbCTBaMU. Bo-
MEPBbIX, MHOTUE MCKIIIOYEHUSI TPUBUANBHBI U CKYYHBI. Bo-BTOpBIX, 6bi-
poxcoerHble cayyau Ha DOHE cumyayuii 0b6ue2o nosoxceHus 3)
JINLIB «TOYKA B KOHTUHYYME>».

— BCE€ro

5

)Cumyauwmu 001ez0 noaoxcenus TIPUHATO Ha3biBaThb OBCTOATENLCTBA, B KOTOPbIX
HCKIIIOYEHDI peiKHe coBrnaneHus. TpsaMble He napauie/ibHbl, TOYKH HE COBMNAAAIOT M T. .
KoHKpeTHOE NOHMMaHKHe TepMUHA ONPEAEAETCH KOHTEKCTOM.
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[MocnenHee 0GCTOATENLCTBO CO3MAET BIIEYAT/IEHHUE, YTO YIATH OT pac-
CMOTPEHHS UCKITIOYMTE/IbHBIX BADMAHTOB COBCEM MPOCTO. JJOCTATOYHO
«CJierka rMoueBeuTb» yCioBus. [10100HbI TPIOK A€HCTBUTENBHO 3KO-
HOMMT YCHJIMSI, HO MHOTIA aHAJIU3 BLIPOXIEHHBIX CIy4aeB HEU30EXKEH.
Hanpumep, npy u3yyeHWH 3aBUCMMOCTH MOBEIEHUS CUCTEMBI OT Mapa-
MmeTpa. Ha ToM cTouT Best meopusa 6ughypkayuii. MeHsloLMiACS napaMeTp
HATBIKAETCS Ha aHOMAJIMIO, KOTOPYIO «HE 000#aelIb>, — W 3TO OMpene-
JISIET XapaKTep Bo3HuKalolleii Metamopcdo3bl. KpoMe Toro, BeIpoXaeH-

Hbl€ Cjiyyau ObIBalOT HETPUBUAJIbHBI 6), YTO BO30YXIaeT «IucaTesiei»
Y paccTpauBaeT YMTaTesEM.

2.2.1. Teopema. Ecau mouxa x* ecmv pewenue 3adauu (2.5), mo 7
Haiidymca makue uucaa Ay, A}, ..., Ay, He 6ce pasHvie HyAI0, 4Mo
m
NV =D A Vgi(z'). (2.7)
i=1
Ycnosue (2.7) Bmecte ¢ g)(z*) = 0, ..., gn(z*) = 0 obpasyior
CHUCTEMY T + T ypaBHEHHMi1 OTHOCHTENBHO T + M + | HEU3BECTHBIX
Lo,y Tns Al ALy eees Ampe

OnHOPOOHOCTb MO A (MPOM3BOJILHOE HEHYJIEBOE A;, MOXHO TMOJIOXHUTh
PaBHBIM €IMHULE) MO3BOJISIET CUCTEMY CUMTATh 3aMKHYTOM (YUCIIO He-
M3BECTHBIX Y YPaBHEHMIi COBMANaeT).

Takum 00pa3om, 3ameHa sarpaHxuaHna (2.6) dyHkuueii

Loz, ) = M f() = D Ajg;(z)

j=1

no3BoJiseT B GOpMyJIUPOBKe TeopeMbl 2.2.1 060oHTHCHL G€3 OroBOpOK.
Ha npaktvke 00bI4HO MmoJiaraloT A9 = 1, ¥ €ciu B mpolecce pelueHus
YTO-TO HACTOPAXMBAET, HAUMHAIOT pa3bMpPaTbCs B UEM JENO.

Jlio6ble MPEAnoNOXeHuUs!, MO3BOJSIIOILNE UCKIIOUUTb B (2.7) ciy-
yait A\g = 0, — HanpuMmep, JiMHEilHass HE3aBUCUMOCTb T'PalUEHTOB
Vai(z*), ..., Vgn(z'), — Ha3bIBAIOT ycroeuamu pezyasprocmu.

%) 1ocTaTOMHO BCNOMHHTB XOPLAHOBbI (POPMbI MATPHLL [6, T.3].
7) [azkocTb paccMaTpHBaeMbix GYHKUMIE B IaHHOM pa3fefie Be3le NoapasyMeBaeTcs.
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2.3. HenunHeitHOe nporpammupoBaHune

3anaua HeauHeliHo20 nPO2PAMMUPOBAHUSA,
f(z) — min,
gi(zr) =0, i=1,...,m, (2-8)
hj(x) <0, j=1,...,r,

oTiuyaercs ot (2.5) HaMuMeM NOMOIHUTEbHBIX OrPAHUYEHUI B BUIE
HepaBeHcTB. KcTatu, orpanuuenus B (2.8) yno6HO 3anuchiBaTh B BeK-
TopHoM Buze: g(z) = 0, h(z) < 0. DneMeHTs T, yIOBIETBOPSIOLINE
OrpaHUYEHUsIM 3a[a4U, Ha3bIBAIOTCS OONYCMUMbIMU PEUUEHUAMU.

[MpucyrcTBHE B OrpaHUUYEHMSsIX HEPABEHCTB, OCOOEHHO Tvna T >0, —
Belub XapakTepHas. Bojiee Toro, ¢ MOMOLIbIO NOMOIHUTEbHBIX MEpe-
MEeHHbIX 3a1aya (2.8) NpUBOAMTCS K BUAY

f(z) > min, g¢g(z)=0, h(x)+2=0, z>0, (2.9

rIe U3 HepaBeHCTB GUTYPUPYET TOJIBKO HEOTPULIATEIbHOCTb KOOPAMHAT.

Ecnu pewenue z* 3anauu (2.8), paBHocuibHO (2.9), yaoBiaeTBopsieT
HEpPaBEHCTBY hj(a:*) < 0, To orpaHuYeHUE hj(:v*) < 0 posnu He urpaer,
M €ro MOXHO He NpUHUMAThb B pacyeT. Takoro cCopra oepanuueHus
Ha3bIBAIOT NACCUBHLIMU, B OTIIMYMUE OT — AKMUBHbIX, XapaKTEPU3yEMbIX
BbIXOLOM pelueHHst Ha rpanmuy: hj(z*) = 0.

2.3.1. Teopema Kapywa—pxoHa. Ecau mouka T* ecmo pewenue 3ada-

uu (2.8), mo naiidymea maxue uucaa Ay, Ay, ..., Ay U i1, . .. , lir, He 6ce
pagnsie Hyao, umo®
m r
NVFE)+D AVgia*) + Y ujVhi(z') =0, (2.10)
i=1 j=1

%) 3a kanpom nMeeTcs B BMLY NarpaHxXmaH

Lo(z, A p) = Jof(@) + D Aigi(z) + > njh;(@).
j=!

i=1

OOpaTTe BHUMaHHME HA 3HAKH.
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npusem X, > 0, ace u; >0u
pihi(x*) =0, j=1,...,7. (2.11)

PaBencTBa (2.11) Ha3bIBaIOTCS ycaosusmu Oonoaxsouwel Hexcecm-
Kocmu W TPOUCTEKAIOT U3 OTMEYEHHOTO BbIlE COOOPAaXXEHUsI O HecCy-
LLIECTBEHHOCTU MAacCUBHBIX orpaHuyeHuii. Eciu hj(a:*) # 0, To cooTt-
BETCTBYIOLLUMIA MHOXMUTeNb JlarpaHxa u} =0, B cuny (2.11), — urto
PaBHOCUJIBHO MUCKITIOYEHHIO HepaBeHCTBa hj(T) < 0 M3 cnucka orpaHu-
yeHui. [apaHTUS MOJNOXUTEIBHOCTU K03¢hdHULIMEHTOB u} y aKTUBHbIX
OrpaHMYEHHIT OYEBUHA B CBA3M CO 3HAKOM HepaBeHCTB h;(z) < 0.

YpasHenus (2.10), (2.11) Bmecte ¢ m orpaHuyeHussMu g;(z) = 0
Y y4e€TOM OJIHOPOAHOCTH MO MHOXMUTeIAM JlarpaHxa — NMpPUBOAST B CO-
OTBETCTBUE YMCJIO YPAaBHEHUIl U HEU3BECTHBIX 9, IMockonbKy TeopeMa
2.3.1 naet navuib HEOOXOAMMbIE YCJIOBMSI, KOTOPbIM 00SI3aHO YIOBJiE-
TBOPSATb pelueHue 3anayu (2.8), HU O yeM GOJblLE MOXHO HE Yro-
MUHaThb. B GONBIUIMHCTBE C/iyyaeB 3TU YCJOBUsS MO3BOJIAIOT MOJYYUTh
XejlaeMoe.

Ho BO3MOXHBI TAKXe OCJIOXKHEHUsI, CBSI3aHHbIE C OGCTOATE/IbCTBA-

MH, KOTOpbI€ TIPUHSATO XapaKTepHU30BaTh KaK BhIpOXIeHHbie. Hanpumep:

®ynkuust f(z) nmeeT 6e3yCAOBHBIA MUHMMYM Ha rpaHMLE.

TpanueHTbl GYHKUMIA, ONpPEeAENsIIOUIMX OrpaHUYEHUs, OKA3bIBAIOTCS JIMHEIHO 3a-
BUCHMBbI.

HeT 20MyCTUMBIX PELUEHHIA, T. €. OTCYTCTBYIOT TOYKH T, YAOBJETBOPSIOLIME Orpa-
HUYEHUSM.

B nocnenHem ciyuyae cuctema ypasHenu# (2.10), (2.11) matoc
g9(z) = 0 — MOXeT MMeTb pelueHHe, HO OHO He YIOBJIETBOPSIET Orpa-
HUYEHUSM, U 3anava (2.8) okasbiBaeTcst Hepa3spewnmoii. Teopema 2.3.1
(dopManbHO CrpaBeUIMBa, MOCKOJbKY UCXOIHOE TMPEArNOoOXEHHE Mpo-
CTO He BbIMOJHSAETCS.

B nepBbIX ABYX ClyyasX TEOpEMa TaKXe€ OCTaeTcs CNpaBelMBOM,
HO 3¢ HEKTUBHOCTD €€ ManaeT, MOTOMY YTO COOTBETCTBYIOLLAS CUCTEMA
YPaBHEHHUI HeceT Ha cebe cliebl HE BMOJHE HOPMaAbHON CHUTyaLMH.

9 BMecTo ynoMuHaHusi 06 OAHOPOOHOCTH — MOXHO N00aBUTb YpaBHEHHE

IS+ -+ Al + il 4+l = 1
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PeuieHnit oka3piBaeTCsl CAMLIKOM MHOrO, U 6€3 MOHWMAaHMS TOro, YTO
MPOUCXOIMT 3a KaAPOM, BbIOpaTh HYXHOE — He TaK MPOCTO, OCOOEHHO,
€CJIM pe4b UIET O «CJIENOM» MALIMHHOM TOUCKE.

MHorue pyKoBOICTBa, MbITasCb MOMOYb HEOMBITHBIM MOJb30BaTE-
JiSIM, PacK/aablBalOT BO3HMKAIOLIWE BapMaHTbl MO MoJjoykaMm B dopme
MHOTOYMCIIEHHBIX TeopeM. DddeKT nosiyyaercsi, BOOOLLE roBOpst, OTPHU-
uatesabHbli. C 0MHOI CTOPOHbI, BO3HMKAET U031 HATUY S PELIENTOB
Ha Bce ciaydyau Xu3HU. C npyrod — 3TMMHU pelernTaMu Mpv Hemomno-
HUMaHUM MpeaMeTa obs3aTeIbHO MOJb3yIoTCs HeBnonan. Cka3biBaeTcs
U «CJIeNnoe YTEHWE» TEOPEM, MPHU KOTOPOM M3 MOJISl 3pEHUS YCKOJb3a-
I0T MHOTME MPENooXeHUsI U3-3a HEMOHUMAHUSL UX POJIM, HE roBOps
00 o0LLei noTepe OpUEHTALMU, KOTIa Bce MewaeTcsl BoeaAuHo. [Toatomy
MpU CTOJKHOBEHUU C HETUMUYHBIMM CUTYALIMSIMA HEOOXOAMMO MOHM-
MaHWE «MOABOAHLIX TeYEHHUI». [OTOBbIE HHCTPYKLIMM YaCTO AAlOT COON.

(V) O6pamum enumanue, umo muoxcumenu Jlaepanxca )\;, Kak u uf ,
MOJCHO cCuumams HeompuyamenbHoimu. [11a 3moeo Hado AUWb K AA2PaHICU-
any npubaeaamo \;g;(z) ¢ «npasunvhowm» 3naxom. leao 6 mom, umo kaxc-
doe oepanuuenue g;(x) = 0 pasnocunbno 0ym ozpanuverusm g;(z) > 0,
gj(x) <0, 00Ho u3 KOmopbIX & SKCMpemanbHOl MouKe aKmusHo, opyzoe —
naccusno. H3menenuem 3Haxka neped §; aKmueHble 02paHu4eHus 6cee0q
MOJNCHO npugecmu K 6udy «MeHbule Uau PasHo Hyalo», U mozoa u3z aKkmue-
HbIX — ocmaromcs moavbko ozparuvenus euda hi(z) < 0.

2.4. BonpocCbl CywiecTBOBaHUS

[TIpoGnema pa3peliMMOCTM KOHEYHOMEPHBIX 3aJay ONTUMU3ALUM He-
penko oObABAsETCS eMeHTapHoi. OTYacTH 3TO SMOLMU Ha (OHE He-
CpaBHUMO 0oJiee CJIOXHBIX BapMaUMOHHBIX 3a1ay B (PYHKUHOHANbHBIX
npoctpaHcTBax. OT4acTd — (haKT, €CM IKCTPEMYM HLIETCS HAa KOM-
MakKTHOM MHOXECTBE.

B o6lueM cnyyae pelieHue CylecTBOBaTb He 00si3aHO. [ToHSITHO,
HanpuMep, YTO 3amaya

f(z) =z, » max, x, —arctgz; =0

HE UMECT PCLUCHUSA.
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2.4.1. Teopema. [lycms 6 3adave 10) g YCAOBHbLIL MUHUMYM CYUECMEy-
tom donycmumble pewenus, u gyuxyuonan f(T) neoepanuuenno pacmem
Ha beckoHeuHoCMU,

f(x) > 00 npu ||z|| > 0.
Toe0a ycao6HbLil MUHUMYM Cyuiecmayem, 8 moM 4ucae — 2n00anbHblil.

Pesyabrar npoctoit (cM. TeopeMy 1.5.1), HO yacTO mone3Hblil, — rapaHTHUpyeT,
HanpHMep, CyleCTBOBaHHeE IM0OanbHOr0O MUHMMYMa B 3aJaye

(Az,z) + (b,z) > min, Bz =c,

€CJIM MaTtpuua A MONOXUTENLHO onpeaencHa.

B o6uieM cilyyae MOXHO MMOJIb30BaThCSl TOMOJOTUYECKUMU PE3YJib-
TaTaMy O pa3peLIMMOCTY MapaMeTPUUYECKUX ypaBHEHHUM

L(z,)) =0.

Hpes 3axkiouaeTcss B paCCMOTPEHUM TOMOJOTMYECKMX CBOMCTB MOJS
VL(z,)) npu pasnuuHsiX 3HaueHUsX A. Ecnu, Hampumep, epauwieHus
eexmopnbix noseti (6, 1. 1] VL(z, A|) u VL(z, A;) Ha rpaHuLIe HEKOTOPOIA
o6GsacTy §) He COBManaloT, TO Ha JiloOOi NapamMeTpUYecKoii KpuBoi A(t),
coenMHsIIoLIEN TOUKH A U Ay, cyliecTsyeT pewenue VL[z* A(t*)] =0

Ha Q

2.5. [locTaTo4HbIEe YCNOBUSA

I1pu Ge3yciOBHOM MMHUMH3ALIUU K HEOOXOIUMOMY YCJIOBUIO MUHUMY-
ma, Vf(z) = 0, MOXHO 106aBUTb HEOTPULIATEJbHYIO OMpENENEHHOCTD
matpuubl V2 f(z). Yenosue (V2 f(@)y,y) > 0 npu y # 0, B cookyn-
Hoctu ¢ Vf(z) = 0, obecneunBaeT docmamounocms. Heuro nonoGHoe
MMEET MECTO M B 3aJaye YCJIOBHO MUHUMM3ALHUU.

Hanpumep, B 3anaue (2.5) BO3HUKAET NMPUOIN3UTELHO Ta Xe CUTY-
auus nocse 3amensl f(z) narpavxuanom L(z, A). OcraHoBUMcst Moka
Ha HEOOXOOMMOM YCJIOBUM.

19 HegaxHo Kakoit, (2.5) win (2.8).



40 masa 2. YcnosHas MuHnmun3sauyms

2.5.1. Teopema. Ecau éce gynkuuu 6 peeyasproi 3adave (2.5) deancovi
Henpepbigro Ougdpepenyupyemoi, TW — mouxa munumyma, a \* > 0 —
coomeemcmeyiowsuii (6ekmopHuiil) muoxcumens Jlacpanxca, mo Keadpa-
muunaa gopma (ViL(z*, ANy, y) HeompuyamensHa 04a Y, AeHCAUUX
6 nodnpocmpancmee 'V Vg(z*)y = 0.

< [lycTs npou3BosibHas F1aKas NapaMeTpUuecKast Kpusasi (7) NEXUT B MHO-
xectBe g(z) = 0 u npu 7 = 0 npoxoaut yepes z*, T.e. * = z(0). Jnuddeperuupys
MepBYIO NPOU3BOAHYIO

O] _ 5 2100 10, o 1z, 0)

i

elue pas, noayyaem

__d2fd[:2(0)] = (V flz(0)]z'(0), '(0)) + {V f[z(0)], 2" (0)). (2.12)
AHaIOTUYHO
(12{)‘_*;;[3;(%} = (V{Xglz(0)]}'(0), 2'(0)) + (V{X'glz(0)]}, 2"(0)).  (2.13)

Cxnaapisas Tenepb (2.12) u (2.13) u yuntbiBas, uto ', \' — KpuTHUecKas TouKa
narpawxuana, nonydaem (V’L(z", A")2'(0),z'(0)) = 0. »

Pasymeetcs, ecnn (VaL(z", A*)y, y) > 0 npu aobom y, T0 yciosus
TeopeMbl 2.5.1 BbINMOJHEHHI TEM OoJee.
[epeitnem Kk docmamounsim ycaogusm.

2.5.2. Teopema. [Tycms éce ynkyuu e pecyasphoii 3adave (2.5) 06axncovi
Henpepuigno ougppepenyupyemot, TX — kKpumuueckas mouka, \* > 0 —
coomeemcmeyowuii (6exmopHotil) muoxcumens Jlaepanxca, u

(VIL(z" \")y,y) >0 (2.14)

dna awbozo y # 0, ydoeremeopsioweeo ycrosuto Vg(z*)y = 0. Toeda
z* — mouka uzoauposannozo munumyma é 3adaue (2.5).

. k
< Jlonyctum nporusHoe. Toraa HaiieTcst NOCNEAOBATENbHOCTD T — Z', yO-
BAETBOpSIOWAs orpaHuueHusam g(z*) = 0, Ha koTopoii

f(@") < ().

" Umeercs B Buny (Vgj(z"),y)=0,j=1,...,m.
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Jlenst Kaxpoe paBeHCTBO
0 = gi(2*) - gi(2") = (Vgi(z'), 2" — &) + o(ll* - 2"|])
Ha ||z* — 2'|| u nepexons k npeneny, nonyuaem Vg(z')y = 0, rae
P
ﬁik E 2'I)I s
JHanee,
0> f(e*) - f(z*) = L(z*,\") = L(z" \*) =
= (ViL(z' X')(* - z*), (2" — ")) + o(l|z* - =*|),

yto nocne nenewus Ha |jz* — «*||> w nepexoma k npemeny (k — 00) npuBoaMT
K HEpaBEHCTBY

(ViL(z', Xy, y) <0,

nporusopeyaiuemy (2.14). »

3agaua HeJMHEHHOro NMpOrpaMMUpoBaHust (2.8) OXBaTbIBAETCH TEO-
pemamu 2.5.1 u 2.5.2 rocie BKIIOYEHHUS B CIIMCOK OFpaHWYEHUH BUAA
g;(z) = 0 axTuBHBIX HepaBeHCTB hi(z) < 0.

SIcHOCTL NMpHMBEAEHHBIM pE3Y/bTaTaM MPUIAET PACCMOTPEHUE Clly-
yast BuIMyKIbIX hyHKUMiA (TnaBa 4), B koTopom meopema Kyna— Takkepa
rapaHTUpYeT, YTO KPUTHYECKasi TOUKa JlarpaXuaHa siBJIsIeTCsl CeLTOBOM
(MMHMMYM MO T, MAKCUMYyM 1O A, — CM. Teopemy 4.1.3).

DKBUBANEHTOM TpeGOBaHMS MONOXMTENbHON ONpPeeNeHHOCTH MaTpuubl V2L
Ha 3fieMeHTax ¥y, yaomaeTBopsiiowmx ycioBuio Gy = 0, G = Vg, — ssnsercs
MONOXUTENbHAs ONpPeNeeHHOCTb MATPULIbI

V’L +1G"G

npu nocTatouHo Gonbumx 7. (?)

2.6. UnTepnpetauna mHoxuTenen Jlarpanxa

IMpo3payHOCTh MIOCOJOrMM MHOXUTENEH JlarpaHxa co3maeT OnacHOCTb
MPOHTH MUMO BaXHBIX 00CTOATENLCTB. (!)

MMeeTcst ecTeCTBEHHBII TOBOI 3anyMaThcsi. B pesynbrare pewueHust
3KCTPEMAIbHBIX 3a/lay ONpENENsIoTcsl HeHyXHble (Bpoae Obl) Ko3d-
bUUMEHTB AJ, A, ..., Am U [],..., fiy. HO OHM, MOHATHO, roBOpAT
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0 YEM-TO, YTO MOXET NMPECACTABJIATb NOMOJHUTENbHBIA MHTEPEC, A TO
12)

M NMEepPBOOUYEPEAHON
YacTUYHO CEKPET YX€ PAaCKPbIT ycaosuamu 0OnoaHaoueld Hexcecm-
Kocmu: ecnv ,u; = 0, TO COOTBETCTBYIOLIEE OrpaHuyeHmne hj(z) < 0
MacCUBHO.
C uenblo JanbHEMILETO «pacCeIOBaHMsI» BO3bMEM 3alauy C ODHUM
OrpaHMYEeHUEM
f(z) & min, g(z) =0, (2.15)

OT/IMYaIoLIYI0Cs OT (2.3) HaMYMEM YMCIIOBOTO napamerpa b.

Mycts {z*(b), A*(b)} 0603HaUaeT IKCTPEMATbHYIO TOUKY COOTBETCTBYIOWErO (2.15)
narpaHxuaHa

L(z, M) = f(z) - Alg(z) - b].

Juddepenumpys
L(b) = L[z (b), X' (b)],
MoNy4Yaem
dL <~ Of da; . g dz;
F L e (b))—bl—x(b)[i a—ziﬁ—l]. 216)

B (2.16) oba BblpaxeHMs B KBaapaTHbIX CKOOKax paBHbl HYMIO MO MpPUYMHE
g(z*(b)) = b. Mostomy

dL  df
db  db’

rae
df 3f dz}
db Z oz; db -
C apyroit cTopoHbl, rpynnupys B (2.16) cnaraembie HHaue:
dL of dz; .
@ - Zlo - 05| o,

nonyyaem dL/db = X*(b). B utore:

df = \'(b). 2.17)

12) Kax nu CTPAHHO 3BYYHUT, NOTpeOUTENb OOBIYHO HE 3HAET, Yero Xoyer. TOYHO Tak Xe,
nobas 3agaya — JULbL CTyNeHb K NOHUMAHHUIO TOrO, KaKylo 3aJayy Ha caMOM JieJie Halo
peLiathb.
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Takum 06pasom, A*(b) MoxasbiBaeT CKOPOCTb POCTA ONTUMAILHOTO
3HaueHus ueneBoi dyHkumu f no napamerpy b. MHbIMU cioBamu,
npeacTaBisieT coooi yerny oepanuuenus. Enie roBopsiT o yygcmeumenso-
cmu OTITUMYMa MO OTHOLUEHMIO K OrPaHHUYEHHUIO.

B 3anaue pacnpenenenus pecypca (2.4), Hanpumep,

JaeT 3aBMCHMOCTb CyMMapHOTo 3ddeKTa oT ucronb3osaHus pecypca'> X cucTeMoit
B LENOM. DT0 3HaYeHHe X' MpH UCMOb30BAHUM B KAYECTBE PEaIbHOM LEHbl HA PECYPC
MMEET TO MPEUMYLLECTBO, YTO UHAMBHAYAIbHAS NPUOBLIL

/T = Nz
KaXOOTo 37EMEHTA JOCTMIaeT MaKCMMyMa fpH TeX 3HaueHUsX pecypca T, KOTOpble

ONTUMAJIbHBI O CYMMAapHOMY KPUTEDHIO, T.€. ISl BCErO «KOJIEKTUBA»,

B cnyuyae m orpanuyenuit g;j(z) — b; = 0 uyTh Gonee rpomosakue
BLIKJIAZIKH MPUBOASAT K 0606ueHHMI0 (2.17):

9 _

=\
ab;

' (2.18)

AKKypaTHas OpMyJIMPOBKA 31€Ch HYXAAETCS B ONPEAENEHHBIX Or0-
BOPKAX HacyeT CyliecTBoBaHMs 3aBucumocteit z*(b), A*(b), Ho metanu
LieNecoo6pa3HO OCTAaBUTD 3a MPEeSaMU PACCMOTPEHHS, HUYETO OCOBEH-
HO He Tepas. Eciu Bce CKanbiBaeTcst, Kak B NPUBEAEHHOM BbILUE 3a1a4e
pacnpelieieHUst pecypca, — OroBOpKaM LieHa HOJb. Ecniu e BO3HMKAIOT
OCJIOXHEHHs, TO B 3a11a4y TPOLLE BHUKATL KOHKPETHO, MGO MHOTOCIOB-
Hble YHUBEPCATLHBIE PELIENTHI MOTYT COCITYXUTb AaXe TIOXYIO CIYXOy
M3-3a NIeperpy3K1 AETANAMH, HE OTHOCALLIMMMUCS K OEJy.

2.7. «[1BOACTBEHHbIE» 3afaumn

BepHeMcs K 3anaue (2.15) ¢ onHuM orpaHuyeHueM. Ha puc. 2.2 u3obpa-
XE€HbI IMHUM NOCTOSTHHOTO YPOBHsl dyHKuui f(x) u g(z). [ockonbky,
KaK yXe OTMEYa/IOCh, FPAIUEHTHl B 3KCTPEMATLHOM TOYKE AOKHbI ObITh

13) IMpy yCNOBHHM €r0 ONTUMAIBHOIO PacnpeneieHUsi BHYTPU CUCTEMBI.
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KO/UIMHCAPHbI, PCLUICHUE 3ala-

yn z* GyleT TOYKOH KacaHus
JIMHUI MOCTOAHHOIO YpPOBHS

fz)=c¢ n g(z) =b.

[1pu TakoM yrnie 3peHust NOHAT-
HO, YTO HET Pa3HMULibl, UIET JIK
peub o 3amaye «f(x) — min, g(z) = b» UK o deoiicmeennoii 3adave
«g(z) = max, f(z)=c».

CMeHa MHHMMyMa Ha MakKCMMyM TNpH NEPEXOfe K IBONCTBEHHOIA
3ajaye Ha NaHHOM 3Tafe PacCMOTPEHUsI NPOGJIEMbI B OMpeEneeHHOM
ctrenenu ycnosHa. [polue ropoputh 06 3KCTpeMyMe B TOW M APYroii 3a-
naue. Ectb 1Be pyHKUMH, f U g, M NOJIyYaETCs, YTO HET Pa3HULIbI, KAKYIO
13 HMX ONTUMU3MPOBATh NPU NOAAEPXKAHUMN 3HAYCHHUS BTOPO — Ha 3a-
NaHHOM YPOBHE. YTOYHEHHE COpPTa ONTHUMM3ALUMU (MUHUMYM WK Mak-
CHMYM) BO3HHMKAET NPU HEKOTOPOM Yri1yGIeHMH B 3aady, KOraa B 1ose
3peHUs MOMalaeT «MPaBUbHOE» MOCTPOEHHUE JarpaHxuaHa (3a cuer
«NPaBUJIbHOTO» BbIGOPA 3HAKa, CM. 3aMeyaHue K Teopeme 2.3.1).

Puc. 2.2

B ciyyae 6onee obuieit 3anaun

f(z) @ min, g(z)=0, ..., gn(@)=0

BO3HMKAaeT aHajlornyHast cutyauus. C TOUKM 3peHMsS NMOMCKA CTALIMO-
HapHBIX TOYEK HET 0CO0O0# pa3sHMLbI, Kakasi ¢hyHKLUMS B Habope

{f((l)), gl($)9 AR ] gm(z)}

ONTUMU3NDPYETCA, a4 KAKUEC — OMUCHIBAIOT OrPaHUYCHMUS.

2.8. NpuHumn Jle Warenbe—CamyanbcoHa
PaccMOTpHUM 3amavy Ha YCJIOBHbIH 3KCTPEMYM BeCbMa OOLUEro BUaa:
p(z,A) = min, =€ X, (2.19)

T1€ BEKTOPHbIA mapaMeTp A NpPUHWMAaeT 3HAY€HUs M3 HEKOTOPOro
MHOXecTBa A.
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JonyctuM, npu no6om A € A MHOXecTBO X, He MyCTO M 3aJaya
(2.19) nmeer peleHust, COBOKYNHOCTb KOTOPbIX 0003HAaUMM Yepe3 Q(N).
Jns mobbix T € Q(A)), z; € 2(\;), oueBuaHO,

(1, A1) < (T2, A1), @(T2, A1) < (T4, A2),

OTKyza
@1, A1) — (@1, A2) < (T2, 1) — p(T2, Aa). (2.20)

B yactHoM ciyyae A = R", X, =R",

p(z, A) = P(z) + (A, z),
HepaBeHCTBO (2.20) NPUBOAMT K
(Al - A2"7;1 - zZ) < 09 (2.21)

YTO NPUHATO HasbiBaTb npunyunom Jle [llamenve—Camysanscona st
3KCTPEMAJILHOMN 3a1ayMu.

B 3apaye pacnpeneneHusi pecypcoB 3TO O3HAyaeT POCT 3aKyrok
MPU YMEHBLIEHUU OTACIABLHOI LieHbl. BHIBOL KaXeTcs MaJlOLEHHbIM.
Ho To Xe caMoe MOXHO cKa3aTb 0 gusuueckom 3axkoune Jle lllamenve 14,
YMeHblLieHre 00beMa NMOBbIIALT AaBjieHWe — O0YeBUAHO. OMHAKO TPU-
BUAJIBHOCTb — BCErO JIMLUb BIEYaT/ieHUe, 0a3supylouieecss Ha XU3HEH-
HOM OIbITE.

BekrtopHbiit BapuaHT (2.21) MHTYMLIMEN yXe HE OXBAaTbIBAETCH,
Y NPUBOAMT K HEKOTOPLIM MOJIE3HBIM ciencTBusiM. Mmeercss B Buay
cneayowee. B 10cTaTO4HO ¢BOGOAHBIX MPEANON0XEHHUSIX HEPABEHCTBO
(2.21) G6yner crporum (pasymeercsi, Ipu A; # Ay), ¥ TOrna 3aBUCMMOCTD
z()\), «ueHbl — 3aKynKu», OKasbiBaeTcsi P-omobpaxcenuem ¢ maccomn
MOJIE3HbIX CNIACTBUI (HEBBIPOXAEHHOCTb MaTpULIbl SIKOOH, rioGasibHast
06paTMMOCTb OTOOpaxeHust — cM. [6, T. 3]).

2.9. WrpadHbie pyHkuun
BepHeMcst k 3amaye (2.5) v nepenuiiem ee B BUIE
f(x) > min, g(x)=0, g={g91,...,9m} (2.22)

') Bhewnee BO3aeHCTBUE, BHIBOMALICE CHCTEMY M3 DaBHOBECHS, BHIIbIBAET B Heil
NPOUECCHI, CTPEMSILLIMECSE OCNAOUTb Pe3yJIBTaThl STOr0 BO3AEHCTBUS.
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Jlerko BUAETb, eciu K f(z) no6aButh wmpag g’ (z) 3a Hapywenne

15)

OTrpaHUYeHU — Oe3ycno6nas MUHUMM3aLUsE GyHKLMOHANA

2
fu(@) = f(z) + pg°(z) (2.23)
NPy 10CTaTOYHO GONbIINX 1 OyneT AaBaTh CKOJMb YTOAHO TOYHOE peLie-

HUe T, 3anauu (2.22).

Cka3aHHOe Hyxnaercsi B yTouHewuu. [ycts ¥ — usonuposaHHas
TOYKA JIOKAIBHOTO MUHMMYMa B 3anaue (2.22), a U — ee nOCTaTOYHO
Majas KOMMAaKTHas OKPECTHOCTb. Torna mioGaibHbIA MUHMMYM T,

dynkumnonana (2.23) Ha U GyneT cxoauThes K T° npu g — 00.

B cnyyae HenpepbiBHO# uddepeHunpyeMocTn rpanueHT f,(z)
B TOYKE T, PABEH HYJIO,

Vi) + 28 Y 9i(2u)Vg5(zy) =0, (2.24)
i
a MOCKONIBKY T, — &' MpH g — 00, TO
2ugj(z,) = A; (b — 00),

YTO AAET HOBYIO CXEMYy OOOCHOBaHUs Memoda muoxcumeneii Jlazpanca.

MoxHoO Takxe pasaeautsb (2.24) npeaBapuTenbHO Ha

\ , I+ p? Z 9;(z,),
j

nojiyyasi B npeaesie Heobxoaumoe ycioBue ontumyma (2.22) B popme

1

MNVf(') + AiVgi(z') =0, ———————
' ZJ: ‘/l+#’Zjiy}(zu)

He TpeOyloLeNd OroOBOPOK HACYET peeyaapHocmy 3afaqM.

= A,

Memod wmpagpneix @ynkyuii NpocT WACOJOrMYECKU U [NOCTATOY-
HO 3(dEKTHBEH C BLIYUCIUTENLHON TOUKHM 3peHus. [TOHATHO, YTO OH

1% Nox ¢%(z) nonpasymesaetcs (9(z), g(z)).
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JIErko MOaAMGUUMPYETCS NMOA Pa3MYHbIE 3a4a4M YCJIOBHOI ONTUMHU3A-
LMK JAJIEKO 33 NpeaenaMu noctaHoBku (2.22). Mpu 3ToM uaest MOXET
UCMOJIb30BATbCSA HE TOJNBKO KAaK AIrOPUTMHUYECKAsi OCHOBA, HO M KakK
ynoOHast cxema [UIst MOJIyYeHUsl TEOPETUYECKUX BbiBoaoB. Hanpumep,
A1t 060CHOBaHMsi HEOOXOAMMBIX M OCTATOYHBIX YCIOBHI1 ONTHUMYMa.

2.10. MexaHuka n 06006uieHHbIe KOOPANHATDI
Ha ycioBHY10 MMHUMM3ALIMIO,
f(x) > min, g (x)=0, ..., gn(z)=0, (2.25)

MOXHO CMOTPETb KaK Ha YMCTO MEXAaHMYECKYIO 3a/ayy, YTO AAET HOBbIE
MOJE3HbIE UHTEPIPETALIMH.

JlonycTUM, cucTeMa cOCTOMT U3 N moueunsix macc M, , UMEIOLLUX
KOOpAMHATHI Ty = {Zy, Yy, 2,} M IBUXYLIMXCS NOI AEHCTBUEM aKmue-
HoIX nomenuuansubix cua F, 1o 3akoHy HbloToHa

myw, = Iy,

rae w, = ¥, obo3HauyaeT yckopeHue. [Ipy 3TOM eCTeCTBEHHO rOBOPUTDH
0 JIBUXEHMU M300paxalouiei TOYKH B npocTtpaHcTBe 3N = n u3Me-
peHUM.

BoicTpauBasi Bce mnepemeHHbie B OauH panx ¢ = {Zy,...,ZT,},
MOXHO FOBOPMUTb O ABUXEHUU M;&; = F; wiun 6ojiee obLieM

m;&; + fiti = Fi(z),

91(z)

rae Fi(z) = Sz
1

, a #; — KoapdULMEHTbI TPEHUS.

Ecnu Obl peub wwna o 0€3yCAOBHONM MHUHMMM3AaLUMU MOTEHLMaNa
f(zx), 3anaua cBoguniach Gbl K MOUCKY PABHOBECHS CHII

of
F;, = —.
3.’12,‘
[Mpyu Haninuyum cBs3€il, 4TOObl CUCTEMA OCTaBajlaCh Ha MEPECEYCHUU
nosepxHocred ¢)(z) =0, ..., gn(x) = 0, HeoOXoaMMO AeiicTBUE NO-

NOJHUTENBHBIX CUN peakyuu céazeli. OObIYHO PacCMaTPUBAIOT TOJILKO
udeanvhble ces3u, NOPOXIAIOIME CUIbI PeakuuM R;, OpTOroHalbHbIE
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MOBEPXHOCTAM g;(T) = 0, — APYruMU CIIOBaMM, KOJLIMHEAPHBIE rPAy-
16
enty '® Vgj(z), r.e. Rj = A;Vg;(z).

PesynbTupyloiias cujia peakilui paBHa

R= \Vgj(),
J

rae Aj — HEU3BECTHbIC napamMeTpbl (MHOXHUTCIN J'larpal-DKa . PaBHOBe-
J

17
CHUE€ JMHAMHNUYECKOro rnpotecca )

of 9g;

. j

m;E; = — + E Aj o= 2.26

v 32:,' - ]311:,‘ ( )
J

B TOYHOCTH OMNpPEesieTCsl YPaBHEHUSIMU, COBMANAIOLIMMU C OOBIYHbIMU

HEOOXOAMMBIMH YCTIOBUSIMM MMUHUMYMa [Uist 3anauun (2.25).

O0001EeHHbIe KOOPAMHATBI H CHJIBL. XOpOLI0 M3BECTHO, YTO YPaBHEHMS
(2.26) ucnonb3yloTCst AOBOLHO PEAKO. MexaHuKa MAET APYrUM MyTeMm,
KOTOPbIi 3aC/ly)XMBAE€T BHUMAHUS U C TOUKU 3PEHUS ONTUMU3ALIUY.

[pn Hanmumu m ypaBHeHui cBsisn ¢i(z) = 0, ..., gn(z) = 0
00blE T = 1 — M U3 N NEPEMEHHbIX T = {Z|,..., Ty} MOTYT GbITh
BbIOpaHbl HE3aBUCMMO APYT OT APYra, OCTa/lbHbIE 7 KOOPAMHAT GyayT
OMnpenesisiThCs pelieHneM cuctembl ypasHenwii g(z) = 0. Ha posb
HE3aBUCHUMbIX MEPEMEHHBIX MOXHO B3fiTh TakKXe Kakue-HuUOynb Gosee
y1OOHbIE TapaMeTpbl ¢y, ..., {r, C MOMOLIBIO KOTOPHIX OIHO3HAYHO
BbIPAXAKOTCS KOOPAUHATHI, T. €.

zi=zi(q,---,q) t=1,...,n.

lepemenHbie ¢, ..., §r Ha3bIBAIOT 0000WeHHbIMU KOOPOUHAMAMU, OHU
XOPOLUM TEM, YTO «Pa3BA3bIBAIOT» 3alavy. YpaBHEHWs CBSI3W ynpasi-
HSIOTCS, NMEPEMEHHbBIE CTAHOBATCS HE3aBUCMMBIMM, BCE MEPEMELLEHMUS

16) Csi3b sBAsieTC MACANBHON, €Can pa6oTa ee cunt peakunu R; Ha BO3MOXHbIX nepeme-
uieHusix 0T paBHa Hyio, T.e. (R, 0Z) = 0, HO 3TO U eCTh NEPNEHIAMKYNAPHOCTb R; nioGomy
BUPTYabHOMY TMepPeMELIEHHIO 0T, IEXAlEMy B KacaTeabHON MIOCKOCTH K gj(z) = 0.

7 VYpaBHeHus (2.26) B aHATUTUYECKON MEXaHUKe HA3bIBAIOTCS ypasrenuamu Jlazpanyca
nepeoeo poda.
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dq — BO3MOXHbIMU. BupTtyansHbie nepemeuienuns dx = {0z, ..., 0T}
ONpeaesIoTcsl TENEpb U3 COOTHOLLEHU I
" dz;
Oz; = —d0q;, i=1,...,n

« 0g;
j=

B pesynsraTe CBA3aHHOMY OrpaHMUYEHMSIMU ABUXEHUIO MUCXOOHOM CH-
CTEMBI TENEPb OTBEYAET c80000HOe ABUXEHHE TOYKM B KOOPAHHATHOM
npoctpaHcTse {q), ..., ¢, }. Kaxnas nepeMeHHas ¢; xapaKTepH3yeT i-10
cmenenb c80600bL.

Pa6oTa aKTUBHBIX CHJ1 Ha JOMYCTUMBIX TIEPEMEILEHUSIX MOXET ObITh
3anMcaHa Kak

§A=) Fiz; = Z (E F; az’)éq, > Qjdqj,
i J

rae

oz;
Qi=>_F Bq’
1 ]

Ha3bIBAIOT 0606ueHHOil cunoii, COOTBETCTBYIOLLEH KOOPANHATE ;.

[To nytT MaHUNYALMA ¢ 0000ILIEHHBIMUA NIEPEMEHHBIMI MEXaHUKa
YXONUT NOBOJILHO AaIeKO [6, T. 2], ¥ 3TMM MOXHO B TO# MM MHOI CTe-
MEHHU UHTEPECOBATLCS, B 3aBUCMMOCTH OT peluaeMbix 3agay. Ho o yem
MOJIE3HO MOMHUTBL BOOGLIE, — TaK 3TO O TOM, YTO ONTUMM3ALUOHHBIE
3a0a4M UMEIOT MEXaHMYECKYIO MHTEPNPETALIMIO, U pU3nyecKuit dyHaa-
MEHT CrIoCcO0EH MUTATh UAESAMU TOJILIE CXEMBI.

Yr10 KacaeTcsl OMMCAHHOI Bbille TpaHcOpMaLMM 3anay, TO 3ITO
HE YTO MHOE KaK TpuBHaibHas (Bpoae Obl) 3ameHa mnepemeHHbIX. On-
HAKO MCKYCCTBO, C KOTODHIM MEXaHMKa YMEET BBIAEJATL 000OILIEHHBIE
KOOPIMHATHI U CHJIbI, €T NPUMED TOTO, HACKOJIBKO M3ALIHO U 3ddek-
THBHO NMOIOGHOrO COPTa 3adayy MOTYT PELaThCs.

2.11. Npumepbi

H3noxeHHOe BbIllE MPeaCTaBsieT co60i OOLIYI0 MAEONOrHIO ONTUMM-
3aumu. Kak Bcsikasi oOwiasi MACoJiorusi, — OHa MPOM3BOAUT CHJILHOE
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BMEYaT/JeHHE NMoHayanay, HO NMOTOM TYCKHEET OT ya-
B ,B croro ynotpeGneHusi. llpu 3TOM BbIYEPKUBAETCS
‘ M3 NaMsATH MHOrOE, YTO OCTaeTCs 3a GOPTOM.

Qs

o Touka C Ha npamoit L (puc.2.3), obecneunsaiowas
MHHHMAJIbHYIO JJIMHY JoMaHoii ACB, — onpenensieTcs nepe-
ceueHHeM otpeska AB' ¢ L, rae touka B' cummerpuuna B
‘A L OTHOCHTENbHO L.

Puc. 2.3

D10 u3BecTHas 3adava lepona, coxpaHsiiouias
CBEXECTb HECMOTps Ha Bo3pacT (nopsiaka 2000 ner).
PelieHne B paMKax JiarpaHXeBoi METOAMKH, KOHEYHO, HE MOXET KOH-
KypHpOBaTh C M3SILLHBIM F€OMETPHUYECKUM TPIOKOM.
[Tpumep AULLIHMIA pa3 HAMOMMUHAET, YTO 3a MpeaeiaMy CTaHJapTHOM
TEXHONIOTMU OCTAETCS MHOro Cneuu@UYecKMX MPUEMOB, CMOCOOHbBIX
pelwaTtbh OTAeJibHblE 3aAaun 6onee 3phHeKTUBHO.

e Bor npyras 3anava,

Vel +yl+...+ vzl +y2 - min,

@+ +z)+ W +...+w) =R, k=1,....,n—1,

n n
Bce Tj,y; = 0, cymmbl E z;, E Y; GUKCHPOBAHBDI.
j j
3necb MOXHO anddepeHUMpoBaTh JarpaHXHuaH, HO NPOLLE 3aMETHUTD, YTO NpsiMast
KOpoYe JIoMaHoii (puc.2.4) — u 3anaya pelueHa.
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o 3adaua [lsapya. B ocTpoyronbHblit Tpe-
YroJibHUK Hallo BIUCATh TPEYTONbHUK MUHUMANbHO-
20 nepumempa C BePLUMHAMH, JIEXALIHMH Ha CTO-
POHAX UCXOAHOTO.

CaenaeM npoBOJIOYHYIO MOAENb TPEYTOAbHH-
ka ABC (puc.2.5). Ha AB, BC, AC onenem
cBOOONHO cKonb3siluue konbua D, E, G, u coenu-
HWUM UX pe3MHKaMH. HaTtsixeHHe pe3MHOK MycTb
paBHO f M He 33BMCHMT OT BEJHYUHbBI PACTSKEHHS.
IToTeHLMabHAs 3HEPTrUsl B 3TOM Cllyyae paBHa

U=f(DE+EG+GD). (227)

Mogens, npeaocTaBieHHas cama cebe, pelaer
3a1a4yy aBToMaTH4ecki. B paBHOBecHH nocTuraeTcs

51
B
FE
y
N/ c
Puc. 2.5

MuHuMyM (2.27), T.e. MuHumym nepumetrpa ADEG, a w3 ycnoswii paBHOBecHs
OYEBHIHO, YTO PaBHONEHCTBYIOLLAS CHJl PACTAXEHUS B Kaxnoit Touke D, B, G nomxHa
GbITh OPTOrOHANILHA COOTBETCTBYIOUIEH cTopoHe AABC. D10 yxe apyras 3agaua, U ee
pelueHHe U3BECTHO: Takoi TpeyronbHUK ADEG nonyyaetcs coeauHeHHEM OCHOBaHHIi

Boicor AABC.

TTo aumepamype paccesno 00604bHO MHO20 NOOOBHbIX 3a0au, 20e KO K peuwienuto
Oarom usuvecKue uau 2eomempuyeckue cooOPANCEHUA, — 4mo nomozaem NPoOMUBUMbCA
unepyuu edurnoobpasus. Ho peyenmypa Jlazpanxca makwce docmamouro cuasna, — 6 mom

Yucne, 8 obnacmu ceomempuu u Qu3uUKu.

o Ipocroit npumep (3ada4a Eexauda). B Tpeyronbuk Bucath napaiienorpaMm

HauGonbiei riowaam (puc. 2.6).

TMnowanb napanienorpaMma, BHMCAHHOTO B Tpe-
YTOJILHUK CO CTOPOHAaMH a, b, ¢ (pHc.2.6), paBHa zysina.
B utore (mocne aHanusa MOJOOHBIX TPEYrONLHUKOB) BO-

MpOC CBOAMTCA K 3adaye Ha YCJIOBHBI MaKCUMYM,

Ty = max, bz + cy=bc,

KOTOpasi JIETKO PEIaeTCs ¢ MOMOLLBIO larpaHxena popMa-
musma. (?) [Monyyaercs = = ¢/2, y = b/2, — BepwHHBbI
napaiieorpaMMa 00fi3aHbl JEJHTh CTOPOHBI WCXOOHOTO

TPeyroibHUKa MONOJaM.

xr
ay

b
Puc. 2.6



Mnasa 3

Bbinyknbivi aHann3

Boinykible 3anayd BaXHbl He MOTOMY, YTO PAacCMpPOCTPAHEHbI, a MOTOMY, YTO XOPOLUO
peuwialotcs. M XxoTs 3TO noxoxe Ha «NOMUCK noa oHapeM — HOO TaM XOpPOLIO BUAHO»,
maTtemaTHKa, Kak U BceneHHasi, MUMeHHO TaK pa3BuBaeTcs. [1pu 3TOM 3HaHHUsA, KOGbITbIE
B «BbIMYKJIOi 06/1aCTH», OCBELLAIOT MHOIOE 32 NpeaeaaMu.

3.1. BekTtopbl  MmaTpmLbl

BekTopHas W MaTpuyHas TexHuka [6, T.3] nonpasymeBaercs nanee usBectHoM. Bo us-
GeXaHHe HeNoPa3syMEHHI KOe-4TO HAMOMHUM.

e Cxanspnoe npoussedenue onpenensietcs Kak (T, y) = Ty, + ... + TplYs. IKBU-
BaJICHTHbIE O0O3HAYEHHSA: T - Y, TY.

e bBasucom Ha3bIBAIOT JMHEHHO HE3aBUCMMOE MHOXecTBO {ey,...,e,} npu
yCIOBUM, 4TO N1060i BekTop T € R" npencrasim B Buae JMHEAHONH KOMOMHAUMH
T =1z +...+ T,e,. Benuuuuol T,,...,T, — €CTb KOOPAHHATbI TOuKH T € R".

YUcao n BEKTOPOB, COCTARNAIOWNX 6a3UC, — OMpENENsIET PAMEPHOCHb TIPOCTPAHCTBA.

e BekTopbl T,y opmoeonanshw, ecnu (x,y) = 0. Ilaockocme (auneiinoe nodnpo-
cmparcmeo) onpenensieTcsi KAk MHOXECTBO /IEMEHTOB T, OPTOrOHa/IbHbIX HEKOTOPOMY
BeKTOpY @, T.€. (a,z) = 0.

o Jluneinaa gynxuus y = (@, ) = a;x; + ... + a,T, NPUHAMAET MOCTOSIHHbBIE
3HaueHus (a, T) = B Ha aunepnaockocmax, NapajienbHbIX MI0CKOCTH (@, ) = 0.

e Tabnuuy koadduunentos A = [a;;],

ag ... Gy
A=1|... ... ...,
Qpy -.. Qup

Ha3bIBAIOT Mampuyeil, KOTOpas ONpenesieT AuteiHsil onepamop y = AT, CONOCTaBsi-
IOLLUMIT BEKTOPY Z BEKTOp Y MO NpaBUly

Yi = E a;;T;, i=l,...,n,
J

4YTO 3a0aeT TEM CaMbiM YMHOXEHHE MAaTpHULbl HA BEKTOP.
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® Yepes a;; 0603HayaeTcs -1 CTPOKa MaTpuubl A, yepe3 a.; — j-it cronbew, T. €.
a;
a; = [aily'n’aim]i a; =
Qnj
¢ [lo onpeneneHuio:
7A=[ya;], A+ B=[a; +b;].

Ymuoxenue A u B naet matpuuy C = AB c 3neMeHTaMH
Cj = E @by
k

UHbIMH CI0BaMH, C;j PaBHO CKalSIPHOMY MPOU3BEACHHIO i-if BEKTOP-CTPOKH Ha j-i
BeKTOp-cTonbel, T.€. ¢;; = (a;;, b;).

T
e Marpuua A’ (paBHOcMABHO A’ ) C 3MeMEHTaMK a;; = @j; Ha3bIBAETCS mpanc-
NOHUPOBAHHOU.
o O6pamnoii x A HasbiBatoT mMatpuuy A~ Takyio uTo
A'A=A4""=1,
rae edunuuHas mampuya I onpepensieT TOXAeCTBEHHbII onepatop Iz = .

® BeKTOpHOE HEPaBEHCTBO T < Y (PaBHOCHJIBHO Y > T) O3HAYAET COBOKYMHOCTh
NOKOOPAWHATHBIX HEPABEHCTB T; < ¥, t = 1,...,n.

3.2. Bbinyknibie MHOXECTBA U KOHYCbI

MHcTpyMeHTapuit Boinykioro aHaiu3sa [20] easa M He iMpe accopTH-
MEHTA IPy3MHCKOM KYXHHU, HO OGOMTHCH B TOM M APYIOM Cjlyyae MOXHO
HEOOMbLIUM MUHUMYMOM.

MHoxecTBO X Ha3biBaeTCsl @bINYKAbIM, €CIA BMECTE C JI0O0bIMU

JNBYMSI TOYKaMu &,y € X OHO COAEPXHUT OTPE30K, UX COEAUHSIOLLUIA '),

A+(1-ANyeX, Ae|o,1].

VB X, Takum 00pa3oM, HOJKHbI ObITb OmnpeneseHbl JMHeHHbie onepauuu. [Moka
uMeetcst B Buay cutyauns X C R".
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N
Junelinyio kombunayuro Z A;f; Touex {f},...,fx}, npu ycnosuu
j=1
N
220, Y oAi=1,

Ha3bIBAIOT GbINYKAOU.

OO0beauHEHHE BCEX BbIMYK/IbIX KOMOWHALMI KoHeuHbiX HaObOpOB
Touek M3 X C R" wnasbiBaeTcst @vinykaoii o6oaouxoii MHoxecTBa X
1 obo3Hayaetcst co X.

3.2.1. Teopema Kapareogopu 2, Buinykaaa obosouxa ecezdoa coena-
daem c 006e0uHeHUEM BCEBOZMONCHBIX GbINYKALIX KOMOUHAUUU KOHe4HbIX
nodmruoncecme X C R™, codepacawux ne 6osee n + 1 mouex.

Boinyknas o6osiouka X paBHOCHJIBHO OMpeleNsieTcss Kak MWHU-
MasibHOe (MO BKJIIOYEHHIO) BbIMYKIOE MHOXECTBO, cojepxatiee X.

Addunnbie MHoxkectsa. MHoxectBo A C R" HasbiBaeTcss agipunnoim, ecnu BMecTe
¢ MO6bIMU OBYMsi Pa3MYHBIMH TOYKAMH OHO COLEPXMT MPOXONSLLYIO Yepe3 HUX Mpsi-
mylo. B caydae 0 C A mMHOXecTBO A siBNsieTCs NMHEAHBIM NPOCTPaHCTBOM. Bcesikoe
abdUHHOE MHOXECTBO — €CTh MepecevyeHHe 2unepnaockocmei, ONUCHIBAEMbIX YpaB-
HeHUsiMu Buaa az = . COBOKYNMHOCTb peLUeHHU CHCTEMBbl JIHHEWHBIX ypaBHEHHI
Az = b — ecTb abdHUHHOE MHOXECTBO.

Orobpaxenne S uz R™ B R", ynosneTsopsioliee yCIOBHIO

S(az + By) = aSz +BSy, a+pf=1,

Ha3biBaeTca agpgunnoim. ApdUHHOE OTOOpaxXeHHe — 3TO Bceraa npeobpa3oBaHHe BUAA
S(z) = Az + b, rne A — nuHelHOe oTOGPaxXeHHe.

Oraeaumocts. Boinykiibie MHoxXectBa X, Y C R" Ha3biBaloTCA 0mde-
aumobimu (cmpozo omderumbimu), eCIi CYLUECTBYET pa30easiouias 2unep-
naockocms H C R" (az = (), OTHOCHTENBHO KOTOPOiIi MHOXeECTBa
pacnosaraloTcsi B pa3HbIX 3aMKHYTbIX (OTKpblTbIX) NOJYNpOCTPAHCTBAX
HY, H:

z€EX 2 az<P(KP), z€Y = az>p (> P).

D Teopema Kapateonopu TecHO cBsi3aHa C meopemoii Xeaau, OHa M3 IOPYTOii JIETKO
BbIBOAMTCS, M. [10].
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3.2.2. Teopema otpenumocTn. Henepecexaroujuecs 3aMKHymbie 8binyK -
avle mHoxcecmea X, Y ecec0a omdeaumot, u — cmpoco omoeaumsl, ecau

xomsa 6bl 0OHO UX IMUX MHONCECME 02PAHUMEHO 3,

OnopHoii  eunepnaockocmbio K X Ha3blBalOT TUNEPIIOCKOCTh H|
KOTOpasi MMeeT XOTsi Gbl omHy obuiyio Touky ¢ X, u nu6o X C HT,
ambo X C H™.

o V gbinyknoeo MHOMNCeCmea éce20a cyuiecmeyem onopHas 2UNepuaoC-
Kocmb, npoxodawan 4epes a0y Hanepeo 3A0AHHYIO ZPAHUMHYIO MOMKY.
Takoe CBOICTBO, KCTaTH, PABHOCH/ILHO OMpPENEIEHUIO BIITYKJIOCTH.

e Jlio6oe 3amMKHYymoOe 8binyKA0e MHOXCECME0 coenadaem ¢ nepeceye-
HuUem 8cex co0epHCauux e2o 3amMKHYmbIX NOAYNPOCMPAHCME. DTO €llle OHO
XapaKTePUCTUYECKOE CBOMCTBO.

Konychl. 3amMkHyTOe Bhimyki1oe MHoxectBo K C R", conepxaiiee Bme-
cte ¢ moboit Toukoit £ € K Jiyy AT, NpoXonsiiinil uepe3 3Ty TOYKY, Ha-
3biBaeTcst koHycom. KOHyC, He coaepXXallMid NpOTUBOMOJOXHbIX TOUEK,

z€eK, 2#0=> —z¢K,

Ha3bIBAIOT OCMPbIM, WIIH 3A0CMPEHHbIM.

MuoxectBo K*, cocTosiiliee U3 Touek ¥, LIl KOTOPBIX CKaJISpHOE
npousseaerne yzr < 0 npu mobom T € K, Ha3biBaeTCst 06olicmeenHbiM
KoHycom 1o otHouieHuio K K. Ha puc. 3.1 n3obpaxeH npumep Ha ruioc-
KOCTH.

TIpy M3yyeHMH IMHENHBIX HEPABEHCTB BaXXHYIO POJib UrpaloT Clie-
AYIOLIHE JIETKO NPOBEPSIEMbIC CBOMCTBa 4):
e (K')' =K.
e K+ K'=R"
e KCK; = KTDK;
(KN Ky)' = K} + K.
(K] +K2)* = K’f ﬂK;.

3 Ipu BapbMPOBaHWM TNPEINONOXKEHHI TEOPEMbl OTIETMMOCTH ObICTPO «pa3MHOXa-
10TCSI».

4 Mon cymmoit X + Y nonpa3ymeBaeTcsi MHOXECTBO ToYek z = Z + ¥y, rae = € X,
yey.
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Mhuororpanauki. Bbinykiayio 0607104Ky KOHEYHOrO MHOXECTBA TOYEK
Ha3bIBAIOT MHO202PAHHUKOM.

[lepeceuenne F mHororpaHHuka P ¢ moGoit cBoeil onopHoi
rMMEPMJIOCKOCTLIO Ha3biBAIOT 2paHbio MHO202paHHuka;, k-zpanvro, eciu
dim F = k; 0-rpaHu — eepwunst, 1-rpann — pebpa.

Kawcoan 2pans MHozozpannuxa, & ceolo o4epeds, séasemcs mHozozpantuxom. (7)
Besakuit muoeozpankux cognadaem c evinykaoii 0boaouxoir ceoux eepuiun. (?)

[lepeceyeHre KOHEYHOrO YMC/a 3aMKHYTBIX MOJYNPOCTPAHCTB Ha-
3bIBAIOT N0AU30poM. OrpaHMYEHHBIN NMOJIUIAP — MHOTOrPaHHHUK.

Konycnas Texnuka. JlokaxeM, Ansl WLTIOCTPAaLMM, Cledylollee yTBEp-
xaenue. s moboi mampuubt A aubo cywecmeyem HeHynegoi eexmop
z >0 — makoii, yumo Az < 0, aubo yA > 0 npu nexomopom y > 0.

<4 MHoXecTBO pelieHuit cucteMbl Az < 0 —
K ectb koHyc K = {z : Az < 0}, aBoicTBeHHDI K KO-
TOpOMY:
K'={z:z=yA, y>0}.

COBOKYNMHOCTb NONOXHUTENbHBIX pewleHHd Az < 0

apasercs nepecedyeHueM K ¢ HeoTpuuATebHbIM Op-

taHToM RY . EcH HeHyNeBbIX MONOXMUTENbHBIX pe-

ZA weHuit Het, To K NR} = 0, yto Bieder 3a coboii
(K NRY)" = R". Ocraetca 3ameTHTh
Puc. 3.1 + ’

(K NR%) = K'+ (R)' =R",
rae, OYeBUAHO, (R'L)’ npencTaBnser coboit oTpuuatenbHbiit optant R:. Ecau tenepn
B3sTh u < 0 (u € RL), 10 ycnosue K'+ R” = R" Bneyer 3a coboii (B cuay 0 € R")
yA=-u>0, y>0. »
Teopust nMHEHBIX HEPABEHCTB MHTEPECHA U OOLLIMPHA, HO JIMHEN-
HOCTb MHOTAA MacKupyeT 6oJsiee pyHaaMeHTabHbIE NPUUMHbL. BOoT oauH

u3 oOLIMX HeNMHENHHbIX pe3ynsratoB [20], Bnekywmii 3a coboit uenyio
CEPUIO TEOPEM O JIMHEIMHBIX AJILTEPHATUBAX.

3.2.3. Teopema. [Tycmb @y, ..., Py — GbiNyKAble YYHKUUU HA BLINYKAOM
muoxcecmee X. Boamoxcna o0na u moavko odna u3 deyx ansmepramus:

(i) cywecmsyem makoii eexkmop T € X, ymo

p1(z) <0, ..., ¢a(z)<O;
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(i) cywecmeyem nenyneeoii éekmop y = {y, ..., yn} >0, makoi, ymo

Y191(2) + ... + Ynpn(x) =0 npu sobom € X.

<4 HeB0o3MOXHOCTb BTOPOIi ajibTEpHATHBLI MPH BbIMOAHEHWHU NEPBOIi — oOyve-
BuaHa. OcTaeTcs nokasatb: eciu (i) He UMeeT MeCTa, TO BhinonHseTcs (ii).

MycTb Z 0603Ha4YaeT MHOXECTBO TaKUX 2 = {2|,..., 2, }, YTO BCE T HEPABEHCTB
p;j(x) < z; paspewumsi o T € X.

Mockonbky (i) He BbinONHsieTcst (MO NPEANONOXEHHIO), Z He nepeceKaercs
C HEMOJIOXUTENIbHbIM OPTAHTOM,

R* ={z:z <0},

u notomy Z u R” MoryT 6biTh OTAejeHbl FHAEPMIOCKOCTBbIO, YTO, COBCTBEHHO,
M O3HAYaeT (B MTOre HECIIOXHOrO PacCyXIeHHs) CNpaBeAInBOCTD (ii). »

JluHelHble CNeACTBUS MOXHO MNoOJyyaTtb, BbiOMpas
(pj((l)) = E kT + b]'
k

¥ pa3jiMuHbIe BbINyKJIble MHOXeCTBa B KauectBe X. Hanpumep, B cnyuae
X= Rl MOXHO yTBepXaaTh: 1n60 Az < 0 NnojioXHUTENbHO pa3peiuMo,
am6o yAz > 0 npu HeKOTOpoM HeHyiaeBoM y > 0 u mobom z > 0.
[locneaHee o3HauaeT cyuiecTBOBaHME Takoro HeHyjaesoro y > 0, yto
yA > 0.

Ha stoM nytu B kayectBe X Moryt ¢urypupoBaTh pasjiM4yHbie
KOHYCbl,

K ={z:Bz >0} 6o K = {z:z = By, Dy >0},

uaM — MHororpaHHuku, M = {z : Bz < b}, — uto naer 0603pumMo
TPaKTyeMble Pe3yJibTaThl B OTAEJbHBIX ClYyYasiX.

B GeckoHEeYHOMEPHBIX MPOCTPAHCTBAaX MHOMHME W3 NEePeYUCIEHHbIX Pe3yJIbTaTOB CO-
XPaHSIOT CHJTy, HO KOE-YTO MPUHUMNHAIBHO MeHsieTcsi. He ocTaHaBnvBasich Ha paccMOT-
peHuH obLueit cuTyauuu (cm. [13]), OTMETHM, YTO ONpeACJEHHbIH HHTEPEC MOXET Mpea-
CTaBASATH HOBOE [151 BIMYKJIOrO aHAN3a MOHATHE udearsHoil soinykaocmu [6, T. 5, r1. 6].

