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BBEJEHHUE

OGonoykoft HaskiBaeTCA yNpyroe Teno, OTPaHHYEHHOE ABYMS
TIOBEPXHOCTAMM, PACCTOAHHE MeXAy KOTOPLIMH (TOMUHHAZ 060-
N0YKH) MajO MO CPaBHEHHIO C OCTAJAbHBLIMH Da3MepaMH 9TOro
Tena. IlopepxHoCTh, Aenswas TOMWUHY OGOMOYKH moMOAaM,
HasblBaeTCA CpeaMHHOR mosepxHocTeio. Korma rosopar o ¢opme
060104KH, OOBIYHO HMET B BHLY GOPMY ee CPeHHHOH MoBepX-
Hocru. Kax ynpyroe Teno, o6onouKka mom AeHCTBHeM MPHIIONEH-
HOM K He#t Harpysku HcnmThBaer ZepopMaunio. Ilpn stom B ee
MaTepHane BO3HMKAIOT Hanpsmuenua. OCHOBHAA 3ajaya TeOPHH
060/104eK COCTOMT B ONp nedop M Hanp
obycaoBnennbX HeficTpylowet Ha o6onouky Harpysko#h. Hanps-
JeHHss B MaTepHalne OGO/NOYKH HAXOAATCA MPOCTO, €CAM H3BECTHA
ZedopMauna 060n04kH. [IOSTOMY MONHO CYMTaTh, UTO yKasau-
Haf 3alaya CBOAMTCA K onpexefeHHI0 RedopMauuit 0GONOUKH.

Tpeacrabum ce6e, uto 0Gonouka F AedOpPMHPYeTCs, NpH-
uuMas ¢opmy F’ TIpH sTOR RedopMauMu BHYTPeHHWE YCHAHf,
BO3HHKAWOWIHE B MaTepuale 0GO/NOYKH, MPOH3BONAT HEKOTOPYIO
paboty. Ira pabora HaskiBaercs SHeprHeft Iedopmaumuu. ITycts

Segydutdd, Nn,dddd, 1, j=1, 2

~—meppas M BTOPad KBaZpaTHuHbe (OPME HCXOLHOM MOBepX-
HOCTH, 2

g ddtad, Nk detd’
~— cooTBeTCTBYIOWHE GOPMEI P
€ K €, SKCTPeMaibHEIE oT

2 (eiy—&uy) du'au!
X &,y du'dul '

™m F/ O yepes
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a uepea %) M %, — SKCTPEMaibible SHAYCHHA OTHOMIEHHS
D (rry— by ) du dud
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Torna sHeprus necop Up:, « C mepexonom 060-
nouxkn us gopmnt F B F’, BhuMCAsETCS MO dopmyne

3
up=| | Sy (3484 2w do
F

Ed °
+ J- I A= (E+e+ 2ve,8,) do,
F

rie E u v—ynpyrHe nocTosiHHbe MaTepHana 06OMOUKH, & —
ee a MHTerpup BHINO 1 MO nJAOWaau no-
BepxHoctn F.

Ecan x o6onouke nNpHIONEHAa HEKOTOPas Harpyska ¢, TO
npu aedopMauun obonouku M3 dopmst F B F’ 3Ta Harpyska
TIPOMBBOAMT HEKOTOpylo pabory. OGosHauum ee uepes Agp ().

OnuH M3 METONOB pellleHusi OCHOBHOH 3afa4H TEOPHH 000/0-
YeK OCHOBAH Ha CleAYIOLEM BaPHAUWOHHOM MpPHHUMNE.

o0 Odeidicmsuer 3adannod nazpyaxu q, cpedu scex
803m0%cHuLX opr F’, ydosremsopsowux ycrosuss 3a-
Kpensenus, 060404KA NPURUMAEmM MAKY0 POpPAY, HA KO-
mopoll pyrKyuoras

WV =Ur —Ar (q)

CmayuoKapen, mo ecms umeem pGBHYIO KYRIO 8ApUAKLIO.

Jlerko npencrasuth ceGe TPYNHOCTH, KOTOpHE BO3HUKAIOT
TpH  pelleHMHM yia3aHHO# BapHauMOHHOM 3amaun. Ecau o6osna-
YHTH Yepes W,, W,, Wy COCTaB, TOYEK MOo-
BepxHocT® F npu gpedopmauuu ee B F' TO MOABIHTErpasbHas
obyHKuMA naa sHeprum medopmauun Up npencrasaser coGoft
JIOBO/ILHO CNIOXHOE BHIPAXEHHe, coaepiaulee (GYHKUMM w; H
HX TNPOM3BOAHEIE NMEPBOro M BTOPOro mopsaka. Ilostomy peuse-
HHe STOW 3ajdayM Haxe B MNPOCTEHIIMX CAYHAAX NMPAKTHYECKH
HEeBHIMOJHNMO.

Ecan 3apanee npeanonoxuts, uto ¢opma AedOPMHPOBAHHOK
o6Gonoukn F’ 6nmaka Kk nepsoHauaabuof (F), T0 pyHkuoHan W
€CTECTBEHHO YNpOWAeTcs H NPHUBOAMUTCA K KBaLPAaTHYHOMY.
CoorpercTayiolas ciHCTeMa ypasHenuit Diiiepa Ans QyHKUHA W,
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onpedesnemcsa caedyioujed ghopmuyrol:

ES
Up =g j [ @8+ e ov 88, Bk ao+

5, E3® _ N
~+ cEd J‘ =5 dsy+ mj a(—2k~+k, -\ k) ds,.
v

3necb Ak, u Ak, —rnaBHble U3MeHeHH HOPMAJbHBIX KDHBH3H
npu nepexome OT HCXOAuoH GopME 060/104kH F K H30MeTpH-
4ecKOMy npeoGpasoBakuio F; 2a — yroa MexAy KacaTenbHEMU
TIOCKOCTAMH NOBEPXHOCTH F Brons pe6pa (pebep) V’ P — pamuyc
KpUBH3ILL KPHBOH y; k, U k; — HOpMAAbHbe KPHBHSHHI noBepx-
Hocrn F B HalpPaBJeHWH, NepreHAMKyIapHOM pebpy Y, k—Hop-
ManbHAs KPHBH3HA TOBEPXHOCTH F B COOTBETCTBYIOIIEM Hanpa-
BaeHnn; & — toawuna 060a04ku, E — MoLy b ynpyroctd, a v—
koadpuument [yaccona. TMocroaunas ¢ ~0,19. Hurerpuposanne
D NePBOM C/1araeMoM BHIMOJHSETCS MO NAOWANM MOBEPXHOCTH F,
a B OCTAaNbHBIX ABYX ClaraeMbiXx — MO Ayre KpHBOH -

Caazaenoe Ay npedcmasanem co6od npou3sodumyo
8Hewned nazpysiwod paGomy npu Oedoprayuu 060404KL
u3 gopuwn F 8 F u siiuucanemen Kax 06uuno.

Vnpyrue ZedopmauMm oGosouxH B dopme, Gamskod x F,
onpenenseMoi NPUHUMNOM A, COMPOBONAAIOTCS TOABJNEHHEM Ha ee
NOBEPXHOCTH 3HAUNTENBHEIX HAnpsKeHWH OT H3ruba B OKpecT-
HOCTH pebep. Mawcumarsnbie Hanpajcerus O, C6A3AHRLE
¢ amun u3zu60r, onpedessiomcs no ¢Hopryre

0=c'E——~, ¢ =~09.
o'h
Tagum 06pasoM, npu P A eT HafiTH
¢opMy 06! H B PHOMMKEHHH U
Ha ee TOBEPXHOCTH JIbHEIE . A 3TO M ecTb

pelueHHe OCHOBHOH 3afauH.

lMpumeHenHe npUHUMNA A MO3BOJAET BHIACHHTbH, KaK W3Me-
HAeTCA BOCPHHMMAeMad O0GONOYKO# HArpyska npu B3aKpHTHue-
CKoH fehopMauMM M, TAKHM OGPa3oM, HaHTH HaHMEHbIUYIO BOC-
npuxHMaeMylo o6onoukod Harpysky. OHa HasmiBaercs musicred
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K pumugecicod. OnpeleneHue TOf HarPysSKH NPEACTABARET 3HAUH-
TeAbHBIA HHTEpeC MO Chelylowe#t npuuune. Peanbubie 060/104KH
reoMeTpHYeCKH HECOBEPIUEHHE!, HECOBEPIIEHHO Talke M Harpyxe-
uue o6onouxu. O6a 3TH hakTOpa CHMNKAIOT, IPUTOM BECbMa HeOmpe-
JeIeHHO, BepXHee KPUTHYeCKOe 3HAueHWe Harpysku. B cessn
C 3THM, YTOGE! NOMHOCTBIO HCKJIOYHTb BO3MOXKHOCTb TIOTEPH YCTOM-
YHUBOCTH OGOMOYKH, MPHUXONMTCH OPHEHTHPOBATLC HA HHXKHIOW
KPHUTHUYECKYI0 Harpysky. HiHan KpUTHYecKas Harpyska CBs3aua
CO 3HAYMTEAbHHIMH NeopManHMaMH OGOJOYKH M TOITOMY MeHee
YYBCTBHTE/NbHA K HECOBEDIIEHCTBY TeOMeTpHueckod dQopMu u
cnocoby Harpysenns. OnpelefeHde YNpPYrux 3aKPUTHUECKHX
COCTOAINM 06OI0UKH NO3BOMAET AATh €CTECTBEHHYIO OUEHKY CHH3Y
AR BAMAHHUA FeOMETPHYECKHX HeCOBEPINeHCTB ee GOpMbl Ha BeJH-
YHHY BepxXHelt KPHTHUYeCKOH HarpysiH.

Cnenyer 3aMeTHTb, uTO CBeleHMe OOGLIEro BapUaUMOHHOrO
TIPHHUMNA B CAy4ae 3aKPUTHYECKHX AeopMauuit k npuuuuny A
NpPeAnosaraeT pelleHHe 3a4ayd 06 H3OMETPHYECKHX NpeoGpaso-
BAHMSX HMCXONHOR noBepXHOCTH. 3JTa 3alaua TaKxKe aABAAETCA
IOBOMBHO TPyAHOM. OnHako B pAsie KOHKPETHHIX CAyuaeB reo-
MeTpHueckne M Ipyrie CooGpaMeHHs KaueCTBEHHOro XapakTepa
NO3BONAIOT 3HAUMTENBHO CY3HTb KJAacC HM3OMETPHUECKHX mpe-
06pa3oBaHult, HAa KOTOPLIX HAlO paccMaTpHBaTh dynkuuoxan W.
Tak, HanpuMep, M3yuas BOMPOC O 3aKPUTHYECKHX HedopMma-
uMAX TOJIOTHX CTPOr0 BHIMYKALIX 0GO/MOYEK, 3aKPemMeHHbIX
NO KPaio, NPEACTaBASETCH BOMOMHLIM OTPAHMYHTBCA NpPOCTeR-
LWHMH USOMETPHYECKHMH NpeoOPasoBaHHAMU —3ePKAAbHLIM BhIMY-
uMBaHHeM. 3epKa/lbHOE BLINYYHBAHHE COCTOMT B 3ePKAILHOM
OTPaXeHHH NPOU3BONLHOTO CErMeHTa MOBEPXHOCTH B MJOCKOCTH
€ro OCHOBAHHA.

Hccnenosanme 3akpuTHecknX AeOpMauMii peaibHbIX, CAEHO-
BaTENbHO, OTPAaHUYEHHO YMPYTHX O060/M0YEK HEBO3MONHO Ge3
yuera OrpaHuyeHHO# yYNpyroctTd MarepHasna OGOMOYKH, TaK Kak
BOSHHMKAIOIME NPH TaKUX AepOPMAUMAX HanpsiKeHWs, KaK mpa-
BUJIO, HAXOLSTCA 32 NMpefe]oM YNPYrocTH MaTepuana. 3aKpHTH-
veckMe nedopMauMu Takux 060/0YeK OT/AMYAITCA HEKOTOPOH
cnenndukot. OkasuBaercs, uT0 Jegfopmayusn, CBA3GHHAA
¢ nepemewjenuesm pe6pa nO nosepxXHOCMmMUu, OCMAKABAU-
8aemcs 8 MOMEHM NOABAEHUR HA SMOM pelpe naracmu-
ueckux Oegpopmagui. B cBasu c 3TMM npuHuMn A Ang o6o-
JOYeK C OTPaHHYEHHOM YNpYrocTbio AONOMHAETCA CJAEAYIOWHM
ycnoBHeM.
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Ozpanuuenno ynpyzaa o6orouka donyciaem moasko
maiue 3aKpumuieciue 0eghopmayun, onpedessemse npun-
yunom A, npu xomopsx Hanpasenus O Ha pe6pax,
suinucanesve no gopiuyse

o=¢'E

ot
p'/: '

He Lpesocx00am 8peMeHHOZ0 CORPOMUBLEHUN MaAMEPUALA
Og. (Ml cyHTaeM, 4TO BpeMCHHOE COMPOTHBJEHME ABJSETCS Mpe-
zenoM ynpyrocti.) Mccaenopanue 3akputTHyeckux COCTOSHMH 44
OrpaHHYenHo YNpYrHX 060/04eK C Y4eTOM YKa3aHHOro AOMOJ-
HCHUSL K MPUHUMNY A NPHBOAMT K KA4YeCTBEHHO HOBHIM De3yiib-
TATaM, KOTOpLIE MO3ROJSIOT OGBACHHTL NaHHBIE COOTBETCTBYIOWMX
9KCNEPHMEHTOB.

Kak yxasano Bbie, 3HaYMTENALHLIW HHTEDeC NpeNCTaBJfeT
onpelencHHe HArpy3kH, MPH KOTOPOA 0GOJOYKA TepfeT yCTOM-
YHBOCTb. [lpeanaraeMubih HaMM METON NMO3BOASET NONOHTH K pe-
IWeHUIO ¥ STOK 3amaun. [lesio B TOM, YTO BOCNPHHHMaeMas 060-
JOYKOW HArpy3ka B MOMEHT MOTEPH YCTOWYMBOCTH CTAUMOHApHa,
M NP ncpexole K 3aKPUTHYECKUM Ae)OPMAUMAM OHA NPaKTH-
YeCKM He M3MelseTcs, B TO BpeMa Kak (opMa 0GOAOYKH H3Me-
HSICTCA BeCchbMa CYILECTBEHHO. B CBA3M C 3THM mpencTaBaseTcs
BO3MOXNLIM ONpeNefsTh BEPXHIOD KPHUTHYECKYIO HATPY3KY Kak
HarpysKy, BOCTIPHHUMACMYIO OGO/OYKOR NPH BHAUNTENLHOM BLITY-
yupanuu. MccnenonaHue B STOM njaHe B HTOTe NMPHBOLMT K Cle-
aAyomeMy npruunny B.

Ecau dedicmsyowman na 060r04Ky Hazpy3ka Kpumu-
HecKas, mo 8apPUAUUOHKAA 3a0a4a 04R PYHKYUOHAAA

W=U—A

Ha pa3puisrux GECKOHELHO MAALLX U32UOAHUAX CPEOURROL
nosepxXHOCMmU UMEEm Hem PUBLANLHOE peulerue, mo ecms
u3zubaiouec nose, NBALIOWEECA pelueHueM, He pPABHO
moacdecmeenno Kyaso. dynkunonan W onpenenserca Ha noasx
6ecKOHeYHO MalbiX M3rMGaHMi ¢ paspeiBaMM BAOJb JWHHM, rie
YAO0B/IETBOPAIOTCA YCJAOBHA COMPANCHUA

T —1 =xe.
3nech pasHOCTL ¥ — %’ ecTb Paspuip uaruGaiouwero noad, a e—

eIMHUYILIA BeKTOP BUHOPMAaH KPHBOH Y, BLOAb KOTOPOH npoMC-
xoaur paspuiB. Crazaenmoe U gpynxyuonara W (snepzus
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skenns (ocesoe CkaTHe, BHeWlHee NabieHue, kpyuvennue). Hccne-
DOBAHHS ] 1 Ha Tp p A. 3aecs onpe-
DenslioOTCS HWNKHME KPHTHYECKIIC HAUPY3KM AJNA HEOrpPaHHYeHHO
ynpyrux o6ounouex H 445 060/104eK C OrpallMueHHOR ynpyrocTeio,
a TaKKe W3YuaeTCs BAMSHHE HAYaMbHOH MOrMGM 0GOAOUKH Ha
ycrolunsocTh. Pe3y/bTaTh TeOPETHUECKOro MCCAENOBaHHS TaKkKe
COMOCTABAAIOTCA C NAHHBIMH SKCIEPHMEHTOB.

B Jdonomienun I paccMaTpHBaIOTCS 11eKOTOPhle BOMPOCH! AMHA~
MUKH 050104eK. MeTOAL! HCC/ea0BAKHS CTATHYECKHX 3a1ay TeOPHH
06osoueK, pA3BHTHIE B KIMFe, B pAde CAyYaeB MOTYT OHITH
C yCmexOM NpHMeHeHsl K 3agauasm auniamuxn. B Jlonoixenuu sto
HAMNOCTPHPYETCA HA KOIKPCTHHX NPHMepax.

B Iono.axenun 11 uayualorcs H3oMeTpHyeckye NpeoGpasoBaHus
UMANHADHYECKUX NOBEPXHOCTeH, COOTBETCTBYIOLLHE 3aKpHTHUE-
cxuM  aedop c ofp MeM BMATMH Ha BCIO LJIMHY
060/104KH; NAIOTCS TeOMETPHYECKOE M aHAMUTHYECKOE OMMCAHHS
3THX NpeoGpasoBaHnit.

KoukperHele pesysbTaThl, Collepialldecs B NaHHOH KHHre,
B OCHOBHOM OMYG/JHKOBAHB! B OTAEAbHLIX BBIMYCKAX M3AaTeAbCTBA
Xapbkonckoro yeusepcurera {1—7]. B HacrosuleM H3nOMeHHH
HETOYHOCTH MPEALIAYIUMX NYGAMKAUMA YCTPaHEHH, a IAaBHOe,
CopMyIMPOBaHBI OGLLME MPHHUHME!, C NOMOLBIO KOTOPHX MOAY-
4aloTCs KOHKPETHbie pesyabTaThl (npuruunsl A u B).

Urenue npeanaracMof KHHrM He TpeGyeT GO/bWIMX NO3HAHHH
B TeopHu 060/04eK, OMIAKO TNpEANOAaraeT W3BECTHYIO reoMeT-
PpHYECKYI0 KYabTypy. OCHOBHEIE pe3yabTaThl CGOPMY/IHPOBaHbI,
KaK Mpasuao, BNOAHe AOCTYNHO. OHM NpencTaBAeHH Jau6O COOT-
BETCTByIOLUMMK opMynaMu, au60 rpaduxamu., B oToM cmicae
KHHra AOCTYNMHA IUMPOKOMY KpYTY uutareneh.




TNTABA MEPBAf

CTPOrO BbIMYKJILIE OBOJ/IOYKH
NMPU 3AKPUTUYECKHX AES®OPMALIUAX

TpennaraeMoe HCCleAOBaHHe YNPYrux 0G6o/oYeK NpH 3aKkpu-
THYECKHX NeODMaUMAX Mbl HAYHEM C PaccMOTpeius CTPOrO
BHINYKALIX 060M0YeK. DTO 0GONOYKH, Y KOTOPHIX CPEeAHHHAs no-
BEPXHOCTb MMeeT MOJIONHMTENbHYI0 HOPMA/NBHYI0 KPUBHSHY MO JI0-
Gomy HanpasJaenuio. Ilpexcie Bcero, ME OGOCHYeM Heku#t O6Lmf
NPHHUKM A, KOTOPbLI# CTAHAAPTHLIM 06Pa30M MPHMEHRETCA NPH pe-
IEeHHN Pa3ANYHBIX 3a1a4. DTOT NPHHUKN CBOAMT PelleHHe 3alauu
06 ynpYrux 3aKpHTHYECKHX COCTORHHMAX 06O/MOUKH K PACCMOTPEHHIO
BapHaUMOHHON 3a1ayM AN (hyHKUMOHANA, ONPENeNeHHOro Ha Ky-
COUYHO-DerynapHbIX H3OMETPHYECKHX NPeo0pasoBaHMAX WCXOMHOH
opmbt 060n10uKH. 3aTeM Ml MepeiieM K DeuIeHHI0 KOHUKPEeTHBIX
3alay M COMOCTaBHM MOJAYYEHHElE Pe3yNbTaTH C HNAHHBIMH COOT-
BETCTBYIOIHMX 3KCTEePHMEHTOB.

Peanburie 0Gonouky, 06/4anas OrpaHHYeHHO! YNpyrocThio,
B 3aKPUTHYECKOM COCTOAHHH, KAK MPAaBHAO, HCALITHIBAIOT YNpPyro-
naacTuyeckue negopmauuu. B cBasM ¢ sTuM npHHuMnN A yTOu-
HATCA MPUMEHMTENbHO K CAYYalo 060/0YeK, 06JanaiouuX Orpa-
HUYEHHOH YNpYrocThbio.

MpennaraeMeiit METOR HCCENOBAHNA 3aKPHTHYECKHX HeOpMa-
uMit nonyckaer OGWIMDHYIO, HO BCe e OFPAHHUEHHYIO 06.4acTb
npHMeHeHHs K peanbHEIM 060/ioYkaM. Me HMeeM 3TO B BHAY H
nosToMy GyAeM CTPeMHThCSH O4EPTHT ITY 064aCTb COOTBETCTBYIO-
LWHUMH YCOBHAMH.

§ 1. dueprua ynpyroii nedopmaunu 060/10uKkH
B 3aKPHTHYECKOH CTanun

Ynpyrue nedopmauuH 060/0YKH COMPOBOKAAIOTCH MaNbLIMK
H3MEHEHHAMH METPHKH ee CpeiuHHO# nosepxxoctd. [Tostomy,
ecau Takas JnedopMauus OGONOYKH NPHBOAUT K 3HAYHTENBHBIM
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n3Menenuan ee pHewed GopMbl, TO oHa (dopMa) onpenensierca
B OCHOBHOM I‘COMETPHQH ee HCXOAHOrO COCTOAHHA M 6anska
K H30METpHYecKOMy mnpeoGpasoBaHuio. B cpa3k C STHM MH
HaMOMNHM 1IGKOTOpbIE TEOMeTpHyecKue ¢alﬂ‘bl. OTHOCALIHECH
K H3rubanuio nosepxHocTed.

1. 3akpuTHueckan fedopManua H reoMeTpHUECKHE H3rH-
Ganus. Ilycrn F —peryaspuas (no kpaHed Mepe XBawmmbl
auddepeninpyemasn) noBepxHOCTs. 3TO 3HAYMT, YTO HA NOBEPX-
HOCTH MOXCT GHITb BBENEHa KP THaA CeTb &,
U TaK, YTO BeKTOP-(pyHKuus r (4, U), 3aMAOUAA MOBEPXHOCTb
B 9THX KOODAMHATaX, ABJAAETCA perylmpﬂoﬂ (no xpaiteft Mepe
asakan tuddep pyemoft) ¢y 3MeMEHTOM
NOBEPXHOCTH, OT MM NaHHOH map 4, v, Ha3k-
naercs AuddepenunanbHas KkBaapaTHYHan ¢opua

ds?= E du?+ 2F dudv+ G dv?,
E=r, F=rgr, G=ri

u® u v v

ITobepxiocT#, y KOTOPHIX NPH COOTBETCTBYIOWEH NapaMeTpH-
SAUHH 4, U AMHeHHBle SJeMeHTLl OLMHAKOBH, HA3HBAIOTCA 430-
Mem putnoimu. TEOMETPHYECKH STO 03HAYaeT, YTO CYIECTBYeT
COOTBETCTBHE TOYeK STHX MOBEPXHOCTeH, MPH KOTOPOM JI06bie ABe
COOTBETCTBYIO'ME KDHBLIE HAa ITHX MOBEPXHOCTAX HMENT OLU-
HAaKOBHie AIMHBL, YKa3aHHOe TreOMeTPHYecKOe CBOHCTBO MOXeET
OLITb NPHHATO 33 ONpelefieHHe NOHATHS M3OMETPUH. B Takom
BHIE OHO MMeeT CMBICA H IJs HEpPeryaspHHX NOBepXHOCTeH.

Ecan cpend nopepxHOCTeH NaHHOTO KJacca Kawaas MosepX-
HOCTb, H30MeTpHYHaa F, paBua F, TO noBepxHOCTb F HasbipaeTcs
00HO3HAUKO onpedesenHod B 3TOM Kaacce. Hanpumep, mo6as
3aMKHYTas BHINYKA3A MOBEPXHOCTb (Maxe G6e3 npeanosoxeHus
O DEeryasipHOCTH) SBJSETCS ONHO3HAYHO OMPeNedeHHON B KJaacce
BLIMYKJBIX NOBepXHoCcTe# [8].

Vkasanue iaacca paccMarp X mosep Te#t cyuecT-
BeHHO. OfHA M TA e TNOBEPXHOCTb MOMXET ObiTb OAHO3HAYHO
onpele/eHHOH B OAHOM KJacCe MOBEPXHOCTel M B TO e BpeMs
He GbITb OZHO3HAYHO OMpelefeHHOH B ApPyroM, Gonee MMPOKOM
xaacce. Tak, 3aMKHYTas BHNYKAas NOBEPXHOCTb He ABJAETCA
OLHO3HAYHO OHPCAEIIBHHOR B KJacce KYCOYHO-BHIMYK/AHX MnO-
BePXHOCTEH.

o
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Amnepa saaunTHYeckoro THna. 3akpenenue Kpas NOBepPXNHOCTH
naet Haya/bHEle YCAOBHA AN yiasanHO# 3anauu Kowu. Henavense-
Moctb o6aactn G’ BreyeT 3a COGOH HeM3MeHAEMOCTh ee Kpas y.
TakuM 06pasoM, NPH H3OMETPHUECKOM NMPeO6Pa3oBaHHH TOBEPX-
Hoctn F pedopmupyerca Toabko uacts (G, npuyeM Yy — kpa#
obaacth G — ocraeTcs HemomBWKHEIM. IIycTb npu usomerpu-
veckoM mnpeoGpasosanun F 8 F ee uacte G nepexomut B G.

Ecin nosepxuocte G ofpaimieHa BHNYKAOCTHIO B Ty e
cropouy, uro ¥ G, To F 6yzer BhnykAo# MOBEPXHOCTHIO.
Herpyano sakaouuts, YTO B STOM Cayyae OHa NOMKHA COB-
nagare ¢ F. Jins 3TOro AOCTATOYHO BOCMO/B3OBATLCS PacCyicae-
HHeM, C MOMOWbIO KOTOPOrO YCTaHOB/AEHAa OAMO3HAUHAS oOnpele-
JewHocTs F B Knacce peryaspHeix nosepxuocte#h. Wrak, ecau
TNOBEpXIOCTb F LOMyCKaeT HeTPMBHANbHOE M3OMETPHYECKOe mpe-
06pa3oBanue, TO HalO CYHTaTh, 4To G OGpallleHa BLMYKAOCTHIO

B Apyrylo cropony. [lpu sTom nosepxuoctn G n G, uMes o6utui
Kpaity, COCTaBAAIOT 3aMKHYTYIO BEIMYKAYIO MOBEPXHOCTb (puC. 2).
O6osnaunm ee @. [Tosepxuocts U

¢ LONycKaeT H3OMETPHYECKoe 0TO6pa-
weHne Ha ceGs. D10 OTOGpaeHue
, Q COCTONT B CONOCTAaBAEHHH KoM

¢ Touke P o6aacth G COOTBETCTBYIO~
1e#t 0 U3OMETPHH TOuKH o6aacTn G
u kaxaoH Touxe P o6aactu G coor-
BETCTBYIOLLEH 1O MBOMETPHH TOYKH
o6aacta G.

Prue. 2. Beuny onuoswawHoft onpene-
NEHHOCTH  3aMKHYTHIX  BBINYKJBIX
NMOBEPXHOCTEH MOCTPOEHIOE HSOMETPHYECKOE OTOGpaNeHHe mo-
BepxHocTH @ Ha ce6fi AOMKHO CBOAMTHCA K ABHKEHUIO WMaH
K IBWKEHMIO M 3epKanbHOoMy oOTpaxeHuio. Tak Kak TOuKH
KPUBOR y NpH H30METPHYECKOM OTOGPANKEHHH OCTAIOTCA HEnod-
BUXCHBIMM, TO €0 CBOAMTCA K 3epKabHOMY OTPNEHHIO Mo-
BepxHoctH @ ortHocHTeIbHO HekoTOpOR maockoctd. Kpupas vy,
6yLyud HEmoLBWKHOW, J0/MNHA JeXaTb B 9STOH MJIOCKOCTH.

TakuM 06pasoM, MLl MPUXOAMM K CAELYIOLEMY BLIBOLY.
Hsorem puueckoe npeobpasosanue cmpoz0 sunyniod
pezysaproli nosepxwocmu, 3GKPenseRHol no Kpapo,
8 Kaacce KYCOYHO-pezYRAPHILX noepXrocmeld ¢ Hapyue-
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Hues pezyAaprOCMU moasko 80046 Kpugoll y, 0zparuvu-
sawwel sunyiaryio o6racms G, 803M0ICHO MOAsKO M020a,
K020a Kpusan Y NAOCKAR, & 8 3MOM CAY4AE OKO cBOOUMCR
1 3eprasvroay ompadscenuio obracmu G 8 naockocmu
Kpusos y

OGparuMcs  Teneps K saxpumuneckur 0edopmayus
ynpyaux o6oaouer. l'Ipezl(ne BCero, nOICHHM NOHATHE 3aKpH-
THuecko#t nedopmaunu. Iloa sakpuTuyeckod Iepopmaumeit Mbl
6ynem nonuMarb AedopMauMio, npu KOTOPOH 060JI0UKA HCMBI-
THIBAET 3HAUKTC/bHbIE H3MeHelns pHemHed dopmbi. Takue Aedop-
MaLHi BO3IHKAIOT O6LIYHO B pesyavbTare nOTepPH YCTOWYMBOCTH
oboaouky, Koraa nefcTByIOlas Harpyaka NOCTHraer KPHUTH-
yeckoro 8sHayeHust, OTcioma Ha3BaHHE — 3aKPpUTHYECKHe Je-
popmauuu.

Marepuamu. M3 KOTOPLIX H3IrOTOBJASAIOTCA 060104KH, KaK
NpaBu/l0, He LONYCKAIOT 3HAYHTEJbHBIX BHYTPEHIHX neq)opma-
uuit, HanpuMep, Ans CcTaau C BPEMEHHBIM CONMPOTHBJECHHEM
0y =410 xz/cu? n momynem ynpyroctn E =2 - 108 xzfcu?
OTHOCHTE/IbII0E pacTskeHue (CkaTHe) € B 06acTu ynpyrux negop-
Mauut He NPEBOCXOAHT BeJHYHHB

% — 0,002
7 =0.002.

l'lpumepuo Takoe e COOTHOLLelHe HMeeT MeCTO IJ/If APYrHX Hau-
Gosee PacnpocTpaHeHHLX KOHCTPYKTHBHBIX MaTepuasos. Orciona
Mbl LeJiaeM CJAEAYIOLUHH BaXHbA BHIBOA.

Ipu sarxpumuuecxoli Oegpoprayuu ynpyzoli 06or04xu
ee CPeOURRA NOBEPXKOCMD UCHLLMbLBAEN 8 OCHOBKOM U30-
Mem punecroe npeo6 pasosanue.

Crenyer, 0LHaKO, 3aAMETHTb, YTO STOT BHIBOA HMeeT pealbHoe
3HayeHHe TOJAbKO TOrAa, KOraa peyb HAET O 3HAYHUTE/BHBIX H3Me-
nenusx ¢opmul o6onouxn npu nepopmauun. Ecau xe nepopmu-
poBaHHas 060/0uKa HMeeT GopMy, 6AM3KYI0 K HCXOAHOH, TO HAW
BHIBOA TPHBHAJNEH W fBASETCH CAeACTBHEM 3TOH GAMBOCTH.

Mycts crporo BHNykJAas 000J0YKa C PeryJispHo#t nosepx-
HOCTBIO, 3aKpenneHuas NO Kpalo, NOA HEHCTBHEM HeKOTOPOH
narpysku ne)OpMHPYeTcs C BEINYYHBANHEM MO BHMyK/AOH 06aa-
cru G, BuisichuM ¢opmy HedopMHpOBAaHHOH 06040uKH, nped-
noJjaras BLINyYHBaHHE 3HAYHTEAbHBIM. Tak Kak saKpuTHYecKas
nec]ropmauun 060/10YKH eCTb B OCHOBHOM reOMEeTpHYeCKOoe MH3rH-
Gannue, a BCAKOe uaruGaHue SaKpenneHHOH nO Kpalo BHNYKAOH
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NIOBEDXHOCTH C BHIMYYHBaHWEM BHIMYKJAOR 0GAacTH CBOAHMTCA
K 3epKaJbHOMY BLIMYYHBAHWIO, TO Mbl 3aK/I0YaeM:

3uanumensian 3axpumuieckan Oefoprayusn 3awpe-
naenHOl NO KPR CMPO2O 8HNYKA0L 000404KL Heu3bedcHO
6auska rk coomsemcmasyioueid Hopie 3eprasbKOZO BoinLy=-
HuBaANUL.

BBHAy YKa3aHHOrO NPHG/IHIKEHHS 3aKPHTHYECKOH ympyro#
nepopMaLMu 3epPKANbHEIM DBhINyuyuBaHueM, TpeGosanue, YTOOLL
uaMeHeHHe (OPMBI OGONOYKH GBLIO 3HAYHTENbHLIM, NO CYLIECTBY
CBORMTCA K TOMY, 4TOOB! 06/1aCTb BHITYYHBAHHA OXBATHIBANA SHAYH=
TeJbHYIO 4acTh 060/104kH. ONHAaKO, KaK Mbl YBHAWM NO3ike, IJf
peanbHLIX 060/M0YEK H3-3a OTPAHHYEGHHOH YMPYroCcTH MATepHana
06/1acTb BHIMYYHBAHUS OKA3HIBAETCA ONpeneeHIbiM 06pasoym orpa-
HuyenHodl. B pesynvrate maw 86000 0 npuGaudcenuu ynpy-
2020 BHRYUUBAKUA 3ePKAALHBLM LiMeem peanbHoe 3na4enue
moasbko 0an 06040%eK MAAGLX PA3MEDPOS UAL, NPU OGHHOLX
pasmepax, 0sn 0ocmamouro nosozux 060souex. B cBA3u
C STHM HAIUM PaCCMOTPEHHS B HacToslled raase GYAYT OTHO-
CHTBCS K TOJOTHM CTPOTO BHIMYKABIM 0GONOYKAM.

