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IIpemuciaonue

Dta HebOJbINAd KHATA MPeJIHA3HAYeHa B MEPBYI0 OYepelb CTYIEHTaM,
M3YYIAONIAM MaTEMATUKY B POCCUICKHUX BYy3aX, a TaKKe JIIOObIM MaTeMaTh-
KaM, 2KeJIaloIIM TIOBLICUTh CBOH yPOBEHB BJIaJIeHUsI COBPEMEHHBIM AHTJINH-
CKUM MaTeMaTUIeCKUM S3BIKOM. YCIIEIIHO TPOpadOTaB ee, Bbl CMOXKETE ITH-
CcaTh MATEeMATHIECKNE CTAThU M KHATH HA TPUINIHOM AHTJIUHACKOM U JTaXKe
IEPEBOUTH MATEMATHIECKHE CTATBU ¢ PYCCKOTO Ha AHTJIMHCKUI HA yPOBHE,
6/m3K0oM K ripodeccronabaOMY. 15 9TOTO He TpebyeTcs m3Ha9aIbHO XOPO-
110 BJIAJIETD A3BIKOM, HY?KeH JINITh MUHUMAaJIHHBIN 00Nl CJIOBApHBIH 3armac,
YMeHHe [OHHMATh CTaThW II0 MaTeMaTWKe Ha AHIJIMHACKOM (IIYyCTh CO CJIO-
BapeM), 3HAHME TEPMUHOJIOTUY U, [JIABHOE, TOTOBHOCTH AKTUBHO UCIIOJIb30-
BaTh CBOU MaTeMaTUIecKue MO3ru (a He JyPHbIe I'yMaHUTAPHbIE TPUBBIUKH,
BO3HEKINHUE 1pu MHOrosIeTHeM usydenun «Moscow English») mia ocBoenus
SA3BIKA.

C KHUTroit MOXKHO paboTaTh CUCTEMATHIECKH KaK ¢ yIeO0HUKOM (IIPH 9TOM
006s13aTeJIBHO CJIe/lyeT BBIIOJIHATH 3aJaHNs), HO MOXKHO €10 I10JIb30BAThCHI
KaK CIpaBOYHUKOM (0Opairasich B ocaoBHOM K ITpummoxkenusm 1 u IT). Ox-
HaKO B 9TOM CJIydae d HACTOATETHHO PEKOMEHIYIO MOTh30BaTEsIM CHAYAIA
O3HAKOMUTHCH € IPUHITATIAMHA, Ha, KOTOPBIX OCHOBAHA 9Ta KHUTA.

OTHU NPUHIMITBI KPATKO U3JIOXKEHBI B IEPBOY IJIaBe, KOTOPas, B OTIHYINE
OT TOCJIEIYIONINX, HAITMCAHA He Mo-pyccKh, a Ha simple English, u cayxur
CcBOeOOpa3HOM IPOBEPKOI Ballleil TOTOBHOCTH: €CJIN OKAYXKeTC, ITO BbI UCIIBI-
ThIBaeTe OOJIBIIE TPYAHOCTH B €€ TIOHUMAHUW, TO, IPEXIe IeM PaboTaTh ¢
9TOI KHUTOW, BaM HEOOXOIMMO MOBBICUTDH YPOBEHDb MOHUMAHNS aHTJIAACKOTO
[0 JIPYTUM MCTOYHHUKAM.

Jlexiuu, cocTaBidIONe OCHOBHOE COJEPXKAaHWe KHUTH, YATAJNCH TPe-
THEKYPCHUKAM MATEeMaTHIecKoro (hakyabreTa BBICIei MKOJIbl SKOHOMUAKA
B BecenneM cemecTtpe 2015 r. B pamkax obs3arenpHOro Kypca «Mathema-
tical English». Tekcr kaxoii jekiun (B 9J€KTPOHHOM BHJIE) BbIBEIIUBAJI-
¢ B JIeHb TIpouTeHus Ha caiite mardaka BIID. Kpowme storo, crymertam
BBIJIABAJIMCH (B OYMaXKHOM BHUJE) TEKCTHI, HEOOXOAMMBIE JJId BBIIOJHEHUS
JgoMantanx 3ajannit. OHU TOXKe BKJIIOYEHBbI B KHUTY.

3aHgaTHe, TPOBEJIEHHOE TIOCTIe CEeIbMOM JIEKTNN, TTPOUCXOANIIO B (popMmare,
OTJIMIHOM OT JIEKIIMOHHOTO, M B KAKOM-TO CTEIEHN HATIOMUHAJO CEKITHOHHOE
3aceaHre MeX IYHAPOIHOW KOH(MDEPEeHIINn: YCTHbIE MaTeMaTUIeCKe JOKJIa-



JIbl ¥ JIOCKHU, 3alMHTEPECOBAHHBIE CJIYIIATEHN, BEIYIUi 3ace aHne BbICOKO-
kBaymudurupoBannbiii chairman. (OgHaKo TeMa 3TOrO «3acelaHusd» — OCHO-
BBI JINHEIHOM arebphl — OblIa BHIOpaHA SJIEMEHTAPHOM, JTAJTEKON OT «MeXK-
JIyHAPOJIHOro ypoBHs».) Posb chairman’a B3an #a ceba npodeccop BIIID
Aitan Mapmasi. Ero 4yBcTBO I0OMOpa M 09apoBaTeIbHBINA OPUTAHCKUH aK-
HEHT JO0ABUIIN YKU3HN STOMY 3aHATHIO. B KHHATE, K COXKAJIEHUIO, BOCIIPOU3-
BECTHU HTO 3aHSATHE HEBO3MOXKHO. BMecTo 3TOro B Heil mMeeTcsd rjaBa, TJe
TAIOTCS COBETHI, KaK JeJIaTh JOKJJIAJIbl U YATATH JIEKITUH.

B xypce 6b110 Beero 8 zamsaTuit, 7 m3 Hux — Jjiekimu. Kypc 3akaHInBaJ-
Csl IUCbMEHHBIM JIBYXYaCcOBBIM 9K3aMEHOM, Ha KOTOPOM ObIJIO TPH 3a/[aHuUs:
(1) mepeBecTr Ha AHIVIMIACKUI OJHOCTPAHUYHBIN KYCOK HEJaBHEH CTATbu U3
POCCHIICKOrO MaTeMaTHIeCKOro KypHaJsa; (2) paccraBUTh apTHKJIM B aH-
TJIMHACKOM MaTeMaTUIeCKOM TeKCTe, B KOTOPOM apTHUKJN, a TaKXKe MecCTa,
rjie MOXKHO [OCTABUTh apTUKJIb, ObLIM 3aMEHEHbl MHOrOTOYnAMY; (3) Ham-
catb counnenue (o6bemom npumepro 300 ¢JIOB) IPO BO3BHUKHOBEHUE HEEB-
KJINJIOBO# TeoMeTpun. ¢l OB yIUBIIEH T€M, 9TO CTYJIEHTHI B II€JIOM XOPOIIIO
COPABUJINCH € STUMHU 3aJ[@HUAMH, TPUIILJIOCH MOCTABUTH TOPa3i0 GOJIbIle
IATEPOK, 9eM OOBITHO. B 9acTHOCTH, HEOXKUIAHHO OKA3aJI0Ch, ITO OOJIbIIe
MTOJIOBUHBI CTYAEHTOB 0E30IMMO0YHO WM MOYTHA 0e30IMMnOOYHO PaCCTaBUIN
APTUKJIA, XOTAd CHUTACTCA, ITO 3TO MOT'YT Ae/IaTh TOJTBKO HOCUTEIN A3bIKa.

Kpome TekcToB siekiiuii, B pacriopsi?KeHUH CIayIareseil Kypca Oblim aBa
pUJIOZKeHus (9TY IPUIIOZKEeHHs TaKyKe BOCIPOn3BeieHbl B Kuure). OxHO Ka-
CAeTCs TIPEJIJIOTOB M COI030B U COCTOUT U3 MIPUMEPOB CUTYAINil, B KOTOPBHIX
Te WM WHBbIE COIO3bI U TMPEIJIOrU JOJIKHBI UCIOJIb30BaThed. JIpyroe mpuiio-
skenue (He obg3aTesIbHOE JJId W3ydeHus ) — leperedarka Moeii (Heornydm-
KOBAHHO) CTAThH PO CEMAHTUKY apTUKJIeil aHIJIMIACKOro f3bika. B KHure
JKe MMeeTCs 9eThipe MPHUJIOKEHHUs: KPOMe YIIOMSAHYTBIX JBYX, €CTh CBOJIKA
ocHoBHBIX 11absoHOB ([Iprtoxkenne 1) n orBeThI-KOMMEHTAPUHU K 33/IaHUAM
(Ipunoxkenne IV).

Asrop 6sraronapen Ceprero JIbBOBCKOMY 3a TIATENBHOE U YMHOE PeJTaK-
tupoBanue, Mapun Brikosoit, Bagumy PagmonoBy u, Hakomerr, 3anarepeco-
BaHHBIM cJyIiaTessM Kypca Bo BID, ubn 3aMevanust IOMOIVIA U3JI0XKUATH
TeKCT 6oJsiee JOXOIIUBO.



Chapter 1
Main Principles

1.1. Prerequisites

The prerequisites for this course are a solid knowledge of mathematics
(in Russian) and some knowledge of mathematical terminology in English.
No advanced knowledge of the English language is required: writing or
speaking correct English is not a prerequisite, you should only be able to
understand simple texts, such as the one in this chapter, possibly with the
help of a dictionary.

The goal of the course is to teach you to write and speak mathematical
English.

To do this, you must understand, first of all, that English, unlike Rus-
sian, is not a grammatical language—correct English cannot be obtained by
following a finite set of grammatical rules,

good mathematical English comes from usage

i.e., from using only those standard constructions that native English speak-
ing mathematicians ordinarily use.

Are there many such constructions? Actually very few are needed to
produce a good text—this is a wonderful property of mathematical English,
a linguistic fact that makes our approach to teaching that language simple
and efficient.

You will never master mathematical English if you don’t follow the main
rule:

never translate from Russian!

In order to produce a good mathematical text in English, never begin by
expressing your mathematical thoughts in Russian, first clarify to yourself
what it is you want to say mathematically, and then express it using the
English constructions that you are familiar with. Even when you are in fact
performing a translation of a Russian mathematical text, don’t translate—
first understand mathematically what the author wants to say, then express
it in your own words, by means of those English constructions that you are
sure of. To do that, you need to have a collection of standard expressions
in your memory. I call these expressions clichés.
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1.2. Clichés and parts of speech

By a cliché (wabaon in Russian) I mean a fixed text with variable entries
(i.e., blank spaces to be filled in by words, expressions or formulas of the
appropriate type). Here is an example:

For any | | there exists a [ | such that [ ].

By filling in the empty spaces (specifying the variable entries), we can obtain
the following sentences:

For any € > 0 there exists a § > 0 such that

[z —mo| <= |f(x) - flzo)| <e.

For any braid b € B, there exists a sequence of braid generators
bil,...,bik such that b = bil .. bzk

as well as many other popular mathematical statements.

In order to obtain a syntactically correct sentence from a cliché, we need
to fill in the empty spaces by the appropriate type of variable. In our study
of mathematical English, we will consider six types of variables, which we
call parts of speech. Our parts of speech are completely different from the
parts of speech of traditional grammar (which are nouns, verbs, adjectives,
adverbs, pronouns, conjunctions, prepositions, just as in Russian). We list
them below with their abbreviations (without giving any formal linguistic
definition) followed by typical examples.

Objects (obj): Banach space, f(zx), € > 0, the Abelian group G, a second
order differential equation solved w.r.t.} the highest derivative, ...

Modifiers (mod): continuous, twice differentiable, singular, normal, pos-
itive definite, irreducible, small, discrete, noncontradictory, ...

Properties (prop): continuity, smoothness, Lebesgue integrability, Jor-
dan measurability, infinite differentiability, . ..

References (ref): Theorem 1, the previous lemma, Gauss’ proof, the
Poincaré conjecture, Hilbert’s 10th Problem, Definition 3.1, ...

Links (link): and, or, if, such that, whenever, when, which, ...

Openers (opener): Then, Therefore, Without loss of generality we can
assume that, Suppose that, This means that, ...

L A66pesuaTypa w.r.t. pacumdpoBbIBaeTCa Kak with respect to W WCIONB3yeTcs Tpe-
MMYIIECTBEHHO B HeOpPMaJIbHBIX TEKCTax, HAIPHUMep, Ha JOCKE MPH MATeMaTHIeCKHX
JOKJaJax Win JjieKnuax. Ipyras abOpeBnaTypa, JacTO HMOABIIAIONIAACA Ha JOKJIAJaX, —
s.t., ona ozHauaer such that; ncrmons3sys obopor «There exists a ... such that ...», an-
[JIOA3BIYHBIN JOKIAAUNUK Ha JTOCKE HABEPHAKA HAmMImeT «3... s.t. ...».
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In some clichés, there are empty spaces that must be filled not by parts
of speech, but by mathematical statements, e.g. formulas or sentences con-
structed from other clichés, so that our constructions can be, in a sense,
recursive. Empty spaces for formulas or statements (which are not parts
of speech!) will be denoted by the word claim. In particular, claims often
appear in empty spaces on both sides of links in clichés such as

[claim] and [claim] or [claim] whenever [claim].

1.3. Example: a simple mathematical text

To see how much mathematics can be correctly expressed by using a very
small number of clichés, let us now carefully read the following mathematical
text (an introduction to the theory of smooth manifolds).

In this short text, as in all mathematical texts, the correct use of articles
(the, a, an) is extremely important—incorrect use of an article often makes
the text misleading, difficult to understand, or even self-contradictory. For
example, if an English speaking mathematician reads the sentence “Let Z be
a set of integers” he will be very annoyed (and possibly stop reading further),
because in mathematics the symbol Z always denotes the set of all integers,
while the sentence in quotation marks means “Ilycts Z — moaMHO2KECTBO
MHOXKeCTBa mesbix ancesr”. In the above sentence, the article “the” should
be used instead of “a”, so that it will read “Let Z be the set of integers”.

In the text that follows, all the articles are used correctly, but I will not
explain why. We shall study the use (i.e., the semantics) of articles in the
next chapter.

DEFINITION. A manifold is a pair (M, A), where M is a topological
space and A is an atlas; here the atlas Aisaset A = {¢q: Uy — R}
such that

(i) Uy C M is an open set;

(ii) ¢o: Uy — R™ is a homeomorphism;

(iii) UaeJ Uy =M.
ExAMPLES. (1) M is R™ and A = {id: R® —» R"}.

(2) M is the sphere S™ and A = {p;: S"\ n; — R", i = 1,2};
here p; and p, are stereographic projections, nj,n, are the South
and North poles.

DEFINITIONS. Suppose that (M, A) is a manifold and «, 8 € J; then
¢ © ¢51 =:to g is a transition function.
Further, (M, .A) is a smooth manifold if

tap € CC(R"™) Vo, € J,

9



where C*®(R™) := {f: R® — R" | f is an infinitely differentiable
map}.

Suppose that (M, .A) is a smooth manifold; a smooth embedding
is a map h: M — R™ such that ho ¢ ': ¢4 (Us) — h(U,) is a
diffeomorphism Va.

THEOREM 1 (Whitney, 1921). Suppose that M is a smooth manifold
and dim M = n. Then there is a smooth embedding h: M — R,

Analyzing this text, we see that—amazingly—all its sentences are ob-
tained from three clichés (basically, from only one cliché), namely:

[obj] is [0bj]; [objs] are [objs]; [ref].

with the help of only four links (where, and, such that, if ) and four openers
(here, suppose that, then, further)!

1.4. Basic clichés

To conclude this chapter, let us list ten more basic clichés, which we will
constantly use in what follows.
consider [0bj]
Consider the 2-dimensional vector space over .
for any [obj], [claim)]
For any = € R, the function e® is positive.
let [0bj] be [0bj] or [mod]

Let A be a linear operator in Banach space.
Let the operator A be compact.

[ref] or [prop| implies [ref] or [prop]

Differentiability implies continuity.
Theorem 7.3 implies the Poincaré Conjecture.

[ref] or [prop| implies that [claim]
Eq. (3.4) implies that the solution is unique.
there exists a [0bj] such that [claim]

There exists a point x € D? such that f(z) = z.

10



if [claim], then [claim]
If f: D2 — D? is continuous, then there exists a point 2 € D? such that
1) = .

there exists a unique [0bj] such that [claim]
There exists a unique point x € R such that e* = 17.

[0bj] is called [mod or obj] if [claim]

A group G is called Abelian if gh = hg for all g,h € G.
A topological space X is called Hausdorff if X satisfies the axiom T5.

denote by [symbol] the [0bj]
Denote by CP? the complex projective plane.

the set of all [objs] is a [0bj] w.r.t. [obj]
The abbreviation “w.r.t.” stands for “with respect to”.

The set of all translations of the plane is an Abelian group w.r.t. the
composition operation.

When the above clichés are used, a “claim” can be a mathematical for-
mula or several mathematical formulas separated by the words (“links”)
where, for, and, whenever, for all. For example,

w = (az 4+ b)/(cz + d) for ac — bd # 0.
Stab(z) = {g € G | xg = x}, where z € X.

are claims.

EXERCISE 1.1. Write a one-page (approximately 300 words) introduc-
tion to group theory using only constructions based on the clichés that were
listed above.

11



I';1aBa 2
Kak manucarh mpocrou
MaTeMaTHm4ecKnili TeKCT

HazoBeM MaTeMaTHYecKnil TeKCT HIpocThIM (simple), ecin Kaxkigas ero
dbpaza moyHUeHa 3amoHEHNeM epeMeHHbIX MOJIelt OIHOTo MIabiIoHa, (13 Tex
11 ma6s0HOB, YTO OBLIM B IMEpPBOii IViaBe) MOAXONAIIUME <«HaCTAMU petdn».
Ilesib HacCTOAIIElH TJIABBI — HAYYUTb BaC IPABUILHO IHCATH MPOCTLIE MaTe-
MaTU4ecKne TeKCThL.

JIJj1 9TOrO Mbl HAYHEM C [IPUMEPA TOTO, KaK Ha00 STO JIeNaTh, & UMEHHO,
[POAHAJIM3UPYEM XOPOIIO BbINOJHEHHOE YIpasKHEHHe (COCTOABIIEE B TOM,
4TOOBI HAIIUCATH OJHOCTPAHUYHBIN TEKCT O HAYAJIbHBIX NOHATHUAX TEOPUU
IPYII, [OJIb3YACh TOJbKO IMAOJIOHAMY, IEPEUIUCTCHHBIMU B KOHIE TIPeIbILY-
miett TiiaBbl). Tlociie 9TOro Mbl IONOBOPUM O TOM, KaX He Hado, W TIPUBEIEM
P4, IPUMEPOB OIMNOO0K, XapaKTEPHBIX JJIf PYCCKOA3BIUYHBIX aBTOPOB aHIVIN-
CKHIX MaTEeMaTHYeCKUX TEKCTOB. B 3aKJI0vUeHNe IJIaBbl MbI ITONPOOYyeM pa3o-
OpaThcs B CMBICJEe apTUKJIEH U Hay4YATbCd UX [IPABUJIbHO PacCTaBIATb B
[IPOCTBHIX MaTEMATUYECKIX TEKCTaX.

2.1. IIpocToit MmaTemMaTnIecKmii TEKCT: KaK HAJ0

Tekcr mmzxe — gomammee 3amarme (Ex. 1.1, c¢. 11), BbimosHeHHOE Of-
HEM U3 CJIyllareseil Kypca, Ha KOTOPOM OCHOBaHA 9Ta KHHUTa. B 5ToM Tek-
CTe <IIOCTOSIHHBIE CJIOBA» HMCHOJIBL30BAHHBIX MIAOJOHOB BbIIEJIECHBl XKUPHBIM
mpudrom. (IIpu stom B mabmnone [ref|, manpumep B 3aroyioBke «Binary
operations», HET NOCTOSHHBIX CJIOB, ¥ TOTOMY B TEKCT€ B 9TUX LIAGJIOHAX
HeT HUKAKUX BbIZCJICHHUI. )

§1. BINARY OPERATIONS

DEFINITION. A map *: S x S — S is called a binary operation on
the set S. Denote by s; * so the image of the pair (s1, s2), 51 * s9 :=
*(s1, 82)-

ExAMPLES. (1) The addition of real numbers is a binary operation.
(2) The multiplication of complex numbers is a binary operation.
(3) Let C(X) be the set of continuous maps of the topological

space X into X; then the composition of maps (f,g) — foygisa

binary operation.

12



(4) Let A be the map A: (z,y) — log(zy); here z and y are positive
real numbers; then A is not a binary operation, because the function
log(z) is not positive if z < 1.

DEFINITION. A binary operation * on a set S is called associative if
(axb)xc=ax*(bxc) foralla,b,ceS.
The operation * is called commutative if
axb=0bxa forallabes.

ExampPLES. (1) The addition of real numbers is associative and
commutative.

(2) The composition of continuous maps is associative and not
commutative.

§2. ABSTRACT GROUPS

Let G be a set with a binary operation *. Then the pair (G, *) is
called a group if

(i) there exists a unique element e € G such that
exg=g*xe=g forall ge@G;

(ii) for any g € G there exists a unique element ¢~! € G such that

gxg ' =g"txg=¢

(iil) the operation * is associative.

Let (G, x) be a group; then the element e is called the unit element
or the neutral element, the element g~ is called the inverse element
to the element g, and the operation * is often called multiplication
or product. A group is called commutative or Abelian if

g*h="hxg forall ghe@.

ExXAMPLES. (1) The set of all complex numbers with respect to
addition is an Abelian group;

(2) the set of all positive real numbers with respect to multipli-
cation is an Abelian group;

(3) the set of all bijections S, of a finite set {ai,...,a,} with
respect to composition is a group; the group S, is called the permu-
tation group on n elements; the group S, is not an Abelian group.
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CJIG,ZIYQT OTMCTUTDB, UTO aBTOP TEKCTa I[IO3BOJINJI cebe HEeMHOTO OTCTYIIUTH
oT yCJ'IOBHﬁ 3aJaHMA: OH ITOJIb30BaJICA ABYyMA LHa6HOHah4H, KOTOPBIX HE 6b1710
B OCHOBHOM CITUCKE; UMEHHO, 3TO mab/IOHbI

[0bj] is not [mod wmu obj]
[obj] is often called [obj mau mod)

JI71s1 OUACTKHU COBECTH JOOABHMM UX K OCHOBHOMY CITHUCKY. OTMETHM Tak-
K€, 9TO aBTOP UCIIOJIL30BAIT COBCEM HEOOJBIION HAGOP BBOJHBIX BhIParKeHuit
(openers), unenHo then, here, u coemuusonux ciaosedek (links), umenno and,
or, because.

BrinosnnenHas paboTa MOKA3BIBAET, 9TO HEOOJIBIIONO CIHCKa OCHOBHBIX
obuux mabJIOHOB XBATAET, 9TOOBI 0€3 Tpyaa MUCATH dJIEMEHTAPHbIC TEeKCThI
1o obmeit anrebpe. [Ipu 9ToM I1y>KHO TOJIB30BATHLCA CBOMMM MaTeMaTH4de-
CKUMH MO3TaMH, 9YTOOBI YJIOXKUTH TO, UTO BbI XOTHTE CKa3aTh, B PAMKHI pa3-
pemrennbx obmux o6oporos. (Bmpodem, caMpiit nocjaeqHui u3 MmabIoHOB
HAIIlero CIUCKa BPSJ JIA MOMXKHO CUYMATATH OOILUM — 9TO OUYeHb crerudut-
HBIH Ia6JIOH, KOTOPBIA MCHOJIB3yeTCs TOJBKO IIPU BBEAEHUM ajrebpanmde-
CKUX CTPYKTYD Ha MHOXKECTBE; OH YaCTO BCTPEUAETCS TOJIBKO B ajrebpan-
yeckux Tekcrax. Ilomobuble «crenuduueckue» MIabIOHbI HMEIOTC BO BCEX
paszenax MaTeMaTHKH, Mbl UX TOXe OyJeM M3ydaTh B 9TOH KHUTE.)

2.2. Kak He Ha/0: IpUMEPHI TUIUYHBIX OIMAO0K

Iepeiizen K COECKY TUITHTHBIX OMTHOOK, MOSABIISIFOLINXCS P HALIICAHUN
TEKCTOB 1 IIPH [IEPEBOJIaX ¢ PyCcKoro. VX MCTOYHUK — MOCTBIAHAS IPUBBIYKA
[EPEBOJIUTD CJIOBA, BMECTO TOTO YTOOBI IEPEBOJUTEH CMBICIL.

Eme ogHo ofmiee 3aMedyaHye O MOCJOBHOM IepeBoJe: aHIVIMACKHIIT Ma-
TeMaTHYECKUI A3LIK OYEHb JIAKOHUYEH M IUIOXO IEPEHOCHT IIyCTOCJIOBHE
(qacTo BeTpevalomeecs B pycckoM a3bike). Tak, Hadasto dpassl «B 3agate
0 HaXOXJCHUN DeIlleHuii YDaBHEHUs 5-r0o MOpsaKa [PeACcTaBisaeTcs Heobxo-
IIMBIM...» (IUTUPYIO U3 yBasKaeMOro yueGHUKa [0 anrebpe) ciemyer BbIpa-
3uTL no-anrauiickn Tak: «To solve 5th degree equation, one must. .. » (33 me-
JaTHBIX 3Haka Bnecro 69!). 3meck mpornanu cioBa-mapasuTel «B 3amade o»
(ne mecymue HUKakoii nHGOpMAINT), OTIIATOJIBHOE CYLIECTBUTEILHOE «Ha-
XOKIeHIe pelleHud» 3aMEeHII0Ch aKTUBHBIM ryiarosioM «find» u maccmBaBIi
0BOPOT «IIPEACTABJIACTCS HEOOXOMUMBIM» — HA aKTHBHBII MAMOMATHYIECKHI
0bopoT «one must».

Crucok ommboK Mbl JaEM B BUJE KOHKPETHBIX IIPHUMEPOB, Cpa3y Ha aH-
DJIMIACKOM sI3bIKe. BBI JIETKO BOCCTAHOBUTE PYCCKHUI OPUTHHAI Kaxk ol dpa-
351 (€csin OH ObIT) TIOCJIOBHBIN OOpaTHBIM HepeBonoM. Cpasy mocse mpuMepa
MBI TIOSICHSEM, B UEM COCTOUT OLIMOKA.
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TEPMUHOJIOTHIO HY>KHO 3HATb, A HE UCKATH B CJIOBAPE!

1) Let v be a proper vector of the operator A.

Hukakux proper vectors mo-anrsmmiickn He GbIBaeT, a GBIBAIOT etgenvectors,
a TakxKe eigenvalues.

2) A Mersenne number is a simple number of the form ...

Hy»xno ne simple, a prime. Ho 3aTo npocras rpymma nepeBoguTcs Kak Sim-
ple group.

3) Let K be a compact in R™.

CnoBo compact — Beerma npunararenbuoe! 3aech nyxHO compact set, wmm
compact subset, unu compactum.

4) The elder coefficient is nonzero.
Buecto elder (Gykpambbiil epeBo c/10Ba crapimmii) Hy>kHO leading.
5) W1 is the space of generalized functions.