MHoxectBo X B 6aHax0BOM NpOCTpaHCTBe E Ha3biBaeTCs udeansHo GuinyKabiM,
ec/u

T, +or+...€ X

ans moboii nocienosateNbHOCTH {x,} C X W 11060i YUCIOBOM MOC/NEN0BATENbHOCTH
{a,}, npuycnosun a, 2 0mn a, +a;+... = 1.
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B R" uaeanbHas BLINYKJIOCTb COBMAAAET C OObIYHOM, OMHAKO JHMHEIHOE MOANPO-
CTPAHCTBO HEMPEPbIBHLIX QyHKUMIt B L, BbINyK10 — HO He uaeanbHo. He o6s3aHo
ObiTb MAEANBLHO BbIMYKIbIM AAPO JMHeHHOro ¢dyHkuuoHana f : E — R u mpyrue
BbINykjbie MHOXecTBa X C E.

MHorue knaccuueckue pe3yasTaThi (DYHKUMOHAIBHOTO aHaliM3a Ha Gase uae-
IbHOI BBIMYKJIOCTH [OKa3bIBAIOTCA OueHb NpocTo [6, T. 5. IT10 cBMAOETENLCTBYET
00 onpeneneHHON ynaye — MOHATHE YNaBIHBAET celM(MHUKY nepexona K 6eCKOHeYHOI
Pa3MEpPHOCTH U OTPaXaeT HMEHHO TOT Cpe3 UIEH BbIMYKIOCTH, KOTOPbIM HMEET CMBbIC]I
OrpaHHYMTLCA B (PYHKLUMOHAIbHBIX MPOCTPAHCTBAX 5 Yro xe KacaeTcs R", 10 cyxeHHe
0ObIYHOIA BbIMYKJIOCTH [0 WACANBHOI 31eCh BOOOLIE HE3aMETHO. DTO KAacaeTcs MHOMMX
MaTeMaTHYECKMX TOHATHIA, st KOTOpbIX R” — CAMILKOM rpyObiit Mpo6HbIit KAMEHb.
B cBsI3K ¢ NONOOHBIMU CHTYaLHSIMHM YaCTO MMEET CMbIC/ 3ayMaTbCs O LEIECO0OPa3HbIX
U3MeHeHHUsX onpeaeneHuii. O TaKuX U3IMEHEHHUSX, HA KOTOPbie KOHEYHOMEPHDbIf aHaNU3
«He pearupyer», a 6ECKOHEYHOMEPHbII — «OTKJIMKaeTcs ¢ 61aronapHoCTbiO».

3.3. Buinyxsnble GpyHKUUN

CkansipHasi QyHKLUHUSI @ BEKTOPHOrO apryMeHTa CUMTAeTCsl @bNyKAOU,
ecnu

p[Az + (1 = Ny] < Ap(z) + (1 = N)ep(y) (3.1)

npu no6oM A € [0, 1]. Hepasenctso (3.1) HaswiBaloT wepasercmeom
Hencena. IpyruMu cioBamu, Bbinykiasi GyHKuust () uUMeeT Bbi-
NyK/Iblii Hadepaguk — MHOXecTBO nap (z, &), Takux yto z > ().
Hanrpaduk o6o3Hayaior Kak epi ¢.

DyHKUMUS @ Ha3bIBAETCSl 602HYMOI, €CIN «MUHYC (» BbINYyKJA.

K ckazaHHOMYy Jayywe HHuYero He pOOaBNsATb, €C/IH He IUIAHUPYETCS WCMOJIb-
30BaHMe Ogoicmeenrnocmu. Ecnu Xxe paccUMTbIBaTHL HAa MAHUMYISUHH CONPANCEHHBIMU
@ynkyuamu (cM. nanee), TO K BbIMYKIIbIM Jlyylle Cpa3y OTHOCHTH (DYHKUMH, HMEIOLIME
NpaBo NMPUHHUMATb GECKOHEYHbie 3HAYEHHS, NMPU E€CTECTBEHHBIX MPaBWIAX CIOXEHHS
W YMHOXEHHSI C yyacTHeM OECKOHEYHOCTEIA.

Mpu 310M MI06YI0 BBLINYKIYIO DYHKUHIO, MTPUHUMAIOLLYIO KOHEYHbIE 3HAYEHHS
Ha oObIyHO# 061acTH onpeneaeHUss dom ¢, MOXHO JOONPENETHTb HA BCEM NPOCTpaH-
cree R" nonaras ¢(z) = oo BHe dom ¢. Tak KoONpeneNeHHbIE BbITYKIblE QYHKLNH,
3afjaHHble Ha HenycToi obnacTh dom ¢, Ha3LIBAIOT cofcmeennbimu. UHOraa coOCTBEH-
HbIMHM Ha3biBalOT (PYHKUWHW, NPUHHUMAIOLIKE TOJAbKO KOHeYHble 3HayeHHsi. [lpumep

S "
)Ha AHAJIOTMYHBIE BbITOAbl MOXHO pacCYMTLIBaThb B 3aJayax OeCKOHEYHOMEPHOM
ONMTUMH3ALIHHU.
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BbINYKJIOH HECOOCTBEHHOM DYHKUMH:
-00, aaa |z| <1,
plz)=<7  msa |z|=1,
oo, ana |z|> 1.

Jletanu u yTouneHus umetorcs B [20].

Ipasas npouseodnasn

by e p@+ Az) — p(z)
v+(e) = zl\laglo Az

8bINYKAOU (DYHKUUU CKAAAPHO20 apeyMeHma écezda cywecmeyem u MOHO-
moHHO éo3pacmaem.
<« CywecrtBoBaHue npenena cieayeT M3 MOHOTOHHOCTH yObIBAHHS

p(z + Az) - p(z)
Az

npy yobiBaHUH AT, YTO J1€TKO BLIBOAMTCH U3 HepaBeHCTBa MeHceHa. »

3.3.1. Teopema. Jua evinyknocmu deaxcobi HenpepbieHo duggeperuupy-
emoii gynkyuu @ : R® = R docmamoyna neompuyamenvras onpedenen-
Hocmb ee eeccuaxa.

<« Pesyabtat wuMpoko nssecteH. JIoKa3aTeNbCTBO HMEET TEXHUYECKH I XapaKTep
Y JIETKO CTPOUTCSA HAa OCHOBE C/leAyIOLIero pe3yabTaTa. b

3.3.2. Teopema. [Jua evinykaocmu Henpepbieho oughdpeperuupyemoii gyHk-
yuu ¢ : R"® = R Heobxo0uma u docmamouna ee MOHOMOHHOCMb 6.

Vz,y: (Vo) - Vo), £ —y)> 0. (3.2)
< Jocmamounocms. Ecnn () Bbinykna, TO U
£(t) = plz - t(z - y)]

Bbinykaa Ha [0, 1], otkyma €'(1) — £'(0) > 0, uTo u ecTb (3.2), NOCKOBLKY

€)= —(Volz -tz - y)), = - y).

9 MownotoHHocTb Buna (3.2) u moomonnocmob no Konycy [6, 1. 5] — pasHble MOHATHS,
Il 0603HAYEHHUS KOTOPbIX HCTOJb3YETCS OAUH U TOT XE TEPMHH.
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Heobxooumocme. Tlo popMyne KOHEUHbIX NPUPALIEHHUIA:
(1=Np(@) + Apy) — pl(1 - Nz + Ap(y)] =
= (1= ){e(z) - pl(1 = Nz + 2@ }+Me) - ¢l(1 - Nz + My} =
= A1 = A(Ve(u) - Vo(v), z - y),
rae ¥ — v = a(z — y) npu Hekotopom a > 0. B utore
(1= Ne@@) +r(y) > p[(1 - Nz +ro(y)]. »

IIpyHUMIIMATIBHYIO POJIb UrPaeT 00s13aTeIbHAS HEMPEPbLIBHOCTD Bbl-
NnykKnoi GyHKLUHUH.

3.3.3. Teopema. Jlio6aa evinykaan na R"™ ¢ynxyus — nenpepwiena.

<« bBe3 orpaHnyeHuss OOLWIHOCTH MONOXHUM, YTO pedb MAET O HEMPEPLIBHOCTH
dyHkuun @ B Touke ¢ = 0, npudem (0) = 0, yero Bcerza MOXHO NOGUTHCS
HW3MEHEHHEM TOYKH OTCYETA.

Mycrs ||z|| = max |z;|. B BepumHax T; ky6a C, = {z : ||z|| < r} dyHkums ¢

MPUHHMMAET 3HauYeHHs Y(T;), MAKCHMaIbHOE CPEdN KOTOPBIX 0G03HAUNM K.
JlioGas Touka = € C, npeacTaBuMa B BHIE

= E /\ji,’, E Aj=|,
Jj j
rae Bce AJ‘ HEOTPHLATEJ/IbHbI. [MosTtomy Ha C,

p(z)=¢ (E Aﬁj) Z Aip(Z)) < (Z Aj )

Mycts Teneps 0 < € < p. Mo ||z < —-r MMeeM, B CHITy BbINYKJIOCTH @,
u

p(z) < %sp(gz) + (1 - i)«J(O) <€,

NOTOMY YTO l-ei.'c €C,.

€
OcraeTcs noka3ath, YTo ¢(Z) > —€ A T U3 Toil ke okpecTHOCTH ||| < —r.

A

ITO ONATH-TAKM CAEAYET U3 BHIMYKIOCTH ),

0=¢p(0)=¢[l+le/”:c+ ljr/:/u (—%‘z)] < l+€/ﬂ #la)+ l+/:/u‘p(‘§z)’

NOCKONbKY —l:‘a: € C,. Orciona ¢(z) > —e¢.
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€
Takum obpasoM, |p(z) — p(0)] < €, ecan ||z < I—;r, YTO U JOKa3blBaeT Herpe-

PBIBHOCTb @(Z). >

7
N3 teopeMbl 3.3.3 BBITEKAET BbINYKIOCTb H 3aMKHYTOCTb ) nebezo-
aoix mroxwcecns L, = {z : p(z) < p}, B TOM uncne

L' = Arg minp(z), z€R"

3.3.4. Nlemma. [Tpoussodnan ¢ 4(T) evinykaoii gynkuyuu @ 6 n06oi
mouke T no awbomy Hanpaerenuto S eécezda cywecmgyem. Ilpu >mom
npouseodusie P s(T) pasHomepHO ozpanuenst no s.

_ i PE T8~ p(a)

< ¢i(@) = lim . <pE+s) - () <

< Imgg[sdt +3) -p(@)] »

3.4. Cy6rpaauenT n cyoanddpepenuman

Ipu u3yyeHun Hernankux GyHKUUI annapaty auddepeHLpoOBaHUS
HaxoAMWTCH 3aMeHa.

Bektop ' HasbiBaeTCs cy6epaduenmom BbIMYKIOH (BYHKLUK P
B TOYKE T, ECIIH

o(x + h) = p(z) + (', h) (3.3)

st mo6oro h.
MHoxecTBo cybepaduenmoe ¢ B T Ha3blBaeTCs cy0-

ducpgpepenyuanrom 8 hyHKUMM @ B TOuKe T ¥ 0003Haua-
ercst 0p(z).

e Eciu ¢(z) anddepeHurpyema B Touke T, cyonuddepen-
uMaj CoBMNaaeT ¢ rpaaueHToM,

dp(z) = Ve(z). (?)

o Cy6anddepeHunan moaynsi, p(z) = |z|, paBeH sign T npu Puc. 3.2
T #0 ucermenty [—1, 1] npu =10. (?)

7) Ho He OTpaHM4eHHOCTb, — KaK NOKa3uBaeT npuMep P(z) = €.

8 TepmuHosnorus 3aechb cierka «miasaet». CyoauddepeHumMan MHOrAa Ha3bIBAIOT TaK-
Xe CyOrpaaueHTOM.
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o KacaresnbHasi rHMePIOCKOCTb (CM. puc. 3.2)
§—&=(v,z—x0),

rae & = p(zy), v € dp(xy), — ABASETCH ONOPHON TMAEPIIOCKOCTBIO K Haarpaduky
Boinykiioi yHkumun () B Touke {&, To}. (?)

3.4.1. Teopema. Heobxodumeim u docmamoHreim ycaoguem en06anbHo20
MUHUMYMA 8bINYKAOU yHKYUU € mouke T' aersemcs:

0 € dp(z*).

<« Peuyb uper o 3anave p(z) = min, T € R". Heobxodumocms. Ecnu z* Touxa
MHuHKMMYMa @, TO @(z° + AT) = (') + (0, Az), uTo BreyeT 3a coboit 0 € dp(z*),
B cuny onpenenenus (3.3). Jocmamournocme. Ecanm 0 cybrpanmeHT ¢ B TOuke ', TO,
B cunty (3.3), p(z’ + Az) > p(z*) ans noboro Az. »

TaknM 00Opa3oM, BbiMYKJIOCTb 3HAUYMTEJBHO YNPOLUAET CUTYALUIO.
Kpome MMHUMYMOB, «dpyeux aKkcmpemymos He 6bieaem». Bcakuii aokanb-
HbL MUHUMYM aemomamutecku aensemcs enobanrvhoim. Cmpoeuii MUHUMYM
o6azamensHo eduncmeen. Ycnosue 0 € dp(z”) He Tonbko HeobGXxoaMMO,
HO U docmamoHHo.

OcraHaBnMBaTbCsl MOAPOOHO Ha M3yyeHUU cyoauddepeHLnaloB
HET CMbIC/Ia. DTO MHCTPYMEHT, aHAJIOrMuUHbIi auddepeHUnpOBaHUIO,
TpeOyloLMil MO0 OCBOEHMS, JIMOO NMOBEPXHOCTHOrO B3risaa. Cepean-
Ha HEJIOrMYHa, MOTOMY YTO HE NOBOAMT AEJIO A0 KOHLA, HO OTOMBaeT
xejgaHue. Ilnoc K ToMy, npobieMa OCBOEHUS — HE B MOAPOOHOCTAX
(MX MOXHO KOMMAKTHO M3JI0XHTb), a B GOKYce BHUMAHMUS U MPAKTHUKE.
Hano oTnoXxuTh B CTOPOHY ApYrMe Aejla U KaKylo-TO YacTb XH3HHU MO-

CBATUTDb cy6rpaﬂMeHTaM 9), €CJIi Ha TO €CTb OCHOBaHusi. B NMPOTUBHOM
CTaTUCTHYECKHN MOAABJAIOLIEM Cllyyae HEOOXOAUMO CO3HATENbHO orpa-
HHUYNUTBCA MOBEPXHOCTHBIM B3IJIAAOM.

ITodo6rasn pexomendauus, KoHevHo, udem epaspe3 ¢ mpaduuuei. Mamemamuxy,
deckameo, Heab3A uzy4amo nogepxHocmHo. A nouemy, cobcmeenno? Pazymeemcs, 20e pedo
udem 0 nodzomoeke mpex bi0QIUUXCA CREUUANUCMO8 NO IKCMPEMANbHBIM 3a0a4am, — mam
uHoil paseoeop, cybepaduermot um Ha pody Hanucansi. Ho nukmo e obszan ¢ odunakoeoim
ycepouem usyyamo ece npedmemst. ITpu smom «umems npedcmaenerue» unoz0a mpebyemes,
u mozda npuxodumcs 3a2as0vi6amo 6 coceOHue obaacmu, He cxcuzas 3a coboi Mocmos.

% YenHUBLIMCH C OXHUM M3 CTAaHAAPTHBIX KypcoB, Hampumep, [11].
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CkaszaHHOe TNPULLIOCH K CJIOBY, ¥ 00Jibllie OTHOCHUTCS K CUTYaLUM
6006ue. TIpUMEHUTENBHO K CyOrpaiMeHTaM OHO HE TaK yX aKTyaJlbHO,
MOCKOJNbKY OCHOBY CyoauddepeHLMPOBaHUS COCTABISIOT HECKOJIbKO
JOCTaTOYHO MNPOCTHIX pe3yabratoB [11], HO mpo6neMa, Kak 3TO YacTo
ObIBAET, 3aKJII0YAETCA B MOHUMaHUMU HE YMOM, a HyTpoM. [1yTb K TakoMy
NOHMMAaHMIO OObIYHBIM — pellleHUe 3a1ay ¥ CaMOCTOSITEJIbHOE JOKa3a-
TeJILCTBO ONOPHbIX akTOB. BOT cTaHAAPTHBIN «TEOPMUHUMYM»:

(i) Muoxcecmeo 0p(zy) 6 awboii mouke Ty Henycmo, B8bINYKAO,
3AMKHYMO U 02PAHUHEHO.

(ii) 7Ipoussodnas evinykaoi ynkyuu @ 6 mouke Ty no abomy Ha-
npaenenulo 8 écez0a cywecmgyem u onpedeisemcs pageHcmeom

dp(zo)
s zeIgS(éo)(z’s)'

(iii) Teopema Mopo—Pokadennapa. Ecau dynxyuu ), p; ebinykaest,
mo

d(p1 + p2)(x) = 09\ (z) + dpa(T).

(iv) Teopema dyooBuuxoro—Mumoruna. Ecau ¢ynkyuu @y, oy 6bt-
nykast u p1(Zo) = p2(zo), mo

d max{p\, p2}(z0) = co{dpi(zo) U dp2(z0)}.
(v) Ecau w(z) = p(Az), 20e A npamoyeorsras mampuya, mo
dw(z) = ATdp(Az).

1100 dyp(Ax) 30ece nodpazymesaemca cybougpdepenyuan ¢ no omHoweHuo
K apzymenmy ¢ mouke AT.

(vi) Bomcymcmeue dugpgpeperyupyemocmu pabomaem ananoe meopemot
3.3.2. Boinykaaa yynkuus ecezda MOHOMOHHQ:

Vz,y: (dp(x) — dp(y), = —y) > 0.

(vii) Ecau gynxyuu o1(z), p2(T) evinykas ha omkpeimom evinykaom
MHONCeCmEe U

6(,01(23) = 3302(27),

mo pasnocme () — p2(x) ecmv Koncmanma.
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CuibHasi CTOpOHa CyOrpaaMeHTa, Kak MHCTPYMEHTA, MPOSIBASET-
csa B yHudMKauuu. B cBeaéHUM paccyxkIeHHil K UenoykaMm ¢opmy,
He TpeOylouIMX oroBopok. Takoe CBOMCTBO METOAUKHU OYEHB BAXHO MPH
ucnosnb3oBaHuu. [Moatomy orpaboTka AeTaneit aaeT Macrepy yAoOHYIO
TEXHOJIOTHUIO, HO CWJIbHO Pa3ApaXxaeT MO0Jb30BaTeieid, UMEIOLLMX AEN0
C FOTOBbIMHW pe3yJibTaTaMHU. AHAJIOTUYHBI KOMMEHTapHUii MOXHO AaTh
K BBIMYKJIOMY aHajlu3y B LieJIOM. TaM e€CTb Macca HIOAHCOB, KOTOpbI€
Mbl 00XOAMM CTOPOHOM, OrPaHUYMBASICh PACCMOTPEHUEM COOBCMBEHHbIX

dynrxyuii 10) ¢:R" > R.

MHOr1e YuTaTeNH MCMbITHLIBAIOT pasapaxeHue no nosoay (GyHKUMIA, NPUHHMA-
10WKX OeckoHeuyHble 3HayeHus. UM Her mena no norpeGHOCTed caenatb @yHKuuu-

UHOUKamopwot
0, zT€EQ
x(@) =
00, T¢Q

BbINMYKJ1bIX MHOXECTB Q — Toxe BbINTYKJIbIMH.

3.5. ConpsixeHHble PyHKLUUMN

IpaduKy BbINYKIbIX GYHKLUMIT MOXHO PacCMaTpMBATh ABOSIKO: KaK TO-

YeyHble MHOXECTBA M KaK Orubaolive OnopHbIX TMNEpPIUIOCKOCTEN .
[TonoGHast ABOMCTBEHHOCTb CJIY)XMUT OCHOBOW IUISl M3BJIEYEHUS] BBITOA
W3 MepenacoBblBaHMsl Pe3yJbTaTOB, KOTOPbi€ TPaHC(HOPMHUPYIOTCS B HO-
Bble (DAKTbI [1IPX CMEHE TOUYKH 3PEHMS.

OCHOBOI1 MaHMITYJIMPOBAHUS CIYXHUT, B YaCTHOCTU, npedcmasnenue

. Lo 12
8bINYKAOU (DYHKUUU KAK MAKCUMYMA — AUHEUHbIX ).

o(z) = m?x{cp(z) +(s,z—2)}, $E€dp(2). (3.4)
nOCﬂeﬂHee PAaBHOCHJIBHO

Vz:(s,2)—p(z) = (s,z) — p(x), sE€Ip(z). (3.5)

10) HanomMHuM, ¢hyHKUMIO Ha3bIBAIOT cobcmaenHoii, €CIU €€ HaarpadvK He MyCT U He COo-
AEPXWT BEPTHKAIbHBIX MPSMBIX, T. €. BE3AE Q(T) > —00, HO UCKIIOYEHO Y(T) = +00.

A ya 3aMKHYTBIE BbIMyKJIble MHOXeCTBa (HaarpadyKu) MOXHO CMOTPETb KaK Ha mne-
peceyeHne COAEPXKALIMX MX 3aMKHYTbIX MOJYMPOCTPAHCTB, HE CYMTasi aILTEPHATUBHOTO
TOYEYHOTO ONMUCAHMS.

19 Tounee roBopsi, agppunnbix.
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[Mpousson BbiGOpa cyorpaaueHTa s U3 d¢(z) He BIUAET Ha pe3yiib-
TaT, KaK OyaeT BUAHO U3 noKa3aTtenbcTa (3.4). Ecau ¢p(x) nnddepen-
uMpyeMa B 0ObIYHOM CMbIcie, TO (3.4) nepexoauT B

p(z) = me{SO(z) +(¢'(2), 2 - 2)}, (3.6)
yto Benaman Ha3bIBal Keasuauxeapuszayuei.

<« O6ocHosanue (3.4) coBcem npocto. B cuny (3.3)

p(e) > ¢(2) + (s, 2 - 2)
ans moboro 8 € dp(2), oTKyaa

p(z) > Stzlp{sO(z) +(s,z-2)}, (3.7)

Ho npu z = Z B (3.7) nOCTHraeTcs PaBEHCTBO, YTO BieyeT 3a coboii (3.4). »

Boinykiioi (yHKumMu () yacto yanoGHO COMOCTAaBSATL — CONPA-
HCEHHYIO

0 (y) = sgp{(w, y) — ()}, (3.8)

Gasupyioluyiocst Ha cBoiicTBe cybrpamuenTa (3.5). Mepexon (3.8) Ha-
3bIBAIOT npeobpasosanuem FOnea—Denxens, a Takxe npeobpazoeanuem
Jlexcandpa, YTO HE COBCEM TOYHO.

Ecnu dynkumus ¢ : R" — R (He 0653aTeNbHO BbiMyKJ1as) UMEET HEBLIPOXAEHHBIH
reccuaH, npeobpaszoeanue Jlexcandpa onpeaensieTcst Kak

¢'(y) = (z,y) —p(z), 20e Vo(z)=y.
Ecnv npu 3ToM () rnagkas, CTpOro BbifykKiasi M pacTetT Ha GECKOHEYHOCTH GbicTpee
JIMHEHOM PyHKLMH, TO

¢'(y) = max{(z, y) - p(2)}. (3.9

[Mostomy npeoGpa3oBanue (3.8) spnsiercss o6oGweHueM (3.9), cBA3AHHLIM C 3ame-
HOI MaKCHMyMa Ha CYTMpeMyM W OTKa3oM OT psiga TpeGoBaHuil. C Apyroit CTOPOHbI,
npeobpasoBaHue Jlexanapa, B omiumne ot (3.8), onpenensiercss He 00s3aTeNbLHO WIS
BbIMYKbIX (DYHKUMIA.

Conpaxcennan ynkuua eceeda 8binyKaa, HO TyT €CTb YEPBOTOYMHKA.
Jlerko ybeauThesi, uto conpsixeHHas ans p(z) = e ecTb QyHKuMS,
NpUHMMaloLLas GeCKOHeUHble 3HaueHus: ¢*(y) = yIn (y/e) npu y > 0,
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u ¢*(y) = 0o npu y < 0. MoaToMy, eciM OrpaHUUMBATLCH TOJLKO
GYHKUMSMM, NTPUHMMAIOLLIMMHU KOHEYHbIE 3HAYEHUsI, TO UrPOBOE MoJjie
OKa3bIBAETCS CIMLIKOM TECHBIM.

OCHOBy i1 N3BJICYEHNUA MHCTPYMEHTAJIbHBIX BbITOO U3 JNBOMICTBEH-
HOCTH AAlOT CIAE€AYIOLINE pE3YabTaThl.

3.5.1. Teopema Mopo—®enxens. Ecau ¢ynkuus @(x) evinykaa u 3a-

meuyma'> | mo ¢** (z) = p(z).

3.5.2. Teopema. s eoinykaoi 3amkuymoi gyukuuu o(xT) u a106bix
guxcuposannbix T,y € R" — caedyrowue ycnosus sxeusanenmuoi:

(1) y € 0p(z),
(i) z € 3¢ (y),
(i49) (z,y) = o(z) + ¢* ).
<4 U3 y € dp(z) n onpenenenus cybanddepeHumana cieayer
Vu:(z,y) - o(z) 2 (u,9) - p(v),
OTKyna

¢'(y) = sgp{(u, y) —o(u)} = (z,y) — (),

T.e. (1) = (it1). DT1a Xe uenoyka Nerko NPOXOAUTCS B OOPAaTHOM HarpaB/IEHHH, YTO
B UTOrE ObecrneunBaeT 3KBUBANEHTHOCTH (1) u (ii1).
AHAIOTHYHOE PacCyXaeHHe, HauaToe ¢ T € ' (y), NPUBOLUT K PaBEHCTBY

e (z) = (z,y) — ' (v),

YTO € yYeTOM @** = ( NPUBOLMT K IKBUBaNEHTHOCTH (if) u (ii1). B
3.5.3. Hepasencrtso lOHra 1),
o) +¢'(y) = (z,y).

Jnst ogHOpOAHBIX BuIMyKAbIX dyHKumi, ¢(17x) = T9(x), T > 0,
yaoBieTBopsiioiux TpeboBanuio @(z # 0) > 0, — WKMPOKO UCMONB3Y-
€TCSL NOAAPHAA YHKUUA

¢%(y) = max (z,y).
p(z)=1

13) 3aMKHYTOM Ha3biBAIOT (BYHKLMIO, UMEIOLLYIO 3aMKHYTbIH rpadmk.
19 Cpasy sbitexaroluee u3 (3.8).
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B yKka3aHHBIX MpeanonoXeHusx () ABASETCS HOPMOM, a noaapHas
dynkyus deoiicmeennoii Hopmolil,

lyll* = max (z,y).
llel=1

JIBoWicTBEHHAas HOpMa K NBONCTBEHHOW — OMNATb MCXOAHAs, T. €.

l|z||* = ||z||. EBkinnoBa HopMa ABojicTBeHHa cama cebe. JBOiCTBEH-
Hast K 0Kmasdpu4ecKkoii HOpMe,

el =Y |z,
i
— Kkybuueckas,
lellm = max la,

1 Hao00poT 13)

3.6. Teopema Xennu

Kak HekTo ynauHo 3aMeTul, umobbi pazearums Heboabuioe 20cydapcmeo,
docmamoyHo nodapums emy Kpeiicep. Y BbINYKJIOTO aHAIN3a /ISl YUTATENS
€CTb JOBOJILHO MHOTO MOAApKOB Takoro copra. M xoTs «Mbl JOJIXKHbBI
JIiyMaTb HE O TOM, YTO MOXET MPUIOAUTLCSA, a O TOM, O€3 Yero Heb-

35 00OMTHCH» 16), — ayaMTOpUs BIUTBHIBAET TO, YTO IPHUBJIEKATENBHO.
K u3siHbIM dakTaM noaoGHOTo poa OTHOCUTCSE meopema Xeaau.

3.6.1. Teopema. [Iycme S — KoHeuHoe cemeiicmeo u3 He menee yem N+ 1

17
BLINYKABIX MHOXMCECM8 ) ¢ R". Toeoa, ecau kaxncosie n + 1 mroxcecme
u3 S umerom nenycmoe nepeceuenue, mo nepecevenue 6cex MHOJ¥Cecms u3 S
He nycmo.

< LR yTBEpXIAeHHE oueBuaHO. Jlanee no uHaykuuu. [lonycTuMm, pesyabrart
cnpaBeniuB B R", nokaxem, 4To oH ocraetcsi B cune B R*T'. Iyctb no6bie n + 2
MHOXECTB U3 S nepeceKaloTcst, HO (B NPEATONOXEHHN NPOTHBHOTO) nepeceveHue (S

15 Neranu u npuwroxenms cm. 8 [6, T.3).
16) Jxcepom Knanka Axcepom.

1) CemeitcTBO S MOXET GbiTb 1 GECKOHEUHBIM B MPEANONOKEHUH, YTO KAXKIAOE MHO-
XECTBO U3 S KOMMAKTHO.
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nycro. Torna HaiimeTcsi noaceMeicTBO S, MycTh 3TO OyIET caMO S, U MHOXeCTBO S,
TaKue YTo

NS=2, w P=N{S\S}+#2.

B 3TOoM ciyuae cywlecTByeT Takas pasfensiiowiasi runeprjaockocts H, yrto P nexur
B OLHOM M3 OTKPbITbIX NOJYNPOCTPAHCTB.

Jlobble 7 + 1 MHOXecTB 3 S\S BMecTe ¢ S 00pa3yioT n + 2 MHOXeCTB, 00si-
3aHHBIX MMETb HenycToe nepeceyeHue. Iloatomy nioGbie n + | MHoXecTB U3 S\§
B N-MEPHOM CeYeHMHU runepIuiockocThio H nepecekaiorcs. Ho Toraa (no wHayKTHB-
HOMY NpeanoNOXeHHI0) Bce MHOXeCTBa cemeiictBa S\S nepecekaiotcst B ceyeHuu H.
IpotuBopeune. »

CriekTp npuaoxeHuit meopemst Xeanu 10BosbHO Lnpok [10]. B kou-
TEKCTE ONTMMMU3aLlMM OHA MOXET MCIMOJIb30BaTLCA B 3aj1ayax o paspe-

LLIKMOCTH HEPABEHCTB. Ecau nobast cucremMa us n + 1 HEPABCHCTB 18)
fi@, .o 2) 20, j=1,...,N, (3.10)

paspelurMa, To 1 Best cucteMa (3.10) paspewuma.

18) Pasymeercsi, f; Bbinykiibie yHKUHMH.
j
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Bbinyxnoe nporpammuposarme

4.1. Teopema Kyna—Takkepa
HenuHeitHas 3agaua
f(z) = min,
hj(z) <0, j=1,...,r, (4.1)
TEQ

¢ BbinyKibiMu dyHKunamu f(z), hj(z) v HexoTopOit BbIMYKIIOH 0Ga-

1 .
cTbio V) Q — Ha3sbiBaeTcs 3a0aveli 86inyKA020 npoepammuposanus. B (4.1)
NpeanonaraeTcsi BbIMOJHEHHBIM Ha @ ycaoeue Chaeiimepa: CyuIeCTBYET
Takoe I, YTOo

hi@) <0, j=1,...,r.

WubiMu cnosamm, obnacts, Bbiaensemas HepaseHCTBamu hj(z) < 0,
WMEET BHYTPEHHOCTbD.

YucTo BHELIHE ponb ycnosus CneiTepa CBOAMTCA K TpeGOBAHMIO HATMYUS BHYT-
PEHHHX JOMYCTUMBIX TOYEK, HO OMOCPENOBAHHO MCKJIIOYAIOTCS OrPaHMYEHHUSI B BUIE
paseHcTB. Takue orpaHuueHus ¢opmanbHo orcyTcTByloT B (4.1). OxHako hj(z) = 0
BCEra MOXHO 3aMEHHUTb ABYMsl POTHBOMOJIOXHBIMU HEpaBEHCTBAMU. Ycnosus Cheii-
Tepa HE NO3BOAAIOT 3TOro caeaaTh. Ho 0CTaeTcst BO3MOXHOCTb BKJIIOYMTh TAKHE YCJOBUS
B onucaHue Q.

4.1.1. Teopema Kyna—Takkepa. Touka x* € Q seasemca moukoii eno-
6anvHoco munumyma e 3adaxe (4.1) 6 momm cayvae, Koeda Haiidymca
Heompuyamenohoie muoxcumenu Jaepanxca, y* = {yi,...,yr}, npu xo-
Mopbix @binonHenst yeaosun donoaustoueil wexcecmkocmu, yihi(z*) =0,
u nazpandcuan

L(z,y) = f(z) + (y, h(z))

b OGpaTiM BHUMaHHe, 4TO orpaHnyeHms h;(z) < 0 MOXHO MepeHOCHTDb B ONMMCAHUE
obnactu @, n HaoGopoT. MMonobHas «cTeneHb CBOGOAbI» UCMONBL3YETCs, HANPUMED, NPU
nepexone K deolicmeenHoim 3adavam.
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npuHumaem MuHUMAanNbHoe o T 3HaveHue, m. e.
L(z,y") > L(z",y"), VzeQ, 4.2)
Aubo 6 cybapaduenmuoii hopme: 0 € 8, L(z", y*).
< Jocmamounocme. B cnyyae (4.2), npuyem ycrosue Caeiimepa HeoOA3aTENBHO,

f(z) > f(z)+ (', h(z)) = L(z,¥") > L(z" y°) = f(z) + (v', h(z")) = f(z).

Heobxodumocms. Orpannuumest st npocToThl cutyauued Q = R™ W rmagkux
dyukuumit f(z) n h(z) = {h\(z), ..., h.(z)}. Eciu z* Touka r1o6anbHOrO MUHMUMYMa

B 3anaue (4.1), To Mo Teopeme 2.3.1 CyILECTBYIOT ¥}, - . . , Yr , VISt KOTOPBIX BBITIONHAIOTCA

YC/IOBHUS NOMOHAIOWEH HEXECTKOCTH, n?

Vi) = Z y;Vh;(z"). (4.3)

Mocnennee papeHcTBO rapaHTupyet (TeopeMa 3.4.1), yto B Touke {z* y*} nocru-
raetcs rnoGaibHbiii MUHUMYM JnarpaHxuana L(z, y‘) no T, YTO U AAaeT HeobOXoau-
moe (4.2). »

B HeauddepeHunpyeMOM ciydyae cooTHOwweHHUe (4.3) HanO 3aMEHUTb HEOOXOMM-
MBIM YCJIOBUEM MUHHUMYMa:

8f(a’) = 3 yjohi(a’).

4.1.2. Onpeaenenue. llapa (z",y*) € R" x R" wasvieaemcs cednosoii
moukoii gpynxuuu P(z,y), ecau

Y y) <9’ y') <Y, y')

npu a106bix donycmumbix T, y. Jpyeumu croeamu, T" — mouxa MuHuMyma
¥(z,y*) no x, a y* — mouxa maxcumyma (", y) no y.

Cyu.lCCTBOBaHMC CEAJIOBON TOYKH rapaHTUPYET paseHcmeo MuHu-
MAKCA MAKCUMUHY:

min max ¥(z, y) = max min ¥(z, y) = ¥(z", y*),
T y y T
4TO, BOOGLIE roBopsi, TpebyeT 060cHOBaHMs (cM. paszen 4.3).

Teopema Kyna— Takkepa MoXeT ObiTb nepedOpMyUpOBaHa B «CEli-
JIOBOM BapHaHTe».

?) pasencTso Ay =1 — cM. (2.10) — obecneunsaercs ycaoeuem Caeiimepa.
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4.1.3. Teopema. Touka T* € Q Aersemca mouxoii 2n06anbHO20 MUHU-
Myma 6 3adaue (4.1) 6 momm cayuae, Ko20a Haiidymcs HeompuyamensHoie
muoxcumenu Jaepannca, y* = {yi,...,ys}, npu xomopsx (z*,y*) —
€e0106as MoMKA NACPAHNICUAHA,

L(z'y) < L(z" y") < L(z,y"), VzeQ, y>0. (4.4)

KoHeuyHo, Teopema 4.1.3 dopMaibHO HyXIaeTcsa B NOKA3aTeAbCTBE, KOTOPOE 3a-
HUMAET HECKOJIBKO CTPOYEK M JIErKO BOCCTAHABAMBAETCS MPU OCMBICIEHHOM YTEHHUH.
Ecnu Xe yTeHHE CAMILIKOM NMOBEPXHOCTHO, TO U AOKA3aTedbCTBO He TpebyeTca. OnHako
B JIHTEpAType LJIMHA OOBACHEHUS HEepeaKO OOpaTHO MpPONOPLUUOHANbHA CIOXHOCTH
nononaeku. Ilonydaercs kak y IlapkuHcoHa. «Ha MapkeTMHroBbie McCleAOBaHUS
npemiaraeTcs BblOEJUTb AECATb MUWLIMOHOB aomiapoB. Kro 3a?» I[IpuHumaercst B nBe
MUHYTbI. [TOTOMY 4TO OXBaTUTb «IECATb MUJIMOHOB» YMOM — He nojy4aetcs. «Ha 3a-
KYTIKY TyajleTHO# Gymaru — TpucTa py6neit. Kakue ectb MHeHUA?» OOGCYXaEHUE WIUTCA
JBa yaca.

4.2. BOWNCTBEHHOCTb

CuMMeTpHs NarpaHXuaHa OTHOCHTENbHO MPAMbBIX M ABOMCTBEHHbIX I1€-
PEMEHHBIX (Z M Y) CBUOETENLCTBYET O CyLIECTBOBAHMM 3a KaapoM
JMAIEKTMYECKONM Mapbl 3a/1a4, KOTOPbIE J1IErKo oGHapyxuBalotcsi. Hepa-
BeHCTBa (4.4) OKa3blBAIOTCSl PABHOCWJIbHDBI CYLLECTBOBAHMIO HE TOJIbKO
YCJIOBHOTO MMHHMMYMa B 3afaye (4.1), HO M YCIIOBHOrO MakCMMyMa He-
KOTOPOii deoiicmeennoi 3adauu (CM. nanee).

BeeneM dpyHKLMOHA
S(z) = sup{L(z,y) : y >0},

nonarasi S(T) = 00 MpW Tex 3HAYEHHUSIX T, MPU KOTOPbIX 3HAYEHHUS
L(z, y) HeorpaHHUYEHBI.
C nomouusio S(z) 3amava (4.1) MoxeT GbITb 3anucaHa B BUIE

S(x) > min, z€ Q. (4.5)
Ecnu xe BBeCTH (byHKLIMOHA
R(y) = inf{L(z,y) : z € Q},
TO C €ro NMOMOLUBIO BbIMUCHIBAETCS 0golicméenran 3adaua K (4.5):

R(y) - max, y >0. (4.6)
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JBoiicTBeHHast npupoaa 3agay (4.5) u (4.6) COCTOMT B TOM, YTO
OllHa U Ta Xe ce/wtoBas Touka (z*, y*) «onHoro u Toro xe narpaHxuaHa»

CJAYXHT pelieHUEM U TOM W IpYroii 3amayu 3, [To3TOMy BO3MOXHOCTb
nepexona OT OAHOM 3a4ayu K APYroit CIYXHUT OObIYHO UCTOYHUKOM Bbl-
rofl, Kak BBIYMCJIMTENbHBIX, TaK M 00LLeTeOpeTUYECKUX. Bee 310 xopoluo
BMIHO Ha NPUMEDE AUHeliH020 npoepammuposarus (M KBaipaTUYHOTO).
B Gonee o6winx cutyauusix 3@eKT 3aBUCUT OT TOro, «paclindpoBbi-
BaeTcsi» 1M hyHkuusi R(y) B KakoM-1160 npuemaeMoM Buzae. CKaxeM,
IBOMCTBEHHAas K 3a/laye JTMHEWHOro NMporpaMMMUpPOBaHUS — CHOBA JIM-
HeifHas 3ajaya, U TOraa MaHUNYJIMpOBaHUE UOET HAa OHOM sI3bIKE, faBas
noje3Hbli pesynsrar. Ho Koe-4To MOXHO KOHCTaTUPOBaTh M Ha CaMOM
0o0LLEeM YpPOBHE.

4.2.1. Teopema. /[ia a106bix donycmumbix 3HaveHuil T U Yy cnpagedruso
4)

HepaeeHcmeo

f(@) > R(y),

nepexodsauee & paeencmeo | f(z*) = R(y*) | 6 momm cayuae, roeda

*
(", y*) — cednoeas mouxa nacpanmcuana, a smauum, T* — pewenue
« * « «
npamoi 3adau, Yy — O0eolicmeeHHoIl.

<« JlokasbiBaTb, BOOOLLE rOBOPS, HEYETO, MOCKOJbKY YTBEPXKIAEHUE MPEACTABIAET
co60it nepepopmynupoBky meopemot Kyna— Takkepa. »

4.3. Teopema 0 MMHUMaKCE

BOHpOCbl, BO3HHUKAOWHUE BOKPYTI MUHUMAaKca, YACTO CTaBAT B TYINUK HU3-

3a HEAOCTaTKa «MpOCTPAHCTBEHHOIO BOO6pa)K€HMSI». CHayajia He sICHO
5

«4YTO TYT AOKa3bIBaTb» ), NMOTOM HeE SICHO «Kak». OCHOBa 31€Cb, TEM

HE€ MCHEEC, 10CTAaTOYHO NMpoOCTa.

4.3.1. Teopema. Munumakc ecezda 6oabiue MaKcumuna,

min max ¢ (z, y) > max min ¢Y(z, y). (4.7)
z y y

3 Pa3ymeeTcsi, MpH YCIOBUM CYLIECTBOBAHMsI CEIOBONH TOYKHM. 3aMETHM TakXe, 4TO
060licmeeHHAA K 080lICMEEeHHOI — CHO8A UCXOOHAA 3ada4a.

* Mo31oMy 11060€ 3HaueHMe R(Y) Da€T OLEHKY CHU3Y YCIOBHOTO MUHHMYMA B NPAMOIi
3anave (4.1).
5
) 310, KCTaTH, HauBONEE COXHAs /IS IOHMMAHHS YaCTh MATEMATHKH.
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Pasencmeo 6 (4.7) docmuzaemca 6 momm cayuae, kozda Y(x,y) umeem
cednosyto mouxy (z,y*), npu smom

min max 9(z, y) = max min 9(z, y) = $(z’,y"). (4.8)

<4 MuHuMH3aumus 00eUx yacTeit O4eBUOHOTO HEPABEHCTBA
max Y(z,y) = P(z,y)

TNPUBOLMT K
min max ¥(z, y) = miny(z, y),
z y z

oTkyaa cnenyer (4.7).
IMycTs Tenepb cywecTByeT ceaoBas Touka (', y*). U3 onpenencHus 4.1.2 umeem
¥(z,y") > ¥(z',y’), okyna

max min $(z, y) > min ¥(z, y') > $(a’ y°).
y z z
Ananornyno u3 ¥(z', y) < ¥(z', y') crenyer
min max ¢(z, y) < ¥(z' y').
z oy
B pesynbrate
min max ¢(z, y) < ¥(z', y') < max miny(z, y),

z v Y z

4TO B conocraeneHuu ¢ (4.7) naet (4.8). 10 ycTaHaBnuBaeT docmamourocme.
MycTb Tenepb, Hao60poT, cripaBeainBo (4.8). Buibupas Touku ', y* M3 ycnoswii

min ¥(z, y*) = max min ¥(z, y),
z y z

max ¥(z', y) = min max ¥(z, y),
Yy z vy

ybexaaemcs, B cuny (4.8) u onpenenenus 4.1.2, uto (z',y*) — cemntosas Touka. 1o
JIOKa3bIBaeT Heo6Xo0umocmo. »

Munummnzaums 1 makcumusauusi B (4.7) n (4.8) MOXET BeCTUCH
no gobbiM obnactsiM, £ € X, y € Y. Hano nviub MMeTb rapaHTuio,
YTO MMHUMYMbl M MaKCHUMYMBbI CYLIECTBYIOT. st 3TOro mocraro4yHa
KOMIAaKTHOCTb X, Y, — HO He TOJNbKO.

Teopema 4.3.1 ycraHaBIMBaeT 3KBUBAJIEHTHOCTb IBYX YCJIOBMH,
HO HMYEro He FoBOPUT O TOM, KOrda Xe ceaioBasi TOYKa CyLIEeCTBY-
er. CraHoapTHBIA MyTb AOKa3aTesnbcTBa (4.8) COCTOMT B ClEAYIOLIEM.
BBoasiTcst 1Ba 0TOOpaXeHUst

U(y) = Arg ming(z,y) n V(z) = Arg max Y(z, y).
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M3 cyuiecTBOBaHMsl HEMOABUXHON TOYKH Y MHOFO3HAYHOrO OTOO-
paxenus U(z) x V(y) cnenyer (4.8). JdeiicTBUTENBHO,

(zy") € UY') x V(z')
O3HayaeT

min (2, y") = $(@"y") = maxp(z’,y),

otkyna ¥(z, y*) > ¥(z', y*) > v(z" y), r.e. (z',y") — cemnosas Touka,
1 no teopeme 4.3.1 cnpaBeannBo (4.8).

Takum oOpa3oM, npobysemMa CBOAMUTCS K CYLIECTBOBAHMIO HEMO-
JIBUXHOM TOYKHU Y MHOro3HauHoro otoopaxeHuss T =U x V.

anBeﬂeM HECKOJIbKO NMPUHUHUNOB HEMOABUXHOM TOYKH, — OTHOCHUTEJIbBHO MPO-

CThle NOKa3aTeabcTBa ecThb B [17]. Huxe cunTaeTcs, 4TO paccMaTpMBaeMble MHOTO3HAY -

HbI€ OTOGpEI)KeHMﬂ MMEIOT BbINMYyKJbie 00pa3bl U NPEeAnosaraloTcs 3aMKHYTbIMU 6).

4.3.2. Teopema Kaxyraum. [Tycmo mHnozo3na4noe omobpaxcenue T nepeeodum e cebs
samknymoiit wap B, m.e. T(B) C B. Tozda T umeem Henodeuxcryio moky ' € B,

z* € T(z").

4.3.3. Teopema. flycms 0 € Q u (z,y) > 0 daa aboi naper éekmopos T € Q,
y € T(x). Toeda exaouenue 0 € T(z) paspewumo 6 2.

4.3.4. Teopema. ITycms 0 € Q u (z,y) < (T, T) dra 4060i napsi 6exmopos T € Q,
y € T(z). Toeda omobpaxcenue T umeem nenodeudxcuyo mouxy x* € Q.

M3 nonoGHoro copra (akToB ClAenylOT pasjivuHble YTBEPXIEHHSs
0 CYLLECTBOBAHMM CeLI0BOI TOUKH. OrpaHUYMMCSi OHUM MPUMEDPOM.

4.3.5. Teopema. [Tycmo ¢ynxuus Y(x,y) onpedesena na npoussederuu
X xY komnakmoe X u 'Y, eoinykna no € X u eoenyma no y €Y.
Tozda Y(z,y) umeem cednosyio mouxy.

<« B nepeuncnenHbix npeanonoxexusx orobpaxenue T = U xV ynosnersopsiet
ycnoBusaM TeopeMbl KakyTaHu (c HEKOTOPbIMU OrOBOpKamMHu). b

% MuorosnauHoe otoGpaxeHue T : X — 2Y haswisaetcs 3amkHymoim (noayHenpepoie-
HoiM céepxy), ecan rpadmk 3Toro otobpaxeHus 3aMkHYT B X x Y.
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4.4. Pa3peumMoCTb HEPABEHCTB

Pa3peluMMoCTb HEPABEHCTB, OMMUCHIBAIOLLMX 00JaCTH JONyCMUMbIX pe-
wenull, — BECbMa MPUHLMITHAIbHBIA BOMPOC LISt 3aJa4 Ha YCJIOBHBIN
akcTpeMyM. [Ipu 3TOM cucmemor auHelnbiX Hepagencmeé — ITAJIOH, KO-
TOpBIN packpbiBaeT Mpuponay Gojiee CAOXHBIX 3a4ay U, B TO XK€ BpPeMs,
OXBaTbIBAET CYLLECTBEHHYIO YaCTb MPHUIIOXEHHIA.

JIuneitHble HepaBeHcTBa BUuga Az > 0 wiu Az > 0 ¢ npsAMOyroJib-
HOI Marpuueil A ynoOHO aHaIM3UpPOBaThb BU3YaJIbHO F€OMETPHUUYECKH.
[MpuMepHO Tak.

Pa3speluMMocTb HepaBeHcTBa AT > 0 03HAYaeT CyLIECTBOBAHUE TAKOTO BEKTOPA T,
CKaNipHOE NMPOU3BEAEHHUE KOTOPOTO Ha JI00YI0 BEKTOP-CTPOKY @;. MOJOXHUTENBHO,

(a,»;, (E) = Z a;;T; > 0.
j

TeOMEeTPHYECKH SCHO, YTO MOAXOASALIMIA 3MEMEHT T CYLUECTBYET, ECJIM BCE BEKTOPHI @;.
PacroiOXeHbl CTPOrO M0 OAHY CTOPOHY HEKOTOpOIA (n — 1)-MepHO# MIOCKOCTH.
Ilns 31010, B CBOIO OYepeab, TpebyeTcs, YToObl MHOXecTBO K (A) BeKTOpOB

w = Z yjaj:
j

NpH BCEBO3MOXHBIX HaGOPax MONOXUTENbHBIX KOIDDULIMEHTOB

y={y|,--w3lm} >0

6bLI0 330CTPEHHBIM KOHYCOM, HE COIEPXALIMM MPOTUBOMONIOKHO HANpPABAEHHbIX BEK-
TopoB. Ecnu xe
u= E :yjai:’ v= § :zjaj:
j j

Hu=-v,T0

utv=2 (y+2)a; =0,
i

YTO yKa3bIBa€T Ha CNPaBCAJIMBOCTb CJCAYIOLLIETO peldyabraTa.

4.4.1. Teopema. Jlubo nepasencmeo Ax > 0 paspewumo, aubo yA =0
UMeem HeHyneaoe NOAONCUMENbHOE PellleHue.

Pe3ynbTathl TUNA TEOpeMbl 4.4.1 MPUHSATO Ha3bIBATh meopemMamu 06 anbmepHamueax.

Ecnu TpebyeTcst CTPOro NojioXUTENbHOE pellieHue T > (0 HepaBeH-
ctBa Az > 0, TO 3TO CBOAMTCS K Mpeablaylleil 3aaaye o pa3pelinMocTy
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- [

3amaya O pa3pelIMMOCTH HepaBeHcTBa AT > b ToXe CBOOUTCS
K Nnpeabiaylei — ¢ MaTpuile

Bz > 0 ¢ maTpuuei

ay ... aQp —-bl
a ... Qyp —-bz
aml “ee amn —'bm
0 ... 0 1
< Ecnun nocnentee HepaBeHCTBO umeeT peweHue {Z, ..., Loy}, TO PEIIEHHEM

ABJISACTCA U

(o)
ey e »
Tntl Tntl
4.4.2. Teopema. Jlubo nepasencmeéo Ax > 0 paspewumo (x # 0), aubo
yA = 0 umeem cmpoeo nosoxcumensroe pewenue y > 0.

<« [lng nokasatenbCTBa AOCTaTOYHO 3aMETUTh, YyTo Az > 0 paspewmmo, ecin
koHyc K (A) nomeuaercst B HEKOTOPOM MOMYNPOCTPaHCTBe. B nipotueHOM ciyyae K (A)
COBMagaeT co BceM NMpocTpaHcTBoM R™, u Torna ansa no60ro

u= Z Yiaj:,
j
rae Bce y; > 0, cywecTByeT MPOTUBOMONOXHbIN BEKTOP
V= Z z2;a;j.,
j
npuueM y+2>0u (y+2)4A=0. »

Mo cywectBy Teopembl 4.4.1, 4.4.2 B COBOKYNMHOCTH CO CTaH-
JapTHbIMM MpUEMaMHM Mepexona K HOBbIM MaTpuiam (HepaBeHCTBaMm)
OXBaTbIBalOT MHOrME€ pe3ysbTaThl B 00/aCTH JIMHEMHBIX HEPaBEHCTB
aJILTEDHAaTUBHOIO XapakTepa «inb60-1ub6o». PazHooOpa3ue BapuaHTOB
B 3TOM 00nacT, TEM HE MeHee, NOCTaTOYHO BEJIMKO M (HPOPMYJIUPOBKH
PE3Y/ILTaTOB BBLIMISIAAT BeCbMa HEMOXOXHMMHM ApYr Ha apyra [15]. Bor
Hebonbiasi cepust GakToB.
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e CucTema JIMHEIHBIX YPABHEHUI U HEPABEHCTB,
Az =0, z>0, yA>0
BCEraa UMeeT Takoe pelerue {z,y}, yro yA +z > 0.

e JIu6o Az = b umeer pewenue = > 0, au6o yA > 0 Bneyer 3a co6oit yb > 0
(7emma Munxosckozo—Paprawa) ",

e JIu6o Ar = b umeer peweHue z > 0, n1M6O pa3spewsMMa CUCTEMAa HEPABEHCTB
yA >0, yb < 0 (nepepopmyauposra npedoidyusezo ymeepxcdenus).

o JIu6o Az < b umeer pewerue >0, 160 cucrema HepaseHcTB yA >0, yb <0
HMmeeT pewierue y > 0.

e JIn6o Az > b paspewmmo, 1ubo cucrema yA = 0, yb = 1 umeer pewenue y >0.
e CucrteMa HepaBEHCTB
Az <0, >0, yA>0, y>0
BCEra UMEET TaKOe pellieHHe, YTo

z+yAd>0, y-Az>0.

4.5. JluvenHoe nporpammMmupoBaHue

3anaua JMHEHOTO NPOrpaMMUpOBaHHs )
(c,z) > max, Ar <b, x>0, (4.9)

XapaKTepU3yeTCsi IMHEMHOCTBIO Ueaesoi dynkyuu (¢, T) N OrpaHNYEHHU I
E a;;Tj < b;.
J

Marpuua A umeer pasmep m X n (M OrpaHUYEHHit, N NEPEMEHHDIX).
PasymeeTcst, 3T0 YacTHBII cllyyai 3a1ayu BbITYKJIOTO MPOrpaMMMUpOBa-
Hus (4.1).

") lononHuTenbHyI0 HHGBOPMALMIO O TMHEHHBIX HEPABEHCTBAX MOXHO HAHTH B COOp-
Huke [15].
%) YcnoBUE HEOTPHLATENILHOCTH MEPEMEHHBIX HeoBA3aTeNbHO. CTAMIAPTHAs pa3HO-
BHIHOCTb 3ala4u:
(c,z) » max, Az <b.

BapuaHThi ¢ MHUHMMU3auMe (€, ) HUYEro HOBOTO B NMOCTAHOBKY HE MPUBHOCAT, HGO
CBOAATCH K MAKCHMMH3aLMK NOCE 3amMeHbl (¢, ) Ha (—c, Z).
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KanoHuueckasi MoauduKauus
(c,u) > max, Bu=0b, u>0 (4.10)

nonyyaetrcsi U3 (4.9) no6aeneHuMeM GUKTUBHBIX MapameTpoB 2; > 0,

TaKHUX YTO
E a;iTj + 2, = b;.
J

]

ucxonHas 3aiava (4.9) npuHumaet Bua (4.10).

B nepeMeHHbIX

Hcnonb3oBaHue PUKTUBHBIX NEPEMEHHBIX MO3BOJISAET MEHATDL (Op-
My 3afauu 10 Hey3HaBaemocTH. Hanpumep, BMecTo (¢, ) MOXHO MaK-
CUMM3UPOBaTb EAMHCTBEHHBIA CKAJSIDHBIA MapameTp Tp4) — max,
[100aBIsist K OrPaHUYEHUSIM YCJIOBUE

(¢, ) — Tpy1 = 0.
AHAJIOTMYHO HeJIMHEVHass MUHMMaKCHas 3a1adya
max{(c', z), ..., (ck,m)} —min, Az <b, x>0
CBOIMUTCS K JIMHEHNHOM:
ZTpyy — min;  Bce (cj,a:) <Tpyy, Az <b, x>0

B kauecTBe «3a3zemyieHUSA» yao6HO AEpXaTb B F0OJIOBE HECKOJIbKO COACPXKATE/IbHbIX
NPUMEPOB, U3 KOTOPBIX MPEANOUYTHUTENbHbI — KJIACCUUYECKHUE.

JIuneitnas mozens mpoussoncrsa. Ha Bxoa mpou3BoacTsa nojaeTcs Habop pecypcoB

z = {z,...,2,}, Ha Bbixome 0OpasyeTcsi HabOp Da3TU4HBLIX BUIOB TPOAYKLIMM
¥y = {¥1,..-,Ym}. BHyTpeHHee COCTOSHME MPOMU3BOACTBA XapaKTEPU3YETCA BEKTO-
poM z = {z,..., Zx}, KOMIIOHEHTbI KOTOPOrO MPUHATO HA3bIBATb HHTEHCHBHOCTAMHU

TEXHOJOTUYECKUX MPOLIECCOB, HO TEPMUHOJIOTUS YCIIOBHA. B yacTHOCTH, Z; MOXeT 060-
3Ha4YaTh KOJMYECTBO PabouMX, 3aHATHIX B TOM WM MHOM TEXHOJIOrMYECKOM MpPOLIECCE;
BpeMsl paboTbl HEKOTOPOro arperara; KOJAM4eCTBO OCHOBHOTO BMAA M3rOTaBAMBacMOM
NPOAYKLMU U T. 4.

Kak mnpaBuno, UMelOTCA HOPMaTHBbI, OMpENENsIOME B3aUMOCBA3M T = Az,
y = Bz, a Takxe OrpaHuyeHusi Mo pecypcam = < b M acCOPTMMEHTY NPOAYKLMH
y > d. Bo3MOXHble nporpamMbl paBoTbl MPEANPUATUS, B CBOIO OYEPElb, MOABEPKEH bl
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OrpaHUYeHUsIM. Arperatsl He MOTyT paboTtaTh Gonblie 4eM 24 yaca B CYTKH, pabouux
Heb3s 3a]edCTBOBaTh B GONbUIEM KOAMYECTBE, Y€M €CTb B HAJMYMM, M T. M. Bce
3TO 3aMUCHIBAETCS B BUIAE HEKOTOPOM COBOKYMHOCTH HepaBeHCTB Cz < e. CBeleHue
orpaHuyeHuii BoeauHo aaet Gz < h, z > 0.

Ecau uenb npoM3BOACTBA 3aKJIIOYAETCS B MAaKCMMM3aLUMM oObeMa peaiu3alui,
(c, y) — max, rae ¢; — UEHa §-ro BUAA MPOAYKIHH, TO MOC/E MOACTAHOBKH

{(c,y) = (¢, Bz) = (B'c, z) = (g, z) = max

BO3HMKAeT 3a1aya JMHEHHOrO MPOrpaMMUPOBAHHUS, MIPUBENCHHAA K BHYTPEHHUM Te-
peMeHHbiM z. [Tpu 310M g = B*c HHTEPIPETUpPYETCA KaK BEKTOP «BHELIHUX» LeH (g;
NoKa3bIBa€eT, CKOJBKO B LIEHOBOM M3MEPEHMM NMPOAYKLMHM [AET %-il TEXHOIOrMUYECKHUit
npouecc, paboTaloLMii ¢ eAMHUYHONR MHTEHCHBHOCTBIO).

3anava o auere. Peub, KOHEYHO, MIET HE O MPHUIOXKEHHH, a 06 ITANTOHHOM YCIOBHOCTH.
HUmeercs n npoayktoB Gy, ..., G,, KaXIblii U3 KOTOPbIX COAEPXHMT M MUTATENbHbIX
BewecTB (6enKH, BUTAMHHBI M mipouee). TTycTb Z; 0603HAYaeT KOMMYECTBO 1-TO poO-
nyKTa, ¢; — UeHy G;, @;; — KOJMYECTBO i-TO NMUTATEJbHOIO BEIUECTBA B MULUEBOM
pauMoHe. 3aaaya MHUHMUMH3ALMH CTOMMOCTH MHULUEBOrO PALIMOHA MPH OTFPAHUYEHHSAX
Ha COolepXaHHe MUTATENbHbIX BELIECTB BIMISLAMT CEaYyIOLMM 06pa3omM

{c,z) » min, Az >b, =z >0,

rn¢ HOpMaTUBbI b OnpeacngaoTca AMETOJIOraMu 9).

Tpancnoprsas 3agasa. Mmeercs m npousBoauteneit u n norpeGuteNeit HEKOTOPOro
TOBapa, PacMONOXEHHBIX B y3iaxX TpaHcropTHo# ceTu. TlycTh ;; 06o3HayaeT Konuye-
CTBO NMPONYKTA, NEPEBO3MMOrO M3 -0 yia B — j-i, a; — 0ObEM MPOU3BOACTBA B 1-M
yane, b; cymMapHas notpe6HocTh — B j-M. EcTecTBeHHbIe OrpaHuueHHsI Ha OGBEMBI

nepesosok '¥:

Zz,'j < a;, Z:E,'j ?b] (4“)
i i
3a kpuTepuit OObIYHO MPUHUMAETCS

z CijZij — min, (4]2)
ij

FIe ¢;j — CTOMMOCTb NEPEBO3KH eNMHMUbI TOBapa U3 i-ro yana — B j-il.

Munumusauus (4.12) npu orpanuyeHusix (4.11) — 3agaua nuHeHOro npo-
FPAMMHMPOBaHHs, HO TOJILKO B HECTAHAAPTHOI 3aMHUCH € MOMOLUBIO ABYXMHIEKCHOM
HyMepalUnH TNepeMEHHBIX.

9 Nu6o TPAIMUMAMH, GO (4TO Yalle BCero) «GepyTcs ¢ NOTOMKa».
19 Bipestn Henb3sn Gonee TOro, HTO NPOW3BOANTCS; 3aBE3TH TpeByeTCsi He MeHee
NMOTpeGHOCTH.
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4.6. lfeomeTpuuyeckan uHTepnpeTauus

Kaxnoe u3 orpaHU4eHU M
> " aijz; < b;
J

samaun (4.9) onpenenser B R" caBuHyTOe MOMyMpoOCTPaHCTBO, Me-

pecedyeHHe KOTOPBIX [JaeT BbIMYKJblid MHOTOrpaHHMK 1 , OrpaHUYEH-
Hblf WJIM HeOrpaHUYEHHbIH, BO3MOXHO, MycToil. JIMHeiHas LeeBas
| dbyHkuus (¢, T) pacteT npu ABUXKEHUU TOY-
z, \\‘ KA T BAOJb €. [TOBEpXHOCTAMM MOCTOSIH-
HOrO ypOBHsI, Ha KOTOpbIX hyHKUMs (c, T)
MPUHUMAET OJHO M TO Xe€ 3HAYEHME, SBJIS-
I0TCSI TUTIEPIIOBEPXHOCTH (¢, T) = 7y, OpTO-
roHajbHble BeKTOpy ¢ (puc.4.1).

\ z, Jlerko MoOHSATb, YTO pellieHUE 3anayu
JIMHEHHOTO MpOrpaMMUPOBAHUS, €CJIU CYy-
Puc. 4.1 LLIECTBYET, JIEXXUT B HEKOTOPO BepLIMHE
JIONYCTUMOro MHororpaHHuka. Tak npwu-
HAITO TOBOPMTb, HO 3TO HE COBCeEM TO4YHO. HeorpaHuyeHHbIf MHOro-
rPaHHUK MOXET BOOOLIe He MMeTb BepwnH (KiuH). [MoaToMmy yTtBep-
XJI€HHE O HEOOXOAMMOCTH PacCIlOJIOXEHHUs pellieHUs1 B OAHOH U3 Bep-
IIUH AOMYCTUMOTO MHOTrorpaHHuKa P chpaBelJIMBO B MpEAIoioxe-
HUM, YTO P He ComepXMT MpsAMbIX (HanmpuMep, B Clyyae OrpaHUYeH-
HoctH P).