2. Jueprusa ympyroit nedopmauun oGomouaxu., Popmyan-
poska mpuxuuna A, TlycTs ynpyras o6osouka F c peryaspHoft
TIOBEPXHOCTBIO NOL NEHCTBHEM HEKOTOPOM Harpyaku, KOTOPYIO
YTOYHATL He OyNeM, MCMBITHIBAET 3aKPHTHYECKYIO AedopMaumio,
npuuumas dopmy F. Ecau CpemuHias nosepxXHOCTb 060J0YKH
TeOMETPHYECKH HeHsrHGaeMa B KJaccCe PeryaspHbIX MOBEPXHOCTEH,
TO neOpMHPOBAHHAs 000/M0uKa F 6mska x €OOTBETCTBYIOMWER
¢opme F m3oMerpuueckoro npeoGpasosanns F ¢ HapyLlIeHHeM
PErynipHOCTH BOJb HEKOTOPHX JHHWA y H 06pasoBaHueM
pebep Broab STUX AMHuft. Hannume ocgtsenuoc'ren B BuAe pebep
Ha H3OMETPHYECKOM mpeoGpasoBaiuu F MnosepxHocT F u Gau-
socts nosepxocrn F x F maor ocrosanue roOBOpHTh 0 peGpax
(craaxeHHEX. pe6pax) Ha Ne(opMUPOBAHHOR MOBEPXHOCTH 060-
noukn F. Pasymeercs, WX (opMa M nojOMeHWe onpeneNeHH
TOAbKO B H3BECTHOM MPHGMMNEHHM, 3aBHCAEM OT GJAM3OCTH
nedopmupoBanHoft  o6osouku F  x mosepxhoctw F. [las
TOrO, 4TOGH YC/IOBHMM peGpaM y Ha TOBEPXHOCTH negop-
MHPOBAaHHO# O0GOJIOYKM MPHMHCATH ONpPEAeNeHHYI0 (GOpMYy M no-
NOXeHMe, Mbl MOCTYNUM CAeAylOWUM 06pasoM. Pe6py y Ha mo-
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6yser npasuifl BHNT, a 4AA APYrod seswih, TO Mul GyzeM roso-
PHTb, 4TO B TaKHX TOYKAX MOBEPXIIOCTH OPHCHTHPOBAHEI MpPO-
Tuponoao:kno. Tax Kax npu nepexoae uepes pe6po nosepx-
woetH F manpaienue BHIMYKJOCTH H3MeNAeTc, TO B ONHOH
noayoxpecriocris peépa mosepxuocty F u F OpHeHTHPOBaHb
OOMHAKOBO, @ B JIPYFOW — MPOTHBONONONHO. YC/NOBHMCS HA3hl-
BATh BHELINEH TY TOJAYOKPECTHOCTb, B KOTOPOR MOBEPXHOCTH
OPHEHTHPOBAIILI OAHNAKOBO, W BHYTPEHHE} — Ty, B KOTOPOR OHH
OPHENTHPOBAHLI NPOTHBOMOJONKHO.

BriGepeM rencpb HanpaBJCHHE OCH 2  LMAHHADHYECKOH
CHCTeMbl KOOpAMHAl TaK, yToSLl  COOTHOLIEHHE MexAy nepeme-

2, v BO TONYOKPECTHOCTH OblI0

,2
w4+ av' + "T =0.
Tipn sTOM, €CTeCTBEHHO, BO BHYTpPeHHe# NOMYOKPECTHOCTH GyadeT
v?
o — av' 4+ —-—=0.

Mycts Teneph k& — HOpMaJbHas KPHBH3HA MCXOAHOH MOBEPXHOCTH
B HanNpapJienuu, MeprieHIHKYAAPHOM pebpy (k> 0), k, — Hop-
Ma/bHan KPMBM3HA momepxHocTd F B COOTBETCTBYIOWEM Hanpa-
BJIEHUH CO CTOPOHBI BHElIHeH# MOMYOKPECTHOCTH peGpa v (ke > 0)
u k;— HOpMaibHaR KpMBH3HA TnobepxHocTM F Towe B Hampa-
BJ/ICHHH, MEPNCHAUKYAAPHOM Y, HO CO CTOPOHbI BHYTPeHHeR moay-
okpectHoctn (k; < 0). Torma Bennuuna Ak, KOTOpas BXOHT
B opMyay mas U”, 8o BHewHe#t MOKYOKPECTHOCTH paBHa B — k,,
n k— k;— Bo BHyTpeHHeft.

Buipamenue nas swepruu medopmaunn U” uenecoobpasho
npeo6pa3oBaTh CAEAYIOIHM 06pasoM:

e €
=% [vias+ 5 J"‘-, s+Df Ak ds— Di (ARY.
-& -€ -z
Tocnennee cnaraeMoe B STOM BHIPaXEHHH Mbl OTGPOCHM CPasy,
Npeanonaras Majo# WHPUHY 2¢ oKpecTHOCTH pebpa, B KOTOPOH
BELYTCS HAWM paccMoTpeHns. O6paTUMCs i TPeTbeMy C/araeMomy.
Tak kax ¢ynkuus v’ TepnuT pasphr Ha peGpe (TO ecTb mpu
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s§=0), T0

®1

f Aky” ds =— Ak,v’ (+-0)+ Ak’ (—0)+
- AR @ — Ak (— D).

TlocnensHe IBa CAaraeMbix MOryT GHITh OMylleHHl, Tak kak v’ (S)
HEOrpaHuyeHHo yOhBaeT NpH yaanenuu OT peGpa. Yro kacaercs
nepsbix [BYX CJaraeMbiX, TO NMPH MaJOM 0. HX MOXHO CUHTAaTb
pasHbiMu — @Ak, u— a Ak, TIpHHHMas Bce STO BO BHMMAHHE,
MOX(eM 3anuCaTb BbipA)XKeHHE 0/ SHepPrHu ne(popmauuu B cJae-
nyloweit opme:

3
vras+ 2 _[ & ds — Da (B, + Ak).

T D
 —
U__2

1"1‘—;,,

Ecan ciona BBecTH 3Havenna Ak, n Ak, T0 moayumm

‘0'”d D’ u?
s+ | v ds+Do(—2k+k,+ k).

sle—,
ol—,

T D
. 2

U= 2

HafiieHHoe HaMi BHpaXeHHe 417 SHeprHH RepopMawnn U7

B OKDECTHOCTH pe6pa 3aBHCHT OT ABYX (YHKUHH # H U, CBf-
3aHHRIX COOTHOLUEHHEM

o?
't ov +5= 0.

Meot onpedesum smu Gyriyuy, a ¢ HuME & SHEPUIO

degpopuayuu, munumusupys pyuxyuonar U’ (u, v)').
Beenem BMecTO NEepeMeHHbIX 4, vV, § HOBHie nepeMeHHbe

4, v s, nonaras

- u - v - s
=g U=, S=o

*) 310 BHTeKaeT H3 obuiero 0 K y
CBOXMTCA pemeHHe 3alauy 06 ynpyrom paBHOBecH# 06009Ku. COOT-
BETCTBYIOW@s 3afa4a HAMH pacu/eHseTcd Ha ABE 4aCTH: ONpejenenue
opmbl 060104kH BOAM3M pelep W MOCAeAylollee ONpefe]eHHE noio-
KeHus caMux pebep.
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52
4
g= 12p%2 *
Bamcuasi, u4TO

)3
D— Ed

=)'

,___Eb
U=1=

s suepruu Zedopmaunn U”  HOBbIX nepeMeHHLIX mOAYdHM
caepylotiiee BbIpaKeHUe:

—, E§hgth
U =m1+Da(—2k+ ko4&,

d
1 2
=5 (v + u?)ds,
-
=t
PE
Yepra Han 06O3iayelHAMM HOBHIX MNEPEMEHHBIX LIS MPOCTOTH
3anucH onyltuena.
Coor MeM(Ly nep B HOBBIX mep BIX
NPHHHUMACT BHA

u’ i'u+—;-v7=0‘

Tp HHTerpHp te* b osup aa J sasucar
or napamerpa €, npuueM, korma e—0, e —>o0o. B cassm
€ STHM, OrPaHHYMBAACH CAYYaeM TakHX o6oaouex H HX Aepop-
Mauuil, A19 KOTOPHIX STOT NApaMeTp Mad, SaMEHHM MNpelenH
nnterpuposauns B J Ha k£ co:

1=} forsma

Tenepb 3anaya mo oONpele’eHHI0 #, ¥ W SHepruu Redopwma-
win U” cpoamrcs K 3ajaue HAa MHHHMMYM Aas ¢yHKUMOHana J
NpH HEroJOHOMHON CBA3H

v?
o o+ 7=0.
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Haa Ttoro urtofn Mama BapUAMOHHAA 3ala4a CTAAA DBNOJHe
onpenefeHHON, Mbl NO/MKHBL elle MOCTAaBHTL FPAHINHBIC YCAOBUS
ANS BapbUpyeMux dyHKUMA & M v, DTH YCIOBHH eCTCCTBENHO

BHITEKAlOT M3 TOrO, YTO MOBEPXHOCT> F BAaaM OT pebpa AocTa-
TOyHO Gamaka Kk F. [Tosromy nosaraem

u(—o0)=1u(0)=0, 9 (— 00) == v (c0) =0.

Mycts Jo— MuHuMyM ¢yHkunoHana J. Torda sHeprus le-
dopmaunn U” onmpenesserca no dopmyne

- E8%athJ,

e LI Y
BHepruA NedropMaLMM DO BCell OKPECTHOCTH Pe6pa Y MOAyuaerca
HHTErPHPOBAIHEM STOTO BHPANEHHs MO Ayre KpuBoA Y. SaMe-
THM, YTO HaIeHHOE BHID SHepruu Le(pOPMAUNH 3aBHCHT
TONBKO OT TeOMETPHYECKHX XaPAKTEDHCTHK TOBEPXHOCTH F Ha
pebipe y.

Onpenenenne COCTOSHUA YNPYroro PaBHOBECHS O0GOTOUKH,
HaXOLAILeACA NOX LeHCTBHEM NAHHOH Harpyskd, Kak H3BECTHO,
CBOAMTCH K PelIEHHMIO 3ala4n HA SKCTPEMYM (yHKIMOHanA

W=U—A,

rae U-— sHeprus ynpyro#t nedopmaumun o6omouin, A — npous-
BOAMMas BHeluHe Harpyskoft paGota npu sToft Aedopmaunu.
OGonouka nox JAeHcTBHeM HAHHON HAPY3KH MPHHUMAET TaKylo
¢dopmy F, xoropaa coobmaer ¢ynkunonany W crauuoHaphoe
3HaYeHwe.

Ina sHepruM ynpyrod 3aKkpnTHueckoft nedopmaumn MH
HaW/H BLIPAKEHHE

U=U'F)+U"F),

Gauskoit k F. Beuny Gamsoctn mopepxHoctd F Kk F Moo
CYUTaTb, 4TO MPOM3BOAMMAA BHeluHell Harpysio#t paGota A ompe-
nensierca nepopmaune#t F B F, 1. e. ut0

A(F)~A(F).

Teneps ME MomeM chopmyanpoBath caenyiomuft npuxumun A,

saBucslllee TOAbKO OT nosepxHoct F, usomerpuuuoft F u
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Suauumervnas 3akpumuieccan 0egoprayus ynpyzo0i
06004y nod Oelicmoues AHKOE Hazpy3Ky 6Au3Ka K moi
opse wu30mem punecioz0 npeold pasvsarus ucx00HoE no-
8epXHOCMU, KOMOPAs COOGUaem CMALUORAPHOE 3HAYCHUE
dyrryuonary

W=U(F)— A(F).
Amom hynryuonar onpederen Ha u30MEm PUtLECKUX npe-
06 pasosanunx cpedunnoi nosepxrocmu o6osouxu. Caa-
2aemoe U (F) onpedeanemen caedyoued gopiuyrod:

U(F)—ﬁ(TmTz) J I(Ak{+Ah§+2vAk,Ak,) do+
4
4,
+ cEd f ds,+——"— 12(1 fa( 2k+ b+ k) dsy.

v

3nech Ak, # Ak, — rnapHile H3MEHEHNS HOPMAMBILIX KPHBH3H
npH mepexomne oOr HcxoaHo# ¢dopmb obomouxH F i M3oMerpH-
yeckomy npeoGpasosannio F; 2a — yron Mexcly KacaTelbubIMis
nAocKoCTAMM monepxHocTH F 810ab peGpa (peGep) Y; p— pa-
LMYC KPHBM3HB KPHDOH Y; k, W k; — HOPMATbible KPHBH3HLI
NOBEPXHOCTH F 1anpaBAeHnd, MepneHauKynnpHoM pebpy ;
k —Hopmanbnas kpupM3Ha nopepxHoctd F B COOTBETCTBYMOWEM
uanpapaennu; O — Toawuia obonouxw, E— moayas ynpyrocru,
v— ko3¢ duuuent IMyaccoua. ITocrosHuas

=

T k=)
Hurterpuponanve B meppoM C/AaraeMoM BLIOMHAETCS MO NAOLLAA
nOBEePXHOCTH F. a B OCTaJAbHLIX ABYX cJaraeMblx —mo ayre
petep Y.

Cuazaenoe A(F) npedcnasanem co6od npous3sodumyno
srewneid Hazpyakolk pabomy npu Oepoprayuu 060r0uKy
8 gopmy F u swnucanemca oGuansisn 06 pason.

IMpennaraeMuit NpUHUKA OnpefesseT He TOAbKO dopmy 06o-
JA0YKH NP 3aKPHTHYECKOH AeOpMALMM, HO TalOKe M MAKCH-
Ma/ibHLe HampaXeHWs B ee MaTepHase npu STOR medopmaumuu.
IHe#ticTBUTEABHO, NbHBIE p B T, Oue-
BHAHO, B OKPECTHOCTH pe6pa M o6ycaosnenbt Au6o uarnGom

3 A, B. Moropenon
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B MAOCKOCTH, MNepreHAHKyaspHo pe6py, anGo pacTaieHies
(cxKaTieM) CpeAMHHOA NOBEPXHOCTH B NEPMEeHIHKYAAPHOM Hd~
npasjeHun. B ncxomuuix nep X u, v anm ALIOTO
Hanpsxenua o OT M3rnGa B NJAOCKOCTH, MEPNEHIUKYANPHOR
pebpy, nmeeM

o'~ 526— max|v”|.
MakcuMannbie HanpakeHus pacTaikeHns (CHATHA) CPelHIHON
TIOBEPXHOCTH B HanpasaeHuu pebpa Gyayr

o”zEmax,—';-l.

Tepexoan B 31X opMyaax k Ge3pasMepHbiM mep MoK, v,
noayyuM
o B
o=c T
o =" 5Izu /a

rae ¢’ ¥ ¢” — nocTosHHbIE, ONpeAeaseMble C NOMOWbIO (YHKUMR
4, v, peanusyiomux MUHUMYM ¢yHKuuoHana J, no ¢opmynam

.
!l
c'=—1§max|v’|,
v__ max|u|
C=

3HayeHHs STHX MOCTOSHHBIX, @ TaKe NMOCTOSHHYIO ¢ B GyHK-
uvoHane W Mbl HafileM B cielylolleM NyHKTe.

8. Pemenne BapHauHOHHOH 3ajaun Aas GyHKuHOHaAa J.
Onpenenenne NOCTOAHHLIX ¢, ¢’ M ¢”. Paccvarpusan Bonpoc
06 SHepruu ynpyrod 3sakpurHyeckod nedopmauun 060.104KH,
MBl NPHWIAK K 33aye Ha MMHUMYM QYHKUHOHanA

©
J=—é- f (0" + ) ds
A
HPM HEroNIOHOMHOH CBAI3H

u’iv+"T=
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M CAeLYIOLMX TPAIMYHBIX YCAOBUSIX LS BapbHPYeMBIX byHKuuH:
u(—o0)=u(00)=0, v(—o0)=1v(c0)==0.

Tlo cMeicAy 3aAayd pelelie ee HaL0 MCKaTh cpemH QyHKUMH U,
MMCIOLMX paspbis MPH s=0c¢c ycanosuem

v(H+0)—v(—0)=—2

Ao ycaosie BHITEKAeT H3 COOTBETCTBYIOLUErO YCJIOBHA AAs nep-
BOHAuaJLIIOrO MEepeMeHHoro v, riae OHO HMeeT BHI

v (+0) — v' (— 0) = — 2a.

I'lpexlc’rawme'rcn ecTecTBellHBIM MCKaTh pelleHne Hawe# Ba-
PHAuUHONNION 3alaYH B KJacCe HeyeTHLIX ¢yHkumit « u v. Torma

©
J= f (0" 4w ds.
0
Cpsi3b NpUHUMAET BUA
Wt "7’ =0.
Kpaesrie ycnonus 6ynyT
#(0)=0, u(0)=0, v(O0)=-—1, v(0)=0.

Tax kak v(s)—>0 npu s —>co, TO npu GOABWKX S CBASL
MEXLYy 4 W U MOXHO YMPOCTHTb, OTGPOCHB HeCYLeCTBEHHOe
caaraemoe v%/2. TOrAa momyumm

o+ v=0.

Ecau MCKAOUATL YHKUMIO v, BLIDA3HB e€e uepes 4 C yYeToM
cBAsH

u'-}—‘v-{-"'Tz:O.

TO ¢yHKuMOHAN J NPHMET BHA

J=f fu, o, u")ds.
11

Ipn Goabwux s
fe=u” + a2
3*
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TlostoMy ypasweune Ditnepa fns Hawell BapHAUMOHHOH 3alauu
npu GOJBIINX S MMEeT BUA

WV u=0.
Ero ofuwee pewenne
u= 2 ¢, e
k
Tlle @ — KOPHH XapaKTePHCTHUECKOTO YPaBHEeHHs
@4 1=0.
Beuny ycnosus u(co)==0, B BHpaweHHM AN 4 HOMKHHI

6BITb TOMBKO CNaraeMble, COOTBETCTBYIOUIHE KODHAM @), C OTPH-
LiaTe/JbHON BELUECTBEHHOR YaCTbIO, TO €CTb KOPHAM

o=— 04D o=— (=,
Takum 06pasoM, npu GoabwHX §
U= 16" - cpe®:S,
V= — &' = — ¢,0,6%° — ¢,0,%.
TIpusuMan BO DHMMauue HalIeHHOE aCHMNTOTHYECKOE Mpen-

cTapjenue (mpH GOABIIMX S) At PYHKUMA #, U, 6yHeM HCKaTh O
Ha BCe# mosnyocH B BHIe

V= 01% + 0y + 013 52+ 20y,x) + By
rae Ijas KPaTKoCTH oﬁosuaqeno
X == ¢S, y=e%s,

Cocranum ypapHenwe Sitnepa ann diynxumn v. Cormacho
Metony Ounepa— Jlarpaimka, pemeHue 3alauM Ha MHHMMYM 415
¢dynKunonana J npu 3aKanHON HETONOHOMHON CBA3H SKBHBANEHTHO
PelIennio 3a1aYH Ha Ge3yCNOBHHA SKCTPeMyM LA (YHKUHOHANA

o
o

Ypasuenns finepa ana storo ¢yHkuuonana Gymyrt
Ml41v)—20"=0, 2u6—N =0,



98 OBOJIOUKM TIPH 3AKPUTMUECKMX HAEGOPMALMSY

Ortclona HAXOAUM 3HAyeHHe P, OTBEvaioulee KPHTHYECKOH negop-

Maunu
p=28 ¢ ]/ 5
Be B—1 R

Jho6onLITHO, YTO STO 3HAYeHHe P MMEeT TOYHO TaKoe

YeHHe, KaK W B clyyae COCPENOTOYEHHOrO IIarpyeHHs.
OGo3Hauas, Kak W paHblue, yepes r==pR paaunyc Kpyra

BLINyyHBaHua, GyneM uMeTh

Vinu, npunuMas BO BHMMaHMe, uTO NMEpexXol K 3Be3AHON (opye
BEIMYYHBAHHA MPOMCXOAMT NpH k =3 (K 3Be3aHOH dopMe C TpeMst
BEPIIMHAMH), HMeeM

r=lym.

TlonyyenHsi#t pesybTaT 06 YCTOHYMBOCTH OCECHMMETPHUECKOH
nedopmaunn chepuueckot 060104KH MONHO MPeACTaBHTL B GoJee
o6ospumoft opMe, ecan BMECTO pammyca r Kpyra BEIMyd4HBANKA
BBecTH nporu6 B uentpe 24. Hmeem

re
2h=—R-.
TMoxcraBaAfl CIOAA KPHTHYECKOE 3HAYeHWe r, onpeneaseMoe no

dopmyae
1

r= 3 RS,
TOAYYUM KPHTHYeCKH# nporu6
1
2h = = .
Orciona 2 .
h
 hir 28.

Urak, saxpumuneckan deopiuagun norozol ciepuie-
cKoli c60r0uKy nod deficmeuem cocpedomonennoli curs ury
PABHOMEPHO20 BHEWHez0 0aBaenuss ABAREMCR Ocecusse-
mpuueckoli 0o mex nop, noxa npozu6 2h 8 gewmpe 06-
Aacmu 8HnY4UBAHUA y00BAEMEOpREM YCAOBUD

2h
—6—'<£—,':28.
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HyXHelt KPUTHYECKON HArpY3KM NpPH BHEWIHEM NaBJEHUU:
=3cc’E (—6—)3 (5‘) .
P R °,
Sr1a ¢opMysa noAyueHa M3 TOTO YCIOBHS, YTO 3aKPHTHUECKHe
neopMauuM OTPaHHYEHHO YNpyrux 060/0YEK OCTAHABAHBAIOTCS
TIpH NOAIBAEHHU HA TPaHMlle BHNYYHBAHUA IACTHUECKHX NedhOp-
Mauuyt OT Maru6a, TO eCcThb M3 YCHOBHS

CE & (5)" =0 O]

rie r— pamuyc kpyra suinyuusauua. [TocmorpuM, xoraa ompe-
AelseMas 3TUM YCJOBHEM ,uetpopuaum ABAAETCSA OCECHMMETPMME-
cxolt. TloncraBass B ycnoBHe (x) KPHTHYECKOe 3HaueHHe

r= % VRS,
noy4uM

¢ 28

—E =0

TaxuM 06pasoM, paccMaTpuBaeMble Aedopmaunn 6yayT oce-
CHMMETPHYECKUMH, eClH
R _¢E
[} co, *
Hrak, npunenenue gopnyss
S\3(E
=3cc’E(—) (—)
Py R 0‘
0nf HudcHel Kpumu4eckol HA2PY3KL 02PAHUYERHO ynpy-
2ux ciepuieckux 060404eK npu BHewsHeM OaBACHUL 0zpa-
Huyusaemca ycaosuei
R _E
[ ¢,

PaccMotpuM nas mpuMepa cranbhyio o6osouky. IToaaras
o, =4-10% wefcu?, E=2.10° xz/cH?,
¢’=~09, ¢~0,19,

nonyuuM
X <2500,



TJIABA BTOPASA

MOTEPS YCTOHYHBOCTH CTPOIO BBIIIYKJBIX
OBOJIOYEK

Hacrosman raasa Hee yc TH
CTPOrO BHIMYKALIX 060/04eK MPHU Pas/AMYHBIX CNOCoGax Harpy-
wennd. OCHOBY Halero MeTosa PacCMOTPeHHs BOMPOCA COCTa-
BAAIOT CAEAyIOUIHE ABA COOGPAKEHHA:

1) BocnpunnMaemas 060104KOft Harpyska B MOMEHT NOTepH
YCTOHYMBOCTH CTAaUMOHAPHA H, CAEAOBATENLHO, MalO U3MeHseTcs
NpH 3aMeTHOM BLIMYUYUBAHHH O0GONOYKH.

2) lMpu 3HAaYNTENBLHOM BHIMYYHBAHHH HedOPMAUHIO 0GONOUKH
Dlie OKPCCTHOCTM TpalHlbl 06/3CTH BHLIMYYMBAHUA MONHO CHH-
TaTh FeOMETPHYECKHM M3ruGanuen.

Hcxonsn u3 atux cooGpawennft, Mu copmyaupyem u o6o-
CHyeM HeKOTOpHI oGwM# npuHUMM, KOTOPHA 3aTem GyneM mpu-
MeHATb K PpelleHHi0 KOHKPeTHbX 3anay. Mmewwo, B § 1 M
PACCMOTPHM TOTEPI0 YCTOHYHBOCTH MOAOFHX CTPOrO BHIMYK/BIX
060/104eK NMOA BHEUIHWM NaBJAEHHeM, a B § 3 notepio ycroftuu-
BOCTH 060/I04EK B ¥ 6yneM Hasbl-
Barb ero «npuHuun B», ceaAsaH ¢ npuuuunom A L, §1)n
CBOAMT PACCMOTPeHHe BOMpOca 06 ycToHuMBOCTH 0GoMOUeK
K DElIeHHI0 HEeKOTOPOH BapHaUMOHHOM 3ajauu Ans GYHKUMOHANA,
ONpeNeNcHHOTO HAa GECKOHEYHO MafLX H3rHGaHMAX HCXOLHOR
NOBEPXHOCTH 06OMOUKH.

§ 1. MoTepss yCTOHHMBOCTH CTPOro BHIMYKAWX 0G0n0YeK
NoA BHEUIHHM AaBJeHHeM

Kak ykasaxo shiue, peurenve samaun o6 ycroHumsocrn 060-
JIoYeK B HaleM paccMOTpeHuH GyAe‘r OCHOBAHO Ha HEKOTOpPOM
obiwenm npuxuune. B Hacroswem naparpade Mu maaum o6ocHo-
BaHHE 3TOrO NPHHUMNA ¥ NPUMEHHM €ro K HCC/eA0BaHWIO BONpoca
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o6 YCTOHYMBOCTH MOJIOTHX CTPOTrO BHIMYKALIX o6oJlouex,
AAWHKXCA NON BHEILIHMM HaBJICHHEM.

1. 3ueprus pedopmauun obosouku. Ilycrs ynpyras oGo-
Ja04ka F HAaXOLMTCA NMOM INeHCTBHEM HEKOTOPOH Harpyski ¢,
KOTOpYl0 NOKa yTOoyHaTb He GymeM. Ecam narpysia mana, o
ynpyroe cocronuue 060/0uku cpenn dopM, 6au3kux k F, onpe-
nenseTcA OAHO3HayHO. Bynmem ypennumpate Harpysky ¢. Toraa
MOXET HaCTYNHTh TAKOH MOMEHT, KOTAa YKA3aHHBIM YCJAOBHEM
6aM30CTH yNpyroe COCTOAHHE O0GO/MOYKM ONHO3HAYHO HE ompe-
nenserca. FiMenHo, Hapaly c ocHOBHO# ¢opMOH ynpyroro panuo-
BecHa 060J0YKH, AJA KOTOPOH HedopMupOBaHHas NMOBEPXHOCTh
060/0uKH OCTaeTcA 6AM3KA K MepBOHayanbHOM dopme (F) u mpu
HanbHeHieM YBENHYEHHH HArpY3KH, CYWECTBYIOT APYTHe (opMLt,
KOTOphIEe Da3BHBAIOTCA TIPaKTHYECKH 6e3 yBenuueHHs OeficTBYIO-
ueft Harpysk, npuqem 9TO Pa3BHTHE CONMPOBONIAETCA SIAYH-
Ten ¢opmur o6onouku. Harpyska,
TIpH KOTOPO# HMeeT MeCTO yKasaHHAs HEONHOBHAYHOCTb YNPYruX
cocTosHu#t 060/I04KH, Ha3biBaeTCs Kpumuseckoid. Haumenbwas
KPHTHUECKAs HArpYsKa HasHIBaeTCA Bepxned K pumuiecxod
Harpy3akoft.

.OrMeuennas creupiuka ynpyrux cocTossuft 060/0uKM mon
Héttcraren KPHTHYECKOR HArpy3KM — 3HauUMTeJbHHe H3MeHeHHs
cpopuu NpH CTAaUHOHAPHOH HAarpyake — MO3BOJAET CBECTH 3alavy
06 ompeneseHMM TaKMX Harpy3oK K PacCMOTPEHMIO 3aKpHTHue-
CKHX COCTOFHMH OGOJIONKH W NDHMEHHTb METOL, PA3BHTEHIE
B A 1, K M3YYeHHIO STHX COCTORHHMH.

- "ercn noTeps YCTOMYMBOCTH OGONOYKH MOX AeHCTBHEM MaH-
HOH HArpY3KH CONpOBOXIaeTcA BhMyuupaHueM obnactu G, orpa-
HUMEHHOH KpPHBOH Y. MCXONS M3 HArMALHONO NpeNCTaBJAeHus
o xapam‘epe nunyqunaﬂm. MBI noJaraem, 410 CyulecTBeHHEIE
ZefopuauMu 06040UKa WCMHITHDAET JMIIL B OKPECTHOCTH Tpa-
HHubl obmactu G, a BHe 3TOH okpectHocTH (opMa medopyu-
ponaHHOH o6onouku 6auska k mepBoHauaabHo#. Ilpu sToM ecre-
CTBEHHO CUMTaTb, 4TO SHEPrus NeOPMUPOBAHHOM = 0GOIOUKH
COCpelloTOMEHa B yKasaHHOR okpecthocTH. [as onpenenenus
STOHt SHepruM Mbl BOCNONb3YEMCH TeMH e COOGPameHuaMu, uTo
W ‘npn paccmo‘rpeuuu CYILECTBEHHO 3aKPHTHUECKHX HedopMarumit
8§ [rn 1.

’ O-romec-rannﬁ H3OMeTpHYeCKOe MpeoGpasosanne ucxonHo#t
HOBEPXHOCTH C CaMoH 3TOM MOBEPXHOCTBIO H BOCTMPOM3BOLA
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Buiuncaum suepriio aehopmaunu o6onouku. Vmeen (ctp. 109)

v |,
J ViZa—we

3necb @ — yTOA MEXLY NAOCKOCTBIO KPHBOH Y M KacaTeabHoR
NAOCKOCTBIO MOBEPXHOCTH BAO/L KPHBOH, p— PAAMYC KPHBHIHK
KpHBO# Y., a L —npornG B 064aCTH BLIMYuHBAHWA BAOAL KPH-
BOH Y.
OnpeneanM DeaAWYHHbI @ M P, BXOLSUME B QOpMysy A1A
sHepruu nedopmaunn U. Hmeem
1_ VYRR,
P A(R,sin?t4 R, cos?f)
Mo dopmyae Menve yroa
a~pk,,
rie R,—- HOPMa/bHAs KPUBH3HA NOBEPXHOCTH OGOJOYKH B HA-

npasaeHuy kacareabHo# kpuso#t y. I[lo ¢opmyne Srepa kpu-
BH3HA

& _L( R sin?t )_'_L( Ry cos?t )
" Ry \ R, sinf 4R, cos?{, Ry \R;sin®t + Ry cos?t]*

k =——1——-.
A~ "Ry sin?f -} R; cos?¢
DaeMeHT LYrW KPUBOK y papeH
ds =1 (R, sin? £ + R, cos? £) dt.
TMoacTasass HalnexHble 3HaueHus B Gopmyay ana U, noayuum

2 .
_ J" 2E SN di

¢ VIZ(d—wWVRR’

U - AnE A
V12 1 —v)VRR;

Buiuncaum Temeph mpousBOMMMYIO BHeumeR uarbysx(dn pa-
Gory A. Vmeem

A=Qh.
a.
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rpyaKH..PaccMOTpUM STO Ha npuMepe 060J0UKH, HMelowel (opuy
nos0roro  Ch)epHYECKOro CerMeHTd, HaXOMAUIErOCs MO BHEMIHUM
aasnenned. Jlast nero mepxwee KPHTHYeCKOe AapieHHe p, onpe-
ZeaseTca mo Gopmyne

re=vra—w (3)

rie R — paauyc KpupusHu o6onouku, a §-—ee ToMwmHA. Yro
KacaeTcs HIDKHCrO KPUTHYECKOFO AaBAEHHd, TO OHO DaBHO

=3 (%) ]/%

rae f— BLICOTA cerMenta, a moctosuxas ¢~ 0,19. Orciona

P ]/6
Z_O,S %

Mu pnaum, yto yxe npn k=83 p,/p,~0,I, To ecTb HuKHee
KpUTHuYeckoe 3iauenue coctapaser 0,1 or pepxwero.

TlpuemaeMLIM  pellieHHeM BOTPOCa O PacyeTHOR Harpyake
6u0 Ol OnpeneseHMe ee KaKk HarpyakH, MPH KOTOPOR MpPOHC-
XOAMT MOTepsi YCTOWUHBOCTH € yueTOM HauaibHOH moruGu. Ceft-
YaC MB CHENaeM MONHITKY ONpefefHTb TaKyl0 HArpyaKy npHMe-
HHTE/LHO K CAY4al0 HArpyMKeHWs NOJOrOH CTPOrO BHMYKJOH
060/IOYKH BHEIINMM AaBAEHHEM. .

B § 2 ra. 1 ana penuuuHm BOCTpUHHMaeMo# o6onoukofl na-
TPY3KH p TNpH BHIMyYHBaHMM Ha BHCOTY 2k mosyyena dopMmyaa

p=3cEH 1/?62,]/2% . )

rae K —rayccopa, a F{ — cpeanss kpuenana oBonouxu. Ecre-
CTBEHHO MPEANONOXKHTL, YTO NPH HAAHYHK Y OGOMOYKH Hayaib-
HOMt moru6H, cooTseTcTByiolIe! (opMe BHIYYHBAHHS, OHA NOTEPSET
YCTORYMBOCT> NPH AaBJEHUH, KOTOPOe OmpeaeseTca 3Toft Gop-
mynoft. TakuM 06Gpa3oM, npu HayanbHOR nOruGnm 2k M npen-
naraeM OnpenenaThb KPUTHYECKOE NaBieHHe p mo dopuyie (*),
CYHUTARA ero0 PaCUETHHIM.

Crenyer aaMeTnTh, uTo dopMy/a (¥) BHBENEHA HaMH B mpel-
NONOXEHHH NOCTaTOYHO# MajocTH napametpa 8/2k. Tlostomy u
NPHMEHATH €€ MOXHO TOALKO MPH HAMHUHM 3HAYHTE/IbHON Hawalb-
HOH MOrHGH.
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fouKe Mo mapaanenu paguyca p. IIpu 9TOM ecTecTBeHHO npen-
NO/0KHUTb, YTO AehopMauuss 060JOUYKM B MOMEHT N1OTepH YCTOH-
HBOCTH obnanaer ocesoft cumMerpuet. Bripanenue snepmu

B p p u, v,
_-mq)opuaumo. uueer BHA

8%t
U=17a=w 0 f (v + w)ds.

MpousonnMasi 1aBjeHHeM KOJbLAa PaboTa NPH BLIMYYHBAHHH
obonouxn pasua

Vgp?—f'uds

B stux dopmynax p* — pamuyc Kpyra BLinyyHBauus, a s* — sHa-
yeHHe 6eapasMepHOro mapaMeTpa s, OTBeyaiollee PaaMycy Kkoabua.