AHTI0A3BITHbIE MATEMATUKA KaK MPABHUJIO He UCIOJB3YIOT BBIPAXKEHHS gen-
eralized functions, KOTOpoe BCTpedaeTcss B OCHOBHOM B CTATHAX, epeBeneH-
HBIX C PYCCKOro. 3mech Jyume distributions.

6) The space X is linearly connected.
Takoro Tepmuna He cymiectByeT: BMecto linearly 3mech HYKHO path.
7) The definition of multiplication is correct.

CrnoBo correct osnagaer npaBusbHO, a He KoppexktHo. Hyxuo: The product
1s well defined.

8) Consider the algebraic manifold V.
Ho-anrmmiicku ner Huxkakux algebraic manifolds. Hyxwuo variety.
9) The operator A is positively defined.

3necn positively defined — 510 TOCIOBHBI IEPEBOZ ¢ PYCCKOTO (TIEPEBOAUTE
HY>KHO He CJIOBa, COCTaBJIAIONINEe TEPMUH, a €ro cMbIC!), a HY>KHO positive
definite.

Let TPEBYET UHO®UHUTUBA!

10) Let G is an Abelian group.

[Tosopnas, HO WacTO BCTpevaromascs OmmOKa: BMECTO i 31€Ch HEOBXOIH-
MO be.

11) Let B has a singularity at the point p.

Bwmecro has 3peck neobxomumo have.
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IIOCJIE can ¥ must HEJb35 CTABUTbH to!

12) Now we can to prove Theorem 3.5.
He ny»xen to.
13) To establish Lemma 2.1, we must to prove (2.5).

He ny»xen Bropoii to!
J1OJIOM1 PYCCKUE 3ANATHIE!

14) Take any element x € X, such that = > x.
Bamsaras guimHAd (370 Tpybasg cMbIcIOBad ommbKal).
15) Suppose G is the group, that was considered in §2.

Onarh IUIIHAIS 3araTas.
HE HATPOMOXKJANTE of 'biI!

16) Therefore we must suppose that there is the necessity of generaliza-
tion of the method of bifurcation diagrams of V.I. Arnold.

Hesnpzs Tak nMHOTO 0f 0B 1 cTONIBKO 6ECCOmEPKATENBHBIX CYIIECTBATEIbHBIX!
Hy>xno mporue, nanpumep: Hence V. I. Arnold’s bifurcation diagram method
must be generalized. 3ameTmM, 9TO McxomHasa pycckas dpas3a (KoTopad Jud-
HO MHe OYeHb He HDPABWUTCS) BIIOJIHE XapaKTEPHA JJIA HAIUX MaTeMaTHde-
CKHUX TEKCTOB 1 y DOJIBIIMHCTBA YATATEJIeH pa3jparkeHus He BBI3OBET: «'Ta-
KUM 00pa30M, MbI IPUXOAUM K BBIBOY O HEOOXOAMMOCTH 00OOIICHN METOAA
6udypramoHubix quarpaMM B. W, Apronbaas.

17) The set of prime elements of the subgroup H of the group of bijec-
tions of the set S of all finite sequences is finite.

Ppazy Hy>KHO PaJMKAJIbHO IEPECTPOUTD, HAIPUMED TaK:

Consider the subgroup H of the group of bijections of S, where S is the
set of all finite sequences; then the set of prime elements of H is finite.

BEPEIMTECH KOBAPHOI'O which!

18) Now we use the singular homology theory of the space A*¥(X) which
will be constructed in Section 3.

Which— 1o aro? Uro 6yner constructed — Teopus WA caMO IPOCTPAHCTBO
A¥(X)? Eciu mo-pycekn 6b110 KOTOpast — 3HAUMT, TEOPHs, M TOTHA BMECTO
which MoxHO HamucatTh ; this theory (o6paTuTe BHUMAaHUE Ha TOUKY C 3allsl-
Toit!), a eciu KoTopoe — ; this space.
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PA3HOE

19) F is equal G.
Hyxuo: F is equal to G wim F equals G.
20) On Fig. 3.
Hyxwuo: In Fig. 3.
21) The function f is discontinuous in the point x = 0.

Bwmecro in nHyxHO af.

2.3. IlyaKkTyanusi B aHIVIMIICKOM A3BbIKE

B oTanume oT pyceKoro, B aHIIAACKOM SI3bIKE HET 2KECTKUX MTPABUJ JJIs
PACCTAHOBKH 3AIlIATHIX U APYIUX 3HAKOB IpennHaHus. FCeTh, OqHAKO, TaKOM
ODILMIA TTPUH AL

3angarele CTaBATCA WM HE CTaBSITCS 1A y,ELO6CTBa quTaresd 1 OJid
TOro, 9TOOBI 00JIErYUTh TIOHUMAHNE TEKCTa, 110 XOomay ero 4dreHusd.

(B pycckoMm s3bIKe He TaK; HECKOJBKO YTPHUPYsd, MOXKHO CKa3aTh, €ITO PYC-
CKMe TIpaBWJIa IIYHKTyalUWH IpecjaedylOT COBCeM JPYIYIO Nesb — IoKa3aTb
YUTATEJIO, YTO ABTOD BJIAAEET STUMH IPABHUJIAMIL. )

Tewm He MeHee, YIIOMSAHYTBIH BbIIIIE OOIIHI TPUHIAI HEJIb3sT TPAKTOBATH
KaK «KaK XOYelllb, TAK U CTaBb». VI3 Hero ciefyer HECKOIBKO OOIIEIPUHATHIX
KOHKDETHBIX IIPeIIINCaHnu.

1. Ilpwm mepeuncnenun 6ojiee ABYX OJHOPOMHBIX WIEHOB MEX/Yy HUMHU CTa-
BATCHA 3aIATasg, B TOM UUCJIE MEPE]] TIOCTEIHUM W3 HUX, Ja¥Ke eCIH eMy
[pealIecTBYeT CO3 and.

Bor HECcKOBbKO PUMEPOB:
The points A, B, C, and D lie on the same quadric.

ObpaTuTe BHUMaHHE, YTO B PYCCKOM TEKCTE TIOCJIEIHIO 3allaTyIO CTABUTD
HeJb3s!

Both groups G and H are amenable.
The surfaces RP2, S?, and S?#RP? are nonorientable, orientable, and
nonorientable, respectively.

2. Iloce BBOAHBIX BLIpaskKeHUil (openers B Halleifl TEpMUHOJOTUM) TIEpe/
IJIABHBIMHU TOIJIEXKAIITAM M CKa3yeMbIM CTABUTCS 3allsdTast, 38 WCKJIIOUe-
HUEM TeX CJIydaeB, KOrJa Opener OKaHIMBAaeTCs CJIOBOM that.
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[Ipumepsr:

Therefore, the group G is solvable.
It follows that the group G is solvable.

3. B maremaTmyeckmx Tekcrax THPE HUCHOJB3yeTCA OY€Hb PEOKO, U TOJILKO
JJIsT OTHOEJIEHUA CaMOCTOATEIbHOII BCTaBKHU OT OCHOBHOTO TEeKCTa,; OJIs1
n30eKaHNS 2Ke IIOBTOpPa THPE HUKOI' LA HE HCIIOJb3YyEeTCd BMECTO IjiaroJia,
B TaKHX CJIy4dasiX CTaBUTCA 3allsdTasd.

[Tpumepsr:

An infinite finitely generated group has infinitely many subgroups, a
finite group, finitely many.

34ech BMECTO BTODOH 3allTOl HeJb3sl CTABUTL «PYCCKOE THPE».

Supermanifolds—whatever their dimension—are always complicated ob-
jects.

34ech BMECTO JBYX TUPE MOXKHO MOCTABHUTDL 3aIATBIC, HO 3TO HECKOJIBKO W3-
MEHHUT CMBbICT (pa3bl: BcraBka whatever their dimension moTepser CBOIO ax-
IEHTUPOBAHHOCTH, CMBICT (pas3kl OyaeT PaBHOCHIIEH CMbICTY 0Osiee «BAIOi»
dpaser Supermanifolds of any dimension are always complicated objects.

B sakmouenune storo maparpada ocraHoBUMcs Ha (ZOBOJIBHO TOHKOM!)
IpaBuJje, CBI3aHHOM C BbIIeI€HNEM /HEBBIIEJIEHUEM B 3allAThIX TaK HA3bIBa-
eMbIX restrictive/nonrestrictive clauses. Haunem ¢ asyx mpmmepos.

For n > 5, the homology groups of a compact n-manifold that may be
triangulated can be computed by using simplicial homology theory.

The homology groups of a compact 2-manifold, which can always be
triangulated, can be computed by using simplicial homology theory.

[Towemy BO BTOpOIT hbpaze npumarounoe npesnoxkenue which can always
be triangulated BLimeneno samaTeIME, B TO BpeMs Kak that may be triangu-
lated B nepBoit bpase Tak He BblaeseHo? Ileno B TOM, 9To B Hepsoii dbpasze
NPHUIATOYHOE MpeJIoXKenne cyacaem kaacce (restricts the class) pacemarpu-
BaeMbIX MHOr00Opasuii, B To BpeMsI KaK BO BTOPOil COOTBETCTBYIOMIEE I 1a-
TOYHOE pacCMaTPUBAEMBbIil Kilace MHOroobpasuii He cyxaeT. I1pn sToM ecyu
yOpaTh NPUIATOYHOE TPEJIOKEHHEe B IIePBOii (bpase, HONIyUUM JIOXKHOE BbI-
cKa3bIBaHUe (HEBEPHO, YTO BCE M-MEPHbIE MHOrOOGPA3Us TPHAHTY/IADPYEMBI,
¥ TIOTOMY HeJIb3sl COCYUTATh MX CUMILIAIUAIBHBIE TOMOJIOTUN), B TO BPEMs
KaK BO BTOpO#l (pase MpUAATOTHOE COOOINAET AOMOJHUTENBHYIO HHDOPMA-
I7I0 O 2-MEPHBIX MHOroo6pa3max (& MMEHHHO TO, ITO OHM BCe TPUAHTYIIU-
PYeMBI), He CY#CaA IPH STOM KJIACC ITUX MHOT00Opasuii, TaK 9TO yaaJeHne
9TOr0 NPUAATOYHOTO He BJIUSIET HA MCTUHHOCTH BBICKA3BLIBAHUA.

18



Crnenyer Takyke OTMETUTb, 4TO nonrestrictive clauses maummaiorcsi co
cioBa which (mocie 3an4To), B TO BpeMs Kak restrictive clauses naunnaor-
cs (6e3 3ansToii) co caosa that. Bropoe yTBep:KIeHHe 9TOTO IPeIUCaAHNS,
HeB3Upad Ha TO, UYTO OHO ABHO YKa3aHO B IPaBHUJIaX JJis aBTOPOB, COCTaB-
JIEHHBIX AMEpPHUKAHCKHUN MaTeMaTHYeCKHUM OOIIECTBOM, 9aCcTO HapyluaeTcd,
0COBGEHHO, eCJIN CJIELYIONIEe CJIOBO — i (UTO Pa3yMHO, MO0 OCHOBHOM CMBICII
CIOBOCOYETAHNS that s —9TO «TO eCTb» ).

CrangaprHasg HOPMYJIUPOBKa COOTBETCTBYIONIEro IIpaBUIa Ha AHTJIMi-
CKOM fA3BIKE 3BYYHUT TaK:

Restrictive clauses are never set off in commas, while nonrestrictive
clauses are always set off in commas.

DTo TPaBMJIO JOBOJBHO TPYIHO /Ui TOHUMAIIHMA U He HMeeT aHaJOroB B
PYCCKOM A3bIKE. Beab Mo-pyccKy mepes CJIOBOM «KOTOPBIe» 6ce20¢ CTaBUTCs
3amsTasi, HeB3Upasd Ha TO, UTO 9TO CJIOBO UMEET IBa COBCEM Pa3HBIX CMBICJIA!
«KOTOpBIE BCe» M «Te KoTopbie»! Ho aBTOp CIemmT yCIOKOHTH YhTaTesd:
IO MOEMY OIIbITY, aMEePUKAHCKHUE CTYIEHTHI, Ja)kKe OUYeHb XOPOIIHe, TOXKe
JIOCTATOUHO IIJIOXO TIOHMMAIOT STO PABHJIO U YACTO OIMHUOAIOTCST B IIOZOOHBIX
curyarmax. (Bopodem, paboTaromiye MaTeMNMATHKH OYEHb PCIKO 9TO IPaBUIIO
HApPYIIAIOT, OQHAKO 4acTo muinyT which (6e3 3anaroit) BMecTo that, BoIpeKn
IIPUBEICHHBIM BBIIIE YKA3AIUAM HA ITOT CYeT.)

2.4. IIpocreiiimee ucrmoap30BaHue apTUKJIel

B aHrHiACKOM g3bIKEe UMEETCs Mmpu apTUKJIS 6JUHCTBEHHOTO Yucia: the,
a 1 nycmoti apmuxab, KOTOPBIA B TeKCTax He BUIEH (9TO MycTOH CHMBOI),
a MbI Oyz1eM 0603Ha4YATh ero 3HaYKoM [J. ApTHKJIb HaKJIaJblBaeT CMBICTIOBYIO
HArpy3Ky Ha CJIeAyIollee 33 HUM CyIIecTBUTesNbHOoe. VInenHo:

I. Apruknp the 3HauuT, 9TO 3TO MOM Camoill nan edurHcmeerHvild MaKxol;
II. APTUKJIb a 3HAYUT, 9TO 3TO HEKOMOPHL, 00UH U3 MAKUT;

11. Ilycroit aprukab O 3HAUUT, 9TO 9TO eJUHCMEEHHBLE 8 ceoem pode, YHU-
KYM.
BoT HECKOIBKO IIPUMEDPOB.

Let G be a nilpotent group. Let Z be the infinite cyclic group with
one generator. Consider the set H of all homomorphisms of the
group Z to the group G. Let h be an element of H.

0O Grothendieck defined the notion of OO scheme, which is now a
fundamental concept in OJ algebraic geometry.
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B anriuiickom g3bIke UMeeTCst Ba apTUKJIs MHOXKECTBEHHOI'O YHUCJIa, UMEH-
HO the m MHOXXECTBEHHBI! HEOIpeIeJIeHHBIH apTUKJ/b, KOTOPBIN «BbIparka-
eTca» MyCTBIM CUMBOJIOM (MBI ero Gymem obo3HadaTh cumbosiom [1%):

IV. Apruksb the 3HAYNT, 9TO 3TO 6CE, BCE MAKUE WIH 6ECH CNUCOK MAKU.
V. Apruxab O* sHauuT, 9T0 3TO KaKUE-MO, HEKOTNOPHIE U3 MAKUT.

3aMeTnM, UTO y YHUKYMOB HET MHOXKECTBEHHOTO UHCJIA, TaK 9TO BOIPOC 0O
apPTHUKJIE MHOXKECTBEHHOI'O YHCJIa OJ1sd HUX HE CTOUT.
Bor Tpu npuMmepa ncnosb30BaHUs APTUKJIEH MHOYKECTBEHHOTO YUCJIA.

The eigenvalues of the operator A are positive.
We will consider only (0* smooth functions.

(0* Polynomials can have no real roots, but the polynomials of odd
degree have at least one real root.

3AMEYAHUE 1. 31ech u jajee Mbl He PACCMATPUBAEM CUTYAIIUHU, B KO-
TOPBIX [IPOUCXOANUT CEMAHTUYIECKOE 3aMellleHHe apTUKJIA APYTUMA CJIOBAMM,
KaK HAIPUMeD B TPeJJIOKEHUIX

This dog is brown. George’s mother died. I chose some color.

(3mecnh cioBa this u George’s 3amemaior apa aptukis the, a cioBo some
3aMelaeT apTHKIIb a.)

EcrecTBenno, B Tex ciaydasx, KOTJa TPOUCXOANAT 3aMEIICHUE apTHKJIH,
HUKAKON HACTOSIIUI apTUKJIb HE CTABUTCA.

BAMEYAHUE 2 (Baxnoe!). Hy>kno nonnMaThb, 4ro npasuia I-V He ce-
JIyeT BOCIPWHMMATH KaK MOJIHYIO M HENPOTHBOPEUMUBYIO CHUCTEMY AKCHOM
71 BeIOOpa apThKJell. DTH [IpaBmia MHOIAA NPOTUBOpEYAT APYT APYLY:
OBIBAIOT CUTYAIUH, KOTJa OZHOBPEMEHHO IPUMEHNMBI JBa WJIM JaXKe TPU U3
THX MPABUJI W KayK70€ NPaBUjo TpebyeT BHIOPATh CBON apTHKJb. B sTnx
CUTyalusX CMBICJIOBas HArPy3Ka, KOTOPas HAKJIaAbIBAETCH BBIGOPOM apTHK-
Jisl Ha CJIeAyIoliee 38 HUM CYILIECTBUTENIBHBIM, HE CHJIBHO 3aBHCUT OT 3TOrO
BBIOOpA: 3[1eCh pedb HAET O HIOAHCAX CMBICJIA.

B npuBemeHHbIX BbIIIE TPUMEPAX PACCMATPUBAIOTCSA TPOCTHIE CUTYAIWN,
B KOTODBIX UPUMEHHMMO JIHIb OJHO M3 HPaBWJI U BHIOOP APYrOro apTHUKIIS
PE3KO MeHAeT CMBICH (Ppas3bl WIH [esaeT ee HecypasHoi. [Ipumeps! curya-
@i, B KOTOPBIX HET TaKO OMHO3HAYHOCTH (OHU YacTO BCTPEIAIOTCS AJId ap-
TUKJIeHi MHOYKECTBEHHOI'O YUCJIa), MbI Oy/ieM pasbuparh nozgaee. Bropouew,
yKe ceifaac MOYKHO OTMETHTD, YTO apTHKJIb the nepem cioBoM polynomials
B TOCJEJHEM NpUMepe MHOIWE aHIJIOA3BbIYHBbIE MATEMATHUKHW MOTYT W IIPO-
IYyCTUTh. A 1MOKa Mbl JOJKHBI HAy4YUTbCd NPABUJILHO BHIOMPATH apTHKJIN
B NPOCTHIX («OIHOHAYHBIX» ) CIydasax.
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K BBIGOpY apruikied, B TOM 4YWCIe apTHKJIEH MHOXECTBEHHOTO 4HCIA,
MBI HOCTOSIHHO 6yI€M BO3BPAIATbCs B MOCJIEAyIONmX TyiaBax. Kpome Toro,
B npusioxkennu 111 npuBoanuTCd cTaThd aBTOPAa IO NOBOAY CMBIC/I& apTHUKJICH
He TOJILKO B MaTeMaTuKe: IIPIMephl 6epyTCs U3 JINTEPATYPHBIX (B TOM IHCIIE
TMOSTUYECKUX ) NCTOYHUKOB.

* kX

3AJAHUE 2.1. s Kaxka0ro u3 XoIoBbIX 111aOJIOHOB, YKA3aHHBIX B Hep-
BOil TJIaBe, IPUAYMaiiTe IO [ABa NpeIoXKeHus (U3 pas3HbIX obsacTeii MaTeMa-
THKH), OCHOBAHHBIX Ha 9TOM I1abJIoHe. APTHKJ/IN BHIOUpaiiTe B COOTBETCTBHI
¢ YKA3aHWUSIMHA BbIIIE.
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I'naBa 3
Pa3noobpasnm maTemarmiecKuii TeKCT

B 9T0i1 ryiaBe MBI Oy/eM yIUTbCH PA3HOOOPa3UTh CTPOEHUE OTAEJILHBIX
dpa3 u pasHooOpPa3UTh MATEMATHYECKUI TEKCT B [EJIOM.

3.1. Crpoenne anrnmiickoit ppassl

Ho chavasa noguepkHeM, UTO TOPAJOK CJIOB U TPYNH CJIOB BHYTPU aH-
rniicKoil ppasbl HAMHOTO YKecTde, YeM NO-PYCeKu. TunudHas aHrIniicKas
MareMaTuyeckas ¢ppasa CpeiHeil IJIMHBl BHICTPANBAETCA TaK:

|opener] [subject] [verb| [direct complement] [other complements).
Bor npumep:

[Therefore,] [the group Zg| [contains| [a subgroup isomorphic to Zs]
[generated by the element 2.

B wacTHOCTH, B @HIVIAIICKOM A3bIKe KPaifHe HeXKeJIaTeJbHO OTAeNATh NOJ-
JiexKallee OT CKa3yeMOorO WJIM MEHSITh MX MeCTaMh (YTO MO-PYCCKH YacTo
MOYKHO CHEJIATh), U OCOOEHHO IJIOXO 3BYUUT OTAEJIEeHHE HPSMOrO IOIIOJIHE-
HA4 OT IJiaroJsa. Tax, B nNpeablaylleM TpuMepe KOHIIOBKa (pasbl B BUIE

[Therefore,] [the group Zg| [contains] [the generated by the element 2]
[subgroup isomorphic to Zs].

COBEpILEHHO HeJIONYCTAMA, & BOT NO-PYCCKHU 3BYYUT HOPMAJIHHO (B 4eM MOXK-
HO y6eIUThCS MIOCJIOBHBIM OOPATIIBIM NEPeBOAOM). BoT npyroii, qacto BeTpe-
JAIONIANACA B MJIOXUX MepeBOJaX, NPUMep:

Consider now the variety Va.

3aech a1a HOpMasbHOrO (aHMIMICKOro!) 3By4aHWs, HyKHO NUEPECTABUTDH
nepBble JBa CJI0Ba. BOT ellle onuH npunep:

The set {v1,...,v,} generates in the complex case the required sub-
algebra.

3mech BhIpaxkenue in the complex case, OTaeNsIONIEe TIATOJ OT €r0 UPSIMOTO
JIOTIONHEHN:A, CTONT He Ha MeCTe — ero Hy>KHO NEePECTaBUTh B KOHeI (hpa3bl
WINA B CAMO€ ee HadaJlo.
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3.2. Yacro BcTpevaromuecs miadI0HbI

[Tepeiigem Tenephb K OCHOBHOI LieJIU 9TOI [VIABBI — HAYIUTHCS PA3HOOOpa-
3UTh MaTeMaTH4YecKue TeKcTel. Haunem ¢ HeGosbiioro cnmcka Hadan gppas
(HanoMmHAIO, YTO Ha4YaJIo (Pasbl — OPEner — 3TO OHA U3 HAIIMX YacTeil pe-
4mM), 8 3aTeM NPUBEJEM CHHCOK YaCTO BCTPEYAIONIMXCA MABI0HOB, CIPYIIIH-
POBaHHBIX B COOTBETCTBHU C UX CMBICJOBBIM Ha3HAYEHHUEM.

BBOJHBIE BBIPAXKEHUS (OPENERS)

SO now then here

hence therefore, it follows that obviously,
clearly, for example it is easy to show that in this case,
note that let us note that ‘in view of the above, further

in fact, actually, in addition, first
secondly, however, nevertheless, in particular,
thus we have in this article (chapter, section)

without loss of generality, we may assume that

ObpaTnuTe BHHMaHHE, YTO B HEKOTODBIX CJIydasdX Opener 3aBepriaercs
3andATol, B IPYTUX — 3andTas He CTABATCS.

BBEJEHUE OBO3HAYEHUN (NOTATION)

denote [0bj] by [symb]
Denote the projective space by RP3.
let us denote [0bj] by [symb]
Let us denote the hyperbolic plane by H?Z.
by [symb] we denote [obj]
By GL(n) we denote the group of nondegenerate linear operators in R™.
for [0bj] we use the notation [symb]
For the convex hull of X we use the notation Conv(X).
[symb] stands for [obj]
Tor(G) stands for the subgroup of finite order elements of G.

(Mmeiire B BULY, YTO CYIIECTBUTENBHOE N0tation O4EHb PEKO UCHOIb3YeTCa
BO MHOXKECTBEHHOM YHCJIe, HAUPUMED, «BBegeM 0O03HAUEHUA» TE€PEBOIATCS
kak let us introduce the notation.)
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DOOPMWINPOBKA OMPEJEJEHUN

[obj] is called [mod unu obj]
A subgroup satisfying this condition is called normal.
[obj] is called [mod unu obj] if [claim]|
A transformation is called isometric if it preserves distances.
[obj mm symb] is defined as [obj]
The half interval [a, b) is defined as {z € R | a < z < b}.
let us define [0bj] as [obj]

Let us define the integral f; f(z)dz as the limit of integral sums as
o —0.

define [0bj] as [obj]
Define the sphere S? as §? = {(z,y,2) € R® | 22 + y2 + 22 = 1}.
we call [obj]| [mod] if [claim]
We call a manifold C"-smooth if all its transition functions are C"-smooth.

DOPMYJIMPOBKA TEOPEM

if [claim 1], then [claim?2]
If the surface M is orientable and x(M) = 2, then M is the sphere S2.
suppose that [claim1]; then [claim?2)]

Suppose that the Lefschetz number A(f) is nonzero; then f has a fixed
point.

let [claim1], let [claim2], and let |[claim3]; then [claim4]

Let the function f be continuous on [a, b], let f(a) < 0, and let f(b) > 0;
then there exists a point ¢ € [a, b] such that f({) = 0.

if [claim], then [0bj] possesses the following properties:
1° [claim!];
2° [claim2];
3° [claim3]
If o is an element of the Mobius group, then a possesses the following
properties:
1° « preserves angles;
2° « preserves cross ratios;
3° « takes circles and straight lines to circles or straight lines.
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[claim1] if and only if [claim2]|. Wnu kopoue: [claim1] iff [claim?2)].
A 3-manifold M is the sphere S? if and only if 7 (M) = 0.
[claim] is a necessary and sufficient condition for [0bj] to be [obj mm mod]

Hy(X) = Z is a necessary and sufficient condition for X to be path
connected.

if [claim], then the following conditions are equivalent:
1° [claim1];
2° [claim2];
3° [claim3]

If T is a graph, then the following conditions are equivalent:
1° T is a tree;

22 x(I) =1

3° there is a unique path joining any two points of T.

for [0bj] to be [mod unu obj], it is necessary and sufficient that [claim2]

For a linear operator A = (a;;) to be nondegenerate it is necessary and
sufficient that det(a;;) # 0.

JIOKA3ATEJILCTBA (PROOFS)

we have [claim]
We have P(a) = = (3a3b (S(a,b) — T(z))).
we obtain [claim]
We obtain [ f(z)dz = f: f(x)dz + [, f(z)da.
it follows that [claim]
It follows that the sequence (*) is exact.
by assumption, [claim]
By assumption, the function ¢ is uniformly continuous.
using [ref|, we obtain |claim]
Using the Fubini theorem, we obtain [, f(z, y)dS=ff(fcd f(z,y)dy)dz.
since [claim], it follows that [claim]
Since the diagram (*) is commutative and its rows are exact, it follows

that HP(X,Z) is isomorphic to H,,_,(X,Z).
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it remains to prove that [claim]
It remains to prove that f is upper semi-continuous.
all the assumptions of [ref] hold
All the assumptions of Lemma 2 hold.
it is readily verified that [claim]
It is readily verified that M is a del Pezzo variety.
the proof is by induction on [0bj]
The proof is by induction on the dimension n of RP™.
we argue by contradiction
assume the converse
this is a contradiction; the proof of [ref] is complete
This is a contradiction; the proof of the theorem is complete.
we will consider several cases
[ref] is proved
The main theorem (Theorem 3) is proved.
this concludes the proof of |ref]
This concludes the proof of the Reidemeister lemma.
Q.E.D.