Pemienue He obsi3aTenbHO eAMHCTBeHHO. Koraa ogHa U3 «1anbHUX»
rpaHei 1oMyCTUMOIro MHOrOrpaHHMKa OpTOrOHajllbHa BEKTOpY €, — BCE
TOYKH ITOM IPaHM (B TOM YMUCNE BEPLUMHBI) OyayT peiueHUsIMHU. Petuenust
MOXET He ObiTb, Koraa JMO60 OOMyCTUMbIi MHOTOTpaHHUK IMYCT, JU0O0
HEOrpaHHUYEH B HarpaBJIEHUH C.

OrpaHHYEHHbI MHOTOrPAaHHHUK MOXET ObITb ONMUCaH JBOIMCTBEHHBIM O0pa30M, Kak
BblNykJlass 00010YKa CBOMX BEpLIMH, a HEOrPAaHMYEHHbIH — Kak BblMykjiasi obonoyka
KOHEYHOI0 YUCJIA TOYEK, Jy4eil U NpsIMBIX.

1 Ha3sbiBaeMblit donycmumoim mHo2oep OM, WIN

p OM Gonycmumbix pe-
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Obpamum eHUMAHUe HA ONPeOeNeHHYI0 Heuy8CmeumenbHOCMb PelueHus
K OaHHbiM 3adauu. JlocmamouHo o4e8uUOHO, YMO NpU MAAbIX USMEHEHUAX
éeKmopa C onmumainbHoe peuwierue 6ydem docmuzamsca 8 moi He camoi
eepuiune. [Ipedenvi HeuyscmeumenbHoOCmMu peweHUs K U3MeHEeHUro Kpumepus
Mmoeym 6b6imb docmamouro eeauku. Hanpumep, e cumyayuu, uzobpaxcennoi
Ha puc. 4.1, pewenue 00HO u Mo xce npu 11000M NOAOHCUMENbHOM 8eKmope C.
BblaenuM ckazaHHOE B OTAENbHOE YTBEPXIECHHUE.

4.6.1. Teopema. [Tycmsb pewenue 3adauu (4.9) eduncmeenno. Toeda npu
00CMamo1HO MAAbIX USMEHEHUAX 6eKMOpa C ONMUMANbHOE pelleHue He Me-
nsemes (docmueaemcs 6 moii e camoii eepuiune).

HUneonornyecku 3anaya JIMHEHHOro MporpaMMMpoBaHusl Bpoe Obl

OYeHb [MpocTas 12) [dnsi peieHUs1 AOCTAaTOYHO MepedpaTh BEPLUIMHBI
JIOMYCTUMOIO MHOTOrpaHHMKA M BbIOpaTh Haunyduiyo. OQHaKo 4YucCio
BEPLIMH B PANOBbIX CUTYallUsIX HACTPauBaeT Ha MECCUMUCTUYECKUA J1all.
Hanpumep, npu n = 20, m = 40 yucio BEPIUUH ~ 10",

4.7. A BOACTBEHHOCTb IUHENHbIX 3apa4
BepHeMcs Kk MCXOOHOIA 3amaye
(c,z) > max, Az <b, z>0.
Jeoiicmeennoii X Helt okasbiBaeTcs 3anaya (cM. paszen 4.2)
(b,y) » min, ATy >c, y>0,

rae AT o6osHauaer TpaHCMOHUPOBaHHYO MaTpuuy. Bmecto ATy >c
yacTto nmuiuyt yA > c.

HanoMHuM, 4TO ABOIICTBEHHAas K IBOMCTBEHHOM — CHOBA UCXOLHast
3anaya. JIBOCTBEHHbIE 3a1a4M TECHO CBsI3aHbl MeXy CO00it, U 3Ta CBSI3b
IUIOAOTBOPHA.

VYnpaxuenuns
e J1BoiiCTBEHHOM M1Si KAHOHMWYECKOIA

(c,z) 2 max, Az =b, z>0

12) Ecan roBopuTb C HEKOTOPOI HATAXKOM, 3a pa3pabGOTKy METONOB pELUEHUsl ITOM
3anauu Kanmopoeuyy n Kynmancy 6bina npucyxaena Hobenesckas npeMusi o 3KOHOMHMKeE
3a 1975 .
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AB/sETCA 3a4aya
(b,y) = min, ATy>ec.

o Jlis cMeWaHHOM 3anayu

(c, z) — max,

Za.»jzjsb;, i=|,...,k,
j

Za;,-zj =b, i=k+1,...,m,
j
z,;O, ]=l,, g,
ABOWMCTBEHHOI SIBJSIETCSA
(b, y) = min,

Za;jyg 26,', ]= l,...,q,
j

Za;jy;=cj, i=¢q+1,...,n,

e Ecin pornyctMMble MHOXECTBAa B3aMMOIBOWMCTBEHHBIX 3aJay HE MYCTbl, 06€
3anayu UMeloT petueHue. Ecin xe ToNbKO y 0AHOM M3 3a1ay4 JOMYCTHMOE MHOXECTBO

HE MyCcTO, TO €€ pELUCHUEC 06eCKOHEYHO.

4.7.1. Teopema. [Tycmb x — donycmumbiii éexkmop 3adaqu (4.9), a y —

donycmumbiii éekmop deoiicmeentoii 3adauu. Toeoa

(c,z) < (b, y).

<4 Takum 06pa3oM, MakCUMHU3UpYyeMast LieneBast GyHKUMs B NPAMOi (MCXORHON)
3anaye Bceraa He GONblUE, YeM MMHUMM3MpyeMas uejieBass DYHKUMsSt ABONCTBEHHOM
3aa4M, €C/IM TONbKO 3TH (PYHKLMH BbIYMCISIIOTCA B TOYKAX, YAOBJETBOPSIOILMX Orpa-
HUYEHHUSIM COOTBETCTBYIOLIMX 3anady. OGOCHOBaHHME COBCEM MPOCTO. YMHOXast Az < b

CKaNsIpHO Ha Y, a HepaBeHCTBO ATy > ¢ — CKANfPHO Ha T, NMonyyaem
(4z,y) < (b.y), (ATy.z) > (c,2).
Otkyna, B cuny (Az,y) = (A"y, z),
(e, z) < (Az,y) < (b, y). »
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U3 yrBepxneHusi 4.7.1 nerko BbIBOOUTCA CHAEAYIOLWIMHA KPUTEPHIk
ONTUMAJIBHOCTH.

4.7.2. Iycmo z* u y* — donycmumsie 6exmopbi npamoii u dsolicmeenHoii
3ada4, npuvem (¢, z*) = (b, y") Toeda eexmopw x*, y* aenaomca pewe-
HUAMU COOMBEMCMEYIOUUX 3a0aH.

YrBepxaeHue 4.7.1 gaeT Takke K104 K MOHMMAHMIO OCHOBHOM
TEOpEMbI ABOMCTBEHHOCTH.

4.7.3. Teopema. Ecau npamas u deolicmeeHHas 3adaua umerom dony-
cmumble 6eKmopbl, mo 00e OHU UMEeOm pelieHuUs.

<« [lpy Hanuynu JonycTHMBIX BEKTOPOB 3anaya (4.9) Hepa3pelunMa, eciiv Ha 10-
NyCTHMOM MHOTOrpaHHUKe GYyHKUMIO (C, £) BHIGOPOM T MOXHO CIENaTh CKOJIb YTOOHO
60s1bwoi. Ho no ycnosuio ¢yHKUMSE Ha JOMYCTHMOM MHOTOrPaHHMKE OrpaHHYeHa:
(c,z) < (b y).

Takue Xe pacCyXIEHUsE — C YYETOM TOrO, YTO MILETCS MHHHMMYM, a HE MaKCH-
MYM — TOAATCS AJIS ABOWCTBEHHOM 3ajayu. »

AKTHBHbBIE H IACCHBHbIE OrpanuueHns. BepHeMcs K pacCMOTpEHMIO Mapbl
JBOMCTBEHHbIX 3a1ay:

(c,z) » max, Az <b, z>0,

(b,y) » min, ATy>e¢, y>0.

Mycts *, y* — ux onTuManbHbie pewenns. Yepes c(b) 0603HaYMM MaKCMMaTbHO
BO3MOXHOE 3HauyeHue (c, z). B cuny 4.7.2,

c(®) = (e, z") = (b, y").

Mpupawenne Ac(b) = c(b + Ab) — ¢(b) npu Manom u3MeHeHWM BekTOpa b,
OUYEBUIHO, PABHO

Ac(b) = (b + Ab,y" + Ay) — (b, y") = (Ab,y") + (b, Ay) + (Ab, Ay),

rae y* + Ay o6o3Hayaer peuieHHe ABONCTBEHHON 3a5a4M ¢ HOBOI LeieBod QyHKLMei
(b + Ab, y) npu cTapbIX orpaHUYEHUsAX ATy >ec.

Kak yxe oTMedanoch, pu Majibix K3MEHEHUSIX BEKTOpa b pelueHne ABOHCTBEHHOIA
3amaym He MeHsieTcs (Teopema 4.6.1), T.e. Ay=0, yto Bieyer 3a co6oii Ac(b)=(Ab,y").
B uyactHoM ciyuae Ab = {0, ..., Ab;,0,...,0} umeem Ac(b) = y; Ab;, T.e.

Ac(b)
Ab;

Y = . (4.13)
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TakuM 06pa3oM, t-si KOMMOHEHTAa pelleHHUst JBOICTBEHHOM 3a0ayd MOKa3biBaeT
BO CKOJIbKO pa3 MpupalueHue ueneBoil GpyHkuuMM Oonblie, yeM npupawieHue Ab;.
JpyruM coBaMu, y; 3TO LieHa %-TO OrpaHHYEHHS.

[1pu 3TOM 5ICHO, YTO €C/IM OrpaHHyYeHHEe

*
E a;;z; < b;
j
He aKTUBHO, T.€.

*
E a;;T; < b;,
j

TO MaJlble U3MEHEHHs BEIMUMHBI b; HUKAKOTO BIMSAHMS Ha PELeHUE T HE OKa3blBaIOT.
[Mostomy cootserctBytowee Ac(b) = 0, a sHauut u y; = 0, B cuay (4.13). Ha stom
NyTH B UTOTE NOJNYYaeTcst CNEAYIOLINIi pe3ysbraT.

4.7.4. Teopema. /na mozo umobvl donycmumobie 8eKmopvl npAMOU U
deoiicmeeHHoll 3a0ay Obiau pewieHUsMU ImMux 3ada4, Heobxooumo u docma-
MOYHO BbINOAHEHUE CACOYIOWUX YCA08UL O0NOAHAIOW el HexcecmKocmu:

yi =0, ecau Za,-j:zr; < by
J

* *
zj =0, ecmu E a;;y; > ¢j,

Yi (Z a;;T; — bi) =0,
J

(B; (Z aijyf - Cj) =0.
i

[ToHsITHO, YTO B pELLIEHUU UCXOAHOM 3aa4M YaCTb HEPABEHCTB 00-
pallaeTcs B paBeHCTBAa — 3TH OTPaHUYEHHUS HA3bIBAIOT HACHIUAIOWUMU
WU aKmMu@HbiMU, B MIPOTUBOMNOJIOXHOCTb HEeHACHIWaowum WA naccue-
Hbim. Pelienue 3anaum (4.9) 6b10 Obl MpedenbHO MPOCTbIM, €Cau Obl
ObLIO U3BECTHO, KaKH€e OrpaHUYeHHUs akTUBHbIE. B 3TOM cnyyae ObL10 Obl
JIOCTAaTOYHO HEPABEHCTBA, COOTBETCTBYIOLUME AKTUBHbIM OrpaHUYEHU-
sIM, 3aMEHMTb Ha PaBEHCTBA — M PELIUTb MONYYMBIUYIOCA CUCTEMY
JUHENHHbIX ypaBHeHMit. Ho pellieHMe nBOICTBEHHOI 3amauM Kak pa3s
O[HO3HAYHO YKa3blBa€T, KAKUE OorpaHUYeHUs1 aKkTUBHbIE. [1oaTOMY, ecnu
M3BECTHO [BOMCTBEHHOE pELEHUE, UCXOAHYIO 3aJayy MOXHO CYUTAThb
«peLIEHHOM».

PABHOCUNbHO
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4.8. IkoHOMMYECKAN UHTEpnpeTauus
PaccMoTpuM NMHEeiHY0 Mozenb Npou3BoacTsa (paszaen 4.5),
(p,z) > max, Az <h, x>0, (4.14)

CYMTasA Kaxayto KOMIOHEHTY 13] HMHTCHCHBHOCTbIO j-I‘O TEXHOJIOTHYEC-

KOTO mpolecca, NPUBENEHHOW K MPOMU3BOACTBY j-TO MpPOAYKTa 13)

B 3T0M cnyyae p; — Li€Ha j-To NpOAyKTa Ha gHewHeM PbIHKE. DIEMEH-

Thl @;j MaTpUllbl A PaBHbI KOJIMYECTBY %-r0 MPOAYKTa, MPOU3BOAMMOrO

(B cnyuae a;; > 0) unu norpednsemoro (g;; < 0) Mpu NPOU3BOACTBE €M -

HMLBI j -ro npoaykTa. COOTBETCTBEHHO, KOMIOHEHTA fi; — €CTb OrpaHu-

YyeHHe Ha CyMMapHoe MPOU3BOACTBO (MK MOTpebNeHHe) 4 -ro MPOAYKTa.
JBoiicTBeHHOM 3anaueit K (4.14) sBasietcs

(h,y) » min, ATy>p, y>0, (4.15)
M OHa MHOTIa MOMOTaeT CMbICJIOBOH OpPHUEHTALHUH.

MareMaTHKH 4acTO YKJIOHSIIOTCSI OT 9KCKYpPCOB B MPUKJIaAHble 001aCTH, NOCKOJIb-
Ky «TaM HET HMYEro HOBOro, kpoMe amMouuii». C 3TuM HeT cMbichia cnoputb. Ho aeno
Belb He TONbLKO B «MaTeMaTH4ecKoil HOBU3He». B nio6oit obnact noMumo npodec-
CHOHAIbHOW OCHOBBI NEPBOCTENEHHYIO POJib UTPAET XOpOLliee HACTPOEHHE M PE30OHAHC
C OTHaNeHHbIMU cdepaMu ObITHSI. DKOHOMHMKA, KOHEYHO, HACTPOEHHME HE YNy4llaeT,
HO «aCCOLMATUBHO» BCE-TaKH PE3OHHUPYET.

WTak, nyctb z*, y* — onTumanbHble petuenus 3anay (4.14) u (4.15).
OrpaHMyY€eHHs NBOCTBEHHOI 3alayu MPU ¥ = ¥* MMEIOT BUA:

Z 9ii¥i > p;. (4.16)
i

[TonoxuTenbHble cnaraeMbie B cyMme (4.16) moka3biBaioT 3aTparhl

1
Ha MOKYIKY MPOIYKTOB 4 , HEOOXOAMMBIX I MPOU3BOACTBA €AUHM-

bl j-l'O MpoayKTa, OTPUUATEC/JAbHbIE CJlaraéMbl€ — N0XOA OT MPOoaXXH

1
«MOOOYHBIX» MPOAYKTOB 5), MOJYYECHHBIX MPHU IMMPOU3BOACTBE €AMHH-

) Yubimu CJIOBaMH, KaXIOMY npodykny OTBEUYAET «CBOE» NMpou3eo0cmeo, KOTOPOE
NPOU3BOAMT M NOTPeONsieT M ApPYrMe NPOAYKTbI, HO CBOM MPOAYKT CYMTAeTCs KakK Obl
[JIABHBIM.

) Ha ryTpenHeMm prike no uenam y* = {y},...,y5}.
') OnsaTb-Taku Ha BHYTpEHHEM DBIHKE.
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ubl j-ro npoaykta. Takum oGpasom, (4.16) ectb orpaHUYeHHE MO Kax-
JIOMY TMPOAYKTY BHIA:

«BHympeHHue 3ampamoi» — «BHYTPEHHHH 10XO4» > «BHEWHsS NPUObLIb».

TaM, rae Takoe HEpaBEHCTBO CTPOroe, MPOU3BOACTBO YOLITOUHO, —
U COOTBETCTBYlOlLliEe a:; = 0. [lo3aTomy, eciii BHYTPEHHHUE LIEHbI YCTa-

HOBJIEHBI PaBHLIMH y} , YNIPaBJIslOLIEMY OpraHy JIerKO cpa3y HCKIIOUYUTh
yObITOYHbIE TPOU3BOICTBA,

z; =0, ecnn Z aijy; > pj.
i

[MpencraBnsieT MHTEpPEC U APYroe YCIOBUE Jonoansouleir Hexcecm-
Kocmu,

yi =0, ecmu E ai;z; < hi,
J

MmokKa3sblBaloOLIEC, YTO OIITUMAJIbHas (paBHOBCCHaH) BHYTPE€HHsAsA LICHaA
npoaykra, npou3BoACTBO KOTOPOI'O HE BbIXOJAWUT Ha OrpaHUYCHHUEC, DO XK~

Ha ObITb HYJIEBOH 1)

31€ech, KOHEYHO, HE UMEET CMbIC/IA YIAyOAsATLCS B JIMHEMHBIE 3KO-
HOMMYECKHE MoaelH. bonee LIMPOKHIl CNEKTp BreyaTneHUi MOXHO
NMOJY4YUTD 1O CrieLnaibHOi auTepatype. Ho cama uaes ABOHCTBEHHOCTH
B 3KOHOMMKE 3ac/lyXuBaeT BHuUMaHusi. Ecnu maTepuanbHoe mnpous-
BOJICTBO ONMCBIBAETCS HEKOTOPOM MOJENbIO, TO ABOINCTBEHHas 3ajaya
MoKa3sbIBaeT, Kak GrMHaHCOBasi CTOpOHa Jejia A0JXHa ObITh COIlacoBaHa
C CYTbIO MPOUCXOASALLETrO, YTOObI COACICTBOBATb NPaBUIbHOMY BUAEHBIO
U CTUMYJMPOBaHHIO.

4.9. TpaxucnopTHasa 3apava

3amaya 00 onTUMaNbHBIX NEPEBO3KaAX

> " cijai; o min, Y @i < ai, > " ij > bj,
i.j J i

19 Ecnu pecypc B M30bITKe (BO34YyX MM BOdA B HEKOTOPbIX PErMOHAX), €ro Leecoos-
pa3Hasi ueHa Hysepasi. [TonoxuTenbHas HEHA JULLb NYTAET KapThl.
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Kak yxe ormeyanoch (pa3aen 4.5), sBasiercs 3agadyeil TMHEHHOTO Mpo-
rpaMmupoBanus. IlepemeHHble {T;;} MOTYT GbITh BLICTPOEHBI B LiEMOY-
Ky, 3aHOBO MEPEHYMEpOBaHbl, — M 3agaya NMpPUOOpeTET CTaHAAPTHLIA
Bua. Takoii TPIOK, OMHAKO, Pa3pyilUT CTPYKTYPY, KOTOpas AaeT Hamexmiy
Ha jierkoe peiueHue. [ToaTtomy Gonee pasyMHbI MOAXOAbI, YYUTHIBAIOLIME
OCOOEHHOCTH MCXOAHOM MOCTAHOBKH 3alayH.

OG6paTMM BHMMaHHe, YTO C CAMOTO Hayaljla Mpolle paccMaTpuBaTh
3a1avyy

E CijTij — min, E Tij = a4, E Tij = bj. (4.17)
ij j i

3aMeHUTDb HE€paBCHCTBA paBCHCTBAMHU MOXHO, BBOAA CDMKTVIBHOFO no-
TpeOutens. Yucna nmorpebuUTeneil 1 MoCcTaBIIMKOB JOMYCTUMO CUMTaTh

paBHbIMHM, OObEAMHSAsS BCEX B OOMH CMMCOK M mnonaras b; = 0 s
YMCTbIX MPOMU3BOAUTENEH U a; = 0 LIS YUCTBIX NOTPEOUTENEM.

Buirpbiil B M3y4eHWH M pElIEHUM TPAHCMOPTHOM 3amauu (4.17)
1o cpaBHEHHUIO ¢ obLueit 3anayeit (4.9) noonbHO Benuk. [ToapoGHOCTH
MMEIOTCSE B JOOOM y4yeOHUKE MO JUHEHHOMY MNpOrpaMMHUpPOBaHMIO.
OrpaHUYMMCSI HECKOJIbKMMU 3aMEYaHUSIMM.

Ecnu B o0wei cutyauun (4.9) npobiema CyLiecTBOBaHMs JOIMY-
CTMMOTO pELUEHHUS NOCTaTOYHO Cepbe3Ha, TO B JaHHOM Cllyyae — OHa
MOYTH TPUBHAIbHA. JlONMyCTUMOE pelleHUE CYLLIECTBYET B TOMM Cliyyae,

Koria
dbi=>a (4.18)
Jj i

Heo6xonumocTs (4.18) oueBnaHa. JI0CTaTOYHOCTb BBITEKAET U3 CY-

LIECTBOBaAHUA aonycmwuoeo pewernus 17)

a;bj

KOTOPOE, KaK JIETKO MpOBePsIETCsl, YAOBIETBOPSET orpaHnyeHusm (4.17)
npu ycnosuu (4.18).

" cm. pasgen 11.5.
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3anaua
(a,u) + (b,v) = max, u;+v; <c

ABoitcTBeHHa K (4.17). (?)

4.10. MakcumanbHbiiA NOTOK B CETHU

3agaya 0 MaKCHUMQJIbHOM IOTOKE B CETH C TOYKH 3pCHUA obuiero
O6pa3OBaHH$[ 3aCJ1IyXKMBa€CT BbLACJIICHUA MECTA B 3aKpoMax IMaMsAaTH. Tpa-
JAULIMOHHAasA MoCTaHOBKA TakKoBa.

Ha rpacde BblaeneHbl ABE BEPUIMHBL: P — ucmouHuk, ¢ — cmok. [py-
30MOTOK M3 P B €, Pa3BETBJISACH B BEPLUMHAX, «Te4yeT» Mo pebpaM (i, j),
U3 i-if BepliuHbl B j-10. Kaxnoe peGpo xapakTtepusyeTcsi nponyckHoli
cnocobrocmoio 0 > 0. PeanbHblii 0oTOK Mo pedpy z;; > 0 06s3aH yno-

BJIETBOPATD YC/IOBUIO | Tjj < 0 |, MPUYEM B KaXIOi BepIIMHE, 3a MC-

KIIIOYCHUEM p U ¢, npeanojiaracrcst BblINMOJHEHHbIM «3AKOH Kupxeod)a»t
d “mij=> i, i#£pc (4.19)
7 P

T. €. CYMMapHbIil MOTOK, BXOMSLLMIA B BEPILUMHY ¢, paBEH — BLIXOASALIE-
my. B cuny (4.19) norok
Z Tpj>
J

BleOﬂﬂu.[Hﬁ U3 p, COBNAgac€T ¢ NOTOKOM
E :xiC9
H

BXOOSALIMM B C.

3adava 0 makcumanrbHom nomoke, TaAKUM 00pa3oM, UMEET BUI:

Z Tp; — max,
J
dzi=Y zu (k#p, o),
i P

0 < z;5 < 035,
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Y JOCTAaTOYHO MPOCTa, YTOObI pacCMaTPpUBATLCS B KaU€CTBE TPEHUPOBOY-
HOro ynpaxHeHus. OTMETUM TPaOULIMOHHbIE BEXH Ha MYTH €€ peLleHMUS.

Ceuenuem S B CETH Ha3blBaeTCsl JI060€ MHOXECTBO BEPIUMH, MpU
ycnoBuu ¢ € S, Ho p & S. Paspesom Cg, WK npORYCKHOU cnOcOGHOCMbIO
cevenus S, Ha30BeM CYMMapHYIO TPOMYCKHYIO CHOCOOHOCTb pebep,
BXOIALLHUX B S.

4.10.1. Beauuuna n06020 donycmumoeo nomoka He npeeviuwiaem Mmu-
Humanvroeo paspeda Cs. MakcumanvHoili homox paseH MUHUMANLHOMY
paspesy.

4.10.2. Anecopumm noucka MaKkcuManbHo20 Nomoka:
(t) Bepemcs aro6oii donycmumeiis nomok (ckascem, Hynegoir).
(¢2) ITposepsemcs, cywecmeyem au nymo u3 p 6 C, COCMOAUWUI U3 He-

HacblleHHbIX pebep 1) Ecau «nem» — aneopumm ocmanasaueaemcs,
nomox makcumanen. Ecau «0a» — exarovaemcs caedyowguii nynkm.

(231) B nymu u3 HenacbiueHHbIX pebep éce nomoKku OAHHO2O nymu yeée-
Auuusatomes Ha eeauquy min{o;; — Ti;}, ede munumym Gepemcs
no pebpam u3bpaHHO20 nymu, nocie 4eeo QA20PUMM Nepexooum
K nynkmy (i1).

3ajaya 0 MaKCMMAJIbHOM IOTOKE MMPHU AOMOJHUTENBLHOM OrpaHu-
YEHUU LIEJTOYMCIIEHHOCTH MEPEMEHHBIX PELUAeTCsl TOYHO TaK Xe. ITo
0 HEKOTOPOM CTENMeHU YyIMBUTEJIbHO, MOCKOJIbKY OOliasi 3amaya Jiu-
HEHHOro MPOrpaMMUPOBaHUA B LEJIOYMUCICHHOM BapUaHTE SIBNsETCA

N P-noanoii™ u conpsixena (Ha ceromHsILIHMIA OEHb) C HEOGXOAMMO-

CTbIO 3KCIOHEHLMAIbHOrO nepebdopa.

4.11. Cumnnekc-meTtop n anroputm XaumsiHa

[MockonbKy pelleHHe 3amayM JuHeiHoro nporpammupoBanus (JIIT)
MOCTUTaeTcsl B BEpLUMHE HOMYCTMMOrO MHOrOrpaHHMKa, nepedop —

13) Pebpo (i, j) Henacouenno, ecnn z;; < oij. TIpocTO# peUeNT UeEHaNPaBIEHHOTO
MOMCKA MyTH M3 HEHACBIILEHHbIX peGep Npolle NMEPEOTKPbITh CAMOCTOSTENIbHO, HEXEH
pa3bupatbecs B ero onucaHuu. Ilpu MHOI Touke 3peHUsl MOXHO O6paTHUTBCA K JIIOGOMY
Y4eOHHKY.

19) TpyaHopeluaeMblie 3a1a4H ¥ BOOOLLE AMCKPETHDIE 3aa4M ONTHMHU3ALIMH TUIAHUPYETCs1
PpaccMOTPEThb B OTAEILHOM TOME.
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B Cjyyae Cylie€CTBOBaHUS PELUCHUSA — TapaHTHUPYET yCIEX 3a KOHEYHOE
yucao waroB. OnHaKo B psAOOBbLIX 3adadyax YMCJ10 BEPLIMH OKa3bIBACTCA
aCTPOHOMHUUYECCKHM.

[pu omucaHuy AOMYCTUMOrO MHOTOrpaHHKKa B R" HepaBeHCTBaMU
Az <b, >0,

roe A MaTpuua m X n, — WMeeTcs M + n CKalspHbIX OrpaHu4eHHii. BepuinHa
onpeaensieTcsi nepeceyeHUEeM n MMEpPIUIOCKOCTEH, T.€. U3 M + n ypaBHEHUH HaOo
BbIOpaTh N IMHeHHO He3aBUcHMBIX. [ToaToMy

" (m +n)!

mtn T T

B THUMHUYHBIX CUTYaLUSX MPUOAU3HTENBHO MPABUIbHO (B MPOLEHTHOM OTHOLUEHHH)
OLIEHWBAET YUCJIO BEPLUKH.

Kitaccuueckuit cumniaexc-memood peannsyeT UIEI0 LieaeHanpaBiieH-
HOTO TIOMCKA PELUEHUS. AJITOPUTM «IIPHIFaeT» Mo BEPUIMHAM, MOHOTOH-
HO yBenMuMBas LeneBylo dyHkuuio (¢, z). Ha kaxmom umiare mepexon
OCYLIECTB/SETCS B COCENHIOI BEPLUMHY, B KOTOPOii 3HaueHue (c, T)
Jlyylie NMpeabIayLLero.

MexaHH3M BbluMClIeHW#t pa3OupaeTcs B I0OOM yuyeOHUKe MO JMHEHHOMY Mpo-
rpaMMHPOBAHHUIO, HO 3TO YXe MaJlo KOTrO HHTEPECyeT, pa3Be YTO KakK YMmpaXHEeHHe
no nuHeiHOW anrebpe. PasnnuHbie MonudHKaLUMK anropuT™Ma JaBHO «peann30BaHbl
B Xeje3e», U MPU HATMYUH KOMITBIOTEPHBIX MPOrPaMM pellieHHe COOTBETCTBYIOLIMX
3aJay ¢ MOMOLLbIO KapaHaawa U GyMaru TepsieT CMbICIL.

3a kapoM Jojroe BpeMs ocTaBajicsi «bunocodckuit Bonpoc». bui-
JIX TIOCTPOEHBI PUMEPHI 3a/1ay, B KOTOPBIX CUMANACKC-Meno0 BbIHYXIEH
nepedbupatb MOYTHU BCe BeplinHbl. Ho nepeGopHbIi, MO CYyTH, aJITOPUTM,
KaK BbISICHWJIOCh, O0bIYHO paboTaeT NOBOJIbHO OBICTPO, YTO MPOMU3BO-
JIUJIO 3araioyHOe BIieYaTIeHHUeE.

CrpaHHOCTb Obula (pyHAaMEHTanbHOTO XapakTepa. MHOroYMcaeH-
Hble MOMNBITKU HaWTH criocod peweHus 3anauu JII1, kotopoiit Obl 3a-
BEIOMO M30aBJisijl OT IKCMOHEHUMAIBHOTO pOCTa 00beMa BbIUMCIEHUI,
HE JaBajiy pe3yjbraTa — U HauMHaIo Ka3aTbCsl, UYTO MPUUYUHA B IPUHLIU-

20)

NMUaJIbHOM OTCYTCTBHH NOAUHOMUANABbHO20 AJITODUTMA 7. A MOCKOJ1bKY BCE

0 AJ'II'OpMTM peLIeHUsT UEeIOYMCIICHHOM 3a0a4M Ha3biBaIOT NOAUHOMUAALHBIM,, ECIIH BpE-
Msl BbIYMCJIEHUH MONMHOMUAIBHO 3aBUCHT OT ATMHBI OMUCAHUSI UCXOAHDBIX JAHHDIX.
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3TO «KHUMENO» B OKPECTHOCTHU 3HaMeHUTOM npobaembl «P # NP?» [9],
6b110 CIOMaHO HEMaJIO KOMNUIA, HO Ge3pe3y/IBTaTHO.

B3nox obneryeHust npuHecna pabora XaquﬂHa2'), B KOTOPOM MOJIN-
HOMMabHbI AITOPUTM ObL1 MOCTPOEH — HE CTOJIBKO [IJ11 BLIYUCIEHUI,
CKOJIbKO IJIst YIOBJNETBOPEeHUs1 dunocodckoro auckombopra.

B nepByto ouepenb Gbuia BUAOU3MEHEHa caMa 3anaya JII1 Hanoxe-
HUEM YCJIOBUSL OTPAaHUYEHHOCTH YMCsia 3HAKOB B 3aUCH Bcex Koapdu-

2
LUUEHTOB, GUTYPUPYIOILKX B TOCTAHOBKE ). BT0 NO3BOMMIO C IOMOLLIbIO
Memooda snauncoudoé natb 3HHEKTUBHbIE OLEHKH JIOKATU3ALMKU pelle-
HUsA, ¥ B UTOre 00eCNeYNTb NOTMHOMMAIbHBII 00bEM BbIYMCIIEHHA.

4.12. KsappaTnyHoe nporpamMmpoBaHue

3apmayeii kBapaTUYHOTO MPOTPAMMHUPOBaHMUs OObIYHO HA3bIBAIOT 3aayy
(Dz, z) + (¢, z) — min, Az < b, (4.20)

rie D — monoXuTesbHO omnpede/ieHHasi n X 7. MaTpula, A — matpuua
m x n. HenocpeacrBeHHo u3 meopemot Kyna — Takkepa BbITEKAET Cie-
NYIOLUMIA pe3ynbrar.

4.12.1. Teopema. Touxka T* sensemca mouxoii 2n06arbHO20 MUHUMYMA
@ 3a0aue (4.20) 6 momm cayuae, Ko20a npu nexomopom y* >0 evinosnsemes
ycnosue:

D' +c+ATy* =0, (Az*—b,y") =0.

Hns 3apaun (4.20) nerko mepedopMyaupyloTcs U Apyrde obluue
DE3YJILTATHI.

) Xayusn JI. T, TIONMHOMMATbHBIH QITOPUTM B JIMHEHHOM NPOrpaMMUPOBaHUM //
Hoxa. AH CCCP. 1979. T. 244. C. 1093-1096.

2) 4o COOTBETCTBYET (PUKCALMM AIMHBI OMTUCAHMsI, MPUHATON B JUCKPETHDIX 3adayax.
Ipu 3ToM cama 3ajaya He CTala «IMCKPETHOI», MOCKOJbKY BEPIUMHBI JOMYCTUMOTO
MHOTOTPaHHHMKa MO-TMPEXHEMY He 06s13aHbl HAXOLUTBCS B y3IaX LIeJJOUUCIIEHHOMN PeLLETKH.
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Camoe TpynHoe B J1000i TUCUMIUIMHE 3aK/I104aeTCs B OCO3HAHUHU POJIU
MPOCTbIX MOHATUH. He TeopeMbl, a MICXOOHbIE KATEFOPUM MbILLIEHUST —
BOT UTO HEOOXOAMMO Misi opUueHTauMU. CKaxeM, BOBMOXHOCTb Ha3Ha-
cnpoc YEHMUS LIEHbI C MOMOLLIbI0 MAKCUMU3ALIMK
npuObLLIM, PaBHOM IJIOLIAAM 3aLLTPUXO-
BaHHOTO NPSIMOYrOJibHUKA Ha rpaduke
«ueHa — cnpoc» (puc. 5.1), — B He-
KOTOPbIX KpYyrax 3BYYHUT OTKPOBEHMEM.
W npuumnHa 3aKi1104aeTcsi B HEOCBOEHHO-
CTH CaMOii MAEU ONTUMM3ALINU, A HE Ka-
KHMX-TO TEOPEM.

LUeHa

Puc. 5.1

[ToMruMO 3KCTpeMyMa €CTb HECKOJIbKO ADPYTMX MOHSATHHA «ONTH-
MM3aLMOHHOTO XapakTepa», KOTOpble OTHOCHTEJIbHO MaJIOU3BECTHBI,
HO He MeHee BaxHbl. bena 3akiioyaercss B TOM, YTO, MOMAaB MO/ KPbILIY
¢ 0OMaHYUBbIM Ha3BaHUEM «TEOPHUSI UTP», OHU CTAJU B OOLLECTBEHHOM
MHEHHM acCOLIMUPOBATLCS C NMokepoM. CeKpeT Xe 3aKJI04aeTCs B TOM,
4YTO meopus uep BOOOLLE HE U3yYyaeT UIpbl B MPU3EMJIEHHOM MOHUMa-
HHUM 3TOTrO CJI0Ba, a 3aHUMAETCS «MOBCEMECTHO PacIlpoCTpaHEHHbIMMU»
CUCTEMaMM, B KOTOPbIX WHIAMBUIAYAAbHbIE MHTEPECHl HE COBMAAAlOT
C KOJIJIEKTUBHBIMHU.

Tak unu uHauye, B [JlaBE pacCMaTpUBalOTCS TEOPETUKO-UTPOBbIE
NOHSTUSI, KOTOPbi€ 3aC/y>KMBAIOT BKJIIOUEHUSI B apceHan oblieobpaszo-
BaTeJIbHbIX UACH.

5.1. CmeluaHHble cTpaTerum

MaremMaTuka NPUHOCUT OOJIBLIYIO MONb3Y 6cemM, U HUKOMY — & Yacm-
Hocmu. Tak uHoOroa nymaeTcsi, U He 0e3 ocHoBaHHWii. Ho BOT mpuMepbl
MHOTrO CBOMCTBA.
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YeM BbIroaHnl yobiTOUHble aKuMu. JJONYCTUM, Ha PbIHKE LIEHHBIX Oymar
UMeeTCs ABa TUMa akuuit, S| u S, NPUOBLIBHOCTL KOTOPBIX 3aBUCUT
OT KakMX-TO TPYIHO MPOTHO3MPYEMbIX COObITHiIl (MPUHATHE 3aKOHa
O TAMOXEHHBIX MOLWINHAX, BOMHA U T.M.). AKuus S| mact nu6o 8 %,
nu6o 2 % npubbinu; Sy, COOTBETCTBEHHO, — JING60 munyc 4 %, nnbo
natoc 14 %. KoMnakTHO CUTYaUMIO yaoOHO 3anucaTh B BUAE MATPULbI

ik

IMoxynatenb BbiOMpaeT cronbel, T.e. KaKUe akLMUM MOKYMNaTh, CTPOKa
OnpenensieTcsi HEM3BECTHBIMU 3apaHee 0OCTOSITEIbCTBAMM.
[Mokynarb akuuu Sy PUCKOBAHHO (MOTYT OKa3aTbCsl yObITOYHBIMHM),

a rapaHTMpOBaHHasi IPUOBLILHOCTL S; — Bcero 2 %. TeM He MeHee,
U3 CUTYyalMH JIETKO «BbDKUMaeTCst» 5 % npubbuin. (1) deificTBUTENBHO,
€CJIX aKLMU S}, Sy KYNHUTb B KOJIUUYECTBE T |, L7 LUTYK, TO NPUOBLIL OyIeT

|
8z, — 4zy) %, aubo dy = ——(2z, + 14z,) %.

aubo d, =
T, + T, T+

Ecnu opueHTMpOBaTbCst Ha rapaHTHpoBaHHYO npuGbuts min{d,, d,},
TO €6 MaKCMMYM TrapaHTMpyeTcsi paBeHCTBOM d; = d;, OTKyna cjeayer
T, :zy =3:1. B aTOoM cayuae

min{d,, d,} = 5%,

HE3aBUCUMO OT OOCTOSITENbCTB. TT0KYnKa nomeHyuanvHo yboinmovHbiX aK-
Yuii noOHUMaem 2apaHmMupoBaHHylo npubbins ¢ 08yx 00 namu nPoYeHMoa.

«Pycckas pynerka». [1peanosioXum, HEKTO BBIHYXIEH ChIFPaTh B «pPyC-
CKYIO PYJIETKY», BBICTPEIUB cebe B BUCOK M3 MUCTOoJeTa S| uau S,. Be-
POSITHOCTH OCEeYKH (61aroNPUSTHOrO UCX0Ia) ONPENENSIOTCS MaTPULIEH

8 0 -2
<1077,
[2 12] 0

BbiGopy MUCTOJIETa COOTBETCTBYET BHIOOP CTONIOLIA, CTPOKA XapaKTepH-
3yeT TeXHUYECKHe OOCTOSTENbCTBA (KaueCTBO MAaTPOHOB, COOTBETCTBUE
mapke opyxust). Kakoii nucmonem goi6pams?

[ToHsATHO, 3agaya aHaTOrMYHA MPEAbIAYLLIEH, HO 31eCh €CTb HOBbIE
MOTHBbBI (BEPOSITHOCTHbIE), U HOBBIE OLLYLIEHUsI B CBSI3U C TNOBBILLE-
HHUEM «LIeHbI Bompoca». [IpUHUMNUaAIbHBII MOMEHT — OAHOPAa30BOCTbD.
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CoOcTBEHHO, Ta Xe npobsemMa Bo3HMUKaa Obl, €ciii Obl B Npenbiayiiei
3alavye JEHer XBaTajo Ha MOKYIMKY TOJbKO OMHOM aKLIMH.

Pewenue 3adavu nexwcum 3a pamxamu 06ecxumpocmuoz0 ONCUOAHUA, 4MO
KaKoii-mo nucmonem Hado evibpame nocae anasuza mampuusi. Makcumym
eepoamHocmu oce4Ku 6 JanHom cay4ae obecnequeéaem CAy4alHblil 8b100p
nucmonema S, ¢ eeposmuocmeio 2/3, u S, — ¢ éepoamuocmeoro 1/3.

WHbIMM coBaMM, NpenBapUTENbHO HalO «OPOCUTb MOHETY». Tex-
HMKa pacuyeTa HE OTJIMYAETCS OT Mpenbiaylluei 3agayv. BeposiTHOCTH
BbIOODA P1, P7 ONPENENAIOTCS PELIEHUEM CUCTEMBI ypaBHEHUI

8p1=2p1 +12p2, pi+p2=1

PaccMoTpeHHbIE MpPUMEpPBI 3aCHYXHUBAIOT BHUMaHUsl, KaK HUKa-
KHe Ipyrue, MoToMy YTO CPedHECTaTUCTUYECKOE MMUPOBO33pEHHE 00X0-
IUT TaKUe SIBJIEHUSI CTOPOHOI1. Bce MpocTo, HIMPOKO pacnpoCTpaHEHO,
HO TIOYEMY-TO MOMNAAAET B 00JIaCTb CJIENOro MNsATHA. 3a4a4yu SIBHO OIl-
TUMH3aLMOHHOIO XapakTepa l), OIHAKO MX TMpHUpoda HEOXHMIOAHHA, He-
MPUBbIYHA, TUTIOC K TOMY, UMEET TEHACHLIMIO NMPOTUBUTLCSA OOHAXEHHIO.
MMeHHO Mo3ToMy NMpOCThbiE U SIPKME NIpUMepHl 3aech a¢dexTnBHEEe a0-
CTPAKTHOM TEOPUH, B KOTOPOH OOLIHOCTb HUBEIUPYET KOJIOPUT.

THNHYHAA «MTPOBas CHTYalUA» B 3KOHOMHKe. Pupma usu ¢usuueckoe au-
Yo — uMeem T pazauuHLix cmpameeuii (NOKYNKU PasHbIX aKkyuii, evibopa
napmuxepoa, HanpaereHuii OesmeabHOCMU) @ YCA0BUSX HeonpedereHHOCmU
COCMOAHUA IKOHOMUHMECKOU cpedbl, Xapakmepusyemozo M eapuaHmamu 2,
Kaxcdoi kombunayuu eozmoxcHocmeii omeeuaem ceoil évluepbiul aij, 20e
émopoli uHdekc ykasbieaem Homep cmpameeuu upMol, nepewiii — cocmo-
AHUA cpedbl.

B pesynbrate dupMa B Mampuye evlucpoiieli

ay ... Ay

BbIOMpaeT cronbel, gpopmyna — CTPOKY.

Y peys MAET BCE-TaKU O BHIOOPE HAWIYUYLIMX BAPHAHTOB.

2 BapuaHTbl MOTYT OMNpenensiTbcsi: MoGenoi Ha BbIGOpaxX TOW MAM MHOM MapTuu,
KJIMMaTHYECKMMHU KaTakIM3MaMH, LUeHaMH Ha HedTb, MEXAYHAPOAHBIMU COOBITUAMMU.
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Teopust Urp oNUCHIBAET CUTYaLIMIO ClieayloulMM obpa3zom. UMeeTtcsa
nBa urpoka. IlepBblif — BbIOMpaeT CTPOKM MaTpulibi A C BEpOATHO-
ctamMd {py,...,Pn}, BTOPOHl — BLIOMPAET CTOJOLBI C BEPOATHOCTAMM

{q1,---, qm}. MaTOX1aaHHe BbIMIPBILLA NIEPBOTO TOTAA PaBHO
W(p,q) =) ai;pid,
i

M OH €ro, TaK WX WHaye, MbITAaeTCsI MaKCUMHU3UPOBATh.

Ecnu urpa anmaconucmuyeckas (BbIMTPBILI OAHOTO €CTb MPOUTPHILL
APYroro), MOABSIETCs €CTECTBEHHAs JIoruka pelieHust. [1epBblii Tak Bbi-
6upaet {py,...,Pn}, 4TOObI 1OOUTBCS MakcuMyma W npu Haumxymiiem
ns ce6s {qi,...,qm}, BTOpO — Hao6opoT. B pesynbrate peuieHuem
UTIPBI OKa3biBalOTCS HAaOOpbl BEPOSTHOCTEM

P ={pl,....on}, ¢ ={al,---.qn},

obecrnieynBaloLLIe PaBEHCTBO

max min E ai;jpig; = min max E a;;Pig;. (5.1)
[ T 9 P ‘=
1,] 1,)
PewenueM (5.1) snsiercs cepiosast Touka W (p, ¢), Kotopasi Bcerna
CYLLECTBYET, YTO SABJISETCS TEOPEMOIA.

5.2. PaBHoBecue no Hawy

[TycTh HEKast 3KOHOMUYECKasi CHCTEMA COCTOUT U3 M B3aUMOCBSI3aHHbIX
anemeHToB A;. Kaxabiii aneMeHT A; pacnopsikaeTcsi BBIGOpOM mepe-
MeHHOM Z; € X;, U €ro «MHTEPeC» COCTOMT B MAaKCMMM3alUU CBOEH
dyHKyuu evluepbiua

D,(a:) = D,-(a:l, ooy :l:n).

IMepeMeHHYIO T;, — KOTOpast MOXET ObITh CKaISIPOM, BEKTOPOM, (PYHK-
LMeil, MHOXECTBOM, — Ha3blBalOT cmpameauell uepoka A;, 4TO IIOXO
YKJIaJbIBa€TC B CEMAaHTHKY CJOBa «CTpaTerusi», HO TEPMMH OOLLETIPH-
HAT.

OnucaHHast CUTyaUMst THITMYHA 111 3KOHOMMKH. Kaxnas siueiika cucteMbl HMeeT
COGCTBEHHYIO CTEMeHb CBOGOAbI T; (3aKYMKM Chipbsi, aCCOPTUMEHT BbiMyCKa, BHYT-
peHHuii rpaduK paboT), HO BHIGOp Z; HE ompenesieT CBOM BbIMrpbI D; — MHOroe
3aBUCHT OT AeHCTBHUH APYTHUX 3/IEMEHTOB CHCTEMbI.
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Bo3HuKaeT BONpPOC: Kakoii evibop cmpameeuii © = {z,,...,T,} 6y-
dem paenosecHbim? B MpUHLIMIIE OTBETOB MOXET ObITb MHOTO, HO TIpaK-
THKa Yalle BCcero nokasbiBaeT ciefyouuee. Ecnu npeanpusitue A; 3Haer,
YTO U3MEHEHHUEM T; MOXET YBEJIMUMTb CBOM BHIUIPBILL, TO HE YAEPXH-
BaeTcst OoT coOsiazHa. [IpM 3TOM paBHOBECHOI MOXET ObITb JIMLLIb TakKasi
TOYKa I, B KOTOPOI HU OIMH U3 3JIEMEHTOB HE MOXET AOOUTLCS YBEJIU-
YEeHUs CBOETO BBbIUTPbILIA U3MEHEHUEM COOCTBEHHOM INMEpeMeHHON ;.
B TeopHMH UIp TaKoe pasHosecue T Ha3bIBaeTCs pewenuem uepol no Hawy.
OueBUOHO,

Di(xy, - s Tio1, T}, Tig1,y .- -5 Tp) = max Di(z), i=1,...,n,

z€X;

T.¢. Kaxnas ynkuus D;(z) B Touke z* nocTuraer onTUMyma fno co6-
CTBEHHOU NMEpEeMEHHON Z;.

B yacTHOM ciiyyae, Koraa BCE I; SIBJSIIOTCS CKaNSIPHBIMU BEAUYM-
Hamu, a ¢dyHkuun Dj(z) — rnamkue, paBHoBecue no Hauwy o6si3aHo
yAOBIETBOPSATb CUCTEME yPaBHEHHU

. *
dD;(z*) .
—=1=0, i=1,...,n (5.2)

393,'
JInnemma 3akmoueHHoro. HekoTopble mpuMepsi B MAaTEMATHKE — KGHMOPOEO MHONCECME0,
nodkoea Cmeiina, ynxuus Axkepmana®, — BHIKPUCTAIIM3OBATHUCH B CAMOCTOSITESIbHbIE
MOHATHS W BOLWIM B CBOEOOPA3HbI TEOPETHYECKUHA MUHMMYM. TaknM npuMepom
ABIACTCA U QUIEMMA 3AKAOMEHHO20 — WIPa JIBYX YYaCTHHUKOB C MaTpuledl BbIMIPbILIEit
(B naHHOM cllydae — mpourpslieit):

[(1; 1) (9;0)
(0:9) (8:8)]°

IMepsblii HTPOK (3aK/OYEHHBIIT) BLIGUPaeT CTPOKY, BTopoit — ctonbeu. Ha nepe-
ceuyeHUM — roasi TIOpbMbl. [lepBas uudpa, BbLIeIEHHAS XXHPHBIM, 0003HAYa€eT, CKOJIBKO
CHIETb MEPBOMY 3aKJIIOUEHHOMY, BTOpasi — BTopomy"’. Peuwias, yto nenatb, mepsbiii
3aKAI0YEHHBI CTOUT mepen AUAeMMOIi: moayyuTs 1 roa Uau 9 neT TiopbMbl, BbIOpaB
nepByio CTPoOky, 6o 0 unu 8, BoiOpaB BTOpYIO. BhiOMpast BTOPYIO CTPOKY, OH B JIO-
6oM cnyyae BbinrpbiBaeT. Ho urpa cummeTpuyHa. IlapTHepy TOYHO TaK Xe BbIFOAHee

3 3nemenThl CIMHCKA, KOHEYHO, MOTYT ObITh pa3HOTro KaluGpa.

4 Bee 310 06BIYHO NMPUYKPaLIMBAETCA CKa3KOi. 3aK/IIOYEHHbIE COBEPLIWIN THXKKOE
npecryriienue. Ho y mpokypopa HeT A0Ka3aTeibCTB, U OH TONAA «OPraHM3YyeT MIpy».
Co3HaBUIMICSI U NMpPEACTABUBLUMIT 0KA3aTE/IbCTBA — BBIXOAUT Ha CBOGOMY, YMOPCTBYIO-
wuit — nony4aet 9 aet TIopbMbl. O6a HE CO3HAIOTCH — MONYYAIOT MO roay (K MPUMEDY,
33 HE3aKOHHOE HoLLEHHe OpYXHs). O6a CO3HAIOTCA — MOJIY4aloT o 8 JieT.
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BbIOpaTh BTOPOIt cTONGel. B pesynbrate 06a cO3HAIOTCA B COBEPLUEHUH MPECTYIIEHUS
(cM. CHOCKY), U NMOAYYaloT MO 8 JieT. 3TO U eCTb HILIEBCKOE PELLIEHHUE.

PaBHoBecue no Hauly MOXHO oxapakTepu3oBaTb KaK WHIWMBHUIY-
albHO pa3yMHOe pelleHue. B paccMOTpeHHOM NpuMepe KOJJIEKTUBHO
pa3syMHbIM pelueHueM npencrasnsiercs (1;1). Ho napagokc He CHUMaeT-
Csl 1aXe BO3MOXHOCTbIO NPEABAPUTEIbHOI 10rOBOPEHHOCTH. B KoHeu-
HOM MTOre KaXIbiii MPUHUMAET PELUEHUE CAMOCTOSTEIbHO, MPU 3TOM
0Ka3bIBAeTCSl BHITOJHO HAPYILUTb KOJUIEKTUBHbINA JOTOBOP.

ITapanokcanbHOCTb H3LIEBCKUX PELIEHUIH — CKOpee MpaBio, He-
XeJIM UCKIIOYEHUE, U MHOrMEe 3KOHOMMUYECKHE CUCTEMbI HAXOISATCS
MMEHHO B TaKOM paBHOBeCHM. [0 HEKOTOPOH CTENEHU YIUBUTENIbHLIM
npeacrasnasercss ToT ¢Gakt, yto A 3¢ HEeKTUBHOCT IKOHOMHUKHU B Lie-
JIOM 3TO 4acTO HE MMeeT HUKAKOTO 3HaYeHMst (CM. CliedyIoLMii pasaen).

5.3. MeTaurpoBoii cuHTe3

BepHeMcs K 3amaue

n n
> orivEiomax, Y zi=1X, (5.3)
i=1

i=]

pacCMOTpeHHOiIl B pasfene 2.1, roe OHa HWHTEPNPETUpPOBAJaCh Kak
YUCTO ONTUMHU3ALUHMOHHAsA 3anada pacrnpeuacjicHuss pecypca X mon
siyeiikaM (aneMeHTaM A;), UMEIOLIMM NPOM3BOACTBEHHbIE (DyHKUMM
@i(z;) = riy/T;, KOTOpPbIC M3MEPAIOT MPOLYKLMIO Ha Bbixoge A; mpu
MCITOJIb30BAHHUU peCypca B KOJIMUYECTBE ;.

IMonbiTKa MPOBECTH MapalieNv C PeaibHOM IKOHOMUYECKOM XHU3-
HBIO [TOKa3bIBAET, YTO HE BCE Tak MPOCTO. Bo-nepBbiX, MPOU3BOACTBEH-
Hble GYHKUMHM ;(T;) OTPaXaloT CKOpee He XKECTKYIO CBsI3b MEXIy
BXOAOM M BBIXOIOM MPOM3BOIUTENEH, & UX NpPENebHble BO3MOXHOCTH.
TMoatomy 3eMeHTHl HeoOXOAUMO 3aMHTEPECOBaTh B pe3ysibraTax pabo-
Tbl, HAIPUMEP, OTUIauYMBas TPy MPOMOPLUHOHAIBHO MPUOBLLIU

D; = pi(z;) — Az,

rie A — LUeHa pecypca. Bo-BTopbiX, NMPOMU3BOACTBEHHbIE (GYHKLMHU
ynpasisiioiieMy opraHy (YO), Kak NpaBWIO, HE M3BECTHbI WM H3-
BECTHbI BeCbMa MpUbnu3nuTeNbHO. B cutyauuun @;(z;) = ri4/T; MOXHO
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CUMTATb, YTO HA «BEPXHEM YpPOBHE» HE M3BECTHbI KOG ULMEHTHI T;.
Ho torna YO He uMeeT BO3MOXHOCTH pellaTh ONTHUMU3ALIMOHHYIO
3anauy (5.3). [psiMosIMHeHAsE MONBITKA 3aNPOCUTh 3HAYEHUs T; HE Ta-
paHTUpPYET ycriexa, MOTOMY YTO MPOU3BOAMUTENM OYOyT OTBEYaThb, AyMmast
0 COOCTBEHHbIX HHTepecax. B pesynbrate MoXeT 0Ka3aTbCsi, YTO UM
HEBBIFOAHO COO00I11IaTh JOCTOBEPHYIO MH(POPMaLIHIO.

Bo3MoxHa cinenyioliasi opraHu3auus paboTbel cUCTeMbl. YO nocki-
JIaeT 3anpoc deMeHTy A; O 3HaueHUM KOIGGDHULMEHTA T;, IEMEHT
OTBevaeT: «8;». He uMes apyroi mHbopmauuu, YO Ha OoCHOBe moJy-
YEHHBIX OaHHbIX § = {S,..., Sy} OenuT pecypc Z;(S) ¥ HasHauyaeT
ueHy A(s). [ocne noacTaHoBKM 3aKoHa pacnpeseiieHus i(S) U Ha3Ha-
yeHHsl LeHbl A(S) B dyHKLHMIO Npubbn D;, nonyyaem

Di(s) = riy/zi(s) — A(s)zi(s),

T. €. (YHKUMSI BbIMIPbIlA KaxAOro 3JIEMEHTa OKa3biBaeTCs 3aBUCS-
uied Jvilib OT BekTopa S. BO3HMKaeT TMUMMYHas MrpoBasi CUTYyallus,
B KOTOpOil 8; siBnsieTcsi ctpaterueil A;. B pesynsrate urpoBoro B3a-
MMOIEICTBUSL B CUCTEME YCTAHABIMBAETCsi HEKOTOpOe paBHOBecHe S',
HO HET HMKAKO# rapaHTHH, 4To 8* =T,

[TOHSTHO, YTO MOJIOXEHUE U XapaKTep PaBHOBECHUS ONMpPEAESSIOTCS
obyHkunsiMu z;(s), A(s). Moaromy 3amaueit YO oKa3blBaeTcsi «ONTH-
MHU3alMsi TIPaBMJI UTPbl»: TakoW BbIOOP dyHKuMit z;(s), A(S), 4ToOBI
B PaBHOBECHMH MOJIyyaloLIeHcst UIPbl 6bII0 8 = 7 WK xoTs 6bl 8* R 7,
a paBHOBecHoe pacnpeneneHue pecypca {z;(s*)} 6b10 onTUMabHO
no kputepuio (5.3). UHbIMK cnoBamu, 3anaya YO ecTb CMHTE3 TakKoi
WUTPbl MEXAY NMPOU3BOAUTENSIMHU, B KOTOPOW KaXAblii, npecnenys cyry6o
WHAWUBUIYANIbHbBIE LA, 00eCIeYnBa Obl TEM CaMbiM ONTUMYM (PYHK-
LIMOHUPOBAHUSI CUCTEMbI B LIENIOM.

MoxeT nokasatbcst, 4To 3anaya yronuyHa. He umest undopmauuu o cucteme, Mol
XOTUM TaK OpPraHu30BaTh €e paboTy, 4TOObl Kaxablii AyMas TOJbKO O cebe, HO 3TOro

Ob1J10 Obl JOCTATOYHO LIS ONTUMABLHOTO (byuxuuonuposanuﬂ B uesioM. TeM He MeHee

5
nonoOHas 3aaya B 1OBOJAbHO CBOGOAHBIX NPEANMOJOXECHUAX UMEET pELUCHUEC ).

% 3anaun Takoro COpTa LIMPOKO M3Yy4aloTCsl B «TE€OPHU aKTUBHbIX cucteM» (Byp-
koe B. H.). ToBelleHyeckas CTOpoHa Hela KpaTKO paccMmaTtpusaercst B [6, T.2, . 1],
6onee noapoGHO B MoHorpadmu: Onoiuyeé B. H. PaBHOBeCHE M YCTOWYMBOCTH B MOEJISIX
KOJUIEKTUBHOTO noeefewus. M.: Hayka, 1977.
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3aMeTUM, YTO TaKTHKA MOBENEHUsI TPOU3BOAUTENEH C TOUKHU 3PEHUS
MHTEPECOB CUCTEMbI HE UTPAET MPUHLMIHUAIBHOI PONU B CJEAYIOLUEM
cMbicne. Ecam taktMka «H3weBcKas», YO CUHTE3UPYET TaKylo WIpY,
YTO pecypc pacrnpeaeasieTcsi oNTUMalbHO B paBHOBecUM no Hoauy. Ec-
JIM TaKTUKa UHasi — YO, CUHTE3UpPYysk UTPY, OPUEHTUPYETCS Ha IpYyroe
MOHSITUE PABHOBECUsI, MO-MpeXHEMY N00MBasCb ONTUMyMa pacrpene-
JIEHUs1 pecypca.

OcMbICcUBas 3aTPOHYTYIO TEMATHKY, MOXHO ObUIO Obl BO3pa3uTh, YTO MpobieMa
OTCYTCTBUS UHGOPMALIMK O MPOU3BOACTBEHHBIX (PYHKLUAX HE CTONb MPUHLUMMUANIbHA,
M METaurpoBOM MOAXOA APaMaTHU3MPYET CUTYaLMIO, U3 KOTOPOM €CTb MPOCTOW BBbIXOM.
Benb MOXHO He 3anpalunBsaTth HH(OPMALIMIO, @ U3B/IEKATh €€ U3 HAONIOAEHHU I NesTeNb-
HOCTH MpPeANpUATHi B mpouwibie neproabl. [1ogoOHbI MoaXon WHPOKO MPUMEHSETCS
Ha NpaKTHKe, peanu3ys B pa3HbIX BapUAHTaxX MPWUHLMM [UIAHUPOBAHUSA OT NOCTHUTHY-
Toro ypoBHsa. Ho 310 He Bcerna naet 3¢xpekT, mnOpoxaass BTOPOH Kpyr HEMPUATHOCTEMR
W MHMLUMHUPYS CO3HATEJIbHOE CKPbITHE pe3epBOB MPOM3BOACTBA.

PaccMoTpeHHbIit dparMeHT U3 00J1aCTU METAUTPOBOTO CUHTE3a Ha-
[JSAHO TNOKA3bIBaeT, YTO YMUCTO ONTMMMU3ALMOHHbIE 3KOHOMMUYECKHE
3aayu npu Gojiee BHUMATENbHOM M3YYEHHUU TEPSIIOT CBOIO MEPBOHA-
YajibHyl0 ¢GOpMy M TPHMOOpPETAlOT HOBOE KayeCTBO. DKOHOMMYECKast
JEACTBUTENIbBHOCTh HEM30EXHO CTAIKMUBAETCS C HAJIMYUEM B CUCTEME
pasiMYHbIX MHTEPECOB M TpoOJAEMON MX pPa3yMHOTrO COIJacCOBaHHUS.
Henb3s ckasaTh, 4TO MrpoBO€ B3aMMOAEHCTBHUE MOACUCTEM TJIAaBHOE
3B€HO B 3KOHOMMKE, HO 3TO QOCTATOMHO BaXHblit dakTop, 6e3 yuyera
KOTOPOTO TPYIHO PacCYMUTHIBATh Ha YCIIEX MCCAEAOBaHMS.

5.4. Ontumym Mapero

Ha npakTuke LIMPOKO pacnpocTpaHeHbl 3aJayd, B KOTOPbIX OAHOBpeE-
MEHHO MMeEETCS HECKOJIbKO LiesieBbIX GyHKLMI. HanpuMep, npy noucke
BbITOIHOTO peXHMa padoThl NPEANPUATUS NPUXOAUTCS LyMaTb 00 yjyy-
LIEHUHX HE OJHOr0, a MHOTHX MoKa3aTeseil: NpuObUlb, pEHTAa0eabHOCTD,
€ce0eCTOMMOCTb, HaAEXHOCTb U T. M. BbIOMpasi KOHCTPYKLIUIO caMoJieTa
IS CEpUHAHOrO NMPOM3BOACTBA, TAaKXE MPUXOAMUTCS AymaTb O MHOTHUX
MoKa3aTeysix: rpy30nolbeMHOCTb, NMOTOJOK, MAaKCMMaJibHasi AaJIbHOCTb
nepenera, 3KOHOMUYHOCTb 3KCIUTyaTalUH.

Ha dopManbHOM ypoBHE 3TO BbIMISIAMT TakK: UMEETCSl M LEJIEBbIX
byHKUMIH

Dy(z),...,Dn(z),
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1 Ha MHoxecTBe X Hano BbIOpaThb albTepHaTUBY T € X, olOecrieynBa-
IOLLYIO, N0 BO3MOXHOCTH, KaK MOXHO G0ablune 3HaueHust Bcex Dj(z).
TIOHATHO, YTO ONHOBPEMEHHAsi MAKCHMMM3allMA HECKONbKUX (DyHKLMiA
B oOuieM ciiyyae nmpotuBopeuunBa. I[lepsasi ocMbic/ieHHast 3aa4a, KOTO-
past 31eCb BO3HMKAET, 3aK/II04aeTCsl B BblAEIECHUH MHOXECTBA Heyayqua-
eMbiX anbmepHamue.

AnbrepHaTuBa & € X Ha3biBaeTCH Heyayvuiaemoli, €Cin He Cylle-
CTBYET ApYroii anbTepHaTuBbl §¥ € X, st KOTOPOIi

Di(y) = Di(z), i=1,...,m,

fpuYeM XOTs Obl OIHO U3 3THX HEPABEHCTB CTPOTOE.

HeynyuluaeMble ansTepHATHBbI Ha3bIBAIOT onmumanshoimu no llape-
mo. B ornpeneieHHbIX YCIOBUAX ONTUMaNbHBbIE 1o [lapeTo anbsrepHaTUBLI
MCYEPIBLIBAIOTCH PELIEHUSIMU NMApaMETPUUECKOM 3a1a4yl ONTUMHU3ALIMH

Z piDi(z) > max, z€ X.
1

BapbupoBaHMe nmapamMeTpoB fi; MO3BOJSIET NMepedpaTh BCe NMapeTOBCKHUE
pellueHHUs1 UCXOOHOM 3aayuM.