M3 narasaHeIx coo6paneHnit eCTECTBEHHO CUHTATB, 4TO p* = p.
UTO KacaeTCsi BeAHYMHBHI S.. TO O Helt MOXHO CKasaTh C/elyio-
wee. Ouesnaio, nporu6 6yaeT MaKCHMa/ibHBLIM BLOJL Napainient,
Te mpuseraer Koawuo. I1osToMy s§* COOTBETCTBYET MAKCHMyMY
HHTerpana, onpenessiowero nporu6. Takum 06pasoM, MOXHO
CYHTaTh, YTO

T

fﬂds_max fvds
Onpenenenne COCTOSIHHS YNPYroro PapHOBECHS NPH S8aMETHOM
BEINYYHBAHMM CBONWTCA K 3ajadye HA SKCTPeMyM (YHKUHOHANA
W=U-—A,
TAe BapbHpyeMbie (QYHKUMM &, U CBS3aHB COOTHOWRHHEM
2
utot+g=0 (w)
M YLOBMETBOPSIOT KPAeBHIM YC/IOBUAM
#(00)=u(—0o0)=0, v(c0)=v(—00)=0

Ora BapHaUMOHHAA 3ajfavua pellaeTcs YHCIEHHO CJeRyIOLIUM
cnocobom. Hcxons m3 HarasmHOro npencTaB/eHUs O Xapakrepe
paccMaTpuBaeMeIX JeopMauni, cunraeM pYHKUHIO v (S) B oKpecT-
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Hanomnnm, urto 3neck p— pamMyc napaniens, no KOTopok
-npuneraeT Koabuo Kk 060/0YKe, O — Yroa MeXAy MAOCKOCTHIO
napamiejl W KacaTeAbHLIMH MNJIOCKOCTAMM TNOBEPXHOCTH, 06—
TomuKua o6onouku, a E u v—ynpyrue nocTosHHbe Matepuana.
Ias cohepuueckolt oGonouku pamuyca R d==p/R M, clenopa-

Tebil0,
Q= 3mES%p?
TYRI-wRS

dopuyia Aafl KPUTHYECKOrO yCHAHs Q, B cayyae cepuye-
cKkoit 000.10uKkH OblIa MOABEPrHYTa SKCMEP TanbHOM np
HMcenerryemas  cpepuueckas  o6osouka /  cso6oano OI'IMpaJIiCI:
‘ma mecTkoe Koiabuo 2 (puc. 23). [lefcTaHe rpysa Q uepes
‘BEePTHKAAbHBIA CTepienb 3 mepenana-
“0CL Ha KOJAMAYOK 4, KOTOPHIH onu-
paics Ha 06010YKy BAOAL Mapajnenu
AuameTpa d=2p.

DKCNEPUMENT 3aKJI0YAACT B TOM,
4TO rpy3 Q, COCTOAIUMM M3 CTaAbHBIX
wai6 5, mocTeneHHo ypeanuusancs A0
‘MOMEHTa NOTepu YCTOHYMBOCTH 060+
NIOYKH, KOTOPad COMPOBOMXAanach OT-
“YeT/IMBLIM LUETYKOM H PE3KHM OomycKa-
HueM cTepxHa 3. 3Hauenne Q, oTseyaio-
‘wee MOMEHTY NOTEePH YCTOHYHBOCTH
-060/104KH, NPHHAMANOCL 3a BepxHee
‘KPHUTHYECKOE 3HAUYeHHe.

IOan omHo# u To#t e 060OMOYKH
ONHT NPOBOAHJCA YeThipe pasa ¢ ue-
“THIPbMSA  Pa3/IMYHBIMH KOJNauyKaMu 4,
-auamerpom d=38, 10, 12 u 14 sa.
-Tak e KaK M B MPemBIYUIMX SKCIes Puc. 23,
puMentax, 06pasusl cipepuueckux o6o-

JoueK nonyqa:mcs H3 Meau nv‘reu HaNblJIeHHA B BaKyyMe Ha
cTanbiylo GopMy.

Ha puc. 24 npexcrapaeHn rpadgukH 3aBHCHMOCTH BepxHeft
KDHTHUECKON HArpysku Q, OT Anamerpa d =2p napaiend,
.BIOAE KOTOPOA pacmpezensercs naeienue. TPH KPHBHE OTHEYaldT
TPEM PasNUYHLIM 060J0YKAM C ONHHM M TeM e pannycou KpH-
pu3Hb, R ==150 Mm, WO pasauunbiMu ToAwHamn &= 0,047,
6=0,055, 6=0,072 M.
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OTZenbHble TOYKH, H30OpaNeHHbe KPYMKOUKAMH,  LAIOT
SKCTIePHMEHTANbHEIE 3HAYCHUS BEPXHelt KPUTHUeCKOH 1arpysku Q,,
OTBEyZIOWEH YeThIpeM DPa3/HuHLIM 3Havennam d =8, 10, 12 u

14 mn. Kak BumuM, skcnepumeH-
03 / TaNbHble BHAYEHUs NpaKTHYeCKH ile

OT/AHYAIOTCA OT TeOPETHYECKHX.

o) 6. Moteps  ycToWumBOCTH

Tpexcaoiinbix o6ogouek, [Toay-
L yeHHble HaMH pPe3yabTaThl 06 ycTofi-
\\’b YHBOCTH MOJOTHX CTPOro BHIMYKJALIX
060/104eK MPH Pa3AMYHBIX CMOCO-
L 6ax HarpyweHus MOryT GuTh me-
““?’ peHeceHbl Ha cayuaff TaK HaskiBac-
[y MBIX TPeXCIORHEIX 06on0ueK. Tpex-

T cnoftHan  060/04ka COCTOHT M3
4% TOHKMX HAPYKHBIX CJOEB, H3roTO-

&)

_ —4 BJEHHHIX M3 MaTepHana C BLICOKHMH
—5= MEXaQHWYECKHMH XapaKTePHCTHKaMH,
H CPaBHHUTE/LHO TOJCTOrO C/0S 3a-
oww | TONHUTENSN, H3TOTOBJIEHHOTO U3 Cla-
G6oro marepuana. Tak e Kak M
AnA OObIYHBIX 060/A0YeK, NMPH BhI-
MYuUBAHHH TPEXCIONHOR 060/104KH
oHeprus ee AepopMauuH Cocpeno-
ToYeHa B OCHOBHOM Ha rpaunie 0G/AaCTH BLINYYUBAHUS U OHA CO-
CTOHT M3 SHepriM LeOpMaUM¥ HAPYXKHEIX C/IOEB W SHEPrUM Ae-
dopMaumn sanoanuTess.

OG6osnauas yepes u M v cMelleHua (npu NedopMaumu) Touek
TIOBEPXHOCTH OOONOYKKM B KacaTeALHOH MUIOCKOCTH M MO HOPMalH
COOTBETCTBEHHO, MBI TIONYYWAN LA SHEPTMU LeOPMAUMK HApy (-
HHX CJ0EB HAa EAMHWLY AMWHB Y TPAHHUL BLIMYYMBAHUA Che-

Aymul55 Bblpa)I(EHHe:
o
62’)113 ug
J. ( 1z +F) ds.
2

3zecb &— TOMUMHA HUPYKHLIX CAOEB, P—PAAMYC KPHBU3HBL ¥,
-E— monym ynpyroctd, v—rkosdduunenr [Nyaccona. Wurerpn-
pOBaHHe BBHIMOJHAETCA NO OKPECTHOCTH YCNOBHOH TpaHMibl
DHNYYUBAKHA Y.

oo
NI
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TIOTEPSl YCTOPRYHBOCTH BBIMYKJIBIX OBOJIOYEK

roe BapbMPYeTCA napaMeTp /ZA%, HaXONMM BEAMUMHY BOCMPHIN-

MaeMoro 060.104KOH HUSl NPH BHINY TO ecTb K pu-
museckoe dasrenue
p= 4E5? + GtR+R)
V_(I—'Vg) Rle RiR;

Hanomuum, uto smece R, n R,— riaBHble Danuychl KPHBH3HBI
060/104KH, O— To/UHHA HADYMHEIX CNOEB, £—- TOMUIMHA CAOA
aanomunrens, E m v—monyas ynpyroctn M kosdduunenT
TNyaccona a8 Hapysuex caoeB, G — MoLyab caBura aas
3anoJaHHTe R,

¢opmy.'ly AAs  p MOMHO NPeiCTaBUTb elle B TAKOM BHUEC:

_ 4EéK
P=a—y T 20,

rae K—rayccosa, a H—cpemmn KPHBH3HA 060/I0uKI B LeHTpe
BHIMYYHBAHHSA.

§ 2. Cneunanpusie G 0 MaJdble H3r
CTPOro BHNYKJAOH NMOBEPXHOCTH

B aas uccaenc notepu ycTo#i-
4MBOCTH 0GO/IOUEK K onpejesieHts KPUTHYECKHX HArPyaok npel-
nosiaraeT NOCTpOeHHe GECKOHEYHO MaabiX HarnGanui noBepxXHOCTH
060/104KH C PasphLiBOM HENPEPLIBHOCTH HA TPaHMLE MpeAnoJara-
eMoft o6nacTh Bhinyuupauus. B oflueM cayuyae 4as npoussoib-
HOR P TH H TP AbHOW TPaHHUbI BHINYYMBAHHS STa
3ajaya MpeACTaBAReTCH NO0BOAbHO TpyaHo#t. Omxako B page
NPaKTHYECKH BAXHBIX 3alay 0GJaCTH BHINYYHBAHWA Maabl M
uMeloT ¢opMy, 6au3kyl0 K saauncy. B sthx caywasx aas o6o-
JIOYEK C AOCTATOYHON Ppery/spHOCTHbIO MOBEPXHOCTH 3ajaua
O MOCTPOGHHH YKA3aHHOrO GECKOMEYHO MaJIOTO M3rHGaHus MO-
MeT OwiTh pellleHa B 3aMKHYTOM Buie. 310 peltenue Gyaer
ZaHO B HacToslueM naparpade.

Hanomunm nocranosky aapaun. [Ilycte F — peryaspHas
CTPOrO BEHINyK/af MNOBEPXHOCT> M G —Manan SANMNTHYECKas
o6nacTb na He ¢ uentpom P. TpeGyeTcs NOCTPOMTL MoOjie
GEeCKOHeYHO Ma/oro HW3ruGaHWsi %, Pery/nspHOe BCIOLY, KPOMe
rpaiuust y obnactu G, rae OHO PaspHIBHO, MPUYEM STOT pas-
PHB YAOB/IETBOPSIET CEAYIOLEMY YCAOBHIS CONMPAIKEHHA:

Ar=oe,




CHELMAJIBHLIE BECKOHEYHO MAJILIE W3rHBAHUS

rIe e — BexTop GHHOpManu KPHBOH Y, a G—HeKo-
TOpas (ynKuMs, 3amaHHas BAOAL Y. B CBASK C KONKPeTHBIMH
MPUNONEHHAMU MH eule GyleM npeAnosaraTh, YTO MOJe T HCye-
saeT (CTpeMHTCR K HY/MIO) NPH yAadeHHH OT OGJACTH BHMYYH-
BaHHuA.

1. O6wee npeactaBjaeHHe AjasA H3rnGaowux rodei. Mycrs
P — uentp 067acTH nponas, G. Tl y cyl -
Hble AedOpMauMM NOBEPXHOCTH F  OrpPaHMuMBAlOTCA  Manoft
OKDECTHOCTBIO TOYKH P, ecTecTBeHHO BBECTH NPAMOYTOJbHEE
ZeKapTOBH KOOPAMHATH X, Y, 2, NPHHSB KacaTe/bHYIO MIOCKOCTh
B Touke P 3a MAOCKOCTb Xy, HOPMalb MOBEPXHOCTH 3a OCb Z,
a camy Touky P 3a mnayano koopausar. Ilpu arom, ecau 3a
nanpanJexue ocefl X, y NPUHATH [IaBilble HANPABJAEHHUs B TOUKe P,
TO MOBEPXHOCTL F BOAM3H ITOH TOUKH MOXKHO 334aTb ypaBHeHHeM

1
=5 (ax+by),
rie @& W b-—TraaBHHC KPHBH3HL NOBEPXHOCTH B TO4Ke P.
B npocreftwem cayuae, xorma o6aacte G COOCHA C HMILAMKATPH-
COft KPHBH3HLI B TOYKe P, OHa 3a1aeTCH HEPaBEHCTRHOM
Ax?4-By* L 1.
Bnenem Ha NOBepXHOCTH KOOPAHHATH &, v, moJaras

v=xVa, v=yVb
B aTux KoopaMHAaTaX HAla MOBEPXHOCTL 3a4aeTCH yYPABHEHHAMH

x=%, y=7"'5—, z=-é—(u’-’-|—vz).

Mycrs &, 7, {— cocrapasiowue u3rnbamLwero noas no ocam
X, y, £ CcoOTsercTBenHo. M3 YpapieHHn GecKOHEYHO Maibix
uaru6anuit
drdz==0,

Flle ¥ -—BEKTOP TOYKH NMOBEPXHOCTH, 3 T — BEKTOP H3rMGaIOLero
noas, noayyaerca caeayiollas cucTeMa A4n ¢yuxumh E, 1, &
1

f+ 6, =0,

T3 rH =0,
% Ny +7“;_-§,,+u€,,+'0€a=0-
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ECaM N3 3TOW CHCTeMb HCKMOYMTL (GYHKUMM § n 7, TO A48 §
noayvaercs ypastenue Jlannaca

o, 0% _
T =0
Tonaras
w=u-iv,
MOXeM npelcTaBHTL oGluee p 1As COCTaB # g

C TOMOUbIO aHAMHTHYeCKOH DYHKUMH KOMMNAEKCHOrO MepeMeH-
HOro w

L=Rel(w).

Yro kacaercs ABYX APYrHX COCTaBJAIOMX u3rubaiolero
nons & M 1, To oHnm uepes ¢yHkumio §(w) srpaxawrca no
dopmynam

E= VERe(—uC(W)+fC(fv)dw).
n=V7Re(—v£(w)—if§('w)dw).

Haktnennoe npeacrasnenve ans usruGaiownx nose#f B pas-
HO# CTeneHH OTHOCHTCA H K oﬁmeuy Cay4aio. OllHal(O, nMes
B BUAY P 3anaun o p P 19€TCA Ueneco-

P p AN HruG: 0 mosa B obuwemM cay-
4ae MpMAATb HECKOJALKO APYTylo ¢opmy.

OGnacts nponasausanns G B o6lleM ciyyae sajaercs He-
PaBEHCTBOM

ayx?+2a,xy 4 0py? < 1.
BpelleM HOBLIe NEPEMEHHHE £, U COMMAcHO (opmyaan
=yt 4 hyyv,
Y= Ayt 4 Ayyv.

Koadpuunentst A, sTuX opmyn nonGepem Tax, uTo6hl B KO-
OpPAMHATAX U, U NMOBEPXHOCTb 3a[aBajach ypaBHeHHEM

z==%(u’+-u?),

a obaacTb mpojas G BOM

P

A4 Brr 1.
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BoamoxHOCTh MORO6pATH KOS(DUUMENTH A,y TakuM 06pasoM
FAPANTHPYETCH MOJOMNMTEALHOA ONPENENeHHOCTBIO KBAAPATHUHBIX
dopy

1

5 (@x?+4by?), a5 +2a5xy + any?,

KOTOpLIe YKasalHbIM npeoﬁpaaoaauuem TNPHBOAATCH OLHOBPEMEHHO
K KaHOHHUECKOMY BHAY.

Baeaen, KpoMe TOro, nepeMenHele X, ) COr/JacHO paseHCTBaM

§=x a, ;=y]/$

1o npcoSpasoBaiue TaKie MPHBOLHT (OPMY 2 K CyMMe KBam-
paros

r=g G+,

Ouepuano, npeodp X X, Yy B 4, U SBASETCH
OpTOroHa/bIBLIM U 33aAaeTCA q;opnly:mm

¥=ucos® —vsind,
y=usin® +vcos .

Cnenonm'enbno. CBA3b MEXAY nepeMeHHbIMH X, W 4, U yCTaHa-
BaHBaeTCA q;opnynanm BHOA

=L -
x_'VZ (zcos$ —vsin9),

V_ (usin® + vcos9).
Yroa & HaxomuTCA M3 TOTO YCIOBHS, YTO Hawe NpeoGpa3osa-
HHE TICPEBOLHT GopMy
apx?—4-2a19xy + 850y B Au? Bo.
Beanuniet A u B ABAIOTCA COGCTBEHHBIMH BHAYEHHSMH QOPMBI
ayx? 28,5y 4 ayy?

OTHOCHTEJbHO HOPMB
ax?-+by?,
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M, CNelOBaTeNbHO, SBAAKOTCA KOPHAMH XapaKTepHCTHYECKOTO
ypaBHeHHa
a,—A\a

ap—Ab !=

Kak NokasaHo bhilue, B NMepeMeHHWX X, y HaruGaiolllee noie
3a1aeTCA PABEHCTBAMH :

t=Rel(.

s=VaRe(—3+ [TaF),

n=V7FRe (-52-:[ zaz),
rie Z;(;) “— AHaNNTRYeCKad (BYHKUHA KOMNACKCHOTO MepeMeHHoro
z=x-41iy.

Tepefinem B sThX QopMysax x nepeMeHHbiM #, ©¥. 3ame-
yas, YTo
z=we'®, w=u+i
GyaeM HMeTh

/§=ReC(w).
§=VERe{—(ucosﬁ-—-vsin&)t—&-e“’ ftd'w}.

=V3Re{—(usinﬁ—i—vcos’&)&—ie“’f;d'w},

rae § (@) =T (we!®) — anamiveckas  dyk KOMIJIEKCHOTO
NepeMeHHoro w.

Takoso npexcrasaelne ans uaruGaounx nosel noBepxIoCTH
B obweM cayuae.

2. C He H3rn6. x moxeli T um <’ B npocreil-
wmem cny-me. Bn 1 (C‘rp 134) mMu HawaH ofllee npencrasie-
HHe Ana warn6 x noseit ¢ aHANNTHUECKOR (YyHK-
UHH KOMIIEKCHOTO NepeMeHHOrd @ = -+ iv. Vmeno,

{=Rel(w),
t=VaRe (— i @+ [t@)aw),

=V IRe (_uz;(w)—th(w)dw).
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Haru6arowemy nomo ¢ cOOTBETCTBYeT aHaAMTHYeCKan QYHK
{’ (w) suyrpn obiactu G, TO ecTs BUYTPH Saaunca

Ay B
2 +T'u =1,

a uaruGaioweMy noMoO T COOTBETCTBYET aHAIUTHUeCKas (YHK-
s §(w) Ble yKasauhoro saaunca.

Unrepecylowan Hac pasHOCTb W3rHOalOWHX NOAeH HA KPU-
BOR y, TO ecTb npH

A B
= w4 T »®=l1,
aajaeTcs cncremolt Gopmya:
AL = Re AL (w),
At=VaRe (—aAc+f'A§(w) dw),
Aq=VFRe (—vAg_;ng(w) dw),

rac AL (w) —- o6oanauaer pasiocrb anasntHuecknx dynxuni § (w)
u ' (w) na sanunce

AppBant,

lMepeftiem ot koMn Oro  rnep 0 W K Tep
HOMY @, noaaras

'w=m+l‘;—.

MonGepeM nocrosmibic A M U TakuM 06pasoM, YTOGH OKPYx-
HOCTIT |ﬁ)|=l U3 TNJOCKOCTH KOMMJIEKCHOro MepeMeHloro
COOTBETCTBOBAN 3JIHNC

A B
7112+T'02=1

Ha maockocti w. OueBuaHo, AMs STOrO AOCTAaTOYHO MOAUYHHHTL
BE/AMYMHEL A, | YCAOBHSM
V%

A+u=]/—%- A—pt
Ha rpannue o6nactu G, 10 ecrh na s

ApiBpa_
T +T'v =1,




TOTEPA YCTOMYMBOCTH BBINVK/BIX OBOJOYEK
@==e!® ¥, caenoBare’blio,
u=(—+p)cosp, v=@RA—p)sing.

IMepeftuen B (opMyaax, sanaiowux At=<—=', or nepe-
MeHHOro W K ©= e'?, monaras

AL (@) =P @)+ Q@

Torza GyneM HMeTb
AL=P,

Bg=—Va{(+nPcoso+
+ [ (0+wPsing+(—p) Qeosg) do |
Mn=V3{ -0~ Psino+
+ [(h—wPeoso—(+wQsinydg .
CocraBuM ypasHeHue KpuBofl y— rpatuubl obaacru G ma

NOBEepXHOCTH, MPHHAB B KaueCTbe MNapaMeTpa Ha 3TOH Kpusol
yroa ¢=arg ©. HmeeM

u Atp
== S P,
x = Ve cose

v A—p
== ingQ,
y V3 Vs sin@

z=i"2'i=l"2—'*z'“—z+wcos 29.

TaxuM 06pasoM, Halld KPHBAs 3aAAETCA YPABHEHUAMH

A _A—p
Ve se Y=

z =f?"i—|— A cos 2¢.

x= sin @,

Hatinew Bexrop Gueopmaan kpuso#t y. Ero komnowenrs
no ocAM X, y, z SBAAIOTCA MHHOPaMu MaTPHLEL

x yl 2"
oy 2 .
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Tonoxum
zl x/
Z” xll

2
" '

oy
a3 = < yll,

al=l " 4=
y f

2

OﬂyCl(ﬂﬁ COOTBETCTBYIOMHE BLIKAARKH, IPHUBEAEM OKOHYareabHOe
BbIpAXKEHHE NSl BeJHYHH a,, Qq, ay:

ay=— V_ (A — W) Ap cos®,

a= V-(7t+u>ku sin*@,
p_u:
Vab

Venopie compsienns uaruGalowux Moged MOXHO 3aMHCaTh
B Blnae

At =oa,,
Ay =oa,,
AL =oga,,

BIGNOYHB  MIHOMMHTENb, HOPMHDYIOWHH BeXTOp GMHOPMAJH, B G.
Mpoxngdepenunpyem stn ycaopus compskens mo ¢ u moa-
CTaBUM B HHX Hafllemiibie Bhiwe Bupanenus a1a AE, An, AL
Hmeen:
oy =r,

B8 =—Va [(A4w) P cos p+ Q (A — ) cos p},
@' =—VB{(h—w P sing+ QA+ Wsing).

Ycnosus CONpAXEHUS NMPHHUMAIOT BHA
A+ )P cos@+ QA —pycosp= V_ —— (A—W) Ak (o cost ',
A— )P’ stn o+ Q A+ w)sin q,=_7=(n+u)hu (osin gy,

Pr= — .

2
V—(l
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Brkaioyan uoxuTEND I/VE_E B 0, NOAYyYUM

(A1) P’ cos g +Q (A — ) cos p =4 (A — W) Ap (0 cos> ',

(A— 1) P’ sin g+ Q (A +p) sin o= — 4 (A=) A (0 5in° )",
P =M\—p)d.

Ha nepsuift Bar/ian B STHX YCAOBUAX MOMHO YCMOTPETH He-
KOTOpYIO PPEKTHOCTb HallleR mep L "f"ﬂﬂ 3ajaun 06
narnGanuu, TaK Kak (YHKUMS O, BBMAY NPOH3BOAA KPHBOH Yy,
MO CYlWecTBy ABAseTcs NPOM3BOALHOM QyHKuMed, M AAS ABYX
¢byukunt P u Q moayyaloTcs TpH ypasHewns. OAHako, Kak
JIETKO BHAETb, TPeTbe YPaBHeHHe ABAAETCA CAEACTBHEM MEPBHIX
aByx. TakMM O6PasoM, Mbl HMeeM B CYIWHOCTH 1Ba YPaBHEHHS
ans ABYX ¢yHkuu# P M Q, M3 KOTOPHIX OHH M OMpEAeNSIOTCS.

B pecyiollleM Hac mpH rae ans obaacth mpo-
nasaupaua G NPHHMMAETCA B M3BECTHOM CMHCAe mpocTefias
¢opMa — SMJNNC, NPeACTABAACTCH LeNecO06PA3HEIM B3ATL B Kaye-
cTBe O npocTefinyio GYHKUHIO, KAKOBOH ABARETCA MOCTORHHAS *).
Bce nanbheHiilee paccMoTpeHHe GyleT BECTHCh AJS STOTO Cayuas.

Hrak, nycts

o ==const.
Toraa
P=(M—p)o, Q=—6Auosin2¢.

Crnenosatesbto, Ans aHaauthyecknx ysxuu# § n ¢/, sanaiomux
Hawy uaruGaiomue noas, Ha KPUBOH Y BHMOHAETCSH yCAOBHE

{—1' = (A — p?) 0 — 6Aposin 29. (*)

Haftnem Tenepn camu awaaurnyeckue dysxuun § u ¢, Ilpn
stoM OT ¢yHkuMn { MB norpeGyeM, 4TOGH oOnpejensemoe €0
narnGaioutee nose © e 06aacTH G UCYe3ano Ha GeCKOHEUHOCTH.
STo yC/AOBHe AMKTYeTCA MOC/AEAYIOUIMMH MPUAOKeHUaMH. OHO
GyneT BHINOAHEHO, ec/H NOTpeGoBaTh, YTOGH Ha GeCKOHEYHOCTH
¢dynkuus § y6uibana kak 1/e?

Ycnosue (x) onpenenseT usBecTHylo 3ajayy Pumana, koropas
B HalleM Clyyae HMeeT eAMHCTBeHHoe peuleHwe. Hafiiem sTo

*) EcTb OCHOBaHHA OXWJaTh, 9T0 062 HamH NPeAnoioNe s — 410
Manast 06JacTb BLINYYHDAHHA uMeEET ¢gpuy SAJHMNCA M 9T0 dyHKuus
0 = CONst — BHTEKAT H3 P obuwel Bap 3anaum,
; KOTOpOfi cBozuTCs MpoGaema. OxHako Afs 3TOrO NOTPe6OBanOCh 6

onee ray Hce
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pewenue. [Tosonum

=, U=put+e,

rhe @, f M ¢ — HEKOTOPHE MOCTORHHEIE.
Ha rpannne obractn G, 1o ects npn lo|=1, 6yaer

C=—mu?=a(cos2rp—- isin 2¢),
2
U=t (ra+5) +e=
= {(A2+ 1?) cos 20— 1 (A2 — p? sin 29+ 2Ap) +c.
Orciona
t—U=[e—p(A+n?)cos2p—
—ile+B (A2 —p?)]sin2p - 24 —ec.
IMpuunMas Tenepb BO DBHUMaHue ycCAOBHe (%), MOAyuaem nas
nocTosMNILIX O, B, € CAenyloulylo CHCTeMY ypanneHuH: :
- p(A2+4-p?)=0,
o+ B (A2 — p?) = 6iue,
— M — = (A2 —pda.
U3 370l cucTeMbl HaXOmMM
L T
p="3» e=-(A*+up).

Onpenenns dynxumn § u &, MBl HAlAH TeM CAMEIM H3rH-
Gaowme noss %, ¢ M pewmau 3anayy o6 H3rHGaHKH NOBEpPXHO-
ctu F, nocrasnesnyio 8 n. 1. Ecam ucxomwas mnoBepxHocTb
3anaeTcss BekTOp-(YHKUHEH 7, TO H3OMETPHYECKH Mpeobpa3osaH-
Has NOBEPXHOCTh 3aAaeTCsl BeKTOp-dyHxume# r—% BuyTpH
06/12CTH TNPOXABAUBAHMA M BeKTOD-(yHKuMeH r T BHe 3TOH
o6aacti. Bexrop-GyHKUMH T M T ONPeleasioTCA C NOMOLIBIO
ananurTuveckux ¢yHkuak & m §' mo (opmynam, mNOAyueHHHM
B 3TOM m. 2

8. Conpsixenue u3rnGaiouwux noseit B obmem cayyae.
Tak e Kak # B PaccMOTPEeHHOM npocrefiieM cayuae, Haru-
6aiowue moas < M % Ha rpasnue y obsacTw npPOAaBMIBAHHS
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ynosne‘rnopnm'r YC/OBHIO COMNpsKeHus
t— 1 =ge,

rie e — BexTOp GHHOpMamu KpuBO# Y, a 0 — HekoTOpan hymHK-
uus, 3afAaHHas Ha STOM KpuBOH.

Ilas msruGaiowux nozel = W <’ MMeeT MeCTo MpencTapJenve
C MOMOWILIO COOTBETCTBYIOWIMX aHaauTHueckux Qyuxumft {(w):

{=Re{ (w),
§=V’&Re{—(ucos#—wslnﬁ)c(w)+e"° f{:{w)dw}.
n=V’bRe{-(usinﬁ+vcos\‘})§(w)-—te"’ f{:(w)dw}.

Ias nona = dynkuns §(w) aeaserca ananuTuueckot B o6aactit
A+ Bu?> 1,

& 178 nons 4/ cooTnetcTylowman (yHiuua ¢’ (w) sBAseTCs aHa-
AutHueckod B obnacty

Ar4- B L1,
Fpannua stux obnacteit ects sjimMnc. 3anasaeMufl ypaBHeHmeM
Aut+ But=1,

PastocTh  M3ruGalownx moset ©—+’ BHOAb KpupoH y
sanaerca cucteMofl dopyyn

AL = Re AL (w),
At=Va Re{—(ucosﬁ — vsin§) AL of® fAC(w)dw},

An=V7Re{—(usin0+vc05\‘})A;— e"’fAC(w)dfw}.

rae AL (w) ecTs pasiocts ananutnueckux dyuxunt &(w) n ¢ (w)
Ha aaaunce

Au+4 By?=1.

Tak e kaK M B npocTefmenm Cayvae, BBOAHM KOMIUIEKCHOE
nepeMesHHoe , noJaras

@ =Ao+ %,
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M NOCTOAHHLIE X, |L OMpenejseM H3 TOTO YC/AOBHS, 4TOOb emi-
HHUHOM OKPYMXHOCTH |@|=1 Ha MJIOCKOCTH W COOTBETCTBOBAL

sanunc
A4 Be=1.
Ilns groro Hamo norpeéonnn 4TOGH

. 1
dp=-b, a—p=-L.
VA VB
Ha rpaunue obaactn G, TO ecTb Ha KpHBOH vy,
o=¢'
aresTeno,
u=(M—4pycosp, v=(h--p)sing.
Mepettiem B Gopmynax, 3amaoWMX PasiocTs HIrHGAOLIMX
none#t A% BIOAL KPUBOH Yy, OT MEPeMEHHOr0 @ Kk = ei®.
Monaras, xak M B npocreitwieM cayuae, na y

AL (w)=P )+ Q).

6yaeM muMeTb:
85 =@ Re{—(hcos (p-+ )+ ncos (@ — @) (P +iQ +
+ief® (P4 iQ) (het®— po=n) dyp } =
=V {—(@cos(@+0)-+ucos@®— ) P—
— [ @sin(@+9)—usin@®— ) Pdo—

— [ (eos o+ 9 —pcos(d— 9)) Q).

Orciona
2 (B =—VT | (hcos (p+8)+ 1 cos (@ — ) '+

+ (h.cos (9+8)-— pcos (8 — ) Q).
AH‘UIOI'M'IHO noayydacTtcs

(An)—— Vo [(Asin(®+ @)+ psin (3 —)) P+

+ @ sin(e+9) —psin(d—9)) Q).

Haxoneu, P
45 B ="P".

Ecan 0603HaUHTb KOMMOHEHTH BEKTOpA GHHOPMAMH KPHBOR
uepes a;, @g, Gy TO YCAOBHMS COMPRenus nocre andipepen-
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uHpoBaHua 1o @ 3aMHIIyTC TaK:
2 )= (e,
2o B = (a0,
75 (BD= (a0

Hattnem A8 COCTAB oy

p
ux B STH (OpMYAHL.
TopepxHocTs F B KOOPAHHATAX &, U 8alaeTCA yPABHENHAMH

v——(ucosm‘)—‘vsini}).

V—

}’=W
z=}!-(n2-|—1ﬂ).

(usin®+ vcos©),

Baons kpupoit y
u=M-+pcosp, v=>G—Wsing.
TMoacrapnss 3TH B8HaueHHs 4, ¥ B YPaBHEHHA MNOBEPXHOCTH,

TNONYYHM YpaBHEHH:A KPHBOﬂ y:

x=—L—((7L+u)cosq>cosﬂ—(A—u)simpsln{}).
Va
y=—}/17((h+u)cos(psin0+ (A—wsingcos ),

2= ’“2';""’ —+ A cos 2¢.

C nosouwio yp A xpusoH THl BeKTopa
6unopmani
a,=l”' F g ysindsintp—
% ~ Vi “
o V;‘ (A — ) cos & cos® @,
a,=|% * =M 4 ) cos & sind -
2" X }/

Mp

4 (A — ) sin ¥ cos® g,

R
“S—L, )
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Moacrasias noJiyyeHHbie 3Hayexun a, @5 a3 B ycnopHs
conpsuienns n pioyas MHOXUTEMs 1/Yab 5 6, no. AyunM
—(hcos(p+ )+ peos (¢ —¢)) P — Q(a cos (p+ ) —
—wcos (¥ —@))=—4An {0 (A -+ p)sin O sindp -
+ 0 —p)cos & cosdg)’,
— (sin(p—+ )+ psin(@ —¢)) P — Q(Asin(p+ 8) —
—psin(® —¢)) =4Ap [0 (A + ) cos ¢ sind p —
—a(A— p)sin® cos* g},
Pr={o(\— ).
Vunowan propoe PaBelCTBO Ha { i npuGapAsn K nepsoMy,
nosyuaeM
— P’ (he! @10) | gl @=P) — Q (Aei ( 1+0) _ Jef O-m) =
= (4Apo (A —+ b e isin’p — 4Apo (A — p) ef® cos? g},
Ecau teneps 5TO PABEHCTBO COKPAaTHTh Ha e/® M oTHennTs Bele-

CTBEIHYIO 4acTb OT MHHMO#, TO noJayyaiorcs caenyiowe xsa
COOTHOLUEHHS:

P’ (A~ p)cos g+ QA — w)cos p== {4Ap (A — p)ocos®)’,
P'A—pwsing4+ QA + 1) sing=— [4Au A+ p)osin*q)’.
Mut BHauM, uTo B OGweM cayyae maa ¢yukuuit P u Q moay-

YaeTCs TOYHO TaKasm e CHCTeMAa YpaBHEHHH, KaKk H B npoc‘l‘eﬁ-
weM cayyae. Taic xe KaK M TaM, Mbl nosaraem

o == const.
Torna
P=N—w)o,

Q= — 6Aposin 2.

MNMocae 3TOrO, TAK ME KaKk H B PAacCMOTPEHHOM cJayuae,
HaxomuM auaqntiveckne dynkuun & n &', sanaomne uaru6ao-
wHe noas

. U=pe’te,
o a=Lo@r4p.

=
p=

e &=
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C nomowsio dykunt & u ' HXOLUM MO COOTBETCTBYIOLLIN
¢opMmynam usrubaiomne noas T M %, a C HUMM H BEKTOP-(yHK-
UHIO, 3AAAIOLLYI0 HAOMETPHYECKH npeoﬁpaaonauny|o TIOBEPXHOCT.

§ 3. Motepa ycroiiunBocTi 06oM0OUEK BpameHHs
NpPH PasJHYHBIX CNOCOGAX HArpyKEeHHs

Cpelu CTPOro BHNYK/ABX 060/0YeK HanGoMee PacmpoCTPaHEH-
HBIMH, nomanyn, SBAAIOTCA 060/IOUKH BpalleHus. B cBsi3u ¢ atium
paccMoTpenue Bonpoca o6 YCTOMUMBOCTH Takux 060noueK MpCi-
CTaBJsET 3HAYHTE/bHBIN npal('m-aecxuu HHTepec. B Hacrosuesm
naparpage Mbl pPacCMOTPHM NOTEPI0 YCTOHUMBOCTH BBINYKJLIX
060/04eK  DPALLEHHST NpPH DasAMUHBIX CNOCOGAX HArpy:KeHHsi:
BHYTpEHHEE NaBJjeHWe, BliCIliHee NanfeHHe Il Kpyueiliie. B uacr-
HOCTH, MBI OnpelennM KPUTHYeCKHe Harpy3Ku B Kaxcaom H3 3THX
cayyaes.