* ok X

SAIJAHUE 3.1. s KaxKa0ro mabJioHa, YIOMSIEHYTOIO B 9TOl TJIaBe, IpH-
BeJUTE IBa UPHUMepa ero MCNOIb30BAHU — OJUH M3 aJrebpbl WIN aHAJIH-
3a, APYroil U3 reOMeTPUH UJIM TOMOJIOTUN. JTO — HECJOXKHOE 3aJaHUe, €CIIN
V BaC MMEIOTCA JIOCTATOYHO ILIMPOKHE MO3HAHMs B PA3HBIX Pa3ieiax MaTe-
MaTHKH.

SAIAHME 3.2. IlepeBeanTe Ha aHMIMACKUN A3BIK CTPAHULLY TEKCTa (CM.
HUXKE) O HENPEPBIBHBIX OTOOParKeHUAX TONOJOTUYECKHX NPOCTPAHCTB 13
kuuru B. A. Poximnaa u /1. B. @ykca «Haganbublii Kype Tonosornu. [eomer-
pHUYECKTE TJIaBbl», NCHOJIb3Yd MOALKO IPUBEICHHBIE B NEPBLIX JBYX IJlaBax
11abJI0HBL M BBOJHBIE BBIPAXKEHUA u obpalnas ocoboe BHUMaHME Ha apTHK-
s, VMmeiiTe B BUy, YTO 9TO TPYAHOE 3aJaHNE — JJIs TOrO YTOOBI NEPeaaTh
CMBICJI TOTO TEKCTa, MCHOJIb3Ys TOJHKO OrDAHMYCHHBIH HAGOP MabIOHOB,
Tpebyercd He CTOJIBKO A3bIKOBadA KYIbTYPa, CKOJIbKO MaTeMaTHIECKad: Hy K-
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HO JI0 KOHIIA NMOHSATDH JIOTMKY MAaTEMaTHYIeCKOr'o CMBIC/Ia TEKCTa M npeobpa-
30BaTh M3JIOKEHME B JIOTHYECKH PABHOCWIbHOE, He 60sCh MOPOW M3MEHATD
NOPSAJOK YacTell TEeKCTa W JayKe NOPAJIOK CJIeIoBaHUs (POPMYIIL.

§ 1. HENPEPHIBHBIE OTOBPAXKEHNA

1. OTobpaxkeHne TONOJOTHIECKOTO NPOCTPaHCTBa X B TOIOJIOTH-
YECKOe MPOCTPAHCTBO Y HAa3BIBAETCST HENPEPHIEHBIM, €CJIA TPO0Opa3
JII060r0 OTKPBLITOTO IIOAMHOYXKECTBA NPOCTPAHCTBA Y SIBJIAETCS OT-
KPBITBIM TOAMHOXKECTBOM IpocrpancTBa X. PaBHOCHIBHOE yCiIOBUE:
npoobpas3bl 3aMKHYTHIX MHOXKECTB 3aMKHYTHI.

Orobpakerme f: (X, A) — (Y, B) nasblBaeTcad HENPepuLEHbLM, €C-
JI HenpepbsIBHO oTobpakenue abs f: X — Y.

ITosesnoe zamedanue: orobpazkenue f: X — Y HenmpepbIBHO, eciu
apoo6pa3bl OTKPBITHIX MHOXKECTB HEKOTOPOI 6a3bl HpoCTpalcTsa Y
OTKPBITHI.

2. OueBngHo, 9To ecau orobpaxkenus f: X — Y mg: Y — Z
HeNpepbIBHBI, TO U UX KoMnozuims go f: X — Z unenpepsiBHa. Zcio
Tak»Ke, 9TO TOXKiecTBeHHoe oTobpakernwne idx : X — X HenpepblBHO
JIJIs BCAKOTO MPOCTPAHCTBA X .

U3 onpenesieHust OTHOCUTEJbHOH TOMOJOTHH BHIHO, YTO €CJIH 0T00-
paxenne f: X — Y menpepoiHo u A, B — takue maO)kecTBa B X, Y,
uyro f(A) C B, 1o u orobpazkenue ab f: A — B HenpepsiBHO. B gact-
HocTH, cyxkeHue f|a: A — Y menpepbiBaOrO oTo6paxenus f: X —Y
Ha 1060e nomMHOXKEeCTBO A mpocrpancrBa X HenpepbiBHO. Hanpn-
Mep, BKJIIOUEHHE NOANPOCTPAHCTBA B UPOCTPAHCTBO €CTh HElpepbIB-
HOe OTOOpaKeHue.

3. fcno, uyro ecmum I' — dyHgaMeHTaIBHOE OKPBITHE TPOCTPAH-
crBa X, To U3 HenpepbiBHOCTH cyxKenuit fla ¢ A € I cnemyer nenpe-
pHIBHOCTH oTo6paxkenus f: X — Y. PaBHocunmpHasg GhopMyIupoBKa:
nycrb [ — dyHgameHTaIbHOE NOKPLITHE TpOCTPaHcTBa X, U MyCTh
s Kaxkoro mHoxkectBa A € I 3a1aH0 HENpepbIBHOE OTOGPaXKeHNe
far A=Y, u fa(z) = fe(z), ecm x € AN B (A, B € T'); Torma
orobpaxkenue f: X — Y, oupenesnenHoe hOpPMYIOit

f(z) = fa(z) npnz e A(Ael),

HENPEPHIBHO.

4. HenpepniBHoe oToOpaykeHne Ha3bIBAETCA OMKPbMbLM, €CIn 00-
pas3bl OTKPBITBIX MHOYKECTB OTKDBITBI, U 3AMKHYMbIM, €CTTH 00Pa3bI
3aMKHYTBIX MHOXKECTB 3aMKHYTBI.

OueBrIHO, KOMIO3UIINS OTKPBITBIX OTOOParKeHU i OTKPHITA, & KOM-
NO3UIMAA 3aMKHYTBIX OTOOpaXkeHH 3aMKHYTa.
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I'nasa 4
Ing-oBble KOHCTpYKIWH,
Hapeunsd, apTUKJIN

B sroit 1y1aBe MBI TPOJOIYKAEM YINTHCA PA3HOOOPA3UTH HAIIK BBHIPA3HU-
TeJIbHBIE CPelICTBa, IJII Yer0 PacCMOTPUM ing-oBble KOHCTPYKIUA W Hape-
YNd, a B 3aKJIOYEHHUE [VIaBbl OIATh BEPHEMCH K CEMaHTUKE apTUKJIE.

4.1. KoncTpyknuu c ing

Bor HeckonbKO ing-oBbIX MIAOJOHOB; OHH OOBIYHO CTaBATCA B Ha4YaJIe
$pa3bl, HO MHOTIA HOSBJIAIOTCA U B cepenune (U Tormga o0A3aTeabHO BbIIE-
JIIOTCS 3anAThIMu! ):

using [ref, obj]|, we obtain |claim]

following [ref], let us prove that [claim]
setting [claimI] in [ref], we obtain [claim2]
putting [claim1] in [ref], we can write [claim?2]
taking [obj] for [0bj], we can prove that [claim]
identifying [0bj] and [0bj], we obtain [claim]
choosing [0bj], we can write [claim|

gathering like terms in [ref], we obtain [claim]

4.2. Hapeuus

Hapeuns (adverbs) mouTn Bcerma craBaTca neped raroyiom (3a HCKJTIO-
JeHHeM Iviarosia is). BoT Hapeumsd, Hanbojiee 4acTO BCTpedalomyecs B Ma-
TEeMaTHYECKHX TeKCTaX:

easily obviously  clearly immediately readily always
usually sometimes never directly entirely naturally
sufficiently necessarily additionally partly

BoT HeckonbKO THIUYHBIX IPHUMEPOB UX HCIIOJIb30BAHUA:

There always exists [a maximum of a continuous function on a com-
pact set].

[Lemma 2.3] readily implies [the theorem)].
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We obviously have [2+ 2 =1 (mod 3)].

We sometimes denote [the unimodular complex numbers] by [S!].
[The theorem)] is entirely [proved].

[Using] [Eq. (2.3)], we immediately [obtain] [the lemma)].

4.3. Ioscusaiomme dpas3sr

B MareMaTH4ecKux TEKCTaxX BCTPEUAIOTCS TOACHSoNMe (hpasbl, Kak Obl
JIOTIOJIHSIOIINE CEMAHTHUKY IJiaroja. Jailje BCero BCTPeYaroTca TaKHhe BbIpa-
JKeHUs, KaK

after some manipulations by direct calculation
from the induction hypothesis by gathering like terms

OHu cTaBsATCH TIOCAe TVIarojia WM B Hadane (hpasbl U uHOrKa (He Beerzal)
BBIJIEJIAIOTCS 3agThIMUA. [IpuMepsr:

After some manipulations, we obtain Eq. (3.6).
Formula (2.3) is proved by direct calculations.

Gathering like terms, we obtain a system of linear equations.

4.4. CymeCTBI/ITeJILHbIe CTAaHOBATCA IIPpUJIaraTeJIbHbIMA

B anrnuiickoM g3bIKe CYIECTBATEIbHOE MAarHYeCKH IIPEBPAIAeTCs B IIPH-
JlaraTebHoe (He MeHsisi CBOEro HaIlMCaHus! ), eCin ero ImoCTaBUTh repest Ipy-
UM CYIIECTBUTENHbHBIM. BOT HECKOJIBKO IIPUMEPOB:

line segment, intersection point, Pascal line, vector space, identity
transformation, box dimension, dimension theory, Md&bius symbol,
homology theory, Goodstein sequence, equivalence relation, cohomol-
ogy group, path integral, Cauchy sequence, Fourier series.

K coxanenuio, HeT TOYHOrO OOIIEro IpaBmja, KOTJA TaKue IepecTa-
HOBKHU JI€JIaTh MOYKHO, WJIM HeJIb3sl, MM MOYKHO KaK JIeJaTh, TaK U He [e-
JIaTh. 37ech Bce onpeessieT usage. Hampumep, HUKTO He TOBOPUT group of
cohomology nm series of Fourier, omHako Bce TOBOPAT range of a function
(1 B rpaMOTHBIX TEKCTaX BbI HUKOLA He BCTpeTutre function range), u 4acro
BCTpeuaeTcs Kak theory of relativity, Tak u relativity theory.
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4.5. Eme pa3 — nojipobHee — 06 apTHKJIAX

Kak y2xe roBopu/ioch, B aHIVIHICKOM SI3bIKE HMEETCS MPU aPTHKJIS €IUH-
cTBeHHOro yucsia: the, a u nycmod apmuras, KOTOPLI B TEKCTaxX HE BUIECH
(3T0it mycTO# CHMBOIM), a Mbl OymeM ero o6o3HadaTh 3HaUKOM (1. ApTukib
yKa3blBaeT Ha CTATyC CJIEAYIONErO 3a HUM CYIIECTBUTEIBHOrO (0ObEeKTa),
T. €. Ha OTHOUIEHWE (B JAHHOM KOHTEKCTE) 9TOrO CJIOBA K MHOMKECTBY BCEX
OOBEKTOB C TE€M 2Ke Ha3BaHHEM. BarKHO MOHMMATD, YTO apTHUKJIbL OIPEIeIs-
eTCd He CAMUM CYIIEeCTBUTEbHBIM, & CMBICJIOM CYIIECTBATEIBHOTO 6 0aHHOM
KOHMeEKCME.

e Apruksb the o3HagaeT, 4To cjemyomee 3a HAM CyIECTBATEILHOE ObI-
JI0 paHee 3a@UKCUPOBAHO WK YTO B JAHHOM KOHTEKCTE 9TO CYIMIECTBUTEJb-
HOE — OTHO3HAYHO OIPEIEJIEHHbIN DJIEMEHT MHOXKECTBA, OObEKTOB € TEM Ke
Ha3BaHueM (TakKuM 00Pa30M, apTHUKJb the MMeeT nBa PasHBIX CMBICIA).

e ApPTHKIIb @ O3HAYAET, UTO CJEAYIONIEe 38 HUM CyMIeCTBUTEIBHOE SIBJISI-
ercst (paHee He 3aOUKCUPOBAHHBIM) 9JIEMEHTOM MHOYXKECTBA OG'LEKTOB C TeM
’Ke Ha3BaHUEM.

e Tlycroii aprukib [J o3mHauaer, 4To cemymoiee «3a HUM» CyIIECTBH-
TEJIbHOE SABJISIETCS €MHCTBEHHBIM JIEMEHTOM OJTHOJIEMEHTHOTO MHOYKECTBA,
00BEKTOB ¢ TAKUM Ha3BaHWEM; TAKAMU CyIeCTBUTEIbHLIMA SBJIAIOTCA UMe-
Ha COOCTBEHHbIE, HA3BAHUH HAYK WM Pa3[esOB MATEMaTHKH, 8 TAKKE aTpH-
6yThl (HApUMep, CTENeHb [OJIMHOMA, TOPAJI0K YDABHEeHU, PAINYC OKPY K-
HOCTH).

St hopMaNbHbIE TOICHEHUS MOYKHO BbIPA3WUTh rOPa3io MPoIle B BUIE

CJIEIY IOUAX TTPABIIIL:

I. the 3HaYMUT, YTO 9TO MOM camvil, T.€. PaHee YNOMAHYMbIL, WIA €OuH-
cmeermvid maxot;

II. a 3HAYWT, YTO 3TO HEKOMOPHl, 00UH U3 MAKUL;

111. O 3Ha4uT, 9TO 3T0 eduHcmeenHuil 6 ceoem pode, YHUKYM.

ITosicHuM, Kak MCHOJB3YIOTCS 3TU IpaBUja, Ha IPUMEPE TEKCTa IO Ma-
TEeMaTUIEeCKOH (usmke.

Let M be a (nexomopoe) 3-manifold. Let k: St < M be a (nexomo-
poe) smooth embedding. Then the (edurncmeennoe maxoe, max xax
M u k 6vnau panee saduxcuposans) set k(S') is called a (odun us)
knot in the (mo camoe) manifold M or a (0dna u3) Wilson line. For
any knot in a (nexomopom) 3-manifold, O Witten (yruxym — uma
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cobemeenroe) defined an (odun us) isotopy invariant, now known
as the (eduncmsennwoi maxots) Jones—Witten number of the (panee
ynomanymoiti) knot. When the (mo camoe) manifold M is the (edun-
cmeenraa makaa) 3-sphere, the (panee ynomanymoe) Jones—Witten
number is equal to the (eduncmesennoe maxoe) value of the (edun-
cmeentoili makoti) Jones polynomial of O (ampubym) degree n.

[epeiinem Temepb K apTUKIAM MHOXKeCTBEHHOTO 4ucia. x gBa, a umen-
HO: the m MHOXKeCTBEHHbLII HEOIPeIe/IeHHbIN apTUKIIb, KOTOPLIA «BbIpaska-
€TCsd» IIYCTBIM CHMBOJIOM (MBI ero 6yaeM obo3nadarsh cumposiom (0*). Ounm
HCIIOJIb3YIOTCS B COOTBETCTBHUNU C MTPABUJIAME:

Iv. the 3Ha4uT, 4TO 3TO 6CE, BCE MAKUE UIH 6€CH CNUCOK MAKUL;
v. O* 3Ha4uT, 4TO 3TO KAKUE-TNO, HEKOMOPBIE U3 MAKUL.
Bor mpumepsr.

We will consider only O* (rexomopuie) associative rings. The (sce)
rings that we shall study will appear in O* (e nexomopuwz) exact
sequences.

4.6. Tonkad ceMaHTHKa apTHKJIe

DTOT pas3zes MOYKHO IIPOIYCTUTH IIPU IEPBOM YTEHHUH: OH IIPeIHA3HAYECH
JUIS TeX, KTO KaK CJeLyeT OBJIaJes BBIOOPOM apTHKJIEH B TPOCTHIX (OLHO-
3HAYHbIX) CHUTYAIUsIX, OIUCAHHBIX BBbILIE.

MsI y2Ke roBopuid, 4TO HpaBmjia -V HeE cieyeT BOCIPHHUMATH Kak
[IOJIHYIO U HEIIPOTUBOPEYUBYIO CUCTEMY aKCHOM JiJisl BbIOOpa apTuKJeii: Obi-
BAaIOT CUTYaIlld, KOTJA OJHOBPEMEHHO NPUMEHWMBI OBa MJN JaKe TPU U3
9TUX MpaBWJI, U KaxKI0€ IPABUJIO TpedyeT BhIOpATh CBOi apTHKJb (T. €. mpa-
BIJIa TIPOTUBOPEYAT APYT APYTY). B TaKMx cuTyalmax dalie BCero CMbICIIO-
Bag HaArpy3Ka, KOTOpas HaKJaJblBaeTCsl BHIOOPOM apTHUKJIA Ha CJIEAYIONee
38 HUM CYHIECTBUTEJILHOE, HE CUJIBHO 3aBUCHUT OT STOTO BHIGOPA — PEYb UAET
O HIOAHCAaX CMBICJIA.

BoT npuMepb! ¢ apTUKIIMUA €IMHCTBEHHOI'O YMCJIa, (HpaBI/IJ'Ia I, II, III).

Let M be a manifold with a (¢ nexomopoti) boundary.
Let M be a manifold with O (ampubym) boundary.
Let M be a manifold with the (¢ eduncmeentot maxott) boundary OM.

Ot Tpu hpasnl OYeHb OJU3KA TI0 CMBICJLY, W Ha PYCCKHI A3BIK OHU IIe-
PEBOISATCS COBEPIIEHHO OauHaKOBO: «Ilycth M — MHOTOOGpA3NE € Kpaen».
OueHb OIU3KHK II0 CMBICJIY U CJIEAYyomne ABe Gpasbl.
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Using O (na3seanue nayxu) Bass—Serre theory, we will. ..
Using the (eduncmeennyro maxyrwo) Bass—Serre theory, we will. . .

Iocnenusas u3 3Tux Gppa3 UMEET TOYHO TAKOI ke CMBICI, Kak (hpasa
Using the (eduncmesennyro maxyro) theory of Bass—Serre, we will. ..

U 3pech Bce Tpu (bpasbl OAMHAKOBO MEPEBOJATCA Ha PYCCKUI A3BIK.

Ere cTout oTMeTHTH CIydan, KoTja Ha MPAKTHUKe GOJIBIIMHCTBO aHIJIO-
A3bIYHBIX MATEMATHKOB (KOTOPbIE, pa3yMeeTCs, He 3HAIOT HUKAKUX «[TPABUII
BbIGOPA apTUKJIEli» ) BHIOMPAIOT HE TOT apTUKJIb, KOTOPBIH AUKTYETCA Ipa-
punamu IV u V. Tak, Bo ¢ppase

The space X/G of the orbits is compact

GOJILIIMHCTBO M3 HUX OIycTaT BTopoe the, Hecmorps ma TO, uro X/G —
3TO MPOCTPaHCcTBO gcex opbut. (Koneuno, 3/1ech MOXKHO ObLIO ObI CKa3aTh,
410 cJI0BO 0rbit — aTpubyT B BhIpaxkeHuu space of orbits, HO 3Ta TPAKTOBKA,
npuTaHyTa 3a yum.) Takoil BBIOOP OT9acTH CBA3aH ¢ TeM, 4TO eme OoJee
€CTeCTBEHHO 3TO yTBepXKaeHne ¢hopMyIupOBaTh MPOIIE, a UMEHHO:

The orbit space X/G is compact.
[Ipu sTOM BOTIPOC, BCE MJIM HE BCE OPOUTHI, Y2KE HE BO3ZHUKAET.

* ok X

3AIAHME 4.1. Berasbre BMecTo Muororodnmii apruxmnu (the, a, an', 0O,
%) B cTpaHuLly TEKCTa HUKE.

8.1.2. Affine transformations. ..... transformation of C onto itself
of ... form z — az + b, 00 +— 00, where a,b € C and a # 0, is
called affine. In particular, if @ = 1, then ..... corresponding affine
transformation is ..... parallel translation (by ..... vector OB, where
Bis ... point of ..... complex plane corresponding to ..... complex
number b).

8.1.3. THEOREM. Affine transformations take ..... straight lines to
..... straight lines, ..... circles to ..... circles, and preserve ..... angles
and ..... cross ratios.

Proof. Denoting a = re*?, r > 0, we can write

2 ez 1(ez) = (re¥z) + b=az +b,

1YacTo roBOPAT, YTO apTUK/IL @ 3aMEHSeTCA Ha an, KOTAA CJIELYIOIee CIOBO HadnHA-
eTcsl C IVIACHOM; 3TO HETOYHO: @ 3aMEHSIeTCsl Ha an, KOIZa CJIEyIOollee CJI0BO HAYMHAETCS
¢ riracHoro geyxa. Hanpumep, Hy>xH0 an n-dimensional space, a ne a n-dimensional space,
a unified approach, a e an unified approach.
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which shows that any affine transformation is ..... composition of .....
rotation (by ..... angle ¢), ..... homothety (with coefficient 7), and .....
parallel translation (by ..... vector b). This implies the theorem, be-
cause ..... rotations, ..... homotheties, and ..... translations obviously
possess all four of the properties asserted by ..... theorem. The least
obvious of these facts is that ..... homotheties preserve ..... Cross ra-
tio, but this follows immediately from ..... fact that homothety in .....
plane of ..... complex variable is multiplication by ..... real number
(which will cancel out in each of ..... fractions of ..... cross ratio).

8.1.4. Linear-fractional transformations. ..... transformation of C
given on C\ {—d/c} by

z ZTZ—-}'—-—S’ where ac — bd # 0, (8.2)
which takes ..... point —d/c to oo and oo to a/c is called linear-
fractional.

..... set of all linear-fractional transformations forms ..... group,
called ..... Mébius group and denoted by Mob.

Indeed, the fact that ..... composition of two linear-fractional trans-
formations is ..... linear-fractional transformation can be shown as
follows: substitute (a1z + b1)/(c1z + di) for z in ... expression

(az 4+ b)/(cz + d), which yields (after some manipulations)

(aay + ber)z + (aby + bdy)
(ca1 + dCl)Z + (Cb1 + dd1),

(8.3)

but this expression is of ..... same form as (8.2), so ..... composition
is indeed linear-fractional.
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I'maBa 5
TekcTesl o 0a30BoOIT MaTeMaTKe

C dopMasbHOIt TOUKM 3peHnd CoOBpeMeHHas MATeMaTHKa OCHOBAHA Ha
Teopun MHOXKecTB (akcnomaruka Ilepmesno — @penkess), a Takske Ha JIOTH-
Ke (MCuYMCIeHus IpeanKaToB) 1 Ha apudmeruke (axcmoms! Ileano). Oamako
IPaKTUKa JaJeKa OT 9THX OCHOBAHMIA, U ¢ A3BIKOBOM TOYKM 3PEHUS MOYKHO
CKa3aTh, YTO COBPEMEHHBIE MATEMATHYECKHAE TEKCThI CTPOSTCS Ha « HAUBHOI
TEOPUH MHOXKECTB», Ha «HedOpMasnbHON apudMeTHKe» 1 Ha <«HeOPMAaJIb-
Holt Ioruke». Hacrosmas riaBa moceamena KOHCTPYKISAM, HCIIOIb3YeMbIM
B 9THX TPeX CUTyalusaX. B KOHIIe TJIaBbl Mbl OCTAHOBUMCS HA COI03aX U IIPEe-
Jiorax, ¢ TeM, 4TOObI MOHATBH, KOTJa Te WU WHble TaKhe <«CBA3BIBAIONINe
coseukn» (links) mCHoML3yIOTCA B MaTEMATHIECKIX TEKCTaX.

5.1. HanBHas Teopuss MHOXKeCTB

Bor xak nepesalTCd MO-aHIVIMMCKNA OCHOBHBIE CHMBOJIBI TEeOPpHUH MHO-
2KeCTB:

zeX z belongs to X

X>z ) X contains the element z

ACB A is contained in B

BDOA B contains A

AnB=... the intersection of A and B is ...
AUB=... the union of A and B is ...
AUB=... the disjoint union of A and B is ...

{z € X |P(z)} theset of all z in X such that P(z) holds

U X ( N Xi) the union (intersection) of all X; from 1 to n
i=1 i=1

5.2. Hedopmanpuas apudmernka

3nech 101 apudMeTHKOI MBI IOHIMaeM He TOJIbKO Teopmio amcen (N),
HO U APYTHE pa3liesibl MaTeMaTUKH, IIe Pedb WIET O YeThipeX apudMeTude-
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CKUX olepalusiX, Kak, HallpyuMep, TEOPUIO BEMECTBEHHbIX YHCCJT UJIA TEOPUIO
KoJI1€el, noJieit u TPy, Bor cBsi3aHHDIE ¢ 3THUM OCHOBHbIE TEPMUHDBI:

A+ B A plus B; sum of A and B

A—-B A minus B; difference between A and B
Ax Bum A-B A times B; product of A and B

A=B A equals B; A isequal to B

A/B A over B; ratio of A and B

(X,Y) the pair (X,Y)

(X1,...,Xn) the n-tuple (mnm the string) (X1,...,Xn)
Z/nZ residues modulo n

k=1 modn k equals | modulo n

HamomauM TakzkKe, 4To JApoOb —3TO fraction, a ee UYUCIATENbL W 3HAMEHa-
Tesb — 310 numerator u denominator coorsercrBennto. laiee, npasasd (y1e-
Bas) 4acTh paBeHcTBa — 310 right-hand (left-hand) side.

B Teopun 4mces, 1a U B MaTeMaTHUKe BOOOIE, YaCTO IPUMEHAETCS IPUH-
LA MaTeMaTHIeCcKOl MHAYKIMA. BOT HECKOILKO YaCTO MCIOIb3YEMBIX IIPH
3TOM 1IaOJIOHOB.

we will prove [ref]| by induction on n

the proof is by induction on n

to establish the base of induction, we must show that [claim|
the base of induction follows from [ref]

now let us perform the induction step

by the induction hypotethis, we have [claim]

we have shown that [claim], therefore [ref] follows by induction.

5.3. HedpopmasipHas jIoruKa

MpI y2Ke BUIAETH, KaK YUTAIOTCH Te MU HHBIE JIOTHYeCKUe CUMBOJIBL:
& wim A and; V or; —P not P unu the negation of P;

— wm = implies (that); V for all; 3 there exists;
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IIpu paccyKAeHNE OT IPOTHBHOTO UCTIONB3YIOTCA CJISLYIONHe 060POTL:
We argue by contradiction; suppose that [claim].
The proof is by reductio ad absurdum; suppose that [claim].
Assume the converse; then [claim].
We have arrived at a contradiction; [ref] is proved.
Contradiction; [ref] is proved.

O6brunbIil JIOrHYecKuil TpHEM TP JIOKA3aTeJLCTBAaX — pa3bop ciyya-
€B — IIPeooJIeBaeTCA C MOMOIIBIO CIIEAYIOMUX 1abI0OHOB:

Let us consider several cases.
Case 1 [claim1] (nanee pa36op nepsoro caydas)
Case 2 [claim?2] (masee pas6op BTOpOrO Cilydas) u T. I.

In the proof, we consider two (three, four, ...) cases ...