IMapeToBCcKKE pelIEHUs] ECTECTBEHHO BO3HMKAIOT B MTPOBBIX 3ada-
yax. Eciu D;(z) — BbiMIpbilu, a T; — CTpaTerus i-ro Urpoka, To
SICHO, YTO pEe3y/bTaT Pa3yMHOro KOJJIEKTMBHOIO JOroBopa LIelecoo0-
pPa3HO MCKAaTh CPEdM albTepHAaTHB, onTuMaibHbiX o Iapeto. Mo 3Toi
NPUYMHE MHOXECTBO MapeTOBCKHX PELLIEHUI HAa3bIBalOT MHOTIA nepezo-
60PHBLIM MHONCECMEOM.
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ToBOpAT, KaK Ha30BeLlb, TAK M Moeaewb. Teopusi KaTacTpod — JNMLIHEE TOMY NOATBEP-
xaeHue. CHayana MMs BO3HECI0, NOTOM COPOCHIIO. AXHMOTaX CMEHHJICS Pa304apOBaHH-
eM. BanaHc 10 cux nop He HaitneH. ONHAKO HE NOXHMAAACH, MOKA «BCE YISXKETCS», 31ECh
CTOUT 06paTUTh BHUMAHHME HA DSl aCMeKToB. B nepBylo oyepesb 3aCayXMBaeT yOMM-
HaHUs KhaccudUKaLus KPUTHYECKUX TOYEK, OCOGEHHO Misl CeMEMCTB (DYHKLIMOHANOB,
a TaKXe MOHATHE rpy6OCTH, KOTOPOE [Jisi NapaMEeTPUYECKUX CEMEICTB HEOXMAAHHO
CTAHOBUTCA HETPMBHALHBIM.

ConepxaHue 1aBbl OPMEHTHPOBAHO Ha TEX, KOMY CYXIEHO MCKaTh TPYAHOCTH
B Apyroit 061acTu. 3a JeTaisiMU MOXHO oGpaTuThes K [1, 7, 19].

6.1. CkaukooOpa3Hbie U3MEHEHUS

[ToBeneHne M3yyaeMbIX CHUCTEM OOBIYHO 3aBUCHT OT T€X WJIM HHBIX
rnapamMeTpoB, MPH U3MEHEHHWH KOTOPBbIX MOTYT BO3HMKATb HEOXHIaHHbIE
sBjieHusi. CTaHOapTHBII MPUMEP: YCTONYMBOCTb BEPXHErO MOJIOXKEHHUS
MasgTHUKa MpU BUOPALIMM TOYKM MOABECa C YAaCTOTO, NpeBOCXOAsMLLEH
GapbepHoe 3HaYeHHe. DTo U3 obnacty cloprnpu3oB. Ho ectb Takke Macca
BIIOJIHE OXHIAeMbIX PE3KMX MEPECTPOeK CUCTeEMbl Ha ¢hOHe TLIaBHOro
U3MEHEHHUS NapaMeTPOB, O Y€M CBHAETENbCTBYIOT YCTOSIBILIMECS MOHATHSA
Kpumuueckoll Hazpy3ku, Kpumuveckol memnepamypsl 1 T. 1.

Ha 3anmHeM nnaHe B TaKMX CHUTYyaUMsiX, KaK MpaBuJio, GpUrypupyer
JUHAMHYECKHUH npouecc

z = Vo(z,¢), (6.1)

HO UCTOYHUKOM CKa‘{KOOGPaCiHbIX U3MEHEHU I ABISIOTCSA MCTaMOD(I)OCibl,
npoucxoasiine ¢ KpUTUHUECKMMHU TOUYKaAaMHU nomeryuara @, T. €. C pelie-
HHUSAMH YpaBHEHHUSA

Vo(z,€) =0, (6.2)

np1 U3MCHEHHUH NapaMeTpa €.
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KayecTBeHHbI CKayOK B OBEAEHUHA AMHAMHYECKOW CUCTEMBI

= f(z,¢)

np¥ M3MEHEHUM TapaMeTpa Ha3blBalOT Ougypkauyueli, a COOTBETCTBY-

0Oee KPUTHYECCKOEC 3HAUCHUE € — 6u¢ypxauuonnbw. DTO He COBCEM

1
corjlaCcyetcss ¢ UCXOAHbIM CMBICIIOM CJiOBa 6u<1)ypKauml ), MOCKOJIb-

KY M3MEHEHMSI MOTYT OIpEAE/SITbCS HE TOJILKO BETBJIEHHUEM peELUEHUI
ypaBHeHusi f(Z,€) = 0, HO U YUCTO AMHAMMYECKUMH TEPECTPOIKAMH
¢a3oBoro noprpera 6e3 MOSBAEHUS HOBBIX MOJIOXEHHUIT paBHOBECHS.
Hanpumep, B 6udypkauuu Andponoea—Xonga [6, T.2] dokyc Tepsier
YCTOMYHMBOCTb, U MPU 3TOM POXIAETCS aCUMMNTOTUYECKHU YCTOMUMBBLIN
uMki. TeM He MeHee, B rpaaMeHTHbIX cuctemax (6.1) Gudypkaunu
B OCHOBHOM ONpPEAENSIOTCS KPUTUYECKUMH TOYKAMH TMOTEHUMANa U UX
XapaKTEPUCTUKAMH, YTO MO3BOJISIET CKOHLIEHTPUPOBATLCS HA U3YYEHUH
cratuku. OQHAKO NMPU 3TOM HeJib3sl 3a0bIBaTh, YTO Pa3/IMYHbIE PELLIEHUS
(6.2) MOryT KauyeCTBEHHO OT/IMYATbCsl APYr OT Apyra — MHUHUMYMBI,
MaKCUMYMbl U T. II.

B cnyyae
Vo(z,€) = ez — 2°
KpUTHYECKUM 3HauyeHueM sipnsietcs € = 0. Tpu € < 0 cucteMa uMeeT eAMHCTBEHHOE
HYJIEBOE PAaBHOBECHE, KOTOPOE ACUMIMITOTHYECKH YCTOHUMBO. [1pu CKOJIb YTOAHO MajioM
€ > 0 310 paBHOBECHE CTAHOBUTCS HEYCTOMYMBBLIM, @ B €0 OKPECTHOCTH MOSIBJISIETCS

1Ba APYTHX, aCHMIITOTUYECKH YCTOMYMBBIX paBHOBeCHS T = +/E.
B TepMUHAX NOTEHUMANOB peYb HAET O BO3MYLLUEHUH

o) = L2

€
nobaBkoit —-2-1:2. WcxoaHbiit HyneBoit MUHUMYM @(z) mpu € > 0 npespaiuaercs

B JIOKbHbIH MaKCHMYM U 1Ba JIOKaJbHbIX MUHUMYMa.

[pumep npyroro posa naet p(z) = z*. Manoe BO3MYLUEHHE 3/1eCh

MOXET JiMllb HE3HAYUTCJIbHO CMECTUTb KPUTHYECKYIO TO4YKY, HO OHa

o o 2
OCTaCTCsA CAMHCTBEHHON U COXPAHAET CBOM TUI1 MUHUMYMaA )

Y Or nar. bifurcus — pa3nBOECHHDIN.
2 CM. nanee o CTPYKTypPHO#N YCTONYMBOCTH.



6.1. Ckaykoobpa3Hbie N3MeHeHUs 103

B cnyuae 6onbluero yucnaa napaMeTpoB BOZHMKAIOT CUTYallMHM MHOTO
Tuna. CkaxeM, MUHUMYM 1O T DYyHKLHUHU

1 1
pa(z) = 2 zt + 3 Az’ + Az (6.3)
OMNpeneNsieTCst yCIOBUEM
d
ﬂ =$3+/\2(D+/\1 =0.
dr

31O ypaBHEHHE TaK Ha3blBAaEMOil kama-
cmpoghbt coopku. T1pn pa3nuyHbIX NapameTpax
Al, A2 KyOMueckoe ypaBHEHME OyaeT MMETb
WIW OIOUH JEHCTBUTENbHbIA KOPEHb, WM
Tpu. [lonyyaeTcss NoBEpXHOCTb, U300PaXKEH-
Hast Ha puc.6.1. MOXHO Ji1 3Ty NMOBEPXHOCTb
CUUTaTb rpaMKOM HEKOTOPOIl MHOro3Hau-
Hoit dyHkumu x(A|, A;)? BoobGuie rosops,
MOXHO, HO Ha caMOM Jejie 3[eCb Mnoapa3y-
MEBaeTCss HeyTo OoJiblliee, €CNU 3a Kaapom
CTOUT ANHAMHUKA

Puc. 6.1. Katactpoda

F=——"12 cbopkun
dx

dp(z)

B 3TOM ciiyyae 3aluTpMXoBaHHast YacTb MOBEPXHOCTH OTBEYAET HEYCTOM -
YMBBLIM MOJNIOXEHUSAM paBHOBecust T(A[, A;), octaibHble T(A), A\y) —
yCTOMYUBbI 3,

Ecin npu 3TOM cucTeMa B HauyaibHbli MOMEHT HAXOAMTCA B TOY-
Ke A v mapaMeTp A; IJ1aBHO yBEJMYMBAETCS, TO COCTOSIHME CHCTEMBI
MmeHsietrcst B1oib ACB — B Touke C npoucxoaut ckayok. [1pu Bo3spa-
LLIEHUHU A7 B UCXOOQHOE MOJIOXKEHHE COCTOSIHUE CUCTEMBI OYNET MEHATLCA
no apyromy nyth — BEF (HeuTo Bpoze neTiu rucrepesuca). B 1o xe
BpeMs MpPH CMELMATIbHON PEryJiMpoBKE MapaMeTpoB Aj, Ay BO3MOXEH
riaBHbli nepexoa M3 A B B Bions ADB. HakoHeu, 3aluTpyMxoBaHHas
YacTb MOBEPXHOCTH COOTBETCTBYET HEPEAU3yeMbiM (HEYCTOYMBBIM,
MeTacTaOUIbHBIM) COCTOSIHUSIM CHCTEMBbI.

KyOuueckoe ypaBHeHME 3anaeT KaHOHMYECKMII BMA KaTtacTpodbl
cOOpKH, MMeloliei B Touke S XxapakTepHyl0 ocoOGeHHocTb. K Takomy

3 Tam notenuman a(Z) npuHUMaET JIOKATbHO MAKCHMANbHBIE 3HAYEHUS.
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BHUOY C MOMOILbIO HEJUHEHHBIX 3aMEH KOOpAMHAT CBOAATCA pPa3Nvy-
Hble Apyrve ypaBHeHus. [1o nepBoMy BMeYyaTIeHMIO Pa3IMYHBIX TUIOB
oco0eHHOCTEHf MOXET ObiTb N0BOJBHO MHOro. OXHako OKa3blBaeTcs,
YTO B TUTIMYHBIX, CMPYKMYPHO YCMOUYUBLIX, Cllyuyasix MPU HAJTMYMH ABYX
napameTpoB MOTYT BCTPEYaTbCs JIMLLIB ABA TMUMa ocoOeHHOCTE: kama-
cmpogha cbopku n kamacmpoga ckaaoku. Ilpu Tpex v 6ojiee napaMeTpax
pa3sNMyYHbIX OCOOEHHOCTEI HECKONbKO 0Ojibllle, HO W TaM [HaeTcs HMX
noJjiHast KnacCUuUKaLus.

6.2. XBOCTBI M CTPYMN

Hanee ucnonb3dyercsi OObIYHbIA cTeHOrpadryecKuii TpIok

_ gt ()
T o9z .0z

al=a'...a,!, z%=2z{'...25", D%f(x)

C nmoMoLLblo KoToporo psaa Tsiinopa maisi GYHKUMM 7 MepeMeHHbIX 3anuchiBaeTCs
B MPHUBBIYHOM Ha BELUECTBEHHOI MPSAMOii BUIE:

2. D f(z
f(x+z)=§ ——af'(-lz", a=a,+...+a, O=1
a=0 :

HayvanbHblit oTpe3ok psiaa Taiinopa,

k
: D2p(0)
k _ |4
iTe(x) = Zo Twa,
a=!

Ha3biBaeTcsi k-cmpyeii GyHKUMH @ B Hyne 4. Pasuoctb p(z) — jkcp(a:)
Ha3blBalOT X60CMOM.

HanomHuMm, yto 3anuch

[+ ]
Dep(0)
pla)=> — s
[o M
a=0
He BCeraa KOppeKkTHa, MocKoibKy psia Taitnopa He 06s3aH cxoauThes K ¢(T).

2
CraunapTHeiii npumep naet dyukums o(z) = e '/°

no HenpepoiBHOCTU. Bee D%p(0) = 0, u psan

, MPONOJIXEHHAs B HYyJe

0z)=04+0-z+0-2>+...

4
) O6biuHO k-ctpys onpenensieTcss 6€CKOOPAUHATHO, YTO BLIMISANT HHAYE.
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CXOMMTCS K TOXAECTBEHHOMY HYJIO, HO He K (Z). Tem He MeHee 060 0Tpe30K 3TOro
psila Xopowo npubanxkaeT ¢(T) B OKPECTHOCTH HYJSl, HO He YNaBIMBAeT, Y4To ¢(z)
B HYJIE UMEET MUHUMYM.

Cuwuraercst, yto dyHkuus ¢ : R — R umeer B Hyne nopadok k,
€CJIY NEPBOI HEHYJIEBOW NMPOU3BOLHOI ABsIETCA chp(O).

6.3. Jlemma Mopca

B okpecmnocmu HegbipodcoenHol Kpumuueckoii mouxku a1060t QyHKyuoHan
3aMeHoli nepemMeHHbIX NPUo0OUMCs K cymme «+ keadpamoe». bonee TouHas
¢bopMynnpoBka 1 060CHOBaHHE TIPUBOAATCSH HUXE, HO NPEABAPUTENBHO
yA0OHO BbIIEIUTb BCTIOMOTaTebHbIil Pe3yJIbTaT.

6.3.1. Nlemma. /s awboii enadkoii pynkyuu f : R™ — R, npu ycrosuu
f(0) = 0, — eceeda moxcro yxazams maxue g; : R" — R, umo

f@)=z191(x) + ... + Tagn(z), 9i(0) = %'

<« Pesynsrar ycraHaBiMBaeTcsi B OQHY CTPOYKY:

fla) = / fi(tz) dt = / 3 a’;(f)z,- dt. »
0 0o ¢ !

6.3.2. Jlemma Mopca. /Tycmo 2nadkas ¢ynkuus ¢ : R" — R umeem
6 Hyne HegbipoxcOenHylo kpumuueckyto mouky u p(0) = 0. Toeoa é do-
CMamo4Ho Manoil OKpeCmHOCmU HYAA Cyljecmeyem AOKAAbHAS Cucmema

Koopounam 2y, ..., 2y, 8 KOMOpOIi 3)
2 22 2
olz) =21 +...+ 2k — Zky1--- — 2n, (6.4)
npuuem x(2) saersemca Ougpeomoppusmom 6), a k — maxcumansvHoli
pazmepHocmelo hoonpocmpancmea, Ha komopom mampuua lecce V2<p

7
nOAOHCUMENbHO onpe()e/leﬂa ) .

5 dynxuns (6.4) na3viBaetcs Mopcosckum k-cednom.

o Judgpeomopghuzmom Ha3bIBAIOT TaKOE B3AUMHO OHO3HAYHOE oToOpaxeHue f: X - Y,
yto f u f"' HenpepbiBHO IU(hEPEHLUPYEMBI.

7 PasnocTb 1 — k Ha3bIBAIOT undeKcom HEBBIPOXIEHHO KPUTHYECKOI TOYKH, CM. [16].
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< [lo nemme 6.3.1

p(z) = Z z:9i(z),

NpHYeM Bce
3¢(0)

!

$i(0) = =0,

4TO MO3BOMSICT MPUMEHHTD JIeMMY 6.3.1 K DyHKuUHMAM 9;(Z), nonyyast B utore

plz) = Z T;Tjw;;(z).
ij

Bes OrpaHMueHnst OGLUHOCTH MOXHO CUMTaTh® wij = wj;, npuyeM Matpuua w;;(0)
HEBBIPOXIAEHHA, MOCKOJIbKY HEBbIPOXAEHHA HYJIEBasi KDUTHYECKAs TOYKA U

wii(0) = 1 3290(0)
Wi 2 8z,0z;
Eciu Tenepb B JIOKANbHBIX KOODAMHATAX U, ... , Uy

plo@)] = 203 £ .. 20l + 3 e (w),
ij2k

TO B KOODAMHATAX V), ..., Uy, [AC BCE ¥; = U;, KPOME
UWik u)
Up =/ jwir (e [‘Uk + E W u)
i>k kk
noJiyyaercs

plz()] = ol ... £ v} + Z v;0;5;;(v),
Qi Zk+1

4T0 0OOCHOBBIBAET MHIAYKUMOHHBIH War ¥ Mo3BOJAAET AOUTH 00 kK = m, HauuHas
ck=0.

HenpepbiBHas auddepeHUUPYEMOCTD JIOKATbHBIX 3aMEH TPeOyeT BHUMAHUS IMLLb
B YaCTH MCMNOJIb30BaHMs ,/Iwkk(u)l, [A€ CrmacaeT CCbUIKa Ha TeopeMy 00 oOpaTHoit
GYHKUHH. P>

Jlemma Mopca, B HEKOTOPOM pOJie, SIBASETCS HEJIMHEHHbIM 00001Lie-
HHUEM XOpOLUO U3BECTHBIX B JIMHEHHOMN aiiredpe pe3yasTaToB O KaHOHU-
YeCKOM MPEACTaBJIeHUM KBAAPAaTHYHOI dopmsl [6, T. 3]. KoneuHo, eciin
rOBOpHUTb C HaTAXKO#. [1oTOMy YTO 3m€Ch NOABJSAIOTCS MPUHUMMHANb-
HO HOBBIE acCleKTbl, MO3BOJAIOLINE B3MJISTHYTh HA pa3iuuHble PYHKUUU
C TOYKM 3PEHUSL IKBUBAJIEHTHOCTU UX OCOOEHHOCTEIA.

9p MPOTUBHOM CJly4ae OT w;j MOXHO NMepedTH K Wij = 1/2(wij + wji).
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6.3.3. Onpeaenenve. ladkue gyuxyuu ¢, : R" — R nokarsno sx-
BUBANEHMHYL 8 HYAE, €CAU CYWECmBYem maKoil 20KanbHbill Oughdeomopusm
z(z), umo

p(z) = ylz(z)] +¢
6 HeKomopoli 0KpeCmHOCMU HyAA npu nooxooauwell KoHcmarme £.

Ecin Vo(0) = V¢(0) = 0, To B NpeanoyoXeHusix onpeeieHus
6.3.3 roBopaT 00 3K6uearenmuocmu Kpumuueckux mowuex. Jlemma 6.3.2
MOKAa3biBAET, YTO HEBBIPOXAEHHbIE KPUTUUECKHUE TOYKH, KOTOPbIM OT-

BEYalOT ceccuanbt OANHAKOBOIO paHra 9), — J3KBUBAJICHTHbI APYT APYrY.

6.4. dkBumBaneHTHOCTb OCOOEHHOCTEN

JlaHHOE BbIllE OMNpeaeieHNe 3KBUBAJIEHTHOCTH KPUTHUYECKHUX TOYEK —
WHCTPYMEHT, TOJNKAIOLIM Ha BecbMa 3bIOKYI0 MNouBy. 3a npenejaMu
neucTeus aemmor Mopca BOZHUKAIOT CYLIECTBEHHbIE TPYAHOCTH.

EcTtb, npaBaa, elle ONHO MUCKIIOYEHUE — OJHOMEPHBIH cayyaid.
Ecnu

0(0) =¢'(0) =...=p* ) =0,

M JIMLIb <p(k) (0) > 0, To @(x) NOKANBHO IKBUBWIEHTHA B HyJjie (QYHK-

HHH (L'k. OcTrasibHble NMPONU3BOAHBIC POJIM HE UIPAIOT ]0).

Takum 06pa3oM, nepBsasi Xe HEHyJsieBast CTpysl B OTHOMEPHOM ciiyyae
onpe/eNsieT XapakTep KpUTUYECKOM Touku. Hanexabl Ha HEYTO noaood-
HOe B Pa3MEPHOCTSAX 1 > | — He OonpaBabIBAIOTCS.

Bonpoc, crosiuit Ha KOHY, BBISIIMT NMPUMEPHO Tak. B Kakom
CJly4yae M 110 KaKMM MPU3HAKaM MOXHO rapaHTHPOBATb 9KBUBAIEHTHOCTb
B Hyle QyHKuMM o(z) u ee k-ctpyn j o(z)? WHaue rosops, Kakue
CBOJCTBA NONMHOMA j¥((Z) 06ecnednBaloT SKBUBANEHTHOCTb ' ()

5 oh

9 HanomhuM, yto p K6adp 4HOU (hopMH HA3BIBAETCSl HE PAHT 3analolleit Mar-
pHLBI, 3 YKHCJIO OTPHLATE/NbHBIX CJAaraeMbIX B KAHOHWUYECKOM TNpEIACTABICHUH, KaKOBOE
SIB/IIETCS TOMONIOTMYECKUM MHBAPUAHTOM — COXPAHSETCS MPU HEBLIPOXIAECHHBIX NPeos-
pa3oBaHusIX.

19 O 4eIKBUBANEHTHOCTH BHELHE MOXOKHX byHKUMi 2% u z° moxo CYIUTb HAa OCHO-

BE TOTO, YTO MX MAjble BO3MYIUEHUS MPUBOMSAT K MOSABIEHUIO PA3HOTO YMC/A HOBbIX
KPHTHYECKHX TOYEK B OKPECTHOCTH HYJISL.
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u j*o(z) + q(z) npu noboit dyHkumu ¢(z), pasnoXeHHe KOTOPOil
HauMHaeTcs co creneHu m > k? TIpu NONOXUTENbHOM OTBETE Ha 3TOT
BOnpoc GyHKUMIO Y(T) Ha3biBaIOT k-onpedesenHoil B HyeE.

Mo nepBoMy BreyaTNEHUIO YCIOBUS k-onpedenenHocmu He NONXK-
Hbl ObITb OYEHb CJIOXHBIMM, MO KpaiHeil mepe, uaeitHo. Ha Takyio
BOJIHY HacTPauBaeT CHUTyalMs C HEBBIPOXIEHHbIM reccuaHoMm. OnHa-
KO CJIOXHOCTb NMPOGJIeMbl 0Ka3biBAETCsS HECOU3MEPUMA C OXHAAHUAMM.
[poGHbIe MOMBITKKU A0BOJIBHO GLICTPO 3aBOAST B TYMHK.

DyHKuMsA 3:.1:% He saBisieTCsi k-onpedenennoit HU TIPU KaKOM KOHEYHOM k. A
GdyHKUUA

flxy,z) = zlzg + :z::] +9(z), T2),
rae pasnoxenue B psa Taitnopa g(z), T,) HaYMHAETCs C YWIEHOB MOPSAKA He MeHee 12-ro,
okasbiBaetcsi 11-onpedesennoi, 1 NO3TOMY 3KBUBAJIEHTHA BOAM3H HYJsi MHOTOWIEHY
z.z% —+ 1::l . O He3KBUBAJIEHTHOCTH z.a:% u z,z§ +z,' MOXHO CYIMTb MO PAIUYKIO UX
rpadMKOB B YaCTH MepeceyeHus HYJIEBOrO YpOBHS: zlz§ = 0 ynoBneTBOpSIIOT 00e ocu
KOOpIMHAT, a z.z§ + :1::l =0 — Tonbko z; = 0.

Bonee 3aragouna dyHkuus [19]

p(zi,22) = 2} + 23,

. 5 5 ) S
KOTOpast He ABJsETCs S-onpedeneroil, HO 6-onpedeaena(!), T.e. T, + T3 U T+ T3 +9(z)
rapaHTMPOBaHHO IKBUBAIEHTHBI B HYJIE JMLIbL B TOM CJlyyae, KOraa pasnoxeHue ¥ (z)
HayMHaeTcs CO CTeneHu m > 7.

DyHKUMHU
f(z,y) = 32’ + 22°-6zy’,

9(z, y) = 3zt + 2:::3—6:¢:y2 + h(z,y),

rie pasnoxeHue h(z, y) HAYUMHAETCA C WIEHOB MOPAAKA HE MEHee YETBEPTOro, B OOLLUEM
cilyyae MOryT ObITb He 3KBMBICHTHbI. ONHAKO ecu pasnoxeHue h(z, y) HauuMHaercs
JILLb C 4JIEHOB NSATOro Mopsiaka, To f U g — 3KBUBANEHTHBI. (!)

O6a MHoroujieHa
filz,y) =2’-2zy + ¢,
fZ(z’ y) = zz - y2

obpawaiotcs B Hy/b PpU T = y, BTOPOM — Takxe NpH T = —y.
Mexny HUMH MMeETCS MPpUHUMNKANbHas pasHuua. Dyukuus f, onpeaenser cen-
JIO, ¥ CEANI0BOI XapaKTep KPUTHYECKOH TOYKM HE MOXET ObiTh HapylieH A00aBleHHUEM
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Y/IEHOB TPETHETO MOPSAAKA U Bblile. HHUYEro nogo6HOro Heb3si CKa3aTh O MEPBOM MHO-
rounene f,. [NpuGasneHue K HEMy YICHOB Gojee BBICOKOrO MOPAAKA MOXET MEHATDH
XapakKTep KPUTHYECKOI TOYKH, TAK MJIM HHAYe.

6.4.1. Teopema. Ecau gynkyus ¢ : R" — R seasemca k-onpedenennoii,
mo 21000t 00HOPOOHbLI MHO20HAeH cmenenu k + 1 npedcmaeiim é eude

! [m(m)j"" (%)] T [pn(m)j"" (;—f—)]

20e pi(T), ... , pn(T) — noaunomer, nopadka ne menee nepeozo.

Teopema 6.4.1 npuBeneHa JUilb IS TOFO, YTOObl MOXHO ObLIO
COCTaBUTb MpeNCTaB/ieHUE, O KAKOr0 COpTa YCJIOBUAX 3[€Ch MIAET PeYb.
Bapuauuu npeanonoxeHuit U BbIBOAOB cM. B [7, 19].

Knura [7] no Teopuu Katactpod, Kak Helib3si KCTATH, HAYMHAETCA C KUTANCKOI
nputun. Hekuit Uxy, neckartb, Bce otaal, ytoObl HayuuThesl YOHBaTh ApakoHOB. [oaro
YUYWIICS, AOCTHUT COBEPLICHCTBA, HO HY OIMH APAKOH TaK €My U He BcTpeTuics. «U torna
[ryr aBTOpBI cchinalotcs Ha Pens ToMa] OH Hauan yduTb APYTMX HCKYCCTBY y6UBaTb
JPaKOHOB».

6.5. lpy6ocTb U TpaHCBEpCanbHOCTb

TTOHATHO, YTO HET CMbIC/IA U3Y4aTb TE CBOMCTBA CUCTEMbI, KOTOPBIE HUC-
4ye3aloT Mpy MalieillieM BO3MYLIEHMU napameTrpoB. Bomnpoc, KoHeuyHo,
HE TaK MpOCT, KaK MOHayany Kaxercs. TeM He MeHee uues epybocmu
cucmemsl, YCTOWYMBOCTH K MaJibIM BO3MYLUEHUSM, Ha3bIBAEMOMN TaKXKe
CMpYyKmypHoUl ycmoiMueocmoto, — NOCji€ HEOOXOAMMbBIX YTOUHEHUI 10-
BOIMTCS, KaK MpaBUJIO, 10 YETKUX MOCTAHOBOK 3a4ay.

B naHHOM cnyyae peyb UAET O KPUTUYECKUX ToUKax (pyHKLMOHANA,
KAaKOBbl€ MO BO3AEMCTBMEM BO3MYLIEHUH MOTYT MCY€3aTb, paclUer-
JIATBCSA, a TaKXKE MEHATb CBO TUMN. DTO CMNUCOK «HEXeENaTeabHbIX»
siBJieHUil. CTPYKTYpHO YCTOHUMBbBIE CUTYyaLIMM UCYEPIbIBAIOT HEBLIPOX-
€HHbIE KPUTUYECKUE TOUKH “), YTO HE BMOJIHE SICHO, Kak 000CHOBATb.
He coBceM sicHO naxe, ¥mo Hano 0GO0CHOBbLIBATb.

D XapaxTepu3yeMbie HEBbIPOXIEHHOCTbIO Manpuusi Tecce

%y
2, —
Vw_ 3.12,‘331']'
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Cutyauusi MakCHMyMma WM MHUHHMMyMa npospauHa (pasgen 1.2),
HO Kak ObiTb B o0uieM ciyyae? TymMaH 4YaCTMYHO PaCCEUBAET .eMMa
Mopca, NOCKONBKY TeCCHaH OCTAE€TCS HEBBIPOXAECHHBIM MO BO3IEH-
CTBMEM [OCTATOYHO MaJOro0 BO3MYILEHMSI, HO TOTrAa B MOAXOSLUCH
CUCTEME KOOpAUHAT — 3To k-cedo.

3aMeTUM, HEBBIPOXIEHHOCTb Mampuybl lecce — e€CTb HEBBIPOXIEH-
HOCTb Mampuubl Hxobu oToOpaxeHus

Ve :R" - R",

YTO MYCKAET MBICJIb IO HANIPABJIEHUIO K MPaHceepcaibHocmu, M 31a To4Ka
3pEHHUSI HE TOJIbKO MPOJIMBAaET HOBBII CBET, HO M OKa3blBaeTcsi Oosiee
MEPCNEKTUBHOM NMPU PACCMOTPEHUHU CEMENCTB (PYHKLIMHA.

Tpanceepcarbhocmbs — [0BONBHO 0Olllee TMOHSATHE, OTBEYalOllEe
cumyayuu obuwie2o0 noaoxdceHus TPU TiEpeceyeHUH MHoroooOpasuii. JIsa
noanpoctpaictea X u Y B R" mpanceepcansnbt, ecnn mo6oii BekTop

z € R" npeacrasim B Buze '

z=z+y, TEX yYeEY.

Tunepnaockocmu (cnBuHyThie noanpoctpanctsa) L, M C R"™ mpanc-
éepcanbhbl, €CIM MX CyMMa nopoxaaet R”.

Hakonel, e1adkue muozoo6pasua B R™ nepecekaiorcs mparceep-
CabHO B TOYKE Ty, ECJIM UX KacaTe/bHbIE TMIEPIIOCKOCTH B Ly TPAHC-
BepcaibHbl. O mpanceepcarbHocmu MH02006pa3uii «LETMKOM» TOBOPST
B TOM cCjly4ae, Koraa B JiloOOW TOUKE MepeceyeHus: OHU MEPECEKaoTCs

TPpaHCBEPCAJbHO 13).

Takum o6Gpa3oM, TpaHCBEPCATbHOCTb MEpeceueHUss MHOrooopasuii,
rpadUKOB — €CTb HEKMH 3KBMBAJIECHT MUNUYHOCMU, OTCYTCTBUS MC-
KIIIOYUTENBHOCTH, KOTOPBIA OKa3blBa€TCs JIAKMYCOBOI OyMaxkKoi npu
BBISICHEHUW CTPYKTYPHOU YCTOHYMBOCTH. HEBBIPOXIEHHOCTH HYJIEBOI

12
) TMpsiMas u nnockocTs R mpanceepcaivivl B R?, ecnn MpsAMast He JIEXUT B MJIOCKOCTH.
4
Ho B R oHM yxke He TpaHCBepCasbHBbl.

3 Pa3GpocaHHble MO JiMTepaType ONpEAc/ICHHs TPAHCBEPCAIbHOCTH MMEIOT Omnpene-
JIEHHbIH 0T, KOTOPBIIt OOBIYHO UCTIONb3YETCS VISt U3BAEYEHMSI TEX WIM UHBIX YAOOCTB.
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KPHUTHUYECKOI TOUKHU (9(T) paBHOCHJIbHA TPAHCBEPCATbHOCTH MEpeceye-
HUs B Hyne rpadmka rpaaueHta Vo(z) ¢ rpadukom HyneBoil (yHK-
UMH. AHAJIOTHYHBIM 06pa30M MOXHO XapakTepu3oBaTh (Kak CTPYKTYpHO
ycroituusble) k-onpedesentvie dyHkuumn. [Ipy 3TOM HAOO JHILB OroOBO-
PHUTb, YTO B KAY€CTBE BO3MYLIEHU I 1OMYCKAIOTCSA GYHKLUH, Pa3loXEeHUs
KOTOpbIX HaunHaloTcs ¢ (k+1)-i creneHu. 1o, KCTaTH, OObIYHAs MPaK-
THKa. JI1s onpeneneHusi CTPYKTYPHOM yCTOHYHMBOCTH Haao OroBapuBaTh
IIBE BEILIM: YTO JOJIKHO COXPAHATHCS M MpPU KaKUX Bo3MmyluieHHsx. Jio-
OyI0 CUCTEMY MOXHO C€NaTh «CTPYKTYPHO YCTONYMBOI», MOAXOASILLIAM
0o06pa3oM MEHSISI OMpeae/iCHUE.

Pa3zymeercs, npou3Boa BbiGOpa onpeaesicHusi TpebyeT pa3yMHOro
noaxona. IlpoGnema, B TOil WM MHOI CTENEHU, HE MaTeMaTUYecKas,
HO HEOOXOAMMOCTb COIJIAaCOBaHUS Pa3lIMUHbIX aCNEKTOB TEOPUM YACTO
CBOAUT cBOOOAY BbIOOpa K €AUHCTBEHHOMY BapHMaHTY.

OO6blyHOE TpeOOBaHUE NPYOOCTH KPUTUUYECKOM TOUKH MPOUCTEKAET
M3 €CTECTBEHHBbIX MOTPEOHOCTE CMEXHBIX 00sacTeil. XapakTep KpUTH-
YECKOM TOYKHM HE NOJKEH MEHSATHCS MPU NOCTATOYHO MajlbiX BO3MYLUE-
uusx ' — por Ha uto OIMUPAIOTCS MHOTOYMUC/IEHHBIE pe3yabraThl. Y Bce
pacchlIETCst KakK TOJbKO OMNpeaeieHUe CTPYKTYPHOH YyCTOMYMBOCTH pa-
IUKAJIbHO U3MEHUTCS.

6.6. CTpykTypHO yCcTOM4YMBbLIE CEMENCTBA

Ilpu paccMOTpeHUM CeMeNCTB PYHKUHMI TOYKA 3pEHMUST €CTECTBEHHBIM
00pa3oM MeHsieTcs.

6.6.1. Onpepnenenue. Cemeiicmea gynkuuii p(z,s), Y(z, s), m.e.
0, :R"xR" > R,
IKEUBANEHMHBL 8 HYne, ecau
oz, ) = Plz(z, 3), t(s)] +£(9),

2de £(s) — enadkoe omobpaxcenue, t(s) — ougpgpeomopusm, 2(x, s) —
cemeiicmeo dughgheomopghuamos.

14 Be3 yyeta kakux 6bl TO HU GbLIO CTENMEHEH PA3NOXKEHUS.
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TIoHSATHO, YTO 3TO CleayOLIMii BUTOK MO OTHOLIEHHWIO K Ompene-
nenuio 6.3.3. Ecnu tenepb (T, $) 5KBUBAIEHTHO B YKa3aHHOM CMBbICJIE
mobomy ¢(z, s) + Ap(z, s), tne Ap(z,s) — mocraTrouHo Mmand, To
(T, 8) CUNTACTCH CMPYKMYPHO YCMOIMUBbIM CEMEIiCMEOM.

B rna3sa 6pocaetcs npMHUMNHANLHOE OTMYME 3TOrO OMNPENETEHUS OT CTPYKTYp-
HOM YCTOYMBOCTM KpuUTHYecKoii Touku. Ho Bompoc B ToM, oTkyna asuratbes. Ecau
HaYMHaThb C CEMEHCTB (DYHKLMI, TO B Cllyyae HE3aBMCMMOCTH @, OT 8 omnpenelne-
Hue 6.6.1 nepexoauT B onpeneneHue 6.3.3. AHaNOrMYHas TpaHCHOPMaLIMs NPOUCXOOUT
CO CTPYKTYPHOIA YCTOHUMBOCTBIO.

KoHeyHo, npu HaMepeHUH MOCBATUTH ce0sl «MCKYCCTBY YOMBATh JPAKOHOB» JaH-
HbIE BbILIE ONpENENCHUs XKENaTeJbHO pacCCMOTPETh C Pa3HbIX ToYek 3peHus. Ho ecimn
BCE XK€ KOHLICHTPUPOBATbCS HAa 0oJiee MPU3EMIIEHHBIX 3aa4aX, MOXHO OrpaHUYUTHCS
manbiM. IhaBHOe, pa3oOpaTbCs, B 4eM pa3jiMyMe Ha KayeCTBEHHOM yposHe. [Touemy
obyHkuns ' CTPYKTYpHO HEYCTOl4MBa, a cemeiictso (6.3), T.e.

pa(z) = ! zt + ! Mz’ + Az
4 2

CTPYKTYPHO YCTOHYMBO?

TTOTOMY YTO KPUTHUYECKAS TOYKA T PACILETISETCS 10 BO3AEHCTBUEM CKOMb Yrol-
HO MAJIOro BO3MyLLEeHHUs £z . YTo kacaetca (), TO 3neCh KBapaTHYHbIE U IMHENHHDIE
YIEHbI WIEraJnu30BaHbl», @ OT KyOMYECKMX MOXHO M30aBUTHCA 3aMEHOI MEpEMEHHbIX.
[Toatomy Bo3MylLEHUs cTeneHu < 4 MEHSIOT LB napaMeTpbl dyHKuHMoHana. Hako-
HEW, BO3MYLICHUSI CTENEHU > 4 HE UrpaloT pOJiK, MOTOMY YTO MMEET MECTO aHalor
4-onpedenennocmu 0ns cemelicmea, HO 3TO W COCTABISIET OCHOBHYIO TPYOHOCTb MpH
CTPOrOM [OKa3aTeNbCTBE, XOTS MOXET ObITb OCO3HAHO C MOMOLIbIO BU3YaJIbHBIX YCH-
auit — Ha 6ase npeacTaBlAeHUI O TPAHCBEPCANbHBIX MEPECEYEHHSX.

IMaBHOE nocTHXEHNE meopuu kamacmpogh 3aKaOYaeTcst, KOHEUHO,
HE B TOM, YTO M3y4YeHbl HekoTopble KatacTpodsl. [llaBHOE B Apyrom.
YcTaHOBNIEHO, YTO MpPM ABYX MapaMeTpax €CTb BCEro ABa CTPYKTYpPHO
YCTOMUYHUBBIX CEMENCTBa, Kamacmpoga cbopku W Kamacmpoga cKraoku
(pa(z) = z* + Az). Tlpu Gonbluem umMcne MapameTpPOB KONMYECTBO
CTPYKTYPHO YCTOHUYMBBIX 3TAJIOHHBIX CEMENCTB yBenMuuBaeTcs. [lepbie
ceMb 31eMeHmapHsix Kamacmpogd) Oblid OTKPBITH ToMom. ApHoavdom

K.naccudmxauuﬂ CYLIECTBEHHO paClLUUpE€Ha 15).

1) Aproasd B. H. KpuTHyeCcKHe TOYKM TNanKuX GYHKUMI U UX HOpMaibHbie GOpMbI //
YMH. 1975. Ne,30. Buin. 5. C. 3-65.
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6.7. Cnexynsiuum U NpUNOXeHUs

YpaBHeHue ra3a Ban-dep-Baanbca 16),

(P+5)w -8 =1

rne P, V,T — pasneHue, ob6beM, TeMnepaTypa, a, 3, — KOHCTaHTHI,
3aMEHOM nepeMeHHBIX (He CyTh BaXHO KaKoii) MPUBOAUTCS K YPaBHEHHUIO
z + Az + A = 0, KOTOpoe ONUCHIBaET KatacTpody COOPKHU.

Ilon atum npepiorom o6bIYHO TeopHsi (Ha3oBbIX NMEPEXONOB B paM-
Kax onucaHusi Bau-dep- Baaabca 3annCHIBAaETCSl B KAYECTBE NMPUIOXEHUS
Teopuu Katactpod. JdeckaTb, B3aUMOCBSI3b TEPMOAWHAMHUECKHUX TIEpe-
MeHHbIX P, V, T xapaktepuayeTcsi «Toii caMoi» ocobeHHocTbio. Ho 31O
cnabblil apryMeHT, U Jaxe «HHKakoil». [TapaMeTprueckoe ypaBHEHUE

$3+A2$+/\| =0

JIETKO aHAJIM3UPYETCS JIEMEHTapHBIMM MeETodaMM, U GbUIO M3Yy4YeHO
3a/10JIT0 10 MOSIBICHUSI TeOPUM KaTacTpod. TeM He MeHee, NyX TEOpUM
KaTacTpo@ BUTAET Hall YpaBHEHHEM

a:3+/\2a:+,\l=0,

M ObLIO Obl MOJIE3HO Pa300pPaThCs, €CTh JIM OT 3TOr0 KakKoit-To 3¢hdekT
U1t TEpPMOAMHAMMKH.

Bausnue 1060 meopuu HQ NPUNONCEHUS MONCHO pa3deaumb Ha dee
Kamezopuu: annapamuyto nodoepicky u gunocogpckyio onopy. Annapamuas
COCMAsAAIoWAan, 3aCA0HAIWAA 00bIMHO 6ce ocmanbHoe, 8 meopuu Kama-
cmpogh He mak 3amemna. TexnHuuweckue nodpobhocmu Goavuwieili 4acmolo
HYXCHbL Ona eHympeHHux nompe6GHocmeil. Koe-umo nanpaeéneno 6oeHe, Ha-
npumep Memooduka npoeepku k-onpedesenHocmu Kpumuueckoi mouku,
HO 8 eoM annapamHas 4acmov Meopuu 8 3Ha4UmMenbHol cmenenu 3aMKHy-
ma ¢ cebe. Ilosmomy npukaradnas 6ocmpeb6o8aHHOCMb 6AU3KA K HYAIO, ecaU
2080puUmbs 00 ynpouieHHom 832aa0e Ha npeomem.

Quaocogckasn cocmasasiowas, Haobopom, cywecmeeHHa U Hempugu-
anvha. Hanuuue kaaccucpuxauuu cmpykmypno ycmoiduuevix kamacmpogd

16) Xopoiwnii npuMep, KCTaTH, KOTIa COMHMTENIbHbIE NPEANONOXEHUA BEAyT K Tpa-
BWIbHbIM BhIBOAAM.
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caAyHcuUm Quabmpom, nO360NAIOUUM OUEHUBAMb UCXOOHOE Ka4ecmeo moode-
auposanus. Ecau 6bl, Hanpumep, ypasHernue cocmosHus Geuecmea npueo-
duno Kk 3aeucumocmu mexcoy hapamempamu, He obaadaioweii ceolicmea-
Mu epybocmu, 6610 Obl ACHO, YMO MOOeab, 803MONCHO, HeadeK8amHa.
Tom gaxm, umo ypaenenue Ban-dep-Baanbca nopoxcdaem cmpykmypHo
YCMOUYUBYIO 3A8UCUMOCMb, — CAYHCUM APSYMEHMOM 8 noAb3Y YOauHoU no-
cmanoeku 3adavu. Ha mrozue gusuveckue npunoxcerus, onucannsie 6 [19],
noAe3HO 832AAHYMb KAK PaA3 ¢ NOOOOHOU MO4KU 3peHUs.

Teopusi KatacTpod MMEET TaKXE MacCy «HECEPbE3HbIX» MPUJIO-
XEHUII B OMONOrMU, SKOHOMUKE, COLIMOJOTUU. BONBIIMHCTBO U3 HMX
CTPOUTCS TIPUMEPHO M0 TAKOM CXEME.

Bynem, Hanpumep, I1aXMaTUCTa XapaKTEpU30BaTb TPEMsI NapaMeT-
paMU: T — OOCTUXEHMS, A| — YBJIEUEHHOCTb, Ay — TEXHHMKA MIPbI.
[lepBoe, 4TO MPUXOAUT B T'OJIOBY, MOMBITATbCS OXapPaKTEPU30BaTh 3aBU-
cumoctb Z(A[, Az). TlockonbKy & He 00si3aH ObITb (yHKLMEH «BCEro
OCTaJIbHOTO», MOXHO MOMNbITaTbCs MOAOOpaTh MOAXOASILLYI0O MOBEPX-
HOCTb B MpOCTPaHCTBe napaMetpoB {T, A, A\;}. Teopust karactpod
Jenaet 3Ty 3amauy npenenbHo npoctoit. Hamo paccMoTpeTh nuilub aBe
BO3MOXHOCTH: cOOpKy W ckaadky — W noao0parth MOAXOAsILIEE pacno-
JIOXEHHUE MOBEPXHOCTH B MPOCTPAHCTBE.

[MoBepXxHOCTb Ha pUC. 6.1 KaK pa3 yJaBIMBaET HEKOTOPbIE COAEpXKa-
TeJabHblE CBOMCTBa 3amauu. [1py HU3KOH YBJIEYEHHOCTH POCT TEXHUKH
[Ia€T HEMPEPbIBHbIA POCT AOCTUXEHHUiA. [1pU GONbLIOK YBIEYEHHOCTH
POCT TEXHUKH TPUBOAMUT K JOBOJIBHO MEMJIEHHOMY POCTY AOCTHXEHUIA,
HO 3aTeM HOCTHXEHMsS YBEJIMYMBAIOTCA cKaukoM. HakoHeu, puc. 6.1
OOBACHSAET TOT YAUBUTENbHBINA (DAKT, YTO €CTb LIAXMATUCTHI (B OKpECT-
HOCTH Toyek B u C), KOTOpble paBHbl M0 TEXHUKE M YBICYEHHOCTH,
HO CYLIIECTBEHHO OTJIMYAIOTCS NOCTHXEHUSIMM.

Hanee MOXHO CTaBUTb pa3Hble 3agauu. HanpuMep, no Kakoii tpa-
€KTOpUH 11€J1€CO00pa3HO TPEHUpPOBATh 1IaXMAaTUCTa, YYUThIBask €ro UH-
IUBUIYaJIbHbIE OCOOEHHOCTH, HaYalbHOE MOJIOXEHUE U NMOTEHIMAJIbHBIE
BO3MOXHOCTH. [lOoNycTHM, €CM LLIaXMaTUCT HAaXOOUTCS B paiOHE TOY-
KM A, a nmpuponHbie JaHHbIE HE MO3BOJISIIOT €MY B pa3yMHOE BpeMsi
JOCTHYb TEXHUKH YPOBHS ToueK B u C, To ansi nporpecca HEOOX0aAUMO
YMEDPUTb YBJIEUEHHOCTb U IBUraThcs B 06xon, Baonb ADB.

AHaJIOTMYHBIM 06pa30M pacCMaTPUBAIOTCH PA3IMYHBIE TUMbI CUCTEM: «CMPOC —
UEHa — DpEeKJaMa», «pe3yabTaThl TPyAda — AUCLMIUIMHA — KBaJMUKAUMA» U T. 1.
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MHoro nofo6HOro poaa aHaJIM30B PaccesiHO Mo auTeparype. [Ipuuem, HecMOTPS Ha BCIO
X «HaUBHOCTb», OHU YaCTO 3BYYaT OTKPOBEHUEM Ui CMELHAIUCTOB-NMPUKIAOHNKOB.
BO3MOXHO, YTO ¥ B MPUBEACHHOM BbILIE MPUMEPE KOES-KTO M3 LHAXMATHBIX TPEHEPOB
HaiaeT yno0HOe MOAEJIbHOE MOATBEPXACHHUE CBOUX MPAKTUYECKHUX HAOMIOOEHMIA.

CnpauimBaeTrcs, Kak pacLeHMBaTh MOJOGHOIO COPTa «IIPUIJIOXKE-
Hus»? YnoOHee BCero — IMPOCTO MTHOPUPOBATb MX, CUMTAasg YMCTO
crneKkynaTUBHBIMU. ONBIT pa3BUTHS TOYHBIX HAayK MOKA3bIBAET, YTO MO-
JIEJIA JO/KHBI MO3BOJISATh NPOBOANTb BHIYMCIECHUS U, [JIABHOE, JOJKHBI
CTPOMTBCA Ha OCHOBE M3MEPsSEMbIX napameTpoB. [lepBblit MyHKT (Ha-
JIHYME LMGPOBBIX PE3YNLTaTOB) MOCTENMEHHO CTal HEObs3aTe/bHBIM —
BaXHOCTb KAYECTBEHHBIX PE3Yy/ILTATOB JaBHO OCO3HaHa BO MHOTMX 00-
nactax. Ho BOT mo BTopomy myHKTY (NpMHUMITMATIbHAS U3MEPSIEMOCTD
napaMeTpoB) MOEIH THIA «IOCTUXEHUS — YBJIEYEHHOCTb — TEXHUKa»
BBITJISLAAT ManoyOeAUTEbHBIMM.,

TeM He MeHee B 3TUX MOLEJSIX €CTb PALIMOHAJIBHOE 3€PHO, Y ObLIO Obl
XaJIKO €ro MoTepsTb, MTHOPUPYst BCe ONTOM. [N1aBHBII paLMOHaNbHBII
MOMEHT COCTOMUT 3[€Cb B TOM, YTO OHM HalOT YAOOHBbIA S3bIK s
ONMUCAHUS SIBJIEHUH, UYyXIObIX METOAaM TPaAWLIMOHHOM MaTEMaTHUKH.
A s13bIK BO MHOTOM OMNpeAEsieT pe3yasraTtl. Beab uccnenoBaHue 4acTto
MIET HE CTOJBKO OT MOTPEOHOCTEN coaepXaTeJibHOM 3amauyM, CKOJIbKO
OT UMEIOLLETOCs MHCTPYMEHTA (s3bIKa).

Bo3sbmem npoctoit npumep. [pu u3ydeHuu poiHKa, He 3ayMbIBasiCh, MULIYT: § —
crnpoc, & — ueHa, GpyHKuus y = f(z) OnuCHIBAET UX 3aBUCUMOCTb. OIHAKO peaib-
Hblif CIPOC UCMBITHIBAET CKAUKH, MPUYEM CYILECTBO [€Jia 3aK/1I0YaeTCsl HE B Pa3pbiB-
HoctH dyHkunu f(z). Tcuxonoruueckas vxepuus (PUBbLIKAHWE) MPUBOAUT K TOMY,
4TO MECTOMONOXEHNE CKAYKOB 3aBUCHUT OT Ha- y
npaBieHus usMeHeHus ueHbl. [pasnonono6-
HO BbITISLAMT 3aBMCHMOCTb, W300paxeHHast
Ha pUC. 6.2, 1 3Ta 3aBUCUMOCTb HE OMUCHIBAET-
csl HUKaKoil (PyHKLIMOHANbHOI CBSI3bIO, AaXe
MHoro3HauyHoi. [lonyyaerca netns rucrepe-
3MCa, HAJIMYUE HEPEATM3YEMOro B OOBbIYHBIX
ycaoBusx yyactka AB — naHb npeawecrsy-
JOLLEMY PaCCMOTPEHHUIO.

HToromM ckazaHHOro MOXeT CJly-
XHUTb NPOCTOil BbiBoA. Coaepxarenb- Z
Hbl€ MOTUBbI, C OIHOI CTOPOHbI, U Puc.6.2
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TeopUst KaTacTpod — C IPYroi, AAIOT MOBOJ [UISl MOMOJHEHMS S3blKa
bYHKUMOHAIBHBIX CBsi3eil. MaTeMaTHMYeCKHE pe3yabTaThl TEOPUM TP
3TOM caMHU Mo ceGe MOTyT OCTaBaThCsl 3a KaapoM. [NlaBHOe, OHM #aloT
HWACONOrHyYecKyo 6a3y, Ha KOTOpOi HOBBIIl anmapaT npuoopeTaeT pa-
LUMOHaJIbHBIE YepThl. YTO 31ech uMeeTcs B Buay? XoTs Gbl MOHMMaHUE
TOTO, YTO TAKOE TUMUYHbIE CUTYaLIUU M MX Kilaccudukauus. 1o, B CBOIO
ouepelb, MO3BOJISAET U3yYaTh HE NMPOU3BOJILHBIE CBSI3H, a OrPAaHUYEHHOE
YUCJIO UX THUIOB.

6.8. lononHeHune

o BudypkaunoHHasi TeMaTMKa, KOHEYHO, LUMPE TEX MOCTAHOBOK 3a1ay, KOTOpblE
paccMaTpuBaloTcst B Teopuu KatacTpod. OCHOBHAsi A0Ns WcCClenoBaHMIt o oudypka-
LUMAM 3aMbIKAeTC B paMKaX 3a1ay CTAaTUKH, CBOASALLUMXCS K aHAIU3y OCOObIX TOYEK
z Y z(y) ypaBHenns F(z,y) = 0. 3necb MHOTO MHTepec-

HbIX Mpo6ieM, U O JIMHAMHUKE 4acTo 3abbiBaloT. Mexay
TEM LIEHTDP TAXECTH TEOPUM JIEXHUT, GE3yCNI0BHO, B AU-
HaMHYECKOM obnacTu.
fy CraTHYeCKOro pakypca MHOTAA HE XBAaTaeT Jaxe
Puc.6.3 B TEX 3ajayax, rae U3HAYaIbHO HET HUKAKOH AMHAMUKH.
PaccMotpuM anst npuMepa G10K-CXeMy, M300paXEHHYIO
Ha puc. 6.3. B uenu obpatHoil cB3U 31eCh UCMONB30BaH (PYHKLIMOHANIBHBIIA Npeobpa-
soBatens f(y) =y npuy>0u f(y) = —/—y npu y < 0.
y Pesynsrupyiowas ci3b Mexay BXOOOM T W
L BbIXOIOM Y CUCTEMbI OMpPEAENSETCS PABEHCTBOM

z+f(y) =y,

YTO MPUBOAMT K 3aBUCUMOCTHU, U300paxeHHOH Ha
puc. 6.4.

T BosHukaer cropnpus. Boixon y He onpepensi-
€TC BXOHAOM I, XOTsl BCE 3BCHbsl CUCTEMBI AETEP-
MUHMPOBAaHbl U B3aUMHO OZHO3Ha4YHbl. BecrneuHoe
3asiBNEHUE, YTO CBSA3b BXOJA C BbIXOAOM MHOTO3Hau-
Ha, HE pellaeT npobneMbl, TaKk Kak 0€30TBETHBIM
MOBUCAET BOMPOC: YEMY KOHKPETHO paBHO y? B pe-
albHOM CHCTEME BeAb 3HAYEHHE Y HOMXKHO ObITh
onpeneneHo. [103ToOMy Ha MpaKTUKE MPUXOOUTCA

Puc. 6.4 YTOUHSITh 33[a4y: OMKMChIBATH AMHAMUKY, YYUTHIBATh

«Mapa3uTHbIE» EMKOCTH, MHAYKTUBHOCTH M Mp.

o He xBaraTh MOXET naxe AMHAMUYECKOTO pakypca. [1peactaBuM, 4To B cucteme,
U306paxeHHOI Ha puUc. 6.3, BpeMst AMCKPETHO, U f — NMHAMUYECKHii 610K, falowuit



6.8. dononHexne 117

Ha Bbixoze curtan y[k] — y[k — 1] npu BxonHom curxane y[k]. Toraa u3 Ganarcosoro
COOTHOLUEHHsE

z[k] + ylk] - ylk - 1] = y[k]

soitekaer ylk] = z[k + 1]. () Hu MHOro HM Mano — 610K-CXEMa MpPEACKA3bLIBAET
Gynywee. TMOHATHO, YTOOBI yAEpXaTbCd B paMKax HO3BOJIEHHOrO, HalIo MEPEXOAUTH
Ha 6osiee TOHKOE OMUCAHME IMHAMMKM, OMSATh YUYMTHIBAs BAMSHUE Mapa3sUTHBIX Mapa-
METPOB, M CaMO€E [IABHOE — 3alycK Mpouecca.

o B rpaHuuax m3yyaemoi MoAENM HE Bcerza SICHO, Kak Oyaer BecTu cebs
peanbHas cucrema. [lpn n3MeHeHUH nNapaMeTpoB BAPYT HAUUHACT MUTATh «CUTHAIbHAS
JIAMITOYKa». ITO MOXET ObITb YTO YTOOHO:

® pewerus 3a KoHeyHoe epema yxo0am 8 beckoneyHocms,
® Modenb Hayunaem npedckazoiéams 6ydyuiee,

® peuweHun emeamcs,

® ypasHeHue nepecmaem peuiamscA.

Ipu 3TOM peanbHast CUCTEMA BLIMISLAMT 3araakoW, U NMPUXOAUTCA MCKaTb ApY-
rue Moaeau. BbIxoauTh 3a paMKM UCXOOHO# MOCTAHOBKH, NMEPEOCMbICAMBATL 3adayy.
K cnoBy, u3 Moaenu, npeackasbisaiouleit 6yayuiee, 60nee-MeHee ACHO, YTO BPEMEHHBIE
3a0€pXKH CUTHAJIOB B LIEMU OOpaTHOI CBA3M MOrYT MPHUBOOUTbL K OOJNBLIMM HEAOpa-
3ymMeHusiM. EciM Takue 3anepXku ¢GUrypuMpyloT B KauecTBe NMapameTpoB, TO B 3aaye
0 6MdypKaLMAX HAO OXHOATb CEPbE3HBIX MPUKITIOYEHUH.

Camu no cebe HEOXHMIAHHOCTH Npu OUdypKaUMaX MOYTH BCEraa CBSA3aHbI C 3a-
GbIBYUMBOCTBIO. 3a0bIBAIOTCS SIBHBIE U HESIBHBIE HOMYLUEHUS NMPU BbIBOAE YPABHEHUIA
Mozeau. dudibpepeHunansHoe onucaHue, Kak MpaBuio, MPEANnosaraeTr, YTo «MpoLecc
yXe MolLe/», B TO BPEMsl KaK 3Tan «BKJIIOYEHUs» ObIBAET paBHOCWIEH Mepexony B Apy-
roit Mup. K cTaumoHapHOMY peXuHMy MHOrIA HET JOPOTH.



Mnasa 7

BapnaymnorHoe ncyncrieHme

7.1. Knaccuyeckue 3apaum

HCKOTOpblC MAaTeMAaTHYCCKUE JUCLUUIIIMHBI UCMBITbIBAIOT MOCTOAHHBIC MyYCHHUA B CBA3HU
C MOUCKOM MPOCTbIX U KPACUBBIX IKCITOHATOB i1 arUTaunuu. B naHHOM ciiydae 3anauv
JaBHO HAUUIUCb CaMHU.

OTnpaBHBIM UCTOYHUKOM 8aPUALUOHHO20 UCHUCAEHUS TIDUHATO CUYU-
TaTb 3a1avy O 6paxucmoxpore: 0 KpUBOM ObICTPEMLLETO CIyCKa, MO KOTO-
POM TSIXKENbII WIapUK B OTCYTCTBHUE TPEHUSI ObICTPEE BCEro CKaTbiBa€TCS
13 Touku A B Touky B. INocraHoBka npuHamwieXuT laiunero, a B 1696 r.
Hoeann bepHysau BBIABUHYJ €€ Ha KOHKYPC B OCHOBAaHHOM MM TMEPBOM
B MHUpE MaTeMaTU4YeCKOM XypHaie «Acta Auditorum». I[loctynuno tpu

1
pewieHus: ot Jlonumaaa, Axoba bepuysau ) M aHOHMMHOE, MO TMOBOAY
Kotoporo W. bepHynnu 3ameTun: «JIbBa y3HalOT MO KOITAM», — HMMeESsi
B BULYy Hbvromona.

3anaua o G6paxucroxpone. [Tycth Touka A pacnonoxeHa B Hauane koopauHat, A = (0,0),
ocb y HanpasiieHa BHM3 U B = (a, $). Haunyuwee pewenne (6paxucmoxpona) nwercst
cpeaM KpuBbIX y(z).
CKOpOCTb ABMXKEHUSA ¥ = \/@ onpeaensieTcs U3 3aKOHa COXPAHEHH S IHEPTUU
_ my?
mgy = S

NuddepeHunan LiMHbI LyTH
dl = /1 + [y (z)]* de.

B utore dt = dl/v, ¥ MUHUMHU3ALMA BPEMEHU ABUXKEHHS (C TOYHOCTHIO O KOHCTAHTHI
1/4/2g) cBoamntes K 3agaue:

/ Vi+ly@@)P
V(=)

dz - min; y(0) =0, y(a)=4.

08! «Jlexumsix» MMeHa OObIYHO OMYCKAIOTCSsi, HO AN CeMbU bepHysau NpUXORUTCS
JenaTh UCKIIOYEHUE, CAMLIKOM MHOTO €€ WIEHOB OCTaBUIIH CJIEA B MaTeMaTHKeE.
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3anaya 0 pacnpocTpaHEHHH Jiyya CBeTa B HEOAHOPOIHOIl cpelie 6a3upyeTcs Ha TOi Xe
uaeonoruueckoil ocHose. CornacHo npunuuny Pepma, CBET «BbLIOUPAET MYTb», MUHHU-
MM3UpYS BpEMS, T. €.

VIi+ly @) - _ _
/ @ 9) dz - min; y(0)=0, y(a)=24,

roe v(Z,y) — CKOpOCTb CBETA B Touke (T, y).

Hauano BapHMallMOHHOIo HMCYHUCJICHUSA MOXHO CBSA3bIBATb TaKXeE
C uzonepumempuvecKumu 3adavamu. MHorue pelueHUs: ObLIK U3BECTHBI
3a HECKOJIbKO BEKOB [0 Hallei 3PbI: OKPYXHOCTb, OrpaHU4YMBaloLas

MaKCHMMYM IUIOLAAM MPU 3aaHHOi MHE; cdepa, 3aKioyalouas Mak-

CUMaJIbHBbIA 00bEM MPHU (PUKCUPOBAHHOM TJIOLLAAH 2,

3anava [Innonsl — Ga3upyeTcs Ha aHTUYHOM NereHae. PUHUKUICKas uapuua [lunoHa,
6exaB B AdpuKy no cemeitHbiM OOCTOSITENLCTBAM, Kynuna y uapsi 6epbepos Spba
«KJIOYOK 3EMJIM, KOTOPbIii MOXHO OropoauTb Oblubeil LLKYypoii». SIpby moTtomM Mmano
He noka3anoch. [lokynaTtenbHuLA pa3pe3ana IKYpy Ha PEMHH, CBA3aJla UX U OKpYXHJa
NPUIMYHYIO TEPPUTOPHUIO, 3a10XHB KapdareH u nosoXus Hayano peuIeHHIo 30oTepHU-
METPUYECKHUX 3a/1ay.

CoOOTBETCTBYIOILAS MAKCUMM3ALMS [UIOWAAM TMPH (HUKCALIMM KOHLOB KPHBOW
1nuHbl L Ha npsamoii y = 0 BLILISAUT Tak:

B B
/y(z) dz — max, / I+l (z)de=1.

Jlerko BbIMUcaTh TaKXe BAPMAHT MOCTAHOBKH Ui 3aMKHYTOH KPHBOW.

Ecnu kpusyio y(z) napamerpusosarb: ¢ = z(t), "
y = y(t), — 3anaya npuoGpeTaeT BUA: !
T T )
%/(zy—iy)dt—)max, /\/mdtzl. i
0 0 '
0 al z

Taxenan uute. Popma TAXENON HUTH AnuHBI I, 3a-

kpernennoi B Toukax {0,y(0)}, {a,y(a)} (puc.7.1) Puc. 7.1

2 Mexay npoYyuM, 3TO XOPOLUWiA MPUMEP TOro, 4TO 3alaya MOXET ObiTh pelleHa
3a10/1r0 10 NOSIBAEHUSI AleKBATHOrO MHCTPYMEHTA. [la ¥ He NOAO3PEBATN APEBHHUE, YTO UX
cnocobbl paccyXaeHus 6yayT KazaTbCsi HECTPOFHMH Yepe3 Mapy ThiCAY JieT.