PaccMorpennio  Bonpoca 06 ycToHuMBOCTH 060/104eK Bpatie-
HHf MBl MpeanollieM AROMOJHHTENbHOE HCC/AEA0BaHne Bornpoca
O ToTepe YCTOHYMBOCTH MOJOFMX CTPOrO BHIMYKJABIX 060/0YEK
NOA PaBHOMEPHBIM BHeWwHuM napaeHneM. Kax noxasawo B § 1,
XKEeCTKOCTb 3aKpernJicHus Kpas TaKo 06oaoYKH npenonpeaenneT
¢opMy 0641aCTH BBHIMyuMBAHHA W XapakTep uarubaloOWuX nojel,
Ha KOTOPHIX PacCMAaTPHBAETCH BapHAUHOHHas 3ajaya MAs (yHK-
uuoHana W=U — A. Tenepb M He GyleM TpeGoath 0COGOH
MECTKOCTH 3aKpenJieHHs Kpas, HO 3aTo 6yneu npennoJaararn
ManocT 06JAaCTH BHIMyYMBaHMA M Gopmy ee Gyaem cumTarh
S/IMATHYECKON.

1. TMoreps ycTOHUMBOCTH CTPOTO BHIMYKJOH 06OJOMKH
noa p naB Tycts noteps ycrot-
'IHBOCTH OGOIIO'II(H TMOR BHEWIHHM RABJAEHHEM COMPOBOM(AAETCS
BHINYuMBaHHEM KOHeuHo# obmacti G aaaunTHYeCKOH (GOPMBI He-
Gonbluux pasmepos. Ecrecrseno cumrars, 4o obaacts G coocna
C HHIMKAaTPUCOM KpHBM3HBI B ee newtpe P. B wactHoctH,
ofbnacte G M MHAMKAaTpHCa MOTYT OMITb MONOGHHI M MNOAOGHO
PACIO/IOKEHB!, YTO COOTBETCTBYET CAYUal0, PacCCMOTPeHHOMY B § 1.

dopMy 060/nOuKH NMPH 3aMETHOM BBLIYYHBAHUM MBI GyaeM
npu6anKaTs H3OMETPHUECKHM NMPe06pasoBanneM HCXOMHOM NoBepX-
HOCTH, KOTOpOe noayyeHo B § 2 (cM. kowew m. 2). Ilpu srom,
Kak Toxasaxo B § 1, sHeprua nedopMaiun 060NOYKH COCPEnOTO-
YeHa B OCHOBHOM Y KPHBOH# Yy -— FpaHuibl 06/aCTH BLIMyuMBa-
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HUR, W H3 CAMHMUY LJMHL KDPHBOW y OHA OMNpeneasercs no
¢Gopmyne

U — _ 2£E8%%h
Viz(a—vp

3aecb /i — 1nopMaabHLfl 1POrHG MO 06/ACTH BHITYYMBAHMA BAOAb
FPAHULL Y, 0 — PAamMyC KPHBH3ULL Y, & — YFOA MeXLy COnpH-
KacalowWweHcsi 1AOCKOCTBIO KPHBOW Y M KacaTelbHbIMH MJIOCKO-
cTIMM nosepxiocTd, E — momyns ympyrocTd, v — koddduumnent
Myaccoua.

I u30MCTPHUECKOrO nNPeo6GpasOBaHMs TOBEPXHOCTH, MO-
cTpoenHoro B § 2, BROJb TpaHMUB Y 00JACTH BHINYYHBAHHS
uMeeM

h=Re (AC\)V.

rre (AL), — pasuocTb BROAL Y aHAAMTHYECKHX dYHKUKH, 3anao0-
wHx uarudalotiuie noas sHe o6aactu G W BHYTPH 3TON 06AacCTH.
Tax kax o6aactb npoaasaunanus G Mana, TO yroa 0. MOXHO
onpesenarth No (gopmyae
ata,
rae k— KpWUBM3HA KPHBOA Y, a k, — HODManbHAA KPUBM3HA
HCXOLHON MOREPXHOCTH B HANpauaeHuH y. Boluncaum k u k.
Beexewm kax u paxee CHCTEMY MeKapTOBLIX KOOpAMHAT X, V¥, Z,
NPHHAB  KACaTeALHYIO MJAOCKOCTb B LUEHTPe BLINYYHBAHUR I4
3a NJOCKOCTb Xy, HOPMadb K MNOBEPXHOCTH —3a oCb 2,
a Touky P —3a navano koopausar. OcH KoopauHaT X H y
HANPaBMM MO KACaTe/NbHLIM K JIMHHSM KPUBHSHB B TOuKe P.
Toraa B6ansn Touxu P nMOBEPXHOCTh 3ajaeTCs ypaBHelHeM

z= %— (ax?+ byd).

Meppan u BTOpasn KBaapaTHuHEE HOPMEI MOBEPXHOCTH BOAM3N
ToukH P 6yayT

I=dx?+dy?,

l=adx?+bdy

0’“:10113 ana HOpMaIIbHDn KPUBH3HBl MOBEPXHOCTH noaydyaerca
BhHpaXeHHe
__adx’+bdy?

k dx* 1 dy? *

10
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Kak nokasano B § 2, kpusas y aafaerca ypaBHEHUAMH
x=pcosQ, y=gsing,

At A—p

= —

P=ﬁ.4] Vi’

2 A M |L HaXOIATCA H3 YPaBHEHHH

stum/ 3. amumy/T.

II A u Bonp T 06/acTh BEINY a:
Ax’4 By 1.

Beuny Toro, yro ofaacts G Mana, KPHBH3HY Y MOXHO
onpesienaTh NO ee MPOEKUMH HA MAOCKOCTb Xy, KOTOpas 3anaercs
TEMH e ABYMA YPaBHEHHAMH

x=pcosq, y=gsingQ.

Tpu sTOM TNOAYuaeTCa CJAefyiollee BHPAMEHHe NAA KPHBHSHBIY

pe—me—— P7
(p? sin? p 4 g2 cos? )
Tloacrasasa B ofluee BHPaXEHHe AAS HOPMANLHON KPHBMBHLI
IOBEPXHOCTH BHIPAKEHHS
dx=— psingpde, dy=gqcosqde,
NOZYMM 1IOPMA/LHYI0 KDHBH3HY TMOBEPXHOCTH B HAmpaBieHuu y

(A4 w)?sin® @4 (A —p)*cos®q
pisin? 4 g2 cos?g
Ecmu Teneps mo. Th TNOMyUYeHHEIE B popmyay

ans U w npousterpuposaTh N0 Ayre KPHBOW y, TO NOAYYHM
noAHyio SHepruio gedopmaumu. Vimeem

@ _ (A + 1)?sin?p4- (A —p)?cos? @ )’ (p?sin? @ 4 ¢ cos? )’

T—( prsin? g+ g7 cos* [ '
ds = (p?sin? g+ g2 cos? o) dep,

kﬂ
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Orciona
f Lappe f (b4 -+ — g cost g2 22
— (it 22
Pq
Vuuteinan snagenus p ¥ g, noayunm

f—" o= 200 (ot psot e,

TMonnan sueprua Aeopmaunu pasHa

U= f Tas—=—2E8 __ 2V o4 4 o0t o
Y

V12 (1—v?) A2—pd

Beuay Mmanocth o6nacrn G, npH HaleM BHOGOpPe CHCTeME
KOOPAMHAT BENMYMHY /i MOXHO MPHUHATH PaBHOK pasnocTH cocTa-
BAIOWMX MO OCH 2z uarnGaiowux nonekt © u < (§ 2). Ilpu stoh

h=P (@)= (2 —po.

B peayabrate A% SHepruum AepopMauMn 060J0MKH MOAyuaerca
Clefyiollee OKOIYaTeAbHOE BhIpANCHHE:

U — 2E %27 V a/; (l‘ i 42,

viz (a—

Buiuncaum Tenepr np yio P
pabory A. Ecan (npu nedop ) o6bema, orpa-
HuyMBaeMoro 06o0aouxodl, o6osnaunte AV, To pabora

A=pAV.

Tax xax obnacte G Mana, TO Cywectsennie aedopmauny '0Co-
N0YKa MCMBITLIBAET JAMwWb BOAN3M Touku P. [lostomy sean-
yuna AV onpenensercs ¢ MOMOWbBIO MHTerpana

av=[ [taxdy,
rae §— cMewenue Touex MOBEPXHOCTH MpH AeopMauky B Ha-

npapnenun ocH z. Benmunna cmewienus { onpeneasierca ABYMs
anauTHyeCiamu dynxumnamn & (w) n b’ (w). Umenno, ore o6aactu
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BLINYYHBaHHA

{=Rel(w).
t=Rel’ (w).

(Buipaxcenus ana gymxundt L(w) u L' (w) moayuenwt 8 § 2.)
Takum o6pasom,

AV=Re{ffg'(w)dxd>-+fft(w)dxdy}.

3uech B NMepBOM CJaraeMOM HMHTErpupoBaiHe pacmpocTpaiise
Ha BHYTPEHHOCTb 9./HMICA

2 BHYTPH STOH 06.4acTH

Ax?4 Byt=
a BO DTOPOM — HA OCTABWIYIOCA YaCTb MAOCKOCTH XY.
p ot nep X, y Kk nep BIM &, U,
x= y=—
V' ’ Ve’

Gynem umerh
J‘ J' U (w)ydx dy—-— j .[ t (w) du dv,

Tle HHTerpHpOBaHHe CMPaBa BHINOMHAETCA MO BUYTPEHHOCTH
aaaHnca

Aps B
Tu+—b-u—l

H3 M ™ 0 ro w=u-+iv. O
BLIYHC/IEHHA 3TOTO MHTErpana paccnmpuu KpuBOAuHEHIBIN NnTe-
rpan no rpaHule YKasaHHOro dJaunca

J= Jj: t (@) dw.

Tlpeo6paays unrerpan J' Kk MHTErpany mo MAOWAAM SAAHNCA
¢ noMoiwpio Gopmyan T'pura — OcTporpanckoro ¥ npunuMas
BO BHMMaHMe aHATMTHYHOCTh OYyHKUMM §'(w), GyneM uMeTsh

é;?;’(w)adw:— 2 f fC’ (w) du dv.
AHﬂﬂOrH‘lH_O. nHrerpan

J= §C(w)17dw
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npeo6pasyeTca K MHTerpaly No BHEWHOCTH 3Aaunca. 3aech cy-
WECTBEHHO 3aMeTHTh, YTO [ (w) y6LiBaeT Ha GECKOHEUHOCTH Kak
1/w?. TIpu TOM e HANPaBJeHHW MHTErPUDOBAHUA MO KOHTYDY
aanunca 6yzer

$t@wdw=2 [ [{(@)dudv.
TMoncrasnss HalleHuble BLIPAKEHH HHTErpa’oB B OpMyIy
aas AV, noayuum

AV—V—..Re—§<§(w) ~t (@)@ dw.

3aMeTHM, YTO 1A KONUTYPE HITErpHPOBAHMA
L(w) = ' (w)=A=P+Q,
rae P u Q nMeior cacayiowme 3nauenns:
== (M — o, Q=—6Apgsin2q.
IMepefiieM Teneps OT MepeMeniioro @ K @, MOA0K
w =\ -} % .
Ha naocKoCTH ® KOUTYPOM WHTErpHPOBAINS ABANETCA CAHHHYHAS
OKPYKIOCTb W, C/AEAOBATENbHO, HA KOHTYPE MMceM
w = hei® -} pe-ie,
@ =Ae—04 pei®,
AL = (A2 -- u2) 0 — 3Auc (e — g-200),
IMoncrapans nodyuenHsle BHpaXewns w, w, AL B uurerpan
$ sr@waw,
10j=1

Gea TPyAa Bbl HHTErpHPOBAHHE U HAXOAUM caenylolice
COOTHOLWEeHHEe:

§3 AL (w) ® dw = 2o (M —+ pi - 4A22).
lol=1
BMeC‘l‘e C TeM nony-laem

V_

-+ 4A%u).
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CnenoBarebHo,
A= V_" (M- pd - 4221%).

Beamuunn A, [ XapawTepuaylor $hopMy O0GAacTH BLIMY4H-
BaHWA, a C-— BENMYHHY BHNyuuBawua. B cpaan c sTum mpen-
CTaBJAETCA le. p BBECTH p P

e==750 (\ 4 pt 4 4A22),

XapakTepuaylowm#t  3aKpHTHYeCKYl0  AepopMaumio  0600MKIL.
B aapucumocT# OT TOrO mapaMetpa sweprusi nedopMauMH 06o-
NIO4KH H TMPOM3BOAMMAN BHEWNIMM NaBiehueM paGoTa omnpene-
AAI0TCA MO POpMYNaM

_ AESVabe
Vi (1—vw) "
A=
Vab

Tenepb H3 YC/IOBHS PaBliOBECHA OGO/NOYKH B MOMEHT BHIMY-
YHBAHHA

d

ZU—A=0
HAaXOAMM BOCMIPHHHMaeMYI0 ofozoukol Harpyaky. Hmeem

4E8°Vab
Viz (1—v) V_b
Orciona
p= 4E 8%ab
Viz(a—v "
3aMeuasn, uT0 @ ¥ b — raanHbie KPHBU3HEL OOMOYKH B LEHTpE

BRIy MOMeM Nepenucats 3Ty GopMyay B puie

2E ?
TVia—wRR
rae Ry M Ry—TnaBHEE PamHyC KPUBH3HHI.
Mbl puauM, yT0 W npu Goace OGWMX MPEANONOKEHHAX
0 XapaKTepe BHIMYYHBaHHA 0GONOUKH B MOMEHT TMOTEPH YCTOR-
YHBOCTH TIONYYAETCS TO Xe KPHTHYECKOE JAB/ACHHE, YTO M B NpO-
creflweM paccMoTpennu § 1.
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2. Cnenmnajbnoe H3oOMeTpuyeckoe npeoGpasopanue Bbi-
nykaoii mOBepX1OCTH BpauleHus. ONHT MOKA3LIBAET, uTO
BHINYIK/a 060/M0YKA BPALLEHUS NOL BHYTPEHHHM RAaBJEHHEM MOXKET
TEPATb YCTORYMBOCTb C OGPA30BAHMEM CHCTEMb MPABHALHO pac-
MONONEHHBIX DJUINNITUYECKHX BMATHH BAOAb HEKOTOPOH mapan-
nenu (puc. 26). Puanueckan npH4HHa - Takoh GOPME TOTepH
YCTOAYHBOCTH COCTOMT B TOM, Y4TO LAS
BMATHH, BLITANY¥LIX B HANpaBAeHHH
MepHAMANoB, Npi yKaszanHok Hedop-
Mauuu 060JOYKI MOMKET MMeTb MeCTO
ofutee yBeJHuEHHC OrpaHHYMBAEMOro
el0 o6beMa, HeCMOTPS Ha NPOAABJIH-
Banve 060JOUKH 1O CHCTEME BMATHH
BHYTPb 9TOr0 OU'LeMa *).

Tak we Kak M B NpPeAbIAyLIeM Puc. 2.

paccMoTpenuu, Mu  Gynem’ npuGau-
Katb (OPMY OCOJOYKW C BHNYYHBAHHEM MH3OMETPHHECKHM npe-
o6pasoBaimeM HCxomioft nosepxHocTd. Ilpu sToM M ne Gyaem
MCCAeN0BATL AETAJCH STOTO NPe0Bpa3oBalus M OrpaliMyHMCA onpe-
ZenetueM TOAbKO TaKMX BEJAMYHH, CBA33NHLIX C Aedopmauneft,
KOTOpLIE HAM MOIanoGHTCA NpH pelenHy Bompoca o6 ycrodyn-
BOCTH 060n0uKM. B wacTHOCTH, wHac uHTEpecyeT BOMPOC O TOM,
HACKOABKO YRAMAIOTCS APYr OT APYra TJAOCKOCTH Napanienef,
OrpaHHYHBAIOUIMX CHCTEMY BMATHH.

Beuay Toro, uto sedopmauus 0GOMOYKH BHE 30HbI BOIHH-
KalOWHX BMATHH MaJia, KOHEuHOe W3rnGanHe TMOBEPXHOCTH B STOM
YaCTH MOM(HO CYHTaTh GeCKOHeyHO MaamM HaruGanuem. Coor-
percTBylollee M3rnbaioliee moAe Mbl OMPEAENMM MyTeM cymep-
NO3HUMH H3rHGAIOWHX NOJeH, CBA3AHILIX C 0GPa3oBaHHUEM OTAeNb-
HEX BMATHH. MsruGaiomee noxe, ofycnossesHoe 06pasopanuen
onno# BMATHHBI (06/1aCTH BEINYY4MBAHHMA), MH BO3bMeM B TOi
¢dopMe, kak OHO moayuyeno B § 2.

Tycts A — NpoOH3BO/IBHAA TOYKA MOBEPXHOCTH, HAXOAAILAACA
HA ManOM PacCTOSHMM A OT Napajienu y, BEOAb KOTOPOH pacmo-
naraiTcs 06/acTH BENy4ynBanus, Onpeneaud § — COCTaBASWILYIO

*) Moxno np H W Apyroe D noTepio
YCTOHYMBOCTH BHIMYKAOH OGOMOYKH BpALEHHA NON BHYTPEHHHM NaBe-
Hiem. Tpu onp MEXAY T

060N0UKH BHYTpEHHEE NaBJAECHHE MOXET BLI3BATh MOfBJACHHE E)KHMBI‘)”HIIIX
yCHIIHﬁ B HanpaBJAeHHH napanneneﬁ. A yCuaMa npH H3BECTHOW HX
TH | T MOTepIo ycToj TH.
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M3rnGaloWero NnoAA B HanpasieHHM MepuinaHa. [Tycts P — ocHo-
BaHHe reofle3HYeCKOro neprneHanKyasnpa, OMYIUEHHOr0 M3 TOYKH A
Ha napaaieib Y. BBeseM nckapToBH  KOOpAMHATH X, y, Z,
NMPHHAB KaCaTE/bHYI0 K MepHIMaHy 8a OCb X, KacaTeabHylo
K mnapaaneaH 3a och y, a HOpMaZb K MOBEPXHOCTH 3a OCb 2
M TOuKy P 3a Hauano KOOPIHHAT.

EcrecTBeHHO NpeanoJIOXHTb, YTO Ha BEAHYHITY COCTﬂBJlﬂIOllleﬂE
CYLUECTBEHHO BJHAIOT TONbKO BbINYYHBAHHS oGosnouku BOAN3H
ToukH P. TlosToMy, ecaH COCTABAAIOILYI0 WArMGAIOLEro TMO.s
no MepuaHany oT o6aacti BBIMYYHBAHHA C HCNT]JOXS"P 06o3ia-
unTb £(X, y), TO HHTEPECYIOUIaR HAC COCTaBJAsiolas &, CBA3anias
C TOSB/EHHEM BCeH CHCTeMbl o6JacTed BHITyuMBaHWs, Gyner

E—;m Vi)

rae y, o603HaYaloT KOOPAMHATH ULEHTPOB CMEXHBIX obmacteft
BBINYYHBAHHS.

Paccmorpum Gonee noapo6uo ymxumio E(x, y). B coaau
C 3THM HaMOMHMM, YTO Hapaay C NepeMeHNbIMH X, y Mbl BBEJH
4, v, € X, y cooT

xVae=u yVi=v,

KOMMJIEKCHOe MepeMeHHoe

P

w=u-+iv
H KOMN/IEKCHOe NepeMeHHoe @,
w=Ao—+ %

(cM. § 2). 3pech @ u b — raasHbe KPHBH3HEl B UEHTpPE BBHIMY-
YMBaHHs P, a A, W-- mapaMeTpH, xapakTepHayouine ¢opMY
o06nacTH Bunyunsauns. CyLIECTBEHHO 3aMETHTb, YTO AAN MAJbIX
0371acTel BLINY4HBAHNS — STO HAMU GYAeT NPeANOAAraThCA — A
H [ Manbl.

B § 2 ann cocrapasiowen & uar 0 moas, ¢ 0
C nosBfieHHeM ORHOM 0GNACTH BHIMYYMBaHHA, MBI MOAYYHAU Cae-
Ayloluee BLipaKenHe:

§=VERe{—u;+fgdw}.

rae {(w)— aWaruTueckas QYHKUMA KOMIIEKCHOTO NepeMeil-
noro 1w, xotopan BHe OGMNACTH BHUTYYMBAHHA OAPEAEAsCTCSH
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no ¢opmyae

=% e=w e

Moncrasasa sto suauenue { B Gopmyay am § u B
HHTErpHpOBaHUE, MOJYUYHM

eV Tt .

SHMETV[M, 4TO NMPW OrpaHHYenioM CHU3Y 3HAYEHHH |w| CoOTBET-
CTByiollee 3HauellHe , onpejenseMoe COOTHOLIECHHEM

w=lw+%.

npH MagRX A ) |l JOCTATOYHO BEJHKO MO aGCOMOTHOH BeJH-
unke. TlosTomy mpu Manwx A K JU caaraemsim 1i/30° B chop-
Myse mam § MOKHO mpeHeOGpeub; KDPOME TOrO, MOMKHO CUH-
TaTb, YTO
w=\o.

Ecan yuecth aTH 3aMevanus, TO QopMyay Aas cocrasasioiuedl §
NOXKHO RMPElNCTABUTh B CAEAYIOWEM YNPOLIEHHOM BHAE:

. — u 1
5——7L7a1/a Re{v—}——

w

Bﬂllellﬂﬁ BelUeCTBEHHYI0 4aCTb, MOAYYHM
t=—2eVaud
Mycre Teneps

1
Wvp -
v5=Vby,

Fe —2aVeer Y
g MaVau ;(“2_'_'}2)2 ,

e=hVa.
CymMHpoOBaHMe B NpPaBOA HAaCTH PaBEHCTBA MO MPEANIOAOKEHHIO
pacnpocTpanfeTcs Ha cMexHbie obmactu. Onwako BBUAY GbCTPOH
CXOAMMOCTH pAfa MOXHO CYHTATL, YTO cymmuposaﬂue BLINOA-
HAETCA MO BCeM k, T. €. uTO
o

~ —_ N 1
E=—AaVau 2‘ S
w &+ )

k= -

Toraa
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TpH  JOCTaTOYHOH TryCTOTe pacnoaoxesns o6aacted BHmy-
YNBaHKSA, TO €CTb MAOM

Av =V, — Vs

CyMMupoBaHue B (OpMyJe A E MOXKHO 3aMEHHTb WHTETPHDO-
Banues. TOrAa NOAYSHM

& MaVa dv
=" "ha ¢ J [T
e
W, np o7 SaMeHy nep
v=ut,
E_ A% Va dt
= Av (1 ENOT
Hmeen
o
dt T
(1 For T3
Tostomy
fe aaeVa

24v
Bpoas ciona snayenne

a=——(k’+u’)c-
NOAYYHM CAEAYIOLLYI0 OKOHYaTeNbHYI GopMyay AJAs E:

s WmVam@ 4o
=

Ecan Touky A B3sTh C apyro#t c‘roponu 30HH ofnacreit
BHINY , TO OHa NIPH paccMarp P NOJYYUT
B TOYHOCTH TaKOE e CMelueHHe Mo uepmmauy. HO B NMPOTHBO-
nonoxHoM Hanpasaenun. OTclona cieayer, 4TO HHTepecyiolee
Hac yjpanenue I/OCKOCTeR mapannench, OrPaHHYMBAOUIMX 30HY
o6/iacTell BHNYYHBAHHA, NPOMCXOAMT HA BEAHUHHY

__3nYam(+p)ocosa
- Av '
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rie O.— Yroa Mexc1y KacaTeibHOH K MEpHAMaHY W OCbi0 mobepx-
woctd. Ecin BBeCTH BMecTo ¥ mepeMeHHYi0

-
y= Vb—'
a——]/—ku(%’+u’)o.

HBHO.\IHHM. YTO 34eCb @ H b—Hopmaanue KPHBH3HBH NOBEpX-
HOCTH B HampaRJeHHH MepHAHaHAa H napasiienH COOTBETCTBEHHO,
Ay - paccrosHHe MeMAy LEHTPaMH CMeXHEIX o6xacTefl BhMY-
unBanns, a AL(A2--p?) 0—BeanYNHA, XAPAKTEPHIYIOLAS OTACALHO
B3ATYI0 06/1aCTb BHIMYYHBAHHA.

OHPEJIEIlEHPleM BEJIMYHHEI & MBI 3aKOHYHM Hawe paccMoTpexHe
N30METPHYECKH NPeo6pPas3oBaHHO! NOBEPXHOCTH M mepefieM
K HCCaedoBaliHi0 Bonpoca 06 yCTOﬂ'{HBOC’I‘H 060a04KH.

3. KputHueckoe BHyTpeHHee AaBieHHe aAs BHmykKJaoft
oGonoukn Bpautenus. Kpurnyeckoe suyTpeHHee AabieHue, NPH
KOTOPOM MPOKCXONMT NOTeps YCTOHYUBOCTH OGO/NOYKH BPAlLEHHS
c OﬁPHBOEaHHeM cucTeMul  obaacteit BLIMYYHBAHKA BNOJb HEKO-
TOpOH napansend, ME OMpeAC]HM, PACCMAaTPHBAA YNPYroe PaBHO-
BECHe NpH 3aMeTHOM BHIMYYHBAHHH. Ycnosue PpaBHOBECHS

d(U— Ay=0,

rae U — sHeprua nedopmauun oGououxn, A — mpoussoaumas
nAasienneM pa6ora.

Has suepruu U, nedopmauun 060/104KH, CBA3aHHOH C BHINY-
YuBaHHeM ONHOM 06macTH, B m. 1 MB HawaH BBIpaX(EeHHEe

=T Vb oyt 4aopd),

Ecan uncno o6Gnacteft BhinyunBanWa 0GO3HAYMTb 1, TO o6iuas
sHeprus nedopMaunn oGonouxu Gyner

25522::1/.:0 A 2
=Vmi—vw a(k+u+4lu’)n

OGpatuMca Teneph K paéore A. Ecau cpssanxoe ¢ BhINy-
uupaHueM H3MehenHe 06BEMa, OrpaHHuHBaeMOro 060/10YKOH,
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o6oanauurs AV, To pabora pasHa
A=pAV,

THAE p — BHYTPEHHEE HaBijieHHe.

(IpoBelieM NepNEHAMKYJASPHO OCH MOBEPXHOCTH JNBe MO~
CKOCTH, OrpaHHuuBaioluMe 30Hy obnacTedt BuimyuuBanns. Hawe-
Henne ofbeMa AV 06ycnoieHo ynajeHHeM NPOBENEHHBIX NJ0-
ckocreft npH Aedopmaunu 06040ukM W 06pa3oBaHHEM CaMuX
obnactell Bhmyunsanua. Bysem 06oaHauaTh COOTBETCTBYIOI(ME
vactn AV vepes AV, u AV,

Benmunna AV, oTpuuatenbha M 1S OAHOH 06AacTH suiiy-
YHBaHUA onpeaensercs mo ¢opmyse (cp. n. 1)

AV = — 2 M+ pi+ 4A2D).
Vab
Cnen.onarem.no. AAs Bcex n obaacren
AV, =— 29 a4 i aa2)n.
i Vor A+ pi4- 4% n,
Jlanee, umeeMm
AV,=J102£,

rle p— pajguyc napannend, BAOJAb KOTOPO# pacmoJaratoTcs
0671aCTH BHIMYYUBAHNA, a € — YNANeHHe MAOCKOCTeHd mapaneied,
OTPaHHYMBAIOLIMX 30HY OOmacTeft BINyuusawus, npu Kedop-
MauuH 060JI0YKH. Moacrasass Clona 3HavyeHHe €, HahaeHhoe
B M. 2, noayunM

AV, = np’i—’; 1/7 AU (A2 p?ocosa.

Hrak, anm paGotsl A, UpOM3BOAMMOR BHYTpEHHHM
HHEM p, moayuaercs BHIpaXeHne

Ae=_ 0 (M 4 1! 4 4A%u2) pn
~ va T

+ np? % % M (A2 4 p?) op cosa.

duxcuposas ¢opmy 06/acTH BHIyuMBaHMA (NapaMeTphl A.
W), Gyaem BapbipoBaTh NMPOruG B 06/ACTAX BLNYYHBaHWA (mapa-
uetp 0). Toraa ua ycnosua pasHOBecCHs

d
(U —A)=0
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nonyqaercn Caeayiowee COOTHOLIEHHE AMA BENHYHHb AABAEHUS p,
BO 0 06 i npn puiny

22621!1/-_ 4 4 2,2 d 4 4 2
m(k - 4A%0%) Var M+ W+ 4% np —
-—:rp’% '/ %)~u(h’+u’)pcosu=0,

YMuoian STO COOTHOWEHHE 1ia

Ay —
P Vab,
Ayn = 2mp,
Gyaen nyerb
4E 8%ab
: 24 4t - 402
T T G W)+

4 (M- pi o 4A202) p — % aAp (A2 +p?) pcosa=0.

PaafeM 9TO COOTHOLIENHE HA
A pi - 4a72

—_ M
Y=y
Tonyunm

4E 8%ab _ B8apcosa _Bp

Visa—w P Y

Orciona
4E §%ab 1

P= Vi2(1—vy) 3ap;osa *_1

,

&
W=
20
Tapamerp 9" uaBeCTHBIM OGPasoM BHPAKAETCH ueped napa-
MeTphl A, B H, CNENOBATENbHO, XapakTepHayeT (popMy 06macTit
BHNyuupanist. BHIACHHM MHTEPBAA ZOMYCTHMBIX 3nadeHuft mapa-
merpa O°. ILAs STOrO Mpexcie BCEro 3aMeTHM, YTO BeJHYMHA

M
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3axaiovena mexay —1/2 u - 1/2. lanee, §* MonoTouno 3asucur
or ¥, rak Kak
1—282

d
S

Cnenosateasio, 9* aakmoyeno mexay — 1/3 u -+ 1/3.
[puHuMast BO BHMMAHHe HHTEPBa AOMYCTHMMX SHavennh &7,
3aKJjiovaeM, YTO HauMexHoulee dassenue, npu Komopous o6o-
£0%KQ MOJCEM nomepsmsb yCmOlI’“JEDCm«b C Buiny4usaHULH
80046 3a0aRHOL napassesu, onpedessemcn no @Hopayare

p= 2F 8%ab 1
V3—w ap cosa—1

Hanomnnm, ytro B sToff dopmyne a u b —- HOpMaJbHBIC KpPH-
BHBHH TOBEPXHOCTH BHOJb MEPHAMANA M MapajjefH COOTBET-
CTBEHHO, P — PAlHyC NapajfenH, ¢.— Yroa MEXAY KacareanHoR
K MepHaMaHy u ocblo nosepxuoctd. Ecan b 9Ty dopmyny mectit
rapHble PamMyChi KPHBH3HLI nonepxnoc-rn Rin R,

1
r = R). T R;.
cosa __ 1
P R’
TO Hawa ¢opMy/a NPHHNMAET BHI
2E8* 1

P=vsa—wrr _®__1°
2R\R,
Haumenviwee 3navemie p Mbl MOJAYuHAH, monaras 9" = 1/3.
JroMy anauenmo §° coorsercrayer ¥ =1/2. Tak xak

‘9_ A
EEE T

TO STO BO3MOXHO TOJBKO NPpH l=ll. A 3T0 3HauwuT,
06/1aCTb BHIMY 33, yp

AER cos =2
=R csg. y= V‘ sing,

BHPOMIAETCA B OTPE3OK OCH X (Mepuimnana). duauueckuh cMbica
3TOrO peay/bTaTa COCTOHT B TOM, HTO 803HUKGIOWUE 8 De3ynb-
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nGme nomepu YCMounusocmu 060404KY BMAMURY DOANCHS
GoLmbs CUAGHO BLMARYMs 80045 Mepuduaros. 1o necTeu-
TeAbHO HAGMONJETCA B COOTBETCTBYIOUIMX OMBITAX.

TTpuMeHnM MOAYYEHHYIO HAMK GOPMYNY K ONpeNeNeHHi0 KPH-
THYECKOrO AaBJCHUS JUISl CO/AIOCHYTOrO 3JAMNCOMAA BPALUEHHA.
Mycts @ n b — noayocu samuncouna, b < a. Beupy Toro, uro
rayccoBa KPHBH3IA CITOCHYTONO SAAMICOMAA MOHOTOHHO pacTet
no Mepe npHOMMKEHHA K SKBATOPY BMeCTe C PALMYCOM napan-
feAM P, MHUMMYM P TNOAYYaeGTCA MPH  BHINYYHBAHUM BAOAL
skparopa. Ha skparope

p=a, R=a, R2=—:7.

Orciona
2E62 1

=vEi—w a_;_bz"

B cayuae cuabuo cnawockyroro samunconna (b < a)
4ER?
V31— a® :
CyluecTBeHNO 3aMeTHTb, YTO BEAHUMHA KPHTHYECKOTO NABIEHHS
npu MOGOM CNJTIOMMBAHNM HE CHWXAETCA HHXNE STOrO 3ilaucHHus.

p=

4. Tloteps ycTOHUMBOCTH BLINYKJOH 060JI0OUKH BpaeHHA
noj BHemHWM nasienneM. B § | w m. 1 wuacroswero napa-
rpada Gbi1 paccMOTpel BOMPOC O mOTEpe YCTOHYHBOCTH MOAOrOR
BLIMYKJOW 0GOJIOYKH NMOA BHeWUHHM AapaeHueM. [lpi stom ans
BEMYMHLL P KPHTHYECKOrO AaBMeHHA GLia HaHmena dopmyna

= 2L
V3(1—v)RR,’
onyyan sTOT peayabTar, Mbl MPH ONpEAe’eHHH MPOHIBOMMM
BHEILIHHM NaBJenkeM PaGoTh
A=pAV
HCNO/b30BAAM NPEANONOKeHHEe O NojorocTH 060noukH. HMenHo,

nameHenue o6bema AV, orpaHnunBaeMOro o60/M0YKOM, MBI BbIYH-
casnu no gopmyne

AV=ff§dxdy.
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rae {—cocrapasiomasn no ocH z uarnGaiouero noas npu fedop-
Mauun obonoukn. Dra dopmyna Obina Obl TOUHOH, ecam Ow
uaribaiowuee noe Gbl/0 NepneHAHKYAFPHO NIOCKOCTH Xy. B ackcr-
BHTEJBHOCTH STO MOXHO CYHTAaTh BBHIMOJHENHBIM TOAbKO BO/AN3H
LeHTPa BHIMYYHBaHHs. B CBA3H C STHM AAA HEMOAOroA 060AOUKH
MB MOXeM OXHAaTb APYroff pesyabTaT O BejHuHile BHELIlCIO
KPUTHYECKOTO RABAEHUS. PacCMOTPHM STOT BOMPOC IS BHMYKILX
060/104eK BpAICHHS.