B MaremaTnueckoil jioruke, Kak U BO Bcell MaTeMaTHKe, MOXKHO JIeJIaTh
3aMeHy IIepeMEHHBIX; B JIOTHKE 3TO OJHO W3 IIPABWJI BBIBOAA, KOTOPOE 000-
3HAYaeTCs CICLHATLHBIM CHMBOJIOM. B ob6branoil (He B (popmasibHOIt) MaTe-
MaTHKe B TAKUX CJIydadX UCHOIL3YIOTCH CJICAVIONINE IabioHbl.

Substitute [0bj!] for [0bj2] in [ref]

Substituting [obj1] for [0bj2] in [ref], we obtain [claim|
Replace [0bj2] by [objI] in [ref]

Replacing [0bj2] by [0bj1] in [ref, we obtain [claim]

O6partuTe BHUMaHME HA TO, UYTO B IIEPBLIX ABYX MIAOJOHAX 3aMEHsIeMast
nepemeHHast [00j2] cronT BTOPOIA, 8 3aMeHsiomasn [objl] — nepsoii, B To Bpe-
Ms K&K B TPETbEM M 9€TBEPTOM IIabJIOHaX — Ha0BOPOT.

5.4. Coro3bl 1 TpeaJioru

IIpuBeneM HECKOJIBKO 9aCcTO BCTPEYAIOMIAXCSA MPUMEPOB YIIOTpebIeHnst
«cBa3piBaonUx cnoseuek» (links) of, to, in, by, as, for, with, from, under
U APYIWX, BHIIOJIHSIOIMX B aHIVIKACKOM s3bIKe (DYHKIIIIO MaJeKell, COI030B
U IPEIJIOTOB B PYCCKOM.
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at the point x B TOYKE T

replace z by y 3aMEHUTh T Ha Y
substitute y for 3aMEHUTH T Ha Y
change z to y 3aMEHUTb T Ha Y

x belongs to X 2 npuHaIIekuT X

X depends on a X 3aBucur oT a

X is independent of a X He 3aBUCHT OT Q
vector field on M™ BeKTOpHOE moJie Ha M™

a, tends to A as n — 0o a, crpemurcda K A mpu n -— 00

extend f to X nponokuTh f Ha X
restrict f to A orpanmanTh f Ha A

f ranges over X f upoberaer X

under the map f npu orobpazkeHnu [
polynomial in z IOJIMHOM OTHOCUTEJIbHO T

function of the variable z  ¢yHKInA nepeMeHHON T
system of equations cucTeMa ypaBHEHHit
PacuupeHHbIi CIECOK TaKMX MIAGIOHOB IPHBOAMTCA B mpuitozkennn IL.
* Xk *
3AJAHKE 5.1. Hanmmure xkoporkuit Teker (300-400 cioB) ¢ onpezene-
HUSIMH BEKTOPHOTO ITPOCTPAHCTBA, Ga3ica, CyMMbI TIOAIPOCTPAHCTB, JTUHEH-
HbIX oneparopos. ClieauTe 3a IPABIIBHOCTBIO YIOTpeOJIeHNs apTUKIIeH, He

3a6bIBaiiTe pa3HOOOPA3NThL TEKCT BBOAHBIME BbIPAXKEHUAME, IOACHAIOAMU
¢dpazamMu 1 HAPEUUAMH.
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IitaBa 6
TekcTbl ¢ popMytamMu, reoMeTPus;
MeCTOMMEHS

B sroit rnaBe mMbl OcTaHOBMMCH Ha ABYX (B HEKOTOPOM CMBICJIE CTHJIHU-
CTUYECKH TPOTHUBOIOJIOXKHBIX) THUIIAX TEKCTOB — TEKCTbI ¢ GOJBIIUM KOJIH-
YeCTBOM BBIKJ/IIOUHBIX (DOPMyJT u TeKCThI 0 reoMeTpun. [lorosopuM Takzke
O MECTOMMEHUSX.

6.1. Texcrsl ¢ 60apIIUM KOJIUIECTBOM (POpMYJT

B Tekcrax 1o ananusy, ocobeHHO 110 auddepeHImanbHbIM yPABHEHAAM,
OOBIYHO CONEPIKUTCA MHOI'O BBIKJIIOYHBIX (POPMYJI M MaJIO CJIOB MEXKAY HH-
mu. Taxume TeKCTHI BCTpevaloTcs HHOLAA U B ajrebpe, B KOMOMHATOPUKE, B
anrebpan<iecKoil Tomosiorun. aie BCero B HUX BCTPEYAIOTCH BbIPAYKCHHS:

we have we obtain we see that we can write
this implies  we find that it follows that we conclude that we get

ocjIe KOTOPBIX cTaBuTee (BbIKIOYHAA) hopmyina. ([Toceanee Bprpaskerne —
we get— yMeCTHO B yCTHOM pedm, HO ero ciemyeT udberaTb B (popMasbHBIX
MaTeMaTH4ecKux Tekcrax.) [lepen dbopmynamm Takzke HCIOMb3YIOTCA BBOI-
HBbIe CJIOBA U BBIPAXKEHHSI, OCODEHHO YaCTO CJIEAyIOlIHe:

hence therefore, S0, thus, consequently, further,

O6parure BHUMaHHME Ha TO, YTO MOCJTE hence Mbl He TMOCTABUJIN 3aIATYIO,
a II0CJIe OCTaIbHBIX BBOAHBIX CJIOB — IOCTABUJIN (TaK OOBIYHO MOCTYTAIOT B
XOPOIINX MATEMATUYCCKUX TEKCTaX, XOTs U He BCETJa — MbI Y2Ke OTMEYaJIH,
YTO JKECTKUX TPaBUJ IyHKTYal[UN B AHIVIMACKOM A3BIKE HET).

B rekcrax ¢ 60abIIIM KOJINYIECTBOM BHIKJIIOYHBIX (DOPMYJI 9YaCTO UCIIOIb-
3YIOTCSI IMAOJIOHBI ¢ INg-OBBIMU KOHCTPYKIIUSIMU, HAIIPUMED

Using [ref], we see that ...
Substituting [obj] into [ref], we obtain .
Setting [claim] in [ref], we obtain ...

Integrating by parts, we find that . ..
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OueHb NOMYIAPHBIM ABJISETCS 060POT
since [claims], it follows that [claims];

37echb IOCJIE since MbI MOCTaBUJIN CJIOBO claims BO MHOXKECTBEHHOM YHCJIe
[IOTOMY, YTO 4Yallle BCErO 3TOT O0OOPOT HCIOIb3yeTcs, KOria IepPevnc/ser-
¢ neckoavko yreepxkaennit mepe, it follows that. B Tekcrax ¢ Gosburmm
KOJIHYEeCTBOM (DOPMYJT YaCTO MOMAAaroTesd u 6ojiee KOPOTKHE MAbJIOHbL:
[ref] implies that [claim];
[ref] yields [ref mnu claim].

B snemenrapHom anaqmze (calculus) crpoeHme TeKcTa coBceM IPYTroe,
B TAKUX TEKCTaX UCIOIb3YIOTCA B OCHOBHOM Oa3uCHbBIE 000POTHI (CM. pa3mes

1.4), a Tak»Ke HECKOJIBKO crelubUIecKuX 060pOTOB, KOTOPbIe MBI IPOUJLITIO-
CTpUpYyeM KOHKDPETHBIMH ITPUMEPaMHU:

F(z) tends to A as z tends to 0.

The slope of the tangent F(z) at the point xq is F’'(xg).

Subdivide the closed interval [a, b] into smaller intervals [a, a1], [a1, az],
., [an, b] and choose a point & € [a;—1,a,] in each.

A BOT HECKOJIBKO Bblpa}KeHHﬁ, KOTOpPBIC HE IIOJIY4YalOTCd IMOCJIOBHBIM IIe-
PEBOAOM COOTBETCTBYIONINX PYCCKUX CJIOB!:

implicit function theorem chain rule

closed (open) interval n-th term (of a series)
least upper bound (or supremum) jump discontinuity
greatest lower bound (or infimum) power series

6.2. DnemeHTapHas reoMeTpUs

Ocobblit cTHJIbL TEKCTOB IO JIEMEHTAPHOU NeOMeTPUM CBA3aH C TPaJu-
IMOHHBIM OTHOIIEHWM K T€OMETPHH, COXPAHUBIIMMCSI C BpeMeH EBkinza.
Jl;a IpeBHMX TPeKOB reoMerpust Oblia TOJIBKO OAHA, W cTepeoOMeTpHs Obl-
Jla, B cymHOCTH, (PU3MKON OKPYXKAIOIIETo Hac mpocTparcrsa. llosromy B
TeKcTax [0 3JIeMeHTapHON NreOMeTPUH BbIDaXKeHue in space nmireTcd 6e3 ap-
THKJIA — Beb IPOCTPAHCTBO OIHO, MHOYKECTBO BCEX MPOCTPAHCTB (C TOYKA
3penns EBKinma) cocTouT m3 OJHOrO JIeMeHTa, 9To yHuKyM. Korma peub
UIeT o INIAHUMeTpuu, ToBopaT on the plane, 3xech apTuKIb the rosoput o
TOM, 9TO PACCMATPUBAETCA Ta CaMas IIJIOCKOCTh, B KOTOPO# pa3BUBaeTCA BCA
naanMeTpud. CTOUT 3aMeTUTh, YTO MCIOJAB30BAHUE IIPEJIOra in B ciIyyae
MIPOCTPAHCTBA W ON B CJIy4ae IVIOCKOCTH TOXKE CBA3AHO ¢ UX (DU3MYECKUM
BOCTIpUATHEM.
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OZHAKO CTHJIMCTUIECKOE OTIMYUE 3JIEMEHTAPHON TeOMETPUN OT OCTAJIb-
HBIX MaTeMaTH4YecKIX TeKCTOB HAMHOTO IVIy0:Ke, YeM Mpu BbIOOpe apTHKJIeH
K CJIOBaM INIOCKOCTb U IPOCTPAHCTBO. APTHUKIIN, KAaK MPABUIIO, OIyCKAIOTC
IpA APYTHX T€OMETPUYECKUX TEPMHUHAX, HAIIPUMED:

Altitude AH of triangle ABC divides side BC in the ratio 2 : 3.

37ech IOy MieHbl apTHKJIN Iepes ciioBaMmu triangle, side n altitude. (Brpo-
4geM, aptukib The nepen altitude B Hagame Gppasbl MOKHO U IIOCTABUTH —
TaK 3By4nT Jy4die.) OTCyTCTBHE 3TUX apTUKJIEH MOXKHO 06bICHATD MCXOLS
u3 bunocodpun mupa nneii [lnarona. Tak, TpeyroJbHAK OOMIEr0 BHIA — ITO
YHHUKAJbHBIN neabHbI 0ObeKT, BUTAIOMNY B IUIATOHOBCKOM MHpe Uieit,
7 KOTJa MBI JJOKa3bIBaeM TEOPEMY IIPO TAKOH TPEYTOJbHUK, Mbl JOKA3bIBaeM
€€ TIPO 3Ty CYNIHOCTb, a He MPO ee MaTepUaJIbHbIE PeaIn3alllii, & CyIIHOCTh
00111ero TpeyroJIbHAKA ONHA W HEIOBTOPHMA, TAK YK€ KaK U CyIIHOCTb BBICO-
TBI TPeyrosibHUKa. [Ipo 970 BhrdypHOe (husocodckoe obbacHeHIe MOXKHO 1
03a0bITh, HO CJIeLyeT MOMHHUTH O TOM, YTO apTUKJIU B MOJODHBIX CITyYadx
OMYCKAIOTCS.

Tenepb MmepevncINM HECKOJIBKO YaCTO BCTPEYAIOMUXCS ONUCAHUM Teo-
MeTPUYeCKux 00pa30B, ¢ TeM 4YTOObI uX 3a]dUKCUPOBATh U 3aIlOMHHUTH HC-
TIOJTb3yeMble TP STOM NPEIJIOTH.

the straight line passing through (the) points A and B
the line joining (the) points A and B

3ech 1 HUXKe apTUKJIb B CKOOKAX CTABUTCS, €CJIU U TOJBKO €CJIN COOTBET-
CTBYIONIME 06BbEKTH (B JAHHOM CJIydae points) Oblin ynomsanyThl pamee. Cy-
IIECTBUTEIbHOE «IIpAMasd» HHOTIA IePeBOJUTCS BBIparxKeHueM straight line,
HO IpWJaraTesJbHOe straight 4acTo OMyCKaeTCs; TPU 3TOM eclid B JIO0Ka3a-
TeJIbCTBE MJIM KOHCTPYKLUH CJIOBO «IPsIMas» HECKOJbKO pa3 MOBTOPAETCH,
TO B IIEPBBIl Pa3 eCTecTBEHHO HaIMCaTh straight line, a manbiue mpocto line.

the circle of radius r centered at O

the parallel to [ passing through A

the intersection point of (the) lines [ and m

the lines [ and m intersect at (MoxkHo u in) the point A
the rotation by 90° about (mnwm around) O

the homotethy of center O and coefficient (wm ratio) ¢

the parallel translation (mm shift) by a (the) vector &
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6.3. CoBpemMeHHas reoMeTpHs U TOMOJIOIUSA

B ocHOBHOM cOBpeMeHHbIe NeOMETPUYEeCKHe W TOLOJOTUYECKHE TeKCThI
HCIOMB3YIOT TIaBHBIE 0G0POTHI, KOTOPBIE Mbl y2K€ BCTPedan paHee (B 4act-
HoctH, B paszgene 1.4). C ToYKu 3peHust TEPMUHOJIOTUH, OIHH U T€ YK€ CJI0Ba
(TepMUHBI) MOXKHO HANTH B TOIOJOIMYECKUX W FeOMETPHYECKHX TEKCTaX,
MO3TOMY MBI 371eCh OObeAUHAEM ITHU JBe HayKu. BoT Heckosbko crienndute-
CKHX TEPMHUHOB, KOTOPble MOT'YT BBI3BATh 3ATPYAHEHHUA Y PYCCKOABBIYHBLIX
MaTeMaTUKOB.

MHOro pasHbLIX HepeBOIOB (3aBUCAIINX OT KOHTEKCTA) MMEIOT TePMUHbI
«IIyYOK» W <«PaCCJIOeHme»; TaK:

ny4ok chep (paccroerne co cnoeMm cdepa) — sphere bundle
TeH30PHBIH My4oK (TeH30pHOe paccioeHne) — tensor bundle
KacaTeJbHbIH Imy4oK (T. €. KacaTenbHOe paccioeHue) — tangent bundle
IIy4OK 3JIEKTPOHOB — electron beam

my4oK cBera — beam of light

[y4OK NPAMBIX (B MPOEKTHBHOM IpocTpamcTse) — pencil of lines
paccyoenne Xorda — Hopf bundle miau Hopf fibration
paccyioenne B cmbiciie Ceppa — Serre fibration
JIOKaJIbHO-TpUBHaJbHOe paccyoerne — fiber bundle

BEKTOPHOe pacciioenne — vector bundle

JIOKaJIBHO cBOGOAHbIH my4ok — locally free sheaf

Mnoro Pa3HbIX 3HAYEHU UMEeT 1 CJIOBO «CBA3HOCTb» (OHHTB—T&KI/I B 3a-
BUCHUMOCTHU OT KOHTGKCT&), HallpuMep:

JuHeiHasa cBA3HOCTH — path connectedness

CBABHOCTD (TOIOJIOIUYECKOr0) MpOCTpaHcTBa — connectedness of a (to-
pological) space

KOMIIOHEHTa, CBA3HOCTH — connectivity component

adpdunasn ceasHocTh — affine connection

CJ10BO «IIJICHKa» MepPeBOAUTCS KaK film B Teopnu MUHUMAJIBHBIX IIOBEPX-
HOCTell, HO B TeOpUH TOMOJIOTHI STOT TEePMHUH He HUCIOJNb3yeTcd, U yIoOHOe
BbIpayKeHHe <«IUICHKA, HATAHYTad Ha IMKJ C» [IPUXOLUTCA IECTHO IIEePEeBO-
nTh Kak chain whose boundary is the cycle c.

B auramiickoM fA3LIKE CJIOBO boundary mMeeT JBa COBEPIIEHHO PA3HBIX
3Havenna (B obmieil TOMOJIOTUA W B TOIOJIOIUH MHOr0OOpasuii):

manifold with boundary — maOr006pasue ¢ Kpaem
boundary of a domain in R™ — rpanuna o6nactu B R™
boundary point — rpaHEYHAA TOYKA, TOUKA Kpas (B 3aBUCUMOCTH OT KOH-

TEeKCTa)
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Pycckosizbrunable MaTeMaTUKIM 4acTO OMIUOAIOTCS TIPU TIePEeBOJIEe HEKOTO-
PBIX T€OMETPHKO-TOIOJIOTTIECKUX TEPMUHOB, B YACTHOCTH:

CJIOBO «KapTa» (Ha MHOrooOpa3uu) NepeBOAdT KaK /Map BMECTO IIPABUTIb-
HoroO chart,

CJI0BO «DOYyKeT» TepeBOAAT Kak bouquet BMecTo 0oJjiee YIOTpeOUuTeIbHOIO
wedge sum;

CJIOBO «OCHAIEHNE» TIEPEBOIAT KaK 1'igging BMECTO PABUIBLHOTO framing,

BhIpakeHne «MaKTOPIPOCTPAHCTBO» YacTO IepeBOIAT Kak factor space
BMECTO IIPaBUJIBHOTO quotient space.

B zakurouenne s3Toro pa3zaeJsia IIpuBeaeM HECKOJIBKO CHeH‘I/I(I)I/I‘{eCKI/IX reo-
METPHUKO-TOIIOJIOTHTYICCKUX 111abJIOHOB.

attach [0bjI] to [0bj2] by [0bj3]
cut [objI] along [0bj2]
glue [objs] along their boundaries
partition [0bj] into [objs]
(3mechb partition— 3TO TIAr0J, O3HAUAIONIAN «Pa3bUTh» )
the [0bj!] spans [0bj2]
(3meCh spans O3HAYAET <HATAHYT HA )

the [0bj1] defines a metric on [0bj2]

6.4. Mecronmenusa

B anrnmiickoM a3bIKe, KaK U B pyCCKOM, IMEETCSl MHOTO Pa3HOBHIHOCTEH
MecTouMeHuit (pronouns), HO, K C4aCTbIO, OHH, KAK MPABUJIO, TePeBOIATCS
CBOMMM CJIOBapHBIMU SKBUBaJieHTaMu. Ho n 3mech He obxomuTca 6e3 TOHKO-
creit: Mbl y2xe ropopun mpo which u that (o sanaThix npu HUX cM. paszen
2.3 rnaBbl 2), a ceituac orosopuM mpo this u it.

MozkHO cOpMYJIMPOBATH TAKOE IIPABUJIO HCIIOJb30BAHUS STHUX MECTO-
UMeHUIA:

Mecroumenne it 0OBIMHO 3aMelaeT MaTeMaTHYeCKUN 06Bexm, B TO
BpeMs Kak this samemaer ymeseporcderue.

Bor gBa npumepa:

We have obtained the Euler gamma function; it often appears in
number theory. ..

Thus we have proved that the expression in formula (1) gives the
Euler gamma function; this fact can be used in number theory. ..
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B stux ¢pasax Heab3s 3aMeHUTH it Ha this mim this ma it. Bopodem,
B mepBoit dbpase Ges ymepba mis cMbIca it MOXKHO 3anennTh Ha this func-
tion. 3aMeTwM TaKxKe, 4TO it B MaTemaTrmyecKux Qpalax He 0043aTEsbHO
3aMeImAeT 06bEKT, 9TO MECTOMMEHNE HOABJISETCS B COBCEM JIPYTOM KadecTBe
B TAKIX PaCXOXKUX BBIPAKEHUAX, KaK

it is not true that wmim it can be shown that.

6.5. Corosbl

Co1030B B aHTJIMHCKOM SI3BIKE TOXKE OY€Hb MHOTO, HO MHOLJA IIPH Iepe-
BOZE C PYCCKOTO UX HE XBaraeT. Tak, COIO3BI «IIPUTOM» M <IIPU ITOM» He
MMEIOT aIeKBATHEIX aHIIMHACKAX AHAJIOrOB. PyCCKOA3BIYHBIC NEPEBOIINKH
OBBIYHO MX TIEpeBOIAT Kak furthermore unm moreover, YTO MEHSIET CMBICI
(B obpaTHOM INepeBome Homy4aercs «Gosee Toro»). Hammyummil Bbixox u3
[OJIO’KEHHUs — MIOCTABUTHL TOYKY C 3aldTol I 3aTen cjioso here.

Her TouHOrO TIepeBoia M y €ol3a <«a», NPUXOJUTC mucarh but (cymm-
KOM CHJIbHO), and (csumkom caa6o), while nmn whereas (commkom Tszkesto-
BECHO).

B mpyrux ciyyasx, KaK IPaBUJIO, MOXKHO O0OXOIMUTHCA CJIOBAPHBIMU K-
BuBajeHTaMu. KpoMe Toro, crouT o6paTuTh BHEMAHHUE Ha «IIapPHbLIE COIO3bI»
(correlative conjunctions):

either — or neither — nor both — and not only — but also

AHAJIOTH KOTOPBIX B PYCCKOM A3BIKE He HOJIy4aroTCA CJIOBAPHBIM I€PEBOLOM
KaXKJJOr0 COI03a U3 Mapbl. B aHMVIMACKAX MaTeMaTHYCeCKUX TEKCTaX OHU J0-
CTATOYHO YaCTO MCIOMb3YIOTCS U IPUAAIOT JOTHICCKH 3JIEraHTHOE CTPOEHUE
aHrmiickoit dpase.

* kX

3AJAHME 6.1. Hanmmmmre xoporkuit Tekcr (300-400 cyoB) mo Tomoo-
I'MH, TEOMETPHHI MJIH 3JeMEHTapHO{ IeOMeTPUH, UCIOJL3Ysd IPH 3TOM 060-
pOTHI HpUBEJCHHBIE B 9TOI IiaBe, B TOM umcie not only ..., but also m
since . .., it follows that; nmycrs B BameM Tekcre GyaeT NOOOJIbIIE MECTONME-
HUH ¥ COI030B, IMApOYKa INg-oBbIX 060POTOB M BOODILE TE€ CJIOBA U BbIparKe-
HUSI, IPHBEJEHHBIE BBIIIE, K KOTOPBIM BbI HE OYeHb [IPUBBIKIILL.
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ImaBa 7
ITpuknasnas MmareMaTnKa

Annpeit Hukonaesna KosMOropos roBopus aBTopy, 9TO HET TakKoil Ha-
YKH — IIPUKJIaIHOI MaTeMaTHKH!, ObIBAIOT JINIIH MTPUJIOXKEHUS MATEMATHKH.
Ha snuHrBHCTHYECKOM ypOBHE 3TO BBIPAXKAETCs B TOM, 9TO B IIPHJIOKCHU-
AX HCIOJB3YIOTCS B OCHOBHOM T€ Ke caMble 060pOThbl (I1abJIOHbBI), YTO H
B 00bI4HOI MaTemaTuke. [Ipu 3TOM, KOHEYHO, 3aMaC TEPMAHOB PaCIIUPAET-
¢ 3a CUeT CJIOB, B3ATBHIX M3 TOW MpeaMeTHOH 00JiacTh, K KOTOPOi JaHHad
MaTeMaTUKa IIPUKJIaIbIBAETCs.

Tem He MeHee cpeiu NpUJIOXKEHUI ecTh OCOOble 00JIACTH, B KOTOPBIX
BO3HUKAET omnpeJesieHHas A3bIKOBas CHenuduKa, OTHOCAIAACA HE TOJbKO
K JIEKCUKe, HO U K cTpoennio ¢ppas3. K srum ob1acTsiM OTHOCUTCH, B HepB’yro
odepenb, TEOpUsd BEPOATHOCTH W MaTeMaTWdeCKasd CTaTUCTUKA, a TaKxKe
Teopusi nHMOPMAIINH, KOAUPOBAHNE U KpUNTOrpad s, Teoprus aJropuTMOB
U CJIOXKHOCTh. OTMETHM, 4TO MBI He paccMaTpuBaeM busuky u undopmMa-
TuKy (computer science) Kak IPUIOKEHAS MATEMATHKI — MBI CUUTAEM, YTO
3TO CaMOCTOSITEIbHBIE JUCHUIMJINHBL, U B 9TOM KHUTe He KacaeMCd UX BOBCeE.

B 310i1 KOpOTKOI1 Iy1aBe Mbl IPUBOAUM, JJIs KarXKI0H M3 3THX 0bJacTeit,
HECKOJIBKO TTPUMEPOB crielimuiecKnx 060poToB.

7.1. BepoTHOCTh M CTAaTHCTUKA

Teopusi BeposiTHOCTEl CTaja YaCTbIO MAaTEMATHKY (& UMEHHO, Pa3IeJIoM
Teopun Mephl), Koraa A. H. KoaMoropos mocrasui ee Ha aKCHOMATHYECKHit
dynnament. ([Jo sToro takme ydenble, kak [lyaHkape, KOTOpbIN yYKa3bIBaJI
Ha [IOPOYHBIA KPYT' B CAMOM OIIPeIeJIEHNH BePOSTHOCTU COOBITHSA, BOOOIIIE He
cumranm ee HacToamEl HayKoii.) Takum 06pasoM, 6oJIbIIas 4acTh COBpeMeH-
HBIX CTaTeil ¥ KHUT 110 BEPOATHOCTH ¥ CTATUCTUKE B A3LIKOBOM OTHOIIEHWH
MaJIO OTJIMYAIOTCS OT APYTHUX Pa3aesos ananusa. OJHaKo pal KOHCTPYKITTL,
CBA3AHHBIX ¢ OpPOCAaHMEM KOCTEeH W MOHET, a TaKyKe ¢ BLIGOPOM IpPeICTaABH-
TeJlel U3 HEKOTOPON COBOKYIHOCTH, HEJIb3s BBIPA3UTL C IIOMOIILIO HAIINX
OCHOBHBIX wabonoB. IIpuBeneM HECKOJIbKO NMPUMEPOB COOTBETCTBYIOMINX
1abJIOHOB.

A pair of dice is rolled [three times]; what is the probability [that a total of
13 dots or less| turned up?
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A die was thrown [7 times]; what is the probability that it came up [with
six dots only once|?

A coin is tossed [4 times|; what are the chances that the result will be
|heads—tails—tails—heads]?

A coin came up |heads 72 times in a row]; what is the probability that [it
is not a fair coin]?

A box contains [25 red balls and 32 blue ones]; [six balls| are taken out
without replacement; what are the chances that [three or more| are red?

A sample of [five TV sets| was randomly chosen from a shipment of [500
TV sets], and [one of the sets| turned out to be defective; can we conclude
that the probability of [a TV set] from that shipment being defective is
[more than 5 %]|?

A representative sample of [the population of New York] must contain [at
least 2000 people].

7.2. Teopusa uadopmanun

3aech 60NLIMIUHCTBO creruduIecknx 0BOPOTOB CBA3AHO C ITepeaadeii
wm co cxkarreM uHbopMaryn. Hampumep:
[A 10 digit binary number] is sent through [a channel with white noise].

[Entropy| quantifies [the amount of uncertainty involved in the value of a
random variable].

[The data] must be reconstructed [exactly].
[Data compression] allocates [bits needed to reconstruct the datal.

[The rate of a source of information] is related to [how well it can be
compressed].

It is always possible to] transmit with [arbitrarily small block error].