120 lmasa 7. BapwaumoHHoe ncuncnenne

onpenensieTcss MUHMMYMOM NMOTEHUHANBHOM 3Hepruu U (HEHTp TsKeCTH 06s13aH 3aHHU-
MaTb Hau6oJiee HU3KOE MOJIOXKEHKE), YTO MPUBOAUT K BAPHALIMOHHOI 3anaye:

U~/ay\/l+[y’(z)]2dz—)min, /a\/l+[y’(z)]2dz=l.
0 0

B Teopum ynpaBieHHUs IIMPOKO paCliPOCTPAHEHbI 3aauM Ha YCJIOB-
HbIM 3KCTPEMYM BHIA

T
S =/F TyyeeoyTni Uy, ..., Up;t) dt > min,
J ( n 1 r (7.1)

i = fi(x1,..., T3 Uy, ..., upt), i=1,...,m,

rae HCKOMbIM siBisietcst ynpaenenue u(t) = {u(t),...,u,(t)}, kax
GYHKUMSI BpEMEHH, a OrpaHHYEHHs HUMEIOT XapakTep AHddepeHLn-
aJIbHbIX YPAaBHCHUH.

B GoNbIIMHCTBE NPAaKTUYECKH MHTEPECHBIX CUTYalUil Ha yripaBJie-
HHUE€ HaKJIaAbIBAIOTCsl OTPAaHUYCHHSI, MPUBOASILNE K HeauddepeHUpy-
emocTd u(t), 4TO BBHIBOOMT aHAIM3 33 PaMKM KJIACCMYECKOTO paKypca
(cM. rnasy 8).

7.2. YpaBHeHue dinepa

PaccMOTpUM BapHaLMOHHYIO 32044y C 3AKPEeNnAeHHbIMU KOHUAMU, B KOTO-
poit MieTCs IKCTpeMalib GPYHKIIMOHANA

t
W = [ L(q,q,t)dt (7.2)
/

Ha MHoOXecTBe Miankux ¢yHkuuii ¢(t), MPUHUMAIOWIMX HA KOHLAX

3alaHHOTO MPOMEXYTKAa BPEMEHHU 3 [to, ti] dukcupoBanHbie 3HaueHUs
q(to) m q(t1).

3anaya (7.2) MaEONOrNYECKH MOYTH HE OTIIMYAETCH OT KOHEYHOMED-
HOTO aHajora, Ho TEXHUYECKHE MOAPOGHOCTH €€ CHJIbHO NpeobpaxaloT.
B nepsyio oyepenb Hamo HOTOBOPHUTbCS, O KAKOM (DYHKYUOHANbHOM

3 Pa3yMmeeTcs, BpeMeHHAs! MHTepNpeTalusa napaMerpa ¢ Heobs3aTesbHa.
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npocmpaxncmeée WAET peyb, HO PELUMTb 3TOT BOMPOC pa3 M HaBceraa
He ynaercs. [lpoctpaHcTBo F mnipuxomuTtcss nonbupaTbh, 4ToObl 3ana-
ya peluanach Npu pasyMHbix ycwiusax. Kak rnpaBuno, npennonaraercs
E = C*[ty, t,]. Nanee Bce pasBuBaeTCs MO OGHIMHOMY CLEHAPHIO, B KO-
TOPOM HEOOXOOMMOE YCJIOBUE ONTMMYMa OMNpeENessiercss PaBeHCTBOM
Hymio rpaageHTa VW, Ho rpanveHT sIBNSEeTC BEKTOPOM CONPANCEHHO20
npocmpancmeéa, YTO NIPUBOAMT K MOSIBJIEHUIO «HOBOrO NEMCTBYIOLLETO
auua» E*. Tpasna, B ciyyae pegexcusHsix NPOCTPAHCTB (Hanpumep,
aunbbepmoebix), E ¢ TOYHOCTBIO 10 M30MOpdM3Ma, coBnamaeT ¢ E*,
M 3TO CONMXAeT KapTHHy c neiizaxeM B R”. Bce 3T0 B 10CTaTOUHOI Me-
pe onucaHo B [6, T. 5]. OCTaHOBUMCS JIMILIb HA CTEPXKHEBBIX MOMEHTaX.

Tpannent dynkumonana. IpousponHas Ppewe ¢'(z) dynkuronana ¢ : E - R — 310
TaKoit BekTop M3 E*, uTo

p(z + Az) - p(z) = (¢'(2), Az) + o(l|Az]l), (7.3)

KOTODbIH Ha3bIBAIOT epaduenmom Ppewe GyHKUMOHANA @(T) B TOUKE T W 0GO3HAYAIOT
kak Vy(z). Ho B obuem cnydae (npu HecosnageHuu E ¢ E') yrnoble cKoOku
0003HaualoT He CKASPHOE NMPOU3BENCHHUE, a AUHelHbII YyHKUUOHAN.

JluHeitHas yacTb paBeHcTsa (7.3), 3anucaHHas B BUIE

op = p(z + 0z) - p(z) = (¢'(2), dz),

HarMoOMKHAET cooTHOLIeHHe auddepeHLINanoB, HO d@ U 0T HA3bIBAIOT GaPUAKUAMUY.

®dyukuuoHan ¢ : E — R HasbiBaetcs dugpepenyupyemoim no famo B T04KE T,
€CNH CYILECTBYET TAKOI NIUHEIHbII orpaHnyeHHbIH DyHkuuoHan f € E*, umeHyeMmblit
epaduenmom lamo, uto ans nmodoro h € E

o(z +th) — p(z) = t(f, h) + o(t).

INoHATHO, YTO NMpobieMa B JAHHOM Cllyyae «MNepeKIMKaeTCs» Y auddepeHuHpoBa-
HUeM Mo noboMy HanpasieHHo. [panueHT [ato M rpagueHT Ppele 0603HAYAIOTCA
oauHakoBo: Vp(z) — pasnuuve BO3NaraeTcss Ha KOHTEKCT. A eC/M CYLIeCTBYIOT 06a
rpaiMeHTa, TO OHU COBMAJAOT, — M B 3TOM Cliyyae FOBOPSIT MPOCTO O TpamHeHTE.
lns coBnaaeHus AOCTATOYHO PaBHOMEPHOI1 HEMPEePbIBHOCTU rpanueHTa [aTo, KakoBast
najnee npeanonaraeTcs.

7.2.1. Nemma. Heobxodumoem ycroeuem docmuxcenus dynkyuonasom p(T) 6 mouxe To
NOKANbHO20 MAKCUMYMA UAU MUHUMYMA Aeasemca obpawenue 8 Hyab epaduenma Vi (z,),
«pasrocunbho» — eapuauuu 6p(To).

4 ([MepexnMKaeTcsi», HO He COBNANAET, — NOTOMY YTO B FIPOH3BOXHOM M0 HANPABIEHHIO
bUrypupyeT o0HocmoporHuii peac, KOTOPbI K TOMY X€ MOXET OKa3aTbCsl HEJIMHENHbIM
no h.
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< M3 p(z) = p(z0) + (Ve(2), - o) + o(||z — Zoll) sicHO, yT0 NPU Vp(20) # 0
B CKOJib YTOIHO MAaJIOil OKPECTHOCTH Z¢ HALWIMCh Obl TOYKH, B KOTOPHIX (PYHKLMOHAN
NpUHUMan 66l 3HaYeHUs pa3HBIX 3HAKOB. b

BepHemcst Tenepb K 3anaye (7.2). MMoab3yscs nemmoii 7.2.1 u Ba-
PbUPYsI BEKTOP-(GYHKLIKIO

qt) = {a1@®), ..., a(t)}

C noMolLbio Bapualuu dq(t), obpaluaowieiics B Hyb Ha KOHUAXx [ty, ¢,],
TMoJy4yaeM, UCTONb3ysl MHTEIPUPOBAHUE TIO YACTSM,

oW = /(——6q+——6q)
oL d 0L
T ) ggidt =
/Z(aq. dt 9 ) %
l
oL d 0L
/;(aqi i) =0
to

OTKYyIa, B CHJIy MIPOM3BOJILHOCTH Bapuauuu dq(t), BeiTeKaeT, 4TO (DyHK-
ums L o6si3aHa ynoOBJIETBOPATD ypasHenusm Jiinepa,

_ —511

i=1,...,n, (7.4)

rae HOIlpafineBaeTCﬂ
3L_{_¢?£ BL} oL {BL BL}
dq dq;’ " Ogn '
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Ecau qy,...,¢q, — 0000LLEHHbIE KOOPAWHATHI HEKOW MeXaHH-
yeckoil cuctembl, L — narpaHxuaH, TO MHTerpan (7.2) Ha3blBaIOT
deiicmeuem no lamunromony. I3 npuBeneHHON BBIKJIAAKU CJENYET, YTO
MeXaHHYeCKasi CUCTEMa JBUXETCS MO IKCTPEMAJISIM IEHCTBUS, YTO HA3bI-
BaIOT npunyunom lamuremona, a ypaBHeHus Ddiinepa (7.4) oka3biBalOTCA
Mexanuueckumu ypasnenusmu Jlazpanxca [6, T.2].

Ecnu cucrema aBTOHOMHA, L He 3aBMCHUT OT I, TO ypaBHEHHE
Diinepa MMeeT MepBblid MHTErpa

oL
-(q,— )= . 7.
<q, 3q’> const (7.6)

« JIeACTBUTENBHO,

a(-(5)) = (50 + (50) - (0.5) (v ar) =
dt ©%¢/) = \aq’? 83’1/ ~\? 34 TN

_<-?£_£‘9_L>_0
“\%% "#a/ "
B cuny (7.5). »

IIpumepni
e B 3a0aue o 6paxucmoxpone

/ Vit+ly'(@))?
V(@)

dz — min; y(0)=0, yla)=4

B CHJIy aBTOHOMHOCTH, CYyLLECTBYeT nepBbiii uHTerpan (7.6), 4To B JaHHOM ciy4ae

s)
MPUBOIMUT K AN PepeHUHANIBHOMY YPAaBHEHHIO

VAR UL )
el VIl+ @

nepexonsileMy nocie ynpowenuii B ypastenue y[1+(y')’] = C,, peiennem kotoporo
OKa3blBaETCA CEMEMCTBO YUKAOUOD:

z=Cy(0 —sind), y=Cy8—cosb),

e T, y — KOOPAMHATbl TOUKH OKPYXHOCTH panuyca C,, KaTslleiics no npsamoit, § —
Yrosi MOBOpOTA.

5
9 Yepes C Huxe 0603HAYAIOTCA KOHCTAHTHI.
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Takum 00pa3oM, OpaxUCTOXpOHa siBAsiETCS UMKAOMNOi. HeGe3biHTEpeCHO OTMe-
THTb, YTO LIMKI0KAA 061a1aeT CBOWCTBOM U30XPOHHOCMU: BPEMS CITYCKAa MaTepHabHOMN
TOYKHM MO UMKIIOWAE NMOA AEHCTBUEM CHIIbI TAXECTM — 3aBHCHUT TOJIBKO OT Pa3HOCTH
BBICOT (M HE 3aBHCHT OT HAYaJIbHOTO MOJIOKEHHS).

o [1nowanb NOBEPXHOCTH BpallEeHHUs1 KPUBOIA, PO~
xonsiwuei yepes Touku A, B (puc.7.2), paBHa

z
S = 21r/y(z) 1 + [y (z)]? dz.
z)
MHHHUMH3ALMS 3TOA MOBEPXHOCTH, OMSITH-TAKU B CHIY

aBTOHOMHOCTH (DYHKLIMOHANA, MPUBOANT K YPaBHEHHIO
Puc.7.2 (7.6), cBonsiLieMycsi B JaHHOM clyyae K

y

Jirar O

4TO JIEFKO PELAETCs C MOMOLLbIO 3aMeHbl ¥y = C chi, u B HUTOre naeT CEMEHCTBO
KPHBBIX
T - C|
y=Cch —/—.
C

CoOTBeTCTBYIOLIME MOBEPXHOCTH HA3bIBAIOT Kamenoudamu — TaKyio (popMy NpuHUMaeT
MbUIbHasl TJIEHKA, COSAMHSIOWAs ABE OKPYXHOCTH 6’, KakK MokKazaHo Ha puc. 7.2. Tlo-
CKOJIbKY JHEPrusi MOBEPXHOCTHOTO HATSIXXEHWSI MPOMOpLHMOHANbHA miowaau, dhopma
MBUIBHOW TUIEHKH MOXET MOACKa3bIBaTh pelieHHe U B 6osiee CAOXHBIX Cllydasix, Korna
3anaya «TpyaHO npoGHBaeMa» aHAJIMTHYECKH.

o BapbuposaHue ¢yHkuHOHANA

/(.'1:2 - i) dt
0

MPUBOIOMT K ypaBHEHHWI0 Oiiepa & + £ = (0, KOTOPOMY YIOBNETBOPSET CEMENUCTBO
byHKUMI

z(t) = Asin (¢t +0).

Ecau a = 7, a kpaesbie ycnosus z(0) = z(m) = 0, To akcTpeManeii GeckOHEYHO
mHoro: z(t) = Asint. B cnyyae a = n/2 u kpaesbix ycnosuit (0) = 0, z(r/2) = 1 —
IKCTpemans oaHa, z(t) = sint.

6 o
) Pewenne 3a]1a4H HE BNOJIHE O4EBUIHO 1aXE KAY4ECTBEHHO (10 YNOMMHAHUS MBUIBHOM
nieHkn). MHTYHTHBHO KaXeTcs, Y4TO MHHMMYM [acT BPALICHHE OTPE3Ka MPSMOi.
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o B 3anaue
T
/ i, &) + (z, Az)] dt - min, z(0) = z,,
0

C MONOXHUTENbHO ONpelefeHHOW MaTpuueil A, peuleHMe HAIOT ypaBHEHMs Diinepa
i — Az = 0 c kpaeBbiMu ycnoBusamu: z(0) = o, £(T) = 0. IMocneaHee spasercs
yenoeuem mparceepcanvhocmu (pasaen 7.6).

HuddepeHunpoBatue no ¢ npuBoauT ypaBHeHue (7.5) K BuUay 7

0L, 0L, 0L 0L

921" 5g0q T ot Bg
YTO NpH ycunerHom ycaosuu Jlexcandpa
9L
73
IA€T BO3BMOXHOCTh pa3pCllnTb YPAaBHCHUEC 9ﬁﬂepa OTHOCHUTECJIIBHO BTO-
pOii TIPOM3BOMHO:

>0

G ="F(qg 4,1

310 CBUIACTCIBCTBYET O COBNAaACHUMU IKCTPEMaJIEit C pELLIEHUSAMU UHTE-
rpajibHOro ypaBHCHHUA

t
a(t) = / G(t. 5)F(g, 4. ) ds,
t

tne G(t, s) — ¢ynxyus Ipuna [6, 1. 2] anddepenunansHoro oneparopa
§ NpU COOTBETCTBYIOLIMX KPAEBbIX YCIOBUSX.

OntumMu3auus pyHkuHoHana (7.2), KOHEYHO, HE UCYEPMbIBAET 3a4a4u BapHaLKU-
OHHOTO HCYUCIeHUSI. DYHKLMOHAT MOXET 3aBUCETb OT MPOM3BOAHBIX 60JIc€ BBICOKOrO
nopsaaka. Hanpumep,

3]

W= /L(q, d,d,t) dt.

ty

") Moa YacTHLIMH NPOM3BOLHBIMM NOAPA3YMEBAIOTCS MATPHLLLI, MO NPHHLKMY:
9'F _[ o’F ] OF_[BF]
0zdy ~ |0zdy;)’ 9z~ |Ozi)
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B 3TOM cniyyae ypaBHeHuUe Diinepa:

0L doL d dL

oL _goL & 04 ?
9 @oq Tareg >

7.3. MNMpeumyiecTBa HaMBHOW TEOPUKN

O6paTM BHUMaHHE, YTO BblUMCAeHHe Bapyauun W HM ¢ KakuM nud-
depeHUMpoBaHUEM B (hyHKLIMOHAJIbHOM MPOCTPAHCTBE, BOOGLLE rOBOpsi,
HE CBSI3aHO, U CBOIOWTCS K BbIYMCJIEHHIO OOBIKHOBEHHOI MPOU3BOIHOM

ckasipHoit yHkuuu £(7) = W(q + 7d9) B Hyne 8,

£'(0) = oW (g).

IIpu 3TOM BBIBOL ypasHeHus Jinepa

ToKa Ulst IPOCTOThI 1t = 1, OnMpaeTcs Ha oYeBMIHBIIA dakT: «Ecau
t)

/ a(t)g(t) dt = 0

to

0ns a06oii 2nadkoli pynkyuu dq(t) c 3akpensentbimu 6 Hyse KOHUAMU, MO
a(t) = 0», — TOPXECTBEHHO HA3bIBAEMbIil OCHOBHOL NEMMOIl BaPUAUUOH -
Ho20 ucuucaenus”.

To e caMoe yTBepXleHHUe, rle NpeaArnosioxkeHue 6epercs Ha CTaquu

«10 B3SITUS MHTErpasa 1o YacTsiM», Ha3blBalOT semmoii Jobya- Peiimona:
«Ecau
t

/ [a(t)5(t) + b(t)s(t)] dt = 0

to

8) [ne dq npou3BONbHAsA, HO «Kaxablii pa3» GukcupoBaHHast GyHKUMS BPEMEHH
C 3aKpeIUIEeHHbIMU B Hysie KOHuaMHU. Eciun 6b1 peyb 1U1a 0 NpOM3BOAHOM NO HANPaBICHHIO,
a He O BapyauuM, TO Hano GbuIO Gbl TOBOPHTHL O 1PAGOCMOPOkHeli NPOU3BONHOMN ('(0).

9B «Jlekuusix> Mbi CTapaeMcCsi TOBOPHTb «OYEBMIHO», KOTAA HEYTO NEHCTBHUTENBHO
NMPOCTO, W MOSICHEHWS TOJIBKO 3acopwiu Obl neit3ax. B JaHHOM ciyyae nOKasaTeNnbCTBO
MOTJI0 Gbl CBOIMTBCA K 3aMeuarmio: ecnu a(t) # 0, To BbIGOp dyHKumMn dg(t), oTMIHOM
OT HyJIst IMUIb B MAIOH OKPECTHOCTH T, — npuBoaua 6sl K npotrBopeyuio. INoHsATHO, YTO
M11060€ KOPOTKOE 3aMEUaHUE MOXHO PAaCTAHYTb Ha Mapy CTPaHMLL.
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0na 110606 enadkoii pynkyuu s(t) ¢ 3aKpenneHHbIMU 8 Hye KOHUamMU, MO
!
a (t) = b(t)».

IMonxon B LieJOM BBIMJISAOMT HECKOJIBKO IOMOpOLUEHHBIM. [lonck
MUHMMYMa GyHKuMOHana (7.2) MOOMEHSIETCS AHAIM30M CKaJIiPHBIX
dyukumii £(1) = W (g + 7dg). B cnyyae dpyHKUMH OBYX MEpPEeMEHHBIX
z = p(x,y) ITOMY COOTBETCTBYET M3yuy€HHE BEPTHKAJIbHBIX CEYEHMI
rpapuka 2 = @(r,y), U3 4ero, KOHEYHO, rapaHTUIl CyLIECTBOBaHMs
MUHUMYMA @(Z, ¥), paBHO KaK U W (q), — u3BneYb Henb3st (CM. KOHTP-
npuMep B pasaeie 1.8). TeM He MeHee, eCclii UMETb B BULY Heo0Xo0uMble
YCA08US MUHUMYMA, — <«HaMBHasl» METOAMKA CTAHOBMUTCS, MO KpanHeM
Mepe, 3aKoHHOI. Bosiee Toro, Bo MHOrMX Ciiyyasix OHa JIETKO M NPOCTO
NMPUBOAUT K MCKOMOMY DELUEHMIO, MOTOMY YTO pELIEHUE YPaBHEHHIA
Diinepa oKa3blBaeTCs €AMHCTBEHHBIM, 2 HAJIMYME MUMHUMYMA BbITEKaeT
U3 «(pU3NYECKUX» COOOpaKEHUN.

Bbirogasl noJyuaiorcs nBosikue. Bo-mnepBbix, 00XoasTcsi CTOPOHOIM
TEXHHYECKHE NMPOGIEMBI, MPEONOJIEHUE KOTOPBIX BCE PaBHO NMPUBOIM-
J10 6bI K TOMY X€ CaMOMY pelueHH10. Bo-BTOpbIX, COG/IIONEHUE «BBICOKMX
CTaHAapTOB» (DYHKLIMOHAJILHOIO aHajiu3a CNOCOGHO BOOOLE 3aBOIAMUTH
cuTyauuio B Tynuk. Ha nepBoM Xe 3Tarie nonojHeHUs (yHKLIMO-
HaJILHOrO TPOCTPAHCTBA BBISACHSIETCHA, YTO 3TO BOMPOC HE CTOJBKO
MaTEMaTU4YECKUM, CKOJIBKO «(PU3NYECKUIl», TOCKONBKY «Mepy OJu30-
CTH» HEOOXOAMMO COIJIacOBaTh C NPHUPOLON 3aJayd, OT YEro 3aBUCHT,

B KakoM npoctpaHctse JITTP 10) pe3yJibTaTe OKa3biBaeTCs. «YKIOHEHUE
B CPEOHEM» 3aBOJAUT B yIOOHbBIC I'MJIbGEPTOBBI MPOCTPAHCTBA, HO OOBIY-
HO BBISICHSIETCSL: «TMPUILLJIA HE Tyla», — MOTOMY YTO BBICOKHE NMUKOBBIE
3HaYEHUsI BapuMalMM HE BSOKYTCS CO CMbICIOM 3amayd. «MakcuMyM
YKJIOHEHUS] — BSIKETCS», HO 3TO BEOET B KaKOE€-HUOYAb MPOCTPAHCTBO
mankux GyHKLHMI, KOTopoe u3-3a HepedIeKCMBHOCTH MpPeBpaLLaeT BO-
npochbl 1MdpHEpeHUNPYEMOCTH B KOLLIMAp.

[loaToMy «1en0BCKHME» METOAb!I BHIMISLASAT MPUBJIEKaTe/bHEE, UMES
peanbHble npeuMyliecTBa. Cnaboe 3BeHO — npobsieMa CylleCTBOBaHMS
pelIeHHUst, Ha YeM AeJIaeTCsl YNop Npu MOMNbITKaxX NepeTalnTh Bapyuauu-
OHHOE€ MCUYHMCEHME Ha none (GyHKIMOHATBHOIO aHaJIn3a.

19 fiuyo, npuHMMaloLLEe peLueHHe.
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O HemocTaTKax ynpolLUEHHBIX TOYeK 3peHus Jilo6oi npodeccroHan
OyleT roBOPUTb C YIOBOJBCTBUEM, M OYINET BbIABUIaTb Ha NEPENHUI
njaH J1o0bie Majlo-MalibCKU HETPUBHUAJIbHbIE OCOGEHHOCTH, KOTOPBIE,
XOTb M BCTPEYAIOTCSI pa3 B CTO JICT, NMOBBIILIAIOT BEC KypUPYEMOM IuC-
UMMUIMHBL. [IpHunHBI BroaHe yBaXHTeNbHbIE. YCTpoiicTBO BceneHHoi
MPEeANnoJaraeT, YTO Kaxnblii 3aHUMAETCs CBOMMH [IeIaMU U HE JIE3ET —
B KocMmuueckue, He roBopsi O TOM, YTO HUKOMY HE XOYETCSl MOTEPSITH

pa6ory“). Ilmoc Kk ToMy, aHOManMK BCTPEYalOTCsi PEAKO, HO OKOJIb-
HBIMM NMYTAMH yKpersiioT ¢hyHIaMeHT. BoiOpakoBKa «HEMPUSITHOCTEN»
OCTaBJISIET B noJie 3peHust 99 % 3anay u 3 % noOHUMaHMsl, YTO NOHaYyany
HE CKa3bIBa€TCsl, HO MOCTENEHHO 3aBOAMT «MHUPOBYIO HayKy» B TyNHK.
DTO apryMeHThI B 10J1b3y NpodecCHOHAOB.

Ectb M apyrasi ctopoHa Mepanu. AyaUTOpHUIO B CHCTEME OOLLEro
00pa30BaHHsI MHTEPECYET HE CTOJIBKO «MHUpOBasi HayKa», CKOJIbKO BO3-
MOXHOCTb MOHSATh, 0 YeM UIET peuyb. OCOOEHHO Ha NepBOi CTYNEHHU, rie
€CTECTBEHHO M30eraTb OTBJICKAIOLIET0 MHOroo6pa3usi, BaXXHOI0 «KOC-
MHUYECKH», HO MaJIOMOJIE3HOTO NMEPCOHANBHO.

B mpoekuun Ha HaHHBI KOHTEKCT BECh 3TOT pa3sroBOP K TOMY,
4YTO MO3ULIMA, KOoTOpas ycTtpauBana Horomoua, Jiinepa u Jlazpanxca, —
He TaK IJI0Xa 0 CHX nop.

KoHeuHo, BapuallMOHHOE MCYHMCIEHUE B nocienHeit tpetu XX B.
CIeNnano KpyrnHbie yCriexu, Oyoydyd MOCTaBJIEHO HAa PEbChbl PYHKLHMO-
HaJIbHOTO aHan3a. B pe3ynsraTe nosiBUIach MIEOJOTHYECKAst YETKOCTD,
U pacIuUlblBUaTbhie paHEE BOMPOCHI CYLUECTBOBAHUS PEIUCHUSI — CTajin
IOCTaTO4YHO MPO3payHbiMM, MO KpaiHeil Mepe nmpuHUMNIUaIbHO. [1pu-
YyeM MMEHHO npolJieMaTHKa CYLLIECTBOBAHMS OMpenesinjia BOAOpa3acs
MEXIY «HAaUuBHOM TEOpHUEil» U «COBPEMEHHOII».

7.4. Ycnosus BTOpPOro nopsaka

Ha dopmanbHOM ypoBHE aHAIN3 KPUTUYECKHMX TOUEK B GECKOHEYHOMEP-
HbIX MPOCTPAHCTBaX aHanoruyeH curtyauuu B R". Ecau dyHKuuoHan
@ mBaxnabl HenpepbiBHO auddepeHunpyem no Pdpeile B OKPECTHOCTH

1
)BHCJIPCHMC AHECTE3UH B MEOMUMHY BbI3bIBAIO PE3KUE MPOTECTbl XUPYpros. OHu
OMacaiuCh, YTO TOrAa «11000i nypak» CMOXET ONepHPOBATh.
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KpuTHYecKoit Touku =* € E, 1o
* l *
p(z* + Az) — p(z*) = E(Vch(z )Az, Az) + o(||Az),

oTkyma sicHo, uto (V2p(z*)Az, AZ) > 0 — HeoGXOmMMOE YCIOBHE
MHUHHMMYMa B TOUKE Z", a

(V?p(z*)Az, Az) > v]|Az|?, v >0, (1.7)
— JOCTATOYHOC.

HepaseHctBo (7.7) Ha3blBAIOT ycaosuem cunbhoii nosoxcumessiocmu. B R" oHo
paBHOCU/IbHO 06biuHOMy (Vp(z°)AzZ, Az) > 0 npu Az # 0.

K coxanenuio, ot (7.7) Mano Tosnky. TpeGoBaHHE CuibHOI TONOXM-
TENbLHOCTU reccHaHa OObIYHO HE BbINOJIHsAETCS. B pesyabsrate cobiasH
U3Y4EeHUS IKCTpPEMaJieil Ha OCHOBE CKaJISIPHBIX (hYHKILHIA

§(r) = W(g + 7dq),

NMOJIy4yaeT HOBbIA MMMYJIbC, YTO BEAET K Pa3jiMuHBIM YCIOBHSIM BTOPOro
nopsiaka (/Jexcandpa, Skobu, Beilepumpacca), onupaloLIMMCst B TOW WU
MHO# cTeneHn Ha TpeGosanue £”(0) > 0. Ho pacueT Ha npocToTy —
HE ONpaBIblBACTCH.

IMpupona TpyaHocTeii packpbiBaeTcsi Ha JajlbHUX MOACTYNAax K BapHaLMOHHOMY
MCYUCIeHHI0. BepHeMcst K pacCMOTPEHHIO MPUMEpA CKASPHOI (PYHKLIMH ABYX Mepe-
MEHHBIX

z=9p(T,y) = (y - )y - 22°) =y’ - 3yz’ + 2z*.
B pa3saene 1.8 6b110 yXxe NPOBEPEHO, YTO B NIOGOM BEPTHKAIBHOM CEYEHHH (PYHKLMUS
£(1) = p(rz, TY)

MMEET MUHMMYM B HyJle — COOTBETCTBeHHO, £'(0) = 0 u £"(0) > 0, — Tem He MeHee
HyneBasi KpMTHUYECKas TOUKA ¢ — HE €CTb TOYKa MHHMUMYMa.

CyTb siBNieHUS ONpeensieT caeayiolas npuunHa. Kaxaomy BepTukanbHOMY cede-
HHIO OTBEYaeT MAKCUMAJIbHasi IUMPHHA BNaaMHbl rpaduka ¢ o6anbHbIM MUHHMYMOM
B HyJle. DTa «lIMPHHa» B JIIOGOM CEYEHHUH Y = @ CTPOro GOMbILE HYNSA, HO CTPEMUTCS
K Hynio ipu @ — 0, a npu a = 0 cTaHOBUTCS GecKOHeuHoit. TakuM 06pa3om, HUKaKHe
TPeGOBaHUsl MANKOCTH (T, y) HE MOTYT MPENOTBPATHTb Pa3pPbIBHBINA XapakTep 3aBH-
CHUMOCTH IUMPHHDI BMAdUHBI OT Q.
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B dbyHKUMOHABbHBIX TPOCTPAHCTBAX CUTyalMsA He jayulie. [Toatomy
MOJYYHUTb NOCTATOYHBIE YCJIOBUS ONTUMYyMa C MOMOILIBIO BTOPOI BapH-
alMM He Tak npocro. U3

W (g) = £"(0) >0,

U paxe {"(0) > 0, BbIBOOATCA YCJOBUSI BTOPOrO TMoOpsiika, HO OHH
OCTaIOTCSl Heobxo0umbimu: ycaogue Jlexcanopa

L >0
3q.2 =z Y,
ycnoeue Beiiepumpacca
E(g,4,p,t) >0, (7.8)
rac
. . dL(g, 4,1) .
E(q’ q,p, t) = L(q’ q, t) - L(qv p, t) - T(q - p)’

a TaKKe ycaosus Beiiepumpacca— Ipomana, Tpebyronive N1OMOIHUTENBHO
HETNpPEPbLIBHOCTH NMPOU3BOIAHbBIX
oL oL
u L-—

a4 d¢
B TOYKax MU3JioMa 3KCTpCM3JICﬁ.

O060Cco6IEHHOE TIOJIOXEHUE 3aHMMAET ycaogue SKkobu, cBSI3aHHOE
C BOMPOCOM 0 2106anbhom (cunvhom) munumyme W(q). 3necob ectpb omn-
peneneHHas cneunduka. Ha chepe, HanpuMep, JoKaibHO KpaTyaiilliee
pacCcTOsiHUE MEXAY ABYMsI TOYKaMM JaloT ABE nyru OOJbLIOro Kpyra,
HO TOJIbKO OJIHa U3 HUX — 00ECTieYnBaeT rJ106aibHbIi ONTUMYM. AHAJIU3
TakKUX CUTyallMil MPOU3BOAUTCS OObIYHO HAa OCHOBE U3YYE€HHUS BTOPOW
BapuaLuu;

t
2 . 0L .2 [BZL i 32L] b }
°W(q) = / {—aq'z"’ @)+ o0 " d9g9d)" t)¢d, (7.9

to
rae
FW(g) =¢€"(0), &(1)=W(g+Tz), T=4dq.
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VYpaBHeHnue Jinepa wist dyHkumoHana (7.9),

1[32_15-]_[32’3_132’3} _
it |9¢2°] " |o¢ " dtaqaq|t T

Ha3blBaeTCsl ypasreruem JKkobu, KOTOPOE NPU ycunenHom ycaosuu Jlexcan-
Opa paspeLIMMO OTHOCHUTENbHO &, U COOTBETCTBYIOLIas 3anaya Koum
npu z(tp) = 0, &(tp) = 1 umeer ennHcTBeHHoe pelueHue (t). Hynu
z(t), otnuuHble OT by, HA3BIBAIOTCS CONPANCEHHbIMU mouKamu (TOuKe by).
OTCYTCTBHE COTPSIKEHHBIX TOYEK Ha OTpe3ke [ty, ¢;] HeoGxonnumo, uTo-
Obl OTCEATb HEMOAXOMALLNE PELIEHHS], TUTIA «HEYNAYHbIX» AYT GOJbLINX
OKPYXHOCTe# (CM. BbILLE).

7.5. J[locTtaTouHble yCnoBus

HeKOTOpble OOTOJHUTEbHLIC YCUJIUA U NPEANOJOXCHUA NOXUMAIOT
NEPEYHUCIICHHDbIC BbILLIE YCJIOBUSA OO YPOBHSA NOCTATOYHbIX. Ho MpOCTOM
3aMEHbl HEpaBEHCTB Ha CTpOrue He XxBataeT. bojiee TOro, BO3HMKaeT
HEeoOXoAMMOCTb B NMPUBJICYEHUHN JONMOJHHUTEC/IBHBIX CPEACTB.

(DOKyC BHUMAHMUS MPU 3TOM CMELIAETCS OT MOMUCKA KOHKPETHOM
IKCTpEMaAJIN 3ada4yu

t)
W= f L@, 4,8y dt - min, q(to) =0, a(t1) = a1,
to

K PaCCMOTPEHMUIO BCETO noas IKcmpemaneii 1) Wnes HanpauinBaeTcs ca-
Ma co0oi¥i, MOCKOJIbKY YpaBHEHUsI Diliepa, onpeaesiolue SKCTpeMalu,
3aBuCAT nuilb oT L(q, ¢,1) n He MEHSIOTCA NMPU U3IMEHEHMH KPaeBbIX
YCNOBUM.

[Mone akcTpemaneit B obnactu (2 Ha nockocty (i, q) HasbiBaeTcs:
® coBCMBeHHbIM, ECITA YEPE3 KaxXIIylo TOYKY ) MpOXOAUT €AUHCTBEH-
HOE pelleHue ypaBHEHUs Ditnepa;
® UeHMPanbHLIM, €CIM BCE IKCTPEMAIM BBIXOAAT M3 ONHOM TOUKM
(%0, o) n onHokpaTHO HakpbiBatoT Q\(to, qo).

12) Y10 06b19HO HA3BIBAIOT Memodom 2eodeuneckux nokpsimuti. IKCTPEMAIH OTOXAECTB-
JISIOTCS C pELUEHHMAMU ypaBHEHHUI Ditnepa.
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Jlns ouenku pasHoctu W(q) — W(q*), rne ¢*(t) — skcrpemans
(xpuBas C* B ), a q(t) — HekoTtopas apyras kpuBasi C, MHTerpan

4]
[raava
to

paccMaTpuBaeTCsl Kak KPUBOJIMHENHDbI M TOABICKUBAETCS TaKoe €ro
npexncrasneHue — takue P(q,t) n Q(g,t), — uto

t

W) = [1@.d.0d= [ Pt i+ ot dg
to (o

HE€ 3aBUCHUT OT NYTHU UHTETPHUPOBAHUS.

3agauy peluaeT Tak Ha3blBaeMblH uneapuanmuviii unmeepan lunvbepma:

[ Pana+a@.nde-
C

a_filﬂi(ﬂ)_’tl} da,  (7.10)

~ [{zla.pta..0+ 14 pia. 01 2L
(o)

raoe p(q,t) 06o3HavaeT 2eodesuueckuii HAKAOH — TIPOU3BOIHYIO TOW 3KcTpemanu ¢ (£)
B TOuKe ¢, KOTOpasi NPOXONMT Yepe3 TOuKy (g, t).

OGocHOBaHME He3aBUCMMOCTH uHTerpana (7.10) ot nyt uHTerpupopanus C
MOXET UMETb JBa HamNpaBjleHus: JuG0 UHAYKTHBHbBIN Mouck dyHkuuu S(g,t), Takoi
41O

Pdt + Qdq = dS,

7160, Pa3 yX «CeKpeT» PACKPHIT, NpoBepka st )

oL oL
P =L(q,p.t) ~Pe Q= T

PaBEHCTBA NEPEKPECTHBIX TPOU3BOAHBIX, T. €.
d oL 9 oL
—|L(g,p.t) - p—| = = —.
aq[ (g.p.1) pap] o 9p

IMocneaHee Nerko npoBepsieTcsi, YTO rapaHTHPYET, COOCTBEHHO, CYLUECTBOBaHUE
noaxonsiuent dbyHkunu S(g,t), pABHO KaK M He3aBUCMMOCTb MHTerpana (7.10) ot nyTtu

(7.11)

13 Y10 BbITexaeT M3 (7.10).
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uHTerpupoBaHus. OnHaxo BbiBoa (7.11) cyliecTBEHHO ONUpAeTCs Ha NPENNoIoXeHue,

4TO MOse IKCTpEMANeil 00HOKpamuo Hakpwéaem paccmampueaemyro obaacms ' . Takoe
Tpe6oBaHUE BO3HUKAET KAK CJIeACTBUE HEOOXOAMMOrO B PaCCYXIEHUM PaBEHCTBA

o _oor| _
dqg Otopl_py

BBITEKAIOLLETO W3 YpaBHeHUs Diiniepa, eciu uepe3 niodyilo Touky (g,t) mpoxomut
€IMHCTBEHHAs! 3KCTPeMaJlb.

Ecnu nurerpan (7.10) Gepercs BLO/b 3KCTPEMAH, TO

q—p(qa t) = 0;

oTKyna sicHo, uyto (7.10) cosnanaet ¢ W(q*). DTo NO3BONSAET OLEHMTD
pasHocTs W(q) — W(q") xak unterpan

/ {L(q, Q1) — L(g. p.t) - -%’q.—qﬁ(q -p)} i, (1.12)
C

B35ITblii BIOJb npouseonsroli KpuBoit C. [Ipn 3ToM HeT HEOOGXOAMMOCTH
nyMaTb 006 akcTpeManu () — Bce yuuTbiBaeTcss camo co6oii. [Moatomy
«UIl MUHMMyMa» AOCTaTOMHO, YTOObl MOABIHTErPAJIbHOE BbIPaXEHUE
B (7.12) GbUIO HEOTPULIATENBHO, YTO MpPEACTABISET COOOM ycaosue Beii-
epwmpacca (7.8).

TakuM obGpa3oM, HeoOXoaMMoe yciaogue Beiiepwmpacca ripeBpaiia-
€Tcsl B docmamo4Hoe NpU NOTIONHUTENbHON OTOBOPKE, YTO 3KCTpEMaslb
NMPUHAMLIEXKUT COOCTBEHHOMY WJIM LIEHTPAIbHOMY MO0 3KCTpeEMalei.

(!) U3 pasnoxenus

dL(g, p,t) 1 0°L(g, P, t)
3§ 2 ¢

[He P JIEXUT HA OTPE3KE, COENANHAIOLIEM P U §, — SICHO, YTO ycioBue Beiepiutpacca

BbIMOJIHAETCS, €CIIH

L(g.4.t) = L(g, p. t) + (G-p)+ (@ -p),

o~

B paccMaTpuBaeMoii 06nacTu. Ycurennoe ycaosue Jlexwcandpa

— >0 (7.13)

14
) T.e. ABAsieTCS COBCMAeHHbM WIK UEHMPANbHBIM.



134 Masa 7. BapuaumoHHoe ucyncieHme

naeT Gosblie, 00ecrneunBasi 3a0QHO LEHTPAILHOCTb MOJsI IKCTPEMaei, npasaa, Jjo-
xanbHo ¥,

B pe3sysnbrtare, ycnosue (7.13) 6€3 10NOMHUTENBHBIX OTOBOPOK 1) rapanTupyerT, uTO
3KCTpeMallb 0becreynBaeT JIOKaIbHbI MuHUMYM W ().

7.6. CeBo6oAaHbIE KOHLbI U TPAHCBEPCaNIbHOCTb

[1pu noucke 3KcTpeManu GyHKLHOHATIA

9]
W= / L(q, 4, t) dt (7.14)
to

(ukcupoBaHHbIE paHee rPaHNUYHbIE YCIIOBUs, OHO MJIK 00a, MOTYT ObiTb
0CBOOOXIEHBI. [IpM 3TOM MHOXECTBO NOMYCTUMBbIX TpaekTopuil ¢(t)
paciumpsiercs. [1oatomy akcTpeManb — TeM Oosiee 00si3aHa ObITh 3KC-
TpeMaslblo 3aJayd C 3aKPEeTUIEHHBIMU KOHUAMMu Tpaekrtopuu. CooT-
BETCTBEHHO, ypaBHeHUe Diiiepa OyneT BBITIONHATHCSA, KaK M TpeXne.
JlononHuTtenbHble TpeOOBaHUSI MOTYT ObITh MOJNyYeHbl BapbHPOBaHMEM
rPaHUYHBbIX YCTOBUM.

MycTb, HanpuMep, cBoGoaeH onuH koHel (1, ¢,), ¢; = q(t1). Tpu nepemelerun
rpaHUYHO# ToukHu u3 (t), ¢;) B nonoxenue (¢, + dty, ¢, + dq;) NpupaweHue GyHKUH-
oHana (7.14) na sxcmpemanax oKa3biBaeTcsi paBHbIM

t)+4ty ty
sw= [ L(q+aq,q+6q,t)dt—fL<q,q,t)dt.

to ty

C yyeToM TOro, YTO IKCTPEMAIM YHOBAETBODSIOT ypaBHEHUsM Jinepa, mocie
HECJIOXHBIX NPeoOpa3oBaHUil UMEEM:

aL)
AW = (L - ¢—
( qaq

[MpupaBHuUBas HyIO AuHENHHYIO YacThb (7.15), nonyyaeM

,aL). oL
L-4— oty + —
( 993 )12, " ™ 9

g cayyae (7.13) ypaBHeHue Diliepa JIOKATbHO Pa3peliMMO OTHOCHTENBHO BTOPOW
TIPOM3BOAHOM §, U pelieHHe COOTBETCTBYIOWEH 3anayn Koluu CylecTBYeT M €AMHCTBEHHO.
16) He cuuTtas npeanoioXeHui O AOCTATOYHOW INaAKOCTH.

oL
at, + 3_ql dg, + o(dt,) + o(dq)). (7.15)

t=t, t=t;

6% = 0,

=t)
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YTO B C/Iy4ac HE3aBMCHMbIX Bapuauuit 0t, ¥ 0q, NIPUBOOMT K YCAOBUSM MPAHCEepCanb-

HOCMUu:
oL oL
L- q——) | =0, — =0.
( 04 t=t, 04 t=t,

Ecau rpaHuyHas Touka (f,q)) obGsi3aHa jexaTb Ha HEKOTOPOM
KpUBOW

q = f(t1),

TO )
6Q| = f(t.)&tl + O(Jtl),

u B cuay (7.15) ycroeue mpanceepcarsHocmu ipnodpeTaeT BUA:

(L +(f - Q)Z—Z)

=0.

t=t;

7.7. NsonepumeTpuyeckue 3agaum

l/l30ﬂCpMMeTpM‘lCCKHMM 3aJayaMy Ha3blBalOT 3a1a4M Ha YCJIOBHbIN 3KC-

TPEMYM 17)

t) t)
/S(q, g, t) dt — max, /P(q, g,t)dt =1, (7.16)
to to

TIE U30NepuUMempu4eckux ycaoeuii MOXET ObITb HECKONbKO, U TOraa
PZ{PI,...,Pm}, l‘:{ll,...,lm}.
TexHonorust pelwieHUss — Ta Xe€ caMasl, YTO U B KOHEYHOMEPHOM
cnyyae. [Tepexon oT (7.16) K NOMCKY CTALMOHAPHOI TOYKU 1a2PaHNCUAHA

tl tl

L(q,A)=/S(q,q',t)dt+/\{/P(q,q,t)dt—l}

to to

') T. . He 0BA3aTENBHO 3aNAYH O TEOMETPHYECKMX DMTYPaX MAKCHMATBHOM MUIOLIALN
NpH 3a1aHHOM NEPUMETPE.
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CBOIMT 3a1a4y K pelieHUIO ypaBHeHUS Diinepa ¢ GyHKUMe
L(g, 4, ) = S(g, 4,t) + AP(q, 4, t).

O6ocHoBaHue (HOpMaJIbHO HE OTIMYAETCA OT KOHEYHOMEPHOTO, €C-
JIU ONEePUPOBaATh rpaaveHTaMy (YHKIIMOHAJIOB U MOAXOASLIMMHA (PyHK-
LIMOHAJIbHBIMU MpocTpaHcTBaMU. Ho Bce 3To Xopolio Ha abcTpakTHOM
ypoBHEe. B KOHKPETHBIX CUTyaUHUsIX NpobnemMa yrnupaeTrcsi B UOCOIOTHU-
YECKHU TMPOCThIE, HO TEXHUUECKU BECbMa CNOXHbIE BOTIPOCHI, O YEM YXE
uu1a peub Boilie. CylEeCTBYET JIM IPaIUEHT, NIEMCTBYET 1M OH B COOTBET-
CTBYIOLLIEM MPOCTPAHCTBE, HEMPEPLIBEH JIU?

[lepeynciieHHOE MOXET MOKa3aTbCsl TPEHUPOBOYHBIM YIIPaXHEHHM-
€M, HO Yallle 3TO, CKopee, TeMa JUIsl IMCCEPTALIMOHHOIO UCCEeN0BaHMs.
Jeno B ToM, YTO BapUallHOHHOE UCYMCIIEHWUE TPAAULIMOHHO OPUEHTHU-
pPOBaHO Ha MJiaJKue U KyCOYHO rinankue GyHKUWM, Toraa Kak rpaaueHThl
XOpO11O paboTaloT B r'MJILOEPTOBBLIX MPOCTPAHCTBAX. B «rjankoM ciiyyae»
anrapaT Toxe paboTaeT, HO TaM U3-3a HepedIEKCUBHOCTH NMPOCTPAHCTB
BO3HMKAIOT 3HAYMTENbHbIE HEyn06CTBa [6, T. 5]: cKansipHOro npousse-
NEeHHUS HET, GYHKLIMHU HEMPEPbIBHBI B OJHOM CMBbIC/E, IPaIUEHTbl MYyHK-
LHMOHANOB — B IpyroM, W T.1n. KpoMe Toro, Bo3HuKaioT HebGonbLive
CMBICJIOBbIE HECTBIKOBKM, Ha OOCYXIE€HHUE KOTOPbIX YXOAUT MHOTO CHJI.

[MoaToMy A0 cUX TOp, HECMOTPS Ha TO YTO AUCLMILUIMHA JABHO MO-
MelleHa B paMKHU (YHKLIMOHAJILHOIO aHajuM3a, BapHallMOHHbIC 3a1a4yu
4acTO pacCMaTpUBalOTCA MO CTapUHKE, C MOMOIIbIO Bapuaiihii BMECTO
rpagueHToB. OQHO C APYruM, Kak NpaBuJio, COBIMANAET, — TEM HE MEHee
IUISL rapaHTUM KOE-4TO ellle TpeOyeTcs, HO He Bceraa aaercs. B pedynb-
TaTe XYypaBJo OObIYHO TMPEJOCTaBSIIOT BO3MOXHOCTD JIETaTh B Hebe.

Ipumepn

e BepHeMcs k 3agaue 0 popme TAXKENON HUTH '8),

/ay\/ 1 + [¢/(z)]? dz — min, /a V1+y(@)dz =1,
o 0

Toc 3akperieHue B Toukax y(0) = yo, y(a) = y,.

1% cm. pasaen 7.1.
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MuHuMU3auus JlarpaHxuaHa

/“(y + A1+ [y (@) de
0

NPUBOIUT K YpaBHEHHIO Jiijiepa, UMEIOLLEMY, B CHJIY aBTOHOMHOCTH (YHKLIMOHana,
nepsblit uHTerpan (7.6), cBoasIUMACS B JAHHOM Cilydae K

(y+A)

1\2 - C’
VIi+ ()
YTO B UTOre MOPOXIAET CEMEUCTBO KPHUBbBIX

y+A=Coh Z2C0

TapaMeTpbl ONpenensioTCs OrpaHUYEHUSIMH.
UnrepecHo, YTO TSXENass HUTb IPUHUMAET (OPMY KpHBOIA, JaloLleit npy Bpaiue-

HUWH NMOBEPXHOCTb MUHUMAJIBHOW TUioLanu I9)'

e PaccmoTpum 3agauyy 00 OTBICKAHMM KpH-
BO# () 3a0aHHOM LIMHBI, JIOWAAbL N0 KOTOPOi
(puc. 7.3) MMHMMaJIbHA WM MAaKCUMAIbHa, T.€.

Y=Yz

a

/y(x) dz — max (min),

0

/ Vitly@pde =1, Puc.7.3
0

TIpY Toit UK MHOI dukcaunu kpaesbix ycnosuit, {0, y(0)}, {a, y(a)}.
MuHUMH3aUMS JlarpaHXHaHa

a

/(y +A/1+ [y (@)]2) de

0

MPUBOIMT K YpaBHEHUIO Ditepa, UMEIOILEMY, OTISITb-TAKU B CUJTy aBTOHOMHOCTH (DYHK-
LUMOHanNa, nepsblit uuTerpa (7.6), U3 KOTOPOro MOC/IE 37IEMEHTAPHBIX NPeOOpa3OBaHHi
MONY4YaeTCsl CEMEICTBO OKPYXHOCTEH

(z-C)V+@y-C) =I.

[MapameTpbl OMpenensioTcs orpaHUYeHUsMU. PellieHHEM B WTOre OKa3biBaeTCs Oyra
OKPYXHOCTH, UMEIOLLasi 3aJaHHYIO UTHHY W NpoXoasiuas yepes 3agaHHble TOUKU. OnHa
IlyTa JaeT MaKCHMYM [UIOLIAAW, APYTas — MUHUMYM.

19 Cm. «camenoud» no NpeAMETHOMY YyKa3aTesio.
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7.8. YCnoBHbI 3KCTPEMYM

3anaya ontUMaibHOTO yrpasieHus (7.1) B BEKTOPHOM Buie

T
S = /F(z, u,t)dt - max, = f(z,u,t), z(0)=0,
0

BBITJISAUT MHAYye, YeM — U30MEepUMETPUYECKast, HO 3TO TaKas Xe [0 AyXy
npobJieMa NMoOMCKa YCIOBHOIO 3KCTpEMyMa.

Bo-nepBbiX, OOblYHAsi NMOACTAHOBKA MEPEBOAMT €€ B KaTeropuio 6Ge3ycnoBHOI
ontumu3auuu. deicTBurenbHo, ecau 3anaya Kowu
z = f(z,u,t), z(0)=0,

npu no6oM ynpasnenun u(t) uMmeeT eAMHCTBEHHOe pewieHue Z(t) = p[u(t)], — Bce
CBOIMUTCS K MUHUMM3auuK pyHKUMOHANA

T
/ F(p(u), u, t) dt.
0

Ho 370 nuwb «abCTpakTHO rOBOpsi», MOTOMY YTO IS TMONCTAHOBKM HANO «HMMETb»
z(t) = p[u(t)], Pakra cywecTBOBaHUS HEAOCTATOUHO.

Bo-BTOpBIX, paboTaet Memod muoncumeneii Jlazpanxca, XoT U B 1py-
roii apaxxupoBke. DOyHKIMOHaAI He 00s3aH 3alnuchiBaThCA B GopMe
OMNpeAeNeHHOTro UHTerpaia. DTo MOXET ObITh, HaNpUMeEp,

(p(m(t)’ t)|t=s Aubo [:I) - f(:l:, u, t)”t=,-

Tpu kaxnoMm 3HayeHuu t = s orpaHunyenue & — f(z, u, t) = 0 yMHOXa-
eTcsi Ha CBOM MHOXHTenb Jlarpanxa A(S), 4To 3aTeM CyMMUpyeTcs —
B JaHHOM Clly4ae UHTErpuUpyeTcsi — M NpUOaBIsAeTCs K MUHUMU3UpYe-
MoMy GyHKUHOHaly. B pe3ynsrate nosnydaercst aazpanicuat

T
L(z,u,)) = /{F(:c, u,t) + AR)[f(z, u, t) — &]} dt. (7.17)
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Makcumusauus (7.17) 1o & M w NPUBOAMT K ypaBHEHUAM Diinepa,
oF i) d [OF oF i)
—_— = —f+———,—/\ =0, —+ —f=0,
o dxr dt| oz ou ou
KOTOpbi€ HEOOXOAMMO pEeLlIaTb COBMECTHO C OrpaHUYEeHUSIMU
&= f(z,u,t), z(0)=0,

YTO MOXHO MHTepnpeTupoBatb Kak VL = 0.

7.9. NAMunbTOHOB POopManuam

3agaya onTUMAaJIbHOIo ynpaBJICHUS 20)

9]
S = /F(w,u, t)dt - max, &= f(z,u,t), (7.18)
to

21
KakK yX€ OoTME€4yaJloCb, CBOOMUTCA K ONTUMHU3aLHUU JlarpaHXHaHa )

ty

L(z, u,y) = / (F(z,u,t) + yO)f @, u,t) — 3]} dt.  (7.19)

to

(!) Besne, rne nepeMHOXAIOTCS BEKTOPbI MM BEKTOP-(DYHKLIMM, MOAPa3yMeBaeTcst
CKaJIipHOE Mpou3BeaeHHe,

n

a(t)b = (a(t),b) = Y _ a;(t)b;.

B (7.18), (7.19) z, y, f(-) — BeKTOpHI Pa3MEPHOCTH N. YNpaBieHHE U — BEKTOD,
BOOOLLE FOBOPSI, APYTOi Pa3MEPHOCTH 7. YNPOLUEHHAs! 3aNIMCh CKAISIPHOTO Mpou3sene-
Hus (63 yr10BbIX CKOGOK) MCMOJb3YETCs 11 yIOOCTBA TeX, KTO NPEANIOYNTAET BAPHAHT
n=r=1.

20)C TEMH WJIK HHBIMH TPAHUYHbIMH YCIIOBUSIMH.

21 .
)}lﬂﬂ mHoxuTenei Jlarpanxa A(t) 3mxech ucnonb3yercs 6osee NPUBBIYHOE LISt conpAa-
MCEHHBIX nepemenHbix 0003HAYEHUE

y(@) = {n(@®)..... @)}
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HHTerpupoBaHue BbipaxeHUss Y& mo uyactaM npeobpasyet (7.19)
K BULY

t
L= / (H(z, u,y.8) + 25} dt + co)y(to) — o(t)y(t),  (1.20)
to

rae
H(z,u,y,t) = F(z,u,t) +yf(z,u,t)

0003HaYaeT 2amMulbMoHUaH.

IMpupaBHuBas Hy:1i0 nepsyio Bapuauuio (7.20), nonyyaem 2)

t

oH 0H
t

0

oTKyna

oH _ . _ _9H
IR N

TakuM 06pa3oM, MpUCOBOKyIUIsis & = JH /Dy, uMeeM ypaBHEHUS
IIBUXEHUS B TaMMHJIBTOHOBO# (PopMe,

oH . _ _9H (7.21)

zz-i?—y—’ oz’

u ycnosue | 0H/Ou = 0 | onTMMyMa raMuJIbTOHMAHa M0 YNPaBJIEHUIO,

YTO CJIYXHUT NpooGpa3oM npunyuna makcumyma (rnasa 8).
Ecniu Kk ypaBHeHusiM Diisiepa noGaBUTh ycioBue Beiiepiitpacca,
TO COOTBETCTBYIOLUMM 3KBUBAJIEHTOM MOXHO CYMTaTh FaMUJILTOHOBBI

ypaBHeHus (7.21), rne 3)

H(z,u,y,t) = max H(z, v, y, t). (7.22)
v

2) BapbHpoBaHMe rpaHUUYHBIX YCIIOBHIi OCTABISIEM 33 KAAPOM, NOCKOJIbKY Ha YPAaBHEHUS
ONTHMANBHOTO ABUXEHHUsI BHYTPH [fo, 1], O 4eM NnoKa MAET peub, OHO HE BIMSIET.

23) Pasymeercs, nocne makcumusaunu H (z,u,y,t) He 3aBucut or u. Bmecro (7.22)
MOXHO 6bU10 Gbl nucats H(z,y,t) = max H(z, v, y,t), HO TOraa KOHCTPYKLHS YTXKENSA-
v

nach 661 HOBOW yHKUMER H.Town ZpYro€ MIOXO MO-CBOEMY.
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Bropoe ypasHeHue (7.21) B NOKOOPANHATHONM 3aNUCH UMEET BHIL
n
. Z af;
Yi= "oz ‘ Yi oz;

M B ciyyae, Korza F He 3aBUCHT IBHO OT &, COBMANAET C ypagHeHuem
6 eapuayusx [6, T.2] A1 ypaBHEHHUS «[ONATHOTO ABHXEHUSI»

& = —f(z,u,t).

OOpaTHM BHHMaHHe,
dH OH +¢9H_+0H.+0_H_0H. (8H+_)f( ) oH
@ Tt et T eyl T e T et B TY) w5

YTO BJIEYET 3a co00it HA IKCTpPEeMaIu:

dH 0H
da ~ ot

Tlo3TOMy B aBTOHOMHOM cilyyae, korza F U f He 3aBUCAT IBHO OT BpEMEHH, raMUJib-
TOHHMAH MOCTOSIHEH BIOJIb IKCTPEMAJIH.

3anava (7.18) B ciyuae
flz,u,t) =u,

T =u,

NEepeXoanuT B OObIYHYIO 3a1auy
S = /F(z, &, t) dt — min. (7.23)

Hckniouast n3 raMuIbTOHOBbIX ypaBHeHHUii aBuxeHus (7.21) conpa-
acennvie nepemennvie Y(t) = {y,(t), ..., yn(t)}, npuxonum x ypasnenusm
Diinepa (?) ans 3anaun (7.23), 4TO CBUAETENLCTBYET O HATMYMMU UAEHHOI

CBsI3W MEXAY noaxonamm 24).

29 INpencTaBneHns 0 CKPLITHIX MPYXHHAX MOTYT 0BOraTHTb NAPATLNIENH C AHATUTHYECKOH
MexaHuKkoit [6, T.2].
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7.10. BaaumMHasa cBOAMMOCTb 3afau

OCHOBHO# 3azayeil KNacCHYECKOro BapMallMOHHOrO MCYMCIIEHUS CYM-
TaeTcs 3adaua boavya:

t
J= /F(z,a’:,t) dt + Gty 1, z(to), z(t))] — min, (7.24)
to

NpU BO3MOXHBIX AW(@EPEHLMANbHBIX OrpaHuyeHusax ¢(z, &, t) = 0,
a TAKXKE MepMUHANbHbIX YCAOBUSX BUAA

®[to, t1, z(to), z(t))] = 0.

3anauy (7.24) B ciyyae G = 0 Ha3biBalOT 3adaveii Jlaespanxca, a ipy
ycnosuu F = 0 — 3aoaueii Maiiepa.

Ha Bun 3amaya bosibua siBisiercs 6ojiee o6lLeil, HO OHa JIErKO CBO-
autes K aBym apyruM. K 3anaye Maiiepa, — €ciiM BBECTH JOMOJHUTENb~
HYIO MEPEMEHHYIO Ty, HATOXUTb AuddepeHnalbHOE OrpaHUYEHHE
Zny1 = F(z,&,t) n nepedTH K MMHUMM3aLMHK YUCTO TEPMMHAILHOTO
GdyHKUHMOHaNA

Zn+1(t1) + Gto, 1, 2(to), z(t1)].

Csenénue K 3anaye JlarpaHxa Takxe 0o0eCreyuMBaeT NOMOJHUTENbHAS
nepeMeHHast Tp |,

Ent1 =0, ZTpp(t) = —t

NMocCj€ 4Ye€ro BC€ CBOAUTCA K MUHHUMHU3AUUHU HMHTErpajibHOro beHKl.ll‘IO-

Haja
t)

/[F(z,:i:,t) + Ty dt.
to
Bbi6op ¢opMbI 3anauM AMKTYETCSE COOOpaxeHUssMH ynobcrsa. [pu

3TOM JIIOOYI0O M3 MepeyMClIEHHBbIX 3aiay MOXHO paccMaTpuBaTh Kak
3agavy ynpaBJieHHUs, nojarasg & = u.
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7.11. Npob6nema cyuieCTBOBaHUSA

B ominuue or R", rme skcTpeMaibHble 3a4auM 06NamaloT TOH MM
MHO# CTENEHbIO HAMISANHOCTU, 6ECKOHEYHOMEPHLIM 3aJayaM MpuUcylia
HEKOTOpas «3araloyHOCThb». PellIeHHs HET, oYyeMy — He SCHO.

Ipumep ThabGepra. [Ans 3anauu
1
/k%)hmy+mm 2(0)=0, z(l)=1,
0

ypaBHEHHEM Diijiepa CIyXHT
d )
= [(VE)q@)] =o,

3 "
YTO MPHUBOAMT K peweHuio ¢(t) = Vi, KOTOpOE AEHCTBUTENbHO obecneynBaeT MUHH-
MYM, HO He SBISETCS HenpepbiBHO auddepeHunpyeMbiM Ha [0, 1].

IIpumep Beitepmtpacca. B 3anaue
1
/t’q’(t) —min, z(0)=0, z(l)=1,
0

ypaBHeHHe Ditnepa
d
—|t°g(t)| =0
= [Fd(®)]
MMeeT oblLuee pelueHHe

a®) =7+

HH OOHO M3 KOTOPbIX HE MPOXOAUT YEPE3 HYXKHDbIC TOYKH.

HenpusaTHOCTH MOTyT BO3HMKATb MO HECKOJILKHUM MpUuuHaMm. OnHa
U3 HUX — cneundunka 6ecCKoHEeUHOMEPHOro npoctpaHcTBa. HenpepbiB-
Hbli1 GYHKLIMOHAT Ha OrpaHUYEHHOM 3aMKHYTOM MHOXECTBE He 00s13aH
JOCTUraTh CBOero MUHUMyMa. [IpHATHOE UCKITIOYEHHE — THILOEPTOBbI
NPOCTPaHCTBA.

7.11.1. Teopema. HenpepoieHbiii ebinykaniii hynkyuonan, onpedesenHbiii

Ha eunbbepmosom npocmpancmee, docmuzaem c80e20 MUHUMYMA HA AH060M

2
BbINYKAOM 3AMKHYMOM 02PAHUYEHHOM MHOdCecmee 5).

) Netanu u onucanue «BHYTPEHHEH KyXHM» cM. B [6, T.5].
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Takoe NpeMMyLIECTBO XalKo TepATb. [T03TOMY NpH MCClleoBaHUK
BapHMALIMOHHBIX 3aa4 OMNpee/IeHHYIO YacTb MYTU BLITOLHO MPOXOIUTD
no «ruibbepToBoit» TeppuTopuu. HO BbIrOAbl, KaK M3BECTHO, 1apOM
He naotcs. [TpuxoauTcs XepTBoBaTh NPUBLIYHBIMHU YI106CTBAMU — IU(D-
dbepeHLIMpOBaHHUEM, MEPEXONS K OOOOLUIEHHBIM MPOU3BONHBIM, M T. I
IMpuyeM Hagexnabl MOJYYMTb B HUTOTE pELUEHHE «KeTaeMOW CTerneHu
IJ1aKOCTH» HE BCEra OrnpaBblBalOTC.

Jpyrast BO3MOXHasi MPUYMHA HETTPUATHOCTEN — HEYIPaBIAEMOCTb
CHUCTEMbI, B pe3y/bTaTe Yero nepeBecTh OObEKT U3 OINHOrO COCTOSTHUS
B Ipyroe BooOILlE HEBO3MOXHO. MHBIMHM Cl10BaMM, OTCYTCTBYIOT NOMY-
ctumble pewenusi. Ho ecnu B R™ BblsicHEHME CBOIMTCS K NPOBEPKE
pa3peiiMMOCTH CUCTEMbl HEPABEHCTB, TO 31€Ch OOHAPYXWBAETCS HOBOE
AIBJIEHHE.

PaccMOTpyM OOBEKT yripaBiaeHUs
& = Az + Bu,

[I€ T XapaKTEPHU3YET COCTOSIHUE, U — yrpasjieHHe, A U B — Matpuuibl,
pa3Mepa, COOTBETCTBEHHO, L X 1t U 1L X M.

EcTecTBEeHHbI BOMPOC, KOTOPbIii 31€Ch BOZHUKAET, MOXHO JIU Me-
peBecTM cUCTeMy — ynpaBieHueM u(l) — M3 J106Oro HayaIbHOrO
nonoxeHust (0) = o B M1060€e xenaemoe, Hanpumep, (T') = 0? Ipu
MOJIOXHUTEILHOM OTBETE 3TO HA3bIBAIOT YNPAGAAEMOCMbIO CUCTEMDI.