TIpe&nonOXKHM, 4TO BHNYKAaA 060/MOUKA BpauleHHs NOA Meh-
CTBMeM DHELIHEr0 [IaBleHHs TepseT YCTOM4MBOCTb ¢ 06pasosa-
HHMEM CHCTEMBl BMATHH, PaCTOJIOXEHHLIX BAOAb HEKOTOpOH mapas-
nean (puc. 27). Cyas no pesyabTaty, moayuensHoMy B I 2,
MOXHO AyMaTh, 4YTO TaKaa copsa
nOTepH yCTOHUHBOCTI! MOXET peaiti-
30BaThCAl, €CAH BMATHHLI  CILIBHO
BLITAHYTHl BAOAL Mapajifesn, ia
KOTOpO#t OHM pacmonaraiorcs. Tak
We KaK M B Ciydae BHYTPEHINCTO
naefeHus, uaMericlue (np aedop-
Maii) 06'beMa, OrpaHHyeHHoro 06o-

Puc. 27. NouKON, Mbl GydeM COCTaBAsThH I3
nByx uactet — AV, u AV, AV; —
yMel e obbeMa, HenocpencTBeHHo ¢ 00pasopa-

HueM obaactefl BHIMyYMBaHMA, a AV‘ obyciiopietio cOomKeHIem
njocKocTefl napanneneit, orpaHHYIBAIOILIIX 30HY 06nacTed BLiny-
yiBaHua. Vmeem
AV,=—V'%(A‘+1.L4+ 42202 n,
a

AV, _-:rp2 3z Au (A< p?ccosa.

C €/IbHO, NP AapseuneM p paGora npu
nedopmaunn ofonouxn pasua
A="2_ M 44 422u?) pn—

g M ) p

— 3L 1/% A A2+ p?) opcosa.

Sra ¢opMyaa OTAHYAETCR TOALKO 3HAKOM OT COOTBETCTBYIOULeR
GOpMyABl LA CAy4Yas BHYTPEHHEro AapJenus.
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Yrto xacaercs sHepruu nepopmaumu,
npexHee BbipaikeHHe
__ 2 mV—
T YiRa—

Tak e Kak H b Cnayyae BHYTPEHHEero AaBJelins, U3 ycaosus
paHoBecHs 060104KH

(M 4 pt 4 4222 on.

d
— U —-A)=0
Lw—4
0. 1y4aeM cieayiollee COOTHOIUGHHE A/ BEAHUHHB NABJCHUS P.
BOCIIpHHHMaeMoro 060/104K0H NPH BLINYYHBAHHU:

2F §*2n V nb

V= (l‘ + i A n —

At 422 np 4

V_
+ﬂp’% ﬁhn(h’-{- u?) pcosa=0.

910 cOOTHOWICHNHE HABECTHHIM CNIOCOGOM ynpowiaeTcs H, Gyayun
paspeluelio OTIOCHTCALIIO P, NAeT ANA HEro Cielyioulee 3HaueHHe:
p= 4E 8%ab 1
= V- _ :Sapo:ostl.o._l_1

rhe, KaK W mpex
4

¥ =1
)
8= gt

Haumenbiuee 3Hauenue p TOAydYaeTca NpH HauGoOIblIeM NO
aGCONOTHON Be/MUMHE OTPHUATeNLHOM 3HayeHnn 9%, To ects mpu
=—1/3.
Ecan sto anavenne 9* moactasuts B dopmyay mna p, TO
NOAYYHM
4E 8%l 1

= V21 —v) %cosa-l—l '



TIOTEPSl YCTORUHBOCTH BbI

Mpumenenne sToft QopMyart Aas moxorux 060s0YeK
» Majao or OT NOJyYEeHIIOro paHee
= 2E $%ab
V3a—v) '

TaK Kak AAA NOAOTHX 060MOYeK G=~m/2 W,

cosa~0.
Briacuum opMy obaactefl suinyuusanus. Tax kak §*=— 1/3,
10 § = — 1/2. Orciona caeayer, 4t0 A == — {. O6aacTh BEINYYH-

BaHMA 3a4aeTCH ypaBHEHHEM

A4p A—p .
r=2t8 o5, y= sin@.
Vs ? Y Vs @
Tlpy A==—p Ham S/AMMNC BLIPOXNAAETCA B OTPE30OK OCH Y.

duaNyeCKH 9TO BSHAYHT, YTO 062aCMU  BHAYYUBAHKUA RpI
nomepe ycmodunusocmu 06040%Ku nod SHewnus Oagrenuest
CUNBHO BHMARYMb 80046 napaisest.

Tak Xe Kak B Clyyae BHYTPeHHero Aapienus, GopMyay Aas
KPHTHYECKOH# HAarpy3kn MOXHO ‘npeoGpasoBaTh K BHLY

= 4E8? 1
VI2(1—v)RR, _0 1
2RR;
2E5° 1
=

—_—
V3a—w %+R1R2

HanoMuuM, uto 3leck R) ¥ R, — raasHbie Paluychl KPHBM3HEL
060n0UKH BAOAL nNapaifnend, Tae NPOMCXOAMT BLIMYYUBAHHE,
P — paluyc mapaaneu.

B kauecTse NpHONKEHMA MOMYYEHHOTO Pe3yAbTaTa Paccmo-
TPHM MOTEPI0 YCTOHYMBOCTH 3aMKHYTOH Cdepuyeckod 060M0uKH
paanyca R. 3necs

Ri=R, Ry=R.

MunumMyM p noayuaercs mpu p=R, TO ecTb Npu 0OPa3OBaHHH
BMATHH BAOJb skna‘ropa. ﬂllﬂ BEJAHYHHE! val’l‘ulleCKDI‘O BaBieHHA
nonyuaercs dopmyna
P 2EE 2
Via—v)R 3°
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Takum 0o6pa3oM, HaleHHOe 3HAYeHHe COCTaB/AseT 2/3 OT 3Have-
HHA, NMOJYYEIHOro A MOJOrHX 060104eK.

3 ne. [lo na PHIX ONBITOB Hal cepuye-
CKkHMHM cerMenvamu, onucannsix b kuure A. C. Boabmupa (9],
BLINYyYHBAHWE MOL BHELIHHM LABJEHMEM HayuHaeTca y Kpas cer-
MmeHTa. Moxto AyMmaTb, 4TO TPH 3TOM HMEET MeCTO norepsa
yCTOM'IMnOCTM. paccMoTpeHHasi B HACTOALEM NYHKTe.

6. Morepa ycTouMBOCTH BLINYKAOH 060I0YKH BpauLEHHS
npi kpyuenuu. OGosouka BpalueHHs, HaXOAALAACS MOL Hel-
CTBHCM  KPYTAWLETO MOMENTa, NPHJONEHHOrO K Kpaio 060-
JOUKH, MOXET TepaTh YCTOHYMBOCTH C 0GpasosanieM obaacteft
BLUIYUHBAHHSA, HAKAOHEHHMX K Me-
pumnany (puc. 28). Paccmorpum
BOMPOC O DBEAHYHHE KPYTALLEro
MOMENTA, BLI3HBAIOWEr0  MOTepio
YCTOHUMBOCTH TaKOTO BHIA.

Tpu6auican nepopMupoOBaHHYIO
NOBEPXHOCTb 0BOJOUKHM H3OMETPH-
yecKnM npeoGpasoBaiHeM MCXOLHOH
cdopmbl, Mul GyzeM nOAL3OBATLCSK
TCMH K¢ COOGP@XENHAMM, uTO I
B M. 2 A8 CAyuas BHYTPeHHero IabieHus. Bouay Toro, uto
06/1aCTH BLIMYYHBAIIHA HAKJIOMEHbl K MCPHAMAHY, MPOUCXOLMT 3a-
KpyunBaHHe 060JIOYKH lia HexoTOPHIK yroa &. Ompeneaum senu-
uuiy 3TOTO yria.

BoabMeM 112 MOBEPXIIOCTH MPOM3BOALHYIO TOUKY A BHE 301LI
obnacTeh BHIMYyunBalHA, HO BOAM3HM 3TOM 30HBI, M uaklzeM CMe-
WenHe I3TOH TOUKM BLOAb MNapanie]d NPH pPaccMaTpHBaeMOH
nepopmaunu oGonouku. [Ipopesem ua ToukM A nepneHAMKyAsp
Ha napaanenb y. rAe DPaconaraloTCA UEHTPH BHINYYHBaHHA, H
0603HauHM uepe3 P ocHoBaHue 3TOro nepneHAukyaapa. Tak e,
KaK M B N. 2, BBOAMM AEKAapTOBH KOOPAMIIATH, MPHHAB TOYKY P
3a HAYaNM0 KOOPIMHAT, KACaTeAbHYIO MJOCKOCTh B ITOR TOUKe 32
NAOCKOCTh XY, a OCb X HAaNpaBuM NO MEPHAMAHY MOBEPXHOCTH.

Tycts ﬁ — uHTepecyiolee Hac cMellerue ToukH A. Toraa,
NpeanoAaras, YT0 Ha BeJHYMHY 1) CYUIECTBEHHO BAMAIOT TOJbKO
06/acTH BHINY p B6/aM3M ToukH P, Moxex
3anucath

Puc. 28.

A= y-
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3necy 1(x, y) — cocTapasioman no ocM y HaruGaioliero noas,
COOTBETCTBYIOLUEr0 06JACTH BHITYHBAHHA C UEHTPOM P, h — pac-
crosHue TOuku A OT mapannenn y, a y, — KOOPAHHATHI UEHTPOB
o6nacTe#t BuIMyuHBaHHS, GAH3KHX K P.

PaccMorpum dyHKUMIO 1(x, y). OHa BbhipaXaerca yepes ana-
JIMTHYECKYI0 (YHKUMIO

=2
no dopmyne
n=a1/FRe{—(usinﬁ+-vcosf})—iei°f§dm}.
IMoncrapass b oty dopmyay {=a/a® u 3aMeuas, uro
‘w=l.m+%-.
Gynem
Y (usin 9 4 v cos B) ine® gl
n=aViRe{— LmOtucn0) | net et}

Inn Manbix o6nacTe#t BLHIMyYMBaHMA SHaueHHe |lo] seanxo.
osToMy MOXHO CYMTaTL, yTO

— i2pi0
n=aVbRe{-— (us(nﬂ-(‘i;zucosﬂ)_FM:; }

ITo To# ke npuuiHe
W= ho.
Takum oGpasom,

n=ar2 VERe{—— (usinﬂ;l—zwcusﬂ) + i%”"_}‘
Tepeftaem oT nepemennsix «, v k x, y. Mneen
1
x=ﬁ(ucosf} —wsind),
y =#(usin1‘}+vcosﬁ).
Va4 iy Vb =(u+ tv) e = weio,
ax’ 0y =u! 4 ?=|w[%
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C 1OMOWBIO 3THX COOTHOWeHHNA Bbipaxeiie A 1 upeobpa-
syercss K Buay

293 Vb cos 20 — (3xy? V@ + x%a ¥V a) sin 20
n=2V?b . (ax2+by’)’+
TloxcTan/nn 510 Suaueilme b DHpAKeHie 1), GyLeM mMeTs
— N\ 250 VT cos 20 — (3hyjp aVa |n20
= V5 Y= ([V" V—;+ oL
- (an®+ 032y’
Bpuny Toro, uTo 06AaCTH DBHNYYMBAIMS PACMOAONKEHBI CHMMe-

TPHUHO OTHOCHTEALHO TOYKH A, CyMMupoOBaHHie no neppoMy cJjaa-
T2eMOMY MOXNO ONyCTUTL, NPHHAB

n=— 2% VD sin2¢ 2
k

smyivVa+idaVa

(an?+oy})
Hanbwe, xax w8 0. 2, 8 nNpaBol yacTH OT CyMMHMpOBaiis nepe-
XOANM K HHTErpany. I’IMSIIHO. noaaras

By=y,— yp-1.

GyJeM HMETD

®

F_ 2 V7 sin20 3ny%Va+ aVa

= ay @E T W
—%

Bsoas 1oBoe nepemexioe £

y=ll'l/-f.t,

b
NOAYYHM
w
e — Pasin2t J‘ LI
- Ay a+a ™
-%
Hineem
P
eeqr
I axay 4=
Tlostomy
fod 4nh’a sin 28
N=—7
y
Booas ciona

a=—2 24 o,



NOAY4YHM OKOHYaTeAbHYIO (opMyay AAf 1

.~ 127Ap (A2} p?) o sin 28
"=——ay
Kak u cnegosano oxwupaTh, CMelleHHE 1) TOYKH A He aaBMCHT
OT PaccTosHus /i1,

Teneps MO0 oOmpefeants yroi 3sakpyunsauus e. LEcun
0603HauHTL ¥epes P PagHyc mapananend y, BAOAb KOTOPOH pac-
nonaraiorcs 064acTH. BHINYYHBAHHA, TO

2 __ 24ndp (M 4-p?) o sin 28
[ (3] '
Tlpoussonumas MoMenToM M paGota Npu BLUTYYHBAHWH panHa
24nAp (A2 4 p?) oM sin 28
ody )
Hatinem Tenepb suepruio nedopmawnn U. B § 1 ans sucp-

run gedopMannu U Ha eAMHMLY AAHHBL TPAaHMUB BLINYYHBAHMs
noayyena gopmyaa (crp. 109)

=

A= Me=

J— _2ES%ahk

Vioa—w°
3lech @ —yron MeMLY CONPHKACAIOWEHCH TNAOCKOCTBIO KpH-
BOH Yy, orp: o6aacTs BNy M KacaTesblbIMHI
n AMH N0Bep TH, kB — Kp KpHBOH y, /2 — nporu6

B 06/1aCTH BHINYYHBAHHS.
B cucTeMe KoOpAMHAT, KOTOpas DBefeHa BIe, Hawa no-

BEPXHOCTb BOAM3H TOUKM P 3anaercs ypaBHenHeM
1
2= (ax+ by?).
Kpupad y samaerca Ha Hel ypasHenuamu
u=@A4pcosp, v=(-- w)sing.
TlepeMentbie «, v CB3aHH C X, y dopmyaamu

=-—Vl?(ucos0—vsin\‘}).

~l—(us‘ 0
y=1y7 (sin +vcos9).
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Jns MaaoH 06AacTH BEINYYMBAHUS MONHO CYHTATH

L3
o

a=

rle k —KpuBu3Ha KpHBo# y, k, — HOPMANbHAA KPHBHBHA MCXOL-
HOM TNOBEPXHOCTH B uanpasaedun y. O6luee BhIpaXKeHHe HOP-
MaabHOR KPHBHBHDI

adx?+bdy?

ky= a2t dy? —

I'lonc*rawma clona 3naveHus
= 717 {(A4-n)cos pcos & — (A —p)singsin ¥},
a

y =—Vl—0_ (% 4-1) cos psin® = (A —p) sinpcos B},
NOJY4YHM HOpMaaLHYIO 1(pnnuaﬂy MOBEPXIOCTH B nanpanaeﬂun v
2 2
ky= axﬂ + bl}; 4
Xy

rae andq BHINO. TCA MO nep ™My Q.

ddep p
Ilis Maao# 06sacTH BLIMYy4MBAHHA KPHBH3HY Y MOXHO onpe-
ReasTh MO ee NMpOeKUWM Ha MAOCKOCTh xY. TMomyumm
p XY =YX
- (x’2+y'z)'l’ -
DsieMeHT LyrM KpHBOH Y pasex
0
ds=(x"+y")" do.

Briuucanm Teneph Huterpan

2t (M!,-‘_by,z)z
[ was= [ {555 40
v o
Hneenm .
Leny! — 35| = e (2 — .

ax” by’ = A wsite+@G— we2cos?g.
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TMoncrapnAs 3TH 3HaueHNs B MOABIHTErPA/NbHOE DBHIpaNel
XOAHM

f a?kds = 2V ab (A - 4a22).

2
v

Mouan sHeprus xedopMauuH AJs OAHOW 0GAACTH BHIMyuH-
BaHUA paBHa

U= [ Tds, = 2000 2V gy aaag.
v

YT VR(I=v) M—p

Moncrasass ciona
h=@MA—uYo,
nonyuuM
2E82n V ab
U= 4 4 A2u2) g.
VBd—v = (M i %) o

OHeprua: neopMALN MO BCeM £ 0GAACTAM BHITYYHBAHMA PaBHA

2E82 Y ab

=1 =7 (4 2,2 .
u VEa—v (M- pi- 42202 on.

Teneps M3 yca0BHS PAaBHOBECHA 0G0JOYKH
d
wU—H=0

nonyyaeM COOTHOLUGHHE IJis MOMeHTa M, BHI3bIBAIOLUIEro MOTEpIo
YCTOAUNBOCTH 06O/IOUKH:

_sz_gz(;‘L (M- pt 4 A2 . —
_ A (R — ) M- sin 20 —0
pAy '

Ortciona, 3amevas, uTO
nly=2mp,
nonyynmM
M’E&’Vﬂb 149 2
Via—v) (142e?) — 3eMsin 28 =0,
M
MR



PASNMYHBIE CHOCOBL HATPY)XEHMsH in

Haunenswee anavenune M nosyuaercs npu e = 1/2 u & = 45°
10 sHauenue ompelensiercs no Gopyyae

_ np2ES V ab
A TE)

M= np2£6?
T VRA—VVRR,

3neck R; m R,— raabuuie pagnychl KPHBM3HBI BAOAb Napai-
JeH, TAE NPOMCXOLMT BLIMyYHBauHe, O — Pajuyc STOW mapan-
A s,

B sakaouenne 3aMeTHM, 4TO MOTEPs YCTOA4NBOCTH moA Aelt-
CIBHCM KPYTAWero MoMenTa M conpoBoxAaeTca 0OGpasopaHmen
CIBHO  BLITAHYTLIX BMATHH (€==1/2), NAKAOHEHHLIX K MepH-
uuany noa yraom ¥ = 45°



FNABA TPETHS

HWIHHAPHYECKUE OBOJIOYKH
NPH 3AKPHTHYECKHX AE$OPMALUAX

Cpe,tul 060/104eK, BCTPEYAIOUWIHXCSA B PEAMbHbLIX KOHCTPYKUMSIX,
ABAAIOTCA OGOJOYKH, HMeloLHe
opmy pasnepmnaromuxcn nosepxHocTeft. B sHauntenbHoft cre-
MeHH 3TO OGDBACHAETCA NPOCTOTOH HMX MOMYYEHHS M3 JHCTOBOTO
martepuana. Cpeau paspepThiBalowuxcn ofonoyek Hanboaec pac-
NPOCTPAaHEHHBIMH, NOXANAYH, ABASIOTCA UMAMHAPHYecKue. B cpasn
C STHM H3YYeHHEe NPOYHOCTHHIX CBOMCTB ITHX 06OsOUEK mpea-
cTaBaseT GOMbIION MpaKTHYecKuH HHTEpec.

LuauHapuyeckas 060/104KA KAK 3/EMEHT KOHCTPYKIUHH MOMET
paGoTaTh B pasiMYHHX YCJOBHSIX Harpy:ehHs. Cpeam HHX OCHOB-
HEIMH SBJSIOTCA: OCEBOe CXKaTHe, BHeluHee JaB/JeHHe H KPYyueHHe.
O6uuHO paspyueiHe OGONOYKH NPOHCXOMHT B peay/bTaTe Mo-
TepH YCTOMUMBOCTH. 3aKpHTHYeCKHE IeOPMAUHH, KOTOPLIE MNpPH
9TOM BO3HHKAIOT, MPHBOLAT K KOHUEHTPALHH HanpsmieHuit B onpe-
ZeNIeHHNX 30HAX, 4YTO W BeAeT B KOHUE KOHUOB K PaspylieHHI0.
B cBA3H C STHM BO3HMKAaeT eCTECTBEHHas 3afaya 06 onpelese-
HHM YNPYruX COCTOSHMM 0GO/IOYKM NMPH 3aKPHTHYECKHX Aecdop-
Maumsax.

B HacTosille rnaBe Ml HCC/AENYeM 3aKDHTHYECKHE Ympyrue
COCTOAIHHA UMAMHIPHYECKHX 06O0/MOYeK B OCHOBHBLIX CAyYasX Ha-
rpyxenns: oceBoe cxarve (§ 1), BHeluHee nasseHue (§ 2) u
kpydyenue (§ 3). Tak e Kak W B Cayyae CTPOTO BBITYKJLIX
060s04eK (ra. 1), 8TO HCCAeNOBaHWe GyNeT OCHOBAaHO Ha MpHH-
uune A. PeaysbratoM uccaenoBauus GyZeT NOJAHOE ONHCaHHE
3aKPHTHYECKOrO YNPYroro COCTORHHS, B YAaCTHOCTH, OMpeleieHHe
UHKHHX KPHTHYECKHX Harpy3ok.

Mertoaw, passuThe B 3TOH rAaBe, MOTYT GLITh NPHMEHEHHI
M K cayyalo KoHMyeCkux oGonouek. [To stomy mosoay cM. pa-
6otw [10], {11] B. U BaGenko u [12] B. B. Muxa#aosa.
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&

§ 1. 3axputuueckue aedop UHIHHAD KHX 06
NpH OCEBOM CATHH

Kax ykasano Buiumle, mpeasaracMoe HCClefLOBaHHE 3aKPHTH-

YECKHX YMPYruX COCTOSHMM UMAMHADHYECKON 060n0uKH Gymer
OCIIOBAHO Ha 1CNOAL30BaHNK npuHuuna A. [IpuMeHeHile sTOrO
MPUILIA NPeiNoAaraeT HCC/AeA0BanHe BO3-
MOXHHIX H30METPHYeCKHX npeoGpasoBanutt
MCXOAHOH MoBepxiocTH 060a04kH. [TosToMy
Mbl HaYHEM I1dllle HCC/IeAO0BAHME H3YUEHHEM
ITIX npeobpasosaHuil.

1. CnennanbHoe H3OMETpHUECKOE mpe- 4/

ofpasoBaHue LHJHHADHYECKOH NOBepx-

HocTH., ONBIT MOKAa3bIBAeT, YTO 3aKPUTHYE-

ckas AeiOpMaLHA reoMeTpPHYECKH COBepLIeH-

HOM LMAHHAPHYECKOH O06OJOYKH NMPH OCEBOM

cxatuv o6sanaer onpedeneHHON NPaBH/b- a)
HOCTbIO cTpoenus. Hmenno, naGmonaercs
OTYET/INBAR NMEPHOAHYHOCTL (hopMbl Aedop-
MIIPOBQHHOH MOBEPXHOCTH MO OKPYIKHOCTH
K BuicoTe 060/0YKH. B cBsizn € 3THM Mb
Cy)xaeM Haily 3afiauy M OrpaHH4YMBaeMCs pac-
CMOTPEHHeM H30MeTpPHueCKHX npeoGpasopa-
HHH, 00JafalOWMX YKAa3aHHOW NPaBH/bHO-
CTbIO CTPOEHHS.

BoabMeM NPaBH/bHYIO NPH3MY C YETHBIM
yucaoM cTopoH (2m) W mposedeM Ha OAHOH
H3 ee GOKOBHIX TpaHedt @; MPOHM3BOJLHYIO
FIaAKyI0 KPHBYIO Y;, ORHO3HAYHO MPOEKTH-
pylouyiocs Ha ocb npuaMut (puc. 29, a). OT-
Pa3uM KPMBYIO Y, 3ePKa/IbHO B MJIOCKOCTH B,
npoxoasiuelt uepes GokoBoe peGpPo rpaHH @
H OCb MpU3Mbl. [IpH STOM NMOJYYHTCA KpUBaA Y, JAexauias B 6o-
KOBOH TPaHi Oy, CMeXHOH ;. 3aTeM aHa/NOTHYHO CTPOHM KPH-
BYIO Y3 B FPaHH Gy, CMeXHOH G, M T. A Tak B KaxaoH rpauy @,
TIOCTPOUM KDPHBYIO ;.

ITposeseM Tenepn HYepe3 KPHBHE y; H Y, UMAHHAPHYECKYIO
TOBEPXHOCTh Z;y C 06pasy neprneHAHKyAap nA0CKO-
CTH B. AHaJIOTHYHO NOCTPOUM UM, He mosep " Zos,

Zyy n 1. n. Tosepxnocrn Zy,y, Zy,, CoCTaRafIoT TPy6uatyio




nosepxsocTs Z, BCioly FAaikylo, kpode pefep Vi, Y. ..
(pHc. 29, 6). YTDepiKAaeTcs, YTO 1OCM POEKKARL MAKUM 0C-
pasos nosepxrocmy Z u30Mem puiKa HuARKOPY.

Jlas TOro, 4ToGk 9TO AOKA3aTh, MOKANKEM ClIayana, YTo NOBepX-
HOCTb Z /IOKaAbHO M3OMETPHUHA MJOCKOCTH, TO €CTb YTO KaMc-
Jlaft TOuKa STON MOBEPXHOCTH HMEET OKPECTHOCTb, H3OMETPHYNYIO
KYCKY NJAOCKOCTH. DTO OUCBHMAHO MA5 TOYEK, He JEXAIHX 1a
pebpax y; MOBEPXHOCTH. PacCMOTPHM TOUKH Ha OLHOA M3 KpH-
BHIX Y;, HanpuMep, y,.

OTpasum noBepxHOCTb Zyg 3EPKANbHO B MIOCKOCTH TPaHH (.
TloAyueHHast NPH STOM MOBEPXHOCTH Zy; SBIAETCS MPOAOMKEHILM
nopepxHocTd Z;, 3a Kpak y, B BHAE UHAMHAPHYECKOH mOBepx-
HocTH. [ToBepXHOCTb, COCTaBJeHHas M3 Zpp It Zas, KK WAMUI-
ZpHYecKa, BIOAb KPHBOH Y, JOKAMbHO H3OMETPHYHA MAOCKOCTH.
Orciona c/elyeT, YTO BAOAb STOH KPHBO# MOBEPXHOCTb, COCTA-
pAeHHan W3 Zyy ¥ Zy, a CAeNoBaTenblo, H Z, TOMe A0KaAbHo
H3OMETPHYHA MIOCKOCTH.

IpuBesenHas KOHCTPYKUMS NO3BOJAET Ge3 TPyAa 3aK/IOUHTH
TakKe, YTO 3aMKHYT2A JOMaHasl Y, COCTABJEHHAs H3 MPSIMOJH-
HeRHBIX oOpasylowmx nopepxHocteR Zy, Zy, ..., TO eCTh
nepeceyeHHe NOBEPXHOCTH Z C MAOCKOCTHIO, MEPMEHAHKYAAPHON
OCH MpH3MBI, ABJSETCR 3aMKHYTOH reodesuueckoft. JIByX npu-
BeleHHEIX COOGpaxenn#t (0 NOKanLHOW M3OMETPHH MAOCKOCTH M
3AMKHYTHIX reOleaH4eckMx) AOCTAaTOMHO AAS TOrO, 4TOGH 3a-
KMOYHTb 06 H3OMETPMH MOBEpXHOCTH Z KPYTOBOMY UHAMHADY.

Onpenenny panuyc UHHHAPA, H3OMETPHUHOTO MOBEPXHOCTHZ .
Jns aTOro paccMOTpMM MepeceyeHHe NOBEPXHOCTH Z € MaO-
CKOCTbI0, MepneHaMKyaapHo# ocu npuamsl, Kak Gwiio ykasauo,
nosyyaeMas NPH STOM 3aMKHyTas JOMaHas Y ABJseTCH reoje-
3uyecKofl, 1, CleNoBaTe/bHO, ee AAMHa L cpfidaHa ¢ pamauycom R
LWHIHHAPA COOTHOLUEHHEM

L=2nR.

Jlomanas V BIMCaHA B MPaBUALHBIA 271~ YTOMbHUK ?o, no KoTo-
POMY MJOCKOCTb, B KOTOPOH JIeMHT i nepecexaer GokoByI0
noBepxHOCTb npuambl (puc. 30). Tak kak CTOPOHBI ? €O CTOpO-
HAMH MHOTOYTO/bHHKA ﬁ, 06pa3yloT paBHbe yrast (w/2n), TO

HE3aBHCHMO OT (OPMLI JIOMaH28 Y MMEeT BCerda OAMH U TOT e
nepuMetp L, papHn#l nepuMeTpPy NpaBUABHOTO 27-YTOAbHHKA
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C DEpUINNAMH I CEPCAHNAX CTOPOH MHOTOYTOABHHKA Yg. Teneps
He COCTaB/sIeT TPYa HAUTH MEePHMCTP MOMaHOR y, a C/IeN0BaTeNbHO,
M PaaMyC R uM.IHHApa, M3OMCTPHYHOTO MOBEPXHOCTH Z.

TMpupenenoe €OOGPaMeHHC MO3BOASET CAEAATh BAXKHBIA BhI-
Bol. VIMenHo, paiauyc umaumapa, usoMeTpuukoro Z, He 3aBHCHT
OT TOr0, Kakopa Obi1a B3fATa KPHDAA Y HA IPAHH TPHEMBI O
NpH NOCTPOCHHH NOBEPXHOCTH Z.

Tlponesnem uycpes ocb npuambl M OMIO H3 ee GOKOBBIX pebep
naockocTh. Ona mepeceteT NOBEPXHOCT Z MO HEKOTOPOR KPH-
oo#t y. Ha nopepxHOCTH KpyroBoro uH/AHHIPA, KOTOPOMY H30-
METpIfUiia MOBCPXHOCTL Z, KPHBOK y MO M3OMETPHH COOTBETCT-
nyer npamMoannednas obpasyowan, Crenopateavho, d4ura Kpi-
Goll Y pasHa Bsuicome yuAuHOpa, u3osem putnozo Z, M He
3ABHCHT OT TOTO, Yepes Kaioe
n3 Gokobulx pebep npoBeAcHa
CeKyluan NIOCKOCTh, Onpenesio-

mas KpHBYyIO Y.

Tpeanonoxusm Tenepp, uTO
KpuBas Yy, Ha GOKOBOH rpanu o,
C NOMOLLBLI0 KOTOPOR OMHCaHHOR
BLILUE KOMCTPYKUHMER noaydaercs
NOBePXHOCTh Z, TPOU3BOLHBIM
06pa3oM neopMHPYeTCs, HO TaK,

YTO ANHHA KPHBOH fcoxpanne'rcn. Pic. 30.
Mpu stoM nosepxuocts Z Tax-
we necdopmupyercs. H rtak Kak paAMyC M DhICOTa UMJAHHAPA,
HU3OMETPHYHOTO Z, He 13MeHfeTCa, TO Jma Bezﬁop/uauu}z ecms
2eoaem puvecroe uzzu6arue. C NOMOWILIO TAKOTO H3ruGaHMs
Mbl GyneM npHOMMNKATL YNPYrylo Aed)OPMAUMIO WHAMHAPHYECKOH
060J04KIl B aal(pwruuem(oﬂ CTalHH.

B cpasu ¢ npHUMeHeHHeM NMPpHHUHMAA A K HCCeN0B3HHIO 3aKpH-
THYeCKHX yApyrux COCTOSIHHH UHARHAPHYECKHX oGonouek npH
OCeBOM CKATHH HaM MPEACTOHT PacCMaTpHBaTh (YHKUHOHAL

W=U—A

Ha MIIOXeCTBe BCEX W3OMEeTPHYECKHX MPeo6pasoBaHmilt WHIMHADH-
yeCKoh TIOBEPXHOCTH, ofnanaloumx HEPHO,EH‘IHOCTHO CTPOeHHS.
Ecnn B kayecTne kpHpo#i y, C NOMOWILIO KOTOPOK CTPOUTCS OMHCAl-
HHIM  BBIle CMOCOGOM MoBepXHOCT> Z, B3ATh NEPHOLHUECKYIO
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KPHBYIO, TO NoBepxHOCT> Z GyAer 06/1afaTh TakO# MepHOLHYHO-
ctblo. Ho BosHMKaeT BOMPpOC, BCAKaA JH H3OMeTpHuHaR UHAHHAPY
TIOBEPXHOCTb, obaanaiowias NepHOANYHOCTBIO CTPOEHHs, MOXCT
6bITb MOCTPOeHa TakuM crnocoGoM. Ilokaxe, yto 3TO AeHCTBII-
TeJbHO TaK.

Tlycrs HekoTOpas moBepXHOCTb Z 061anaeT NEPHOAMYHOCTHIO
CTpOEHHMs N0 BHICOTe M B OKPYXHOM Hanpapnexun. Tpebyercs
10Ka3aTb, YTO OHA MOJYYAETCA ONMHCAHHOH BHILE KOHCTPYKUHeR.
CoxpaHsisi TPeeMCTBEHHOCTb 0003HayeHHH, Ha3oBeM B omty u3
panuanbHEIX MAOCKOCTe# cuMMeTpun mosepxuocTd Z (puc. 31).

3Ta NAOCKOCTL MepeceKaeT MOBEPXHOCTH MO HEKOTOPOH KPHOOI Y-
Tycts P —npouaBoibHas —TouKa Ha
sTo#t kpupoft. Tak kak mnoBepxHOCTh Z

Pa3BepTHBAIOMIANCA, TO Yeped KaXaylo
A ee TOYKY, B 4YACTHOCTH 4epe3 TO4-
Ky P, npoxoaut npsMosusehuas 006-
h pasyiomas g (P). Ecanm npeanoaoxits
P INA MPOCTOTH, YTO NOBEPXHOCTb Z e

CONEPXHT TJOCKHX KYCKOB, TO MPAMO-
nuxefinan obpasylowas g (P), npoxoas-
mas yepes TouKy P, Gyler eQMHCTBEH-
HOM.

B cuny cuMMeTpHH TOBePXHOCTH Z
OTHOCHTE/IBHO T/IOCKOCTH f, MPAMOIHHEH-
Han obpasyiomwas g (P), 6yayun enuHcT-

Puc. 31. BEHHOM, JIeXUT AM6O B MJIOCKOCTH B, MHGO

\ nepneHnuKyaapHa 3To# maockoctH. ITep-

Bas BO3MOXHOCTb MCK/IOYAETCA, TaK KaK B MPOTHBIIOM CAy-

yae Mepexof UMAMHADHYECKOW NOBEPXHOCTH B MOBEPXHOCTh Z HE

COMPOBOXNAETCA OCeBHM CXaTHeM. TakuM 06pa3oM, MPAMOJH-

Hefible OGPa3yloluMe MOBEPXHOCTH B TOWKAX AHHHM y LOJKHBI

GLITh MepreHAMKYMAPHE! MOCKOCTH B, W, CIeNOBaTe/NbHO, Napali-

NeslbHbl IPYF APYTY. A STO 3HAYHT, YTO MOBEPXHOCTs Z BOAM3H

JIMHHK Y JOMKHA GHITH UWHAHHIPHYECKOH MOBEPXHOCTHIO, ¢ 06pa-

MKy AP NAOCKOCTH cHMMeTpuy B. Takoe xe

c-rpoenue unee-r NOBEPXHOCTh Z C MPOTHBOMOJOXHOH CTOPOHbI
B6AMIN JMHHM Y.