7.3. KogupoBanune u kpunrorpadust

Knaccuueckas Teopus KOAMPOBAHMs, OCHOBAHHAs Ha aJareOpamdecKoil
reoMeTpru HaJ KOHEYHBIM TOJIEM, HCIOJB3yeT OOBIYHBbIE MaTeMaTHIeCKHE
mabJIOHBI, HO KOTVIa PeUYb WAET O KPUNTOrpahUIeCKIX NIPUJIOKEHUAX,, TIOAB-
JIFIOTCA ¥ HeKoTophle crenuduieckue o6opoThl. JacTh U3 HUX IPUBOIUTCS
B IIpEABIAYIIEM pa3zesie, HO eCTb U JApyTrue NpHMepHIL.
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[Codes using the one-time pad| are not vulnerable to [such brute force
attacks].

[How many pennies| can be packed [into a circle on a tabletop].

[These codes| offer more protection against [noise] than [an equivalent block
code].

[Such algorithms] are hard to break [by any adversary].

[These secure schemes| cannot be broken [even with unlimited computing
power].

7.4. AIropuT™MbI U CJI0XKHOCTH

OCHOBHBIE OTPUIIATEJbHbIE PE3YJIbTATbI TEOPHH AITOPUTMOB (CyIIeCTBO-
BaHNe HEPA3PEIIIMbIX MACCOBBIX MPOBJIEM) — 9TO €CTeCTBEHHbIE TIPOJOJIZKe-
HUSI PE3YJIBTATOB U3 MAaTEeMaTHIeCKOH JIOIMKH, aiareSpbl, TOMONIOTUH, U II0-
TOMY He TpeGyIOT CIenMaJbHBIX 060poToB. OgHAKO ¢ TeX MOp, KaK B STOU
TeMaTHKe MOSBUJINCH OPaKyJbl, HE FOBOPs yXKe JIMYHO O caMoM MepJume,
JIeJI0 OCJIOXKHIJIOCH. BOT mpmMepsl.

[This type of random oracle] produces [a bit string of infinite length].

How should [Merlin] convince [King Arthur] that [the given string] belongs
to [the language L]?

If [the oracle] plays optimally, then [his winning chance W (z)| depends on
[the string = only].

[Merlin] feeds [the string z] into [a Turing machine].

7.5. JIpyrue npuioxeHusd

Ha camoMm gefie B IpyruX MPUKJIIIHBIX 0OIaCTAX TOXKE MOYKHO HalTH cIie-
muduaeckue 06opoThl. Mcxoaa u3 NPUHINIE «HeNb3d 00bATh HEOObATHOE»,
MbI Ha 9TOM 3aBepIliaeM 3Ty TJIaBy, IIPEIOCTABUB YUTATENIO MPOZOJIKHUTH
MTOWCK TaKUX 00OPOTOB B paboTax IO ero CHermajbHOCTH.

* kX

3AJAHUE 7.1. IIponmcTaiiTe HECKOIBKO cTaTell 10 Balmei CIernnabHo-
CTW T BBIIMIIATE HECKOJIHKO OOOPOTOB, He YKJIAIBIBAIOIIUXCA B OCHOBHBIE
1abJIOHBI, IPUBEACHHLIC Bbillle. B KaxaoMm u3 9Tux 000pOTOB NOMEHANTEe
HECKOJIBKO CJIOB MJIHM BBIPasKEHUIl Tak, YTOObI MIa0JIOH COXPAHUIICA, a COIEp-
>kaHue (CMBICI) U3MEHMIICH.
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I'maBa 8
OkojloMaTeMaTdecKne TeKCThI

B sToit raBe peus moitzer He 0 MaTeMaTHUECKUX TEKCTaX (THIIA OIpeIe-
JIeHre, TeopeMa, JOKa3aTeNILCTBO), & O TEKCTaX NPo MAaTeMaTHKY — Pa3HOI'0
poZia pasroBOpax O TOM, YTO MBI OyZeT mesiaTh, Kak M MOYEeMy, 3adeM ITO
HY2KHO, 9TO ObLIO paHbIle, KTO U K&K 3TO MPUIyMas | T. 1. VIcmons3ys Tep-
MUHOJIOTHIO U3 MaTeMaTHIECKOH JIOTHKHU, MOYXKHO CKa3aTh, 9TO BMECTO MaTe-
MaTHKHU Mbl OyIeM 3aHUMATbCH Memamamemamukoti. Takue TeKcTbl 6imke
K TYMAHWTAPHBIM U HCIONb3YIOT OIPOMHOE KOJMYECTBO Pa3IMYHBIX 060pO-
TOB — IEPEYHUCIUTh MX BCE HE IPEJCTABJIAETCA BO3MOXKHBIM. Bce ke MBI
nonpobyeM IIPHBECTH HEKHil MHUHMMAJbHBIH HaOOp Hambojee 4acTo BCTpe-
Jaomuxca mabloHoB, pa3buB UX MO WX CIyKeOHBIM (QYHKIHSM B TEKCTe,
T. €. Ha O0OPOTBI, BCTPEYAOMUXCH B aHHOTAImMaAX (8.1), B TIpeaucaoBuax n
BBeZennsax (8.2), B 3aMeuaHnaX M KOMMeHTapusax (8.3) u, Hakomel, B 6i1a-
romapHocTsax (8.4).

IIpu co3mammu TEKCTOB 3TOrO TUITA HY:KHO MOMHHUTH, YTO TAaKXKe KAaK B
HEIOCPEICTBEHHO MaTeMaTHYECKUX TEKCTax, [OCJIOBHbBIA IePeBo, PyCCKIX
BBIPa’KeHMit U MIAOM IPUBOANT K KATACTPOMDUIECKAM pe3ysIbTaTaM.

B sroit riase mMbr GyneM OIPUBOANTE MabIOHEl HE B OOBIYHOM BHIIE (T e.
B BIJE TEKCTa C IIePeMEHHBIMU TIOJIMIA ¢ YKA3aHUEeM THIIA II€PEMEHHOTO IIO-
Jist, 0OpaMJIeHHBIME KBaPAaTHBIMA CKOOKAMH), HO B BUIE OOLIYHOTO TEKCTA
C pa3HbIMU BapuaHTaMU (BapHaHTbI 3aKJI0YAIOTCs B (DUIypHBIE CKOOKH), a
Ha MeCTe IIepeMeHHBIX HoJIel Mbl Oy1eM BIUCHIBATH HE HA3BAHMH THUIIA [1epe-
MEHHO}, & KOHKPeTHbIE TIPUMEPHI 3aI0JHEHAA JaHHOTO IEePEMEHHOTO IIOJIs.

8.1. AuHoTamum

Yaue Bcero B apnoranuax (abstract) k craTbaM mcmonmb3yoTCs coemy-
ouye 060POTHL.

In this [paper], we prove {study, construct, develop, consider, survey, gen-
eralize} [the main facts of TQFT].

This [article] is devoted to {deals with, is concerned with, describes} [a new
approach to thermodynamics].

47



In the present article [polynomial knot invariants] are defined {generalized,
studied, considered}.

In the second {third, ...} part of [this survey], we develop [the theory
of ...].

8.2. IIpeaucioBusa M BBeIeHUS

B npeauciosmn (foreword umu preface) k kaure u Bo BBemenun (introduc-
tion) K cTaThbe WK IVIaBe KHUI'M MOYXKHO ODOWTHCH CJIELYIOIIUMU XapaKTep-
HBIMH 060POTaMHU.

This [paper| is an introduction to {a systematic study of} [the Painlevé
equations].

This [book] introduces [the notion of ...]| and develops [new methods ...].

In this [survey], we study [recent results in analytic number theory] as well
as [...].

The purpose of [this chapter] is to [study the ...].

This [book] is based on the lectures on [Banach spaces] that the author gave
at [MIT] in [1999)].

This [survey article] was written while the author was [an invited professor
at ...].

An importént feature of this [chapter] is [the systematic use of Lie algebras].
I have tried to make this [paper] self-contained.

Prerequisites for reading this [book] are [basic linear algebra and ...].
The [book] contains many problems {has two appendices} and |...].

The origin of [topology] lies in the work of [Poincaré, Riemann, ...].

[Complex analysis] was developed in {acquired its modern form in} the
seminal work of [...].

[This] will be the object of another publication.
We will study [the general case] in subsequent publications.
[Here the proofs] are at the physical level of rigor.

The paper is organized as follows. In Section 1, we....
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8.3. KomMeHTapuu n 3aMedaHus

Kommenrapun u 3amedanus (remarks) B cTaTbax ¥ KHATAX MOTYT OBITH
CaMbIMU Pa3sHOOOPA3HLIMHU, B HUX HONAIAIOTCS 000POTHI, IPUBEICHHbIE BbI-
IIle B 9TOH IVlaBe, & Tak»Ke CJIeAyIolie KOHCTPYKIIUH.

It was [Emil Artin] who first [defined the braid group],

[This proof] first appeared in [the remarkable work of .., .].
There are several proofs of [...]

Our approach to [this problem] follows the work of |...].

We don’t know who invented {first proved} [this theorem)].
Our treatment of [this subject] is based on |...].

[The computation of areas| goes back to [the Ancient Greeks].

The first substantial achievement in [the theory of integral equations] is due
to [von Neumann], who [first showed that ...].

This] was known to mathematicians since the time of [Gauss].

These results] were immediately noticed by [Hermite|, who |[...].
Functional analysis| has many applications, in particular to |...].

Our proof] follows the seminal paper by [Gelfand and Graev].

This theorem] is the main connection between [...] and [...].

[
[
[
[
[
[

The Temperley-Lieb algebra] is a main ingredient of {is a classical object
in} [...].

The following problem {This problem} remains open.

8.4. BmaromapraocTn

A Bor Tunmunsle Gnaromapuoctu (acknowledgments), kak ¢pusnyeckum
JIUIIAM, TAK ¥ OPIaHU3aIlUAM — IPAHTOJATENAM, HHCTUTYTAM, YHUBEPCHTE-
TaM.

I am grateful to [my research advisor professor Ivanov] for setting the prob-
lem and valuable discussions.

I would like to thank [Ivan Ivanov] for valuable advice {for supplying the
proof of [Lemma 7.1]}.
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I am grateful to [prof. Petrov], who read the first draft of [this paper| and
pointed out several errors.

My thanks go to [Professor Sidorov], who indicated [...].

Part of this work was carried out when the author [was a visiting professor
at the IHES]; I am grateful for the hospitality and the excellent working
conditions.

This research was partially supported by [the RFBR grant No. ...].
[The authors] acknowledge the support of [the NSF grant #...].
[The first-named author| was supported by [...].

* k%

3AIAHUE 8.1. [Ipencrasbre cebe, YTO BaM NPEICTOUT CPOYHO HAMHCATH
CTaThIO IO HOCJeAHel Balleir pabore, IpuayMaiTe ee Ha3BaHME, HATUIINTE
aHHOTAIINIO, BBEACHNE 1 OJ1arogapHOCTH,
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I'maBa 9
JIoKIaapl U JIEKITAN

MareMaTHuKy, IJIOXO BAAACIOMEMY AHIVIMACKAM f3BIKOM, HEIIPOCTO BbI-
CTynaTh Ha MeXJIyHapomHbIX KoHbepeHiusax. Eme Tpyameit, ocoberro B
MepPBbIf pa3, YuTaTh KypC JIEKIMH B KAKOM-HAOYIb aMEPUKAHCKOM YHUBED-
CUTETE MAaJIO YTO 3HAIOIUM M HUYErO HE YMEIOMIUM, HO TIPUANDYIUBBIM CTY-
JIEHTAM.

B sToif T1aBe aBTOp TBITAETCsl OOBICHUTH YUTATENIO, KaK MPEOI0JIETD
BOBHUKAIOIMIKE TIPU 9TOM TPYIHOCTH.

9.1. Tocka u MeJl, IOCKa ¥ MMPOEKTOP WJIM MpPe3eHTAIs?

Tlomasngmomee HOMBITUHCTBO MATEMATHKOB IIPEAIIOYATACT KJIACCHIECKHE
JIOKJIaIbl — MEJIOM TI0 JIOCKe. Takye MOKJIAJbI MPOIIE CJIYIIaTh, UX MOXKHO
sanmcarb. OOHAKO 9TO He 3HAYUT, YTO BaM 00A3aTENIbHO HYXKHO CIEJIaTh
UMEHHO TaKOU TOKJIaI.

Ecnu y Bac ¢ aHrmmiickuM mes10 0OCTOUT COBCEM TUIOXO — Y2KACHBIA aK-
11eHT, OeIHBII CJI0BaPHbIHA 3aI1ac, Iy PHA TPUBLIYKA CTPOUTH (DPA3bI IOCJIOB-
HBIM IIEPEBOJIOM C PYCCKOTO — W BBI 0 JOKJaaa He ycreeTe mpopaborarh
HACTOSAIILYIO KHHUTY, TO ¥ BacC TOJBKO OJMH BBIXOJ — CAEJATh [IPE3EHTAINIO
B oxHOI n3 Bepcuiit POWERPOINT niu ¢ nomomipio IMTEXa. Teker momxen
COCTOATH W3 MPOCThIX KOpoTKux (ppad. IIpu sToM 06sa3aTebHO HYXKHO I10-
MIPOCHUTH KOJIJIETY, XOPOIIIO 3HAIOIMIETO aHIVIMHCKUI A3bIK, OTPEAaKTHPOBATH
Barr TekcT. Kareropmdecku Hesb3sl IPOKPYUNBATH IPE3EHTAIINIO CTPAHMUILA
3a CTpaHUIEH, MPU KaXXIOM HAXKATUU KHOIKH JIOJ2KHE, MHOABJIATHLCS TOJIb-
KO OJHa KOPOTKad dpasa, ogHa (GopMyna mwin oguH pucyHok. 2Kenaresb-
HO, 4TOOBI OYKBBI ObLIM OOJIBITIOrO pa3mepa; He GoiTeCh OTAENbHBIE CI0BA
7 (pasbl BLIAEIATH I[BETOM, CTABUTH CJIOBA W (OPMYJBI B PAMKHU W T.II.
Bo Bpems moka3a, KOrja Bbl BBIBOAUTE O4YepEIHYIO (bpa3y Ha SKpaH, UMe-
€T CMBICJI €€ IPOroBapWBaTh, HO HET HEOOXOAMMOCTH AEJIATH 3TO IPOMKO
(4TOGBI HE MENIATh CIIYIIATENSIM YATATH HOABUBINUNCS TEKCT); HE CJIELyeT
4uTaTh (POPMYJIBI, BMECTO 3TOTO MOXKHO I'PDOMKO IPOM3HECTH CTAHAAPTHYIO

dpazy Tuna

We obtain the equation wumu We have the relation.
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TTomHOCTBIO OOXOAUTHCST TOJBKO JIOCKOH M MEJIOM He CJIEAYeT U B TeX CJIY-
yagX, KOTIa B BallleM JOKJaJie MPUCYTCTBYIOT TPOMO3AKME (hOPMYJIbI UIN
CJIOXKHBIE PUCYHKH. FKCJIM MIPW 9TOM BBl yMeeTe He OYeHb IIOXO TOBOPHUTH
IIPO MATEMATHKY O-aHIJIUMCKH, TO CJIELYeT YepeOBATh PACCKa3 Ha JOCKe
¢ TIOOKJIOYEHUAMHE ITPOEKTOPA JJIs TOKA3a CJIOXKHBIX (DOPMYJT WJIA PUCYHKOB.
Ha mocke ciiemyeT BBIKUCHIBATH OCHOBHBIE (POPMYJINPOBKH, UCIIOIB3YSl JIOTH-
veckue snaukn (V, 3, =, V, &) u cranzapraele cokpamenus tuna Thrm,
Def., Lm., s.t., w.r.t., iff, Eq., u 7. i.). Hu B koem ciiy4yae e ciemyer nu-
caThb Ha JOCKe TakKue HeHyxHble (pasnl, kKak We need the following lemma
(mocrarouno mamucats Lemma win Lm.) unu Let us begin with definitions
(rarmmmmre Def. 1).

9.2. IIpakTH4YecKre COBETHI

B Bamem ciydae srydie cuesiaTh KOPOTKOM BBOIHYIO YacTh JOKJaLa U
cpagy nepeiitu K cytu jena. Joknaapl 06bIYHO HAYMHAIOT CO CTaHAAPTHOMN

bpassl

I am grateful to the organizers for the invitation

M, eCJIM BBl PacCKasbiBaeTe 0 COBMECTHON paboTe, XOpOIO Cpa3y 3TO O3BY-
yuTh, ckasas This is joint work with. .., n HanucaTs waUIMAIB 1 haMuTUHR
COABTOPOB B aJi(pABUTHOM TIOPsJKe, N00ABUB B KOHIIE CBOM WHUIIAAJIbI, Ha-
IpuMep, Tak:

S. Avvakumov, O. Karpenkov, A.S.,

ocJie 4ero MoxkeTe ¢(popMyIUpOBaTh IIOCTAHOBKY 3324l UJIM CKa3aTh, Ka-
KYIO TEOPHIO BbI pa3BuBaeTe Win obobiaere. VIMes B BUy, YTO Balll aHTJIAI-
CKUil 43bIK He 049€Hb XOPOII (HHAaYe BbI Obl HE YNTAJIU ITY KHUL'Y), d HE COBE-
TYI0 B HadaJse JOKJIaAa OObICHATH MOTHBHPOBKY BAaIllero WMCCJIENOBAHUS —
JIyYINe 9TO CHEJIATh B CEpPEeIUHE, CKaxkeM Tocse (hOPMYIMPOBKU OCHOBHBIX
PE3yIbTATOB, TOTJA 9TO OYIET JIerde CIeNaTh.

Haunnas paccka3blBaTh CyTb Ji€JIa, XOPOIIO 3apaHee 3HATh, YTO, KaK U
IJe Ha JOCKe BB Oymere mucaTh W KaKue KYCKU HAIMCAHHOTO MOXKHO OyHeT
CTHpPaTh, a KaKUe OCTABJATDH JJId JAJbHEHRIero noap3opanns. VI3-3a gedek-
TOB Ballleil pedn BaM TpUIETCs (DUKCUPOBATH BAXKHBIE BEIIH B NUCOMEHHOM
6ude Ha gocke. [Ipu 3TOM 9TO cjeayeT menaTh MaKCUMAJbHO JIAKOHUYHO,
B (pOPMYJIIPOBKAX M30ETaTh HEHYXKHBIX CJIOB W BBIPAXKEHUiA, [TOJBE30BATHCS
CTAHIAPTHBIMA COKPAINEHUSIMHE, JIOTUIECKOH M MATEMATHIECKOH CHMBOJIU-
KOM.

Ecnu el menaere He OOKJIA] Y JTOCKHU, 8 KOMIIBIOTEPHYIO [IPE3EHTAIIHIO,
OY€Hb COBETYIO JJIsi OXKMBJIEHUsI BAIIIErO BBICTYIUIEHHS] B KAKON-TO MOMEHT
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OTOWTH OT 9KpaHa, HOAONUTH K JIOCKE U YTO-TO Pa3bACHUTH, HATUCAB (DOPMY-
JIy WIM HapUCOBaB KapTUHKY MJIN cxeMy. TaKoil aTu30/1 ciieiyeT TIaTeJabHO
IOJrOTOBHATH 3apaHee, HO IIPU STOM OH JOJI2KEH BBIIVISAETh KAK IKCIPOMT.
YIoadHBIH HACTOAIINM SKCIIPOMT IIOJIyUNTCH, €CJIM BaM BO BpeMs JOKJIaJa
3a7aayT BOIIPOC, BbI IIOfiIMeTe 3TOT BOMPOC M OTBETUTE Ha HErO Y HOCKH,
HapPHUCOBAB YTO-TO WJIN HAIHUCAB (POPMYILY.

Ho Bompocs! 3 3ana Bo Bpems JI0KJaa — 9To Ony poccufickux MaTeMa-
THKOB: KaK IIPaBUJIO, HAIN JOKJAIYUKH BOIIPOCHI MIOHUMAIOT ILJIOXO. B Ta-
KUX CIIy49adx He HyKHO HEDBHUYATH, & CIIOKOMHO ITOIPOCUTD:

Would you repeat the question? Louder, please.

Ecnm nocne nosropennst Bonpoca BbI HO-TIPEXKHEMY €r0 HE HOHHMAETe, BbI
JIETKO BEIfiIETe U3 HEIPUSTHOIO HOJIOXKEHHS, CKa3aB (CIOKOWHO):

That’s a good question.
I'll answer it after the talk—I am running out of time now.

A mocne pokama NOA30BHATE 3aaBILIEr0 BOIIPOC K JOCKE U TAM YK IMOIPO-
6yiiTe pazobparbes.

Ecnn Bo BpeMs 0K/ama Bbl CCHUIAETECH HA PE3YJIbTATHI IPYTHUX ABTO-
POB, B TOM YHCJIE KJIACCUKOB, O0A3ATENHHO IIUIIUTE [IPUA 3TOM UX (haMUJIAN
Ha JocKe (MHAYE [PU BallleM IIPOU3HONIEHUH CJIYIIATENN He HOAMYT, O KOM
pedn). BrpodeM, Takue M3BeCTHBLIE W JIETKO IPOU3HOCHMBIE (DAMIIAN KaK
Weierstrass, Cauchy, Perelman moxxuO He mmcath, HO BoT Euler min Kleene
BBI CKODee BCero Tak MCKa3WTe, YTO UX He Y3HAIOT.

Ecnu BbI oKa3bIBaETE YTO-TO HA SKPAHE YePE3 MPOEKTOP, UMEET CMbICII
II0JIb30BATbCS JIA3EPHOH YKA3KOH — ITO IMO3BOJIUT BaM He TIPOrOBAPUBATH TO,
4TO HAIIMCAHO MJIM HAPUCOBAHO HA dKPaHe, W MPUBJIEYb BHUMAaHUE K KJIIIOYe-
BBbIM MOMEHTAM JOKJIaja 0e3 ITOMOIIM AHIVIMHCKOTO A3bIKA.

¢l me coBeTy pacckasplBaTh AHEKJIOTHI WM IIyTUTH — CKOPEe BCero,
Yy Bac 9T0 NOIy4nTcsa mioxo. OgHAKO KeJaTeabHO, 4TOObI BAIl JOKJal He
OBLJI CIAUIIKOM CyXuM Hau (pOpMAaJIbHBIM: HEZAPOM JKe JOKJAAbl Ha KOH-
depeHIuAX TO-aHIIMICKA HA3LIBAIOTCs He reports, a talks! UTobb1 oxnm-
BUTb Ballle BBICTYILICHNE, MTOJIE3HO 003aBECTUCH NBYMs-TpeMs HedbopMasib-
HBIMHU YaCTO TOBTOPSIEMbIMU BBIPaKeHUsIMH, THna this guy here wim this
thing here (npu 3TOM BbI yKa3blBaeTe Ha KyCOK (DOPMYJBI Ha JOCKE WM HA
9KpaHe), He 6ofiTech MHOIIA BCTABJIATH KOPOTKHE He(bOPMAJbHBIE KOMMEH-
Tapuu BpOIe

nope, that ain’t gonna work
WIn

yeah, we then get this crazy formula.
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O>XUBJIATH 9KPaHHBIE IPE3CHTAITIH TOXKE MOXKHO (1 HY2KHO!), HAIpuMeD,
BCTaBJIfdsl B TEKCT CMeEIIHbIe KapTUHKHY, (GoTorpadun BAIINX COABTOPOB HJIH
KOHKYDEHTOB, MyJIbT()UIbMBL.

UmeiiTe B BHIy, 4TO B OOJBIIMHCTBE 3AMJHBIX CTPAH HEYKOCHHUTEJIb-
HO cobusomaercs persiaMeHT (ocoberno Ha colloquium talks), B ommune ot
Poccum, BBIIpalmBaTh JOMOJHUTENbHBIE TIATH MUHYT y chairman’a —3To
naypHoii Tou. [losToMy mianupyiite JOKJa[ TaK, YTOObI KOHIIOBKA HE CKOM-
KaJlach W OCHOBHOE BbI YCIIEJIA IPOTOBOPHUTH JI0 TOrO, KaK chairman ckarker

You have two minutes left!

XopoIo 3aBEpUINTH JOKJIA/ Ha MayKOPHOI HOTe — YeKaHHOM 3apaHee 3a-
rOTOBJIEHHO pa3oil, a MOTOM yKe IIPOU3HECTH (MJIM BHICBETUTD HA IKPAHE)
GaHaJIbHOE

Thank you for your attention!

9.3. Jlekuunu

Yurarh JEKIUN TTO-AHTJINACKHA MOPa3/l0 TPYAHEE, YeM JejaTh HaydHble
JOKJIaIbI, OCOOEHHO eCiii Pedb mueT o6 06111e0dbpa30oBaTeNIbHbIX JIEKIIAAX 10
MaTeMaTHKe i OOJIBIIOrO MOTOKA CTYAEHTOB HEMATEMATHYECKWX CIIEId-
aJIbHOCTeIl, Hy, CKaXkeM, JIeKIuii o npecnosyromy Calculus’y B omHOM m3
amepukanckux liberal arts colleges. 3mech mes10 He TOJNBKO B SI3BIKOBBIX TPY/I-
HOCTSIX M HU3KOM YPOBHE CTYIEHTOB, HO W B IPUHIMIHAIBHO UHOM UX MEH-
TaJIuTeTe U COBCEM JIPYIOM OTHOMIEHWH K Mpodeccype.

Venemnas mpopaboTKa STOM KHUAKKK HEJIOCTATOYHA JJIg TOTO, YTOObLI
XOPOIIO YuTaTh Takue jekimu. (Brpoyem, ecnm nepes Kaxmoit JieKImelt co-
CTaBUTbL ee TEeKCT TOJIBKO U3 KOPOTKMX (pa3, MOCTPOEHHBIX Ha OCHOBHBIX
wabJIoOHaX, I MPOCTO MPOUIHOCUTD ITOT TEKCT, TO B UTOI'€ MOXKET MOJIY YN Th-
Csl HeIJIOXO, IIPU YCJIOBHMHM, ITO Ballla pedb OymeT »KUBOH, T. e. He Oyaer Io-
HATHO, YTO BbI JEKJIAMUPYETe BblyUEHHBIN HAU3YCTh TEKCT.)

[TosTOoMy 51 HACTOATEJLHO COBETYIO, KOTJIa BaM B IIEPBBIN pa3 MpejioxKar
ynTaTh Jeknun cryaeHTam (undergraduates), pENIUTENBHO OT HAX OTKA3aTh-
cs1, OOBbACHUB, YTO B IIEPBBIM CEMECTD BBl CMOXKETE YUTATDH JIEKITUH TOJBKO
actimpanTaMm (graduate students), a Gosbline MOTOKOBBIE JIEKIIMH CMOYKETE
YUTATh TOJLKO B CJEAyIONEM ceMecTpe. JIeKiwm HeOOMbIIOoN IPYIIIe acIii-
PAHTOB YMTATh ropa3Jio Jierde, yeM OOJIbINoii ciaboii aynuropuu. Ecin tax
u OyJeT pelleHo, B TeUeHUe IIePBOT0 CeMEeCTPa MMEET CMBICJ PEryJIspHO Io-
CeIaTh MOTOKOBBIH JIEKIIMOHHDBIA KYPC OJIHOTO U3 KOJLJIET, YTO MO3BOJIUT BaM
HOHATD, YTO ITO TAKOE U KaK ITO JIEIAeTCH.
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* kX

3AOAHUE 9.1. [IpencraBbre cebe, 4To 3aBTpa BaM HMPEACTOUT CIEJIATD
JIOKJIa ] 110 nocyIeJHell Balllelt paboTe, MpUayMaiiTe 1 3aIUIIUTe TepBble BBOI-
Hele (pa3bl, U300pasuTe HA JOCKE NEPBble HyKHbIe 3alNUCH U HAINAIINATE
JBe-TPU 3aKJIIOUNTEbHBIE (DPa3bl BAIIEro «IOKJIaIas.