J1ns ynpas/isseMOCTH, Kak OKa3biBaeTcs [6, T. 2|, HeoGXxonumo u 1o-
CTaTOYHO YCJIOBHE
rank U = n,

rne U — npsiMOyrojibHasg MaTpuLia 26)

U =|B,AB, A’B, ..., A" 'B].

IIpumep

Myctb
fb| = -2+ u, i2=2$|—$2.

%) Marpuua U CTpOMTCSl CleBa HanpaBO — AOOABISIIOTCSI CTONOLIbI A¥B. Yucno
crpok U paBHO n.
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TakuM 06pa3oMm, YrpaBjieHHe HANPAMYIO AEACTBYET TOJIbKO Ha . Ha T, BausHue
OMOCPEAOBAHHOE. BO3MOXHO JIM MO 00EMM MEPEMEHHBIM IBUTaThCs B XKeJaeMbIX
HamnpaBleHHUsAX — HESCHO, U TEOMETPUYECKAs HHTYMLIMA B TAKMX 3ajayax nacyer. Tem
HE MEHEE CHCTEMA YMNPAaB/sieMa, TIOCKO/bKY U1l HEe MAaTPHLA

-9

HEBbIPOXACHA.



lasa 8

3agayn ontumanbHoOro ynpassieHus

Mo TeOpHH ONTMMANBHOrO YNpPABNEHHS CYLIECTBYeT OGLMpHas nuTepatypa . C Te-
YEeHHEM BPEMEHHM AKUEHTHl W MOTPEGHOCTH, KOHEYHO, cMecTWaMCh. Ecnu mnosseka
Ha3all CMTYaUMIO XapaKTEpH30BaIM 3HTY3HA3M M HEAOCTATOK MHGMOPMALIMM, TO TEMEPh
«TEHKH CHSATHI» U HACTAJOo BpeMsi MeMyapoB. [Lns 3aluMThl AMCCEPTALMIA MPUXOOUTCS
MCKaTh YTO-HUOYNb MeHee HccenoBaHHoe. [103TOMy MaccoBblii CpOC KOHLEHTPUPY-
€Tcd, MNaBHbIM 06pa3oM, B PailOHE MPOCTOrO BOMPOCA «B YEM TaM Jeio», — OO 3TOM,
COGCTBEHHO, B IJ1aBe peyb.

8.1. Mpuuarsie cTtaHaapThbl

TonlmnHa y4eOHMKOB B 3HAYMUTEJIbHOM MEpPE 3aBUCUT OT MHOrooopa3usi
NOCTaHOBOK 3aiay. B To Xe BpeMs McyepnaThb BapMaHThl BCE PaBHO
HeBO3MOXHO. [To3ToMy rnaBHOe — nepenartb Oyx Teopuu. B maHHOM
cjlyyae 1S 3TOil Ueu FOOMTCH BCEro OIHA 3alaya: MOMCK YINpaBJieHMs
u(t) Ha otpe3ke [0, T'|, koTopoe obecrieunBaeT MaKCMMYM OIHOW KOOp-
auHatbl, Hanpumep z;(T), npy IBUXEHUU

z = f(z,u,t), z(0)=0, ueU. (8.1)

OcrtanbHbie T;(T') MOTyT GbITb 3aKPETLIEHBI TMG0 CBOGOIHBI (MOTHOCTbIO
WM YacTMyHO) 2.

HenoctaTtouHas o01LHOCTb MOCTAHOBKH 31eCh 0OMaHuMBa. Hannaue
HHTErpaibHOro KpUTEPHUs, CKaXEM,

T
/F(z, u,t) dt — max,
0

D Cm., Hanpumep, [4, 8,13, 14, 21].
2 [puHUMIMANbHOE OTAMYME 3a1AUM (8.1) ot (7.18) 3akmoyaeTCs B AOMOAHUTENLHOM
orpaHuyeHnn u € U, XapaKTepHOM Lisi TEOPHH YNPaBICHHS.
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WIMKBUAKPYETCS» CTAHIAPTHLIM TPIOKOM BBENEHHUsS IOMOJHHUTEIbHOM
nepeMeHHON ZTyi), yaoBiaeTBopsiowed audbdepeHHalbHOMY ypaB-
HEHHIO

Ent = F(z, , 1),
M TOrga UHTErpajibHbiii KpUTEPUI CBOAUTCS K
Tpy) — Max.

Tak xe nerko Makcumusauusi G[z(T')] 3ameHsieTcs MakCUMU3aLHUeEN
Zny1(T), ecniu MONOXUTH

Tos1(t) = Glz(t)],  Znt1 = (VG(2), f(z,u,1)).

Munumusaumns T, (T) B ciyyae npucoenuHeHus K (8.1) ypase-

. - 3
HUs Tp4 = | paBHOCHU/IbHA 3adaxe o Gbicmpodeiicmeuu ),

Kak npaBujo, ONTUMalibHOE YMpaBjieHHE MLIETCA KakK (ByHKLUS
BPEMEHU, M €0 MPU U3MEHEHMH KPAeBbIX YCJIOBUIA MPUXOAUTCH MUCKATh
Kaxablii pa3 3aHoBo. [103TOMy npennoyTHTenbHO peweHue u' (), 3ana-
oulee yripabieHre Kak QYHKLHIO cocToaHuUd. Takast 3a1aya, Ha3biBaeMast

3adaueil cunmesa, CyuleCTBEHHO GoJjiee CJIOXHA M YIOBJIETBOPUTEIbHO
pellaeTcsi B peAKUX Ciydasx.

8.2. MpuHuun makcumyma

JHo6GasneHue K 3anaye (7.18) orpaHuuenus u € U — Hanpumep, Buxa
h(u) = 0 — noGasnsier k narpaHxuany (7.19) ewe onHo ciaraemoe,
B pe3yJibTaTe Yero:

t
L(z,u,y,2) = / {F(z,u,t) + yO)[f(z,u,t) — &] + 2(¢)h(u) } dt,
to

re z(t) = {z(t), ..., z-(t)} — MHOXMTenn JlarpaHxa.

[leiicTBys nanee nmo cxeMe, ONMUCAHHOI B pasnesie 7.9, mojnyyaeM «MOYTH TO Xe
caMoe». MHTerpupoBaHue BbipaXeHHs Y& Mo 4acTsaM CHoBa npeobpasyer L(z, u, y, 2)

3 3anaue o nepexoac CUCTEMbl B 3a1aHHOE COCTOSIHUE 3a MUHUMANIbHOC BpEeMS.
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K BUAY

b= [ (B 00,0 + 23 + 2O} i + ooyt - 2(6)y(e),

to

rae no-npexXHeMy raMuJIbTOHHaH
H(z,u,y,t) = F(z,u,t) + yf(z,u,t)

He 3aBUCHT OT 2(t).
MpupasHuBas Hya0 nepsyio Bapuaunio L(z,u,y,z) U He Tporas rpaHHYHBIX
YCJIOBUIA, MOJy4yaeM

t
0H oh o0H .
0L = /{(-a—u-;-z(t)a—u)6u+ (% +y)6::} dt =0,
¢

0

OTKYyIa, Kak M npexaune,
0H

T oz
TakuM 006Pa3oM, ypaBHEHHS! ABMXKeHNUs He MeHsoTes :

0H | oH

dy’ Y="%
HO Ternepb, B OTIHYKE OT MPEIbLIYLIErO,

0H oh
-0—1: + Z(t)b—‘l: =0, h(u) =0,

YTO COBMANAET C YCJIOBMEM MakKCHMyMa (MM MUHMMYMa) dyHkuuu H(z,u,y,t) no u
npu yciaosuu h(u) = 0.

Pa3ymeeTcs, B pa3BeTBJICHUSIX HyXHa aopabotka netaneil. Tem
He MEHee LiIEHTpaJibHas uaed ocTtaetcs oouei. OnTuManbHOe ynpasie-
HUE OMnpeneasieTCss CUCTEMOM ypaBHEHHU I

OH 0H
t=—, y=-—, H(z,u,y,t)=maxH(z,v,y,t), (8.2)

dy oz v
KOTOPYIO HEOOXOIMMO PellaTb COBMECTHO C TEMU MJIM MHBIMHA TPaHUY-
HbIMHU YCJIOBHUSIMHU, BbITEKAIOIMMHU M3 MOCTAHOBKH 3aauyM.

3amerum, uto H(z,u,y,t) B (8.2) dakTyeckn OT % He 3aBUCHT
(mocnie npoBeneHMs MAKCUMHM3ALIMHM MO V).

9 KpaeBbie ycnoBusi it 3THX ypaBHEHMHt MOTYT ObITb MOJydeHb BapbMPOBaHMEM
TEPMUHAIbHBIX OrpaHHYeHUt. BO3MOXHBI MHOrOYMCIAEHHbIE BapMAHThl, ONHAKO ceivac
B pokyce BHMMaHUsT — AuddepeHUHATbHBIE YPABHEHHSI.
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B BapuanTe Tna (8.1),

n
Z vj2i(T) = max, &= f(z,u,t), =z(0)=0, weU, (83)

i=1
ontuManbHoe u(t) onpenensiercs cuctemoi (8.2) — B ZJaHHOM Cllyuae:

n

: , ) dfj(z, u, )
T =fj(z,’ll,,t), Yi=— y]_iam—,

i=1 !
rae u(t) u3BneKaeTcs U3 COOTHOLLEHUSI

n n

E yifi(z,u,t) = max > "y fi(z,v,0)
=1 j=1
M BbINMOJIHAIOTCA TPaHUYHbIC yCHOBMﬂ:

z(0) =0, g;(T) =1;j.

(!) llpn 3TOM MHTEpECHO OOpaTUTh BHHMAHUE Ha CJIEAYIOILYIO
uHTepnpetaunio. Ecnu 3amava (8.3) yxe peuiena, T.e. BCe (GyHKUMH
z(t), y(t), u(t) — onpeneneHsbl, TO B cu1y

H((I), u,y, t) = (y(t)’ :l:(t))

noJjiyyaeTcsi, UTO ONTHMalbHOE ynpasieHue u(t) 6 Kaxcoviii mMomenm
8peMeHU MAKCUMANbHO pa3zonsem usobpaxcarowyio mouxy z(t) é nanpae-

nenuu y(t). TonoGHbIA B3MISAA HA POJIb COMPSDKEHHBIX TMEPEMEHHBIX

B HaMJISIAHOM Q)ODMC BCKPbIBAE€T 3aKYJIHUCHbIC MEXaHU3MbI 5).

Kak npaBuno, onTMMu3auusi BbIBOAMT ONTHMAIbHBIE YTMPABACHHUS Ha IPaAHHUUY
obnactu U. Ilyctb, HanpuMep, ypaBHEHHST PETYIUPYEMOro OObEKTa HMEIOT BHI:

&= fi@) tu, i=l..m,

a ynpasnsiiol1e CHTHaNB u;(t) orpaHuyeHb no Moayo, |u;| < U;.
B 3TOM cilyyae MaKCHMYM raMM/IbTOHHaHa

H(z,u,y) =Y {y;f;(z) +y;u;}
i

JNOCTHraeTCsl, OYeBUIHO, NIPH ycaoBuM | u; = U, signy; |.

R
) KoTopble HECKONBKO CMa3blBAIOTCSl B MPUCYTCTBMM MHTETPAIbHbBIX (dYHKUUOHANOB.
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8.3. JluneliHblie cucTeMbl

IpuHIKXN MaKCHMYMa AaeT, BOOOLLE rOBOPSi, JIMLLb HEOOXONUMBbIE YCII0-
BUSI OMTHUMYMa, KaK M ypaBHeHMsi Jiljiepa B BapMaLlMOHHOM MCYMC-
JIEHMHM, HO WIS JIMHEHHBIX CHCTEM OH [MpeBpallaeTCcsl B HeoOxodumoe
u docmamouroe ycaosue, C HEKOTOPHIMU OroBOpKamu [4].

JINHEHHBIN 00BEKT YIpaBeHUs
z=A(t)x+Bu, ue€eU, (8.4)
rie A u B — n X n Matpulbl, a
U={u:lu| <&, i=1,...,n}

MPSIMOYTOJIbHbIH NMapaiiefenunen, — SBAsieTCst y10OHbIM 3TAJIOHOM 1A
NpOBEPKHU M reHepupoBaHUs Uael. B kauecTBe CTaHAApPTHOrO KPUTEPHS
00bIYHO MonpasyMeBaeTcsi ObICTpoAeCTBHE.

* «
Onmumanwhoe ynpaenenue u (t) 6 maxoii 3a0a4e KycouHo-nocmosHHo,
u 3navenusmu u'(t) 264310MCA UCKAIOHUMENBHO EPUIUHBI MHO202DAHHU-

ka U. Ilpu 3mom uucao nepekarouenuii %) xoneuno. Ecau xe Bce COBCTBEH-
Hble 3HAYEHHs MaTpuubl A NeHCTBUTENbHbI, TO u'(t) MMeeT He Gonee
n — 1 nepexnouenuii (meopema Pervdbayma).

8.4. CnuctemMbl C AUCKPETHLIM BPEMEHEM

HenpepbiBHOro BpeMeHH, BooOllle roBOpsi, He ObIBaeT, HO 3TO yA0OHas
uneann3aums. 3anauu ynpasJieHHUsi C IMCKPETHBIM BpeMeHeM k monoGHbI
TeM, YTO pacCMaTpUBAIUCH Bbillie. HanpuMep, nouck ynpasjieHus {uk }
Ha «otpe3ke» [0, T'], KoTOpoe 0GecrneyrBaeT MaKCMMYM OIHOW KOOpPIH-
HaTbl, CKaXeM a:f, NpyU ANHAMMKE

F = f(a:k,uk,k), = 0, W eU.

B03MOXHO TakkKe MOAKIIIOUEHUE «HHTErPATbHBIX» KPUTEPHUEB U OT-
PaHHUYEHUIA.

6 C 0IHOrO 3HaYE€HMsI HA OPYroe.
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PaccMoTpuM Gosiee MoapoBHO MHERHYIO 3anayy u3 [2].

T
D (2t + (b, ut) - max,
k=1

(8.5
7t = Ak—lzk_l + Bk“k, )

Dkuk < dk,
k _k
rae pa3mMepHOCTH MEPEMEHHLIX T , ¥ U MaTpUlL Ak,Bk,Dk COrjacoBaHbl AOMXKHbIM

obpa3om.

C oaHoii cTopoHbI, B (8.5) IBHO MpocMaTpUBaeTCsh AMHaAMUyeckas 3anava. C apy-
roif — 3To 3ajaya JAMHEHHOro MpPOrpaMMHUPOBAHHUS C HECTAHAAPTHOW HyMmepauuei
nepeMeHHbIX.

IMocne npuBeaeHUA K KAHOHUYECKOMY BHAY MOXHO BBIITUCATh COOTBETCTBYIOLLYIO
ABOWCTBEHHYIO 3a1auy, KOTopasi oc/ie€ HEKOTOPOH TEXHUYECCKOi IKBUIMOPUCTUKH NMpHU-
obpeTtaer BUA

T
(y', 4oz°) + Z(vk, d*) — min,
k=1

yT:cT, y"=yk+'Ak+c’°, k=1,...,T -1,

v*'Dy=y*B. +b, v*>0 k=1,...,T,

k _k "
rA€ Yy ,v — NBOWCTBEHHbBIE NMEPEMEHHbIE.

YcnoBust AOMONHSIOLIEH HEXECTKOCTH (Teopema 4.7.4) B [aHHOM Cllyyae NPUBOAAT
(ans oNTUMANBHOTO peLeHHs) K COOTHOLUEHUAM

(vk, Dkuk - dk> = 0,

KOTOpPbI€ B COBOKYIMHOCTH C
k k k
v Dk =Y Bk +b

PaBHOCHJIbHBI TOMY, YTO NMpU KaxaoM dukcuposanHoMm k = I,..., T ontumanbHbli
k
BEKTOp % SIBASIETCA pELUeHHEM 3aadu

H(u) = (y*By + b*, u) — max,
Dku < dk,

4TO MpEACTaBAsieT COBOI YaCTHBIN CAyYail AUCKPETHOrO NMPUHLMNA MAKCUMYMa.

PaccMoTpeHHas 3amaua Gerjio onvcaHa He Mg TOro, YToObl B3Ba-
JINTb Ha yMuTaTeNs «pa3bop nosieToB». 34eChb HHTEPECHO O0OPaTHUTb BHU-
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MaHWe Ha COBMNaleHWe NMHAMMYECKOI 3aJauyd ynpaBjieHUsi C 3ajadeit
JIMHeHHOro nporpaMMupoBaHus. Ho ecnu BaymaTbesi, B 3TOM HET HH-
Yero yaIMBHUTEbHOTO, MOTOMY YTO BCE ONTUMU3ALMOHHBIE 3aa4M CTOAT
Ha ogHOM (yHIaMEHTe, Ha JlarpaHXeBoi MIe0JIOTHH U FAaMUJIBTOHOBOM
dopmanusme. [1oaTOMy SICHO, UTO aHaAJIOTMYHbIE Mapajiesid UMEIOTCS
M B OOLLIEM HEJIMHEHHOM CJlyvyae,

Jpyroe neno, 4To BapHaLMOHHOE MCUMCIEHUE BbIBOAMT MCCIENO-
BaHHe B OECKOHEYHOMEpHbIE TMPOCTPAHCTBa, rae paboTocnocoOHOCTb
TeX Xe MeToNoB TpebyeT OTaeabHOro o6ocHoBaHMs. CUTyallusi XK€ OUC-
KPETHOTO BPEMEHM HUYEro MPUHUMMHAIBHO HOBOTO Kak Obl HE JaeT.
MOXHO MoJIb30BaTbCsl OOBIYHBIMU pe3y/ibTaTaMH TUNA meopemsl Kyna—
Takkepa, HO 3TO ObIBaeT He COBCEM yNOOHO M3-3a crieurdHUKM 3amay.
Hcnonb3oBaHKe CTapbix CXEM pa3pyluaeT CTPYKTYpYy ONIMCaHuUsl, U IMHa-
MHUYECKHE MOJIEAHN «TEPSIOT JIMLIO». TeM He MeHee KJIaCCMYEeCKHI NMOoAXO0L
OCTaeTCs BMOJIHE aJeKBaTHbIM CHUTYyaliMH, XOTS M TpeOyeT HEKOTOpOWH
J0pabOTKH B KOHKPETHBIX CilyyasixX.

PaccMoTpuM 3anady yrnpaBaeHUs
2Tt 5 max, ¢! = f(a:k,uk,k), 2’ =0, W e,

TPakTysl ee KaKk OObIYHYIO 3aJayy Ha YCJIOBHbIH 3KCTPEMYM B KOHEYHO-
MEpPHOM MPOCTPAHCTRBE.
BBons narpaHxuaH

T
L= zT+l + E {<yk+l, f(zk,'uk,k)) _ <yk+l,zk+l>}
0

M BbIMUCbIBasi HEOOXonUMble YyCJIOBHUA ONNTUMyMa BuUla

L L L
0 oL o, 6,0 ‘;—uau <0, (8.6)

55_, a_y'_oa

NMPpUXOAMM K MCXOAHOMY OMHUCAHHUIO ITMHAMMUKH, MTIOC — K COMNPSAXEH-
HOM cCUcTeMe mist HMIYJILCOB:

of
y* =yk+l-5ﬁ, E<T, y™'={o,...,0,1}.
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Mocnenxee ycnosue B (8.6) MPUBOAMT K OrpaHMYEHMIO Ha BapHALIMIO
raMuisToHMaHa Hj = (yk+', f(:vk, uk, k)):

Sy Hy = %M" <0,
ouk
HO 3TO HE O3HayYaeT, YTO raMUJiIsTOHHaH Hj, 006si3aH J1OCTUraTh MaKCHMY-
Ma, XOTA U MOKa3biBACT, YTO ONTUMAJIbHOE 3HAYCHUE ’Il,k ABJISICTCHA CTa-
LIMOHapHO#M Toukoit Hy. U3BECTHBI nMpuMepPHI, KOTIa Ha ONTUMAaJIbHOM
ynpaBJICHUH raMMJIbTOHHUAH Hk BMECTO MaKCHMYMa UMEECT MUHHUMYM
M0 celnoBylo Touky. [To3ToMy LISl CUCTEM C OAUCKPETHBIM BpeEMEHeM
TIPUHLIMIT MAaKCUMYMa B NPUBLIYHOMK (bopMe He cnpaBeIMB, HO o0peTa-
€T NPEXHIO0 CHAy, C HEKOTOPbIMH OroBOpKaMH, s JlMHcﬁHle CUCTEM.

8.5. AuHamunuyeckoe nporpamMmmMmupoBaHue

Bcst TeopHsi 3KCTpeMalibHbIX 3a1a4 B HEKOTOPOM poJie CTOMT Ha MPOCTOM
Ccoo0paXXeHHH — Ha OOpalleHWH B HyJlb MTPOU3BOAHON ONTHMH3UpYeE-
Moro ¢yHKLHOHana.

EcTh elue OOHO 3MIeMEHTapHOE COOOpaXeHue,
Ha KOTopoM beaaman MOCTPOUN duHamu“eckKoe npo-
epammuposanue |3]. LieHTpanbHas uaes TPUBUAJIbHA:
«4aCThb 3KCTpEMajiM — caMa SIBJISETCSA 3KCTpema-
Jiblo». JleicTBUTENBHO, eciii Obl yyacTok CD 3Kc-
tpemann AB (puc.8.1) — cam no ce6e He GbL1 IKC-
TpeMaJblo, TO €ro Hajo OblIO Obl 3aMEHHUTb APYroif
KpUBOi#i — 3KcTpeManbio Mexay C u D, koropas
Ha pUCYHKE U300pakeHa MyHKTUPOM. Puc. 8.1

BoT elue oaMH «ryMaHWTapHbIii» BapuaHT (GOPMYIUPOBKH TOI xe uaeu. Onmu-
ManbHOe YnpaeneHue xapaKkmepusyemcs mem, 4mo KaKogo Obi Hu 6610 npomexcymo4Hoe
cocmosHue, 00cmuzHymoe 8 pe3yabmame nepeoHa4anbHO NPUHAMBIX peuleHuii, nocaedyrouee

7
ynpaenernue 00AHCHO BbIMb ONMUMANLHO OMHOCUMENBHO MOS0 COCMOAHUA ).

o NEPBOMY BIICHATJIICHHUIO U3 TAKOrO hpunyuna onmumanbHocmu
TPYAHO BbIXaTb 4YTO-JINGO coaepxarejbHOE€, HO B UTOreC 6aHaIbHOCTb
OKa3bIBa€TCsA HEHAMHOIO XyX€, YeEM paB€HCTBO HYJIO npOH3B0ﬂHOﬁ.

K 3nech, pa3yMeeTcsi, OCTAeTCsi LIHPOKOE MOJE ISt YTOYHEHUIA.
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[TocMOTpHM, Kak 3T0 paboTaeT Ha 3alaye ONTUMATLHOTO YIPaBIeHHUS
T
S(z,u,t) = / F(z,u,t)dt + ¢(z(T), T) - max,
0
z = f(z,u,t), z(0)=0, ult)€eU.

IMycTb

T
S*(z,t) = / F(z,u,t)dt + ¢(z(T), T)
t

[P YCJOBMHM ONTUMalIbHOTO ynpasnenus u(t), T.e. S*(z,t) 3HaueHne
¢dyHKUMOHaNa Ha 3KcTpeManu U3 touku (z(t),t) B Touky (z(T),T).
B cujly OTMEUEHHOTO BbILIE «TIPUHLIUMA ONTHMATILHOCTH,

S*(z,t) = max {S*(z + Az, t + At) + S(z, u, t) },
u

YTO MOCJE MOACTAHOBKH

ast  as
9z 2% F 5

neneHus Ha Al v nepexoma K npeneny no At — 0 — npuBoouT
K ypasnenuro Beanmana

a5* 08+
=0.
p” + rlx;l(att)x{< . ,f(:z:,u,t)> + S(z, u, t)}

S*'(z + Az, t + At) = S*(z, t) + At +of...),

C y4eTOM TOro, YTO «raMHJBTOHHAH, MAKCUMHW3UPOBAHHbIH MO Y-
paBJIEHUIO», ECTb

H(z,y,t) = m(atu)x H(z,v,y,t) = m(:iu)x {F(z,v,t) +yf(z,v,t)},
v v

YPaBHCHHUE BennMaHa MoxeT ObITh 3aNUCAHO B BUIE

05+ s+
9 +H($,‘5;,t> =0,

YTO NPUHSATO HA3bIBATb ypAasHeHUeEM Tamuavmona—Sxobu.
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8.6. MHorouwaroesie Npouecchl

JlnHaMunyecKoe nporpaMmmupoBaHie 3¢pdEeKTUBHO /151 HEKOTOPBIX 3aaay
yIpaBJeHUs1 C JIMCKPETHBIM BpEMEHEM BUa

G(z"") - max, " = p(*, ut k),
=0, veU, k=0,1,...,n.
BBeneM 0003HayeHHe

Gi(z¥) = max G@E"'"), k=0,...,n
Uk,. .., Up

Ouesnnno, Gi(z*) = max G (z¥), Te.
uy

k ko k
G(z") = max G [f(", u®, k)], (8.7)
k
YTO NpencTaBisieT co60ii AMCKPETHbIN BapMaHT ypasHenus beaamana.

HUcnonb3oBarue (8.7) B KauecTBe OCHOBbI isi BbIYMCIECHHUM, XOTH

M J1a€T BBIMTPBILL 110 CPABHEHHUIO C MOJHBIM NepeGopoM, B 06LIEM Cliyyae

HE MO3BOJISIET U3GEXaTh IKCIOHEHLIMATILHOTO pocTa 06beMa BbluKClie-

HHI1, KOTOpble HEOOXOAMMO MPOBOAUTL B o6pamuom epemenu. CHauana

M3 MakcUMM3aLmMM max G[f(z",u",n)] onpenensercs onTUManbHOE
n

3HaueHMe U, Kak (QYHKUMS COCTOsHUS T, M 3Ty dyHkuuio uy(z")
HEOOXONMMO NMOMHHTD.
Jlanee OnpeneNseTcs ONTUMAILHOE 3HAUEHHE Uy |, MAKCMMHM3HDY-
joLee
n n n
max G{ f[z", ul(z"), n]} =

Up—-)

= max G{flflz" " u" " n— 1], ul (flz" ", 4", n—1]),n]},

u TaK nanee. O0beM BBIUMCIIEHHUI PacTET KaK CHEXHbI KOM.

Ho B HEKOTOpbIX CUTyauMsiX METOAMKA YCIEIIHO paboTaeT, Kak,
HanpuMep, B KJIaCCUUYECKOH 3anaye MoMcKa KPpMTHYECKOro MyTH Ha ce-
TeBOM rpaduke.
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8.7. Kputnueckue nytu u cetesbie rpapuxu

Cemegbimu epaghukamu Ha3bIBAIOT oprpadbl 8 Ges Yukno6. BepluvHbI
UMEHYIOT cobbimuamu, pedpa — onepayusmu, win pabomamu. Tak ynobHo
OIMCHIBATh pa3jiIMuHble MPOEKThl: CTPOUTENLCTBO A0Ma, 3aNyCK paKeThl
Ha JIyHy, JeTeKTMBHOE paccielloBaHWe, HayYHbI MOMUCK U T. 1.
CTpyKTypy ceTeBOro rpaduka onpenensiioT orpaHMYeHUsi Ha oue-

PEAHOCTDb BBIMOJIHEHUsI PabOT (CTeHbi, MOTOM KpbiLua) 9, Xopoliuo mno-
CTaBUTb 3a1auy, pasyMeeTcs, Hejerko. Heo6xonMmMo BHUKHYTb B CUTya-
LIMI0, COCTaBUTb CIIMCOK OMNEpaluil, MPOCHEANTb JIOTUKY BbITOJIHEHMS,
nepenpoBepUTh — CTO pa3. 3aTo MOTOM — XOJ pPabOT KakK Ha JIalOHH.
XHUTpOocIieTeHHE 00CTOATENbCTB 3aMEHAETCS PEHTTEHOBCKMM CHUMKOM,
oOHaxalouuM ckeaeT. M onHa nviib KapTMHKA MCKJIOYaeT acaibTy-
pOBaHME 10 MPOKJIANKU Kades.

Cnenyowuii BATOK — ontuMusauusi. OnepauusiM NpUunuchiBaloTCs
IUTUTENBHOCTH — Ha pucC. 8.2 3T0 YMC/Ia Ha Ayrax, — W CTaBSTCA 3alauyu
COCTaBJICHHMSI pacnucaHus padoT.

PaccMoTpuM npuMep, n306paxeHHbii Ha puc. 8.2. Uncia Ha ayrax
3aJaI0T JUIMTEJIBHOCTH onepauuii. [IpoHyMepoBaHHbIe COOBITHSI HUKAKO-
r'0O COIEpXAaTeJIbHOIO 3HaueHUs He uMeloT. Kaxnoe Takoe coObITHE JIKLIb
oTpaxaert TOT (BaKT, YTO BXOSLIME B HETO AyrH (OMepaLyu) BbIMOTHEHBDI.
CoGbiTve 6, HanpuMep, O03HavYaeT BbiloNHeHUe onepauurii O3 M Oge.

= ==
3D 2

o

) 1%

Puc. 8.2

8 OpueHTUpOBaHHbIE Tpadbl.

9 Ecan 651 rpad conepxai UMK, ONEPaUMK UHMKIA COCTABSUIM Obl MOPOUYHBIH Kpyr —
W HMKOTAA HE MOTJIM Obl HaYaThCH.
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IMpunuiieM Tenepb HadaJibHOMY coObiTHIO 1 Bpemsi 0 u onpene-
JIMM BpEMEHA HACTYIUIEHUs APYruX COObITWM, Mpearnonaras, 4To Bce
ornepaluy HaYMHAIOTCHA KaK TOJbKO AJIsi MX BbIMIOJHEHUSI MOSBASETCS
BO3MOXHOCTb.

Onepauus Oy WIATCA 5 THEH, MO3TOMY COObITHE 2 HACTYITUT Yepe3
5 IHEi — mnuileM 5 psiioM U 0OGBOAMM ITYHKTUPOM. AHAJIOTUYHO, BpEMSI
HacTymieHust coObitusi 3 paBHo 7. [IuweM 7 U 06BOOAMM NMYHKTHPOM.
Yr1o6bl HACTYNUIO COObITHE 4, HANO BLINOAHUTb onepaunu Oy U O34,
Onepauusi O34 VIMTCH 3 IHS, HO OHA MOXET HayaTbCsl TOJILKO MO MC-
TeueHn1o 7 nHeit (Bpemsi coGbinsi 3). 3Haumt, O34 Oyzmer 3aBeplieHa
yepe3 10 nHeit (3 + 7 = 10). Bpems onepauuu Oj4 paBHo 8 < 10, —
No3TOMY BpeMsi cobbiThst 4 ectb max{8, 10} = 10.

HanbHeiiluee onpeneseHne BPEMEH HACTYIUIEHUMsI COOGBLITUH NpH
IBMXEHUHM MO rpaduKy cjieBa HanmpaBO — [POMUCXOAMT aHAJIOTHYHO.
B KoHLe HaxonuTcsi BpeMst 25 nochenHero cobuiTust 8. 310 yxe nones-
HbI pe3yabrat. [lsas Ha rpaduk, Tak cpa3y Beb HE CKaXellb, YTO BCE
paboTbl MOXHO 3aBEPLUMTD 3a 25 AHEM.

Cnenyiommii 3Tan — NpocMOTp ceTeBoro rpadmka cnpasa Haseeo
Y OonpeesieHHE Kpumu4eckozo nymu 1o pelenTy OUHamu1ecKo2o hpoepam-
muposanus. Henaercs 31o Tak. Kak nmonyuunock Bpems 25? — Bpewms
COOBITHS 5 ObLIO CJIOXEHO C JJIMTENIBHOCTBIO onepalinkd Osg = orepa-
uust Osg BbiaensieTcs Kak kpumuueckas. Haunnaetcst Osg B coObiTHM 5,
BpeMsi 20 HacTYTUIEHUs1 KOTOPOrO MOJiyduiioch Kak 16 + 4 = onepauus
Og¢s kpumuueckasn, ee Hayano B 6. Y tak nanee.

B uTore monyyaercsi BblAEJAEHHbIH XUPHBIM Kpumuveckuii nyms.
DTo nocsie1oBaTebHOCTb KPUTUUECKHUX OMNepaiinii, KOTopble HeoOXoan-
MO HauuHaTb BoBpeMs. JIio0as 3agepxka C KPUTHYECKOI omnepauuei
YBEJIMUMBAET BpeMsl OKOHYaHHUsl BCEro Komruiekca pa6or. [ns octaib-
HbIX OMepaluii eCTb pe3epBbl BpEMEHH, KOTOPbIE MOXHO MOCYHMTATb.

OGayMbiBaHKE IPUMeEPA B JAHHOM Cllydae — MPOCTEM NI MyTb 15t
MOHUMaHMs CyTH nena. PopMynnpoBkKa U 000CHOBaHHE 00ILEro peuern-
Ta MOTYT CJIYXHTb 31€Cb HE OYE€Hb TPYAHbIM yIpaXHEHHUEM. YTOUHEHHUE
JeTajieil (TMna TOro, YTo KPUTHUECKHMX MyTe MOXET MONYYMThCS He-
CKOJIbKO) W60 paciiMpeHHe 1Mana3oHa (3a1aum pacrnpeaeneHus pecyp-
COB 110 ONEpPaLMsiM) — €/1Ba JIM B JaHHOM KOHTEKCTe UMEIOT cMbic. [Tpu
HEeoOXOAMMOCTH MPOLLE BCEro 00paTUTLCS K CneLHaNbHOM MTEPaTypeE.
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Hernagkas ontumu3sayuns

«Hemamemamuueckas» yacmoe mamema-
MuKU 6axcHee sMamemMamu4ecKoi».

9.1. lymanuTapHble acnekTbl

HennddepeHunpyemasi onTMMHU3aLIMS MHOFIA KAXETCs CIENCTBUEM Jie-
HOCTH yMa. JleckaTb, CTOMT 3aKpYIJIUTb YIJibl, KaK BCE CTAHOBUTCS
rnanko. Ho 310 He coBceM Tak.

KoHeuHo, eciiu peub MIET O NpsiMoi Yy = ax + [, annpoKCUMHUPY-
Io11ei JaHHbIE U3MEPEHUS

(zl’ yl)y sy (zma ym)
110 KPUTEPHIO

> Iy — azi — B| — min,
k

TO 3TO JMOO 3710ii yMbicen, JIMOO HEAOCTAaTOK OIMNbITa, MOTOMY YTO
cpedHeKeaopamunblil Kpumepuii

Z(yk - az; — f)* - min
k

BBIMJISIAMT MpeanoyTuTesabHee. M enBa 1M Halno oOBSACHATb, YTO B 0OJb-
IIMHCTBE CllyyaeB YeJIOBEK CaM BbIAYMbIBAET KPUTEPHIi, a MMOTOM yXe
TEPIUT MYKH, ONITUMH3UDYS.

OnHaKO HEerNnagKoCTh YaCTO BO3HMKAET B ryOMHE 3ajauM, U TOraa
yXe OT Hee Heserko n3baButbcs. Hanpumep, ecau matpuua A(z) rnanko
3aBMCHMT OT MapameTpa &, TO crekTpaibHbiii paanyc p(z) = p[A(z)]
TaKMM CBOMCTBOM He 00JanaeT, ¥ MUHMMH3aLus

p(x) & min, z€ X,
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B KJIACCHUYECKYIO TeOpHIO He momelaetcs. Heuto nogoGHoe BO3HUKAET
BO MHOTHMX APYTHX cuUTyauusix. PyHKUMs
¢(z) = miny(z, y)

HempepbiBHa ), HO HUKaKast INIAIKOCTb ¥ (z, y) B 06lueM ciydae He obec-
rneynBaeT r1agkoctb ¢(&), U npu HeoGxonMMocTH AnddepeHUHpoBaTh
©(T) — ecTb Hal YeM 3adyMaThCsl.

[Mono6Hbie apryMeHTbl MOTYT T0Ka3aThCsi BCE Xe HeyOeanTebHbI-
MM, €CJIM He BUIETb, YTO CTOMT 3a KaapoM. [1o nepBomy BreyatieHHIO,
HHMUYTO He MeluaeT «3akpyminTh» p(z) wan ¢(z). Ho kak criaaxuBatb
(UHHUILHOE sIB/IEHHE, CBA3aHHOE C MCTOYHUKOM HeKOHTposimpyemo? Or-
Ky/a rapaHTHH, YTO «3aKpyrjieHue» He BbizoBeT Oudypkaumnio? HakoHel,
MHOTHE KOHCTPYKLIMH JI0Ka3aTebCTB MepecTaioT paboTtatb. M 310 camoe
riasHoe. Ecnv GyHKUMM MOMNAIOTCA CIJIAXUBAHMIO, PAacCyXIEHUS —
MPOTHBATCS M TEPSIIOT JOKA3ATENbHYIO CHITY.

[Tpo6nema Bo3HUKAET naxe B TOM ciiyyae, Koraa pyHKUMOHANbHbIE 3aBUCUMOCTH
B 3afjaye M1alkKe, HO 3TO HEU3BeCTHO. HEBO3MOXHO UM OYEHD TPYAHO BbIAICHUTD. Unu
HET XeNaHus, a puck ectb. He roBopst o cuTyauusx, koraa Bce GYHKUHMHU «C UIBAHOM»,
a ux 6bl Hamo auMddepeHUMpPOBaTb U MPUBOAUTL B COMPUKOCHOBeHMe. Bot Torma,
cOoOCTBEHHO, U BO3HMKAET MOTPeOHOCTb B noaxoasiuied 3ameHe rpaauerTa. Cyoaudoe-
PEHLIMAIOM MK YeM-HUOYAb €llie, Mocje Yero HauMHaeT cTpouThes Teopusi. Cyoand-
(epeHLUMan CyMMbl paBeH cymMe cybandpepeHuManos 1 T. . 3aueM BCe 3TO HyXHO?

Borpoc ectecTBeHHbI, HO OTBET Ha HEro OObIYHO JaeTCs TOPOI-
JIUBbIA W He BIOJIHE anekBaTHbIil. JleckaTb, CBOICTBa cyOrpagmeHTa
BBISICHSIIOTCSE [UIS TOro, 4YtoObl ero Jierdye Obulo BbIYMCAATb. OTBET
JI0 HEKOTOPO#l CTeneHHn npaBubHbIN, HO «100 % BLIYMCAEHHIt» MIPUXO-
IATCSl Ha TPEHUPOBOUHbBIE YIPAXHEHHUS U 3K3aMeHbl. PeajibHast HayuHas
paboTa OueHb PEeNKO CTAJIKUBAETCS C HEOOXOAMMOCTbIO KOHKPETHBIX
BbIUMCJIEHUM, Yalle — C PacCyXIeHUSIMH, II€ MEJIbKAIOT CyOrpaaneHThbl
M MX cBoiicTBa. BOT 31O «MenbkaHMe», Aaiolllee BO3MOXHOCTb [1€/1aTh
o01u1uve BbiBOAbl, — W €CTb IJIaBHasi LieJib MOCTPOEHMs 110001 TEOPHUH.

KoMnnekT cBOICTB — NMpPOKU3BOAHOI, BLITYKJIOCTH, MOJYYNOPSAO-
YEeHHOCTH, — AOBENEHHbII M OTULIM(MOBAHHbBINI 10 YPOBHS TEOPUH, AAET
BO3MOXHOCTb MOAKJIIOYUTb M3yyaeMbiii CEKTOP K «0OLIed LIMHE» —
K QYHKUMOHAJIbBHOMY aHaliu3y, TEOPUM MHOXECTB — M I0JIb30BaThCs

Y Ecau nenpepbisha $(z, y).
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COOTBETCTBYIOLUMMU UHCTPyMeHTaMH. [ToHMMaHUe 3TOil CTOPOHbBI Iena
HE YKJIaAbIBaeTCs B TeOpeMbl U (POPMYJibl, OCTABasICb «HEMaTeMaTUye-
CKMM» UHTPEIUEHTOM JII00O# CreLHali3UpOBAHHOM TUCUMIUIMHBI, Oe3
KOTOpPOro cyrybo MaTeMaTuyeckas 4acTb — TpeBpallaeTcs B rpyny rio-
XO MOTHBHMPOBAHHBIX PE3YJILTATOB.

9.2. Cy6auddepenunan Knapka

B oTcyTCTBUME BBINYKJIOCTH HE Cpa3y SICHO, YEM 3aMEHUTb cyOnuddepeH-
uuan. [Ipemnarasocb MHOro BapuMaHTOB, HO B TaKOro poJa CUTYyalLUsiX
npobGJjiemMa peliaeTcs 00bIYHO EAMHCTBEHHBIM crocoboM. [TokasatenbHO
B 3TOM OTHOLIEHUM H3MEpPeHHEe O0bEMOB, II€ HamnpalMBaJOChb MHO-
r0 €CTECTBEHHbIX PELENTOB, HO MO-HACTOSLLEMY NMPUTOIHONI OKa3ajiach
nub mepa Jlebeza |6, T.5).

Yrto KacaeTcs HeErjamkoil ONTUMM3alUUM, TO B NECATKY 34eChb MO-

nagaer cyoougpgepenyuan Kiapka. OnpenejieHue ONMUpPaeTcsi Ha HOBOE
o ! o

MOHSATHE NPOU3600HOI no Hanpaenenuio P ¢(T) 1ns aunwuyesoii byHK-

wn? (),

p(z + 050) —¢(2) ©0.1)

¢ +(z) = lim sup
z2—-z,010

CywecrsoBaHue BepxHero npenena (9.1) BbITEKaeT W3 NMMLWIMLEBOCTH ¢(Z),
KOTOpOi B OOLUEM Cllyyae HEAOCTATOYHO IS CYLUECTBOBaHUSI OObIYHOM MPOM3BOAHOM
1O HanpasieHHIO.

®yHKuMs @ 5(T) BbINYKNAa M MOJOXHUTEALHO OZHOPOAHA MO S,
HE3aBUCUMO OT BbIMYKJIOCTH (Z). B onpeneneHHoii cTeneHu 3To oKa-
3bIBAacTCSl MPHUSTHBIM CIOPMPU3OM, M CJYXHT OCHOBOW IUISi YOauHOro
Pa3BUTHUsI MOCJIEAYIOLLETO CIOXKETA, MPUBJIEKast TEXHUKY BbINYKJIOTO aHa-
JM3a 11l U3YYEHHUST HEBbIMYKIIbIX 3a1ay.

) Gyuxums p(z) HasblBaeTCs AunwuLesoii, ECIA CYLUECTBYET Takast KOHCTaHTa L, uto

lp(z) — p(y)l < Lilz -yl

st 1I00bIX T,y B pacCMaTpUBaeMoOi 001acTH.
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Cy6ouppepenyuan Knapka 3 dbyHKuMM () B TOuKe T onpenens-

€TCA KaK MHOXECTBO 4

dp(z) ={heR": Vs €R": py(z) > (s, h)}. 9.2)

B ciyuae Bbinykiioit ¢yHkumu (9.2) coBnamaer ¢ OObIYHBIM CYO-
anddepeHLranoM.

Ha BusyanbHoM yposHe (9.2) o3HauaeT, uto dy(x) npencrasisiet
co6OM BbINYKJIyI0 000JIOUKY BCEX TOYEK BUIA klim Vo(z¥), rae nocne-
—00

k

nosatenbHOCTb {2} «u36eraeT» Touek HeaubbepeHuupyemoctu ()
M TOYEK MPOU3BOJILHOIO, HO 3apaHee HUKCUPOBAHHOTO MHOXECTBA Me-
Pbl HYJIb.

9.3. Bapbep audPpepeHumupyemocTu

151 KOHKpeTU3aLMHU pa3roBopa o HeauddepeHLMpPYeMOi ONTUMHU3ALIMH
pacCMOTpUM 3a7a4y MaKCUMaJbHOro ObICTPOACHCTBUS ISl IUHAMUYE-
CKOM CHUCTEMbI

= f(z,u), weU. (9.3)

OGo3HauuM yepe3 T'(T) MUHUMaIbHOE BpPeMsi, 3a KOTOpoe 06bekT (9.3)
NEPEXOAUT U3 TOYKU T B TOUKY Ty MPU ONTUMATIbHOM YIPABJIECHHUH.

Ecnu ABUXEHHE W3 TOYKH T TMPOMCXOAMT BOb Tpaektopuu (9.3) B TeueHue
BpeMeHH Atl, a NOTOM MO ONTUMAJILHON TPAEKTOPUU B TOUKY To, TO OYEBUIHO,
T(z) < At + T(z + zAt), (9.4)

rie PaBEHCTBO JOCTHraeTcs JiMllib B TOM Cly4ae, KOraa ABHXEHHE Ha MEPBOM Y4YacTKe
At Takxe ONTUMAbLHO MO GLICTPONENCTBUIO.
enst (9.4) va At u nepexons k npeneny npu At — 0, nonyyaem

Z 031 Z f.(z W >

Teaux{- Y o i u)} - 9.5)

3 Haspisaembiit K1apiom [14] 06OBLLEHHBIM rPAIHEHTOM.
9 3aech COXpaHeHO 0Go3HauYeHUe 0ObIYHOrO cybanddepeHumana.
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HA OMTHMAJbHOM YTIPABAEHUH, YTO BOILUIOLUAET NPUHUUN OUHAMUHECKO20 NPOPAMMUPO-
6anus, a paBeHCTBO (9.5) npeacTaBaseT co60it YaCTHbII BAPUAHT ypasHenus Bearmana.

YT1o0b! Jieraiu3oBaTh MPOBEACHHOE PACCYyXIECHHE U OObSIBUTb CO-
oTHolueHue (9.5) Heobxo0umbim ycrosuem ONTUMYyMa, — HE XBAaTaeT ABYX
Belleii: anPUOPHBIX FAPAHTHIA CYUecme0eans ONMUMAaNbHO20 YRPpaeneHus
u 2nadkocmu T(z).

Bbu10 6bI ewwe nonbensl, ecu 6ul GyHkuus T'(T) B UTOre OKasanach
rnaakoi. Ho naxe B npocTteiiumx MHerHbIX 3a1a4ax 1'(x) oka3biBaeTcsi
HenuddepeHLUMpyeMoii. B pe3ynbraTte MeTOo TMHAMUYECKOTO MPpOrpaM-
MHUPOBAHUSA «TPELUMUT MO LIBaM».,

Ecnu npeanonoxuts, uto ¢yHKuus T'(z) asaxasl HernpepbiBHO dudbepeHUmnpy-

€eMa, CMpaBeLIMBBI CNEAYIOLUWE BbIKJIANKH.
B cuny (9.5) yacTHbie MPOU3BOAHbBIE DYHKLIMH

S(z,u) = Z f.(z u)

paBHbI HYJIO, T. €.

as 0T
6_:11,5 - Z: 31:,-(9“

(z, ")+Z aT (9f,(z u) —0,

ax; ﬁzk
YTO MOXET ObITh nepernucaHo B BUAEC
oT o f,(z u) _
(8$k> Z 31:, ('hzk - 0’ (96)
MOCKOJ1bKY
d (0T ar
E (51;) - i 3:5,—024 fi(z’U)‘
BBoas nanee nepeMeHHbie
_ orT
Ye = 31‘):

U QYHKUHIO

H(z,y,u)

Zyifi(zﬁu)s

JIErKO BMAETb, yuuThiBas (9.6), 4TO Al ONTHMAIBHOIrO YNPABAEHHUS OOSI3aHbI BBIMON-
HATBCA OObIYHbBIE YCNOBHS (8.2) MPUHUMIA MAKCUMYMa.

Bener i pacCMOTPEHHBII NyTh K NPUHUMIY MakcuMyMa? KameHb
NPETKHOBEHUsI — ONsiThb-Taku nuddepeHuupyemoctb. [1paBna, B oTau-
YMe OT IMHAMMUYECKOrO NpPOrpaMMHUPOBAHMS, 30€Cb CUTyaLUsl Ha BHUI
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snyuie. B okoHYaTeNbHOM (hOPMYIUPOBKE MPUHLIMIIA MAKCUMYMa «T1po-
GnematuuHasi» GyHkuusi T'(T) vcuesaeT, U r1a0KOCTb OCTaeTCs BaXHOM
JIMIIBb JU1g 000cHOBaHuUs. Kak Tenepb npu JokKa3aTesbCTBE 000MUTUCH Oe3
NpeanonoxeHui o nuddepeHUUpyeMocTU?

OO6XxomnHOI NyTb pacCyXAeHUM U Obll, COOCTBEHHO, LIEHOW OTKpbI-
Tusi. He BmonHe crporve cxeMbl NMPUBOAST K MPUHLIMIY MaKCHUMyMa
OYEHb JIETKO, U 3TO AEMOHCTPUPOBAJIOCh HE TOJbKO B JaHHOM pasiene,
HO W B IBYX npenbiayimux rnapax. OqHako o00MTHCH 6€3 Mpeanonoxe-
HUI [JIAIKOCTH ObUIO B CBOE BpeMsi AaleKo He npocTo. Tenepb MHOroe
YMPOCTUIOCh, OCOOEHHO B CBSI3U C NOSIBJIEHUEM Pa3IMYHbIX 0000ILIEHU
nuddepeHLMpPOBaHUSA, B TOM YUcie — cyonuddepeHumnana Knapka.
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YncnenHsie meroasi

Heobxo0umocmb nonumanus, ¥mo mam 3a Kaopom, écezoa
eucum Ha cmene — Kax pywcee Cmanucaaeckozo.

Teopusi MUPHUTCSL C TEM, «4TO MOJIYYAETCS», NPAKTUKA BbIYHUCIEHUI JOMYCKAET JIHLIb
TO, «4TO TpebyeTcsi». TTO3TOMY éwuuciumensHsie areopumms — 3TO COBCEM Apyrast

Hayka, rie CKy4Hble OEeTaNy MpeACTaBAsSIOT HaubObLIMIA UHTEPEC Y. B 1o xe BpeMs
30€Ch BaXHa uaconoruyeckasi 6aiza, 6e3 KOTOpod HET MOHUMAHUS CYLUECTBA AeEna.
U 3T0T pakypc HyXIAeTcsi B «JIMXMX METOMax», HE OOPEMEHEHHBIX HEOOXOAUMOCTBIO
«cnaTh OObEKT MOA KJto4Y». [N1aBa B 3TOM HampaBieHWUH 3aTparuBaeT JiMllb ONMH acrekT,
nomewiasi B GOKYC BHUMAHUSI TPAAUEHTHbBIE CXEMBb.

10.1. lpaaneHTHbIE anropuTMbI

ITpu Ge3ycnoBHOI onTUMU3aLMK GYHKLIMOHANA () €CTECTBEHHO IBH-
raTbCsi O rPafMUEHTY, YTOObI HANTH MaKCUMYM, JIMGO NPOTHB rPalUeHTa,
€CJIY ULLETCS MUHUMYM, T.€.

& =Ve(zr) wm &=-Vy(z).
Inst onpeneneHHOCTH GyeM rOBOPUTL O MUHUMYME, UMESl B BULY
& = —V(z).

CyauTb O CXOIMMOCTHM 3/1€Cb OTHOCHMTENBHO JIEFKO, MOCKONBbKY ()
Ha TPaeKTOPUMU MEHSIETCS MOHOTOHHO.

He MeHee ectecTBEHHO B 3aJauyax ONTUMM3ALMU pacCMaTPUBaTh
IBUXEHUE MAaTepUaibHOW TOYKU €AMHUYHON MaccChl

& =-Vp(z)

Y Owmbku OKpYIJIEHUsI, CJIOKHOCTb BbIYMC/IEHHI, NPaBKa OCTAHOBKH, COIJ1IaCOBAHHUE
paboThl OTAENbHBIX GJIOKOB MO TOUHOCTH — BCE 3TO BbIXOOMT M3-3a KYAMC M TpeGyer
BHUMaHMUs.
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non AEMCTBUEM CHUJ
dp
3(3,' ’

Qi =

MUHUMYMY MOTEHUMAILHON 3HEPrUM (T) OTBevaeT ONATb-TAKH pa-
BEHCTBO 0000LIEHHbIX cul Hyo, —V(z) = 0, T.e. KpuTHYecKas
Touka @(z). paBoa, cucteMa «He XOUYET CTOSITb HAa MECTe», HO IS
noraileHusi KonebaHuil TOCTaTOYHO BBECTH TPEHUE, YTO MOPOXIAET pe-
LIAIOLLYIO NpoLenypy

& = -Vp(z) - Bz, (10.1)
KOTOPYIO TIPUHSTO Ha3biBaThb Memodom maxcenozo wapuka [18].

C Touku 3perust (10.1), obbiuHbIi rpaaneHTHbIt npouecc £ = —Vp(z) ecth
IBUXEHHE C TPEHUEM HEBECOMOTO LLApHKA.

BbiGopoM koadduumenTa Tperus B B (10.1) MOXHO 106UTBCS TIPO-
CKaKMBaHUSI HEOOJbILUX JOKAJIbHBIX MUHUMYMOB 3a CYET UHEPLMUU, —
HO [Uis1 3TOro Hano 06JaaaaTh CHOCOOHOCTBIO «BUAETD, YTO JIEXHUT B MPU-
Kyne». TanaHT/IMBbIE NPOrpaMMHUCTbI YMYIPSIIOTCSI, TEM HE MEHeEE, Koe-
4YTO BbIXAThb U3 UAEH, NPOOYsT U OLLINOASICh.

[MockonbKy peanbHOCTb AMCKpeTHa, BMecto & = —V(z) mis
BbIYMCIEHUH UCTIONb3YyeTCS

Trp1 = T — NVe(Tk). (10.2)

JBUXeHHE NMO-NPEXHEMY OCYLLECTBSIETCS B HaNpaBIeHUU MUHYC rpa-
IMEHTa, HO CUTyauus HHasi. Tenepb Kaxiablii pa3 HEOOXOODUMO MpH-
HUMaTb pELICHHE O BeJMuMHe luara, Kotopylo B (10.2) perymupyior
KO3(DULIMEHTBI 7Y, U HA UX BLIOOPE KOHLUEHTPUPYETCS «BCSI HayKa».

B memode nauckopeiiuwezo cnycka wiar BbIOMpAaeTCsi pEelUEHUEM 3a-
nauu

min p(zx +EVe(zy)) = p(Trp1), (10.3)

T. €. IBUXKEHUE NPOTUB I'PAJUEHTA UOET OO T€X MOp, MOKa 3TO YMEHb-
LIaeT 3HaYeHUe noTeHuuana ¢. Kak TojabKO yMEHblleHUE NOTeHuMana
NPEKPALLAETCS, BLIYUCISAETCS HOBbIM rPAAMEHT U BLINOJHSIETCS Cieny-
IOLLMIA 1Uar.
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JMcKpeTHbIM aHaorom npouenypst (10.1) siBnsieTcs AByX1aroBblii
aJITOPUTM

Try2 = Thpt — MVO(Tr41) + Ok (Thir — Tk). (10.4)

10.2. Ce6ectoumocTb komdopTa

IMpoGiema BbiGOpa KO3(DGIULIMEHTOB 7Yp BBIYUCIMUTENBHOTO MNpoLEecca
(10.2) nosoneHo HenpusitHa. OnHoMepHast MuHumuzauus (10.3) B me-
mode nauckopeiiuezo cnycka CIMILIKOM OOpeMEHUTENIbHA U HE TaK YX LIE-
JNecoobpasHa. [10aToMy IMPOKO pacnpoCTpaHEHO yNpaBjieHUE BETUYU-
HOIA 111ara Ha OCHOBE Pa3/IMYHbIX IBPUCTUYECKUX cooOpaxeHuit. Ho npu
3TOM, KakK MpaBWJIO, JaMOKJIOBbIM MEYOM HaBMCAET BO3MOXHOCTb Iie-
pEPETYIMPOBAHHUSA, YTO CTABUT MO yIap CXOAUMOCTb aJiIrOpUTMa.

YT100bl «OCBOOOIUTD PYKH», YACTO MOJIAraloTCsl Ha TpeGOBaHUS

o ¢] o0
Y <00, D> =00, (10.5)
k k

KOTOPbIE B €CTECTBCHHDbIX NPEANOJJOXCHUAX 00€eCcrneyYnBaoT CXOAUMOCTb
M MO3BOJIAIOT YaCTUYHO «paccna6mbc;[».

Tpe6oBaHue
o
D M <oo
k

MPOUCTEKAET OGBLIYHO U3 MPEANONOXEHHs, UTO yHkyuei JIanynoéa mis mpouenypbi
(10.2) siBnsieTca

V(z) = (z — z*)’,
rae €' — nonoxeHue MUHUMYMa (). UHBIMM cnOBaMM, NpeanonaraeTcs:
(Vp(z),z-z') <0. (10.6)
3anucs Zyy = zx — 1 V(zi) B Buae
Tiy) — 2 = (2 — ") — N Vi(Ts),
nocne BO3BeaEHHs B KBazpart, ¢ yuetom (10.6), MPUMBOAUT K HEPAaBEHCTBY
(Tpy1 — 2') < (2 — 2*)2 4+ M9, (10.7)

roe M — makcumym Moayast V(z) B paccMaTpuBaeMoil 0G/acTH.
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Cymmuposanue (10.7) no k ot 0 1o N naer

N
(Tv4r —2') < (20 — ') + M7 Z'hﬁ,
k=0

OTKYyHa, B CUuny
00
z : 2
Ve < 00,
k

cleayeT OrpaHMYEHHOCTb MOCNENOBATENBHOCTH i, T.€. ||zx|l < R. Ho, ¢ yyetom
(10.5)? 1 (10.6), T, He MOXET OCTABATLCS B KObLE:

0<r< |’$k|| <R,

— YTO B UTOTE NMPUBOIUT K T — T'.

Ycnosue MOHOTOHHOCTH (10.6) € TOYKM 3peHMs NOCTATOYHOCTH
(10.5) — moxeT ObITh OCNAGJIEHO, HO 3TO HE TOT Clyyaii, rae CTOUT
npunarath ycunusi. Tpe6osanusi (10.5) yno6HbI C TEOPETHUECKON TOUKH
3peHUsi, UOO MO3BOJISIIOT HEKOTOPbIM 00pa3oM «3aBEPLIUTb Pa3roBOp»,
KOrma siCHO, YTO npobyieMa pelleHa TONbKO HanoJoBUHY. B TO Xe Bpems
BbIGOp v = |/k Ha npakTUKe 4YacTO NPENCTAaBASETCS PACTOYUTENb-
HbIM U HeoOOyMaHHbIM. DddeKTUBHbIE BBIYUCIEHUS — I3TO Bceraa
NMPOHUKHOBEHUE B KOHKPETUKY 3adauu, yueT cneuuduku. M tam, rae
3aKaHYMBAETCSI TEOPETUUYECKOE MCCIIENOBAHUE, BbIYUCIUTEbHBIE MPO-
G/1eMbl, KaK NpPaBUIO, TOJIbLKO HAYMHAIOTCS.

10.3. MeToa HbioToHa—KaHTOpOBMYA

[Mouck KpuTHUYecKOit ToukM (yHKUMOHANA (T) SABASETCS YaCTHBIM
cilyuyaeM MOMCKa HyJieBoro peiueHusi ypasHeHuss ®(z) = 0, rne & —
otobpaxenue us R” B R". Toaromy ensa a1y He BECh apceHasl BbIYUC-
JINTENIbHOI MaTeMaTUKU MOXHO pacCMaTpUBaTb B CPE3€ ONMTUMMU3ALIUM.
B uyacTtHOCTH, monynsipHblit Memod Hetomona— Kanmoposuva vitepaum-
OHHOrO peuleHust ypaBHeHusi ®(z) = 0 uMeeT onpeneneHHbIe MIIOCHI
Y B ONTUMU3ALIUHU.

2 PacxoauMocTb psiaa
Dom=00
3

HYXHa, YTOObl NOCNEAOBATEABHOCTb T HE MOIA CXOAMTHCSI K HE KPUTHUECKON TOUKeE.
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CaM MeToa CoCTOMT B cienyoiueM. JInHeapu3sauus oToOpaxeHust
®(z) B TOuKe T} NpUBOAMT K 3aMeHe P(z) = 0 ypaBHeHUEM
®(zx) + ®'(z1)(z — 1) = 0. (10.8)
Peuiexue (10.8),

Tpi1 = Tk — (@' (z)] 7' (i), (10.9)

00DBABNAETCS CIEAYIOUIMM NPUOTUXKEHUEM.
HrepaunonHas npouenypa (10.9) Hocut Ha3BaHue memoda Hotomo-
Ha— Kaumoposuua. B cnyyae ®(z) = V() (10.9) npespaitaercs B

Ti1 = 2k — [Vip(r)] Velax),

Y 3TO AOBOJIbHO 3¢ (EKTUBHbIN BHIYUCAUTENbHBII MPOLIECC, TEOPETHYE-
CKU GoJiee Liesiecoo0pas3Hblii, YeM MPOCTOE ABUXKEHUE MO MPAAUEHTY

Tit1 = T — nVe(Tr),

XOTA NOCJC€OAHEC HHTYUTUBHO KaXETCS oonee ectecTBeHHbIM. Ho BbIYHC-

nenune mampuysi Tecce V2p(Ty) Ha KaXIOM Lare ¢ NoCAEylOLUMM ee
00palleHNeM — MOXET 0Ka3aTbCsl CIMLIKOM HOPOrMM YIOBOJIbCTBUEM.

10.4. MeToa cOnNpsXeHHbIX rPaAUEeHTOB

CraHnapTHOM 3anayeii ONTUMHU3ALMK ABASETCA MUHUMU3ALIUA NOAONCU-
menbHo onpedenennoli KBaIpaTUUHOM (hopMbl

o(z) = 5(92,2) - (e, ), (10.10)

INOCTUraeMasi, KaK HETPYIHO BMIETb, Ha PELLUEHUU JIMHEWHONH CHCTEMBI
ypaBHeHUil QT = c.

HanomHuM ctannapTHylo npouenypy opmozonanusayuu Ipama— llimudma, B xoto-
pOii OCYLLECTBSETCS 3aMEHA HEKOTOPOrO MHOXECTBA JIMHEITHO HE3aBUCHUMBIX BEKTOPOB
{ei, ..., e,} opToHOpMuUpOBaHHO# cuCcTeMOH {fi, ..., f,}, KOTOpasi MOPOXAAET Ty Xe
CaMyl0 TMHEHHYIO O0OIOUKY.

Ha nepsomM Liare nonaraercs

€
o
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Jlanee CTpOMTCS BEKTOP
hy =e, —{es fi) i1,

opmoeonanbhoil fi, M ONISITb MPOUCXOOUT HOPMUPOBKA:

= (hz”;:z)'/z'
Ha k-M 1uare CTpoMTCSl BEKTOp
hy = e, — (e, fr-1) frm1 — .. — (€2, f) f1,
opmoeonanshbiil Ko écem {fi, ..., fr-}, MOCne 4ero Hopmupyemcs,
h
5o = G

Ha n-M ware npouecc 3aKkaHYMBaeTCs.

Jlns OMMCAHHOM MpPOUENYPbl COBEPILEHHO HE BAaXHO, KAK KOHKPETHO ONpenens-
€TCs CKansipHoe npousseneHue. BMecTo 06bIYHOTO

(z,y)=z'y' +...+2"y" (10.11)

MOXHO B34Tb

(z,y) = E 3;z'y’,

rie Q = |g,;] — monoxwurenbHO onpeneneHHask MaTpULA, a KOOPAMHATHI MOMEYEHbI
BEPXHUMHM HHAEKCaMH. MHBIMH C/OBaMM, MOA CKANSPHbIM MPOU3BENEHUEM MOXHO
noHuMatb (Qz,y), cumTasi, 4To yrioBble CKOGKM paboTaiot kak B (10.11). ITpu sTOM
BEKTOPHI T, Y, YIOBJETBOPSAIOWME paBeHCTBY (Qz, y) = 0, 06bIYHO HA3BIBAIOT conps-
JHceHHbimu, TGO Q) -conpaxcenrbimu, YTOOBI MOLYEPKHYTH, O KAKOWH MaTPULIE UOET peyb.