Tak Kak MOBEPXHOCTH Z HMeeT 12 MAOCKOCTER CHMMETpIH,
TO OHAa LOMXHA COCTOATH M3 21 UMAMHAPHYECKMX MOBEPXHOCTEH,
¢ 00pasylOUHMH, NEPNEHAHKYATPHBIMH STHM NIOCKOCTAM. Byayust

7
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TaK ycrpoena, NOBepXHOCTb Z HOMKHA MMETb OCOBHIE JHHUM —
pedpa. Ilycts y—omHo u3 Takux pebep,  Z;, Z,— uuanui-
PHYECKHE MOBEPXHOCTH, KOTOPHIE NepeceKaloTcs MO STOMy pebpy
(puc. 32). Tak KaK mnOBEePXHOCTL Z JOKANBHO HM3OMETPHUYHA
TIOCKOCTH, TO NOBEPXNOCTH Z; M Z, e
MOTYT OHITb p
Yc1~anounu~cnnab MEXLY HHMH.

Myctb y— nepecevene nosepxuocta Zy
C MAOCKOCTLIO CHMMETPHH Z, MepneHaMKy-
anpuoit ce oGpasyiommum. Kpunas y -
ASIETCH  TeoleauueckoH aunued. Bymem xa-
PaKTepH3oBaTH  MOJONeEINe NPOH3BOALHOM
Toukn P KpHBOK y paccromuen u(s) sro#t
TouKit OT Yy no oGpaaylomeh (s— ayra
Boab y, puc. 31). Tak kax nosepxuocts Z
JI0KaNLHO H3OMETPHYIA MAOCKOCTH, TO CYMMa
reojieanyeckux KPHUBH3H JIMIHK Yy 1a TNO-
nepxnocTax Z; M Z, nomkHa OmTb pasna
nymo. Ilpn 3apamio# nosepxnocth Z, u
Hanpap/eni# o6pasylolMX NOBEPXHOCTH Z, 3TO yCJOBHE HJeT
HeKoTopoe I bHOE yP BTOPOrO MOPSAKa AAf
dynxunn u (s):

o =, s). (+)

M3 elMHCTBEHHOCTH peEIUEHHA 3TOF0 YPABHEHHS C/eAyeT, YTO
KPHBas Y OMpenensieTcs ONHO3HAYHO (Ha MOBEPXHOCTH Z;), ecad
3ajana KaKas-HuGyaL ee TOYka W Hanpasjeude B Hedt.

Bouay nepHOAHYHOCTH CTPOEHHS NMOBEPXHOCTH Z MO BLICOTE, Ha
Auinn Y Hafnercs rakas Touka Py, B KOTOPOH KacaTeabHas K He#t
napanie/bHa OCH NMOBEPXHOCTH (OCLI0 Mbl HadbipaeM MpAMYIo, MO
KOTOpO# MepeceKaloTCs MJIOCKOCTH CHMMeTpHH). [TpopeneM uepea
TouKy P, NJIOCKOCTH @, Mapaanenbhyid OCH MOBEPXHOCTH, TaK,
yro6L obpasyiowme nosepxiuocted Z; M Z;, HCXoiswpe W3
TOUKH Pj, COCTaBasmil paplibie YrJbl C MAOCKOCTBIO G M pacno-
naranuck no onHy ee CTopody. ITycth y' — kpuisas, no xotopo#
MAOCKOCTb ¢ MepeceKaeT MOBEPXHOCTb Z; M €e MPOAO/KEeHHe 3a
KpHnylo y. Kpunas y’ ynonaetsopsier ypasHennio (x). Coorser-

‘
CTRYIOINAS MORepXHoCT Z CTPOMTCS 3EPKANbHBIM OTPAXEHHEM
B MJOCKOCTH (L TOW 4aCTIl MOBEPXIOCTH Z| W ee NPOROIKEHNS,
KoTOpan naxomutcs 3a kpusod y' Tak Kak KpHBEIC y M Y HMelOT

12 A. B. Toropeaon
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o6uyio Touky (Pg) W HanpapieHHe B Hefl, TO OHH COBMAdaiOT.

Otcioaa cenyeT, 4To NOBEPXHOCTL Z NOAYYaeTCs ONHCAHHON BLille

koncrpykunest. [110CKOCTb @ ABASETCA ORHOW M3 rpaHed MPHSMLL.
B cBasu ¢ priuncAeHHeM dyHKuuOlana

W=U—A

Ha H30OMETPHUYECKUX MNPeoGPA3OBAHHAX HCXOAHOH MOBEPXHOCTH
060/104KH, onpefeaHM HEKOTOpPbIE BeJNYHHBl A4S MOCTPOEHHOH,
H3OMETPHYHOH LHAMHADY, NOBepXHOCTH Z.

OGosHauHM @ OIHY W3 rpaHed MpPH3MEI, B KOTOPYIO BMHCANA
nosepxHocTs Z. PeGpo 9ToH nosepXHOCTH, Aexatlee B rpanu o, 060-
aunagum y. [Tpoesem yepes och nNpH3Mb 1 GoKOBOe peGpo Tpairt ¢

TIOCKOCThb ﬁ, H nepeceuelide ee C NOBEPXHOCTHIO Z o6o3Hauim .\.;

Kpupas y npeacrabaser coGoit HOpManblloe ceuelHe MOBEPXIIO-
crii Z, nepneHanKy/asproe o6pasyiouium.

BpeaeM B NAOCKOCTH Tpanu @ NPAMOYTOJbHYIO AeKApTOBY
CHUCTEMY KOODAMHAT X, y, NPHHAB 32 OCb X MPSMYIO, Napanneib-
Hy!0 GOKOBHIM peGpaM IPanH ¥ MPOXOASIULYI0 NOCEPeAHHe Mexny
HUMH, 2 32 OCb y — NPAMYI0, NepneHanKyaspiylo och x. Ilycrs
B 3THX KOODAMHATaX Pe6po y nopepxHOCTH Z 3aAaeTCA ypasHe-
HHEM

y=y(*)-

B nmaockoct# f Takke BpbeAeM NPAMOYFOJbLHYIO IEKapTOBY
CHCTeMy KOODIHHAT, MPHHSB 33 OCH X M Y MPOEKLHH oce#t KOOP-
ZHHAT, BBENEHHBIX B MJOCKOCTH @. B 3THX KOOPAMHATAX HOP-

ManbHOe CeveHie y NMOBEPXHOCTH Z 3a0Q€TCA ypadHelHeM
y= }’(x)-sm y(x)

Mut Gynem npeanosaraTe # AOCTAaTOYHO GOABLILM, H MOSTOMY
MOXHO CYHTaTh, WTO

Y=gy (o).
To uspecTHod ¢opMyne Kpupu3sa peGpa 7y nosepxHocTH Z
paBHa

1y”1
h=—
G y/ﬂ)/z
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Hopyaavuan kpususna nosepxwocTst Z B Ce4eHHH, MepNeHAMKY-
ASpHOM o6pasylowuy, Gyner

-~ "

k= 5
(1 +5 ~72Vh

Ipeanonaran n GoauunM, Mb ONYCTHM ujel ;" B 3HaMeHaTesne
arolt ¢opmysn. Toraa moayuum
F=5"
Han, spoas Bmecto :{v ¢dyuxuuo y,
L
=Y
Onpeseanm yroa &, xotophi#l o6pasyer maockocts pe6pa y
T™ Z ¢ KacaTesbh naockoctamu. C sToH ueabio
cucnuy KOOPANHAT Xy B MJAOCKOCTH i AOMOAHMM 1O MPOCTPaH-
CTBeIiol CHCTEMb KoOpaMHAT xyz. B Takoft cucreme koopau-
HaT Yraosuie KO3 @HUuUHeHTH NAOCKOCTH peGpa Y, TO €CTb NAOCKO-

ctn @, 6yaytr 0, 1,—n/2n, yraobee KO3(GHUHEHTH KacaTeb-
HOM TIOCKOCTH MOBepXHOCTH 6yayT sty’/2n, 1, 0. Yroa mexay

n
N/AOCKOCTAMH DaBeH yray Mexay BeKTOpamu (0. 1.—2—").

2n
crenylollee SHauyeHHe:

(-’i, 1, 0). Orciona aas yraa ¥ npn GOAbWOM 7 MOAYuaeTcs

°—~V1+y”

Hafizem ocepoe cxtaTe npyu H3OMeTpHYECKOM NpeoGpasoBa-
HHH KPYroBOTO UMAMHApPA B nobepxuocTb Z. BoabMem Ha un-
Avuape o6aacts G, PacnofIoMEHHYI0 MEXAY ABYyMS CEUCHHAMH,

nepnenanKyany ocH M OT 4pyr OT Apyra Ha
paccronune b. Misomerpuunan et o6aacth Z; Ha noBepXHocTH Z
orpaiinyena AByMs M. TAMH, Nep YARPHBIMH OCH NP

W OTCTOMMWLMMM APYr OT APYra Ha HEKOTOPOM paccTORHuM b’.
Ocepoe C)aTHe, 0 KOTOPOM HAET peyb, CCTb PAasHOCTb b — b’ = Ab.
Buicota b nosca G na UWMANHLpE, Kak NMOKA3aHO BhlLe, PaBHA

AnHHe kpuBo# § Ha nopepxhocti Zg. CrenosatensbHo,

b=fVl+;r” dx,
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rle HHTErpUPOBaHHE BHINOHAETCA MO DBHCOTe Nosca Zg NOBepX-
HOCTH Z, ¥

[ax=v.

2]

Tlp af, KaK W paHblie, y'> ManmM,
~n .
a2
/,~f(1 +>'T_),1x_,,'+wf
Orciona

a2 2
Ab zwf y“dx.

Tpeanonoxum Tenepy, uro (yukwis y(x), sanaiowas KpH-
BYIO Y, MepUOAMueCKas H yeTHad. [lycTb m — uucao mnosubix
BO/H KpuBOH y. [TpoBesem uepes BeplIMHEI KPHBOH Y MIOCKOCTH,
NEPrelauKYAPHLIC OCH NPH3MBI, 1t
HA30BEM HX TOPH3OHTA/AbHEIMH Ceuc-
nuamu. Kpome Toro, nmposesem moay-
NJIOCKOCTH Yepes OCb NpH3MbL M ee
Goronbie pebpa — pammanbibie ceue-
Hus. STH TUIOCKOCTH Pa3bUBaioT no-
BepXHOCTe Z Ha 4mn pasubx o6na-
cTed Q, KaXMas H3 KOTOPHIX H3OMET-
pUYHa MNpAMOYroAbHuky (pHc. 33).
Onpefeaus CTOPOHHI STOrO NPAMOYrOAbHHKA B 3aBHCHMOCTH OT
NapaMeTpoB UHJMHAPA, H3OMETPHYHOTO Z, TO €CTb Palnyca OCHO-
BaHMA, BHICOTH, YHCEN m W n.

Ecan Bmicora uuanuapa L, To, OYEBHIHO, BHICOTA MpAMO-
yronphuka Q pasHa’

L
b= T
Ecan panuyc uuauHApa R, TO WMPHHA MPAMOYroJbHMKa Q pabka
a=IR

To wusomerpun pa3Guennio mopepxHoctw Z Ha obaacTi Q
COOTBETCTBYeT pa30MeHHe UMAMHLPA, M3oMeTpuuxoro Z, Ha 4mn
NPAMOYFO/bHHIX 064acTel MAOCKOCTAMHM, NeEPNEHAUKYNAPHBIMH
OCH, OTCTOSIUIMMH LPYF OT APYra Ha PacCTOSHMM b, M paaHanb-
HBIMH TOAYNJAOCKOCTAMH, NEASWHMH NOAHBIA yrosa npH OCH UH-
AHHAPA HAa 27 PaBHMIX yacTed.
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Tlo COOTBETCTBYIOWHM HANPABACHHAM HOPMaabHbie KPHBHBHLI
NoBepXHOCTH Z PaBHbi

4 T —
h=x " ky=0.

(HopManehbie KDHBH3HBL B CMEXHBIX PalliajibHBIX HOPMAALHLIX
CeyeHHsX NOBEPXHOCTH, OOPasyloLUIX YroA J/mn, PaBHBl 10 bBe-
JMyKHe, HO MPOTHBOMOMONKIL! MO 3HaKy. ITHM 0B BIACHACTCH ABY-

3HAYHOCTh B BHIpaweHuu k;.) Takum ob6pasoM, mpu paccMar.
Baemoft AedopManuK TOBEPXHOCTH Gymer

Aby= £ 2y, Ak2=——R—

D Ty’ \2 1 y”\ 1

U= [ [{(5) + £ 20 (5) & Jara.
@

BHiNO/HAS MHTErpHpOBaHHE MO y, MOAYUHM

Uq—ﬂf("y ) dx—+-vD J. y” (@’ — a”) dx - const,
)

rae o’ u a” ~— LJIHHBl OTPE3KOB oﬁpaayloumx NOBEPXHOCTH zZ
B ofaactH Q, paspmensemuie peGpom y. [pn Goabliom 7

MosTomy

[y -a”)dx——zfyy"dx

b) ®)
Bunosnfia UHTETpHpOBaHUE MO vacTAM M 3aMeyas, uto y' Ha
KOHLAX MHTepBaNa MHTErPUpoBaHms ()) PaBHO HYMO, NOAYYHM

fyr/(al —a"ydx=2 f yﬂdx.
) ®)
CaenosarenbHo,

Dna
Up= —8,,—wj dx+ vDa .[ y" dx 4 const.
(bl
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dueprua nedopvauni U, prom peGpa y onpenensercs no
opmye
Uy= U?I+ AUy,

Uf, = f cEd"a™ k" ds,
¥

__E® kit b
Ay =5a=w _[ o (=t 2fe) as.
A

31cch & — KPUBM3HA KDHBOM Yy, @ — Yroa Mexay MJIOCKOCTBIO
peGpa ¥ 1 KAacaTeAbHBLIMM TIOCKOCTAMH NMOBEPXHOCTH Z BAOL
pelpa; k; n k,— HOpMa/bHLle KPHBH3HEI MOBEPXHOCTH Z B Ha-

npapacunil, NepncHANKYASpHOM pe6py, &, — HOPManbHas KpH-
nn3Na HCxonok TOBCPXHOCTH B COOTBETCTBYIOLIEM HANPaBAEHUH.
Hurerpup BHINO, TCA MO Lyre S KpHBoOH y.

Hannem snavenne AU,. Hopmanbubie wpupnsum k; u &,
pabHbl MO BEJHYHHE W npo‘runononoxmu no 3HaKy. l'[os‘rouy

Bk, =0
H, c/enopatenbHo,
AU, = 6(1 5 J. ak,ds.
Yron
=g (14"

To ¢opmyne Dfinepa HOpManbHan KPUBH3HA

ky= % sin? 9,
rae O — yroa, KOTOpLI}k COCTaBAseT mpaAMoJiHeltHas oGpasyiomman
IICXOAHON UM/NHAPHYECKON MOBCPXHOCTH C [1ANpap/eHueM KpH-

BOM, COOTBETCTBYIOWIEH MO H3OMETPHH Y, T. €.

1
€08 = ——.
(1+y,2)/a

Haxkoreu, sneMeHT ayrum KpuBo# y paser

ds=(1+y™)" dx.
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Orciona pabora

2
A=2nR6p# f y dx
)

p aneprun jiedop 6 n U n paboth A,
MPOM3BOANMON  OCEBLIM CXKATHEM, BXOLAT UeAOYHCAeHiLie Napa-
Merpu M N M, XAapAKTepHSYlOulHe NepHOAHYHOCTb CTPOEHHS
nosepxxocti Z. Jing toro 4robul ONPeREAMT: STH MapaMeTphl,
MBI TIPEANONIOKUM, YTO XAPaKTep NMepHOLHYHOCTH MPOrHGos obo-
NOUKH COXPaNfieTCA B TeueHile BCEro BPEMEHH 3aKPHTHYECKOH
ZejopMaiii 1, C/€N0BATEJbHO, OH OCTAETCH TAKMM e, KaK M
B MOMCHT MOTCPN YCTOWYHBOCTH.

B annefnot Teopuu 0G0NOUEK AOKA3LIBAETCA, UTO HOPMAlb-
NN 1POrHG W UMAMHAPHYECKOH 06ONOuKH painyca R B MOMenT
HOTCPH YCTONYNBOCTH YAORAETBOPAET AHpEpenuuanLiomMy ypas-
nemio

D E 0w

T ABMAw + - T 4 pAd ( ) =0 *
3pech X J1 Y — KPUBOJAHHENHBIE KOOPAMHATH: X — MO o06pa-
ayiouiell, v — Mo Kpyropomy c , nep PHOMY OCH;

D — kectkocTh 060A0YKH HA HArHG, p — KPHTHYECKAn Ha-
rpy3ki, a

[
A=gm top

— oneparop Jlanaaca. Aua pys sT0 Yp NPHXOAAT
K BLIBOAY O TOM, YTO nporuﬁ 060JIOYKH B MOMEHT MOTepH
YCTOHYMBOCTH MpH YCJOBHM LAPIMPHOTO OMHPAHHA MO KpasMm
HMeeT BHR

'w——cslnMsinﬂ—
= T T

MoacTasasa 9TO BhIpameHue B ypaBHeHHe (#), MOAYYHM CBA3b
MejxcAy NapaMeTpaMH BOJAHOOGPA30BAHHA M, 7 I KPUTHYECKOH
narpyskoi p:

D ( 4n2m? n?

—Lg—+ﬁ)‘+
+_I§T(2azm)-‘_ (4n‘m’+ﬁ)( m)2=0'

5
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Bsesiem BMecTO m n 1 napaMeTpu § M 1

Ln n*
S=gemm "
Torna, nonaras
- &
p=pE—+,

6yneM HMeThb

- 1 a4 v
r=gu—w- & "tarem

Hanmenbluee 3nayenne p oTBewaer BepxHelt ipuTHueckoft na-
rpyske. OHO MOMy4aeTcs, ecau mapaMeTpn & M 1) CBA3AHbI COOT-

HOLeIteM
I W (+9)
1+82n Vi2gd—v)
‘Torna
- = 1
=mi| = ——n0,6.
p.=min p = 0,6

CoorHolenue (xx) He ompeienseT § W 1), a CAEAOBATENbHO,
m # n onHosHauso. ONHAKO, KaK NMOKA3LIBAET OMBIT, 060J0UKA
TepsieT YCTOHYMBOCTb TaKWM 0OpasoM, 4TO 3Hauewne Eo<1.
Ecau ans & npunats 9TO 3Havyeuwe, TO COOTIOMEHHUE (i) Onpe-
ZenseT M, a 3Haunt, m N n. B wacrwocrn, msn n noayvaercs
caenyiowas Gopmyana:

4
1
n=71/12(l -9y %

Mpn v=0,3 o
n=091)/ X

Hpennonomun, 4YTO NEepHOANUIIOCTD I'IpOI’HGOD 06004KKH coxpa-
HAETCA MPH 3aKpUTHYECKON aedopMauum, H, CACAOBATENLHO, OHA
TaKas e, Kak H B MOMelT MOTepH yCTOHllHDOCTM. MBbl AOJIKHBI
CyuTaTh, 4TO pasMepul @, b obaacth Q 060/10MKM OLMIAKOBbI,
TAK KaK

a
F=t=1L
a napaMeTp n onpene/seTca MO YKa3aHHOR pHue dopmyse.

Hctunnas gopma 060704KH NP 3aKPUTHYECKOH AedpopMauny,
CONpoBOMAAIOLENCs OceBbM CaaTHeM Ab, onpelesseTcs H3 ycao-



UECKME NEQOPMALIMM NPH OCEBOM CXKATHH g7

o munuMymMa dynxunonana U(y) B kaacce dyunxuntt y(x),
YAOBJETBOPAIOILUX YCJOBHIO

Ab—— I y
(]}

Oas p STOW Bap et aanaun npeacTanteTCs

IlE.’leCOOOPquIHl( nepeﬂ'm K 6eapaamepuuu NepeMeHHbIM x HY,
noaaras

- [ p—
r=gx y=TVI)hy.

rae ofosnauaer ocenoe ckarue 060104k (T. e. h=Ab).

B HoBuix nepemenubix X, )—v uepTy Hai KOTOPHIMM MEl AAS Mpo-
CTOTLI 3AMHCH OMyckaeM, OyaeT

1
__ _2E8%anh ,,z 4vESShn?
U= 3(1‘—v'=)b5' Y art+a—wmrt+

+2ncE6'/’( (bh) J. |y" l'/‘ 1+ li’:;h y") dx - const.

Torna onpenenenne GopME 0GONOUKH NPH 3aKPUTHUECKOH Ae-
GopMaLHK CBOAMTCA K 1AXOXAEHWIO dyHxkuun y(x), peaausyio-
weh MunuMyM dynkunonana J(y)

npu yCAOBHH 4

jy”dx:].

OTHOCHTENbHO GYHKUMKM Y (X),
anq KoTopo# ¢yuxunonan J mocti-
raeT MHHHMYMa, CYLUECTBEHHO 3a-
METHTb, YTO rpaguk STo# QGyHKUHH
uMeeT Touky neperuba npn x =20,
a B Toykax x=t 1 xpusuaua
craunonapHa (puc. 34). [loaToMy NpeACTaBAfETCA eCTECTBEHHBIM
annpoKCHMHPOBaTL 3TOT rpaduK ABYMA NapaGosaMu C BepuiH-
HaMH Ha NpAMBIX x = Xt 1, pacnonOMEeHHBIMH CHMMETPHUHO OT-
HOCHTEJ/IbHO Ha4ana KOOPAMHAT, W T/aAKO NMPHMBIKAIOWMM K HUM
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npAMOAKHERHbIM OTPeskoM (puc. 35). ®yuxunio y (x), 3anasae-
MY 3THM rpadukoM, MBl GyleM XapakTepH3OBaTb ABYMs napa-
MeTpamu k£ u I Benuuuna k — sto yraoso#t kosduument na-
KJ/IOHHHIX y4acTKOB rpaduka y’ (x), a [ — 3nauenue y’ (x) B nyne.
Takum o6pasoMm, k=|y”| npu
Y x==1, al=y'(0).

HecnoxHeM paccuo‘rpeuuem no-
Ka3bIBAETCA, YTO 06/aCTh HOMYCTH-
MBIX 3Hauyewn#t napamerpa [, onpe-

z nenfeMas ycaopHeM

1
f yde=1,
-1
Gyzet
3
Fr<i<Vi
Tak e n TCA, UTO A, XapakTepuayloie
oblyio neopMaunio 060nouKy, orpaumenm. HMEHHO
A< g
1
f yidx=1

b _ _l(an\22
=t h= 2 (2_11) 2
Torna noayuum
___ mEN¥A 2 2vES A
U= 12(1 —v?) ng? J.yl i+ ST E T(I—v)nE +

Y 2 pYan Vs o'
- 2en® L ERRl J’[y P (1 + % ) dx + const.

Kak noxasaHo Briwe, B MoMeHT moTepn ycToMuMsocTy o6o-

JOYKH HMeeM
t=1 n=091)/%.
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Moxcrapans 9TH 3HaueHus B BLpawenue dHepruu AediopMaumm,
NOMYYHM

1

2E80

U=i=ar (;. f ¥ dx 0,60+
-1

1
42" J. 13" l'/’ 1+ 21.)'") dx) —} const.
-1

3uece npuuaro v=0,3, ¢=0,19.
Monokin

1 1
J(y) =1 f 3" dx 40,63 + 24" f Ly % (1 4 24y”") dx.
-1 -1

I pynxunn y (X) YKasaHHOTO BHAA MMeeM

J= 2k weg B2 gt o6n
ke +Vk +3V_ -+ 0,6,
a ycaosue
fy” ds=1
1
NepexomuT B CBASL Mexcay k u [
1__ 3 . 3
FEUTEw

Las onpenenenust MuHuMyMa J u suavenuit k, [, npu KoTo-
PHIX 3TOT MMHMMYM AOCTHraercd, Obl/M BHIYUCAEHH 3HaueHus J
IAa pasnHYHBIX ! us YyKa3aHHOTO BHIILE HHTEpBaNa

3

< ]/ 3

=V e
u auaveunh A, nc npesocxoxsuux /3. Ilpu sroM okasanock,
uyTo minJ npu A ==const MPaKTUYECKH BCErna NMOMyyaeTcs NpH
onHoM u ToM ke 8Haueun [~0,82. A Tak kak 3Hauenue J
B TOYKe, Tje AOCTHTAeTCS MHHHMYM, CTAllMOHAPHO, TO, He CO-

pepwas GoAbwoM OwMOKH, MOMHO NPHHATH, YTO MUHHMYM J
papeH ero suayennio npu [=0,82. Toraa noayunm

min J=4,1A + 2,243 4 A",
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CraenosateabHo, SHepruA ynpyrofl neopmauun 060704K
B COCTOSHMH PAaBHOBECHS DaBHa
A2ED T N
U=m(4.lk+2.24k ~+ ")+ cons
OGparumca  Tenepb paGote A, npOW3BOAMMON BHellHed
Harpyakoit p. Hmeem
A =2nR dph.
Bpons cioga oMecto /2 mapameTp A COTJ4acHO PaBeHCTBY
1 (any2 2
=35
H 3amevad, 4YTO .
b __ @R _ R _rd
7=§=|' e=—"= n—0.91"/ 5 p_pER,
GyzeM HMeTb
A= ESph,
=3am PN

s 06010uKH, HaXOMAWEHCH B COCTORHHM YNpYroro paBHO-
BECHA, HMeeM

d(U-—A)=0.
OTCIoNa NOAYYAaeTCA BeAMYMHA GeapasMepHON HATPY3KM P B 3a-
y pasmep Py

s BHCHMOCTH OT NapaMeTpa A, xa-
5 PaKTepHU3yIoero oceBoe CKathe

P P=0,03%
X (4,1 40,5604 1,250").
a HanomnnM, uto 3gech, kak
4/0 W Be3ne B aHANOTHYHHIX CAyuasax,
napavetp A He/bas 6paTh CKO/b
w YrOIHO ManbiM, Tak KaK OH Xa-

paxrepusyeT neopMalHIo, KO-

TOPaR MpeAno/araeTcs 3HAUH-
4 & ® % 4 W02 tenpuohr.

Puc. 36. T'paduuyeckn sasucumocts p

OT A npeacraBieHa Ha puc. 36.

Mul BuLMM, uTO BOCTIpHHMMaeMaR 06O0/IOYKOM Harpyaka mocae

noTepH yctofiuusocti nanaer. Haumenbiee snavenwe p=~0,18.

Takumn 06pason, HUNCHAR KpUMUHECKAR HAZDPYIKA P

028 QUAUKOpuecKol 060AOMKE npu 0Cesom Cocamus
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M3OMETPHYULL, A TaK KaK BTOPas MOBEPXHOCTb, OYEBHAHO, JO-
Ka/IbHO H30METPHYHA MJIOCKOCTH B OKpecTHOCTH pebpa y', To
9TMM ke CBOHCTBOM oOnanaer M mepsas noBepXHOCTb. Mrak,
noBepxHocTb Z noKanbHo H30MeTpHYHA naoc-
KOCTH BCIOLY, B TOM YuCJC W Ha peﬁpax.
Tak kak nopepxHoctb Z MOAMAA, JOKAAbHO
M3OMETPHUHA NJOCKOCTH M  TOMOAOTHYECKH
SKBHBAJICHTIIA UMAMHADPY, TO OHAa H3OMeT-
PHYHA UMAHHAPY. YTBEpMIeHHE AOKA3aHO.
B cBfisM C NpeACTOMWHMH NPUAOKEHHAMH
MBI ceftuac BOCMpoOM3BeAeM NOCTPOEHHE MOo-
BepXHOCTH Z B HECKOJbKO BHAOM3MEHEH-
HOH copme, yuOOHOH AMM MCNOAL3OBAHHA.

BoabMeM  mpaBuAbHYl  n-yroabHylo
NPHU3MY BHICOTL Lc NepUMEeTPOM OCHOBAHHS
2nR. Ilycrh @) M @y~ ABe CMeXHue rpaHu
npusmMbt 1 AA’ -~ Gokosoe pe6po, no KoTo-
poMy onu npumbikaior. [Iposenem paanasb-
HYIO TJocKOCTb f§ uepes pe6po AA’ u no-
CTPOMM MAOCKOCTb @, Napai/e]bHYl0 OCH NPH3ME M AeASUlyio
TpaHu o, U @, nonoaav (puc. 46, a).

BoeneM B nAOCKOCTH P MPAMOYroJbHHE JEKAPTOBH KO«
OpAMHATH X, y, MpHHAB 32 OCb X MNpAMYyiO, MO KOTOPOR

1A

Puc. 46.

MepeceKaloTcs NAOCKOCTH @& W B, a 33 Hayano KOOPAHHAT — Ce-
peluHy OoTpeaka 3TON MPAMOH BHYTPH nNpuaMu. ITycTh y — Kpusas
L ™ B, ypP

y=yx)
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TAe y(x) -~ GyHKUMs, yLOBJETBOPAIOUIAS YCAOBHS
D yx)y=y(=x.
L L
2) y(x:t T)=—y(iT—-x).

TlpoBenem uepes KpHBYIO Y WMIMHIDHHYECKYIO NOBEPXHOCTL
€ o0pasylownmy, napanienbHuMu otpeaky PQ, coeauusiowemy
BepuwHHN P u Q rpanedt o, u o, (puc. 46, 0). Yactb stok mo-
BEDXHOCTH, PacnONOKEHHYI0O BHYTPH NpH3Mb, 0Go3naunm Z,.
OHa OrpaHuueHa KPHBHMU y; U Yy, ACHAIMMH B IPAHAX @) W a,
COOTBETCTBEHHO. Bpuay ycnosu#t 1) u 2), HaNOMEHHBIX HA (YHK-
umo y(x), Kpusag Yy, MOCAE NMOBOPOTA OKOJO OCH MPH3MLI Ha
YrOX 25/ B COOTBETCTBYIOLIEM HAMPABJEHHH COBMEILAETCA € KPH-
BOH Y,. Orcioga cieryeT, uT0 ecaM MH AR KawAOH Naphl
CMEXHBIX rpaneil NPUSMbl YKa3aHHBIM CNOCOGOM MOCTPOMM UH-
MHHAPHYECKYIO NMOBEPXHOCTh Z,, TO OHM OGPa3yioT 3aMKHYTYIO
nosepxHocts Z (pHc. 46, 8). IlocTpoennas Tak nosepxHocts Z
H3OMETPHYHA WMAMHADY.

Briuncanm HEKOTOphIe BeJHYMHBEl A/ MOBEPXHOCTH Z, nc-
noab3yeMre” B AanbHediweM. Bsmay Ttoro, uro mosepxuocts Z
COCTaBNIEHA U3 uyacTed, KOHFPYCHTHHX Z,, MH MOXEM orpa-
HHYMTBLCA paccmorpenneM TOJBKO STOrO KycKa.

TMpesae Bcero, Mu 3aMeuaeM, YTO NPH 3HAYMTEALHOM 1 AJS

yraa & mexay oGpasyioUWMM NOBepXHOCTH Z, M OCbIO NPH3MH
HMeeM

4nR
S~
HalneM HOpMa/lbHYI0 KPHBHBHY NOBEPXHOCTH Z, B Hanpas-
JICHHK, MNepneHAnKyaspHoM ee obGpasyiowns. Kpususua B pa-
AHaNbHOM CEYeHHH paBHa
k=~ o,
TaK Kak y'2+1:1. Otciona no dopmyne ditaepa HopMabHas
KPHBHBHA MOBEPXHOCTH ZA B HaNpaB/JeHUH, MEePNEHAUKYIAPHOM
obpasylowus, Gyrer
y
k>~ gl
OnpeneauM kpusuany pe6ep y, H y,, OrpaHHUMBAIOWMX OG-
nacte Z, Ma nosepxHocth Z. Jlas 9TOro ZOMOJHMM CHCTEMY
KOODAMHAT X, y B MJIOCKOCTH § A0 MPOCTPAHCTBEHHOH CHCTEMH
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KoOpUHHAT x, y, z. Torka ypassenue nosepximoctu Z, Gyzer

=ua-vcos?,
y=y@),
z=wvsind.

Tpawn npnaMbi @ # 0y B KOTOPHIX JeXarT KPHBHE Y, I Yy,
3A1AIOTCS YPABHEHHAMU

ty= (fg %) 2 - const.

Kpusbie ¥, u v,, KaKk mepeceyeHus noBepXHOCTH Z, C TpPaHAMM
NPpH3MLL, 3a1a10TCA COOTBCTCTBYIOLILE“ cucreMolt YyeThipex ypas-
Hennf.

Mpuinyan # 3a napaMeTp BIOAb KPHBHIX Y, M Yy HaXOMuM

x'=li——y—n-. y=y@ == yn '
lgmg7 lg—"-

' ¥ P _ Y

x’—_-—[ P y' =y" (), z”—igi'
gvIg g

Tpu Manvix 5t/n w & A4S KPHDU3IEL % KPHBHX Yy H Yp NOAY=
yaercs ¢opmyna
— niy’|
22 Vh©

y'n\2 »n

a { (1 Bl <+ =
Hatnem yron ¢, o6pasyeMult KacaTeabHEIMHM IOCKOCTAMH
nopepxuocTd Z, C NAOCKOCTAMH KPHBHX Y, H Yz TO €CTh Ipa~

HAMH NPu3MHL @; M @y HopManu K naockocrsM rpanedl mpusMul
HMEIOT yraoBble KOS(OhHUMEHTH

0, x1, —1g%—.

Yraopbie 109(GGUUMEHTE HOPMANM K MOBEpXHOCTH Z, PaBHH
y'sin®, —sin®, —y’ cosd.

Otciona s yraa @ MOyuaeTcA BEIpAXeEHHe

—a ynye , yie Yh
q’”n{(liﬁ)+ a2
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nJowany nonepxuocru 060/104KH BHUHCAETCA 1O (opMyne

g, — % __ A

U=+ (] v,) (AR 4 AR+ 2v Ak Aky)s

rae Ak, u Ak, — 9KCTpeMAZbHBIE H3MEHEHHMS HOPMAJbHLIX KPH-
BU3H TpY Nepexofle OT HCXOAHOW UMAMHADHYECKOH MOBEPXHOCTH
K NOBEpXHOCTH Z. Bsuny ManocTH yraa & MOXHO CUYHUTATL, YTO

Mbyok—sy Aky=0,

roe k— HOpMaibHas KPHBH3HA NMOBEPXHOCTH Z B Hampamiciuu,
nepneHanKYIADHOM ee 06pasylowMM, a R — paluyc HCXOAHOH
060/104KH.

Tak Kak MOBEPXHOCTb Z COCTaB/AeHa M3 1 KOHTpyentn
obnacrelt Z,, TO

UZ=£fUdS=”!AfUdS‘

O60sHayan b (x) mamHy orpeska obpaayowefi mosepxuoctit Z,,
npoxoasieit yepes TOYKYy (x) Kpusoft y, mpu Maamx O u s/n
Gyzem umeTp

J.J.Uds_ 24(1 f b(x) k(x)-——)

Jlanna otpeska o6pasyloweft

b(0=(3 sln—+y(x))m-

Tpuunman BO BHMMaHMe Ma’nOCTh BeAWuMH m/n u O, a Taime
BHpaXeHue 1A @ = 27R[n, noAyuuM

b (x)=(-":—,R+ @) &
Orciona
e

[ o= [ ()5 —F e
7 -ip
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Beuny ycaopnil 1) M 2), KOTOPHM yAOBAETBOPSET (YHKUHA y (x)
(cM. m. 1), moxeM sanucath

i L e
f yy?dx=0, f y'dx =0, f ydx =0,
~Lip -L2 —-ir
Le 7]
f yyde=— f ydx.
—Lp2 -LR
Tostomy
[ ERS 4
i ae L2 2
J..] VdS = mmi—wyor f ¥ dx +
2z, -Lp
L2
ngs

f y'zdx - const.
-Ip

Hrak, sHeprus nsrnba no OCHOBHOM [NOBEPXHOCTH OGOAOYKH
pasHa

L
TERS®
Uz:m l:,(ylﬂdx+

+ 6t (1 — v2) RO?

e
n?ES? ”
+ma—re Jrl y'“dx 4 const.