3AJAHUE 9.2: OCHOBHOE! ITogsemure nTor paboThl Ha STOM KHHATOMH:
cocrapbre crmcoK u3 40-50 mabioHOB, 3alOJHATE UX TEPMUHAMK IIO Ba-
el CenuaJIbHOCTH, J00aBbTe K HUM HEOOJIBINON CIMCOK HOJIE3HBIX AJId BacC
BBOJHEBIX BBIPasKeHUM (openers), HECKOJIBKO HyKHBIX Bam acknowledgements
U, €ClIU TaKne HalIyTcsl, ABa-TPHU IIabJIOHA, MOSBJILIOIMUXCA B paboTax Ba-
IUX KOHKYDPEHTOB, HO He yKa3aHHBIX B 9TOil KHMre. [TojyuynBuimecs JmcTod-
KH CJIOKHTE B KPacUBYIO anky. Korma HacTyIUT 4epen HAMCATH CTATHIO
WM KHATY, JOCTaHbTE 3Ty IMAIKY, IPOJHUCTAlTe ee U — ¢ YBEPEHHOCTHIO B
ycliexe — Ha4MHANWTE MHACATD.
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IIpunoxenne 1
Ciuncok MareMaTnyecKux iadJIoHOB

L5t Tex unTaTeneit, KOTOpbie 0OPATHIINCH K 9TOMY IIPUJIOXKEHUIO, He TTPO-
YUTaB OCHOBHBIE Pa3felIbl KHUTH, OTMEYY, YTO, KaK MPaBUIIO, MIPEIJIOXKEHNS
AHIVIMIICKOTO MATEeMaTUIEeCKOTO S3bIKa MOYKHO CTPOWTD, 3aIIOJHAA IIyCThIe
oJisd «1abiIoHOBy (CTAHAAPTHBIX OBOPOTOB) COOTBETCTBYIOMAME «9ACTS-
Mmu peuan» (0bj, mod, prop, ref, claim) n KoMGuHUPY MABIOHBI € TIOMOIIBIO
TaK Ha3bIBAEMBIX CBA30K (links). [TosToMy 51 cOBETYI0 XOTs 6bI TPOCMOTPETH
TepBbIE J(B€ TVIaBBI (Tae 00bsCHAETCs, YTO Takoe IabJIOH, YacTh pedu, 1
MOSCHAETCs, KaK 00PAIaThCsA CO CBI3KAMU U C aPTUKJIAMHE).

Haunnaromemy duTaTesio s HACTOSTENIHHO PEKOMEHIYIO TBEPIO YCBOUTD
OCHOBHbBIe MIAGJIOHKI (MX Bcero 12, cM. pasmen 1.4), o cBoeMy yCMOTPEHHUIO
BBININACATDb M OCBOUTH emé MTYK 10-20 u, nposucras mapy crareii 1o cBoOei
CIENUAJIBHOCTH, 0TOOpaTh u3 Hux emgé mrTyK 10. C mosy4eHHbIM COUCKOM
u3 30-40 mabaoHOB CTOMT HEMHOTO MOYNPaXKHAThCA (KOMOMHUPOBATH WX
¢ HOMOIIBIO CBA30K) M 100aBUTh BBIOPAHHBIH 1O BKYCY CINCOK BBOIHBIX
BbIpaXKeHU! (MUHUMAJIBHBIN CIIHCOK COIEPXKUTCA B Tuiase 3). [locse aToro
MOXKHO HAYMHATH MMHCATH TEKCT CBOWX CTaTell Ha 3TOH ocHOBe. IIpm aToM
Ha,JI0 HE IIEPEBOANTH, & [1€PECKA3bIBATH PYCCKHUI TEKCT, & eIlig JIydile cpasy
[IICATDH MTO-aHIJIMHACKA M3 TOJIOBBI FUIN 110 YEPHOBLIM (POPMYJIaM U 4epTerKaM.

1. OcHoBHBIE 11120JI0HBI

ST MmabIOHB! UCIIOIb3YIOTCS TIOCTOSHHO BO BCEX MATEMATHIECKHX TEK-
cTax. B 0OBIYHBIX aHIVIOA3BIYHBIX CTATHSAX OHU cOCcTaByA0T oT 60 10 70 mpo-
11eHTOB 060p0oTOB. KOMOUHUPYS WX, MOXKHO B NPUHIUIE BHIPA3ATH IIPAKTH-
YeCKH JIIOOYI0 MaTeMaTH4eCKYI0 ceMaHTHKY. [loy4unresabHo, 94TO MOYTH BCe
OCHOBHBIE ITa0JIOHBI [TOCJOBHO HE MIEPEBOAATCS WJIN ILIOXO IIEPEBOAITCS Ha
PYCCKUi — 9TO YHCTO AHIVIMICKHEe MANOMBI. B Hammx mabjoHaxX Mbl, Kak
NIPaBWIO, He YKa3blBaeM apTUKJIN; YNTATEssI, He BJAJCIONIEro 3TUM HCKYC-
CTBOM, MBI OTChIIAEM K pasjesaM o0 apTHKJsSX B IiaBax 2 u 4. Bripouew,
IIPaBUJIBHO PACCTaBUTh aPTUKJIM [OMOTAIOT PUBEAEHHBIE MTOCJE KaXKIOrO
IabJIOHa MPUMEpbI IPUMEHEHUs 3TUX MabJIOHOB.
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(1) [obj] is [obj nnm mod]

The function f is continuous.
The set R is a ring.

(2) consider [obj unu ref]

Consider the 2-dimensional vector space over Fr,
Consider the Sobolev space WY

(3) for any [obj mnm claim)|

For any pair of distinct points P, @ in RP?, there exists a unique line
containing P and Q.

(4) let [obj] be [obj mnu mod|

Let w be a sesquilinear form on M.
Let the operator A be orthogonal.

(5) [ref mnu prop| implies [ref wm prop|

Lemma 7.3 implies the Cauchy-Kovalevskaya theorem.
Continuity implies integrability.

(6) there exists a [0bj] such that [claim]
There exists an isometry h: R? — R? such that f(A)= A" and f(B)=B'.
(7) if [claim], then [claim]
If f: D? — D? is continuous, then there exists a point « € D? such that
flz) ==z
(8) there exists a unique [0bj] such that [claim]
There exists a unique intersection point of any two distinct lines in RP2.
(9) [obj] is called [mod umu obj| if [claim]

A ring R is called associative if (ab)c = a(bc) for all a,b,c € R.
The map s: B — E is called a section of 7 if 7 o s = id.

(10) denote by [symbol] the [obj]
Denote by CP™ the complex n-dimensional projective space.
(11) [clazm] if and only if [claim]

A second degree curve is generic if and only if the invariant I is nonzero.
A closed 3-manifold M is the sphere S? if and only if 7, (M) = 0.

(12) [obj] has the form [claim] mmu [0bj]

The simplest parabola has the form y = z2.

The second Markov move has the form b+ bb !, where b € B,,.

57



2. ®opmyanpoBKa onpeaeaeHmit

[obj] is called [mod mnm 0bj]
Subgroups satisfying this condition are called normal.
[0bj] is called [mod umn obj] if [claim]
A transformation is called isometric if it preserves distances.
|obj wm symb] is defined as [obj]
The half interval [a,b) is defined as {x € R | a < z < b}.
let us define [0bj] as [obj]

Let us define the integral f: f(z)dx as the limit of integral sums as
6 — 0.

define [obj] as [obj]
Define the sphere $? as {(z,y,2) € R? | 2% + y? + 22 = 1}.
we call [0bj] [mod)] if [claim]

We call a manifold C"-smooth if all its transition functions are C"-smooth.

3. ®opmynupoBKa TeopeM

if [claim 1], then [claim2]
If the surface M is orientable and x (M) = 2, then M is the sphere S2.
suppose that [claim!]; then [claim2|

Suppose that the Lefschetz number A(f) is nonzero; then f has a fixed
point.

let [claim1], let [claim2], and let [claim3]; then [claim4]

Let the function f be continuous on [a, b], let f(a) < 0, and let f(b) > 0;
then there exists a point ¢ € [a, b] such that f(¢) = 0.

if [claim], then [0bj] possesses the following properties:
1° [claim1];
2° [claim2];
3° [claim3)|
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If o is an element of the Mobius group, then « possesses the following
propertixes:

1° « preserves angles;

2° o preserves cross ratios;

3° « takes circles and straight lines to circles or straight lines.

[claim1] if and only if [claim2] wau xopoue:  [claim1] iff [claim2]
A 3-manifold M is the sphere S? if and only if m, (M) = 0.
[claim] is a necessary and sufficient condition for [0bj] to be [0bj mmu mod]

Hy(X) = Z is a necessary and sufficient condition for X to be path
connected.

if [claim], then the following conditions are equivalent:
1° [claim1];
2° [claim2];
3° [claim3]

If T is a graph, then the following conditions are equivalent:
1° T is a tree;
22 x(I) =1
3° there is a unique path joining any two points of I'.

for [0bj] to be [mod] un [obj], it is necessary and sufficient that [claim|

For a linear operator A = (a;;) to be nondegenerate it is necessary and
sufficient that det(a;;) # 0.

4. JToxka3zarejabCcTBa

we have [claim]

We have P(a) = = (3a3b(S(a,b) = T(x))).
we obtain [claim|

We obtain [€ f(z)dz = [ f(z)dz + [f f(z)dz.
it follows that [claim]

It follows that the sequence (*) is exact.
by assumption, [claim]

By assumption, the function ¢ is uniformly continuous.
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using [ref], we obtain [claim)]
Using the Fubini theorem, we obtain [/, f(z,y)dS = fab(fcd f(z,y)dy)dz.
since [claim], it follows that |claim]

Since the diagram (*) is commutative and its rows are exact, it follows
that HP(X,Z) is isomorphic to H,_,(X,Z).

[ref, prop] implies that [claim, prop]

Differentiability implies continuity,
The last inequality implies that r(z) ~ O(z?).

it remains to prove that [claim)|
It remains to prove that f is upper semi-continuous.
all the assumptions of [ref] hold
All the assumptions of Lemma 2 hold,
it is readily verified that [claim|
It is readily verified that M is a del Pezzo variety.
the proof is by induction on [0bj]
The proof is by induction on the dimension n of RP™.
we argue by contradiction
assume the converse
this is a contradiction; the proof of [ref] is complete
This is a contradiction; the proof of the theorem is complete.
we will consider several cases
[ref] is proved
The main theorem (Theorem 3) is proved.
this concludes the proof of [ref]
This concludes the proof of the Reidemeister lemma.

Q.E.D.
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ITpunoxenne 11
Co1o3b1 1 nipejiorn

STO NpUIIOIKEHNe — CBOAKA MCHOJIb30BAHMsI COI030B M MPEJJIOToB (conjun-
ctions and prepositions) B MaremaTmueckux Tekcrax. IlepeBom STHX cyioBe-
9eK, PasyMeeTcs, 3aBUCHT OT KOHTEKCTa, U Mbl IPHBOAUM KOHTEKCTHI, HAU-
Bostee ynorpebuTesbHbIC B MATEMATHUCCKUX TeKcTaX. B camoM Hawase (cM.
I1.0) mbI mepeuncisgem HaubosIee XOAOBBIe MPUMEPHI, & 3aTeM TPYINHPYeM
NpUMEPHI EePEBOAOB TO MPeIJIoraM

of, to, in, by, on, for, with, from, at, over, under, into, onto, along, as.

BosmoxkHO, BaM nMeeT CMbICI BBIUCATH Te U3 TUX KOHCTPYKIHIA, KOTOpbIe
Hallle BCEr0 BCTPEYalOTCd B TEKCTaX MO Ballell crnenpajbHocTu. Pagymeer-
s, IPX 3TOM ObIIeMaTeMaTHIeCKHe TEPMUHBI (KOTOPLIME 1 3/16Ch TbITAJICA
OrPaHWIUThLCA) MOYKHO 3aMEHHTh Ha WX YaCTHbIE KOHKDeTH3anwd (HanpH-
Mep, map — epimorphism, set — variety, structure — metric u T. IL); 9TH
U NOJOOHBIE 3aMEHBI He BJIEKYT 3a cobOil M3MEHEHMiT PeIJIoroB.

Bo Bropoii yacTn aTOro npmiokeHns Aas yaobcTBa duTaTeseil Mbl IpH-
BOJUM KX [EPEBOABI B OGPATHYIO CTOPOHY (C PYCCKOrO Ha aHTJIHICKMil).

0. Cnmcox caMBIX XOJOBBIX KOHCTPYKIMIA ¢ IPeIoraMu

at the point z

replace z by y
substitute y for x
change z to y

z belongs to X

X depends on a

X is independent of a
vector field on M™

an tends to A as n — oo
extend f to X
restrict f to A

f ranges over X
under the map f
polynomial in z

B TOUKE &
3aMEHUTb T Ha Y

3aMEHUTDb T Ha Y

3aMEHUTDb T Ha ¥

T UpUHAIIEKAT X

X 3aBucuT OT @

X He 3aBHCHT OT @
BEKTOpHOe I1ojie Ha, M™

ayn cTpeMurcs K A upu n — 0o
npono/mkuth f na X
orpann4uth f Ha A

f npoberaer X

npu orobpakenun f
TOJIMHOM OTHOCHTEJIbHO T
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function of the variable z dyHKIMS nepeMeHHol T
system of equations cUCcTeMa ypaBHEeHUN

1. Of

Haubosee yIoTpebUTeNbHBIN TPeAJIor; 0OBIYHO HEPEBOAUTCS ¢ IPUMeHe-
HUEM POJHUTENILHOTO Taerka, MHOI/A [HEPEBOIUTCA IPEIIoTaMu U3, Om, ¢,
npu u ap.

function of z pyHKIWA nepeMeHHol T
a solution of equation (2.1) penterne ypasrenns (2.1)

Jonyctumo Takske solution to (2.1)

the set of all = MHOXKECTBO BCEX T

one of the sets OIHO M3 MHOXKECTB

the class of functions KJ1acc QYHKIHI

a subset of R™ NOAMHOZKECTBO mpocTpancTsa R™

OCTOPOXKHO: meperomuThb a subset of X Kak «IOIMHOMXKECTBO X » OMACHO:
[0-PYCCKHI 5TO BBIPayKeHHe NMeeT J1Ba Pa3HBIX CMBICIal 31ech Hy?KHO «TO-
MHOKECTBO MHOKECTBa». AHaJOrMYHbBIE TIPEIOCTePeXKeHNd OTHOCATCH U K
npyrum npumepaM c¢ of. B masnbHeiinieM MBI IOMedaeM «yTaJaHHbIe» CJI0Ba
CIEAYIOMNMHU KABBIYKAMA: « ».

closure of X 3aMBIKaHHIE «IPOCTPAHCTBa» X
neighborhood of z OKPECTHOCTDb «TOYKH» T

subdivision of M noapasaenenne «PL-MHOroo6pasuss M
the sum of a and b cymMmma a i b

the center of the circle HEHTP OKPYKHOCTH

an equation of order n ypaBHEHHe NOpAIKa 1

systems of equations CHACTEMBI YPaBHEHMUIA

a group of transformations rpynna upeobpasoBanuii

Jlonycrumo u transformation group, HO He equation system u ne point neigh-
borhood; mEBEpCHN TAKOIO POJA CJIeAyeT JeNaThb, TOJbKO €CJIU BBl UX BCTpe-
YaJIi B TEKCTaX aHIVIOA3bIYHBIX aBTOPOB.

angle of rotation YTOJI TOBOPOTA, .
circle of center O and radius r OKPY2KHOCTH paauyca T ¢ ueHTpoM O
consists of all points COCTOWUT W3 BCEX TOYEK

the mapping f of D oTobpaxkenue f «obnactu» D
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transpose of the matrix
complex conjugate of z

TpaHCIOHUPOBaHHAaA MaTpUIia

«YHCJIO», KOMILJIEKCHO COIIPAXKEHHOE

«HUCILY» Z

[Ipusenem KoHCTPyKIMH, Te BMecTe ¢ of HCTONb3YIOTCs U APYTHE IPEJIOTH:

of dimension 2 over C

extension of ¢ by the identity

on A
coefficient of z3 in p(z)
rotation of F' about z

defined on all of X

take H in place of G
image of A under f

2. To

pa3mepuoctu 2 Hamg C

HPOJOJI2KEHHUE ¢ TOXK IECTBEHHBIM
oTobpaxkermeM Ha A

ko3ddunument npu z3 B p(z)

BpalteHue «burypsr» F BOKpyr
«TOYKU» &

onpeesieHo Ha BceM X

BosbMeM H B kauectBe G

obpa3 «MHOXKecTBa» A mpn
«0TObpaKeHUn» |

[TeperonuTcs pa3sHOOOPa3HO: JATENLHBIM MagesKOM, a TAKIKe npeajora-

MU %, H@, 6, ¢ U Op.

z belongs to the subgroup H ¢ G

change z to y
z is equal to y

T npuHaIeXKUT noarpynne H C G
3aMeHHM T Ha Y
Z paBeH ¥y

Honycrumo u «z equals y», Ho KaTeropudeckn Hesmb3a «z equals to y»!

x corresponds to y

f takes z to y

z, tends to 0

T maps to y

[ is parallel to [,

assign H*(M) to each M

relatively to the topology
l is tangent to S

all primes up to 97

attach a handle to M
restrict the map f to N
extend the map f to W

12 is relatively prime to 25

T COOTBETCTBYET ¥

f orobpakaer x B y

Tn crpemMuTcs K 0

T oTobpakaercs B y

[, mapaJutenbHa, o

KaxkaoMy M 1ocTaBuM B COOTBETCTBHE
H*(M)

OTHOCHUTEJIbHO TONOJIOTAN T

l xacaerca S

BCe IIPOCThIE YMCJIa BIJIOTh 10 97

NPUKJIEUTh PYUKY K M

OrpaHu4IuTh OTOOpaskenue f Ha N

OPOAOIKATE OoToOpaxkenue f Ha W

12 B3aumHO mpocTo ¢ 25
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IIpusenem npumepsl ynorpebieHus npemiora to B COYETaHUM € IPYTHMU

[IPEIJIOTaMu:

sum from 1 to n

integrate from a to b

fisamapof X toY

fis a map from X to Y

consider the sum from 1 to n

the application of the lemma
to this situation

extend f to all of X by the
identity

the contribution of K to the ...

3. By

cyMMa ot 1 go n

uHTErpUpyeM OT a 10 b

f —orobpaxenue X BY

f aBngerca orobpazkenueMm n3 X B Y
paccMoTpuM cyMMy oT 1 10 n
NpUMeHEHVe JIEMMBI K 3TOH CUTyalun

nponoskuM f Ha Bce N
TOXKIECTBEHHBIM OTOOparKeHHeM,
Bknan K B ...

HepeBO,ELI/ITCﬂ TBOPUATEJbHBIM NaACXKOM, & TaK>XKe npeajioraMu Ha, 4epes,

no, Nocpeicmeom.

H*(X) is determined
(defined) by X

denote m2(X,Y) by A

Zy, is majorized (bounded
above) by

f and g differ by C' = const

the homomorphism f*
induced by f

dividing (multiplying) by =

¢ is given by (2.3)

X is generated by e1,..., e,

by construction (definition,
assumption)

f is approximated by fn

A is permuted by o
Lemma 1 is obtained

(proved) by induction
rotation by the angle 7/3
by putting (setting) z =1
by the theorem, ...

H*(X) oupenensercsa «IpOCTPAHCTBOM »
X

obozmaaum ma(X,Y) depes A

Z,, OTpaHWIeHa CBEPXY «UHCJIOM» T

f u g ormuaatorcs Ha C = const

roMoMopduaM f*, HHAYIHIPOBaHHDIH
«orobpazkeHneM» f

Jenst (yMHOXKas1) Ha T

¢ nonydaercd u3 «Hopmymsl» (2.3)

X nopoKaaeTcs «BEKTOPAMHU» €1, ... ,€n

[0 TIOCTPOEHMIO (OIPEIEJIEHHIO,
YCJIOBHIO)

f annpokcumHEpyercs
«TOCJIEIOBATEJIBHOCTBIO fr,

A nepecTaBisieTcs «OJICTAHOBKOI» O

semMa, 1 mosydaercs (OKa3bIBAETCS) O
WHAYKIAN

NOBOPOT Ha, Yo /3

nojlarag T = 1,

1o TeopeMme, . ..
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Janee HecKoMbKO KOHCTPYKUWii, rae mnpeyior by nogsiserca ¢ apyrumu

[IpeJIJIOTaMu:

extend f by the identity to f;

the extension of M by H

A is moved by finite number

of shifts
X is mapped by ftoY

4. In

HPOJIOJIZKAM «OTOOparkeHue» |
TOXKJECTBEHHO [0 OTOOparKeHus fi

pacuipenune «Momnysia» M
MIOCPEICTBOM «MOyJist» H

A TepeHOCHUTC KOHEUHBIM YHCIIOM
CIIBUTOB

X orobpaxaercs nocpeacTsoM f B Y.

Hame Bcero (HO He Bcermal) mepeBOANTCS TPEIJIONOM 6.

z is contained in X

M lies (is embedded) in R™

a polynomial in z

A is everywhere dense in X

X is compact in the weak
topology

in the case (ii)

in the space (group, ...)

A intersects B in a plane

symmetry in the plane

represent in the form

differentiation (integration)
in ¢

T comepKuTca B X

M nexwur (Bnoxewno) B R"
TIOJIMHOM OTHOCHUTEJILHO &

A Bcroxy mtorao B X

X KOMNAKTHO B ¢1aboil TonoJsornu

B cuty4ae (ii)

B OPOCTPaHCTBe (rpymre, ...)

A nepecekaer B 1o mI0CKOCTH

OTpasKeHne OTHOCUTENHHO TIOCKOCTH

UPEJCTABUTH B BUIIE

nuddepenupposanue
(uHTErpHpOBaHue) MO t

Ho 3pecy ayume ckazdats differentiation with respect to t.

domain in R"”
take z in place of y

the multiplier in the second term

obaacth B R™
BO3bMEM I BMECTO ¥
MHOYKHUTEJIb BTOPOTO 4JIeHa,

Bor KOHCTPYKIHH, B KOTOPBIX in HUCTIOJIB3YeTCA COBMECTHO C IPYIUMU UPe-

JIoraMu:

polynomial of degree n in z,y

in transverse position with
respect to M
in the sense of distributions

TOJIMHOM CTENEHU N OT T, Y

TPaHCBEPCAIbHO OTHOCUTENBHO
«MHOT0OOpagua» M

B CMBICJIe 000OIIEHHBIX (DYHKITIH
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5. On

ITouTn Beerma NEepeBOANTCH MPEIJIOIOM Hd, UHOTIA 0, C, Mo, OM.

points on the curve TOYKHW Ha KPUBOH
points on the boundary TOYKU Ha TDAHUIIE
depends on 3aBUCUT OT
projection on npoeKIus B

ObparuTe BHUMAHHE, YTO «B», & HE «Ha»; YTOOBI MOJIyIMIOCH «Ha», HYAHO
He «on» a «onto»!

the identity on TOXKJIECTBO Ha

function on the domain ¢yHKINS HA 00IaCTH

metric (topology, structure, MeTpHKa, (TONOJIOTHs, CTPYKTYPA, )
...)on Ha

theorem on implicit functions TeopeMa O HesIBHOH (byHKITUN

Yamme rosopurcs implicit function theorem, a Boobie «Teopema 0» 0ObIMHO
nepeBoauTCa Kak theorem about.

graph on n vertices rpad ¢ 1 BepIITHAMHE
terms on the diagonal YJIEHBI, CTOSIINAE IO JIUArOHAJII
6. For

ITourn Bcerga nepeBoJUuTCd NpeajoroM 0./L.ﬂ, WHOI'ZIa POAUTEJIbHBIM Haae-
2KOM, npejioraMu npu, oOMHOCUMEAVHO, K.

boundedness condition for yCJIOBHE OI'DAHIYEHHOCTH JIJIsA
the function dyHKIHNA

a basis for the space 6a3nc TPOCTPaHCTBa

solved for y paspeleHHoe OTHOCUTENILHO Y

the inverse for f obpartHoe K f

Yaue ropoputca the inverse of f.

the problem for H 3amada myisa H
X, is compact for all n X,, KOMUAKTHO JIJIsI BCEX N
substitute z for y in (2.1) saMeHnM y Ha T B (2.1)

1o MOKHO cKazaTh U Tak: replace y by z in (2.1); obparure BHUMaHUE Ha
HopsAnoK OyKB Z 1 y!
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7. Over

TlepeBomurcs npenjioraMu Had, No, HG, BAHUTEIBHBIM I18,1€2KOM.

f ranges over Im f f npoberaer Im f
n runs over all even integers n IpoberaeT BCe YETHbIE YUCJIA
integrating over M uHTErpupysi no M
vector space over R BEKTOPHOE MTPOCTPAHCTBO Hak R
summing over all n CYMMHDY# II0 BCEM T
cone over X Konyc Hag X
affine scheme over F' addunnasg cxema Ha F'
fibration (bundle) over B paccioenue Hajg B
module over the ring R MOZYJTb HaJl, KOJIbIIOM R
linearly independent over C auHeiHo He3aBucuMbl Hax C
continuous over all of X HellpepbIBHA Ha BceM X

8. Under

OOBIYHO TepeBOAUTCH NPENJIOTAMEA NPu, Nod, No.
under the actions of G o, peficreueM G
under the condition IpU YCIOBUU
group under multiplication IpyTIIa N0 YMHOXKEHUIO
under the map (morphism) npu orobpakenun (Mopdusme)
invariant under shifts VHBApYAHTHO IIPU CABUTAX
the point P lies under the TouKa P jeXKuT noj miockoctsio 11

plane IT

Under BcTpevyaercs u BMECTe ¢ APYTHMH NPEIJIOTAMUA:

X projects on P under p X mpoekTtupyeTcd Ha P mpu
«OTOOpaXKeHUun» p

a maps to b under f a orobpaxkaercd B b npu
«otobpaxkennn» f

the image of X under f obpa3 «npocTpaHcTBa»> X mpu

«orobpaxkeHuus f

9. From

[TepeBopuTca mpemyioraMu u3, om.
follows from CIIenyeT u3
subtracting from BBIYUTAA U3
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moving away from the point JBUTasT OT TOYKH

bounded from above OrPaHUYEHO CBEPXY

results from the paper [3] pe3ybTaThl U3 CTaThu [3]

determined from initial data onpeAeseHHOe U3 HAYAJIBHBIX JAHHBIX
functions from the space BYHKIIUN U3 TPOCTPAHCTBA.