Hannune nonHoro koMmimiekTa (n 1WTYK) @Q-CONPSKEHHBIX BEKTO-
poB {fi, ..., fn} MO3BONSIET PEIINTb 3a0a4y MUHUMU3ALIUU KBAaPaTHU-
Hoit dopmbl (10.10) 3a n waros. Anroput™m caeayiowmii. U3 no6oro
HAYaIbHOTO MOJIOXEHUsI T( ULIETCS MUHUMYM ((Z) B HanpasieHuu f|,
T. €. pellaeTcsl 3a1aya

m(in p(xo + £ f1) = p(z1),

B PE3y/LTaTe YEro ONpeaeNsieTcs Cieaylouiee npubauxeHue ;. 3ateM
M3 T MLIETCS MUHUMYM @(T) B HampaBieHUn f, U Tak N pas.

CXooMMOCTb ajirOpUTMA 3a 7 1LArOB BHITEKAET U3 AMATOHAbHOIO
BMAa KBaapaTHuHoOW dopmsl B 6asuce {fi,..., fr},

(Qr, ) = Z vif}.
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<« [leiicTBUTENBHO, MOACTABNSAS Pa3IOKEHUE
zT= Z a;f;
B (Qz, ), umMeeM
Qz.2) = (Q 3 aifis S aufi) = Do (Qaufis asf) = 3 akl@fi, £,
i i ij i
nockoneky (Qfi, fi) =0npui#j. »

Ins nocTpoenust QQ-6azuca

{fi,.... fa}

MOXHO OTNPaBJATLCS OT JII000H CUCTEMbI JIMHEHHO HE3AaBUCUMBbIX BEK-~
TopoB {ej,...,en}. ITockonbky «opmoeonasuzauus» Ipama— llImudma
He TpeOyeT Haluyus cpa3y BCEX €;, — B KayecTse €; GepyT mocieno-
BaTeJIbHO IrpaJiueHThbl V(p(a:j) B TOYKax Z;, MOJNYYaEMbIX Ha j-M LIare
B pe3yJibTaTeé MUHUMHU3ALUU

m{in oz + £f5) = p(x;).

Ecny peub MaeT 0 MUHHMMHU3aUMM KBaZpaTUYHOH (opMBbl, Takoii
TIPOLIECC, Ha3biBAEMBbIil MemoOdoM CONpadCeHHbIX 2padueHmog, CXOLUTCS
32 KOHEYHOE YMCJIO 1IAroB, HO €ro MOXHO NMPUMEHSTb U Wi hYHKUMA
¢(z) Gonee obuiero Buaa. KoHeuHo, B 06LIeM Ciyyae pacCUMTHIBATDH
Ha KOHEYHYIO CXOAUMOCTb AJITOPUTMA HEJIb3s, HO B MaJIOi OKPECTHOCTH
MHUHMMYMa p(Z) 06BIYHO XOPOLLIO NMPUOIMXKAETCS FTECCUAHOM, U 3TO JaeT
OCHOBaHHE OXHIATh TEX X€ PE3YJILTaTOB C TOUHOCTBIO IO «O-MaJIbIX».

10.5. Movemy TpyaHO caenaTb xopowwwuii aBTOMOGUNb

[lepexon or pa3roBopoB K A€y, B JaHHOM Clly4yae — K BbIYUCICHUSIM, —
Bcerna TpyaeH. [IpuunHbl Bpoae 66l oueBuaHbI. boratcTBo peanuii, cre-
PUIbHOCTL Mofeiei. TeM He MeHee WIUIIO3UM BO3HMKAIOT NOBOJILHO
4acTo, U 3TO OCOOEHHO HAMISIHO TMPOSBISAETCS 3a rNpeaejaMyd MaTeMa-
TUKM.

HeMubl 1 AMOHLBI AENAIOT XOPOLLHE ABTOMOOWIIH, YTO PACCTPAUBAET COCenei, KaK
NpPOU3BOAUTEICH, U POXKAAET HAMEPEHUSI CAMUM BbipBaThca Briepea. Ho nepenuioHyTh
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¢ 6yxThi-GapaxThl He MOJy4aeTCs, MOTOMY YTO 3BOJIOLUUS TpeOyeT BpemeHu. Hano war
3a LIArOM YCTPaHATb HEAOAENKH, OTOMpPaTh MyTaLMH, U306PETaTh, COBEPLIEHCTBOBATS.
U Bce 3TO N0MKHO NMOANEPXHUBATHCH KBATM(UKALMEN KAAPOB, 3aMHTEPECOBAHHOCTBIO,

(paHaTUIMOM, NPEEMCTBEHHOCTbIO NoKoieHuil. Kopoye roBopsi, Hafno «CTpU4b — Mo-
3)

JIUBATh, CTpUYb — MOJUBATb, HO HC MCHEC 300 JIET»

AHaJlOrMyHasi CUTyauusi BOSHMKAET B 0071aCTH BBIUMCIUTENbHbIX aJl-
roput™MoB. Eciay TeopeTMKHM 4acTo OOpBIBAIOT UCCAENOBAHUE B Y100HOM
1151 cebsi MecTe, MPaKTUKHY OOPEUYEHbBl «10XKUMAaThb TO, YTO HE NOXUMAET-
cd» U, TaK WM MHaye, 1OOUBATLCA ycrexa. DTo oueHb TsxXeasi paboTa,
npuyeM — He odHopa3oBas. PaGota, TpeOylowiass BbIYMCIUTENbHbIX
3KCMEPUMEHTOB, MHKYOALIMOHHOIO BbIHALLMBAHUSI MIEH M, HEPEOKO,
y4yacTUs HecKoNbKMX nokosjeHuid. TlocnenHee oTHioAb He nepernbaer
nanky. Mi3BecTHbl KpacHOpeuMBbie npumepsl [6, T.3, pasnen 10.4], ko-
raa YMCJIEHHblE METOAbI A0JrO€ BpeMsi KPacHMBO BbIrisiAean Ha Oymare,
HO TNPHU CTOJKHOBEHUU C KOMIBIOTEPHBIMU BbIYMCIEHUSIMU ObLIM MOJI-
HOCTBIO BBHITECHEHDBI U3 AITOPUTMUYECKOTO apceHana.

3) WmeeTcs B BULY KNACCHUECKMI AHEKIOT O «CEKpeTe TPaBAHBIX NOKPbITHI B AHIJIMH.
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3agayum 605bLLIOI pa3MepPHOCTH

Ecau 3ada4a naoxo pewaemcs,
OHa NAOX0 nocmaenena.

O 3amayax ONTUMU3AUMU GONBLIOIH pPa3MEpHOCTH pedb LLia B [6, T. 4], rme ynop
Jenancs Ha BEPOATHOCTHOM cpe3e NpobiaeMaTukH. B naHHOI raBe COOTBETCTBYIOLIME
PE3yNLTAThl U3NATAIOTCH ¢ HECKOJIBKO MHOW PacCTAHOBKOM aKLEHTOB.

11.1. OnTuMu3aums u arperupoBaHue

IIpu yBenMueHMM pa3MEPHOCTH KCXOAHAas MMOCTAaHOBKA 3alayM 4acTo
TepsieT cMmbicl. Kojan4yecTBO mnepexomuT B KayecTBO. MexaHMuecKue
MpobJeMbl NpeBpallialoTcs B ctatucTMyeckue. Ho mnpuinecrsust Tep-
MOIMHAMMKM XIaTh HeoOA3aTENIbHO, — HOBBIE CBOICTBA TMOSABISIOTCS
B pa3MEpPHOCTSX MOPsiKa HECKOJBKMX COTEH, a TO U JECSATKOB.

Peub UaeT o 1oCcTaTOYHO OUEeBHUAHBIX Bewax. OmMOGKM cueTa npu
MaHHUMYyIMPOBAaHUHK MHOTOUMUCIEHHBIMMY NMapaMeTpaMU CIIOCOOHBI B pa3bl
MEHSITb 3HAYEHUS LieieBbIX (PYHKIIMI1 M OrpaHUYEHMIt, HE TOBODPS O Bbi-
yucneHun rpanueHToB. Ho naxe 3To He caMoe cTpaiiHoe. CMbica08bie
Hemo4Hocmu MOAEIUPOBAHUS MPU GOJILILIMX pa3MEPHOCTIX HaKar/jiuMBa-
I0TCSl, U CaMU MOCTAaHOBKM ONTUMU3ALMOHHBIX 3a/1a4 MepecTaloT oTpa-
KaTb CyTb Iena. BosHuKaeT napanokc: yeM Gojiblie yYTeHO (hakTopoB,
TEM XyXE CTAHOBUTCS Monenb. bonbllioe 4MCIO MEPEMEHHBIX CBUOE-
TEJBCTBYET O TOM, YTO B 3aiaye He MOMMAHO M HE BBHIIEIEHO IIABHOE.

Kak, Hanpumep, onTUMU3HpoBaTh 3PHEKTUBHOCTD CJIOXKHON CETH TPAHCMIOPTHBIX
nepeBo3ok? NSt TO4HOTo OTBETa HyXeH (Bpoae 6bl) MOAPOOHbIH aHANM3: pacnpeaesieHUe
TpaHCIOpTa MO MaplupyTaM, pacnucaHue, MPOMyCKHas CMOCOOHOCTb Y3/IOB M T.II.
Ho 3to myTb, Beaywnii B Tynuk. YeMm Gosnblue mapaMeTpoB yuYTEHO, — TEM MeEHblUE
BO3MOXHOCTb UX KOHTPOJIMPOBaTh. TeM Bbillie POjib CAY4YaiiHBIX OOCTOATENBLCTB, COOEB,
HeyBsi30K. BMecTo Monenu Bo3HukaeT abeypa.
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BbIXOA U3 OMMCAHHOTO MOJOXEHUS BO3MOXEH TOJIbKO PEBONIOLMU-
OHHBIM M3MeHeHHeM rnoaxoaa. OTKa3 oT AeTalbHOM MHGPOPMALIMK Bbl-
[JISAUT HEM3GEXHBIM, HO 3TO JaNlEKO He «caava no3uuuii». [pubanxeH-
HbIE€ OTBETHI B €CTECTBEHHbBIX YCJIOBUSIX OKa3biBalOTCHA NOBOJAbHO TOYHbI
M NPAKTUYECKM HE 3aBUCAT OT «MoapobHocTeil». Huuero yauBuTtenb-
HOro B TakoW Meramopdo3e, KOHeuyHo, HeT. [lpuMep cTaTUCTUYECKOIH
(hHU3MKHN — TOMY NOATBEpXKIEHUE. YIUBUTEIBHO, MOXET ObITh, JIUILb TO,
YTO IS MPUEMIIEMOTO arperMpoBaHHOrO OIMUCAHUS CUCTEMBI «TEPMO-
JAMHAMHUYECKHE pa3MEPHOCTH MOPAIKA YKC/Ia ABOraapo» He TpPeOyloTCs.

ACHMNTOTHYECKOE arperHpoBaHHe. ANeKBaTHasi TOYKa 3peHUsT Moraa Obl
ONUPATLCS Ha HeauHelHblll 3aKoH 60abuux Hucen, rapaHTUPYIOLIMK cTa-
OMIN3aLUI0 HENUHERHBIX DYHKLIMT

y:fn(xl,---,mn)

npu OOJIbLLINX 7.

CooTBeTCTBYIOWIAs MAEOOrUsi onucaHa B [6, T.4], HO TaM oHa

1 . o
3aByalMpoBaHa ) BEPOSATHOCTHON TPAKTOBKOM. OCTaHOBMMCSI Ha HEKO-

TOPLIX YNPOLUEHHBIX pe3yJibTaTaX, OCBOOOXIECHHBIX OT BEPOSTHOCTHOM
crneunukHu.

MocnenosarensHocts GyHKUMA fr(T) HazoBeM acumnmomuuecku
NOCMOAHHOU, €CIIN

o{fn()} 20 npu n - oo,

rie o{fn(z)} — cpeanekBanpaTuueckoe ykiaoHenue fn(r) oT cBoero
cpeaHero 3Hauenns 2.

[yctb, anst npocrotsl, & = {y,...,Zn} € Cp, rae

Cn=1[0,1] % ... x [0, 1].

b A Ui KOro-TO, HA0OOPOT, TEM CaMbiM OOHaXeHa.

% Hanomunwm, 4To B cuny nepasencmea Yebouesa (6, 1.4) u3 o{f,(z)} — 0 cnenyer
CTPEMJIEHHE K HYIIO MEpbl MHOXECTBA, Ha KOTOpoM fp(Z) oOTnMuaeTcs OT cpeaHero
3HayeHus Gonee 4eM Ha € > 0 (CKOJbL YrOIHO Manoe).
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11.1.1. Teopema. [Tycms nocaedosamensnocmo gynruuii fn(x) yooene-
meopsem HepageHcmeam

/[an(:t:)]2 dz,...dz, <M
Cn

u Yp = 0 npu n = oo. Toeda a{f,} — 0, m.e. nocredosamenshocmo
dyurcuui fn(x) acumnmomuuecku nocmosnna na kybe Cy.

PeayanaT MOXHO YCWJINTb C MOMOULIbIO HEPABCHCTBA 3

n 2
o (f) < /Zzi(l — ;) (%) dz, ...dzy, (11.1)
Cn

M3 KOTOPOro TeM 0oJiee caeayer

o’ (f) < /[Vf(:c)]2 dz, ...dz,.

Cn
Teopema 11.1.1, HanpuMep, rapaHTUPYET CTAOUAU3ALMIO DYHKLIMH

fa(@) = ¢(a_3_+_+a_z3)

n

o /
TPy OrPaHMYEHHOCTH TPOU3BOAHOI @ () U KO3 ULHEHTOB a;.

Mpeumywiecra Hepasencrsa (11.1) BbistBAsIOTCS Ha TakKoii GYHKUNM, KaK

fo(z) = max|z;|, =z € C,.

3nech ||V fo(z)]] = | noutu Be3ne, Ho (11.1) rapaHTupyeT (MOCe aKKYpaTHBIX BblUKMC-
NeHuit)

1
a{fa} ~ ﬁ

deHoOMEH CTaGUAN3aLMHY HETMHEMHBIX (DYHKLMIA MpH 6ONbLIUX pa3-
MEPHOCTSIX JOBOJIbHO CYLIECTBEHHO BJIMSIET Ha MOHUMAHHUE U TPAKTOBKY
3aJay ONTMMM3ALMHU. YNPOLIEHHO TroBOpsi, TEOPEMbI O CTaOMIM3aLMM
JAlOT rapaHTHIO, YTO TOYTH BCE BblOpaHHbIC Hayral pelleHUs MpUMep-
HO OJIMHAKOBBI M0 KAUECTBY, @ OKPECTHOCTb ONTUMYMa, B KOTOPO# fr(T)

3 CyuiecTBeHHO Gosee 001IHe OUEHKH Ha OCHOBE NOHATHA CONPANCEHHOU NAOMHOCMU
paccmarpusaiotes B [6, T. 4].
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OLLYTUMO TPEBbILLIAET CPelHEE 3HAYEHHE, BECbMa MaJjla, — U Tyla OYEHb
TpyaHo nonactb. bosee Toro, «HanMuMe onTMMyMa B pyKax» NMpakKTH-
YEeCKM HHUYEro He OaeT, MOTOMY UYTO MaJCHILME OLIMOKH BBIYMUCICHHUS
Y peaiu3alMM BbIOMBAIOT 3HAYEHMUSI LieJieBOM (DyHKLIMM B 00JIaCTh Cpell-
HUX 3HAYECHUM.

TakuMm 06pa3oM, pasnnuHble GyHKUMH fp(Z), gn(x) cTabunnsmu-
PYIOTCSI OKOJIO CBOMX CPEIHMX 3HAu€HWii, U MpH GONBLIMX N OTIUYHE
CBOAUTCA K KO3 DULMEHTY MPOMOPLUMOHATBLHOCTU fr(T) ~ Ygn(Z), uTO
no3BossieT cumuTath fr(T) ~ 7, X, rae arperat

=%;$k.

K TakoMy npuMMTHMBY 3aiaya, KOHEYHO, cBoAUTCS peako. Cutya-
LMIO yaule ONpeaessiioT HECKOIbKO arperatos. B TpaHcnopTHo# ceTu,
HaripuMep, 3TO MOrYT GbITb CpellHUE MPOMYCKHBIE CITIOCOOGHOCTH Maru-
cTpajieil U y3/10B, CyMMapHble TPaHCMOPTHbIE PECYPChl MO KaTeropusim
¥ 1.11. Ha dopManibHOM ypOBHE 3TO MPUBOAMUT K 3aMeHE DYHKLM

fol@is oo s Zns Yty oo Yni 215 oo vy 2n)

ﬂpM6J'lH)KCHHblMI/l (t)yHKLlMOHa.HbeIMM 3aBUCUMOCTSIMU OT arperaTtons
() 9(XY, 2).

[MocTpoeHHe acMMNTOTHYECKOIt 3aBUCHMMOCTH (@ He BMOJHE TPUBHAILHO Naxe
B MPOCTHIX ¢ BUAY cuTyauusix. Bor apa nmpumepa:

1 .
fulzy) =~ zk: min{ze, g},  ha(z,y) = zk: R
NpHUYEM U3BECTHDBI TOJIBKO arperatbi

X:Zm,C u Y=Zyk,
k k

10 KOTOPHIM HEOOXOAUMO BLIYMCATD fr U h,. (?)

11.2. CornacoBaHue 3apav

PacCMOTpUM CHUCTEMY, COCTOSILIYIO M3 M SYE€EK, MEXIY KOTOPbIMU
MOXET MPOUCXOoUTh O6MeH (nepepacripeneneHue) pecypcos. [lyctb
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k . . .
z; > 0 obo3HayaeT KOJIMYECTBO i-rO BMaa pecypca B k-il siueiike,
Xi>0(i=1,...,n) — obuiee KOIMYECTBO i-TO pecypca B CUCTEME.
[MpeanonaraloTcst BHINOJHEHHBIMM «3aKOHbBI COXPAHEHUSI»:

k .
E .’L‘,'———X,', z=l,...,n,
k

C TOif UM MHOI MHTepnpeTauueit. Pecypchbl MOTIyT nepepacnpeaensThes
6€e3 noTpebaeHMst, Kak 06beMbl B TEpMOAMHaMuKe. B apyrom sapuamTe
NoTpedIEHNE PECYPCOB MOXET KOMIEHCHPOBATLCS LIEHTPATM30BAHHbIM
BOCIPOU3BOACTBOM, KaK B 3KOHOMHKe (GIOIXKET, BHEWIHME 3aKYNKH,
peryasipHasi 1o6bIya).

HakoHeu, kaxnas sueiika XxapakTepusyeTcsi (hyHKyueil nosenocmu,
Wy sghgpekmom obnadanus

k_ K k
s* = s*(zF), wk={w1,...,wﬁ}.

Bce dyHkunn sk TIpEANoNaraloTcs raaakKUMU, MOHOTOHHO BO3pacTa-
IOIUMMHU ¥ CTPOTO BOTHYTBIMHM — 3TO €CTECTBEHHO U1 OOJIbIIMHCTBA
NMpUIOXKEHUI. YIOOHO TaKXKe TpearnosaraTh
38" k 38" k
F o0 mpu z; >0, ——k—+0 npu I; — 00,
ox; or;

yTO M36aBJSIET OT HEOOXOAMMOCTH Ppa3IMYHbIX OrOBOPOK (HaC‘lCT cyule-
CTBOBaHUSA U €AMHCTBEHHOCTHU pCI.I.lCHMﬂ).

COCTOSIHME CHCTEMBI T° HA30BEM PA6HOGECHbIM, €CM CYMMAapHbIii

3¢ deKT CUCTEMbI
S= Z sk
k

MaKCUMAlleH, T.€. ' ONpeNeNsieTCs PELEHNEM 3aaum
E s*(z¥) - max, E o = X. (11.2)
k k

[ToHsiTHO, YTO C (hopManbHOW TOUKM 3pEeHUs] peub uaeT o6 or-
TUMaJIbHOM pacrnpeieeHn MHOFOMEPHOro pecypca, He GoJjiee TOro.

4)

4 B yka3aHHbIX BbillE NPEANONOXEHUSX pelIeHHe CYLIECTBYET H EIMHCTBEHHO.
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Ho nns YKPYMHECHHOIo OrnnucaHus CUCTEMbl — 3TO JIMUIb CTAapTOBas
rjiowanka.

3ameTHM, YTO O4HA U3 CTAHAAPTHBIX TEPMOAWHAMUYECKHUX 3alla4 COBMANAET B TOU-
k
Hoctu ¢ (11.2). Tycrs €', v* u s*(e*, v*) — cootsercTBeHHO: 3HEPrHUA, 0GBEM M 3HTPO-

nus k-ro Tena. PaBHoBecHbie 3HaueHus e* u v* ONnpenensioTcs U3 ycaoBusi MaKCUMyMa
3HTPONUM NMPH 3alaHHBIX 3HAYEHUSX obeit 3Hepruu E u obiuero oobema V':

Z s*(e*, v*) = max, z e =E, z v =V
k k k

TCDMOJJ.HHaMM‘-ICCKMﬁ 3TaJIOH TOACKAa3bIBAET OOLIECUCTEMHOE Ha-
npaBJICHUE MBICIIH.

VYkpynuenuoe omucanve. U3 (11.2) crenyer, 4To ycioBUIMH paBHOBECHS
SIBSIIOTCSL:

sk

k
oz;

= X, (11.3)
rae «MHOXMTenM JlarpaHxa» A; OMNpENESIOTCS U3 YYETa @eKMmOpPHO20

COOTHOLLIEHUsI
E =X
k

Beanuuny
ds*
Ai == ——E
a.’L','

€CTECTBEHHO Ha3bIBaTb TaKXE 3HAYUMOCMbIO 1-ro pecypca s k-it
noacucteMsl. CornacHo (11.3) @ nosoxmcenuu pasnosecus 3nauumocmu
OOHOUMEHHbIX Pecypco8 60 8cex NOOCUCMEMAX BbIPAGHUBAIOMCA.

CucTeMy B LIEIOM XapaKTepU3yeT CIpYKmypHas @QyHKUUs

S(X,...,X,) = max sk.'z:k, f =X, 11.4
(o X) = o 3360, 3 (114

nns KOTOpOﬁ, KakK JIErko yﬁeﬂMTbCﬂ, BbITIOTHAKOTCSA COOTHOLICHUS

iM)
0X;

=X\, dS=)_ X\dX; (11.5)
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M3 (11.5) BMAHO, YTO BEAMUMHBI \; [/ CUCTEMBI B LIEJIOM NPOAOJ-
XaloT UrpaTh poJib 3HaUYMMOCTENH PECypCOB.

ITpumep

1 -
s'(z') = rVa', 82(32) = ryVz?. CymmapHbiit 3QQPEKT NpU ONTUMATLHOM
pacnpeseacHUU
2 2
1 Ti 2 L

4}

y

R
i+

OKa3blBAaCTCA PaBHbIM!

S(X)=/r2+ 12 VX.

TpuBHaNbHasi B MaTeMaTH4eCKOM OTHowweHnK akuusi (11.4) urpa-
€T TNPUHLIMITMANBHYIO pPOJib, ABASIA COOOM Mepexod K YKPYMHEHHOMY
OIMUCAHUIO CUCTEMBI. [Ins1 M3yueHUs1 paBHOBECHBIX CBOMCTB COCTaBHOM
CHCTEMbl OKa3bIBAE€TCS AOCTATOYHBIM 3HAHHWE CTPYKTYPHOM dyHKUMHU S.
HeranbHast uHdopmanus o siueiikax 6e3 yiuepba MOXeT ObITh 3a0biTa.

Hanpumep, eciu u3ydaercs pacnpesesieHUe peCypcoB MeXy ABYMSI COCTaBHbIMU

CUCTEMaMH, TO PaBHOBECHOE pacnpeaelicHWe PeCypcoB MeXIy HHMH onpeaesercs
YKPYTIHEHHBIMUY OMUcaHUAMMU. [leiicTBUTENIbHO, MYCTh

S§'(X)= max{z s (@) : sz = X},
k ¥

§i(Y) = max{z s* (k) : z Y= Y},
¥ k

rne X +Y = Z. Torna
max{;w(zk) +5 WOl ‘; 2t =X, ; Y= Y} = max_{$'(X)+S$'(")}.

TakuM 06pa3oM, B PaBHOBECHM HET HMKAKOM Pa3sHULBI MEXAY COCTABHBIMM

N M 5
M TIPOCTBIMU CHCTeMaMH. 3HaHMs OOLIeH CTPYKTYpHOIH (dyHKunM> ROCTATOMHO Mist
OTBeTa Ha 06O BOMpPOC, KacaloWHUiicsl paBHOBECHS.

o Eciii U3 paBHOBECHOIi CCTEMbI M3bIMAETCS HEKOTOPAs MOACUCTEMA BMECTE C CO-
IEepXalMMHUCS B HEil pecypcaMM, To OCTaBLuasicss noacuctema Gyaet papHosecHoit. ()

© PaBHOBECHbIE CHCTEMBI C OAMHAKOBBIMU 3HAYHMOCTSMH PECYPCOB MPU 06bEAU -
HEHUU 06pa3yloT paBHOBECHYIO cucTemy. (?)

9 B nannom caysae S(Z) = X-T?)—(-Z{Sl (X) + $3(V)}.
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OnucaHHas BbiLIE MOLEb MPOUrPbIBAET TEPMOJUHAMUKE MO YacTH
MHTPUIH, NIOCKOJIbKY B TepMoauHamuke sHTponusi S(X) «Bo3HMKaeT»
JIMLb B npotiecce uccaenoBaHusi. KoHeyHo, Obi1o Obl HEpa3yMHO CO-
31aBaTb MCKYCCTBEHHbIE TPYAHOCTM M Ppa3birpblBaTh CMEKTaKJb, €CJIM
ueneBbie (YHKLMU siUEEK M3HAYallbHO 3adaHbl. O1HAKO B 3KOHOMHUKE
€CTb HEMAJIO CUCTEM, B KOTOPBIX HATMYME CTPYKTYPHbIX GYHKLIUI UME-
€T CKpbITbIif XapakTep, U OHM MOTYT ObITh BbISIBJIEHbI JIMILIbL HA 3Tarne
u3ydyenus. Bor npocreiiliasi mocTaHOBKa 3adauy Takoro Tumna.

IlycTb cuctema obnagaer HAOOPOM pecypcoB
z={x,..., Ty}
M OCYLIECTBJISIET C OKPY>XXEHUEM JIOKAbHbIE OOMEHBI
dr = {dz,, ..., dz,},

npuueM dx; > 0, ecau cucteMa «mojaydaer», u dz; < 0, ecau «ortna-
e™>. EcTecTBeHHO, 4TO 106asi cUCTeEMa, HadeneHHasi XOTsi Obl Masoif
TOJIMKOW aKTUBHOCTM WJIM MMACCUBHOM LIEJIECOO0PA3HOCTH, NOMYyCKa-
€T JIMLLIb BHIrOAHBIE 11si ceOsi OOMEHbI. Pe3ynsTUpyIoLLyi0 BBIFOAHOCTh
MOXHO ONpenesith no-pa3Homy. [1paBnonogoGHbIM BbIMISIIUT CAENYIO-
wuit cnoco6. Kaxabiil 1-i pecypc MMeeT CBOM KO3hPHUUHEHT A; > 0
BBIFOJHOCTH, ¥ OOMEH CUMUTAETCSI AIOMYCTUMbBIM, €CJIH

> " Aidzi > 0.
i

Jpyrumu cnoBamu, ooMeH dx OONYCTHM, €C/IM CYyMMa B3BEILEHHbIX
NpHOOPETEHHUI HE MEHbLIE CYMMBI B3BELIEHHBIX NOTepb. KoadduiimeH-
Thl A; B OOLIEM C/lyyae MOTYT 3aBUCETb OT &, MO3TOMY OKOHYaTe/lbHast
(opma 10KanbHO 861200H020 06MeHa TaKOBA:

Z Ai(z) dz; > 0. (11.6)

MOXHO JM Takoi CHUCTEME MpPUMNUCaTb CTPYKTYPHYIO GyHKLHIO?
Ha, — ecnn KoabbUuMeHTbl A;(Z) crpaBasioTcsi Co CBoeit posbio. Ha-
NPUMEP, HE MO3BOJISIIOT C MOMOLLLIO CEPUU JIOKATbHBIX 00MeHOB (11.6)
MepeBeCcTH CUCTEMY B COCTOSSHUE C MEHBIIIUM ColepXaHUEM BCEX BUIOB



180 Masa 11. 3agaym 60/bLIOY pasMepHOCTH

pecypcoB, T.€. OTOOpaTh pecypchl, HUUEro He JaBasi B3aMEH % B atom
c/lydae MOXHO TapaHTMpOBaTh CyliecTBOBaHue Yy auddepeHUnanbHOI

¢dopMbi
> " Ai(@) da;
i

. 7
MHTETPUPYIOLLIETO MHOXUTENSA ) u(zx), T.e.

() Z Ai(z) dz; = dS. (11.7)

Oyukumnio S(z), onpemensiemyio (11.7), ecTeCTBEHHO NPUHSATDH
3a CTPYKTYPHYIO (DYHKLMIO CUCTEMBI, TIOCKONIbKY [JIaBHasi POJib CTPYK-
TYPHOI (YHKUMU — CJIYXHUTh KPUTEPUEM BBHITOAHOCTH OOMeHa, C Y4eM
S(x) nerxo cnpasnsiercsi: BMecTo (11.6) Tenepb DOCTaTOYHO HamMcaTb
dS > 0. Bennuusbl p(z)A() nonyyaioT npu 3TOM HMHTEprpeTaLMIo
3HAYMMOCTEN PECYPCOB, TaK Kak

25 pa)na).

1

11.3. TepmoanHaMuyeckue NOTEHLUUaNbI

Ipenbiayuinii pa3aesn B KOHTEKCTE METOAA MHOXUTeeil JlarpaHxka HU-
4yero oco0EHHOro U3 ceds He npeacTapiseT. Ho napaiienu ¢ TepMoauHa-
MUKOM JAIOT OOLLECUCTEMHBIM (hOpMYJaM JOMOJMHUTENIbHBIA HUMITYJIbC,
HarpaB/isisi MCC/IEIOBAaHHWE B HOBOE PYCIJIO.

PaccMotpum conpaxcennyro k S(z) byHkuuio

H(/\l,...,An)= max {S(X)—ZA,X,}. (11.8)

Xy, Xn

Makcumym B (11.8) mocturaetca npu HekoTophix X (A), ..., X,(A), T.e.

(Ao ) = SIXA)] = ) AXi(A).

9 310 COOTBETCTBYET TEPMONWHAMUYECKOMY NpuHyuny ao 4eCKOl HedoCmuiCU-
mocmu.

LS} TepMoaMHaMuke Wit 0Q = du + P dV WHTErpUpylOLIMM MHOXMTENEM OKa3bi-
saetcst 1/T, rane T abcomoTHas Temnepatypa. B peaynsrate nosyuaercs audxbepexunan
autponun dS = 6Q/T.
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Moatomy
a1l as aX;
5: = Z(ﬁ‘; - /\.‘) 'b-x - Xi(A),

u B cuny (11.5)

o1l
= -X;, dll=- z‘:x,{ui. (11.9)
Mepexon ot dyHkuuun S(X) u nepemerusix X, ..., X, K dyHkuuu
II(A) u nepeMeHHBIM Aj, ..., A, Ha3biBAIOT OOBIYHO npeobpasoeanuem

Jlexcandpa 9 B pe3yibTrate Takoro npeoopa3oBaHUsl B TEPMOIMHAMM-
K€ BO3HMKAIOT TEPMOAMHAMMUYECKHE MOTEHLMUANbl (c60600Has 3Hepeus
Teabmeonvua, mepmoounamuueckuii nomenyuan [u66ca), B aHaIUTHYE-
CKOM MEXaHUKE — 2aMUAbMOHO08 HOpMausM.

CootHotueHust (11.9) No3BOMSIOT BLIYMCATH PABHOBECHbIE KOJIMYE-
CTBa pecypcoB NMpocTbiM AupdepeHIMpoBaHUEM TEPMOAMHAMUYECKOTO
noteHumnana II(A). Ins 3toro, npasna, HEOOXOAMMO 3HAThb PaBHOBEC-
Hbl€ 3HAYMMOCTH PECYPCOB, KOTOpPbIE ObIBAaIOT SICHBI M3 aANPUOPHbIX
coobpaxeHuili. Hanpumep, 3HaUMMOCTH PECYPCOB MOTYT ONPENENSATHCS
«OKpYXalolllei cpefoit», KaKkOBOU ISl «MaJiOil» CUCTEMbI MOXET CJy-
XUTb — «OoNbluasi». B 3KOHOMHUKE, CKaXeM, Ie 3HAUMMOCTH A; CyTb
LEeHbl, — MOAK/IIOYEHUE MAIbIX (DUPM K OOJIBLLIOMY PbIHKY HE MEHSET
YCTaHOBMBLUMXCS LIEH.

B HEKOTOpbIX CUTyaUMAX MOMKIIOUEHHE OAHOI CUCTEMBbI K APYrOil HE MeEHSeT
3HAYUMOCTEN JIULLb HEKOTOPBIX PECYpCcoB. B 3THX ciyyasx ueaecoo6pa3HO MpoBOAUTH
npeobpazoBanue JlexaHapa Mo 4aCTH MEPEMEHHBIX, MEPEXOs K TEPMOAMHAMUYECKUM
noTeHuH1anaM Buaa

I (At Ak Kooy Xa) = max {S(X) -y ,\,«X,},

i=1

15 KoTophbix BMecTo (11.9) umeer mecTo

611,_ x - )

aA,'— 1y t=1...,7]

oll, .

6X»=/\j’ j=r+1,...,n
J

% O mioancax oTIMuHNs npeo6pasosanuit Jexcandpa v 0Onea—Penxean cM. pasgen 3.5.
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Basuchbliit pecype. OTHoLIEHHE Aj/A; HA30BEM &-M 0GMEHHbIM OmHOWe-
Huem j-20 pecypca. BMECTO 3HAUMMOCTEMN 4acTO ynoGHO paccMaTpuBaTh
Hab0op OOMEHHBIX OTHOLIEHUI HEKOTOPOTO 0a3UCHOro pecypca — MycTb
31O OyneT mepBblili BUML pecypca 9), — YTO OTBEYAET MEPEXOAY K HOBbIM
€AVMHULIAM U3MEPEHUS 3HAYUMOCTEMN, B KOTOPbIX

N85 /s

pi—A—l=aXi a—X;, 7,=2,...,n.

ITpu 3ToM BMeCTO A yIOOHO MCIIOJIb30BATh BEJTUYUHY

-1
1 as
T=——= ——
Al X, ’
KOTOpast B TEpMOANHAMHUKE COOTBETCTBYET TEMIIEpPATYPE.
Ycnosus PAaBHOBECHUSA B HOBbIX MEPEMEHHBIX npqupeTalorr BUL

Tk(zk) =T, P?(-’Bk) =p;, 1=2,...,n,

a BMecto II, yno6Hee motenuuan II,., ais KoTtoporo

o, otl,
— =8 —=-X;, i=2,...,n
or § dpi . "
om, et
aX] =pj, J=r yeesy N

O6paTtM BHUMaHHE, YTO NEPEMEHHbIE, XapaKTEPU3YIOLIME PABHO-
BECHE, pacnanaloTcs Ha aBa Kiacca. K nepBomy oTHOCATCS sKkcmencugHbie
nepemennble, 3HaY€HUs KOTOPHIX B PABHOBECHM PAaBHbI CYMMeE 3HauYeHHU
IUISL COCTaBJISIIOLLMX TIOACHUCTEM (B 3KOHOMHUKE — PECypChl, AEHbBIM;
B TEPMOAMHAMHUKe — OGBbEMbI, IHEPTHH, IHTponK). Ko BTopoMy Kiac-
Cy OTHOCSITCSI UHMEHCUBHbIE nepemenHble, TIPUHIMAIOLIME B PaBHOBECU U
paBHble 3HAYEHHsI sl BCEX MOACUCTEM (B IKOHOMUKE — LIEHbI; B TEp-
MOIMHaMHMKe — HaBJI€HUsl, TEMIIEPATYPhl).

Manunyasyuu nocaednux 08yx paidenog MoOXCHO pacuyenueams no-pasz-
HoMy. B «npecnom éapuanme» — 3mo mpusuanbrsie npeobpa3oeanus, Komo-
pble xopowu 0aa ynpaxcheruii. OOHAKO HA MAKUX <YNPANCHEHUAX» cmoum

%) B 3koHOMMKE Ga3HCHBIM PeCypcoM OObIYHO ABNSIOTCS AEHBIH, B TEPMOAUHAMHKE —
3HeEprusi.
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6csa mepmoounamuka, e0e 6e3 opuenmayuu 8 NPAMbIX U 080UICMBEHHbIX ne-
DPEMEHHbIX HEBO3MONCHO opuenmuposamsca. Kakoii-nubyods usobapu4eckuii
npouecc MOXCHO u3yams 8 cpedHeli wKone, HO Kak 6bimb ¢ — aduabamu-
weckum? Ecau 0na onucanus cocmosHus éblbpana 3umponus, mo KAaKoewl
doaxcrnbl 6bimb Opyeue napamempei, ¥mobb. cocmaename «kKomnaexn» ? Bee
3Mo npeépawiaemcs é 3a2a0Ky 6e3 «mpusuUaNbHbIX NPeobpa3oeanuil» 10)

ITosmomy paccmompernue coomeemcmayouux cxem Ha abcmpakmuom
ypoene, be3ycnoeno, npedcmaensem unmepec. Cucmemamuueckoe uccaedo-
6anue 8 IMoM Hanpaenrenuu 6Oovino npednpunamo Posonospom " Buecme
C mem HAOO NOHUMAMb, MO KOH2A0Mepam GOpMya CAyHcum 30ecs He A0poM
KaKoi-mo meopuu, a, ckopee, 06pa3uyom 043 NOOPANCAHUA NPU paccmom-
PeHUU aHAN02UYHbIX 3a0aH.

11.4. Peakuua Ha BHELWIHWE BO3AEeNCTBUS

ToT dakT, 4To B paBHOBECHM CUCTEMbI CYMMapHblii 3¢ deKT npuHUMaeT
HE NMpPOCTO CTaLMOHAPHOE, 3 MAKCUMaJIbHOE 3HaYE€HUE, — 00ECNEYUBAET
HaJIMYME JOMOJHUTENbHbBIX CBOICTB.

PaccMOTpUM COCTaBHYIO CHCTEMY CO CTPYKTYpHO#M yHKkuueit S(z),
HaXOMALLYIOCS B PaBHOBECHHM €O cpenoil (¢ 6oMbILoii cucTeMOit), 3Ha-
YUMOCTH PECYPCOB B KOTOPOil paBHbl Aj, ..., A,. [1ycTb B paBHOBECHUH
[OCTUraeTCsl CTPOTHIA JIOKAJIbHbI MAaKCMMYM CyMMapHoro 3¢ dekTa, To-
raa mampuua Skobu 9’s /(0x;0Z;) oTpuuaTENbHO ONpENeNeHa, T. €.

28

) 0

d°s = E +——F—dz;dr; <0 npu dz #0. (11.10)
— Jz;0z;
1,)

Ecin B OKpYXEHUH MPOUCXOAAT KaKUE-IMOO M3MEHEHHUs, TO Me-
HSIOTCS PaBHOBECHbIE KOJIMUECTBA PECYPCOB Iy, ... , T, U PABHOBECHBIE
3HAYUMOCTH Af, ..., Ap, CBA3aHHbIE MEXNY CO0OH COOTHOLUEHUSIMHU

as
Bzi 15

19 Apanoruumbiit KOMMEHTap1it MOXHO 1aTh K AHAIMTUYECKON MEXaHUKE M BapUaLM-
OHHOMY MCYMCJIEHHIO, T MOX0XEE XOHITUPOBAHUE COCTABISET SAPO AUCLIUTUTMHDI.

i Po3zonoap JI. H. O6MeH n pacnipeneiieHue pecypcos (0GOGIUEHHbIH TepMOAHHAMUYE-
ckuit noaxon), I-111 // Au T. 1973. Ne 5. C. 115-132; Ne 6. C.65-79; Ne 8. C. 82-103.
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13 KOTOPBIX CllEAyeT
928

d\i =) ——— dz;,
' P 3112,'3.’17]' i

yTO B coBOKynHocTH ¢ (11.10) maet

d’S =" dXidz; <0. (11.11)
i

Jlerko nposepseTcs a1 = —d*s > 0, T.e. noteHuunan Il B pas-
HOBECHM JocTUraeT MuHumyMma. Hepasercrsa tuna (11.11) nossosnsiior
CYAUTb O XapakTepe CABHUIA PABHOBECHUS MPU U3MEHEHUHU OKpYXalolien
cpelbl 12 HauGonbueit HaMISITHOCTBIO 00J1a0al0T BbIBOAbI B TOM Cly-
4ae, KOrja B OKpYXEHUHU MEHSIETCS JIMLLIb O[JHA PaBHOBECHAs! BEJIMYMHA.
Hanpumep, u3 (11.11) cnenyer

2
3:12,'

oA

: 11.12
9z, (11.12)

Alse e oA Aig e - o An Ty e 0 Zic1sTig1se - oTn

YTO MPUHATO MHTEPNPETMPOBATh Kak KOMIMEHCALIMOHHbBIE CBOMCTBA CH-
CTEM, KOTOpbIE LIMPOKO AEKIAPUPYIOTCS] TEPMOAMHAMUYECKUM NPUHYU-
nom Jle lllamenve (cM. pasnen 2.8).

Hepasenctso (11.12) o3Hauaer cneayioiuee. Ecniu B paBHOBECHH MPOUCXOAUT M3-
MEHEHHE COAEPXaHHUsl B CUCTEME JIMIb $-TO PeCypca, TO U3MEHEHUE €ro 3HAYUMOCTH
onpenensieTcss npapoit yacteio (11.12). Ecau Xe cucTeMe NpU U3MEHEHMHM KOMMYe-
CTBa i-TO pecypca NpeaOCTaBASETCS BOIMOXHOCTh OOMEHA C OKDYXEHHUEM APYrHMH
pecypcamu, TO U3MEHEHHUE 1 -il 3HAUMMOCTH ompenensieTcst 1eBoit yactbio (11.12) u oka-
3bIBAETCS MEHbILE, YEM B NMEPBOM cllydyae. 3TO O3HAYAET YACTUUHYIO KOMMEHCALIUIO
abddekTa OT U3MeHeHus 1-ro pecypca B pe3yabraTe OOMEHA C OKPYXEHUEM IPYrMMU
pecypcamu.

Mpunuuny Jie [llartense 4acTO NPUMUCHIBAIOT TAMHCTBEHHbIE CBOM -
cTBa, OO OH MO3BOJISIET yrafiaTh KAYECTBEHHYIO PEAKLIMIO CUCTEMbI TIPU
OTCYTCTBUU €€ MoOjejbHOro onucanus. Kaxnslii pas, onHako, mnocie-
OYIOWMA BHUMATE/bHbIH aHANIM3 MOKa3bIBAaCT, YTO CYLLECTBO JA€na 3a-
KJIIOYAETCA B MPOCTbIX HEPABEHCTBAX, BLITEKAIOLIMX U3 IKCTPEMAIbHOM
NpPUPOIbI 3a1a4u.

12 Yy (11.11) cnenyer, 4To cCHCTEMA «3HAYUMOCTH — MIHYC PECYpChi» siRnsieTcs: P-cu-
cmenmoii [6, T. 3].
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11.5. OnTuMunsauns n HeonpeaeNneHHOCTb

Ha npakTHkKe 4acTo BCTPEYAIOTCS «HENOOMPEAEIEHHbIE» 3a1aUl, BOZHU-
KAaIOLIME M3-3a TOTO, YTO KAKME-TO MEXaHNU3MbI OCTAIOTCH HEBCKPbITBIMH.
BoT noka3sareibHblii IPUMEp.

B eopode umeemcsa n paionos, L; — uucno xcumeneil i-20 paiona, W; — 4ucao
pabomaiouwux 6 j-m paione, Ti; — HUCIO HCUSYUAUX t-M pailoHe U pabomarouux 6 7M.

Ouesuono,
Ezij:Li’ ZZ.’;’=W,'. (11.13)
J i

Beauwunsr L;, W; useecmubi, Heo6Xo0umo ouenums naccaxcuponomoxu T;;, Ho 2n ypas-
Henuit He xeamaem 0AA onpedeneHus n? Heussecmmoix.

B Takux cuTyauusax Jierdye BCEro CKasaTh <«HET — M HE HaIo»,
HO MOCJIE HEKOTOPOTO AOAYyMbIBaHMS MOCTAHOBKA 3alauyd NpuobperaeT
coBceM npyroii Buia. EcTecTBeHHble BEPOSTHOCTHbIE MPEANONIOXEHUS
O pacceJieHWH W pacrpelesieHH MeCT paboTbl BbISABISIOT ONTUMM3a-
LIMOHHYIO TPUPOAY 3alayM, B pe3yJibTaTe Yero CTAaHOBUTCS SICHO, UTO
Habop T;j HalO OMpEAENATb, MAKCUMM3UPYA (DYHKLIMOHAN, HANIOMHMHA-
IOLIMIA SHTPONMUIO,

H=- E zij Inz;; — max
ij
npu orpannyenusix (11.13). CoorseTcTByioLIee MOAEbHOE OGOCHOBaHHE
paccmatpuBaertcs B [6, T.4].

3anaua
- E Z;; In T;j — max, E zi; = L,‘, E T;j = Wj
i.j j i
JIETKO peLIaeTcss METONoOM MHoXuTenei Jlarpanxa. B pesyabrate nonyyaercs

T =e TN,

OTKYZIa SICHO, 4YTO BCE Z;; NPEACTABUMBI B BUAE MTPOU3BEAEHHUS T;; = u;v;. [loacraHoBka
B OrpaHUYEHMS JAET CUCTEMY YpaBHEHUI

E uv; = L,', E uv; = Wj,
j i

peluasi KOTOpylo, OKOHYaTeJbHO UMEEM
LW,
N b

*
Z,‘j =
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YTO MOXHO UHTEPNPETUPOBATH KaK HAJIUYHUE Y PETHOHOB «MOTCHLUHANOB MPUTAXCHUA»,
L; W;
J *
—7= W —7=, NMPOU3IBCACHUEC KOTOPLIX AAET MaCCaXUponoToK Z;;.
VN VN

IIpuuuMn MakcHMaJibHO# HeonpenesieHHocTH. Kcrosib3oBaHue NOHATHSA
SHTPONUMU TMOMOTaeT ONPENETUTb HEU3BECTHBIE IIOTHOCTH pachpeie-
JIEHUs1 NIepeMeHHbIX, 0GOCHOBATh arperMpoBaHMe M BBECTH Makporiapa-
METPBI, AAIOLLME YKPYNHEHHOE OMUCAHUE CUCTEMBI.

IpuHUMN MaKCUMyMa 3HTPOINMUU 3BYUMT TaK. B 3a0anHbix eHewHux
YCA0BUSAX NAPAMEMPbI CUCMEMbL UMEIOM MAaKue NAOMHOCMU pacnpedenenus,
npu Komopbix docmuzaemcs MAKCUMYM SHMPONUU.

Bor kak 310 paGotaet. Haiinem nnotHocTs pacnpeneienus p(z) sekropa z € R”,
€C/IU TIOMUMO E€CTECTBEHHOTO YCJIOBUSI HOPMUPOBKH

/ p(z)dz =1
R”
3alaHO EIMHCTBEHHOE MAKPOOTpaHUYeHHe: PUKCHPOBAHO CPEIHEE 3HAYCHUE T, T.e.
/ z’p(z) dz = no’.
R”
MakcHMU3UPysl IHTPOTHIO
- / p(z) In p(z) dz — max,
R”
NpU YKa3aHHbIX OTPaHUYEHHSIX, IEPEXOINM K JIarpaHXHaHy
Llp@), A ) = = [ o(@) 10 (@) + Ao(o) + pa*p(a)] do
R”
U, BapbUPYs MIOTHOCTb p(Z), MonyyaeM HeOOXOAMMOE YCIOBME MaKCHMYMa:
/[In p(x) + 1 + A+ pz’]dp(z) dz = 0.
]R”
B cuiy npousBoabHOCTH Bapuauuu dp(z), umeem
Inp(z) + 1 + A + px’ =0,
OTKyza
@) = ket = ke,

[MapameTpsbl k£ u p onpenensiioTcsl NOACTAHOBKOI B OFpaHUYEHUS.



lasa 12

CBopaka onpegeneHunii u pe3ynbraros

12.1. Kputnyeckue To4KN U rpagueHTHble nons

v Teopema 1.1.1. Ecau ¢hynxuus p(x) 6 mouxe T* dudppepenyupyema u npunumaem
AOKAALHO IKCMPeMaabioe (MaKcumansroe unu Munumanbroe) navenue, mo V(z*) = 0.

v Teopema 1.1.1 naer amiub HEOOXOAMMBIE YCIOBHS ONMTUMYMa, HO (DaKTHYECKH
HX, KaK MpaBWJIO, NOCTaTOYHO i pelueHus 3amayu. [NpuuuHa 3akiioyaeTcs B TOM,
yto ycnobue V(z') = 0 ana 3kcTpemanbHOil TouykM — o6s3atenbHo. [Toatomy
MCKOMOE KPUTUYECKOE 3HAYEHUE T° HeM3BEXHO MOMANAET B YUCAO PEUIEHHI CUCTEMBI
ypaBHeHnit V(z) = 0. TocnenHss B «CUTyalUsIX OOLIETO MONOXEHUSI» UMEET NGO
OIIHO, TGO HECKONBKO pelueHHUit. B 11000M ciiyyae «Kpyr noao3peBaeMbix» JOCTaTOYHO
Y30K, YTOObI OCTaBLUYIOCSI 4AaCTh 3ala4M CYUTATb YUCTO TEXHUUYECKOM.

v' Ecnu Bropoii nudepeHunan, Ha3biBaeMblil 2eccuanom, OAOKUTENBHO OIpe-
[IeJieH, T.¢€.
9 npaz, >0 A
Em T;Az; > npu T #0,

TO B KDUTHUECKOi TOYKE T* — CTPOruit MUHUMYM.

v Teopema 1.3.3. Kpumuueckan mouxa T' aeasemcs nonoxcemuem MuHuMyMma
dynkyuu (L) 6 momm cayuae, xozda paenosecue ' cucmemsi & = —V(x) acumnmo-
mu4ecKku ycmoiugo.

v Teopema 1.3.5. Ecau nomenyuan p(x) umeem ¢ R" eduncmeennyro kpumuye-
ckyto mouxy T*, € xomopoii docmuzaemcs aoxarvouwis Munumym (), mo obaacme Q
npumaxcenun T npu duxcenuu & = —V(z) neozpanuuenna.

v Teopema 1.4.1. Ecau 2nadkan dynkuus p(x, N) umeem npu Ay usoauposannsiit
Munumym no T & mouke ' (\g), mo npu docmamouno Maiom eoImMyuienuu AN MuHUMYM
coxpansemcs, CMewasnco 8 auznexcauiyio mouky ' (Ao + AM).

v Teopema 1.5.1. [Tycms T* — eduncmeennas kpumuueckas mouxa gynxuuu o(z),
yOoenemeopsroweil yca08uUI0 He02PaHU4eHHo20 pocma

lim p(z) = oo,
lizll—+o0

Tozda 6 x* docmuzaemea enobanvueiii munumym @yrkuuu ().
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v Tlyctb ® obosnauvaet knacc eaadkux @ynkuuonanroe () ¢ €OMHCTBEHHOI
B wape ||z|]] < | HyneBoit KpuUTHYECKOH ToukoW. DPyHKUHOHATB @o(ZT) U ¢ (T)
Ha3bIBAIOTCA 20MomonnoiMu B P, €CU CyWIECTBYET raakasi degopmayus

p(x,))ed, Ae€|0,1],
Takas 4To

p(z,0) = po(z), @(z, 1) = pi(z).

Teopema BoGuuiesa. Ecau py(z) u @ (x) 2omomonns: 6 S u nyas — mouxa aokanvroeo
munumyma po(T), mo Hyab — mouka 20KanbHo20 Munumyma ().

12.2. YcnoBHas MMHUMU3auua
v/ 3anaya Ha yCNOBHBIf 3KCTpEMyM
f(z) 2 min, g¢(z)=0, ..., gn(z)=0, (12.1)
3aMeHseTCs ONTUMU3ALME Aacpanxcuana
m
Lz, ) = f(2) - ) Aigj(@)
i=1

Mo T NpPH HaJIEXAUIEM BbIGOPE Ay, ..., Anp.
B pe3yabTate MOMCK YCA08HO20 IKCMpemyma CBOOMTCS K PELUEHUIO CHUCTEMbI
YpaBHEHU M

0f ~, 99
9z =Y A2, 9@=0, ..., gu@=0, k=1,...,m.
v’ 3anava neauneiino2o npo2pammuposanus,
f(z) = min,
gi(x) =0, i1=1,...,m, (12.2)
hj(z)<0, j=1,...,r,

OT/IMYaeTcsl OT Mpeablayluei HalMYHeM NOTIONHUTENbHBIX OrPaHUYEHUI B BUIE Hepa-
BeHCTB. OrpaHuYeHHUs! 3aNIUCBIBAIOTCS TaKXe B BEKTOpHOM Buze: g(z) = 0, h(z) < 0.
OnemeHTH &, YIOBIETBOPSIOLUNE OrPaHHYCHMSIM 3a1a4H, HA3BIBAIOTCS donycmumbiMu
peuteHusMu.

Teopema Kapywa—JIxona. Ecau mouxa ' ecmo pewenue 3adaqu (12.2), mo waii-
dymces maxue qucaa Ay, Ay, ..., Ay U 1), ..., lby, HE 6CE PAGHBIE HYAIO, HMO

NVF(E) + D AiVeg(z') + D u;Vhi(a') =0,
i=1 j=1
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npusem Xy > 0, 6ce p; >0 u

wihi(z')=0, j=1,...,r. (12.3)
PapenctBa (12.3) Ha3LIBAIOTCS yca08usamu QONOAHAIOWEN HENCECMKOCmU.

v’ Teopema 2.4.1. ITycmo 6 3a0aue na ycaoeblit MunumMyMm cyuecmeyiom donycmu-
Mbie pewenus, u ynkyuonan () neospanuuenno pacmem na Geckoneurnocmu,
p(z) = 00 npu ||z|| = oo.
Toe0a ycnoeubiti MUHUMYM Cywiecmayem, 8 moM yucae — 2100anbHbiil.
v Teopema 2.5.2. [lycmo 6ce ynkuuu 6 pecyasproi 3adae (12.1) deaxcom

Henpepbigno Jugepenuupyemul, T — Kpumuyeckas mouxa, X' >0 — coomeemcmeyrousuis
(eexmopnwiit) muoxcumens Jlazpanxca u

(ViL(z'" X'y, y) >0

ona moboeo y # 0, ydoeremeopsowezo ycrosuwo Vg(z')y = 0. Toeda =* — mouxa
U302Upo8anHoeo munumyma & 3adaqe (12.1).

v Tycts {z*(b), X' (b)} 06o3HaYaET IKCTPEMALHYIO TOUKY JarpaHXHaHa
L(z, A) = f(z) - Mg(z) - b]

3ajayu
f(x) » min, g(z)=0>.
Torna
a .
pri AT(b).

Takum 06pasom, A*(b) NOKasbiBaeT CKOPOCTb POCTa ONMTUMANBHOTO 3HAYEHMS
uenesoit pyHkuuu f no mapamerpy b. MHbimMu cnoBamu, mpencrabasier coboit ueny
02paHu1enus.

v’ [lepexon ot 3anauu

f(z) = min, g(z)=0, g={g,...,9m} (12.4)

K Oe3ycnoeroi MUHUMHU3aUMHU (pyHKUMOHANA

fu(@) = f(2) + pg’(2)

NP JOCTaTOMHO GOJBLIMX (4 JAET CKOJb YTOOHO TOYHOe pelueHue 3amauu (12.4).

Memod wmpagnbix @ynkyuiz NPOCT UAEOJOTUYECKU U AOCTATOYHO IPGDEKTUBCH
C BbIYUCIUTENBHOU TOYKM 3peHus. TloHATHO, YyTO OH JNerko moauduuupyeTcs nox
pa3IMUHbIE 3alauyy YCJIOBHOM ONMTHMU3ALMU JANEKO 3a NpeaeiamMu nocTaHoBku (12.4).
INpu 3TOM UAes MOXET MCMOJb30BaTbC HE TOJABKO KaK alrOPUTMUYECKas OCHOBA,
HO M KakK ynoOHasi cxema Mis TOJyvyeHHUs TEOPETUYECKHUX BbiBoaoB. Hampumep, nns
000CHOBaHHWS HEOOXOAUMBIX U JOCTAaTOYHBIX YCJOBUI ONTUMyMA.
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12.3. Bbinyknblit aHanus

v/ Beinykiible 3a1a4d BaXHbl HE MOTOMY, YTO PAaCMpOCTPaHEHBbI, a MIOTOMY, YTO
xopoiuo pewalorcs. U xoTst 310 noxoxe Ha «nouck nox dpoHapem — W60 TaM XOpoLUO
BUAHO», MAaTEMaTHKa, Kak U BceneHHasi, UMEHHO Tak pa3BuBaercs. [Ipu 3TOM 3HaHMs,
IOOBbIThIE B «BBINMYKJIOM 06J1aCTH», OCBELLAIOT MHOTOE 3a MpeleslaMu.

v" MHoxecTtBo X Ha3bIBacTCsi GuMYKALIM, €CJIH BMECTE C JIIOOBIMH IBYMSI TOU-
KaM# T,y € X OHO COAEPXHUT OTPE30K, UX COCAMHSIIOLHU,

Ax+(1-AyeX, xelo,l]

v’ JluHeiinyto koMOuHauuio

Ha3bIBAIOT 8LINYKAOU.
O6beAMHEHUE BCEX BBINMYKJIbIX KOMOMHALMIL KoHeuHbix HabopoB Touek u3 X C R”
Ha3bIBACTCsl 8uinyKAol 060a04kol MHOXecTBAa X 1 0003Hayaetcst co X,

v'  Teopema Kapareonopu. Bunykaas o6onsouka ecezda coenadaem c ob6seduneruem
6CEBOIMONCHBIX BBINYKALIX KOMOUHAUUG KoHeunbix nodmHowcecmé X C R", codepucawux
He Gonee 1 + 1 mouex.

V' Boinykibie MHoxectBa X, Y C R" Ha3biBaloTcsi omdeaumbimu, eCay cylie-
cTBYeT pasdeastowasn eunepnaockocms H C R" (az = ), OTHOCHTENbHO KOTOpOi

MHOXECTBA PacroaraioTcsi B pasHbIX 3aMKHYTBIX noaynpoctpaHctsax HY, H™:
z€eX = ar<fB, z€Y = az=p.
Teopema otnenumocTn. Henepecexkaiowuecs 3amknymoie gunykavie mHoxecmea X,

Y 6cezda omdeaumoi, u — cmpozo omdesumvi, ecau xoms 6ol OOHO UX 3MUX MHONCECME
02panu4eHro.

OnopHoti eunepnaockocmeio X X Ha3blBalOT TUMEPIUIOCKOCTh H, KoTOpas umeer
X0Ts1 Gbl 0HY o6utyio Touky ¢ X, u 6o X C HY, nu6o X C H™.

v’ 3amkHyTtoe Bhinykjoe MHoxectso K C R", cozepxaliee BMecTe ¢ 11060t
Toukoil = € K nyuy Az, npoxomsiluuii yepe3 3Ty TOYKY, Ha3biBaeTcs Kowycom. KoHyc,
HE COACPXKALUMK NMPOTUBOMONOXHBIX TOYEK,

z€K, z#0 = -z¢K,

Ha3bIBAIOT OCMPbIM, UITH 3A0CMPEHHBIM.
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Muoxectso K*, cocrosiiliee U3 TOYEK ¥, JUISL KOTOPBIX CKANSPHOE MPOU3BEIeHHE
yz < 0 npu nobom z € K, Ha3biBaeTCsl 060ICMBEHHBIM KOHYCOM TIO OTHOLIEHHIO K K.

v’ Bbinykiyio 060J04KY KOHEYHOTO MHOXECTBA TOYEK HA3bIBAIOT MHO202PAHHU-
kom. IepeceyeHne F' MHororpaHHHKa P ¢ 11060 CBOEi ONMOPHOI THMEPMNIOCKOCTHIO
Ha3bIBAIOT 2PAHbIO MHO202paHHUKa; k-epansio, ecin dim F = k; 0-rpaHu — eeputunbt,
I -rpaHu — pebpa.

v’ Teopema 3.2.3. ITycmo ¢, ...,p, — 6binyKkaAbie QyHKUUU HA BbINYKAOM MHO-
acecmee X. BozmoxcHa o0Ha u monbko 00Ha u3 08yX aabmeprHamue:

(i) cywecmeyem makoir éexmop z € X, umo
01(x) <0, ..., p.(z) <0
(i) cywecmeyem nenyneeoir eexmop y = {y,...,yn} >0, makoir 4umo

Y1)+ ... + Yoen(x) = 0 npumobom z € X.

v' CkanspHasi GyHKUHS @ BEKTOPHOIO apryMeHTa CUMTACTCS 8binyKAOil, ECH

plAz + (1 = Nyl < Ap(2) + (1 = Np(y)
npu noGom A € [0, 1]. Boinyknas (yHkuus () MMeeT BuNYKIbIi xadepadux —
MHOXECTBO nap (2, T), Takux 40 z > p(z). Hanrpaduk 0603HaualoT Kak epi ¢.

v' Teopema 3.3.1. [as ssinykaocmu 08axcov HenpepwuiéHo Oughgeperyupyemois iyHk-
uuu ¢ : R" = R docmamouna neompuuamensras onpedeseHHocmb ee 2eccuana.

v Teopema 3.3.2. /[lna evinyknocmu HenpepbiéHo Ougpghepenuupyemois QyHkyuu
@ : R" = R neobxo0uma u docmamouna ee MOHOMOHHOCM®:

Vz,y:(Ve(e) - Ve(y), z-y) > 0.
v Teopema 3.3.3. Jlio6as evinykaas na R™ ¢ynxyus — nenpepviéna.

v Jlemma 3.3.4. [Tpousgoonas ¢ ',(T) ewnykoi gynkuyuu @ € ao6ois mouxe T
no awbomy Hanpaénenuro 8 éce20a cywecmeyem. ITpu 3mom npousgodusvie ¢ ',(T) paeno-
MEPHO 02PAHUYEHB NO S.

v Bektop &' Ha3sbiBaeTcst cy6zpaduenmom BHINMYKNOH (DYHKUMH @ B TOUKE T,
ecnu

o(z +h) > p(z) + (', h)

s modoro h.

V' MHOXecTBO cybzpaduenmos ¢ B T Ha3biBaeTCs cy6ougddepenyuanrom GyHKum
¢ B TOUKE T U 0b03HavaeTcs Ap(z).
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v’ Teopema 3.4.1. Heobxo0umbim u docmamouHbiM ycaoeuem 2106a16H020 MUHUMYMA
8bINYKA0I yHKUUU 6 mouKe T* aeanemca:

0 € dp(z*).

v (i) Mnoxcecmeo dp(xy) € a0boii mouke T, Henycmo, GbIMYKAO, 3AMKHYMO
U 02paHUHEHo.

(ii) /Tpouseodnan ewinykaoii ynkuuu @ 6 mouke To No AOGOMY HANPAGAEHUIO $
8cez0a cywecmeyem u onpedeasemcs paeHcmeom

dp(zo) _
B e (29

(iii) Teopema Mopo—Poxkademnapa. Ecau gynkyuu ¢, , 9, ssinyrkast, mo
A(p1 + 2)(z) = By, (x) + dpa(2).
(iv) Teopema JlyboBuuxoro—Mmumoruna. Ecau gynkuuu @, , @, ebinykast u

p1(20) = p2(20),

mo
9 max{p,, p2}(z0) = co{dp: (o) U 8p2(z0) }.
(v) Ecau w(z) = p(Az), 20e A npamoyeonvras mampuya, mo
dw(z) = ATdp(Az).
Moo dyp(Azx) 30eco nodpas A CybOughgepenyuan @ no omroweHuIo K apeymenmy
6 moyke AcT.