Buiuncaum Teneps smeprumo U, Hueen
Uy= U+ AU,

Uy=n f cE8"g"x" ds,,
A
E8
AU, =nmf¢(~ 2k, + b, + k) ds,.
Yy

8nech @ — yron Mexay MAOCKOCTbIO KPHBOR Y M KacaTe/bHbIMH
MAOCKOCTAMU MOBEPXHOCTH Z BAOAL STOR KpHBOH, R, M ky—
HOpManbHLle KPUBM3HL MOBEPXHOCTH Z B HANpaBAeHuH, nep-
TEHAHKYAAPHOM pebpy, a R, — HOPMajbHas KPHBHM3HA HCXOLHOA
UHANIAPHYECKON MOBEPXHOCTH B COOTBETCTBYIOLIEM HANDABACHHH.
HauneM ¢ onmpenenenns BeaMuHHH AUV.
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Us MOCTPOEHHA TOBEPXHOCTH z CllenyeT, YTO HOPMajbLHLIG
KPHBH3HH K, W Kk; DaBHL WO Be/IMYWHE M HMEIOT MPOTHBOMO-
noxkubie 3naku. Tlostomy k;+ k,=0, u, cremosarensHo,
E®
AUv_nm frpk,, ds,.
A
Ecnn 0603HauHTh Yepes @ yros Mexay KkacaTeqbHOR K Kpuusof y
M HanpaBJeHHeM OCH MpH3MBI, TO
1
k=g cos?a.

HetpyaHo nonyuuTs BHIpaXeHHWe NIs Yraa G, MCXONA W3 ypas-
Henna KpuBo# y. Tlpu Maabix n/n u & umeem

yay
(uw

e
(l:i—“)+’

= ({5 ()
DnieMeHT AyrH KPHBOR Yy paBeH
doy=((1 £ 253 ) +(22) o

Toacrasass sT# 3HaueHHs B (GOPMyay Aaa AU,, nonyunm

2 g —
cos?a= et

2

Yron

17

_ WES
Ay =— = re _[3' dx.

Bruscaum teneps U‘:. Moncrasass sHavenns @, x u dsy
B dopmyay aas us, GyneM uMeTh 4aA oaHoro peGpa v,
73
— v h yn\r | (y'n)\? =
U= [ (G i[5 )+ (1) )ax=
e

= [ (o g8+ (2o

-Lr
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B HOBHX MepeMeHHWX X H y, UepTy HAL KOTOPHMH Mbl Gylem
onyckath, uMeeM

nES "2
U= ‘24(1—-v_=) f” dx+

+2m:£b"’R"‘ .[ 19" 1% (1 4 y*)dx + const.
Yroa 3akpyunsanus 0GOMOYKH B HOBHIX NMEPEMEHHLIX PaBeH
1
3
o=2(Z% J. y”dx.
(& |

Tak %e KaKk M B NPeAbIAYIUMX DACCMOTPEHHAX, Ml HCXOLHM
U3 MpenNo/oKeHHA O TOM, YTO MePHOLMYHOCTb nporu6oB 060-
MOYKH MpPH 3aKPUTHYECKHX NeOPMAUMSX ONpeNe/seTcR NepHo-
AMYHOCTHIO MporuGos B Mouen-r notepH ycroftuusoctH. [lostomy

P n, B SHepruu nedopMaun,
e onpeneauM Ha paccuorpeﬂm noTepH YCTOHYMBOCTH 06O~
JNIOYKH.

Mycrs wapuupHo onepTan no KPasiM UHAHHAPHYECKas 060-
noyka pamuyca R, mauen L M TomuMHm O Haxoautcs noa
nefcreuem p ro N0 KpasM Kacareb-
HOTO YCHAHS S. Bse.ueu Ha nosepxnocm 060109KH KpHBOIHHESN -
HHC KOOPAMHATH X, ¥, TaK, KaK STO NeJa10Ch B NPelbAyLIHX
PaccMOTpeHHsX, W 0603HAauYMM uyepes w (X, y) pamHambHLIA Mpo-
rH6 000/04KH B MOMEHT noTepH ycToMuMBOCTH. PyHKUNA @ (X, y)
YyaoBneTBoOpseT JbHOMY YPp

E dw
R 9x*

PPep

D asttw + —2sAA ( 0.

ox dy)

B nuxefHOH Teopuu o60s0ueK AaA mporuba w(x, y) 06HIYHO
TIPHHHMAIOT BHIPAXKEHHe BHAA

— rsin®™ cos B =V2)
W——ESH‘I—L—COS(T).

Ecau 310 BHpaMeHHe MNOACTAaBHTL B YPaBHEHHE A W, TO Mbl
nonyuuM 1Ba COOTHOWEHHA LA BeAWYHH n, y H S. Haumenbmee
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MNoactapans 3Ti 3uavekus 8 J U A, NOAYuHM
J=20% + 4,35 (20% + 5 om?),
A= 20%2 — 4 023,

3apayy 0 MunumyMe J npM YCJAOBHH A ==const MH peluum
gucnenno. Kimeuno, ¢ukcuposas A, 3anaeMcs PasAMYHBIMU 3Ha-
ueHHSMH mapametpa 0, M3 ycnobus A == const Haxommm cOOT-
BCTCTBYIOLUHE MM 3HAUEHHSi @, 3aTeM BLIYHCANEM Jn onpe-
lensieM ero HauMelblliee 3Hayewue.

I'lpu TaKOM pClUeHHH 3aAayH ecTecTBeiHO BO3HKKAeT BONpoC
O TOM, KakOBLI AONYCTHMBbie 3Hadenus A. YroOw pemuts STOT
BONPOC, 3aMETHM, 4TO Ge3pasMepHOe MepeMeHHOoe y MO CMBICAY
He NMPEeBOCXOIHMT eJMHMULI MO MOAYA0. A TaK Kak

nlaxlyl:——‘z2b—2+ab.
~% La<i,

YKa3aHHEIM BHILE CMOCOGOM NpH 3HAuEHHSX A M3 MHTEpBana
1<A <28, uyepes kaxase 0,2 OuaM  HaRIeHH 3HaueHHs
minJ. Tlpn aTOM 0KA3a70Ch, YTO 3HauCHME MEPEMEHHOro b, AM
KOTOPOTO B YKa3aHHOM MHTEpBAJge 3HAYeHWH A NOCTUTancs MHHH-
MyM J, MpaKTHYeCKH He H3MeHseTcs, M OHO paBHo ~=0,3.

[oncrapnss snavenns b==0,3 B Buipaxenus J u A, noayuum

A=0,144a2, J=0,6a2 4,35a'% (0,6 + 0,01842).
Orkyaa
J=14,15L+ 7,117 (0,6 4- 0,1251).

YeranosuM cBAab Mewny ofwefl RegopMauMel 06004KH,
KOTOPas XapaKTepuayeTcs napaMeTpoM A, M BOCTIDHHHMaeMOM
060/104KOf Harpyakoft. Yciosue pasHoBecHs 060JOUKH —

U _ a4
dr ~ dh '

17 A. B. Toropeaon
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roe U(y)— aneprus nedop A —npc
narpyaxof padora. Sneprnﬁ neq;opmunu—

V=g (%)

Hatinem paGory A. Hmeem
A=2nRds0R.
TMoacrasaas CilONa 3HAYEHUA
s=E%, 0=2-075(%) (55)"n
NONYYHM

A= 1,7m5E8 (%) (%f)_"' A

Tenepb M3 YC/IOBHA DAaBHOBECHA HAXOLHM WHTEPECYIOLLYiO
Hac cBS3b MEXAY Harpyskofft u Redopmaunet

§==0,0272(4,15 -+ 1,064+ 1,1n") (iZfL)"‘

Jlerko BuAetb, 4TO GyHKUMS S(A) MOHOTOHHO yGHIBaeT MNpH
A < 2,9, crenosatenibHO, M NPH BCEX OMYCTHMBIX 3HayEHMAX A.
JT0 BRO/MHE COOTBETCTBYET XapaKTepy NepPexoia K 3aKPHTH-
4eCKUM aedopMauMaM.

Hafinem Hanmenbiee suavenue s. Mmeem
r<(2— 30—
(1-2)
Mpu 6=0,3 seanunna A < 2,2. [losromy
ins=0, 13(”’ )"‘.

Taxum 06pa3oM, HAUMEHbULAS B0CR PUHUMBEMAR 060R04KOL
Hazpyska npu 3axpumuneckod Oegopmayuu, mo ecms
RUNCHAS KpumuvecKkas Hazpysxa, onpedersemcs no gop-

Myse
sy=018E ¢ (F2)"



§3 UMAMHAPHYECKME OBOMNOUK %1
U COCMaBAREN NPUMEDHO Hem8e pms 8epXHell K pumuyeckoi

HazpysKuL —0 opd (Rb ) ‘

Bce Hawm paccMOTPeHMs 1O CHX MOP OTHOCHAHC, CTPOFO
roBOPA, TOJNLKO K HEOIPaHHYENHO YRPYruM 060MOYKaM, TAK Kak
MBl HE YWYHTHIBAJIH TOr0 OGCTOATE/bCTBA, YTO B 30He CHABLHOTO
MECTHOrO H3ruba BO3MOXHM Heynpyrue aedopMaumnu. [Tostomy
AR peanbHuiX 000/0YeK, T. €. 060/104eK, 06/1aNaI0UIHX OF PaHHYeH-
HOW YNpyrocTbio, MOAyueHHble Pe3yAbTaTH MNPHUMEHHME TOJbKO
npu cobmoneHul 1exoTopux ycaosuid. Hattmem st ycaopus.

Ins MakCHMa/AbHBIX HANPSIKEHHH G B 30HE CHABHOTO MECT-
HOTO M3rn6a MLl HMeeM GopMyay

0 = o' E8qnh,
[oacTapass ciofa 3naverHss ¢ H x, NOAYYHM
o—-c’Eé"’( )I o [l
B Geapa3MepHLIX MeEPeMEHHHX X, Y,

o=cE(Ef asly ) (55

Onpenemm 3HayeHHe napaMeTpa 7 H3 COOTHOLUEHHA

RS T
T_S(L,) . E=0,75,
nony4uM 5
o=2,lEE|y"|'/’.
Haun6oablwee 3uavenne |y”|=a noayuaercs npu HauGoanb-
ueM 3HaueHMH A ==2,2 M onpenenseTcs H3 YCIOBHA
A =0,14440%

Orciona a=23,8, u, caenopatefbHo,
[
o~4E R

WTaK, HalM PAcCMOTPeHHA OTHOCATCA TONBKO K TAKHM 0G0~
NOYKaM C OFPaHMueHHOW YMPYrOCTbIO MaTepHana, Y KOTOpHX

17*
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ZOCTaTOYHO YHajdeHbl APYT OT IPYyra (a Hac MHTepecyeT Cefluac
HMEHHO 9TOT cayuah), TO

U )

U =neE8" (p-+ 71??-) @Y (),

rae h— BHCOTa CErMeHTa, OTCEKaeMoro ma0CKOcTeld B, Ry H
R, — raasuuie paLuycH Kp B UEHTPe BHIMyuMBaHHi, & —
ToAwMHa 06040uKH. 3HaKOM (x) 0603HAauYeHO aHA/IOrHYHOe Cia-
raeMoe, OTpevaiollee MAOCKOCTH «. B Hawewm npeanososexuH
0 XapakTepe paccMarp neop 9TO BHIp cTa-
UHOHAPHO, 3 MOITOMY OHO HECYLIECTBEHHO.

Pa6ora A, npou3BOLMMas BHEIIHMM [aBJeHHEM p NpH Ie-
(opMaunu 0GOJOUKH, C TOYHOCTBIO A0 HECYIIECTBEHHOTO Clarae-
MOro, KOTOpOe Mbi Take GyneM 0603HayaTh (&), ompenensercs
no ¢opmye

A=—2pV+(s),
rie V — o61LeM cerMenTa, OTCEKAaeMOro MIOCKOCTbIO f,
V=nh? YRR,
KHHETH'-leCl(afI 3Heprusd JIBHKEHHUA 060/104KH paBHa
K= Sby@hP,

rie S — maowans cerMeHTa, OTCEKAEMOro MAOCKOCThO B, & —
TOMUMHA 060AOYKH, y — IJIOTHOCTs MaTepnana, 24’ — ckopocTb

nedopmaunu. Vmeem
8§ =~=2nh m
MoacTasnas nonyueHHble 3HaueHust B Bupaenne W, moayunm
W = 4o YRR, i — moBo™ (- + =) @enh—
— 2nph? YRR, +(x).
Taxum o6pasom, sripakenne W umeeT BuR
W =c, (1" — i — cf?) + (),

THE Co, €y, Cy— NOJIONKHTENbHEE NMOCTORHHHE (HE 3aBUCAT OT k).
Ha obpauiennss 8 uyab Bapuauuu ¢yHkuuonana J crepyer,
uro Qyuxuua k(£), sanaowas AedopMauuio, ynopreTsopaeT
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ypaBHeHnio dHaepa — Jlarparika
K" 1 4 3c, VE + 205

VMHOXa# STO ypabHeHMe Ha h’ M MHTETPUPYS, NOAYYHM

2 l[, 92
hh <\ - cyh” = ¢ = const.

TlocToAHHAA HHTErPUPOBAHUA ¢, OYesHAHO, Goable Hyas.

B MOMeHT noxHoro mpoueaxusanus (b —>0) A’ —co. A rak
kak h mo CMBIC/TY HEOTPHLATEAbHO, TO CKOPOCThL BBIMYyYHBa-
HuA (h’) B MOMEHT MPOLIEJKHBAHMS TEPNUT PasphiB. PHIHYECKH
9TO 3H@4AT, 4TO TNpOWEIKHBaHHE CONMPOBOXAZETCS YAAPOM.
B peayabrare STOrO yAapa M MOAYYaeTCA «XJOMOK».

2, Kputuuecknit nmnyabc. Byném paccmatpusath mosoryio
CTPOro BHINYKAYI0 O060JOYKY, HECTKO 3aKpelieHHYIo TO Kpaio,
HaXONAIULYIOCA MOA BHELHMM [1aB/IEHHEM go, MEHbUIMM BEpPXHero
KPHTHYECKOrO 3HAYeHHA §,. [1ycTh Takas 060J0MKa HCMHTHIBAET
KDATKOBPEMEHHOE BHelHee NaBJEHMe ¢, 3HAUHTEAbHO NPEBOCXO-
aswee g, TOrZa NpH NOCTATOYHOH HHTEHCHBHOCTH MMMUYAbCa gT,
€031aBaeMOro 3TOH Harpyakod, BO3MOMHO MOJHOE MPOLUIENKHBA-
HHe 060/10ukH. OUEHHM BeAMYMHY 3TOTO HMIyJbCa.

Mu GyzeM npencrasasTh ceGe nedopmaumio 0GOJOUKH MpPH
YKa3aHHOM CHJIOBOM BO3NEHCTBHM Ha Hee ClelylOWHM 0Gpa3oM

(puc. 51). B HayanbHHA MOMEHT nox

/\ Harpysko#t ¢ 060/0uka TepseT ycToHum-
BOCTb M HauMnaeT BHnyuusatbes (/). 3a-

Q/ TeM BLHINYYHBAHHE YBENMUHBAETCR W MPH-
/—\/\ BORMT K YaCTHYHOMY TpOLIEIKHBAHAUIO (3).
/—\"/\J Mocse sroro o6oaouka AHGO BOCCTaHa-
4 DBAMBAET CBOIO MNEPBOHAYANBHYIO opmy

\/‘\ (BLiMyunBaHMe Mcueaaer), 60 B kakoH-To

MoMmeHT (4) nedopmaums ocraHaBAMBaeTCs,

Puc. 51 a BareM CHOBa pacTeT g0 NOJHOTO

NpoOLUENKHBAHNA. Hac HHTEpecyeT TOT

cnyuaﬂ, KOria peaausyeTCs BTOpPas M3 YKa3aHHBIX BO3MOXHO-
cTefl.

BBuLy KPaTKOBPEMEHHOCTH NEHCTBHA Harpysku ¢ OHa coo6-

maer 06/1aCTH BHRIMYYHBAHHA CKOPOCTb U, KOTOpas onpeneasercs

COOTHOLUIEHHEM
Sbyv =S¢,
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rae S —mnaowans oGiacTd BhIMY 86— 060-
NIOYKH, Y — MAOTHOCTL MaTepuana. Otrciona
qt
v="15

Kunetnueckas sHeprus ABHieHus 060J0YKH, OGYCIIOBJIGHHH BO3-
AefcTBHEM MMNYJAbCa T, paBHA

_ Sgv?
K=p—

3Sta sHeprusi, TaK e Kak M NPOM3BOAMMAR AABJIEHMEM §, pa-
Gota A, B cocrosiini (4) nepexomaT B 3Hepruio AedopMaumu
o6onouxn. Taxum 0Gpa3oM, Mbl HMeeM PaBEHCTBO

U@)y=K+A®“), ()

rae (4) ykasnipaet 11a TO, YTO COOTBETCTBYIOWIAs BEJHYMHA Onpe-
NeNsercs AAa COCTOSHHMs 060J0YKH (4), KOrAa CkopocTs Aedop-
MaUuK paBHa HyJio.

BBuLy HEYCTOHYHBOCTH YMPYroro COCTOAHHA pPaBHOBECHs
B topue (4) (ra. 1), oGosouka ¢ 3TOro CoCcToAHHA AHGO BOCCTa-
HABAHBAET CBOIO NeEPBOHAYaAbHYI0 ¢OpMY, JMGO nEpPexomuT
K NOJHOMY npoulenKHBaHui0. Bce 3aBucuT ot Toro, 6yAet Au Ha-
rpyska ¢(4), BocnpuHuMaeMas 060/OYKOR B COCTOAHMA (4)
MeHble g, uau Goablie go.

B aaBicumocT# oT nporu6a 2/ B UEHTPE BHIMYYHBAHMA SHep-
rua aedopMaunu onpenenserca no ¢opmyae

— s (L1 L) op
U —ncEd (R' + Rz)(‘.’h) .
Tponssoauman BHeMHUM NaBieHHeM g, paGoTa paBHa
A = 2nqgh? VRle'

TMoncrasasa 5TH 3HAaueHHS B COOTHOLUEHHE (%), MONYHYHM ypaBHe-
HHe a8 nporu6a 2k B cocrosHuu (4).

Bocnpunnmaeman 060JOYKOR Harpyaka NpPH BHNYYHBAHHK
B 3aBHCHMOCTH OT nporu6a B uentpe (2k) onpeseasierca no
dopmyne

—3. 1 &k
1@ =7e ( +_)VR.Rz va
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Orciona BHUIIO, 4TO HMOyaLC T 6)’1181' MHHUMAJAbHLIM, €CAK
MaKCHMaALHO S, TO €CTh NAOWanb 06/aCTH BLIMY4YHBAHIS B MO-
MelT MoTepH ycroHyusocTH. Bymyun cermenToM, sTa 06JacTb
Gyler nauboavlued npu phicote 2/2;. B stom cayuae

S—omw, YRR,

loxncrapass 3To 3HayeHHe B noJay4eHHOe Bbllue COOTHOLUE-
HHe, HaAXOUHM
(g7)* qo
3 7i(2h) =—5—

Dra opMyna ycrauapAuBaeT CBA3b MEXLY BeJMUMHON CTaTHue-
CKOro BHEUIHErO MdBJIEHHS gy HAa OGOJOYKY M KPaTKOBpeMeHHOH
narpysixo#t ¢, Aelcrylowe# 3a Bpemsi T, CnocoGHoff BH3BaTh
no/mioe npouleakusanue o6oaouku. Hanmomumm, uto amecr g, —
HIDKHEE KPHTHYECKOE NaBJeHHe, KAk Mbl €ero onpeaeanau
B raasc |, 2/1; — MaKCHMaJbHbLIA TeOMETPHYECKH nonyc'ruuhm
nporu6 060JIOYKH NPH 3ePKANbHOM BhIMY — iy
060/104KH, Y — MJIOTHOCTL MaTepHaa.

§ 2. Aunamuueckoe HarpymeHHe WHIMBADPHYECKOH
06oj04uKH

B HacTosuweM naparpade Ml PacCMOTPHM 33a4H, aHanOrHy-
Hble TeM, KOTOpHe B § 1 pelieHH A4 CTPOro BHINYKAHX 060-
nouek. [lpeucTaBuM ceGe LMANHAPHYECKYIO 0GOJOUKY, WAPHUPHO
OMepTyi0 MO KPasM, HAXOASULYIOCS MOA HeHCTBHEM OCEBOM CitH-
Maiollle HarpyskH o, MeHblue# BEPXHEro KPHTHYECKOro 3Haye-
HuA. TIycTe Ha STy 060/0YKY KPAaTKOBPEMEHHO LeACTBYET Ha-
rpysKka ¢, 3HaYMTEAbHO NPEBOCXOAAIIAf BEPXHIOW KPHTHYECKYIO.
Ilpu aToM 060404Ka TepsieT YCTOHYMBOCTL M HAYMHAET BHIMYYH-
BaTbCA. ITpH NOCTaTOYHON HMHTEHCHBHOCTA MMNYALCA HArPysKH g
MOXET CAYYHTbCHA, YTO 060/IOYKA HE BOCCTAHABAMBAET HCXOLHYIO
uMaMHApUYeckylo ¢opmy. OnpeneneHve MHHHMAAbHOrO TaKoro
HMOyabca coCTaBasieT codepxcawe n. 1. B nm. 2 paccmarpu-
BAETCS aHAJOTMYHas 3a4aya AAA MMIYJ]bCa, CO34aBaEMOro BHEMl-
HUM JaBJeHHeM.

1. Kputnuecku#t MMnyabc npu oceBoM CXaTHH. Bynem
PaccMaTpuBaTh UMAMHADHYECKYIO 060JOUKYy pamuyca R, AAMHE L
M TOAWMHE O, WADHUPHO OMEPTYI0 NO KPaaM, HAXOAAMYIOCH
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non AeficTBMeM OCeBOH CXHMMaiollel Harpyskw g,. IlycTs, xpome
TOro, Ha 060MOYKY KPATKOBPEMEHHO AeficTBYeT Harpyska g
B 1. B NPH KaKOM 3HAuEHHH ¢, 060-
n0uKa, norepaa YCTOHYMBOCTb MOA HeHCTBHEM HArpy3kH ¢, BOC-
CTaHaBAMBAET CBOIO MNEPBOHAYANBHYID LHMAMHAPHYECKYIO opMY.
B cBfisH C STHM PacCMOTDHM Mpex(le BCEr0 HAa4aJbHYIO CTAUHIO
nedopMauHu 0GONOYKH BO BpEMEHH.

Mu Gynem nmpeanonaraTb, YTQ BHNyYHBaHHe 060JIOYKH B Ha-
YaJbHBI MOMEHT OMHCHIBAETCA 3AKOHOM

2nZ|x sin . nlg
3nech @ —- HOpMansHHA NPoru6 o6onowkH, m M n— neaovlC-
ZeHHbe NapaMeTphl, XapakTepuayiouue (GOpMy BOJIHOOGPa3oBa-
HHA Ha MOBEPXHOCTH OGONONKH MPH BHIMYYHBAHHM, X, Y — KOOP-
IMHATH HAa NMOBEPXHOCTH 060M0uKH: X — no oGpasyiowel, y —
MO KPYroBOMY CeueHHio, NepmeHAMKyAspHOMy ocu. HMcxoms 3
YKa3aHHOTO MPEANOJOXEHUa O XapakTepe nporuGoB 0GOMOUKH
NpH BHNYYMBaHWH, HafieM GyHkuMio #(f), 3anaoliyl0 H3MeHe-
HHe nporu6a Bo BpeMend. C STOH ueabi0 COCTaBUM ypaBHeHHe
ZBHKEHHA OGONOYKH.

Ilsuxenne 060/10MKH OMpeleAsieTCs M3 yCAOBMS CTAUMOHAp-
HOCTH QYHKUHOHaNMa

I=[K—U+aat,

rae K — KuHeTHuecKas sHeprus Apwkenus, U — sueprus negop-
MauuH, A — NpoM3BONMMan BHelHel Harpyskod pa6ora. Hattnem
Bupakedns 18 K, U n A. Mu Gyaem npeanoaarath, 4To Kue-
THYECKaA SHePrus ABHXKEHHA 060104KH o6ycnoanena B OCHOBHOM
PanHanbHHMK nepemeluenuauu. Toraa oHa suuncaseTca no ¢op-
myne

w=u(t)sin——

=;—v0 J.J'w” dx dy,

rae y— MJIOTHOCTb MarTepHana oGosouxkH. HecnomuuR noacyer
NOKa3LBAET, YTO

K= %nRvau”.
Ias Toro uTo6H onpeneauts sHepruio Aedopmauun U, Gynem
paccyxnath caeaywowmnM obpasom. [lpexae BCero, ouesuaro,
U=Cu?,
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rae C ue 3asucur ot u. COCTaBHM YPaBHeHHE COGCTBEHHBIX
koneGanuit 060n0uku. Sto Gyner ypashenne Snepa — Jlarpainka

ans pyHkuronana
& —uvat

H, CelOBAaTe/bHO, OHO MMEeT BHI
1
T RLydu" 4 Cu=0.

Yacrota cobcToennbix KkoaeGanuft ©(m, 1) BhIpamaercs yepes

b TH 3TOI'O YP Hmenno,
4C
= 2
o= RLYS *
Otcona

C= % @*RLYS.
Hrak, sHeprus nedopmaunu o6osoukyu pasHa
U= —} RLy Ou?,

rie © — 4acTora coGcTBeHHbX KoaeGanu#l 060J04KH, OTBEYAN-
was ¢opMe BOAHOOGP ¢ map paMH m u n.

Haflnem Temep npowssommmyio BHelHe# Harpyskod ¢
pabory A. Tlonepeunas nedopmauus OGONOYKH CONMPOBONAAETCA
OCeBbIM CarTHeM BAOAb 0Gpasylouux. B ceuenun y sTo Cxarue
PaBHO

L
1

Al= | widx.
8

Orciona pa6ora

TR

A= J Aqudy:.qT'S f J.‘widxdy.

1

Hecnoxuue pbluKcIeHHs naiot
A= 4% dm?Ru?
—I
Teneph /erko 3anmuCaTh ypaBHEHHe RBHXEHHA O0GOJONKH:

OHO uMeeT BHA
4 — =0,



- =7 2
_0)2_:@2____[_411. Z\'{" .
Mu nmpennonaraeM Harpysky ¢ HOCTaTONHO GOAbWON, TaK ¥TO
@?— "2;’;"2 <0.
Tak Kak nporu6 # B HAYaMbHEIA MOMEHT PaBeH HyMo, TO
HHTepecylollee Hac p yp uMeeT Bui
g=cshaot.

Ilas TOro 4TOGH MMenO MeCTO BhIMyuMBaHWe, ¢ NOMKHO GHITH
oranyHo ot wyaa. Ilpu stom 4’ (0)=cw # 0. Taxum oGpasom,
BbHITyYHBaHHE 060/104KkH B HayaJbHHIH MOMEHT HMeeT OTJIHYHYIO
OT HyJA CKOPOCTb. ITO, MEXLY TPOYMM, OGBACHAET <XJIOMOK»,
KOTOPLIM COTIPOBOXAAETCA MOTePH YCTOHYMBOCTH.

JinA TOro 4TOGHI ONpeAeIHTL NOCTOSHHYIO € M, CEAOBATENBHO,
CKOpOCTb ZeiopMalM¥ B MOMEHT mOTepH YCTOHYMBOCTH, OyneMm
paccyxaate Caenyowmum o6pa3oM. Bsuay Toro, uto Harpyska ¢
3HAYHTENLHO GOJbLUE KPHTHYECKOR, SHeprua NedopMauuu Cia-
THA YCH/IMEM ¢ 5 MOMEHT BhINYYMBAHWA OCBOGOMIAETCA M mepe-
XOAMT B. KHHETHYECKYIO SHepruio ABiKeHWA. M3 sToro ycnosus
MOXHO Olpene/uTh KHHETHYECKYI0 9SHEpTHIO, CJIeN0BaTe/JLHO, H
CKOPOCTb JAedopMaumy.

Cxarne 060/10YKH, BHI3BAHHOE HArPY3KOA ¢, PaBHO

AL=—

CymMapHoe ycunme, AeHCTBYyolllee MO KPalo OGOJOYKM M CO3Ad-
BaeMoe Harpyskofi ¢, Gyzer

F=2aRdq.
Orciona sueprus  06osoukH, coofluaeMas HArpyakofl g, paBHa
2
Up="42xRLb.

Tak xak B pesyabTare noTepu ycroHumsocTH sweprua U
NEPEXORHT B KMHETHYECKYIO SHEPIHIO BLHINYYHBAHUS, TO

L onRily= L nRLyow
F 2Ry =g nRLybu
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Orciona
o = q-2 ﬁ
VyE
CnenosareabHO, NOCTOSIHHAR
e 4:2VT
YE

TakuM 0GpasoM, B Hauanblo# CTAAMH BHIy4HBAaHHE NMPOHCXOLHMT

o 3aKOHY
q sh o)t .9 V—

K wMomenry T npexpawenHs IGHCTBHS HArpysku g noJHas
SHEprun 000.104KH (KHHCTHYECKAS SHEprus W SHeprus Aedopma-
uuu) Gyner

V=1 nRLydu’ 4+ oPnRLybut =
2 - 2 —
=2nRLd 'qf (<:h2 ot ;—‘:—, sh? cm:) .

ITocne npekpawesns NeACTBHs Harpysku g o6O/MOYKA MpPO-
ZO/KAeT BHINYYMBATHLCA NOA HarpysKolt go. Usyunm sTo BHIMydH-
BaHue BO bpemenu. Koraa nedopmaums 06os0ouKH CTaHOBHTCA
3HauuTeAbHOR, (OpMY ee MOXHO NpHGAMKATL MOBEpPXHOCThIO Z,
KOTOpas MompOGHO OmMCaHa B ra. 3. DTa MOBEPXHOCTb OMpe-

nenserci GyHkuues y(x, t). Cl(opocn ToYek NMpH RedopMauuH
nosepxsoctn Z Gyzer y,— T TMosToMy KuHeTMueckas SHep-
THA ABMXKEHHMA PaBHa

L

K=2aRby [ Jidx.

0
Tak e KaK M B 1. 3, BMeCTO QyHKUMH } BBeleM GyHKUHIO
y(x, ¢), nonaras

~ s
Y=Y
Mpu stom

e~

K=2 Ry [ 2
= vJ yidx.
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C nomousio yuxunn y(x, £) sHeprus aedopmaunn 060-
JIOYKH BHIpaXaercs no gopmyse (ra. 3)
L L
Dn?a 2v Dn
=27 inxdx—f—TJyzdx—l—
¢
L

o

+20nE8" (g2 " [ 1y * (1 3 de - 225
0

Tpoussoanmas narpysko g, pa6ota pasHa

L
A=2nR bqo% f yidx.
0

Mycts @ u b— nepHoas BOAHOOGPA3OBAHHA Ha MOBEPXHOCTH
060n0uKM MO OKPYXHOCTH M O ‘06Pasylowell COOTBETCTEEHHO.
Ecan ornowenue b/a Hepeanko, 10 A1A dynkuun y (x, £), aa-
zaoweft GopMy NOBEPXHOCTH 06O/OUKH MPH GOAbWHKX NPOrHGax,
MOXHO NPHHATH BblpaxceHHe

y=u(t)sin 20X,

Tlpu atoM ana kuherwueckod sHeprum K, sHeprus sedopMaumn
U u pa6oThi A noayyalTCs BHpPaXeHns BHAA

K=Au"
U=Bu>+By|ul* +By|ul"+ B,
A=Culq,,
rae A, B, C — nocrosnue, koTOpLe Ges TpyAa BLIYHC-

aa0TcA. OHM 33BMCAT OT reOMETPHYECKHX BENHYHH, XapaKTepu-
ayowux pasmeps o6oaouku (R, L, 8), napaMerpos BonHOO6pa3o-
BaHMA (m, nm) W YNpYruX CBOHCTD MarepHana oGoaouku (E, v).

TMycts 06onouka mocAe NpekpaileHHs AEHCTBUA HATPYskH ¢
NON Harpyako# g, COBepiuaeT koneGaTelbHOE LBHMEHHE OKOJAO
OCHOBHOH GopMEI. B MOMeHT, Korfa BbINyYMBAaHME OCTaHABIM-
Baercss, sHeprua Up, toobuiaemas Harpysko ¢ B HayaabHo#
CTafiMH DhIMyuuBauus, M pabora A, NpOM3BOAMMas Harpys-
KOH go K 3TOMY MOMEHTY, MOJHOCTBIO MEPEXOAAT B SHEPrio
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nedopmainn oGosouxn U. Orcioga nonyuaercs COOTHOLIeHHe
U+ A=U.

Ecau  paccmatpupaTh 370 COOTHOLIEHHE KAaK YpaBHeHHe
ANA &, TO OHO 3aBEAOMO HMEET pelueiiHe NPH Manbix o M, Ha-
NpoTHB, Iie HMECT pellelns NpH AOCTATOYIO 60/bLIHX qo. Koraa
pewenne ecTb, ofonouxa GyAer BOCCTAHABAMBATHL CBOIO GOpMY,
KOrga e ero HeT, BLINYYHUBAHUE, rpyﬁo ropops, HeOrpaHHYeHHO

pacrer. Ilpu 9TOM 11ALO €lMC MMCTL B BUAY, YTO & OFPaHMYEHO
reoMeTpHUECKIM ycaoBHeM (ra. 3)

R
lu| <5

TAaK Yro peub WAer He O BCAKOM pellenud, 4 O PELIeHHH, Yro-
BJETBOPSIONLEM ITOMY YCAOBHIO.