A Bor u from ¢ ApYrUMU TPEIJIOraME:

at the distance of h from X Ha paccrodunu h ot X
integrate from a to b MHTErpupyeM ot a 10 b
10. With

ITepeBoguTcst TBOPUTENBLHBIM TA,IE€2KOM, 8 TaKKe UPemJIoraMu ¢, Ha.

equipped with a metric cHabKeHHOe MeTPUKOH

supplied with a norm cHabKeHHOEe HOPMOM

coincides with COBNAIAET C

identified with OTOXKAECTBJIEHHBIH €

put into correspondence with NOCTaBUThb B COOTBETCTBHE C I'PYyNNONi
the group

angle of 60° with the plane yroJ 60° ¢ WIOCKOCThIO

take the product with X B3sITh npou3BejeHne Ha X

intersection of M with N nepeceuenne M ¢ N

arcs with small diameters JyTH MaJIbIX JUaMeTPOB

subspaces with finitely many NOANPOCTPAHCTBA ¢ KOHEYHBIM YHCJIOM
components KOMIIOHEHT

fibration with fiber F' and pacciioeHne co ciioem F' u 6azoit B
base B

11. As

IlepeBomuTes cioBaMu npu, Kak, BHIDAYKEHUIMHU 6 6ude, 68 KAYECMEE.

as n — oo apu n — 00

regarded as a function paccMarpuBaeMas B KadecTse DYHKIIMH
considered as a function paccMarpuBaeMas Kak yHKIIAA
viewed as a function paccmarpuBaeMas Kak yHKIIUA
expressed as BbIpasKeHHAs B BHJIE

as any other function KakK ¥ Jitobas apyras OyHKITHAsS

69



12. At

IlepeBomuTcst NpejIOraMu 8, HA.

at time ¢ B MOMEHT BpeMeHH 1
at infinity Ha GECKOHEYHOCTH, B 6ECKOHEYHOCTHU
at the point B TOYKe
has at most two solutions nMeeT He Hosiee IBYX pelleHni
13. Into

IlepeBoguTca mpemyioramMu 8, Ha.

decomposition into the pasyioXkeHre B IPOU3BEICHUE
product
divided into two classes pa3buTo Ha JBa KJacca
partitioned into pasburo Ha
f maps X into Y f orobpaxkaer X BY
14. Onto

Ynorpebisercs, KOrga Hy 2KHO TOIePKHYTh, YTO PACCMaTPUBAETCA CIOPb-
€KTUBHOE O0TODOpakeHne, U TOT/1a ePEeBOIUTCS NPEJIOIOM Hd.

the homeomorphism of (0, 1) romeomopdusm unTepsana (0,1) na R
onto R

projection (x,y) — (z,0) of npoektus (z,y) — (z,0) wiockocTH
R? onto the z-axis R? na ocp aberuce

O6paruTe BHUMaHME, YTO BBIPaXKeHUe projection on, KakK NPaBUJIO, NCHOJIb-
3yeTcs, KOrma MPOEKIHs MOYXKeT ObITh He CIODBEKTUBHOIL.

15. Along

ITepeBomurcs caoBaMu 8004%, MO HANPABAEHUIO, N3PEIKA TBOPUTEIBHBIM
aIe2KOM.

z moves along the curve T IBUTAETCS BIOJb KPHUBOIA

is directed along ... HaIpaBJIeH BIOJIb ...

derivation along NPOU3BOIHAS O HAIPaBJIECHUIO

pullback along the projection oTobpazKeHne, MHAYIINPOBAaHHOE
npoekIuei
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16. IlepeBox, B 06paTHYI0 CTOPOHY

st ynobcTBa MOMCKa YacTh MPeAbIayIIero CUUCKa Telepb NpPeCTaBIIe-
Ha B OOpaTHYIO CTODOHY, ¢ PYCCKOTO Ha aHriuiickmii. Yurareso ciemyer
MMETb B BUY, YTO CUCTCMATUIECKOE M3y4YeHUe TOif BTOPOH 4YacTU BPEIHO
(0HO pa3BUBAET «PYCCKOAZBITHOE MBINIJIEHUE» [0 OTHOIIEHUIO K aHIVINHCKAM
UpeyIoraM), 9Ty YacTh CJeAyeT UCIOJIb30BATh TOIbKO KAaK CIPABOUHBII Ma-
TepUaJ.

HauneMm ¢ namexxeit — oHE mepeBOIATCS NOCPEICTBOM TPEIJIOTOB.

(1) POOUTEJIBHBIN MAEXK (<«KOIO-4€ro» )
O6b14HO mepeBoguTes npenyiorom of, pexe to.

KJjacc QyHKIIi class of functions

byHKIMSA TIepeMeHHO a function of z
OKPECTHOCTb TOYKH T a neighborhood of x

Hpyrue upumepst ¢ of cM. B pasmese 1 Boie.

l kacaerca S [ is tangent to .S
OTHOCUTEJNILHO METPUKHU with respect to the metric
OYTU MAJIbIX JIAaMEeTPOB arcs with small diameters

nia arcs of small diameter

(2) JATEJIbHBIA TTAJEXK (<«KOMY-4eMy» )
OOBITHO TEPEBOAUTCS TPEAJIOroM to.

T upuHamIexRnT X z belongs to X
Y COOTBETCTBYET & y corresponds to x

(3) TBOPUTEJIbHBII MAJEXK (<«Kem-ueM» )
O6bIYHO TIepeBOaNTCA TpeaIoroM by, pexxe with.

H*(X) oupenensiercs H*(X) is determined by the
npocTpaHCcTBOM X space X

{a;} orpanmueno uucmom M {a;} is bounded by M

cHabKeHHOe MEeTPHUKON equipped with a metric

nponosKenue f TOXKIECTBOM extention of f by the identity
BHEe X outside X

roMOMOP(hU3M, the homomorphism
MHIYUUPOBaHHBIN f induced by f
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(4) TPEIIOT 6
OO6LIYHO TepeBoauTCA TIpeaIoroM in, a Takske into, to, by, on.

T comepkuTca B X z is contained in X
f orobpaxkaer X B Y f maps X into Y

f orobpaxaer x B y f takes x to y

B cayuae 11 in case II
peJICTABUTH B BHJIE represent in the form

(5) IIPEJIOT na
OBGBIYHO TepEBOIUTCA NPEIJIOroM on, a TakxKe to, pexke onto, into, by.

TOYKU Ha KPUBOU points on the curve
MeTPHUKa Ha NPOCTPaAHCTBE metric on the space
3aMEHUTH Ha replace by

NOBOPOT Ha YTOJ & rotation by the angle «
oTobpazkeHne Ha BCE Y map onto Y
npojokenne Ha X extension to X
orpannyenue f Ha A restriction of f to A
pa3buTh Ha JBa Kjacca partition into two classes.

(6) ITIPEJJIOT daa
O6bIyHO nepeBoguTca npeayorom for.

3aja4a [j18 KOTOMOJIOT Uit the problem for cohomology
G, — abeneBa 1181 BCeX N G, is Abelian for all n.

(7) IPEJIOT 1ad
OOBIYHO MEPEBOAUTC NPEIJIONOM OVer.

KOHycC Hajg X cone over X
paccnoenne Han B fiber bundle over B
MOJTyJIb HaJ, KOJIbLIOM module over the ring

(8) IIPEJIOT npu
ITepesoguTcst o9eHb pa3HooOpasHo: as, at, for, under.

an, — 0 npu n — oo ap, —0asn— oo
obpa3 upu orodparkeHuu image under the map
UpHU YCJIOBUA under the condition
f onpeneneno upu x > 0 f is defined for z > 0
K03 UIMEHT Ipu T3 the coefficient at x3
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(9) [IPELJIOT w3
O6bruHOo mepeBognTcs npeoramu from u of.

orobpaxkenne n3 X B Y map from X to Y
BBIUNTAA U3 subtracting from
COCTOUT U3 TOYEK consists of (the) points
OIHO U3 MHOXKECTB one of the sets

(10) [IPEZJIOT ¢
O6bruHO TIepeBoauTCs Ipeaaorom with, pexe to, on.

YTOJI ¢ TPSIMOii angle with the line

COBIIAJACT C coincides with

B3AUMHO TIPOCTO C relatively prime to wnu coprime to
rpad ¢ n BepuInHAMEA graph on n vertices
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IIpunoxenne I11
CeMaHTHKA aHTVIMIICKAX apTUKJIei

Kak u GOJIBIINHCTBO €CTECTBEHHBIX MOCHUTENEH aHIIMACKOrO A3BIKA, 7
JIOJITO CHUTAJI NPABUJIBHOCTD YHOTPEOJIEHNS apTUKJIEH B aHMTUACKUX TEKCTaX
WJIV B YCTHOM PeUn CJIEACTBHEM S3bIKOBOI MHTYWIINN, He oAatomeiicsa dpop-
MAJIM3AIMH. DTY PACXOXKYIO TOUKY 3PEHUs BO MHE Nokosebasa paboTa Hal
MAIIUHHBIM [€PEeBOJIOM MaTeMATHIECKUX TEKCTOB — OKa3aJI0Ch BO3MOXKHBIM
JIaTh JOCTATOYHO UPOCTYIO W UETKYIO CBOJAKY UDPABHJI, MO3BOJISIONIYIO TPO-
deccronaNaM NPaBUIBHO PACCTABIIATD APTUKJINA B MOHOIPaMUIX U HAY IHBIX
craThax 1o maremaTmke (cM. [Sos-91], [Sos-92]). [IbiTasich HOHATH, TOYEMY
AHAJIOTH M OBOOIIEHNS STHX NPABI HEJb3s NePEeHeCTH Ha 6GoJsiee MMUpOKuil
KOPIYC 8HIIMACKUX TEKCTOB (HampuMmep, Ha BCE «HAyUHbBIE» ), s, K CBOEMY
YAWBIIEHUIO, OGHADY KU, 4TO GoJIee SKOHOMHAs CBOJKA NPABIII (YeM Ta, 9To
chopmynmposana B [Sos-91, § 10]) Giarononyuno ynpasiasgeT BEIGOpOM ap-
THUKJIEH 80 6CET PACCMOMPEHHHLL MHOW MEKCMAT, TaXKe I'yMaHUTAPHBIX W
JINTEPATYPHBIX. [J1aBHAsA T1eJIb 9TOH CTaThU — CHOPMYIUPOBATD THU IIPABU-
JIa ¥ TIOKa3aTh Ha MPUMepax, KaK OHU paboTaroT.

IMoguepkueM, 4To onucaHHbe HIDKe (B § 4) MpaBuia ABJISIOTCA CEMAHTH-
YECKUMH U MOTYT C YCIIEXOM TPUMEHATHCA MOALKO Npu JOCMAMOYHO 2AY-
6OKOM NOHUMAHUY CMBLCAG PACCMAMPUBaemozo mexema. Ilpm sTom npapu-
Jla He BCerja OJHO3HAYHO TOBOPAT, KAKON apTHKJbL Hy»KeH B JAHHOM Me-
CTe — JIL 9TOTO MOXKET MOTPebOBATHCA 3HAHUE IIMPOKOTO KOHTEKCTa (He
TOJIbKO TEKCTOBOTO KOHTEKCTa, HO, €CJIM MOXKHO TAK BLIPA3UTHCS, MOXKET
noTpeboBaTbCd U «BHETEKCTOBBIH» KOHTEKCT). B wacTHOCTH, eciu B XOpo-
II€M AHIVIMHACKOM [IOBECTBOBAHUM YOPATH APTUKJIMA U IIOHPOCATH HOCHTE/Is
A3BIKA WX CHOBA PACCTABUTD, TO PE3YJILTAT CKOPE BCero OyneT OTIrYaThCs
B HEKOTODPBIX MECTaX OT OPUTHHAJIA — APTUKJIA HECYT CEMAHTHUIECKYIO UH-
dopMaruio, KoTopasi JaJIeKO He BCETJa BOCCTAHABIMBAETCA M3 KOHTEKCTA.
B HaydYHBIX TeKCTax (B OCOOEHHOCTH MaTeMATHIECKHX) KBAJU(DUIMPOBAH-
HBIN AHTJIOASLIYHBIN CIIEIUAJIUCT TOYTH BCIOLY <IIPaBUILHO» BOCCTAHOBUT
APTUKJIM, XOTd HABEPHSIKA HAyTCA TaKUe MeCTa, e PA3HBIE CIEeIUATICTEI

Hacrosimee npustoxkeHne — rnepenevyaTka MOeil CTaTbH, HANUMCAHHON 28 JieT ToMy Ha-
3aJ, HO TaK U He OMyOJMKOBaHHOH. B Hell majararoTcst npasuiia HCIOJIL30BAHUS apPTHU-
KJIEil B aHTJIMICKOM SI3bIKE, IPUTOM HE TOJBKO B MATEMaTHYECKUX TEKCTaX, HO U BO BCEX
TeKcTax Boobiue. Jlymaro, 4To pa3bop 3Toi cTaTbu, 0COOEHHO pa3bop NPUBEAEHHBIX B HEH
NpUMepOB, OyIeT MoJIe3eH YUTATENSIM 9TOH KHUTH.
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MPEANOYUTYT Pa3iible apTUKIN. B Ir'yMaHUTaPHBIX YK€ TEKCTaX TaKasd HEOIHO-
3HAYHOCTDH BCTPEYAETCS TOPa3o Jalle (HECKOJIBKO APKUX IPUMEPOB IIPHBO-
agrea Haxe B §3).

OcHOBOII IpeaIaraeMoro MmoagXxoaa sBISEeTCS MPOCTasd KOHTEKCHO-CEMaH-
THYecKas KJIacCu(pUKaIUs CYIIECTBATEIbHBIX, TOIBIISIONINXCS B aHTVINACKIX
TeKcTax — OHa onmcaHa B § 2. MHe xoTesioch ObI HAIEATHCs, UTO 9T KJIACCHU-
puKalmsa UMeeT U HEKOTOPbBIN CAMOCTOSATEbHBIH JTUHIBUCTUIECKU NHTepeC,
TemM GoJjiee, UTO OHa IepeHoCuTCs 663 Tpyaa Ha (hpaNITy3CKuil A3bIK U JaXKe —
B KaKOI-TO Mepe — Ha «Oe3apTUKIIEBHIT» pyCCKI/Iﬁl.

Crarbs opranu3osaHa ciexyomuM obpasom. B §§ 1-2 comepkarcs Heko-
TOpbIE MpEABAPATESIbHbIE 3aMeUYaHns U OCHOBHBIE onpenesnennd. B § 3, ko-
TOPBIN MOXKHO OIyCTUTH [IPH MEPBOM YTEHUH, 00CY2KIAI0TCs HEKOTOPBIE Ce-
MaHTHYecKne TonkocTrn. CoGCTBEeHHO MpaBmiIa onucalbl 8 § 4, a § 5 cocrout
M3 IPUMEPOB, MOKA3bIBAIOIINX, KAK UX IPUMEHHITh.

§ 1. Apruksm the, a u [J

Ham ymo6HO cunTarh, 4TO B aHIIMACKOM $I3bIKE MMEETCA He JBa, & TPU
apTUKJs €IUHCTBEHHOrO 4ucja — the, a n «mycroit aprukab» . TIpexse
4eM MOSCHUTDH, YTO Takoe L], — 1Be OrOBOPKH.

Bo-11epBbIX, CJIOBO «apTUKJ/Ib» [0 YMOJYAHUIO O3HAYAET 31eCh aPTHUKJIb
€IMHCTBEHHOI'O 4YHCJIa; B TeX Cydasx, Korga OyayT paccMaTpUBATbCA ap-
THKJI MHOXKECTBEHHOTO UNCJia, OyIeT UCIOJb30BATLCA TEPMHUH MHOMHCECT-
6EHMHBT APTUKAD.

Bo-Bropbix, Mbl B majbHeiinem OyaeM n3beraTb Te€X CUTyaIdii, B KOTO-
PBIX MPOUCXOIUT CEMAHTUYECKOe 3aMelleHNe apTUKIA JPYTUMHU CJIOBaMHU,
KaK, HAIPUMED, B TPEIJIOXKEHUSIX

(1) This dog is brown.
(2) George’s mother died.
(3) I chose some color.

(Bmecw cnosa this u George’s 3amemaloT nBa apTuKIA the, a cioBo some
3aMeILAeT APTUKJID a.)

Tenepn 06 apruxae (. ITycroii apTUKIIbL — HEBUAUMBIH cuMBOJI (B yCT-
HOH PeYM — HEeCJBIIIUMBIN 3BYK), BBIIOJHAIOUIWI OLIPEAEIeHHYI0 CEMaHTH-
yecKylo (DyHKIMIO U «HAXOAAIMHCT» TaM, e Mor Obl cTOATh APYroi ap-
TuKJIb. OJHAKO ITyCTOl apPTUKJIL HE CJIEAYET Iy TaTh C OTCYTCTBHEM apPTHUKJIA:
apTUK/Ib MOXKET OTCYTCTBOBATH B PE3YJIbTaTe 3aMELIeHHsd, a TaKXKe KOIua
TpebyeTrcs HeONpeIeIeHHbIH apTUKIIb BO MHOYKECTBEHHOM UHCIIE.

1Yepes apaanaTsh NATH JieT HOC/e HANMCAHUS STOH CTATbU s y3HAJI, YTO JIMHTBUCTaM
nonobuas Kiaccudukanus yxe u3BecTHa (M., Hanpumep, [Heim-89]).

75



Jleso B TOM, 4TO apTHKIIb & BO MHOXKECTBEHHOM YHCJIE TOXKE BLIPAXKaeT-
€4 IyCTBIM CUMBOJIOM, HO HECEeT COBCEM JAPYTYIO CEMAaHTHYECKYIO HAIDY3KY.
ITpumep:

(4) This is a book. These are books.

Pazymeerca, 3nech nepen books «HaxomuTcsi» He IyCTON apTUKIIL, & MHO-
2KECTBEHHBIH HEONpeNeseHHbIl apTUKJIb, TAKXKE <«BBIPAXKEHHBIN» IIyCThIM
CHMBOJIOM.

MbI 110Ka HE [aJii TOYHOIO OIPEMeseHus YCTOTO apTUKJIH, Tak KakK He
yKasaJi KaKylo HMEHHO «CeMaHTHYecKyio yHKIMIO» OH BhINOJHAET. Bosee
TOYHOE OIIPEIeJICHHE IOABATCH [I037Ke, a MOKA MbI OTDAHMYUMCSI IPUMEPAMHU.

(5) O John Keats is a great poet.
(6) O Jogging is good for your health.
(7) My field of O expertise is (J topology.

§ 2. Tpu cemanTHUecKNe KaTeropuu

Peun 3necn mojiger He o pa3bueHNy Ha KATETOPUH OTAENBHO B3ATBHIX Cy-
IIECTBUTENILHBIX, HO O Pa3bHeHuy eroorcierud CyIeCTBUTENbHBIX (T. €. Cy-
HIECTBUATEJILHBIX, ITOCTABJIEHHBIX B OlPEEJIEHHOE MECTO KOHKpeTHOH (pa-
3bl) HA TPU CEMAHTHHMECKUE KATEropur. 1Ipy 3TOM pedb mofaer He TOJIBKO
O CYUIECTBUTEJIbHBLIX, COCTOSAIINX W3 OZHOTO CJIOBA, HO M O COCTABHBIX CYy-
IIECTBUTEJILHBIX, T. €, O CYLIECTBUTEILHBIX BMECTE C UX HEOCPEeICTBEHHBIM
OKDPY?KeHHeM (O TOM, 4TO NO-aHIIMACKI Ha3bIBAETCs Noun phrase).

Apruxsnm a, the u O onpenensitoTcs ceMaHTUYeCKOH KaTeropueil Toro
CYLIECTBUTEJIBHOTO (MU COCTABHOTO CYIIECTBUTEILHOrO), K KOTOPOMY OHII
npucrasiensl. Mer 6yneM Ha3BIBATH 9TH KaTEIOPUM KATErOPUAMH IIPEACTa-
BUTEJIEH, NHANBUIYYMOB U YHUKYMOB COOTBETCTBEHHO.

IIpedecmasument — 3To BXOXKIEHNE NMEHN (HA3BAHWS ) UM OIUCAHAS Je-
HOTaTa CyMIeCTBUTEILHOIO (0 KOTOPOM HAET pedb B JaHHOI (bpase) B CUTY-
aIyn, KOTa JeHOTaT STOT0 NMEHH paHee He Obut 3adukcuposan. B wacTHO-
CTH, KOI/la B HEKOTOPOIl (paze yTBEPKIAETCA TTPUHAIJIEIKHOCTD Yero-In6o
K OIIpPeJIeJICHHOMY KJIACCY, TO COOTBETCTBYIONIEE CYNMIECTBUTEILHOE OTHOCHT-
¢sl K KaTeropuu npeacrasuteseii. Hanpumep:

(8) This dog is a fox terrier.
(9) Extramarital sex is a sin.
(10) Is Marxism a serious philosophy?

He cnenyer mymaTb, 4TO apTHKJb a COOTBETCTBYeT KBaHTOPY V (/s
BCEX), U 3HAYUT — 9TO BCEI/a HEONPEHeJCHHbIH, He KOHKDPETHDLIH OObLEKT.
B npenmoxxennn
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(11) A rain drop fell on my neck

KaIljlad JIOXKJd, O KOTOPO# TOBOPHTCS, BIOJIHE KOHKDETHa (Ta caMas Karud,
9TO B JAHHBII MOMEHT yIIaJIa Ha IIel0 pacckazdnka). OHaKO CYIIeCTBATEIb-
Hoe drop (TouHee, COCTABHOE CYIIECTBUTENILHOE TN drop) — 9TO HPECTaBY-
Tesb, OO OHO emie He 3adUKCUPOBaHO. Benp HCTHHHAA CeMaHTHKa STOM
dpassl TakoBa: Hexomopas kanas 00ocOs Yynaaa Ha MO0 wer, WId, BbIpa-
XKaAch POPMAJIBHO MaTeMaTHIecKu, Q0HA U3 MHONHCECTNEA KN 00HCOA
YNAAa HA MOIO UWLEN.

Ecnn xe cka3aTh

(12) The rain drop fell on my neck,

TO HOCHUTENb aHIVIMIACKOTrO A3bIKa 3axodeT ciupocuTh What rain drop?, momo-
3pesad, 4To 06 9TOi Kale YTO-TO TOJKHO OBLIO ObITh CKa3aHO PaHbIIIE.

Hnoueud— 910 BXOXKIAEHNE MMEHN (HA3BAHNS) MU ONUCAHUA PUKCAPO-
BAHHOT'O [IEHOTATA, CYILECTBATENHHOTO (MJIM COCTABHOIO CYIECTBUTEILHOTO).
OUKCIPOBAHHLIM OH MOXKET OBITb, BO-TIEPBBIX, IOTOMY, YTO OBLT YIOMAHYT
panee. Hampumep:

(13) He saw a dog. The dog barked at him.
(14) The method described in §3 can be applied to this problem.

WHauBma MOXKeT TakxKe ObITh 3abUKCUPOBAH KOHTEKCTOM, T. €. ObIThH O
HO3HAYHO OTIPEIeJIeH JaHHbIM €My B 9TOl ke ¢ppase omucanueM. Hanpumep:

(15) This dog is the fox terrier that we can saw yesterday.
(14) Extramarital sex is the most common of all sins.

(15) Is Marxism the philosophy of your party?

(16) The rain drop that fell om my neck was cold.

(YnTaTesno Mbl COBETYEM CPaBHHUTb STH YeThIPE IPEIJIOXKEHHUA C II0XO-
>KuMu nipeJiockenusamu (8)—(11) Beimue.)

Hakouell, UHAUBUIOM MOXKET ObITH 0OOOIIEHHbII (ne KOHKpeTHBIH, Kak
OblI TUIIOBOIt) JIEMEHT HEKOTOPOTO KJIacca.

(17) Among the larger cats, the tiger is the most ferocious.
(18) This is typical of the man in the street.

Yruxysm O — 10 BxOXKIEHNE UMeHN (HA3BAHNUA) MK OIUCAHUA JEHOTATA
CYILIECTBUTELHOrO, KOTOPBI CYILIECTBYeT TOJNLKO B €IMHCTBEHHOM IK3€M-
mwigpe. Hanpumep:

(19) I'm crazy about O Marilyn Monroe.
(20) O V. I Lenin, living in O Geneva, criticized O logical positivism.

He cneayeT myMaTh, 9T0 J11060€ yIoTpebIeHne UMEeHN CODCTBEHHOTO IIPEI-
crapiger coboil ynukym. UuTaTesro mpeayiaraeTcs Iopa3MbICIUTDL HAJl Clle-
AYIOIMUMA [IPUMEPAMU:
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(21) O Hamlet was superbly played by O Olivier.
(22) The Hamlet played by O Barrault was nervous and extraverted.
(23) O Scofield played a noble and introverted Hamlet.

ABropaM u pemakTOpaM Hay4HBIX cTaTeil MOJIE3HO 3HATH, YTO HOBaBIIe-
HI€ HOMepa K Ha3BaHHUIO IIPEBpaIlaer 370 Ha3paHue B yHUKyM. Hampumep,
B [PEIJIOXKEHUN

(24) This proves Theorem 2.1
Theorem 2.1 npencrasnger coboit yHUKYM, B TO BpeMs KaK B IOXOxel (dpase
(25) This proves the theorem

CJI0BO theorem sBAAETCA WHAMBHUIOM.

Jpyras JocTaTodHO 4acTo BCTPEYAOMIAACT B HAYUHBIX TEKCTaX Pa3HO-
BUZHOCTDb YHUKYMOB —3TO ampubymaut, T.€. MPUCYLINE HEKOTOPHIM CYILEe-
CTBUTEJIbHLIM CIIenupUIecKre XapaKTePUCTUKN, TAKUE KaK PaIuyC OKDY-
HOCTH, KOHIEHTPAIUS CMECH, CKOPOCTh IBUYKEHMA:

(26) a circle of radius 1; a mixture of high concentration; a blast off at
supersonic velocity.

§ 3. Tonkasi ceMaHTHKa apTHKJIei

B srom maparpade Mbl u3y4yaem n3MeHEeHNsT CMBIC/Ia HEKOTOPLIX TEKCTOB
B pe3yJbTaTe 3aMeHBbl OJHOTO apTUKJA APYTUM. B paccMOTPeHHBIX 371eCh
npuMepax pedb HAeT He O IPaBUJIBHOCTH YIOTPEOJIeHUsA apTUKJIE, a O ce-
MaHTHYeCKOl 106aBKe, CBA3AHHOI ¢ NX IPUCYTCTBUEM. TaKUM 06pa30M, MbI
obpamaeM BHUMaHHE Ha CEMAHTHYECKHE PA3/u4dust (HOPOH MOBOJBHHO TOH-
KIe) MeXK]y [IPeICTABUTEeNAMH, UHANBUIYYMAMI U YHIKYMAMIA.
Paccmorpnm crenyromee npezao:kenue:

(27) Soon the Concorde reached supersonic speed.