(vi) B omcymcmeue ougpepenuyupyemocmu pabomaem ananoe meopemwt 3.3.2. Bu-
NyKAaa QyHKuus ece20a MOHOMOHHQA:

Ve,y: (0p(z) - dp(y), - y) >0.

v’ Ipaduku BbinyKJIbIX GYHKLHHA MOXHO paCCMaTPUBATh JBOSIKO: KaK TOYEYHbIC
MHOXECTBA M Kak orubatoLuue onopHbix runepruiockocreii. [lonobHas npoiicTBeHHOCTD
CNYXHT OCHOBOWH IUIsl M3BJICYUCHHUS BBIFOl U3 MEPENacoBbIBAHHUS PE3YNbTaTOB, KOTOPbIE
TPaHCHOPMHUPYIOTCS B HOBbIE (haKThl TPH CMEHE TOUKH 3PEHHS.

v’ TpencraBneHue Bbinykioi GYHKUMH KaK MaKCHUMyMa JIMHEHHbIX QYHKLMMA:
p(z) = max{p(z) + (s, — 2)}, s € dp(2),
z

PaBHOCHJILHO
Vz:(s,z)—p(z) > (s,z) —p(z), sE€Ep(z).
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[pou3sBson BbiGOpa cybrpanueHTa s U3 dyp(z) He BausieT Ha pesyabrat. Ecnu p(z)
nuddepeHuupyemMa B OObIYHOM CMbICHE, TO

p(@) = max{p(z) + (¢/(2). 2~ 2)}.

v’ Bobinykioi hyHKuUKH @(T) NPUHSTO CONOCTABNATD CONPANCEHHYIO PYHKUUIO
' (y) = sup{(z, y) - p(2)},

Gasupyloulyiocs Ha cBoiicTee cybrpanuenta (3.5). Iepexon K ¢" Ha3wLIBAIOT npeobpazo-
eanuem KOnea—Penxena.

v Teopema Mopo—®@enxens. Ecau gynkuus () emnykia u 3amkHyma, mo
9" (2) = p(z).

v Teopema 3.5.2. [as evinyxaoii 3amknymoti @ynkuuu @(T) u mobbix durkcupo-
sannvix T,y € R" — caedyrouiue ycaosus IKkeUEaNEHMHYI:

() y € dp(z),
(i) z € d¢'(y),
(i) (z,y) =p(z)+¢'(¥).

v'  Teopema Xewm. ITycmo S — koneunoe cemeiicmeo u3z He meree yem n + 1 6oi-
nykasix mroxcecmé ¢ R". Toeda, ecau kaxcowe n + | mHowcecme u3 S umerom nenycmoe
nepeceueHue, mo nepeceseHue 8cex MHOXCecme u3 S e nycmo.

12.4. Boinyxnoe nporpaMmmmupoBaHue

v'  HenuxeitHas 3anaua
f(z) - min,
hij(z) <0, j=1,...,r,
TEQ,

¢ BoINyKNbIMU GyHKUMaMH (), h;(Z) 1 HekOTOPO# BLINYKIOM 06NACTBIO ) — Ha3bl-
BaeTCs 3a0aveil 8binyKka020 npoepammuposarus. OGBIYHO NPEANONAraeTCst BHIMOIHEHHBIM
Ha Q ycroeue Caeimepa: CyLIECTBYET TAKOE T, YTO

hj(@) <0, j=1,...,r.
v Teopema Kyna—Taxkepa. Touka ' € Q seasemcss mouoii 2106a16H020 Mu-
HUMYMA 6 3a0aue BbINYKA020 NPOZPAMMUPOBAHUA 8 MOMM cayvae, Koz0a Haidymcs He-

ompuuamenvivie muoxcumenu Jlazpanxca, y' = {y;,...,yr}, npu Komopeix evinoaneHsi
yeoeus donoansroueii Hexcecmkocmu, yihi(z*) = 0, u naepanxcuan

L(:B, y) = f(z) + (y7 h(z))
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NpUHUMAEM MUHUMANLHOE NO T 3HA4EHUe, M. e.
L(z,y") > L(z'y"), Vze€Q,
aubo 6 cybepaduenmnoir gopme: 0 € 8, L(z", y").

v Tapa (z',y') € R" x R" nasbiBaeTcs cedrosoit mouxoii pyvkuuu ¥(z,y),
ecu

P('y) < y('y') < ¥(z.y')

npu MoObIX 1ONYCTUMbIX T, Y. Ilpyrumu cnosamu, ° — Touka MuHuMyMa Y(z,y’)
no ¢, a y' — Touka Makcumyma $(z', y) no y.

V' Cennosoii Bapuant Teopemsl Kyna—Taxkepa. Touxa ' € Q seéasemca mouKoii
2106G16H020 MUHUMYMA € 3G0aHE GINYKAO20 NPOPAMMUPOSAHUS € MOMM cay4ae, Ko2da
Haiidymca neompuyamenvuvie mHoxcumenu Jdazpanxca, y* = {y;,...,yr}, npu Komopox
(z',y") — cednosas mouka aazpanxcuana,

Lz y) < L(z'y) < L(z,y"), YVzeQ, y>0.
v' C nomowsto dyrkunonana S(z) = sup{L(z,y) : y >0} 3anaya sBeinyknoro
NMpOrpaMMHPOBAHHSL MOXET GbITH 3aMKHCaHa B BUIE
S(z) - min, z € Q,

a ¢ynkunoHan R(y) = inf{L(z,y) : ¢ € Q} no3sonseT 3anucaTb OBOLUCMBEHHYIO
3adauy:

R(y) - max, y>0.

v’ Teopema 4.2.1. [ns atobbix donycmumoix 3Hauenuli T u Yy cnpasedauso Hepa-
6eHCME0

f(=) > R(y),

nepexodswee 6 pasencmeo f(z') = R(y') 6 momm cayuae, koeda (z',y') — cednosas
mouka AGzpanxcuana, a 3nasum, T — pewerue npamoii 3adaqu, y* — deolicmeenHoil.

v’ Teopema 4.3.1 o MunuMakce. Munumakc ecez0a 6onbue MaKcumMuHa,

min max ¢(z, y) > max min ¢(z, y). (12.5)
z y Y z
Pagencmeo 6 (12.5) docmuzaemcs ¢ momm cayuae, Kozda (T, y) umeem cedrogyro mouxy
(',y"), npu smom
min max ¥(z, y) = max min ¢(z, y) = ¢¥(z’, y').
z y y z
v Teopema 4.3.5. ITycmo gynxuusn (T, y) onpedesena na npouseedenuu X xY

komnakmoe X u Y, ewnykaa no x € X u eoenyma no y € Y. Toeda (z,y) umeem
Ce0n08yr0 mo4Ky.
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v Teopema 4.4.1. /Tubo nepasencmeo Ax > O paspewumo, aubo yA = 0 umeem
HeHynegoe noAoNCUMensHoe pewerue.

v Teopema 4.4.2. Jlu6o nepasencmeo Az >0 paspewumo (z # 0), aubo yA =0
umeem cmpozo noaoxcumensroe peuenue y > 0.
v/ 3anaya AMHENHOro NporpaMMHPOBAHUSA
(c,z) > max, Az <b, z>0, (12.6)
XapaKTEPU3yeETCsl TMHEHHOCTBIO Ueaesoi gynkuuu (c, T) v orpaHudeHuit Az < b.
v Hcnonb3oBaHHE HUKTHBHBIX NEPEMEHHBIX MO3BOJISIET MEHATH hOPMY 3aiauu

10 Hey3HaBaeMocTH. Hanpumep, BMeCTO (¢, £) MOXHO MaKCMMHM3MPOBATh €IMHCTBEH-
Hblil CKa/ISIPHBIii NapaMeTp T, — max, 106aBsist K OTPAaHHUYEHHUSIM YCIOBHE

(c,z) —Zpy) =0.

v Kaxnoe u3 orpaHHueHHii
E a;;z; < b;
j

sanauu (12.6) onpenensier B R" caBuHYTOE MONynpoCTpaHCTBO, NepeceYeHHe KOTOPBIX
aeT BbIMYKJIbIA donycmumetit MHO20epaHHUK, OTPAHHUYEHHDI MM HEOTPaHUYEHHbIH,
BO3MOXHO NycToii. JInHeiiHas uenesast GyHKuus (¢, £) pacTeT Npu ABUXKEHHU TOUKH T
BIO/b C. [TOBEPXHOCTSIMH MOCTOSIHHOIO YPOBHS, HAa KOTOPBIX (DyHKuUMs (C, T) NPUHH-
Ma€eT OIHO U TO Xe 3HAYEHHUE, ABASIOTCS rUMNEPNOBEPXHOCTH (C, T) = Y, OPTOrOHa/IbHbIE
BEKTOpY C.

v Teopema 4.6.1. [Tycmo pewenue 3a0auu (12.6) edurncmeenno. Tozda npu docma-
MOYHO MANBIX USMEHEHUAX BEKMOPA C ONMUMANbHOE peweHue He mensemcs (Gocmueaemcs
6 moi1 ¥ce camoii gepuiune).

v Jleoicmeennoi k (12.6) okasbiBaeTcs 3anaua

(b,y) » min, ATy>ec, y>0.
v 4.7.1. llyems T — donycmumoiis éexmop 3adauu (4.9), a y — donycmumelis

eexmop 0eoiicmeentoli 3adauu. Toeda

(¢, z) < (b, y).

v 4.7.2.Iycms x* u y* — donycmumbie 8exmopst npamois u deoiicmeenHoil 3a0ax,
npuuem {c, ') = (b, y"). Toeda sexkmopts T*, y" seaaromea pewenusmu coomeemcmeyio-
wux 3aday.

v Teopema 4.7.3. Ecau npamas u 0eoiicmeennas 3adaua umerom donycmumoie
8eKmopbl, Mo 06e OHU umem peueHus.
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v’ Teopema 4.7.4. [las moeo 4moGe: donycmumbie 6eKkmopbt npamMoil u 080UCMEEHHOI
3a0ay Gbiau peweHUAMU ImMux 3a0a4, HeOOXO0UMO U GOCMAMOHHO BbINOAHEHUE CACOYIOUiUX
ycaoeuii 0onoaxsouell Hexcecmkocmu:

¥ =0, ecim Za;,ﬂ:; <b;
j

* *
z; =0, ecmu E a;;y; > c;.
i

v Teopema 4.12.1. Touka z" sBAsieTCS TOMKO# [106a1LHOTO MUHMMYMA B 3a1a4€
KBafpaTHYHOTO NMPOrpaMMUPOBAHUSI,

(Dz,z) + (¢, z) > min, Az < b,
B TOMM Clyyae, KOIIa npu HEKOTOpoM * >0 BBLIMOAHSIETCH YCAOBHUE:

Dz' +c+ ATy =0, (Az'-b,y')=0.

12.5. Teopus wurp

v Camoe TpyaHoe B 00Ol AMCUMIUIMHE 3aKJIOYAeTCs B OCO3HAHMM DOJH
npocTbix noHsiTUi. He TeopeMbl, a MCXOAHBIE KATErOPUM MbILUIEHUS — BOT YTO
HeoOXOAMMO 1Sl OPUEHTALIMH.

V' TIoMMMO 3KCTpeMyMa €CTb HECKOJILKO APYTHX MOHSITHI «ONTHMH3aLHOHHOIO
XapakTepa», KOTOPbi€ OTHOCHTEIbHO MaJIOM3BECTHBI, HO HE MEHeEE BaxXHbl. Beaa 3akiio-
YaeTcsi B TOM, YTO, MOMNAB MO KPbillly ¢ OOMaHYUBBIM HA3BAHUEM <«TECODHSI UTP», OHU
CTa/li B OOLLUECTBEHHOM MHEHHMH aCCOLIMMPOBATLCS ¢ MOKepoM. CeKpeT Xe 3aK/I04aeTcs
B TOM, YTO meopus uzp BOOOLIE HE W3YYaeT UIPbl B NMPU3EMACHHOM MOHUMAHUHK 3TOTO
C/IOBA, a 3aHMMAETCS «MIOBCEMECTHO DPACMPOCTPAHEHHBIMU» CHCTEMAMH, B KOTODBIX
WHIUBUAYAJIbHbIE HHTEPECHI HE COBMAMAIOT C KOUIEKTHBHBIMH.

v Hmeetcs aBa urpoka. Ilepsbiit — BBIOUpPAET CTPOKK MaTpuubl A ¢ BeposT-
HOCTSMHU {p), ..., Pn}, BTOPOH — BBIGUpPAET CTONOLBI C BEPOSTHOCTAMH {qi, ..., @m}-
MatoxuaaH1e BbIMIPbILLA NEPBOTO TOrAA PaBHO

W(p,q) = Z a;;pig;,
ij

U OH €ro, Tak WK HHaue, NbITAETCS MAKCHMHU3UPOBATh.

Ecnu urpa anmazonucmuueckas (BLIMIpbiLl OHOTO €CTh POUrPHILL APYTOTO), Nep-
BbIii TaK BBIOUPAET {py, ..., Pn}, 4TOObI NOGUTHCS MakcHMyma W npu HauxyauieM st
cebs {q,...,qn}, BTOPOIi — HAOBOPOT. B pe3y/ibTaTe PelIEHUEM UIPbl OKA3bIBAIOTCS
HaGoppl BEPOSITHOCTEH (CMELLIAHHBIE CTPATETHH)

p'=A{pl,....ox}, ¢ ={q,.... @},
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00€eCreynBaIOLLUE PABEHCTBO

maxminz a;jp;quminmaxz a;;piq;.
LK By LRy

v’ Tlyctb Kaxabiii Urpok A; pacnopsikaetcsi BbIGOPOM nepeMeHHoi z; € X,
U €r0 «MHTEPEC» COCTOMT B MAKCUMM3ALMU CBOEN (hyHKUUU 8bluzpblUa

D;(z) = Di(zy, ..., ;).
Touka =* Ha3biBaeTCsl pewenuem uepsi no Hawy, ecnn

* .
Di(z), ..., ZTic)s T}y Tig1s oo s Tn) =:11:1X)g Di(z), i=1,...,n,
1] 1]

T.e. Kaxnas QyHkuus D;(z) B Touke T NOCTMraeT OnNTMMyMa No COBGCTBEHHOI
NEePEMEHHOM ;.

v AnvtepHatuBa T € X npu HaTUUUM M LEAEBbIX QYHKUHI
Dy(z),...,Dy(x)

Ha3bIBAaETCS Heyay4uiaemoi, €Cny¥ He CYLIECTBYET HPYToi anbTepHaTuBbl y € X, mus
KOTOpO#

Di(y) = Di(z), i=1,...,m,

npuyYeM XOTsi Obl OHO W3 3THX HepaBeHCTB cTporoe. Heynyuiuaembie anbTepHaTHBBI
Ha3bIBAIOT onmumansioimu no Ilapemo.

12.6. budypkaumm n karacTpodbi

v HauanbHbi#i oTpe3ok psina Taiinopa,

k

. Dp(0) ,
foa) =3 8 ye
a=0 ’

Ha3biBaeTcs k-cmpyeii yHKUMH @ B Hyne. PasHocTb () — j*o(z) HasbiBaloT x60cmom.
Oyukunst ¢ : R = R umeer B Hyne nopadoxk k, ecnu mepBoil HEHYJEBOI

NpPOU3BOAHOI ABASIETCS D"cp(O).

v Jlemma Mopca. [Tycms 2nadkas gynxuus @ : R" — R umeem ¢ nyase negoipoxc-
dennyro kpumuyeckyro mouxy u @(0) = 0. Toeda 6 docmamouno manois okpecmuocmu Hyas
cywecmayem A0KAnbHAs CUCMEMA KOOPOUHAM Zy, . .. , Z,, 8 KOMOPOU

elz@)) =21 +... 420 —zipy ... — 22,

npuvem x(z) sersemcs Qugpeomopduimon.
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v Onpenenenue 6.3.3. nadkue dynxuuu @, 9 : R — R aokaasHo sx6usarenmust
6 Hyae, ecau cyujecmeyem maxoi A0KanbHulil uddeomopdusm z(z), wmo

p(e) = dlz(x)] +¢

8 Hekomopoli okpecmHocmu Hyas npu nooxodsauieil koncmanme §.

v EcTecTBeHHBI BOMPOC: B KAKOM ClyYyae M MO KakKKM MPU3HAKAM MOX-
HO rapaHTHPOBAaThb IKBMBANEHTHOCTb B Hyne dyHkuuu @() u ee k-cipyn j o(z)?
MiHaue roBopsi, Kakue CBOWCTBA MONMHOMA j@(T) 0BECNEYMBAIOT FKBUBANEHTHOCTD
¥ o(z) u 55 o(z) + q(x) npu noGoi dyHKuUHK (T), PaIIOXEHHE KOTOPOH HAYMHAETCS
co creneHd m > k? Tpu MONOXHUTENBHOM OTBETE Ha 3TOT BONPOC (hyHKuMio ¢(Z)
Ha3bIBAIOT k-onpedenennoi B Hyne.

Mo nepBoMy BreyaT/IEHUIO YCNOBUsl k-onpedeseHHocmu He NONXHBI ObITb OYEHD
CJIOXHBIMH, 110 KpaiiHei Mepe uieitHo. Ha Takyio BoiHY HacTpanBaeT CHTyaLusi C HEBbI-
POXIEHHBIM reccuaHoM. OnHAKO CJIOXHOCTb MPOGAEMbI OKA3BIBAETCS HECOM3MEPHMA
¢ oxunaHusMu. [TpoGHbIE MONBITKY JOBONBLHO GbICTPO 3aBOAST B TYNHK.

Teopema 6.4.1. Ecau ¢ynxyus ¢ : R® — R seasemca k-onpedenennoii, mo aro6oii
00HOPOOHbI MHO20MAeH cmeneHu k + | npedcmasiim ¢ eude

# [t (72)]+-+ i [ (52)):

20e p\(Z), ..., pn(T) — noaunomsi, nopsdka He menee nepgoeo.

v TpanceepcaroHocms — COOTBETCTBYET MOHSATHIO CUMYyautu 06uie20 NOAONCeHUs
npu nepeceyeHuu MHoroo6pasuii. Jisa noanpoctpanctsa X u Y B R" mpanceepcansb,
ecnu 11060ii BekTop 2z € R" npeactaBiM B BUzE

z=z+y, T€X yevY.

Tunepnaockocmu (casunyTbie noanpoctpaHctea) L, M C R™ mpanceepcanshb,
€cau ux cymma nopoxnaet R”.

HakoHeu, 21a0kue mroz006pasua 8 R" nepeceKaloTcs mpanceepcanbHo B TOUKE Tg,
€C/IM MX KacaTeJibHbi€ TMMEPIJIOCKOCTH B Ty TpaHCBepcanbHbl. O mpanceepcanrbHocmu
MHO2000pa3ui «LIENUKOM» TOBOPAT B TOM CJlyyae, KOTIa B J1l000H TOUKE MepeceyeHUs
OHH MEPECEKAIOTCS TPAHCBEPCAIBHO.

TakuM 06pa3oM, TpaHCBEPCATBHOCTb MepeceYeHuss MHOrooopasuii, rpadukos —
€CTb HEKMil 3KBUBAICHT MUNUYHOCMU, OTCYTCTBUSI UCKITIOYHTEIBHOCTH, KOTODBIH OKa-
3bIBAETCH JITAKMYCOBOM OYMaXKO# MpH BBIICHEHWM CTPYKTYPHOH YycToiuuBocTH. He-
BBIPOXIEHHOCTb HYJIEBOI KPUTHYECKOH TOYKHU () paBHOCH/IbHA TPaHCBEPCAILHOCTH
nepeceueHus B Hysie rpadmka rpanueHTa Vip(z) ¢ rpadmkoM HyneBoi (yHKUWM. AHa-
JIOTHYHBIM 06Pa3oM XapakTepu3yloTcsi (Kak CTPYKTYPHO YycToituuBble) k-onpedesennvie
GyHKUMH.
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v Onpenenenue 6.6.1. Cemeiicmea dynxuuis o(z, s), P(z, s), m.e.
P, :R"xR - R,
IKEUBAACHMHbI 8 Hyne, ecau
p(, 3) = ¥[z(z, 3), t(s)] +£(s),
20e £(s) — enadkoe omoGpaxcenue, t(s) — Ougpdeomopdusm, z(x,s) — cemeiicmeo

Jugpgheomopghusmos.

Ecmu o(z, $) 5KBMBAJICHTHO B YKAa3aHHOM CMbIche JoGoMy ¢(z, 8) + Ap(z, s),
rae Agp(z,8) — DOCTaTOUHO MaNo, TO @(T, 8) CUMTAETCS CMPYKMYPHO YCMOUHUEbM
cemelicmeom.

v Tlpu aByx mapaMeTpax €CTb BCEro 1Ba CTPYKTYPHO YCTOHYMBBIX CEMEICTBA,
Kkamacmpogha c6opku w kamacmpogha ckaadku. [py 6onbLIEM YKUCIe MAapaMeTPOB KOMH-
YeCTBO CTPYKTYPHO YCTOMYMBBIX TAJIOHHBIX CEMENUCTB YBEAUUMBAETCS.

12.7. BapmaunoHHOe ucumcneHume

v’ BapuauunoHHas 3adaua ¢ 3aKpenneHHsiMU KOHUAMU COCTOUT B MOMCKE IKCTpe-
Manu dbyHKUKOHana

t
W=/L(q,q’,t) dt (12.7)
ty

Ha MHOXeCTBe riankux GyHKuui ¢(f), MPMHUMAIOLIMX Ha KOHLAX 3a0aHHOTO MpoMe-
XyTKa [to, ;] dukcuposanHble 3HaueHus q(to) u q(l)).

v Tlpoussoanas Ppeure ¢'(z) dyHkuuoHana ¢ : F — R — 3To Tako# BeKTOp
u3 E*, uto

p(z + Az) - p(z) = (¢'(z), Az) + o(l|Azll), (12.8)

KOTOpBIii Ha3biBAIOT epaduenmom Ppewe dyHkuMOHaNa p(T) B TOYKE T U 0BO3HAYAIOT
Kak Vi(z). JInneitnyio yactb paseHcrsa (12.8),

dp = p(z + §z) - p(z) = (¢'(z), §2),
HAa3bIBAIOT Gapuayueil.
v’ ®yHkuuoHan ¢ : E = R HasviBaeTcs dugpdhepenuupyemuim no famo B TouKe T,

€CNU CYLUECTBYET TaKOii IMHENHbIA OrpaHMYeHHbIN PyHKunoHan f € E', uMeHyeMmblii
epaduenmom lamo, uto anst moGoro h € E

p(z +th) — p(z) = t(f, h) + o(t).
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v Jlemma 7.2.1. Heobxo0umbim ycroguem docmuxcenus gynkyuonarom p(x) é mou-
Ke Ty N0KANbHO20 MAKCUMYMA UAU MUHUMYMA Aénsiemcs obpaujerue € Hyab 2paduenma
V(zy), «pasnocunsno» — eapuayuu dp(z,).
v’ DkcTpeManb 006s13aHa YAOBIETBOPATD ypasHerusm Jiinepa,
0L d oL
dg;  dtdg

v Ecau cuctema aBToHOMHa, L He 3aBUCHUT OT ¢, — ypaBHeHMe Diiiepa UMEET
TepBblii UHTETpan
oL
L - ({4, = ) = const.
94

v HeobGxoauMbie ycloBUsi 3KCTpEMyMa BTOPOTO TOpsifiKa: yeaosue Jlexcandpa
0L S
8¢ =
ycnosue Beiiepumpacca,
E(q,4,p,t) 20,

rae
E(g,4.p.t) = (g, 4. 1) - L(g, p. t) - a—L(g’q.—q.’t)-(q' -p)
a Takxe ycroeus Beiepumpacca—3Ipomana, TpebyIOLLNE HENMPEPLIBHOCTH MPOU3BOLHBIX
oL oL
2 "

B TOYKax H3JiOMa 3KCTpeM2U|€l7l.

v HeobxonuMoe ycaosue Beitepuumpacca npespaliaetcs B docmamournoe TpU
JOMOJHUTENbHON OrOBOPKE O MPUHAMUIEXHOCTU 3KCTPEMaNU COOCMEeHHOMY WU UeH-
mpanbHomy MO0 IKCTPEMaANEit, YTO 00eCNIEYUBACTCS ycuneHHbiM ycroguem Jlexcanopa:

'L
-5 > 0.
9¢

v' Tlpu noucke akctpemanu dyHkuuoHana (12.7) rpaHUYHbIE YCIOBHS, OXHO
uamn oba, MoryT ObITb OCBOOOXIEHbBI. YpaBHEHUS Didiepa 06513aHbl BbIMOIHATLCS, KaK
1 npexae. lononHuTtenbHble TpeGOBaHMs (mpaHceepcansiocmu) NONYYalOTCs BapbUpPO-
BaHWEM I'PAHUYHBIX YCIOBHIA.

v' Ecan cBoboneH oauH koweu (t,q:), i = q(t)), — ycaosus mpanceep-

caabHocmu:
oL oL
L- q—-) ’ =0, — =0
( 04 t=t, 04 t=t,
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Ecnu rpaHnyHas Touka (¢, g;) obsi3aHa nexarb Ha HEKOTOPOiH kpuBOit ¢, = f(t,), —
ycaoeue mpanceepcanbihocmu nNpuobpeTaeT BUA:

(L +(f - 4)3—;) Lh =0.

v’ H3zonepumempuyeckumu 3a0auamu Ha3biBAIOT 330a4YM HA YCJOBHBIA IKCTPEMYM

t t)
/S(q, g4, t) dt — max, /P(q, g, t)dt=1.
ty

to

TexHonorus pELIEHHUs1 — Ta Xe camas, 4TO U B KOHEUHOMepHOM ciyyae. [lepexon
K MOUCKY CTaLlMUOHAPHOWN TOUKH Aaepanicuana

t

L(q,A)=]S(q, q‘,t)dt+A{/P(q,q‘,t)dt-l}

to

CBOAMT 3ajayy K pelieHUIo ypaBHEHHUs Diinepa ¢ PyHKuUHE
L(qs q, ’\) = S(q’ q, t) + AP(Qv q, t)
V' 3apaya ONTHUMaNbHOrO yNpaBieHUs,

T
S= /F(z, u,t)dt - max, &= f(z,u,t), (12.9)
0

BbIIAOMT MHAYe YeM — M30MepUMETpPUYECKasl, HO 3TO Takast Xe Mo Ayxy npobiema
MOUCKA YCIOBHOTO 3KCTPEMyMa.

Makcumusauus JlarpaHxuaHa JaHHOW 3anayu

T
Lz, u, ) = / {F(z,u,t) + At)[f(z,u,t) — &]} dt
0

Mo £ U u NPUBOOMT K ypaBHEHHUAM Diinepa,

oF of dJ[OoF

3_2_/\;9;+E£|:5—¢—/\] =0,
oF of
'5'1:4-/\?3—“—0,

KOTOpble HEOBXOAMMO PELLATh COBMECTHO ¢ OrpaHuyeHusmu & = f(z, u,t), z(0) =0,
YTO MOXHO WHTEeprpeTHpoBaTh Kak VL = 0.

v YpaBHeHus diinepa ana 3apauu (12.9) ¢ nOMOWbIO eamusbmonuana

H(z,u,y,t) = F(z,u,t) + yf(z, u,t)
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MOTYT ObITb 3anucaHbl B popme:
0H . 0H 0H _
oy’ YT Tz 9w

Yenosue OH/Ou = 0 cayxuT npooOpa3oM npunyuna MaKcumyma

i:

H(z,u,y,t) = max H(z,v,y,t).
v

12.8. 3apaunm onTUManbHOrO ynpaBneHns

v CraHpapTHas 3ajauya: nouck ynpasienus u(t) Ha otpeske [0, T], kotopoe
obecrieunBaeT MAKCMMYM OIHO# KoOpauHaThl, Hanpumep z,(T'), npu IBUXEHUH

&= f(z,u,t), z(0)=0, uweU. (12.10)

OcranbHbie ;(T) MOryT GbITb 3aKperieHbl IMGO CBOOONHDI, MOJHOCTHIO UM YaCTUYHO.
HenoctatouHast 0OLHOCTL MOCTaHOBKHU 3aech obMaHuuBa. Hanuuue uHTErpab-
HOTO KPUTEPHS, CKAXEM,

T
/F(a:, u, t) dt = max,
0

JIMKBUAMPYETCSI BBEAECHUEM NOMOJHUTENbHON MEPEMEHHONW T,y |, YAOBIETBOPSIOLLEH
auddepeHunanbHOMY YPaBHEHHUIO En4. = F(Z, &, ), M TOrNa MHTErpaabHblif KpUTEPHIi
CBOZMUTCS K Z,4 — Max.

B Te xe paMKu Jierko noMeLlaroTcs M Apyrue 3ajayd, HanpyuMmep MakCMMHU3auus
¢dyHkunonana G[z(T)]. Munumuszaumns z,(T) B ciyyae npucoeanHetus k (12.10)
YPaBHEHUS T4 = | paBHOCUNbHA 3adaye o Gbicmpodeiicmeuu.

v OnTUManbHOE ynpaBlieHUE OMNpeneaseTcss CUCTEMOIM ypaBHEHMIA

0H 0H
t=—, y=-—, H(z,u,y,t)=maxH(z,v,y,t),
6y oz v
KOTOPYIO HEO6XOAMMO PELIATh COBMECTHO C TEMHM MJIM MHBIMU IPaHUYHBIMH YCIIOBUSIMH,
BBITEKAIOLIMMH M3 MOCTAHOBKM 3ana4u. [aMWIBTOHUMAH onpenensieTcst Kak OObIYHO!

H(z,u,y,t) = F(z,u, t) + yf(z, u, t).

v’ TlpMHUMN MakCMMyMa OaeT, BOOOLUE FOBOpS, JIULIb HEOOXOAUMBIE YCIOBHS
ONTUMYMa, KaK U ypaBHEHMs Jiiaepa B BApDHALIMOHHOM UCYUCIEHUH, HO IS IMHEHHBIX
CUCTEM OH TMpeBpallaeTcsl B Heobxo0umoe u O0ocmamovHoe ycaoeue, C HEKOTOPbIMM
OrOBOPKaMH.

v Junamuueckoe npoepammuposanue CTPOUTCS HA NPOCTOM COOOPAXKEHUH: «YaCThb
IKCTPEMAIN — CaMa SIBISETCS IKCTPEMANbIO», — U3 KOTOPOro, Wis dyHKunoHana (12.9)
Ha 3KCTpeMau, BbIBOOUTCS ypaeHenue Berimana:

as* ast
T3 + TS)X{<-5;, f(z,u, t)> + S(z, u, t)} =0,
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T.€.

5 (s %) =0

v’ IuHamuueckoe mnporpaMmupoBaHue 3GhQPEeKTUBHO IS HEKOTOPbIX 3amay
ynpasieHus C AMCKPETHbIM BPEMEHEM BUIA

G(z"") » max, z*' = f(=F, o, k),
0 k
=0 uweU, k=0l1,...,n
Jlns 370t 3a0aun IMCKPETHbIH aHanor ypaswenus beaimana:

Gi(z*) = max G p [ f(z", u*, K)).
up

12.9. Hernapgkas onTumMusaumna

V' HernaakocTb 4acTo BO3HMKAeT B FIyOGMHE 3ajauM, M TOLAA OT Hee HENErko
n3basuthes. Hanpumep, ecnim Matpuua A(z) rnaako 3aBMCMT OT napameTpa , TO
cnexTpanbHblii panuyc p(z) = p[ A(z)] Takum cBOICTBOM He 06anaeT, U MUHUMH3AUHUA

p(xz) » min, z€X

B KJIACCMYECKYIO TEOPHIO HE MOMELLAETCH.
Dyukuus

p(z) = min ¥(z,y)

HeNpepeiBHA, HO HMKakas raakoct ¥(z,y) B obweM ciyyae He obecrieunBaeT
[1aaKOCTb @(Z).

v B oTcyTrcTBHE BLINMYKIOCTH HE cpa3y SICHO, YeEM 3aMeHUTDb cyonuddepeHumnan.
Boixon U3 nonoxeHus naet cybdudhpepenyuan Knapxa. OnpeneneHue ornupaercst Ha HO-
BOE TIOHSITHE NPOU3600KOII NO Hanpaeneruio ¢ () Dns aunuuyeeoir GyHxkunmn o(z),

) . p(z 4+ 0s) — p(2)
=1 _—
#+(z) = limsup ]

@yHKUMS @ 4(T) BHIMYKIA U TIOJOXUTEILHO OAHOPOIHA O §, HE3ABUCHMO OT BBIMYK-
noctu ().
Cyb60ugppepenyuan Knapka dyHkumu () B TOUKE T OTpenensieTcsi KAK MHOXECTBO

dp(x) ={h€R":Vs€R":pi(z) > (s,h)},

KOTOPOE B CJIyyae BbiNMyKJIoi (DYyHKLUMH coBMamaeT ¢ o0bluHbIM cyonuddepeHLnanom.



204 Inasa 12. Csoaka onpenenexunii n pe3ysnibTaros

12.10. lpapueHTHbIE METOADI

v Tlpu Ge3ycnoBHoit onTuMu3auuu HyHKUMOHANA (L) ECTECTBEHHO ABUIAThCS
O IPaaMEHTY, YTOOBI HAHTH MaKCUMYM, TMGO TIPOTUB rPaNMEHTa, €C/IM MILETCA MHUHH-
MyM, T. €.

t=Vp(z) wm &=-Vp(z).

He MeHee ecTecTBEHHO B 3aa4yax ONTHMMU3ALMH PacCMATpUBaTh ABUXEHHUE MaTe-

pHaNLHOM TOYKM €AMHUYHOMN Macchl & = —Vp(z) noa aeicTeuem cun
Q=-2¢
! 01:.' )

MUHHUMYMY NOTEHUMANBHOI 3HEPTUH (Z) OTBEYaET ONATL-TAKHU PaBEHCTBO 0GOGILEH-
HBIX cua1 Hyo, —V(z) = 0. [lns noraweHus KoneGaHUi 1OCTATOYHO BBECTH TPEHHUE,
4TO MOPOXAAET PELUAIOLLYIO MPOLEAYDPY

& = -Vp(z) - Bz,

KOTOPYIO MPHUHATO HA3bIBATb MeMO0OM MANCEN020 WAPUKa.

V' B nuckpeTHOM ciyyae BMeCTo & = —Vp(Z) WS BLIYMCAEHHIA HCTIONB3YETCS
Tit = Tk — N Vip(zk).

JIBMxeHHe MO-TpPEeXHEMY OCYLLECTBISETCS B HaTIPaBIeHUH MUHYC TPaIMEHTa, HO CUTY-
auus uHas. Tenepb Kaxuablii pa3 HeOGXOAMMO NPUHUMATD PELLIEHUE O BEJIMUMHE 11ara,
KOTOPYIO DETyIUpYIOT KO3PHHUUNEHTHI ¥, U Ha UX BbIOOpE KOHLEHTPUPYETCS «BCS
HayKa». B Memode nauckopeiiwezo cnycka war BoIOMpaeTcst U3 pelleHUs 3afauu

min (2 + EVp(21)) = p(Th1)-

YacTto nonaraiorcs Ha TpeGoBaHUS

00 00
dom<o, D m=oo,
k k

KOTOPbIE B €CTECTBEHHBIX MPEANOJIOXEHUSX 00ECMEYNBAIOT CXOIUMOCTD.
Memoo Hviomona— Kanmoposuua npuBOIMT K UTEPALIMOHHOI Mpouenype

Tiy1 = Tp — [V2¢(@k)]-lv¢(1k)~

370 10BOABHO 3P PEKTUBHBINA BLIYMCIIUTENBHBIN MpoLECe, Gosee LeaecoobpasHbiil, 4eM
MpOCTOE ABUXKEHUE MO PANUCHTY.

v’ Memoo conpaxcennsix epaduenmog onupaeTcss Ha MUHUMHU3ALIMIO NOAONCUMeENb-
HO onpedenenroil XBaapaTH4HOi hopMbl

pl(z) = %(Qz, z) ~ {c, z). (12.11)
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Hanuune kommnekta Q-conpsixeHHbix Bektopos {fi,..., fo}, (Qfi, f;) = 0,
MO3BOJISIET PELIUTD 3a8a4y MUHUMM3aUuK KeaapatuyHoit ¢opmel (12.11) 3a n waros.
Anroputwm crenyowmii. M3 n1o60ro HauanbHOrO NMONOXEHHUS To HILETC MUHUMYM ()
B HamnpaBneHUHU f|, T.e. peluaeTcs 3a1aya

mfin p(zo +££1) = p()),

B pe3yJIbTaTe 4Ero onpeessieTcs Crenyiollee npUOAMxXeHHe x,. 3aTeM U3 T, MILeTCs
MUHUMYM @(Z) B HampaBieHUHU fp, U TaK n pas.

Ecim peub uaeT o MHHHMM3aUMKM KBaapaTHuHOW (GOPMBbI, TaKoi mpouecc, Ha-
3bIBaEMBIIi Memoodom conpaxcenHsix epaduenmos, CXONMTCS 32 KOHEYHOE YMCJIO LIAros,
HO €ro MOXHO NMPUMEHATH ¥ 1Uist byHKuMil p(z) Gonee obiwero suaa. KoHeuyHo, B 06-
LUEM CJTy4yae PaCCUMTHIBATD Ha KOHEYHYIO CXOAMMOCTb ArOPUTMA HeJlb3st, HO B MajloM
OKPECTHOCTH MUHMMYMa @(Z) 06bIYHO XOPOLIO NMPUGNMXKAETCS [ECCHAHOM, U 3TO JaeT
OCHOBAHME OXMIATh TeX XKe PE3YALTATOB C TOYHOCTHIO A0 «O-MaJbiX».

12.11. 3apaun GonbLLO pa3MepHOCTH

v’ Cmbicao8ble Hemovnocmu MOLETMPOBaHUS NPH GOBILIKMX Pa3MEPHOCTSX HaKarl-
JIMBAIOTCS, U CAMM MOCTAHOBKH ONTUMU3ALIMOHHBIX 3aa4 MEPEeCTalOT OTPaxaTb CyTb
nena. Bo3Hukaet napanokc: yeM Gosblle yuTeHO (PaKTOpOB, TeM XyXKe CTAHOBUTCS MO-
neib. bonblloe YnCa0 nepeMeHHbIX CBUAETENBCTBYET O TOM, 4YTO B 3afaue He MOMaHO
Y HE BbIIEJEHO [V1IABHOE.

Boixon v3 nonoGHoro mnosoxeHus TpebyeT u3MeHeHus noaxoaa. Orkas or ne-
TanbHOW UHQOPMALMU BBHIIISIAMT HEU30EXHbBIM, HO 3TO OTHIOAb HE «Claya MO3ULUii».
[MpubanXKeHHbIE OTBETH B €CTECTBEHHBIX YC/IOBUSIX OKAa3bIBAlOTCS [OBOJBHO TOYHbI
Y NMPaKTUYECKU HE 3aBUCAT OT «noApoOHOCTei». [IpuMep craTucTHYECKO DUIMKU —
TOMY MOATBEPXACHHE. YIUBUTENbHO JIMLLIb TO, YTO Ui MPUEMIEMOTO arperupoBaHHOTrO
ONMUCAHUSI CUCTEMbI «TEPMOIMHAMUYECKHE PAa3MEPHOCTHU» MOpsAAKA YMucaa ABOraapo
HE TpedyloTcs.

v [locnenoBatensHocTb GyHKuUM f,(Z) Ha3biBaeTCs acumnmomuyecku nocmo-
AHHOIL, €CIH

o{f.(z)} >0 npu n- oo,

rae o{f.(z)} — cpeaHeksanpatuueckoe yKnoHeHue f,(Z) OT CBOEro cpenHero 3Ha-
YEeHMUSI.

v Teopema 11.1.1. ITycms nocaedosamenvnocms gynxuuis f,(x) ydosremeopsem
Hepasencmeam

/[Vf,,(:c)]2 dz,...dz, < T
on

uYn = 0 npu n - 0o. Tozda o{f,} — 0, m.e. nocredosameasrnocmo pynxyuii f,(x)
acumnmomuvecku nocmosnna na kyée C, = [0, 1] x ... x [0, 1].
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v’ (dDeHOoMeH cTabUAN3aUnU HENMHEHHBIX DYHKLM TIPpH GONBLLNX Pa3MEPHOCTIX
CYLIECTBEHHO BJIMSIET HAa MOHUMAHUE M TPAKTOBKY 3a1ay ONTHMU3AUUH. YNPOILEHHO
FOBOPS, TEOPEMbI O CTAOMAM3ALMM JAIOT rapaHTHIO, YTO MOYTH BCE BbIOPAHHbIC Hayran
pelieHus TPUMEPHO ONUHAKOBBI MO KAYECTBY, 3 OKPECTHOCTb ONMTHUMYyMa, B KOTOPOH
fa(z) olyTHMO MpeBLILIAET CPefHee 3HAYEHHUE, BECHMA Masla, — M Tya OY€Hb TPYOHO
nonactb. bonee Toro, «Hanuuue ONMTHMyMa B pyKax» MPAaKTUYECKH HUYEro He HAeT,
MOTOMY YTO Maieilliue OLWMUOKH BBLIYMCIICHUS W peajii3aliii BHIOMBAIOT 3HAUEHUS
LesieBoit PYyHKUMU B 00JIaCTh CpeAHUX 3HAUYCHMIA.

Ha npakrtuke cuTyauuio 4alie onpeaensiior HECKObKo arperatos. Ha ropmanbHom
YPOBHE 3TO NPUBOIUT K 3aMeHe (byHKUMiA

Fa(@is oo Zns Yus s Yni 21y ey 20)
NMpUOANXKEHHBIMU (PYHKLMOHANBHBIMU 3aBUCUMOCTSIMH OT arperaTtoB

() =X Y, 2Z).



CokpaujeHnsa n 0603HavYeHNs

4 n »
— HAYyaJIoO M KOHEU paCCyXICHUs, TEMbl, NOKA3ATEC/1bCTBA

(?) — npennaraet nPoOBEpUTH UAM NOKA3aTh YTBEPXKIEHHE B KAYECTBE YMPAXHEHUS,
JIM0O0 NOBECTH PACCYXICHHUE O «IOTMYECKOW TOUKM», — HO HE SBASETCH BOMNPOCOM
«MPaBUWJIBHO MM HEMPABUJIBHO?»

(!) — npennaraer o6paTUTL BHUMaHHE

«B TOMM CJly4ae» — «B TOM M TOJIbKO TOM Cjly4ae»

A= B — u3 A cnenyer B

z € X — z npunagnexut X

XUY, XNY, X\Y — obbeauHeHHE, NEPECCUYECHUE U Pa3HOCTh MHOXECTB X U Y

XAY = (X\Y)U (Y\X) — cummeTpuuecKas pasHOCTb MHOXeCTB X u Y

X CY — X noaMHOXxecTBO Y, B TOM 4Kclie uMeeTcs B Buay Bo3MoxHoctb X C Y,
T.e. Mexay X CY u X CY pa3nuuus He aenaercs

X — sambikanue X
X — rpanuua X
Z =X +Y — MHOXeCTBO INeMEHTOB 2 =T + Yy, rae T € X, y €Y

x4(z) — dyHxums-uHaukatop MHoxectBa A (paBHa | ang £ € A v 0 B npoTHBHOM
ciyyae)

2% — MHOXecTBO Bcex MOAMHOXECTB MHOXecTBa X
& — MyCTOe MHOXECTBO
B(r,x) — wap paauyca r ¢ LEHTPOM B TOYKE T

B, = {z :||z|| < r} — wap paauyca r c ueHTPOM B Hy/e
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R = (—00, 00) — BeleCTBEHHas npsMas

dim E — pa3MepHOCTb npocTpaHcTBa E

z = T +1y — KOMILIEKCHOE YUCIIO, 2 = r(COS (p + 1 5in ) — ero TPUroHOMeTpHUUECKast
3anuch, ¢ = Re z — neiicTBuUTENbHAS YacTh, ¥y = Im 2z — MuuMan; Z = 2" = T — iy —
KOMIUIEKCHO COMPSIKEHHOE YHCIIO.

Z < y — BEKTOPHOE HEPABEHCTBO: BCE KOOPAHHATHI Z; < ¥;

(z,y) — ckanspHOe Npou3BeNEcHHE BEKTOPOB Z W Y, SKBUBANCHTHBIE 0003HAYCHMS:
Ty, z Y

p(A) — cnexTtpanbHblil panuyc onepatopa A
co X — Beinykiasi 060onouka MHoXecTBa X
K, — KoHyC HeoTpHuaTeNbHbIX PYHKUMI
RY — HeoTpMuaTeNbHBIN OPTaHT

R" — n-MepHOE eBKIMIOBO NPOCTPAHCTBO

Arg min p(z) — nonoxexue MUHUMYMa QYHKUMH ()

7] i) 7]
Vf(z)= 5£' = {5;{-.---, Ba{ } — rpanveHT GyHKuuu f(z)
8% i %)
m — Marpuua lecce [ 9z, 0y,~] dbyHkunu p(z, y)

dp(z) — cybaudbepeHumran QyHKUMH B TOYKE T
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aCUMNTOTHYECKasl YCTOMYUBOCTH 16
aCMMNTOTHYECKOE MOCTOSAHCTBO 173

Budypxauus 102
6paxucToxpoHa 118

Bapuaunontoe ncuucnenue 118
Bapuauus 121

BpallleHHe BEKTOpHOro nons 26
BbINyKJ1asi KOMOMHauusa 54

— obosiouka 54

BbIPOXIEHHbIi cryyaii 31

Tamunsronnan 140
reojie3anyeckmnit HakaoH 132
reccuaH 14
TMIEePIUIOCKOCTb 52, 54
rOMOTONHbIE OTOGpaxeHus 26
— (QYHKUHOHaANbI 22
rpaameHT 11

— Taro 121

— Opewe 121
rpaaveHTHoe none 15
rpaHb MHOTOTpaHHHKa 56
rpy6octb cucteMbl 109

JIBoiicTBeHHas 3anaya 44, 71

neiictBue no [aMuabTOHY 123

nedopmaums 22

IWJIeMMa 3aKJio4eHHoro 96

JMHAMHWYECKOE MpOrpaMMHpOBaHUE
153

nuddeomopdusm 105

JONyCTUMOe peuieHue 36

JOMYCTUMBIii MHOTrorpaHHuK 80

3anaya Bonbua 142

— Tepona 50

— nBoiicTBeHHas 81

— EBknnpa 51

— Jlarpanxa 142

— Maiiepa 142

— O MaKCMMaJlbHOM MoToke 88

— € 3aKperyieHHbIMM KOHUaMu 120
— LlBapua 51

HMneanbHas Beinyknocts 57

HU3OXpOHHOCTb 124

WHBapUHaHTHbIN HHTerpan lunbbepra
132

uHaekc 27

Kacatenbhas nnockocts 12
Katactpoga c6opkmn 103
KaTeHoun 124
KBa3uJuHeapu3aums 65
KOHyC 55

— NBOWCTBEHHbIN 55

— 3a0CTPEHHBbIN 55

— OCTpBblit 55

KpuTHYecKas onepauusi 157
— ToyKa 13

— — HeBbipOXiaeHHasi 14
KPUTHYECKMIT nyTb 157

Jlarpanxuan 32, 138

nemma JioGya-PeiiMoHa 126

— MunkoBckoro—®apkaiua 77
— Mopca 105

JIMHeitHas roMoTonus 26

— MojeNb Npou3BoacTea 78
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JIOKaJibHasi 3KBUBAJIEHTHOCTb (DYHK-
umit 107

MakcumyM HensonupoBaHHblit 12
— HecTporuii 12

MaTpuiua BbIMrpbilieit 94

— obparHas 53

METOJ HaucKopeiilero crycka 165
— Hpiorona—KanToposuya 167
— CONpPSIXKEHHBIX rpagueHToB 170
— TAXeNoro apuka 165

— wtpadHbIX GyHKUHI 46
MHOTrOrpaHHHK 56

MHOXecTBO addHHHOe 54

— BbiNyKJIoe 53

MHOXHUTeNb JlarpaHxka 32
MOHOTOHHOCTb (D)YHKLIMOHAA 59
MopcoBckoe k-cemio 105
MopcoBckoe [-cemio 14

Hanrpaduxk 58

HEJIMHEHHOe nporpaMMupoBaHue 36

HENMpPOTUBONONOXHAs HaNpaB/ieH-
HOCTb 26

HepaBeHcTBO MeHceHa 58

— IOnra 66

HeyydyluaeMasi anstepHatusa 100

O6esbsanbe ceano 15

006JacTb NpUTsIXEHHUsE 16
00006L1EHHbIE KOOPAUHATHI 48
OnopHasl T’MNepIJIOCKOCTb 55
onTtuManbHOCcTh no [Napeto 100
OTAEAMMOCTb 54 ]
otobpaxeHue apduHHoe 54

ITaccuBHble orpannuenus 36

neperoBopHoe MHoxecTBo 100

MOABUXKHO TOMOTOMHbIE (YHKLHO-
HaJbl 24

nosie 3KcTpeManeit cobcTeeHHoe 131

— — ueHTpansHoe 131

nonuaap 56

MOJIyHeNnpepbIBHOCTDb 22

nonsipHasgt pyHkuus 66

nopsinok 105

npeo6pasosanue JlexaHapa 65

— IOHra—®enxens 65

npuHuun Jle LUlarense—Camyans-
CcOHa 45

— MakCHMyMa 3HTponuu 186

NPOU3BOJHAsE MO HarmpaBieHuio 11,
160

Pasnosecue no Hamy 96
pasaensiioniasi FTMNepIUIoCKoCTb 54
peryasipHas 3agava 31

— Touka 31

peryasipHoCTb 35

peleHne urpbl no Hawy 96

Cennosas Touka 70

ceteBoit rpaduk 156

cumiuiekc-Meton 90

CKaJIsipHOe npou3BeaeHue 52

conpsiXeHHasi Touka 131

— byHKuus 65

conpsiXeHHble BEKTOPbI 169

— nepeMeHHbie 141

CTallMOHapHasi Touka 13

creneHb cBobonbl 49

ctparerus 95

CTPYKTYpHas yctoifunsocTtb 109

— ¢ynkuus 177

CTPYKTYPHO YCTOIYMBOE CEMEMCTBO
112

cyorpaaueHT 61

cyoanddeperunan 61

— Knapka 161

Teopema Bo6uinepa 22

— Jly6oBHiLiIKOro—MmuioTHHa 63
— KakyraHnu 74

— Kapareonopu 54
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— Kapyuwa—/IxoHa 36

— Kyna—Takkepa 69

— Mopo—Pokadennapa 63, 192
— 0 cpenHeM 12

— OTIENUMOCTH 55

— Menbadayma 150

— Xennn 67

TeopeMbl 006 ajisTepHaTHBax 75
TpaHcBepcanbHocTh 110, 135

Vnpasnsemocts 144

ypaBHeHue bennmana 154

— TamunsroHa—Akobu 154

— SAko6u 131

ycnosue Beiiepiutpacca 130, 133

— JlexaHnapa 130

— — ycuneHHoe 125, 133

— Cneiitepa 69

— Slkobu 130

ycnosusi Beiiepuitpacca—dpamaHa
130

— JONOJIHAOLIEH HEeXeCTKOCTH 37,
69

YCNOBHbIif 3KcTpeMyM 31
ycToiunBocTb no JisinyHoBy 16
— 3KcTpemyma 19

Dyukunonan 10
¢yHKuUMA BOrHyTtas 58
— BbIMrpbILLA 95

— BblnyKnas 58

— rankas 10

— JisinyHoBa 17

— none3Hoctu 176

— coOcTBeHHas 58

Iuxnonna 123

DKBUBAEHTHOCTb KPHTHYECKHUX TO-
yek 107

k-onpeaeneHHocTs 108
k-ctpys 104

Q-6a3uc 170
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Hpencmmmem Bam namu JYYIIHE KHHMIH:

lanees 3. M. OnTumMu3auns: Teopus, NPUMEPSHI, 331a4H.

TTonmpseun JI. C. IIpuHUMN MAKCHMYMA B ONTHMALHOM YNPaBJeHHH.

eauxun M. H. OnTumanbioe ynpasieHHe H BADHAUHOHHOE HCUHCIEHHE. RSS
Koeanes M. M. [Tnckpertnas onTumu3auns (LENOYHCACHHOE NPOrPAMMHPOBAHKE).
Kosanee M. M. MaTponasi B IHCKPETHOI ONMTHMHIHUHH,

Cogpuesa 10. H., Llupaun A. M. Beeaenne B 323244 H METOAb YCNOBHOH ONTHMH3AUMH.
banakpuwnan A. Beenenne B TeOpHio ONTHMH3AUKK B THALGEPTOBOM MPOCTPAHCTBE.
Hlukun E. B. OT urp X nrpam. MartemaTnueckoe BBeaenue.

Oy3n I. Teopns nrp.

Xyxosckuii B. H., XKyxoackas JI. B. PACK B MHOTOKPHTEPHAILHBIX # KOHDIHKTHBIXCHCTEMAX
NpH HEoNnpeleaeHHOCTH.

XKyxosckuii B. H. KoonepaTnsHbie HIPbI MIPH HEONPEAESEHHOCTH H HX NPHAOKEHHUS.
Cmonbakoe 3. P. Teopus aHTaronnmoB H andepenunansubie Hrpbl.

Cmonbakos 3. P. Teopust KOH(PAHKTHBIX PaBHOBECHIA.

Cmonvakoe 3. P. Hen3secTHbie CTPAHHULI HCTOPHH ONTHMANBLHOTO YNPABJIEHHS.

Xapapu @. Teopus rpados.

Ope O. Tpadnt u ux npumenenne.

Poduoros B. B. MeToam 4eTbipexuseTHON PaCKPACKH BepuInK MIOCKHX rpagos.
Menvnuxoe O. H. Hesnaiika B ctpane rpados.

Tapacesuu 10. FO0. MartemaTnueckoe H KOMNbIOTEPHOE MOJEAHPOBAHHE.

Tapacesuy 0. FO. Ilepkonsiuns: TEOPHA, NPHAOIKEHHS, ANTOPHTMBI.

ITroxomnuxos K. 3. MatemaTnueckoe MOJEIHPOBANHE H BLIYHCAHTEIbHbIH IKCNEPHMENT.
Moiwkuc A. . DneMenTbi TEOPHH MATEMATHYECKHX MoIENeH,

baexman H. H., Moiwkuc A. 1., Manoexo A. I'. TIpuxknaanan maremaTHka.

Kaaman P., Danb I1., Ap6u6 M. Ouepxn no MAaTEeMaTHYECKOIl TEOPHH CHCTEM.

YyeGHHMKH MO BbICLIEH MaTeMaTHKe

Bospuyk A. K. u dp. Cnpasounoe noco6ue no sbicieil Matemarnke (Antnaemuaosuy). T. 1-5.
Kpacnoe M.JI. u dp. Bea swicuas matemaTuka. T. 1-7.
Kpacroe M.JI. u dp. Coopunku 3ana4 «Bcs BbCIIAR MaTeMaTHKa» C NOAPOOH. pelieHHAMN.

Bapuaunonnoe ucuncienne.

BekTophbiit aHanu3.

O0bikHOBEHHbIE AP epeHuHANbHbIE YPABHEHHS.
Hurerpanbhbie ypaBrenus.

DyHKUMH KOMILIEKCHOrO NEPEMEHHOT0.
Onepaunonnoe ucunciaenne. Teopus yCTOHNYHBOCTH.

Cepust «KylacCHYeCKHit YHUBEPCHTETCKHI YUEOHUK»

Koamoeopos A. H., dpazarun A. I. MaremaTniyeckas noruka.

Tnedenxo B. B. Kypc Teopuu BeposTHoCTed.

Ilempoeckuii H. I. Jlexunn no Teopun 0OLIKHOBEHHBIX A(DDEpeHUHAIBHBIX YPaBHEHHIA,
Kononosuu 3. B., Mopos B. H. O6umit KYpC aCTpOHOMHH.

Kanumonoe H. M., Huixanoe B.C., I00un H. I1. YacTrnust n aTomHble S4pa.
Keacnuxoe U. A. Tepmoannamuka n CTaTHCTHYeCKAn (u3nka. B 4 T.
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IIpencrabisiem Bam Haly jyymide KHUIH:

Cepust «CuHepreTMka: ot npoworo K 6ynyiemy»

Menpoys P. HOBBIN YM KOPOJISL. O koMnbioTepax, MblllLieHHH URSS
n 3aKkoHax ¢m3nkn. lep. ¢ anri.

Apronsd B. H. Teopus karactpod.

Janunos 10. A. Jlexunn no HeamHeinoi auHamMuke. DaeMeHTapHoe BBEAEHHE.

Xaxen I. Undopmauns u camooprannsauns. [lep. ¢ aHmt.

Bespyuxo b.I1. u dp. TyTs B cHHEPreTHKY. JKCKYPC B 1€CHTH JEKUNSX.

Knaszeea E. H., Kypowmoe C. [1. Ocnosanus cunepretnku, KH. 1, 2.

Tpybeuroe . H. Bseaenue 8 cunepreTuky. B 2 kH.: Kone6anus n BotHb; Xa0C H CTPYKTYpbI.
Manuneyxuii I'. . MaremaTHYeCKHe OCHOBbBI CHHEPreTHKH.

M uit T.T., I A. b. Heanneitnas 1MHaAMHMKA M Xa0C: OCHOBHbBIE NMOHATHSA.
M ykuti T. T., T A. B., Moonazoe A. B. Heamneiinas anHamuka.

Pedvko B. I. IBomouns, Hei\poHHbIe CETH, MHTENLIEKT.

ITpucoxcun 1. HepaBHOBECHAS CTATHCTHYECKAA MEXAHHMKA.

Tpucoxncun M. OT cymwecTByOlEro K BOSHHKAIOLEMY.

Tpuzoxcun H., Cmenzepc H. Bpems. Xaoc. Ksant. K pewennio napanokca spemenn.
Ipuzoxcun H., Cmenzepc H. Tlopsanok u3 xaoca. HoBbiit ananor 4enosexa ¢ npupoaoi.

Cy3sdanres M. [1. Hanotexuonorns: Gpu3nko-xumus HAHOKIACTEPOB, HAHOCTPYKTYP
M HAHOMATEepHAOB.

Xapdu I. I. Kypc YncToii MaTeMaTHKH. B. bocc. Hasaxaenne
Xapou I. I. Pacxoasinecs paasi. \
Xapou T. I., Poeosunckuii B. B. Pagwt @ypne.

Xapou T. T., /Tummaveyd . E., [Toaua I. Hepasencrsa.
Yokep P. Anrebpanyeckne Kpusbie.

Teavpond A. O. BoiueTsl u ux NpuacKeHus.

Teasghond A. O. Ucuncrenne KOHEUHBIX pasHOCTE. o
Teavghond A. O. TpancueHneHTHbIE W aNreGPanyecKne Yncaa. Habawdee
Iavceonvy J1. 3. [Indpdepenunannhbie ypasHeHus. L :
Iavceonvy J1. 3. BapnaunoHHoe ucumcaeHue.

Baimbepe C. MeuTtnl 06 okonuaTeabHoit Teopuu. [lep. ¢ anra.
Ipun b. Daeranthas Bceaenwnas. [lep. ¢ anrn.

B.Bocc

Hawu KHWru MOMHO NPUOOPECTH B MarasuHax:

Ten./thakc:
«Buéauo-rnobyc» (M. JlyGsnka, yn. Machuusan, 6. Ten. (495) 925-2457)

(495) 135-42-46, «MOCKOBCKMH AOM KHUrW» (M. ApGatckan, yn. Hosbiii Ap6ar, 8. Ten. (495) 203-8242)
(495) 135-42-16, | «Mononan rsapaus» (. Nonsna, ya. . Nonsiuxa, 28. Ten, (495) 238-5001, 780-3370)
E-mail: «/i0M HAyuHO-TEXHHYECKON KHUrU» (SlenmHcKmit np-T, 40. Ten. (495) 137-6019)

: «floM nenosoi kHuru» (M. Mponevapckas, yn. Mapkcuerekan, 9. Ten. (495) 270-5421)

URSS@URSS.IU | «Tuoauc» (. YiusepcuTer, 1 ryM. Kopnyc MFY, KoMH.141. Ten. (495) 939-4713)
«Y Henvapa» (PITY) (M. HoBocnoGoackasn, yn.YanHosa, 15. Ten. (495) 973-4301)
http://URSS.TU | tnG. now mmrwn (Hescwi np., 25, Ten. (812) 311-3954)
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YBaxkaembie yntarenn! Ysakaembie aBTOpbI!

Hawe M31aTe€NbCTBO CMEUMATIM3UPYETCS HA BbIMYCKE Hay4yHOit M yuyeGHoM
JINTEPATYPbI, B TOM YKCJIE MOHOTpaduit, XypHaJIOB, TpYAOB yueHbix Poccuii-
CKOM aKajeMMM HayK, HayyHO-UCCNENOBAaTENbCKUX MHCTHTYTOB W Y4eOHbIX
3aBeleHUi. Mbl npeiaraeM aBTOpamM CBOW YCJYTH HA BbITOAHbIX 9KOHOMH-
yeckux ycaosusax. [pu 3tom Mbl Gepem Ha ce6Gs1 BClo paboTy MO NMOArOTOBKE
M3naHusi — OT HaGopa, pPeAakKTHPOBAHMS M BEPCTKU A0 THPAXMPOBAHHS
W pacnpoCTpaHEHHs.

URSS

CDCZIM BbILLUEAIIHUX U FOTOBALLMXCA K U31AHUIO KHUT Mbl NpeaiaracM Bam ciaenylouume:

B. bocc
Jlexumuu no marematuke. T. 6. Ot Auodanta no Toiopuura

KHura nocssitieHa OCHOBaHHSIM MaTeMaTHKH, NMpobieMam Bbi-
YUCIMMOCTH W AOKa3yeMOCTH. MaiwnnHbl ThlopuHra, pekyp-
cuBHble PYHKUMH, JIOTHKA, TEOPUs MOJeJieil, Hepa3pellMMOCTb
W HEaKCUOMaTH3UPYeMOCTb apH(dMETHKH, necsTast npobiema
TunbbepTa — BOT paccMaTpuBaeMblit Kpyr Bonpocos. Manoxe-
HHE OTJIMYAETCS KPATKOCThIO M MPO3PAuYHOCTbIO. 3HAUUTEBHOE
BHUMaHME YOeNsIeTCd MOTHBALUMHU PE3YJbTATOB M NMPHUKIAAHBIM
acnektaM. Knaccuueckas npoGiemaTuka B 3HAYHUTEJIbHOH Mepe
MEepPeOCMbICNEHA U MPEACTAB/IEHA B YIOOHOM ANSt BOCMPUATHS

sune. Teopembl [énens, HanpuMep, 10Ka3bIBAIOTCS B HECKOJIbKO CTPOYEK.

T. L.
T.2.
T.3.
T. 4.
T.S.
. Ot Inodanta no Teiopunra
Ontumu3auns

T.6

T.7.

T.8.

Anaan3

B. bocc. JIeKuinH no MareMaTHke
Boiwnu 6 ceem:

Jinddepenunanshbie ypaBHeHHs
JInneiinas anre6pa

BeposTHOCTb, HH(POPMAUHA, CTATHCTHKA
DYHKUHORANLHBIH AHANH3

Teopus rpynn

Tomosumcs ¢ newame:

ITranupyromes Kk usdanuto credyrouwue moma:

TeomeTpHyecKkHe METOAbI HETHHEHHOIO AHANH3A
JlnckperHbie 3aaa4n

TOKII
BblYHCANMOCTD H A0KA3YEMOCTh
‘YpaBHeHHst MATEMATHYECKOH (DHINKH
AnreGpanyeckne MeTObE

[To scem Bonpocam Bui MoXeTe 0OPaTHTLCS K HAM:
mea./haxc (495) 135-42—16, 135-42—46

uwn 34eKkmporuol noymoii URSS@URSS.ru
[Moanwiit KaTanor H3nanuii npeacTasien JUTEPaATypa
8 Humepnem-macasune: http://URSS.ru

Hayuynas u yyeOnas

T-DRSS.IU