MakcumaasHoe 3uauenue g, NPU KOTOPOM pellienue elle
CYWeCTBYCT, ONPENCANETCS TEM YC/AODHeM, YTO LS Hero peiwe-
uue kparuoe. Cacnoare.nlo, AJS TAKOrO go YpaBHeHus

Up+A—=U=0,
Uy + A= U),=0 )
YAOBJETHOPAIOTCA OXIIOBPEMEHHO. Ecan n3 smux ypanueuuﬂ
HCKAIOUHTh &, TO MLl NOJYYUM COOTHOLIENHe, Cra3LIBalouiee
KPHTHYCCKYIO KoMOuHawiio napa-
METpPOB, XapaKTepH3yloulMX AWHa- r'i
MHUYECKYIO HArpPysKy ¢. T, o %
YKasaHHOE COOTHOLIEHHE Me-
9
WAy ¢, T W gy yROOHO npejcra- ~4
sutb rpaduueckn. Ias storo cu-

creMy ¥p () pasp
oTHocuTeablio gy n U, Toraa no-
ny'-mm 42
1 Bz =%
%-—T'F < e+
3 B, | I—I/" / 2 94 7

3 Y,
Uo=732|“|%+7 By|u|”

Tenepb 3aBHCHMOCTb MeXAY BeAHuMHaMM g, u U,y nerko crpo-
ures, Tak kak go u Uy npeactapienti b 3aBUCHMOCTH OT ORHOTO
u Toro e napamerpa (#). Ha puc. 52 3ara 3apucumocTs mana
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B GeapaaMepHLIX MepeMeHHbIX go H &,

Bo= DR TR
%= =&

—, - 2 -
¢ =242 (ch2 ot —% sh? (m:) .
TapameTps BOAHOOGPA3OBAHHA

Ln n? ~0.8
t= 2an_l‘ nN=-px =Ho
3awWTpPUXOBaHHAs 06JaCTh OTBEYaeT TEM 3HA4EHHAM NAPAMCTPOB
Harpysku ¢, T, §p MPH KOTOPHIX BHIMYYHBAHWE HEOTPAlHYEHHO

pacrer.

2. Kputuyecknii MMNyJbc NpH BHeMWEM AaBJeRHH. Mubl
CHOBa paccMaTpHBaeM IIADHHPHO OMEPTYIO MO KpasM UMANHADH-
yeckylo o6onouky. ITycTs ata o6osouka HaXOAMTCA moa AeHcT-
BHEM CTaUHOHAPDHOrO BHEIUHEro AABJAEHHA (o H KPAaTKOBPEMECH-
HOro (B TeueHWe T) 3HAYMTENLHOTO AapieHus ¢. [lycte Aasse-
HHE ¢ MEHble BEPXHEro KPHTHUECKOro 3HaYeHHs, a ¢ ropa3no
Goabiwe Hero. IMon aasaenueM ¢ o6osouka TepsieT yCTORUMBOCTL
H HAYHUHAET BBHIMYYHBATLCA. Moxer CNYUYHTbCS, YTO BHINyYHBA-
HHE, BO3HHKalOLlEE NOA I[aBJEHHEM ¢, MPOMAO/INKAET HEOrpaHu-
YeHHO pactH. 3adaya COCTOMT B OMpelefeHHH KPHTHYECKOH
KOMOMHAUMKM DBENHYHH ¢, T, Go, MPH KOTOPHIX peanusyercs yKa-
3aHHas BO3MOXHOCTb., ITa 3a4a4a NPHHUHMHAMBHO HE OTJAHYAETCH
OT paccMOTPeHHOA B M. 1, M MOSTOMY HAlle W3/OXKeHHe 3LeCh
6yAeT NOCTAaTOMHO KPATKHM.

Ha nporu6op w B HaYaALHOM CTaAMU BHIMYYMBAHMA Mbl NPH-
MeM BbIpaxeHue

-w__u(t)sin—sm—lg-

3aBHCHMOCTL # OT ! ONpeNeafeTCA M3 YCAOBHS CTAUHOHAPHOCTH
¢dyHxunoana

[&k—vtaya,

rie K — kuueTuveckan sHepras anmuenus, U — sdeprus negop-
Maunu 06oJouKH, A — NPOMBBOAWMAR AasieHueM ¢ pa6oTa npu
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Crenys MeTOAy, M3/OMEHHOMY B rA. 3, HalieM BulpaeHHs
AR SHepruu aegop H npc o# M LaBJeHHeM
pa6oTsl. OnH MMEIOT BHA

U=AVi+ AL+ 4y, A=Cye,
rae A, C — mocrosHiible, KOTOpbie €3 TPyAa onpenesioTcs.

Ecau oGonouka mocae npexpailenns NeRCTBHUA HAarpysky q
coBeplaeT KOMeGaHHA OKOJIO OCHOBHON UMAMHAPHUECKON GopMbL,
TO B MOMEHT, KOFAa CKOPOCTb ABHXeHMs pasHa Hymio (A’ =0),
sueprus Uy u pabora A (L) NOAHOCTbIO NEPEXOAAT B SHEPTHIO
nedopmaunn U (A). Takum o6pasoM, B STOT MOMEHT

UN=U+ A0 (O]

Ecan 3TO COOTHOWIEHHE PaccMaTPHBaTh KAK YPaBHEHMe OTHOCH-

TeAbHO A, TO OHO HMeeT pelleHHe BCAKHMA pas, koraa 060/0uKa

BOCCTaHaBJ/IHBaeT CBOIO q:opny. cosepuias Konebanns, U He HMeeT

€ecaH BHIMY HeorpaHuuyeHHo pacTeT. Makcu-

ua/lbuaa Harpyska g, MpH KOTOpOH ypaBHeHHe () MMeeT pclie-
HHE, OT/IMYAETCA TeM, YTO ypaBHeHHEe OTHOCHTEJbHO A

U—Uy— A =0 (*%)

HMeeT TO e CaMoe pelleHHe, YTO M ypasuenue (x). Kpurnue-
CKaf KOMGMHAUWA NapaMeTpoB ¢, T, o AHHAMHYECKOW HArPY3KH
onpesenseTcs COOTHOWEHHEM

f (g, © g)=0,

KOTOpOE MOJAY4YaeTCs W3 YyPaBHeHMR (*) M (##) MCKJIOYeHHeM
napamerpa A.
Hattnem cootHowenne f=0. Hmeem

Up=4; Vi+ A\ + Ay— Cgoh, 0 =%A‘—Vl—7~ + Ay —Cgy.

Onpejlemm M3 BTOPOro ypaBHEeHHs VEH MOACTaBAAA €ro B nep-
BO€ ypaBpHeHHe, MOJYYHM HMCKOMOE COOTHOLUEHHE.

§ 3. Boabwue KoseGaHMA UHJAHHAPHUECKHX 060JOUEK

To 06CTOSTENLCTBO, YTO CMOCOGHOCTb OGOMOYKH COMPOTH-
BJATbCA BHELUHEMY BO3eHCTBHIO OGBIUHO Ocaabedaer TMPpH 3HAa4YH-
TeAbHOM BLIMTYYHBAHHH, HMEeT CBOMM C/AEACTBHEM YMeHblIeHHe
YacTOTH COOCTBEHHMX KOAeGaHH# NpH YBENMYCHWH AMILIKTYZAbI.
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Bonce TouHoe Hccie, 3TOTO BOMp 6yner mano B m. 1.
YMeHbuleliHe YaCTOTH COOCTBEHHLIX KoAeGaHu# npu yBeJlHYEeHHH
aMmJIMTy bl WMeeT, B CBOIO Ouepesnb, BaXHOe C/eNCTBHe. Hmenxo,
BOAMYLLE Hax B p € C MaJBIMH KO.

He NPUBOAMT K HEOIPAHMWYEHHOMY HApaCTAHHKIO MOCJERHHUX. I/Isy-
yenue 3ITOro BOMPOCA COMEPMCHTCS B M. 2.

1. Co6cTBenntie koneGanua uuauMHApHUYeckol 06ojaouKH.
['lyc1'|. UHAHHApHYCCKan 060/10uKa, WAapHHPHO ONepTras no KpasM,
copcpulaer CBOBOAHLIE KOJEeGAHHA C TaKoH e NepHOAHYHOCTHIO
nporudoB MO MOBEPXHOCTH, KOTOpo# obnadaer  yHKuUHUS
. axo . ny
sin == sin—-. Ecau konebauus Manbl, TO HOpMa/ibHLIE nporu6
060.104KH paBeH

= in % sin Y
w =y (£)sin 7 Sinp
rae 4 (f) yROBNETBOPRET YPaBHEHHIO
u' 4 @ =0.

3aeck © — vyactrora koneGanuit. OHa onpefeneHHHIM 06pasoM
BHIP@)KAETCS ycpe3 MapameTp BOAHOOGpPa3oBauus 7, reoMeTpuye-
CKHe XapaKTePHCTHKH M MeXaHHyeckue CBOHCTBA 060J0YKH.

PaccMoTpun Teneps Goablune KoaeGanus obonouku. Haftaem
ypasuenue sTHX KoaeGanu#. Ouo npencrapaser cofofl ypabue-
HHe DHnepa a7 YHKUHMOHANA

f(K—II)dt.

rae K — xunetuyeckas sueprus npuienus, U — sueprus aedop-
Mauuu 060J0UKH.

B rnase 3 (crp. 222) nas 3Hepruu AedopMalMM NOSYHeHO
BHIpaXEHHE
TRES

R
U= AT—v T (T) J + const,

1 1

/=z—:(-§)’ Iy”’dx—l—?v fy'gdx+
- -1

1

4 6(1—v) = [|y”|"'dx. e=R—f,

L
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DyuKuus y (x) H3BeCTHHM 06Da3OM CBA3AHA C HOPMAALHEIM NPO-
ru6om obonouku. Tak e, Kkak B 3a4a4ax O CTATHYECKOM Ha-
rpyxeunu oboaouxu (ra. 3), ¢yskumio y(x) OGyaeMm mpu6au-
XaTh Oyukuueft Buaa
2 2
y="2r—f+al—a p |x<a
y=aa(l—|x|) mpn |x|>a

Tpaduk sToft hyHKUMH COCTOHT U3 Napaboakl na yyacTke | x | < @
® IBYX fAAAKO MPHMBIKAIOWNX K Hell MPAMOJMHEAHBLIX OTPE3KOR
c koHuamu B Ttoukax (— 1,0) u (4 1,0). Ecan npeanonoxuts
anpHOPH, YTO MapaMeTp @ MaA, TO, KaK M B CAyuae CTaTHYECKHX
salay, SHEPrus Npy sal obwet fedop orp oft
ycaouem

1

f y2dx = A= const,
-1

onpenensieTrcs M3 YCJIOBHS HOCT minJ. Tlp sToro
B TOM, YTO B YKa3aHHOM np DMEHHH IHEPTHs NedOopM:
cocpenoTouena B Manof obaacth |x|< o, b TO BpeMa Kak
KHHETHYeCKast 9Heprus ABHXEHHs COCPEAOTOYeHa B OCHOBHOM BHe
oTo# ob6nactu. Taxum 06pasoM, onpenesieHue SHepruu aepop-
MaUMH B pacCMaTpHBaeMOMt 3afaye O KoneGaHMAX 0GONOYKH CBO-
AWTCA K ONpPele/eHuio MHHMMYMa (yHKUHOHanNa J MPH YCIOBHK
A =const.

Moacrapans 3unauenns y(x) B uHTEerpanml, BXoAswue B J,
NpH MajoM 0. GyleM HMeTb

J= (%)’ (-';_3)’ 200?42 (v—'1) 20202+ 12.(1 — %) % aath.

Tapamerp heopMauny
A= % a%a?.

Muunmym J naxonurca Ges Tpyaa, MW ILAS HErO MOAYyuaercs
BHpaXeHue

minJ=J, =32 (%)’ (%)ITl/' VE+46va.

Beuay Toro, 4ro rpaduic dynkuuy y(x) 61430K K J0MaHOH,
gocToauedt 13 ABYX 3Belbes, ne:!)olmalmk_) 000/j04KH  MOIKHQ
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XapaKTepH30BaTb MaKCHMAa/MbHLIM npornﬁom u (¢). .YcranoBum
cpsi3b Mexkdy #-u. A B HBIX  MMeeM

P P

= j-'y‘zdx.
-1

B MCXO/AHLIX MepeMelHbX 6yaer

Lpe
8n?
h=rp [ vex
o -Lr

TMporu6 oGonouku 3anaercs dyHKUHeH

~ T
Y=g ¥
Mosromy
L2
32n! ~
= 7= Vdx.
Tax kak mpu paccmarp Ledop X rpaduk dynk-

unn y(x) 6Au30K K JOMaHOH M3 HBYX ‘3BeHbEB,
-~ 2x
y (%) =T u(t),

rhe u (f) — MakcHMaabHEIA nporu6 (nporu6 npu x =0). Orciona
32n' u?
h=w
Moxacrasss STO 3HaueHue A B BHpaxeHue Jo, HAXOAUM SHep-

rmo AeopMaunM 06OJOUKM B 3aBHCHMOCTH OT MAKCHMAJLHOrO
nporuGa u:

P 2 f
U=241|u]—k"d’+ A
rie Aé. A{':n k — NOCTOfHHLIE, TIpHYeM
' R\% 1 TIES
A= 1.15n"’(_) L —
1= A 7 24— L
Haltzem Tenepn KUHETHYeCKYio "3Heprulo K Apuxenus 060-

no'-lK Téx kak q;yﬂxunn Y, sajaiowas nporu6, MaMeHaercs ‘no
CylileCTBy AMHEHHO B KANAOM MHTEepBAJe (—L/2, 0) (L/2, 0),
é6paniaered B Hyab- npu - x'= tL/2 u ‘uméer -aunavenue u(f)
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npu x =0, To
2
I J‘ 2xu dx dy= xRL e'ﬁvu .

Cocrasum  ypasHeHue xoneﬁauuu 0600ukH TpH  Gosbnx
nedopmaunsx. Mmeem

K—U="BED (4 94, |+ k2a?) + const,
rae A; u k— nocrosuHue, npuqem
A=31nhE (GRP’,,,
Otciona ypasxenne KoieGannit Npu GoAblIMX MPorubax HMeer BHA
't A —ku=0,
rie 3uak «4» Hamo 6paTh mpu u# >0, a 3HaK «—» npH
u < 0. Takum 06pasoM, Mbi HMeeM IBa YPaBHENHS, ONMUCHIBAIOWHX
ZIBHKenne 060J0uKHU:
¢ +ou=0 npu MaroM |u|,
#'tA —ku=0 npu Gorbwom |u|.
Bpesem ¢yukumio ¥ (z), onpenensemyio yCAOBHAMH
D) d@)=—38(—ua).
2) ¥ (v) =0 npu 0<u<5%¢§'=”'
3) O (w)=tA— k% npu |u|>a.
PaccMoTpuM Tenepb ypasHeHHe
u" 40 (u) =0. )

Mpu manom |[uz]| oo copmanaer ¢ ypasHenuem u” —- @ =0,
a npu GoabwoM |u|—c ypabuennem &'t A, — ku=0. Mu
Gyaem npeanojarath, 4YTO ypaBHeHHe () OMHUCLIBAET ABHXKEHHe
060/104KH BO BCEM AMANa3OHe W3MeHeHus nporu6a 4 (f). B srom
NpPEAMNO/OKEHHH PACCMOTPUM BOMPOC O BAMRHMH AMNAMTYAL Ha
YacTOTy COGCTBEHHBIX KOJeGaHuM 06OJOYKH.

[pexkae BCero, Mbl 3aMeuaeM, YTO eC/IH AMIIHTYAA He mpe-
BOCXOAMT @, TO 4acToTa koneOaHuW NOCTOsHHA M pasHa o, Ilpu
YBeHueHHH AMMIHTY bl YacTOTa koneGauu#t 6yner y6uiats. Haft-
ZeM 4acToTy MpH aMnautyge, 6ombiwedt a. ITycts o — amnautyla
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3Havenwe. Bo-Brophix, mpu @ S>a 3Havenne .. 0.(2z) .npn
|2] < @ B BEpanenny T (o) ManO CKA3LIBACTCH HA DE/MYHHE T (@).
TostoMy npu 0>>>a B QopMyae 117 T(Q) MONHO MPHUHNTL
® (¢)=A,. Torna nonyums

w(a)=28 "/P—E.

COOTBETCTBENHO 4aCTOTa KOMeGauui npu GOAbluOR aMniKTYZe ©

Gyner L
m(u)=%]/—‘1—‘.

2. Bumyxpennsie KoneGaHus 060souex. PaccmoTpuM ph-
HYXAeHHBIe KOMeGaHHs  LUHAMHAPHYECKOH 060M0UKH, LWAPHUPHO
oneprofi mo kpasM. B m. | MB Hawau ypapHeHue CBOGOAHBIX
kone6anut. OHO uMeeT BuA

"+ 0 (u)=0,
rie ¢yHxups 9 onpeensieTcs yCAOBHAMH:
1) ¥ () =% npu |z a,
2) SW==%A4, ¢ npn |u|>a.

710 ypasHeHHe npencTapaser coGoil ypasHenue ditnepa — Jlar«
paHxa 14 QYHKUMOHANA

[ —uvat

rae K — kunernveckas sueprus asuwierus, U — sueprua nedop-
MaluH. YpaBHeHHe BHIHYXIEHHBIX KO/eGaHuil 6yAeT ypapHehiteM
BOtinepa — Jlarpauxa Ans ¢yHKUMOHANA

f‘(K'—U+A)dt.

tze K n-U- uMeior npexHee 3nauenne, A — npousponuMan bHew:
HHM BO3MylleHueM pabora. OTCIOLa ClleLyeT, §TO YypaBHelHe
BLIHYXUIEHHBIX KoMeGanufl GyleT uMeTb BUL

' 4+ %)+ 0=0.
Hattaes $yHKuMio 0 41 pasaMyHbIX CMOCOGOB BO3MYLueHus.
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IMycty Bo3MyllleHHe CO3A3ETCH COCPENOTOYEHHOA CHAOA f,
HOPMa/bHOA K TOBEPXHOCTH 0GONOYKH,

f= fosinat.
OGoanaunM yepes L' paccrosiue TOUKH MPUAONEHHS CHAH f OT
N L )
Ganxatiero kpas oboaouxu |L <z)- Baugy Toro, uto mpo-

rH6 oGonouky Ha moGoH mososune 06pasyioulel H3MeHseTCA
MOYTH AnHEHHO W paBeH HYMO Ha KpasxX -060/0uKH, MNPOrHG
B TOYKE MpH.OMeHHs Cuabl 6yler == 2u(¢)L'/L. Orciona..nas
paboTh A NOAYHAeTCS BLIpameHue

—op
A= fosinat 2 u ).
11’"‘ KHIleTHYeCKoN Sueprvm K Mbl HOJIY'lHM BHpﬂme""e BHIA
K=Keu".

Orciona crenyer, uTo ¢yHKUMA G B ypaBHeHun KoaeGanuft
Oyaer uveth Caenyiowuil BuA:

el = .=
O="%I sinof = A sin@f.

Wrak, ypasHenie BLINYXIEHHLIX KoJeGauuil B paccMaTpHBaeMOM
cayyae npn Gosbwnx koneGanuax 6yaer

o + 9 (@) +Asinat =0,

TNyctb Tenepb BO3MYylleHHe CO34aeTCA NYJAbCHPYIOUIMM, PaB-
HOMEpHO pacnpenefeHHEIM MO 060/104Ke NaBJEHHEM ¢, H3MEHAI0-
LunMMCs MO 3aKOHY _

q(£)=gqosinwt.

TpoussoauMas STWM JHabjeHueM paGoTa npu dedopmauuu 060~

Joukn Gyner
A=qAV,

rae AV — obbeMa, orp. ro 060404KOf, NpPH
nepopmaunn. Beawunna AV Guaa onpedenena B ra. 3 npu
M3YYEHUH CTATHYECKOTO HArpymeHus OGONOUKYM BHEWHMM Aapfe-
uueM. Ecan- BOCMOAL30BATHLCA NOMYYEHHBIM TaM  Pe3y/bTaroM,
TO Haiaem

AV = cu?,



<C: z

=\ 2 (HIS)F ANBIRD2T 1)-%X)F 14 1M #$%& (%F
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4= # %" HM -3$)L 2%

%
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i ~?UD\km@E3HSAY%
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KOTOpHle 06.7afal0T OFpPaHHYEHHOR YNPYroCThiO, HAWM BHIBOABI
NPUMEHHME! /MWL NPH  BLINOAHEIHH OnpefefeHHbLIX YCAOBHH.
ViMenno, nampsikeiins B MaTepuane 060JOYKH, BO3HHKAIOULKE MPH
Goabuwmx nedop X [0 COOTBETCTBYIOLUMM
¢dopmynam u3 ra. 3, ue AOJI)I(IIH MPeBOCXONHTL Mpenena ynpy-
rocTH. BBuay TOro, uTO XapakTep ne¢opuauuﬂ npu koaeGaHuAX
TOT e, YTO ¥ MPH CTaTHueckux Aeop ¢ BEINY
yia3aHHOe OrpaHuyeHHe HmeeT TOT )Ke BHR, 4TO M AJA 3ajay,
paccmorpeiiix B ra. 3. Tpy6o roBops, OHO CBOAMTCA K TOMY,
uTo 060/10uKa NOMKHA GLITh NOCTAaTOYHO TOHKOM.




NOMOJHEHMUE: II-

OB H3OMETPHMUYECKHMX NMPEOBPA30BAHHAX
LUMJIMHIPHYECKMX NMOBEPXHOCTEH

CornacHo nmpuHuMny A, MCCAENOB2HHE 3aKPUTHYECKUX YNpy-
IHX COCTORHMH LMAMHAPUYECKOW OGO/MOUKK CBOLMTCA K Paccmo-
TPEHUI0 HEKOTOPOro (yHKUMOHANA, ONPEAeeHHOTO HA M3OMETPH-
YecKHX NpeoBGpasoBaHHAX OCHOBHOH (OPMbI, MPH YAOBAETBOPEHHH
HEKOTOPHIX TPaHHUYHBIX YC/IOBHH, OTBEYAIOUIMX CMOCOGY OMMpaHHs
oGonoukn. Jlna usomeTpuyeckux npeoGpasosaHuit, MOCTPOSHHBIX
B FM. 3, 9TH TPaHUYHBE YC/IOBHS He YIOBJETBOPAIOTCS.

TNpasna, B Tex cayuasx, KOrLa 3aKpHTHYeCkan Hedopmauus
OT/IMYAETCA NMePHOLMYHOCTHIO CTPOEHHA MO AJMHe OGOMOMKH, Ha-
npuMep MPH OCEBOM CHATHH HAH KOMOHHHPOBAHHOM HArpyXKeHHH
¢ npeo61afaHueM OCEBOTO CXATHA, POAb TPAHMYHBLIX YCAOBHH
8HAUHTENBHO . YI0BJIETBOP TPaHUYHEIX yCa0Buit
NpH PacCMOTPEHHH COOTBETCTBYIOIUMX 3afa4 BPSL /M MOMeT
CYWECTBEHHO NOBAMATb Ha peayabTathl ra. 3. Huaue o6crout
Neno B TeX CAY4aAX, KOFAa 3aKpuUTHuecKan nedopMaius compo-
BOXAeTCs 06PasoBaHHeM CIUIOWHBIX BHIMYYHH Ha BCIO IJHHY
060/I0YKH, HAMPHMEP, B CAyYae BHELIHEro IaBJEHHA W KPyueHHs.
3necb, mo- Y, MFHODHPOBaTh Ip: YC/IOBHR He/b3A.
B cBsasu ¢ 3THM B HactosuleM JIOMOJHEHMH, HMeA B BHAY COOT-
BETCTBYIOLUHE TDH/AONKEHHUS, Mbl DAaCCMOTPHM H3OMETPHYeCKHe
npeo6p . p KO NOBEPXHOCTH NPH YCHOBHH
INaPHHPHOTO ONMMPAHHA BHOMb Kpas. IloayueHHEle pe3y/bTaTHl
MOFYT HaiTH ceGe NpHMeHeHMe NPH H3YYeHMH 3AKPUTHUECKHX
nedopMaunfl 3aMKHYTHIX UMAHHAPHYECKHX O00O/MOYEK MOA BHeIU-
HUM JaBJeHMEM W NPH KPYYeHHH, a Takke NPH PacCMOTPEHUH
3aKPHUTHYECKHX YMPYTHX COCTOAHMH WMAMHADHYECKHX NaHenel
BO BCEX BAaPHAHTAX HArPYyMeHHs.
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MMeeT MepPUOAMYECKOE CTPOEHHE B OKPYIKHOM HAmpaBieHuH.
Kaxaylo BMaTHHy Me GyleM npeAnofarath BHINYK/AOA u CHM-
METPUYHOH OTHOCHTEJLHO MJAOCKOCTH, MPOXoAdluef yepe3 ee
rpanvyibie Touk A # B Ha ocHOBaHMM umauHipa. 3anava,
xowopy:o MBl XOTHM PpelWTb, 3aK/MIOAETCA B KAYECTBENHOM

opmbl Redop # nosepxHoCTH. Bauay nepuo-
JHYHOCTH CTPOEHHS "Moo OrPaHHYHTHCA PACCMOTPEHHEM YACTH
NOBEPXHOCTH, PACMONOMEHHON MeWAY ABYMA CMEXHBIMH MM0-
ckoCTAMH cHMMeTpud @ # @’. [laockocTs @/ MPOXOAHT MO oci
BMATHHB, @ 0. T O-— p MeXAY ABYNS BMAITH-
Hamu (puc. 56, 6).

TMpexmne BCero Mbl 3aMeTHM, uTO AWHHM nepecedenns [ u I
MOBEPXHOCTH C MJOCKOCTAMH CHMMETPHH @& M & SBJSIOTCS reo-
nesuyeckuMH. Ha MCXOLHOH UMAMHADPHYECKOH MOBEPXHOCTH MM
COOTBETCTBYIOT MPAMOAHHEHHEIE
obpasyiowne. 310 CaenyeT M3
TOrO, 4TO MAOCKOCTH G U & 5B~
JIAIOTCS NJIOCKOCTAMH CHMMETPHN,
CIeN0BATeIbHO, MEpeceKanT No-
BEPXHOCTb OPTOFOHANbHO.

"pe,lanJIO)l(Hll, YTO Ha JH-
HUM [’ HET NpSMOMHHEAHBIX OT-
peakos. Toraa uepes Kaxayio

@ 4 TOuKy P STOH AMHHM MPOXOAMT

npaMoAMHedHas  o6pasyiowas,

yMHPAIOWancs KOHLUOM B Pe6po y.
IeficTBUTeABHO, npAHOHieAHaR o6pasyiolas He MOMXeT HATH
B HanpasieHuu I/, 60 B STOM cAydyae OH4 Ha Hee HajeraeT
no CBOWCTBY FeOAE3HYECKMX, a MO MNPeAnoaOKeHHIO [ He CO-
ZepKHT NDAMOAMHEHHBIX OTpe3koB. OCTaeTCs HONYCTHTb, YTO
obpaayiolas, NPOXOAAlIAA Yepes TOYKY P, He nepneHAuKyJspHa
NJIOCKOCTH @' 1 He MeXuT B 9TOH naockocTd. Ho Toraa mo cumme-
TPHH OTHOCHTENBHO MJIOCKOCTH @/ CyulecTsyeT elle ORHA 06pa-
ayiollas, NpoxoAdllas yepes P u, cieqosateabio, P umeer miao-
CKYIO .OKPECTHOCTb. A 9TO TAK (e HEBOSMOXHO H3-3a OTCYTCTBHS

npaMo X Y44CTKOB KP I’ Urak, yepes KaXnyio Touky P
KpYBO# ['NPOX0ANT NP o6pasy , NepReHAnKy AP~
Has . u a’. dra o6pasy YNHPAETCA CBOHM KOHLOM

B pe6po nosepxHocTH y (n. 1). Orciona caenyer, 4TO paccMaTpu-
BaEMas NOBEPXHOCTL B 06/1aCTH BMATHHEI ABASETCA unnmmpmecxoﬁ.
€.06pasyIolHMH, NEPNEHANKYAIPHEIME N/IOCKOCTH CHMMETPHH 0.
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BuiicHUM Tenepb, Kak YCTPOEHa HAIA MOBEPXHOCTb BHE BMS-
THHBI, TO €CTb B 06AacTu Mexay peGpom y W xpuso#t [. B o:-
AMYKC OT Cayuas KpHuoW ! nns KpuBOH ! Heab3s mpemmoarats
OTCYTCTBHE NPAMOJHMHERHLIX yuacTkoB. Takoe npeanonoKenue
HeMe[/IEHHO MPHBOAUT HAC K 3aKJIOYEHHIO O TOM, YTO PaccMa-
TPHBaeMasi MOBEPXHOCTh W B 06/aCTH MexLy [ M y Towe UHAHH-
IpHyeckas, ¢ 06pa3ylOWUMH, NepNeHANKYAAPHEIMU NAOCKOCTH Q.
Ho ans Taxo#t nosepxnocT (10 mocTpoennas B ra. 3 mosepx-
HOCTb Z) YCJ/IOBHE OMHPAHMS MO KPAsAM HAa OKDYXHOCTH OYeBHA-
HHIM 00pasoM ue BuMoAHseTcs. TakuM 06pasoM, Ha Kpueod [
JAOMKHBEL OBITH NPSIMOMMHEAHEIE YYaCTKH.

Mbi yToepiknaeM, 4To MO KpaHHe# Mepe OAWH H3 KOHUOB
MPAMONUHERIIOr0 OTPe3Ka KPHUBOR [ MPHHALMEXUT KPAlO NOBEPX-
HOCTH. JeHcTBHTEILHO, MOMYCTHM, 4TO 06a koHua A u B npsamo-
AMIEAHOrO  YuacTka O AMMMM [ fIBARIOTCA €e BHYTPEHHHMH TOY-
kaMu. Tak Kax Toykk A M B 3aBefoMO He HMEIT MIOCKHX
OKDEeCTHOCTe#f, TO Yepes HHUX NPOXOAAT NpsAMOAUHERHBIe O6pa-
syloue g, M gp, NepNeHANKYAAPHEE NIOCKOCTH @, ynupaio-
wuecs B pe6po y. YacTb NMOBepXHOCTH @, OrpamuyenHas oGpa-
3YIOWHMMH £, £g W KPUBHIMM 7y, [, ABARETCS NJOCKON.
HeftctpuTennbHO, TaK Kak KpuBas y OOpailleHa BHIMYKJOCTbIO
B CTOPOHY @, TO Yepe3 KaXAYI0 BHYTPEHHIOI0 Touky P sToH
o6/1acTH NpPOXONMT reofle3nyeckas, He MepeceKaiowas y, ¢ KOH-
uamH auGo Ha orpeske O, au60 Ha 0OpasylWHX L, H Lp.
Paccynennem, moaoGHHIM pacCyiaenuio 3 M. 1, Jerko ycra-
HaBJMBAETCA, UTO STA reoNe3MyeCKas SBJAETCH MPAMOJHHERHHIM
orpeskom. Otciona caenyer, 4t0 0641aCTb @ ABAfIETCA MJIOCKOH.
Tak Kak ® naockas 064acTb, TO Ha y4aCTKe Mex1y 06pasyio-
HIUIMH &, M g5 pe6po y MMEET NJIOCKYIO NOJYOKPECTHOCTb, YTO
MCKJIOYEHO B CHAY BBIMYKAOCTH Yy (M. 1). YTBepxnexne 10Ka3aHo.

Hanee, Mb1 yToepiaaeM, 4o BGAM3H KOHUOB Kpupas [ LOmKHA
6HiTh OnpeneseHHO npamMoaHHeRHOH. [leACTBHTeNbHO, B MPOTHBHOM
cnyyae HalmeTcs MOC/eNOBATENLHOCTh ToueKk Q Ha Kpupoh I,
CXOAAWANCA K KOHLY, 4epe3 KOTOPble MPOXOLAT MPAMOAHHEHRHbie
ofpasylouine, NepreHAUKYIApHEE MJAOCKOCTH @, YMUpaiouuecs
B pe6po vy. [lepexoas k npeseny, 3ak/aouaeM, yTo yepes Koxeu /
NPOXOAHT mNpaMOAMHeHHan o6pasylwas, HAYWas BAOAb Kpas
nopepxHocTH. Ho 3TO HeBO3MONHO, TaK KaK Kpak MOBEPXHOCTH
He COJePKHT NPAMOMHHEHHEIX Y4acTKOB (OKPYxHOCTb). B urore
MB MPHXOAMM K CAEAYIOLIHM JBYM BO3MOXHOCTAM. JIn6o KpH-
pas [ ABNSETCA NPAMOJHHEAHBIM OTpe3KOM, MMGO OHA COMEPXKUT

19*
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KaMH MPOXOAMT MpAMONMHeHHAR o6pasyiowlas, MepneHAHKYAspHas
naockocTh f, ynupaiomascs s pe6po y. Crpoenne nosepxHocTH
Ha OC 4acTH 3 P p MOROOHLIM
npeabiayiieMy. OxonuaTefbHBIA  Pe3yabTaT MpeACTaBAeH  Ha
puc. 58,6, rme, xaKk ¥ B mpenbIAYIleM Ciay4ae, IUTPHUXOBKOH
0603HayeHO HampaB/JeHHe O0GPasyIOHX, 3 He3aITPHXOBaHIILIe
4acTH — IJIOCKHe.

Mu paccMOTpeaH H3OMeTpHYeckoe Npeo6pasoBaHHMe WHIANH-
ZpHYecKkot MOBEPXHOCTH NMPH YCAOBHH OCEBOR CHMMETPHH BMSTHiL.
Takoe npeobpa3oBaHue COOTBET-
CTBYET CHMMETPHYHOMY Harpy-
WeHHio 060/0uKkH, HanpuMep,
PABHOMEPHHM BHEWIHHM JlaBJie-
HHeM. B apyrux cayuasx Harpy-
WeHHUA, HaNPHUMep, PX KPYUeHHH,
u3oMeTpHueckoe  npeoGpasoBa-
HHe, 006/1anas MNEPHOAMYHOCTBIO
CTPOEHHS B OKDYMKHOM Hampas-
JIEHHH, HWMEeeT UEeHTPaNbHO-CHM-
MeTpHyecKHe BMATHHBI. Taxoe
npeo6pasoBanue MOXeT GbiTh Ka-
YeCTBEHHO HCC/AeNO0BAHO aHazo-
THYHEIM NpveMOM. Mgl e GyneM NpMBOAMTb 3TOrO HMCCAENOBA-
HUA. U cHOPMyJHpYeM JHMUIb OKOHYaTeNbHbIH pe3yJbTar, npel-
no/aras MOBEPXHOCTL B 06/ACTH BMATHHEL UHAMHAPHYecKOR. Dtor
pesyJabTaT NpeACTaBAeH HA PHC. 59 M He HYNMA2ETCR B MOACHe-
HHAX.

8. AHaquTHYeCKOe ONMCaHMe M3OMETPHYECKOTo mpeobpa-
3opauua. [lpakTnyeckoe HCMOAbL3OBAHHE HM3OMETPHYECKOrO Mpe-
06pa30BaHHA UHAMHAPHYECKO! MOBEPXHOCTH, MOAYYEHHOe B M. 2;
AAS UCCHENOBAHHS 3aKPHTHYECKOTO YMPYrOro COCTORHHMA LUMJHH-
ApHYeCKOH 060/0uKH TpeanonaraeT yno6HOe aHAaAMTHHECKOe
TpeucT STOr0 Npeotp Cefluac Mbl IanuM Takoe
npeACTaBfeHde Aas TOFQ CAy4as, KOFAAa BMSTHHBl MMEIOT OCh
CHMMETPHM M [OCTAaTOYHO BHITAHYTH MO A/JHHE OGONOYKH,

Beenem Ha pa3pepTKe UMAMHAPA KOOPAMMATHI ¢ W B, NMpPHHAB
sa OCb ! OCb CHMMETPMH. TpeNnofaraeMof DMATHHH, a 3a
och f— Kkpa#t noeepxHOCTH. IIyCTb B STHX KOOpAMHATaX mpes-
nosaraeMoe pe6po y 3a4aeTC ypaBHeHHeM

B=p(®-


