O6paruM cHavaja BHUMaHWe Ha IIyCTOH apTHKIL [, «CTOSMHit» IIe-
pen cioBocoderanueM supersonic speed. Aprmkan [0 HaMm coobmiaer, 4To
supersonic speed —3TO YHUKYM, T. €. pedb UAeT 06 YHAKAJILHOM SBJIEHUU —
CBEPX3BYKOBOII CKOPOCTH KakK TakKOBOW. Ecim ke MbI BMECTO IIycTOro ap-
THUKJIA TOCTABUM 3IeCh apTUKJIb a, TO dpa3a Oymer 03HavYaTh, YTO CAMOJIET
JOCTUT ONHY U3 BO3MOXKHBIX CBEPX3BYKOBBIX CKopocTeii. Hakoner, ecam Mbl
CKaxeM 371ech the supersonic speed, T0 3T0 GyneT BLIpaXkaTh y6erkIeHue
B TOM, YTO — BOIPEKH 3aKOHaM (bU3UKH — MMEETCA TOJHKO OfHa KOHKpPEeT-
Hasl CBEPX3BYKOBad CKOPOCTH (ObITh MOXKET, YIOMsIHyTas paHee).
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Ilepeiizem Tenepsb K apTUKJIO the B 3TOM MpemyioyKeHnH. DTOT apTHUKIIb
HaM COODIIAeT, YTO pedb HJEeT HEe O KaKOM-TO TaMm KOHKOpHEe, a O BIOJIHE
KOHKPETHOM camosiere KOHKOp/I, IMEHHO 0 TOM, B KOTOPOM JIETHT aBTop (00
9TOM caMoJIeTe, BO3MOXKHO, paHbIIle TOBOPIIIOCH). Ecin »xe Mbl 3aMennM the
Ha a, To ¢ppasa nprodPETAeT CMBICJI JIUITh B CIEAYIOUIEM JOBOJBLHO CTPaH-
HOM KOHTEKCTE: JIeTeJI0 HECKOJIBKO KOHKODPIOB, U KaKOH-TO U3 HUX JOCTUL
cBepx3BYKOBOi ckopoctu. Ilpu 3amene the na [, mosydaerca npyrada ce-
MaHTHKA, TOKE BBI3BIBAIONIAS HEKOTOPOE HEI0yMeHNe — OObIYHBIN caMoJIeT
BO3BBIIIAETCS JI0 PAHra YHUKYM&, aBTOP KakK Obl OAyIIEBJIAeT 3Ty MAaluHY,
cunTas, 4To uMsg Concorde ONMUCBHIBAET CAMOJIET, CYIIECTBYIOUINN B €IMH-
CTBEHHOM 9K3eMIuispe. FEcun Hamy ¢paldy ¢ aprukieMm [ mim a BMecTo
the B pasrosope npowusHecer 4esOBeK, IJIOXO BIAAEIOIINAN aHTVIMACKAM, TO
€ro aHIJIOSI3bIYHBIA CODECEIHUK PEINT, YTO B BHIOOPE apTUKJIA IPOU3OIILIa
oImdKa.

PacemorpuM Tenepb 0oJiee IJIMHHBIA TEKCT, YTOOBI B HEM MPOCJIEINTD,
K KaKIM H3MEHEHHIM B CMBICJIe IPIBOIUT 3aMeHa apTukieil. (g ymobersa
CCBLJIOK IOCJIE KaXKIO0r0 apTHKJIA B KBAJIPATHBIX CKOOKAaX YKa3bIBaeTCA ero
HOMED. )

[1] Mel used the [2] private elevator, which operated by O [3] passkey
only, to descend from the [4] tower to the [5] administrative mezzanine.
Though his own office suite was silent, with [6] stenographers’ desks
cleared and [7] typewriters covered, the [8] lights had been left on. He
entered his own interior office. From a [9] closet, near the [10] wide
mahogany desk he used in O [11] daytime, he took out a [12] heavy
topcoat and fur-lined boots. [A. Hailey, “Airport”.|

B 5TOM TeKCTe OmHO3HAUHO OIPemesIAIoTcs JIUIL apTHKIb [1], n, moxanyi,
[4], [5] (v06as nx 3aMena NPUBOAUT K HECYPA3HOMY TEKCTY). 3aiimemMcd Apy-
rumu. ApTukib the [2] coobmaer HaM, 9TO 37€Ch NMEETCs POBHO OIMH HacT-
upiit udT (3aMeHa Ha a GyjeT o3HaYATb, YTO TAKUX JH(TOB HECKOIBKO).
Ecnn mycroit apruxias (1 [3] 3amennTs Ha a, TO MBI KaK 6bI KOHKPETH3UDPYEM
yHHUBEpCaJbHbI Kmo4 (passkey), B TO BpeMs KaK aBTOP He XOoTeJs obpamarh
Hallle BHIMAHWE Ha 9TOT KJIIOY KaK Ha UPEJMET, & TOJbKO ONUCLIBAJ IPHH-
1un GyHKIHOHIPOBaHU TUdTa, FOBOPS O KJIIOYe KaK 00 YHUKAJIBHOM TIPUH-
nune (pyHKINOHUPOBAHUS; KAK U B NPEIBLIYIINEM CJIy4ae, PA3HULA B CMBIC-
JIe B pe3yJbTaTe 3Toi 3aMeHbl Hepesuka. Crnenyromnme asa aprukins the [4],
[5] cooburaror Ham, uTo MMeeTcs oxHa GalllHA U OOWH Me30HMH. HTepecHbI
cIaeayonye Aa apTukida [6], [7]; pasymeercs, 5T0 — MHOKECTBEHHbIE APTHK-
JI, KOTOPBbIe MBI 37€Ch n30eraeM; 3aMeHa HX Ha MHOXKECTBEHHBIH apTHKIIb
the Maji0 MeHsleT CMBICI, JIAIIbL TOAYEPKUBASL, UYTO 6CE€ CTOJIbI OTYUHUILEHBI
U 6Ce MAIIMHKHN 334eXJIeHbl, B TO BpeMs KAK aBTOD TOBOPWJI O KAKHX-TO
CTOJIAX W MAlllMHKaX, He TapaHTHpyd NpubpaHHoCcTh Beex. [Ipu aToM aBTop
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co00IIAeT HAM, YTO BCE JIAMIbI TOper (MHOXKEeCTBeHHbIH apTukib the [8]).
Crenyromye apTHKIN HaM TOSICHSIIOT, YTO MMEETCs HECKOJbKO mikados (a
[9]) u uro Mes nosnb3yercs eAMHCTBEHHBIM THCbMEHHbIM cTosioM (the [10]).
Boi6op aprukis O [11] cBasaH ¢ Tem, 1T0 €y10Bo daytime He IMeeT OCMbIC/IEH-
HOTO MHOYKECTBEHHOT'O UHCJIa; BIPOUYEM, 31eCh apTHKJL the Toxe xopormo
3BYYHT M B CyLIHOCTH MaJiO MeHseT cMbica (pasbl. Hanporus, nocieauii
apTukib (a [12]) Henb3s 3amenuTh Ha the, MHave MbI GygeM cYNTATH, Y9TO
00 9TOM MaJBbTO PAHBIIE YTO-TO YK€ TOBOPHUJIOC.

B 3aksmouenne sToro naparpadga Mbl pasbepeM CeMaHTHYIECKHI BKJaj
apTUKJIe#l B HECKOJIBKHX (OYEHb 3HAMEHHTBIX) CTPOYKAX GHLVIMHCKOM mos-
31

For he’s a jolly good fellow. (R. Burns)

31eck — camoe 00BIYHOE MCNOJIL30BAHAE APTUKJISA a; OHO COODMIAET HaM,
YTO Mepoil TOI 3aCTOJIbHON IIeCHU — OAWH M3 MHOXKECTBA BECEJILIX MapHE.
Ecnu 3gecy nocraBuTh apThKAb the, TO aJeKBATHBIM PYCCKUM NEPEBOIOM
Oyner uro-to Bpoae Hbo on — mom cammdi uau edurcmeennwiti maxoti ee-
ceavli napers, B TO BpeMd KaK OH BCEro JIMIIb OJWH W3 HUX, NPUTOM HU
0 KaKOM BECEJIOM TapHe [0 TOr0 He NOBOPUJIOCH.

The devotion to something afar
From the sphere of our sorrow (P. B. Shelley)

Ilepsrrit the osnagaer, 4TO pedb HAET He O KAKOM-TO HpekjoHexuu (de-
votion), a O UPEKJOHEHUN TEPEeT YeM-TO JaJeKuM; BTopoe the — anasorny-
Ho. Ilycroit apruksib U nepen something 3mech ogenb Hy»KeH, HOZYePKUBAA
YHHUKaJIbHOCTD U BO3BBIIIEHHOCTD YETr0-TO JAJIEKOT0; IPO3anIecKoe 00bICHe-
HHE — OTCYTCTBUE OCMBICJIEHHOIO MHOYKECTBEHHOTO YHCJIa Y CJIoBa something.

The Assyrian came down like the wolf on the fold (G. G. Byron)

B sroit 3amMeuaresnbHOM cTpoke Bee Tpu the BHIIENAIOT TOBOJBHO PEIKYIO
PasHOBUIHOCTL MHAMBHIA — THNOBOro (cpaBHEHTE ¢ npumMepom (17)). Oco-
6enno sddexTHO nepsoe the —ono, kak u cioBo Assyrian—B eIUHCTBEH-
HOM yucJe!

IMocnennnit Halll TPUMEDP KacaeTcs MyCTOrO apTHKJIS.

For destruction ice
Is also great
And would suffice. (R. Frost)

Bropoii nycroit aprukib (nepes ice) NOTUEPKUBAET, 9TO PeUb UAET O JIbIE
BOOOIIIE, a BOT B EPBOM MYCTOM apTHukKJye (nuepen destruction) conep:KuTCs
Bech nadoc KOHIOBKH 9TOrO 3aMEYaTeIbHOIO CTUXOTBOPEHHUS — YHUUTOMKE-
HHUe BOOOIIE, YHUYTOKEHNE BCETO.
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§ 4. IIpaBmia BbIOOpA apTUKIIA

TIpuMeHsITh 3TH IPaBIIa MOYKHO IPH PeAAKTUPOBAHNH NEPEBOIOB 1 IPY-
UX TE€KCTOB, HAITMCAHHBIX JIIOJAbMHU, TJIOXO BJIICIOIIAMU aHTJIMACKUAM fA3bI-
KOM U/MJIM NpEJMETHOI 06/IaCThIO, & TaKKe MPH HANMCAHUM COOCTBEHHDBIX
TEKCTOB Ha aHrjmiickoMm. B jrobom ciydae, Oy yCHEIIHONO IPUMEHEHUS
IpaBuJI HEOGXOAUMO HE TOJIBKO MOHUMAHKE CaMUX NPABUJ, HO U NOHUMAHUE
rTyGHHHON CEMAHTHKH CaMOro Tekcra, Kpome Toro, cieayer HOMHHUTB, 4TO
IpaBHUIa — 9TO He aKCHOMBI, OHM MOTYT JaBaTh IPOTHBOPEYNBhle YKa3aHUs
(omno Besut crasuth the, Apyroe a) —B 3TOM Ciydae BBIOOD APTHUKJIA DaB-
HOCHJIEH OKa3aHUIO MPEINOYTEeHNs OTHOMY IPaBITy HaJ APYTUM, & 3TO yXKe
3aBHCUT OT TOrO OTTEHKA CMBICJIa, KOTOPBIA aBTOD TEKCTa MPEANOYATAET
epeaTh YATATEIIIo.

OcCHOBHO# npuHIMN (HaBEPHOE, yKe HOHATHII TeM, KTO npodnTas §§ 1-2
9TOI CTATbU) COCTOUT B CJIEIYIOIIEM:

(0) Aprukib a, the u [J crapaTcs nepes npeacrapuTesien, HHIUBUIYYMOM
U YHUKYMOM COOTBETCTBEHHO,

[Ipu 5TOM HMEIOTCS B BUIY TOJNHKO CHTYAl[iH, L€ CYLIECTBUTEIbHOE (OHO
MOZKET OBbITL COCTABHBIM) HAXOAWUTCS B €AMHCTBEHHOM YHCJIE W TIDW HEM He
npoucxomut 3amemtenus (cM. § 1).

OCHOBHOII IPEHLIAN TOJIE3EH, TOJBKO €C/IN MbI yMEeM ONPEENATh, K Ka-
KOif CeMaHTHYECKOH KaTeropui (IpeAcTaBATe/]Ib, HHANBHI, YHHKYM) OTHO-
CHUTCSL COOTBETCTBYIONIEE CYIIECTBUTENbHOE. Tem dmTaTensaMm, KOTOpble HC-
[BITHIBAIOT CJIOKHOCTH B MAEHTUMUIMPOBAHUU ONPEIEIeHHON BhINIE KaTe-
rOpPHUH CyLIECTBUTENbHBIX, NPEAIaraeTcs 3abbiTh NP0 OCHOBHOW NpPUHINN
1 TIOJIb30BATLCH CJIGTYIOMIAMA TPEMs TPABUIIANIL

(1) ApTuKJIb a Iepes| CymecTBHTEbHbIM O3HAYAeT «ONMH H3» MIIH «HEKOTO-
PBlii», T. €. 3TOT APTUKJb TOBOPUT HAM, UTO CJICAYIOIIEE 33 HHUM CyIle-
CcTBUTEIbHOE He ObLIO paHee 3a(UKCAPOBAHO.

(11) Apruksb the nepesn JaHHBIM CYIIECTBATEIBHBIM O3HAYAET «TOT CAMbIH»
UJIN «eIMHCTBEHHBII TaKOi», T. €. 9TOT aPTHKJIb TOBOPHUT HaM, YTO CyILe-
CTBHTENbHOE GBIIO panee 3a]UKCHPOBAHO MM O[HO3HAYHO OonpeessaeT-
¢l KOHTEKCTOM.

(1) Tycroit aprukias [ nepem cymecTBUTENbHBIM O3HAYAET, YTO 3TO CYILe-
CTBUTEJIbHOE €IUHCTBEHHOE B CBOEM PO, HANPUMED — MMs COOCTBEHHOE
WU CJIOBO, He MMEIOIee MHOXKECTBEHHOTO YHUCIIa.

K stum npasmiaM Mbl 70OaBUM elie OAHO NMPABUJIO, KACAIOIIEecsd apTh-
KJIe#i MHO>KECTBEHHOT'O YUCJIA.
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1v) Apruknab the nepen cymecTBUTENbHBIM MHOKECTBEHHOIO YUC/Ia O3HAYA-
€T «BCe» WJIN «BECh CHUCOK».

IIpumMeneHne 3THX npaBuUiI B Jiejle OpoIIe, ‘€M TMOHUMAaHHEe WX ODIIUX
abCTPaKTHBIX (POPMYINPOBOK (5 HAAEI0Ch, YTO YATATENb B 3TOM ybemnTe,
upounTas caepyoumii naparpad). Bomee Toro, 3T Tpu mpaBmUIa MOXKHO
3aMEHHUTD IIPOCTBIM PEIENnTOM, B OOJIBITUHCTBE CJIYUAEB JOCTATOYHBIM IJIs
NPaBUIBHOIO BHIOODA apTUKJIS:

Ecinu B pycckoM nepeBosie BCTaBKa «KaKOH-TO» (MJIH «KaKas-TO», UJIN
«KaKOe-TO» ) HE MEHSeT CMbIcJa (bpasbl, TO B AHIJIMHACKOM TEKCTe Ha,
MECTO, COOTBETCTBYIOIEe BCTABKE, MOYKHO [IOCTABUTH PTHUKJIb &; NHA-
“Ie MOXKHO NOCTaBHUThH the (CMBIC KOTOpOro — «TOT caMblii» ), pasee
YTO COOTBETCTBYIOIIEE CYIIECTBUTENHLHOE HE NMEET MHOXKECTBEHHOTO
YHUCJIA, U TOTJA JIYUIIe «[IOCTaBUTh» MycTOH apTukiab .

§ 5. Ilpumep

Paccmorpum HIzKecenyomumii TeKCT, KOTOPBIA SBJIAETCA HAYAJIOM Pac-
cKaza (1 ymobCTBa CChLIOK MECTa JIJIF BCTaBKU apTHUKJIEH ITPOHYMepoBa-

HBI).

I came out of [1] front door of my house at 7 am. Locking [2] door,
I wondered when I would see [3] house again. Outside, [4] cold wind
was blowing and I raised [5] fur collar of my coat. [6] blue Ford raced
up [7] street, and I recognized [8] driver—it was [9] Nancy. [10] Nancy,
who was supposed to be in [11] London on [12] business trip or [13]

something.

31€ech BCE apTUKIIN OJHO3HAYHO BOCCTAHABJINBAIOTCA U3 TEKCTa U U3 WH-
dopMaIy o ToM, 9TO ITOT TEKCT — HAYaJI0 PacCKasa (a 3HAYUT, HUITO PaHb-
1re He 6b110 yuomsanyTo). Vimenuo:

[1] the

[2] the
[3] the
[4] a

[5] the
[6] A

[7] the
[8] the

JIBEPb OIHO3HAYHO ONpeJesIeHa KOHTEKCTOM (y JI0Ma aBTopa
MOXKeT BBITh TOJLKO omHa, front door) (I1)

TOJIBKO YTO YNOMSIHyTas ABepb (I1)

JIOM TOXKe 6bu1 ynoMmanyT (11)

XOJIOIHBIX BETPOB ObIBAET MHOIO, a TOT paHee He ynomuHascs (1)

y TJBTO aBTOPa MOXKET OBITH TOJBKO OIUH BOPOTHHUK (II)

rosty6bix hOpPIOB MHOIO, & 9TOT paHee He ynoMuHascs (1)

YJIHUIA Hepej JOMOM, HaBEPHO, TOJLKO OxHa (II)

BOJUTEJb KOHKPETHOMN MaIlnHbl — omuH (11)
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[9) 0  Nancy— uMsi KOHKPETHOTO 4destoBexa (II1)

[10] O Nancy— nMsi KOHKPETHOTO YesoBexa (II1)

[11] O London — naspauue ropoza (I11)

[12] a  HsHcw, Buaumo, Gbi1a B OZHOM U3 MHOYKECTBa CJTy2KEOHBIX
KOMaHIMPOBOK (paHee He yHOMAHYTHIX) (I)

[13] O something— cnoBo 6e3 MHOXKeCTBEHHOTO THC/Ia (I11)

Tenepb MBI TpeIaraeM YATATENIO MPUMEHHTH PEeLeNTyPHOEe TPAaBUIIO
K 3TOMY JK€ TeKCTy U yOeauTbCs B COBIAJEHHH CBOErO pPesy/abTara ¢ Ha-
mmM. [Tocsie 3TOro JTONOMHUTENBHON NPOBEPKOH OCBOEHHS MPABUJI MOXKET
[OCJIY?KUTh TPocMoTp nprmepos (1)—(29) ¢ Toukn 3perns upasu (I)—(I11)
Y PeLenTyPHOrO NPABHJIA.
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IIpunoxenne IV
Pa30op 3amanuii

EXERCISE 1.1 (c. 11). Pa36op XOpoLIO BBINOJIHEHHOI'O BapUaHTa 3TO-
ro 3aJaHus NPOJEJAH B HAYaJIe BTOPOIi rviaBbl. PasyMeeTcsl, TEKCT BaIlero
BapuWaHTa 3aJaHusT 6ECCMBICJEHHO CDABHMBATH C TEKCTOM, Pa30OpaHHBIM B
KHIT'€, HO Bbl MOXKETE [IPOBEPUThL CBOW COOCTBEHHBIN TEKCT CAMOCTOSITEIBHO.
JIjist 3TOr0 JOCTATOYHO NOAYEPKHYTh MOCTOSIHHYIO 4acThb (T.e. Bce (PUKCH-
POBaHHbIE CJIOBA KaXKJO0TO HMCHOJH30BAHHOTO IIAGJIOHA) W NPOBEPUTH, YTO
MEXKY 3TUMHU CJIOBAMMU JIEHICTBUTENHHO CTOAT TEPEMEHHbIE CJIOBaA. (MIH CJIO-
BOCOUYETAHMS) HYKHOTO THNA (T. €. YACTU PEUr, NPEANNCAHHBIE COOTBETCTBY-
IOIIMMY TIA0IOHAMH). EC/i BAll TEKCT BBIAEPKAT TAKYIO TPOBEPKY, MOYKETE
cebe TOCTaBUTh MATEPKY.

3AAHUE 3.2 (c. 26). 910 TpyaHOE 330aHKE, BOOOIIE IEPEBOLUTD 1y XKO¥i
TEKCT HAMHOT'O CJIOYKHEH, 4eM cpa3y NHUCaTh CBOH MO-aHTVIMHACKH, & B JAHHOM
CJIyvae MCKYCCTBEHHOE TPeOOBAaHNE MCIOJB30BAThH JIUIb JIOXKUHY OTOOPAaH-
HBIX MIaBJIOHOB JONOJHUTEIHHO OCJIOXKHseT nejo. Hurke npuBemeHbl nBa
TEeKCTa: WEPBbIA — 3TO OTJIMYHO BBINOJIHEHHOe omunM cryaenTom BIIID za-
nmanve (B HEM CTPOTO cOOIOnaeTcss TpeGOBaHNe OrPAHNIATHCS OCHOBHBIMU
mrabionamMu), & BTOPOI — NePeBO, BBINQUIHEHHBIH 6e3 9TOr0 OrpaHuveHus
BBICOKOKJIACCHBIM NPO(ECCHOHABLHBIM NEPEeBOIYNKOM. BTopoit TekcT Gosee
JIATEPATYPHBINA ¥ OjrKe K OPUTHHAJLY, 3aTO NEPBBIA — CYX0O W JIOTUIECKH
npore (ke K KaHOHaM (HOPMAbHON MATEMATHKN) BBIPAXKAET CMBICI
OPUTHHAJIA.

§1. CONTINUOUS MAPS (NepBblif BADHAHT TepeBoa)

1. A map of a topological space X to a topological space Y is called
continuous if the preimage of any open subset of Y is an open subset
of X. Equivalent condition: preimages of closed sets are closed.

A map f: (X, A)— (Y, B) is called continuousif the map abs f: X—
Y is continuous.

Useful remark: a map f: X — Y is continuous if the preimages of
all the open sets of a base of Y are open.

2. Obviously, if the maps f: X — Y and g: Y — Z are continuous,
then their composition g o f: X — Z is continuous. For any space
X, the identity map idx: X — X is continuous.
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The definition of relative topology implies that if the map f: (X, A) —
(Y, B) is continuous, then the map ab f: A — B is continuous. In
particular, if f: X — Y is continuous, then for any subset A C X,
the restriction f|r: A — Y is continuous. For example, the inclusion
of a subspace into a space is continuous.

3. Obviously, if I is a fundamental cover of X, then the continuity
of the restrictions f|A, A € T, implies the continuity of the map
f+ X — Y. Equivalent formulation: if I' is a fundamental cover
of the space X and for any A € T" there exists a map f4: A - Y
such that fa(z) = fp(z) for x € AN B (A4, B € I'), then the map
XY,

f(z) = fa(z) forze A(Ael),

is continuous.

4. A continuous map is called open if the images of open sets are
open, and closed, if the images of closed maps are closed.

Obviously, the composition of open maps is open and the compo-
sition of closed maps is closed.

§1. CONTINUOUS MAPS (BTOpOIi BAPHAHT NEPEBOIA)

1. A map of a topological space X to a topological space Y is called
continuous if the preimage of any open subset of ¥ is an open subset
of X. Equivalent condition: preimages of closed sets are closed.

Amap f: (X, A)— (Y, B) is called continuousif the map abs f: X —
Y is continuous.

Useful remark: a map f: X — Y is continuous if the preimages of
all the open sets of a base of Y are open.

2. Clearly, the composition go f: X — Z of two continuous maps
f+ X — Y and g: Y — Z is continuous and the identity map
idx: X — X of any space X is continuous.

It follows from the definition of relative topology that if the map
f:(X,A) — (Y, B) is continuous, then so is the map ab f: A — B.
In particular, the continuity of f: X — Y implies, for any subset
A C X, that of the restriction f|p: A — Y. For example, the
inclusion of a subspace into a space is continuous.

3. Clearly, if I' is a fundamental cover of X, then the continuity
of the restrictions f|A, A € T, implies that of the map f: X — Y.
Equivalent formulation: if for any A € I', where I' is a fundamental
cover of X, there exists a map fa: A — Y such that fa(z) = fB(x)
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forallz € AN B (A, B €T), then the map f: X — Y given by
f(x) = fa(z) forze A(Ael),

is continuous.

4. A continuous map is called open if the images of open sets are
open, and closed, if the images of closed maps are closed.

Obviously, the composition of open maps is open and the compo-
sition of closed maps is closed.

Wurepecno, 94To B myHKTax 1 u 4 «upodeccrnoHaNbHBIN» ME€PEBO, COB-
nmajiaeT CJIOBO B CJIOBO C MEPEBOJIOM, BBIMOJTHEHHBIM MO HAIIUM NpaBHIaM
CTYIEHTOM, TJIOXO BJIAJEIOIINM OOBIYHBIM AHIJIMHCKUM SA3BIKOM.

3AJAHUE 4.1 (c. 32). B npuBeseHHOM HiKe DeIIEHNH, B TeX CJIyda-
sIX, KOI/Ia €CTh JBE BO3MOXKHOCTH, IPUBOAATCsT 00a JONMYCTHMBIX BapHaHTa,
pas/iesieHHble KOCOil 4epToii «/».

8.1.2. Affine transformations. A ransformation of C onto itself of the
form z +— az + b, 0o — 0o, where a,b € C and a # 0, is called affine.
In particular, if @ = 1, then the corresponding affine transformation
is the parallel translation (by the vector OB, where B is the point
of the complex plane corresponding to the complex number b).

8.1.3. THEOREM. Affine transformations take (J* straight lines to
O* straight lines, O* circles to O* circles, and preserve O* angles
and O% cross ratios.

Proof. Denoting a = re*¢, r > 0, we can write
zrr €925 1(e¥2) > (re’z) + b=az +b,

which shows that any affine transformation is the composition of the
rotation (by the angle ¢), the homothety (with coefficient r), and
the parallel translation (by the vector b). This implies the theorem,
because O* rotations, (* homotheties, and (0* translations obviously
possess all four of the properties asserted by the theorem. The least
obvious of these facts is that (0* homotheties preserve the/ O cross
ratio, but this follows immediately from the fact that homothety in
the plane of the/a complex variable is multiplication by a real number
(which will cancel out in each of the fractions of the cross ratio).

8.1.4. Linear-fractional transformations. The transformation of C
given on C\ {—d/c} by

az+b

T - 2
’_)cz—f—d’ where ac — bd # 0 (8.2)
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that takes the point —d/c to co and oco to a/c is called linear-
fractional.

The set of all linear-fractional transformations form a group, called
the/0 Mébius group and denoted by Mob.

Indeed, the fact that the composition of two linear-fractional
transformations is a linear-fractional transformation can be shown
as follows: substitute (a;z + b1)/(c1z + dy) for z in the expression
(az +b)/(cz + d), which yields (after some manipulations)

(aay 4 bey)z + (aby + bdy)

8.3
(caj + der)z + (cby +ddy)’ (8.3)

but this expression is of the same form as (8.2), so the composition
is indeed linear-fractional.

3AIAHUE 9.2 (c. 55). TonbKo caM YUTATe]Ib MOXKET € NOJIB30i 1yist cebst
BBITIOJIHUTD 9TO 3a/IaHWe, & JJIs PA3HBIX IuTaTesell XOPOLIO BBIOJHEHHBIE
3amanns OyJQyT BBINVISLIETb COBCEM II0-pa3HOMY. IIpu 9TOM XOpOIIO BBIION-
HeHHOe 3a7aHue 9.2 03HAYaeT, YTO BbI HE 3pst paboTany ¢ STON KHUNO.
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